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Abstract

We study the problem of counting instantons with coassociative bound-
ary condition in (almost) Gz-manifolds. This is analog to the open Gromov-
Witten theory for counting holomorphic curves with Lagrangian boundary
condition in Calabi-Yau manifolds. We explain its relationship with the
Seiberg-Witten invariants for coassociative submanifolds.

Intersection theory of Lagrangian submanifolds is an essential part of the
symplectic geometry. By counting the number of holomorphic disks bounding
intersecting Lagrangian submanifolds, Floer and others defined the celebrated
Floer homology theory. It plays an important role in mirror symmetry for
Calabi-Yau manifolds and string theory in physics. In M-theory, Calabi-Yau
threefolds are replaced by seven dimensional Go-manifolds M (i.e. oriented
Octonion manifolds [20]). The analog of holomorphic disks (resp. Lagrangian
submanifolds) are instantons or associative submanifolds (resp. coassociative
submanifolds or branes) in M [19]. An important project is to count the number
of instantons with coassociative boundary conditions. In particular we want to
study the following problem.

Problem: Given two nearby coassociative submanifolds C' and C’ in a (al-
most) Ga-manifold M. Relate the number of instantons in M bounding C U C”
to the Seiberg-Witten invariants of C.

The basic reason is a coassociative submanifold C’ which is infinitesimally
close to C' corresponds to a symplectic form on C' which degenerates along
C N’ Instantons bounding C'U C’ would become holomorphic curves on C
modulo bubbling. By the work of Taubes, we expect that the number of such
instantons is given by the Seiberg-Witten invariant of C.

In this paper we treat the special case when C and C are disjoint, i.e. C is
a symplectic four manifold. Recall that Taubes showed that the Seiberg-Witten
invariants of such a C' is given by the Gromov-Witten invariants [25] of C. Our
main result is following theorem.



Theorem 1 Suppose that M is an (almost) Go-manifold and {C:} is an one
parameter family of coassociative submanifolds in M. Suppose that the self-dual
two form n = dCy/dt|;—o € Q3 (C) is nonvanishing, then it defines an almost
complex structure J on Cy.

If {A;} is any one parameter family of instantons in M satisfying

0A; C Cy Uy, %ir% Ay N Cy =X in C*-topology, (c.f. Proposition 5)

then X is a J-holomorphic curve in Cy.
Conversely, suppose that ¥ is a regular J-holomorphic curve in Cy, then it
18 the limit of a family of instantons A;’s as described above.

A few remarks are in order: First, counting such small instantons is basically
a problem in four manifold theory because of Bryant’s result [4] which says that
the zero section C' in A2 (C) is always a coassociative submanifold for some
incomplete Gy-metric on its neighborhood provided that the bundle A% (C)
is topologically trivial. Second, when C and C’ are not disjoint, the above
theorem should still hold true. However using the present approach to prove it
would require a good understanding of the Seiberg-Witten theory on any four
manifold with a degenerated symplectic form as in Taubes program. Third,
when C' and C’ are not close to each other then we have to take into account
the bubbling phenomenon which has not been established yet. Nevertheless,
one would expect that if the volume of A;’s are small, then bubbling cannot
occur, thus they would converge to a holomorphic curve in Cj.

1 Review of Symplectic Geometry

Given any symplectic manifold (X, w) of dimension 2n, there exists a compatible
metric g so that the equation

w (u,v) = g (Ju,v)
defines a Hermitian almost complex structure
J: TX — Tx,

that is J? = —id and g (Ju, Jv) = g (u,v).

A holomorphic curve, or instanton, is a two dimensional submanifold ¥ in
X whose tangent bundle is preserved by J. Equivalently ¥ is calibrated by
w, i.e. w|g = wolg. By counting the number of instantons in X, one can
define a highly nontrivial invariant for the symplectic structure on X, called the
Gromov-Witten invariant.

When the instanton ¥ has nontrivial boundary, then the corresponding free
boundary value problem would require 9% to lie on a Lagrangian submanifold
Lin X, ie. dimL = n and w|y = 0. Floer studied the intersection theory



of Lagrangian submanifolds and defined the Floer homology group HF (L, L")
under certain assumptions.

Suppose that X is a Calabi-Yau manifold, i.e. the holonomy group of the
Levi-Civita connection is inside SU (n), equivalently J is an integrable complex
structure on X and there exists a holomorphic volume form Qx € Q™9 (X)
on X satisfying QxQx = C,w". Under the mirror symmetry transformation,
HF (L,L') is expected to correspond to the Dolbeault cohomology group of
coherent sheaves in the mirror Calabi-Yau manifold.

A Lagrangian submanifold L in X is called a special Lagrangian submanifold
with phase zero (resp. 7/2) if InQx|r = 0 (resp. ReQx|r = 0). Such a L
is calibrated by ReQx|r (resp. ImQx|r). They play important roles in the
Strominger-Yau-Zaslow mirror conjecture for Calabi-Yau manifolds [24].

When X is a Calabi-Yau threefold, there are conjectures of Vafa and others
(e.g. [2][11]) that relates the (partially defined) open Gromov-Witten invariant
of the number of instantons with Lagrangian boundary condition to the large
N Chern-Simons invariants of knots in three manifolds.

2 Counting Instantons in (almost) Go-manifolds

Notice that a real linear homomorphism J : R™ — R™ being a Hermitian
complex structure on R™ is equivalent to the following conditions: for any
vector v € R™ we have (i) Jv is perpendicular to both v and (ii) |Jv| = |v|. We
can generalize J to involve more than one vector. We call a skew symmetric
homomorphism

X RTTL ® an N R’"L

a (2-fold) wvector cross product if it satisfies

(i)  (u x v) is perpendicular to both v and v, and
(ii)  |u x v| = Area of parallelogram spanned by u and wv.

The obvious example of this is the standard vector product on R3. By identifying
R3 with Im H, the imaginary part of the quaternion numbers, we have

u X v =Imuv.

The same formula defines a vector cross product on R” = Im @, the imaginary
part of the octonion numbers. Brown and Gray [12] showed that these two are
the only possible vector cross product structures on R™ up to isomorphisms.

Suppose that M is a seven dimensional Riemannian manifold with a vector
cross product X on each of its tangent spaces. The analog of the symplectic
form is a degree three differential form 2 on M defined as follow:

Q (u,v,w) =g (u X v,w).

Definition 2 Suppose that (M, g) is a Riemannian manifold of dimension seven
with a vector cross product X on its tangent bundle. Then (1) M is called an
almost Gy-manifold if dQ = 0 and (2) M is called a Go-manifold if VQ = 0.



It can be proven that if M is compact then the condition V2 = 0 is equiv-
alent to Q being a harmonic form, i.e. AQ = 0. Furthermore M is a Gs-
manifold if and only if its holonomy group is inside the exceptional Lie group
Gy = Aut (0). The geometry of Go-manifolds can be interpreted as the sym-
plectic geometry on its knot space (see e.g. [19], [23]).

For example, if (X, wx) is a Calabi-Yau threefold with a holomorphic volume
form Qy, then the product manifold M = X x S! is a Go-manifold with

Q=ReQx +wx Adb.

Next we define the analogs of holomorphic curves and Lagrangian subman-
ifolds in the G4 setting.

Definition 3 Suppose that A is a three dimensional submanifold of an almost
Gao-manifold M. We call A an instanton or associative submanifold, if A
1s preserved by the vector cross product X.

Harvey and Lawson [13] showed that A C M is an instanton if and only if
A is calibrated by Q, i.e. Q|4 = vola.

In M-theory, associative submanifolds are also called M2-branes. For exam-
ple when M = X x S! with X a Calabi-Yau threefold, ¥ x S (resp. L x {p})
is an instanton in M if and only if ¥ (resp. L) is a holomorphic curve (resp.
special Lagrangian submanifold with zero phase) in X.

A natural interesting question is to count the number of instantons in M. In
the special case of M = X x S!, these numbers are reduced to the conjectural
invariants proposed by Joyce [17] by counting special Lagrangian submanifolds
in Calabi-Yau threefolds. This problem has been discussed by many physicists.
For example Harvey and Moore discussed in [14] the mirror symmetry aspects
of these invariants; Aganagic and Vafa in [2] related these invariants to the open
Gromov-Witten invariants for local Calabi-Yau threefolds; Beasley and Witten
argued in [3] that when there is a moduli of instantons, then one should count
them using the Euler characteristic of the moduli space. In this paper we count
the number of instantons with boundary lying on a coassociative submanifold
in M. The compactness issues of the moduli of instantons is a very challenging
problem because the dimension of an instanton is bigger than two. This makes
it very difficult to define an honest invariant by counting instantons.

When an instanton A has a nontrivial boundary, A # ¢, one should require
it to lie inside a brane or a coassociative submanifold [19], i.e. submanifolds in
M where the restriction of §2 is zero and have the largest possible dimension.
Branes are the analog of Lagrangian submanifolds in symplectic geometry.

Definition 4 Suppose that C is a four dimensional submanifold of an almost
Ga-manifold M. We call C a coassociative submanifold if

Qle =0 and dimC = 4.



For example when M = X x S' with X a Calabi-Yau threefold, H x S*
(resp. C' x {p}) is a coassociative submanifold in M if and only if H (resp. C)
is a special Lagrangian submanifold with phase /2 (resp. complex surface) in
X. In [19] J.H. Lee and the first author showed that the isotropic knot space
K 51X of X admits a natural holomorphic symplectic structure. Moreover K siH
(resp. K 51C) is a complex Lagrangian submanifold in lelX with respect to
the complex structure J (resp. K).

Constructing special Lagrangian submanifolds with zero phase in X with
boundaries lying on H (resp. C') corresponds to the Dirichlet (resp. Neumann)
free boundary value problem for minimizing volume among Lagrangian sub-
manifolds as studied by Schoen and others. For a general Go-manifold M, the
natural free boundary value for an instanton is a coassociative submanifold.
Similar to the intersection theory of Lagrangian submanifolds in symplectic
manifolds. We propose to study the following problem: Count the number of
instantons in Go-manifolds bounding two coassociative submanifolds.

The product of a coassociative submanifold with a two dimensional plane
inside the eleven dimension spacetime M x R3! is called a D5-brane in M-
theory. Counting the number of M2-branes between two Db5-branes has also
been studied in the physics literatures.

In general this is a very difficult problem. For instance, counting S*-invariant
instantons in M = X x S* is the open Gromov-Witten invariants. However when
the two coassociative submanifolds C and C’ are close to each other, we can
relate the number of instantons between them to the Seiberg-Witten invariant
of C.

3 Relationships to Seiberg-Witten invariants

To determine the number of instantons between nearby coassociative subman-
ifolds, we first recall the deformation theory of coassociative submanifolds C'
inside any Go-manifold M, as developed by McLean [22]. Given any normal
vector n € N¢/r, the interior product ¢, is naturally a self-dual two form on
C because of Q| = 0. This gives a natural identification,

n — 1y = tp§2.
Furthermore infinitesimal deformations of coassociative submanifolds are para-
metrized by self-dual harmonic two forms 7y € Hi (C), and they are always

unobstructed. Notice that the zero set of 7 is the intersection of C' with a
infinitesimally near coassociative submanifold, that is

{no =0} = lim (CNCy),

where C' = Cy and 1y = dCy/dt|i—o.
Since
2
Mo Ao = 1o A *1o = [10]” * 1,



no defines a natural symplectic structure on C"*? := C\ {ny = 0}. If we normal-
ize o,
n=10/Imol,
then the equation
N (u,v) = g (Ju,v)
defines a Hermitian almost complex structure on C™¢Y.
The next proposition says that when two coassociative submanifolds C' and

C’ come together, then the limit of instantons bounding them will be a holo-
morphic curve ¥ in C"®¢ with boundary C' N C".

Proposition 5 Suppose that Cy is an one parameter family of coassociative
submanifolds in a Go-manifold M. Suppose that A; is a smooth family of in-
stantons in M bounding Cy U Cy for nonzero t and

}EI(I)AtOCO:E

exists in C'-topology. Then X is a J-holomorphic curve in Cy .

Proof. For simplicity we assume that n = dC}/dt|;—¢ is nowhere vanishing. Let
us denote the boundary component of A; in Cy as ¥; and the unit normal vector
field for X; in A; as ;. Note that n; is perpendicular to Cy. This is because A;
being preserved by the vector cross product implies that

ng =u X v,

for some tangent vectors u and v in X;, therefore given any tangent vector w
along Cj, we have

g(ng,w)=g(uxv,w)=Q(uv,w)=0.

The last equality follows from Cy being coassociative and ¥; C Cy. Using this
and the fact that A; bounds Cy U C; with lim;_.q Cy = Cy, i.e. n; is pointing
towards Cy, we obtain

ng§2 = Mo where ng := }1_{1(1) o

Therefore ¥ = lim;_,¢ ¥4 is a holomorphic curve in Cyy with respect to the almost
complex structure J defined by 7 (u,v) = g (Ju,v). =

The reverse of the above proposition should also hold true. The Lagrangian
analog of it is proven by Fukaya and Oh in [7]. On the other hand, by the
celebrated work of Taubes, we expect that the number of such open holomorphic
curves in Cj equals to the Seiberg-Witten invariant of Cy. We conjecture the
following statement.

Proposition 6 Let M be a Go-manifold. Suppose that
:Cx[0,1] — M



is a smooth map such that for each t € [0,1], ¥ (-) := ¥ (-,t) is a smooth
immersion of C into M as a coassociative submanifolds, and

¢ X x[0,t] — M

is a smooth family of instantons in M such that for t > 0, Im ¢, is associative
and

P+ (X x {0}) C Cy =4 (C x{0}) and ¢+ (X x {t}) C Cy:=9 (C x {t}).
Then % is a J-holomorphic curve in Cy .

Proof. For simplicity we assume that n = dC;/dt|;=o is nowhere vanishing.
Let us denote the boundary component of A; = Im¢; in Cy as 34, i.e. Xy :=
¢+ (X x {0}), and the unit normal vector field for ¥; in A; as w;. Note that w;
is perpendicular to Cy. This is because A; being preserved by the vector cross
product implies that

Wy =u X v,

for some tangent vectors u and v in ¥, therefore given any tangent vector w
along Cy, we have

g (we, w) = g (u x v,w) =Q (u,v,w) =0.

The last equality follows from Cy being coassociative and ¥; C Cy. Using this
and the fact that A; bounds Cy U C; with lim;_.q C; = Cy, we conclude that w;
is pointing towards C;. To be precise, we have along 3

| ( W )
lim n; =
t=0

t—0 H
Therefore ¥ = lim;_,q 2; is a holomorphic curve in Cy with respect to the almost
complex structure J defined by no (u,v) = g (Ju,v). =

The reverse of the above proposition should also hold true. The Lagrangian
analog of it is proven by Fukaya and Oh in [7]. On the other hand, by the
celebrated work of Taubes, we expect that the number of such open holomorphic
curves in Cj equals to the Seiberg-Witten invariant of Cy. We conjecture the
following statement.

Conjecture: Suppose that C' and C’ are nearby coassociative submanifolds
in a Go-manifold M. Then the number of instantons in M with small volume
and with boundary lying on C U’ is given by the Seiberg-Witten invariants of
C.

eT (2, Noy/u) -
=

In the next section we will discuss the case when C' and C’ do not intersect.
The basic ideas are (i) the limit of such instantons is a holomorphic curve
with respect to the (degenerated) symplectic form 1 on C' coming from its
deformations as coassociative submanifolds and this process can be reversed;
(ii) the number of holomorphic curves in the four manifold C' should be related
to the Seiberg-Witten invariant of C' by the work of Taubes ([26], [27]).



Suppose that 7 is a self-dual two form on C' with constant length v/2, in
particular it is a (non-degenerate) symplectic form, and 3 is a holomorphic
curve in C', possibly disconnected. If 3 is regular in the sense that the linearized
operator 0 has trivial cokernel [25], then Taubes showed that the perturbed
Seiberg-Witten equations,

F(j :T(¢®¢*)_7‘\/jl77a
D gy =0,

have solutions for all sufficient large r. Here a is a connection on the complex line
bundle E over C whose first Chern class equals the Poincaré dual of 3, PD [%],
1 is a section of the twisted spinor bundle S, = E & (K‘1 ® E) and D 4, is
the twisted Dirac operator. The number of such solutions is the Seiberg-Witten
invariant SWe (2) of C. Furthermore the converse is also true, thus Taubes
established an equivalence between Seiberg-Witten theory and Gromov-Witten
theory for symplectic four manifolds. This result has far reaching applications
in four dimensional symplectic geometry.

For a general four manifold C' with nonzero b* (C), using a generic metric,
any self-dual two form 7 on C' defines a degenerate symplectic form on C, i.e.
7 is a symplectic form on the complement of {n = 0}, which is a finite union of
circles (see [9][16]). Therefore, one might expect to have a relationship between
the Seiberg-Witten of C' and the number of holomorphic curves with boundaries
{n =0} in C. Part of this Taubes’ program has been verified in [26], [27].

4 Proof of the main theorem

Suppose that 7 is a nowhere vanishing self-dual harmonic two form on a coasso-
ciative submanifold C' in a Go-manifold M. For any holomorphic curve ¥ in C,
we want to construct an instanton in M bounding C and C’, where C” is a small
deformation of the coassociative submanifold C' along the normal direction 7.
Notice that C' and C’ do not intersect. We will construct such an instanton
using a perturbation argument which requires a lower bound on the first eigen-
value for the appropriate elliptic operator. Recall that the deformation of an
instanton is governed by a twisted Dirac operator. We will reinterpret it as a
complexified version of the Cauchy-Riemann operator.

4.1 Deformation of instantons

To construct an instanton A in M from a holomorphic curve ¥ in C, we need
to perturb an almost instanton A’ to a honest one using a quantitative version
of the implicit function theorem. Let us first recall the deformation theory of
instantons A ([13] and [19]) in a Riemannian manifold M with a parallel (or
closed) r-fold vector cross product

X ATTM — TM



In our situation, we have » = 2. By taking the wedge product with T, we
obtain a homomorphism 7,

7 AT T — ATy =2 AT,

where the last isomorphism is induced from the Riemannian metric. As a matter
of fact, the image of 7 lies inside the subbundle g3; which is the orthogonal
complement of gy C so0 (Thy) = AT}, the bundle infinitesimal isometries of
Ty preserving x. That is,

et (M, gfg) .

Lemma 7 ([13], [19]) An r + 1 dimensional submanifold A C M is an instan-
ton, i.e. preserved by X, if and only if

Tla=0€ Q" (A g3;).

This lemma is important in describing deformations of an instanton. Namely
it shows that the normal bundle to an instanton A is a twisted spinor bundle
over A and infinitesimal deformations of A are parametrized by twisted harmonic
spinors.

In our present situation, M is a Ga-manifold. Using the interior product with
), we can identify g;; with the tangent bundle T); and we can also characterize
T € Q3 (M, Ty) by the following formula,

(#Q) (u,v,w, z) = g (7 (u,v,w), 2) .

Therefore A C M is an instanton if and only if x4 (7|4) = 0 € Tar|a. As a
matter of fact, if A is already close to be an instanton, then we only need the
normal components of x4 (7|4) to vanish.

Proposition 8 There is a positive constant 0 such that for any three dimen-
sional linear subspace A in M = ImQ with |7|a| < J, A is an instanton if and
only if x4 (T|a) € Ta.

Proof. McLean [22] observed that if A; is a family of linear subspaces in
M = R" with Ay an instanton, then

« d7’|At
A\ dt
Explicitly, if we denote the standard base for R” as e;’s, e.g. e; X es = e3, then
we can assume that A is spanned by ej,es and €3 = ez + ZZ:4 t;e; for some
small ¢;’s because the natural action of Gy on the Grassmannian Gr(2,7) is

transitive. Then an easy computation(c.f. equation (5.4) in [?]) shows that the
normal component of * (7]4) in N4,y is given by

S NAO/M C TM|A0~
t=0

* (7'\A)L =—t5 (64)l +i (65)L +1i7 (66)l —tg (67)L ;



where ()J‘ denote the projection to N4,p.When ;s are all zero, we have
(ej)J‘ =¢; for 4 < j < 7. In particular, they are linearly independent when ¢;’s
are small. In that case, * (T|A)J_ = 0 will actually imply that ¢; = 0 for all j,
i.e. A is an instanton in M. Hence the proposition. m

This proposition will be needed later when we perturb an almost instanton
to an honest one. We also need to identify the normal bundle N/ to an
instanton A with a twisted spinor bundle over A as follow [22]: We denote P
the SO (4)-frame bundle of N4 /5. Using the identification

SO (4) = Sp(1) Sp(1) — SO (H),

(P, q) -y = pyq,

the tangent bundle to A can be identified as an associated bundle to P for the
representation SO (4) — SO (Im H), (p,q) -y = qyq. As a result the spinor
bundle S of A is associated to the representation SO (4) — SO (H) given by
(p,q) -y = yg. Hence we obtain

NA/MgS@)HE,

where E is the associated bundle to P for the representation SO (4) — SO (H)
given by (p,q) -y = py.

4.2 Complexified Cauchy-Riemann equation

Recall that the normal bundle to any instanton A is a twisted spinor bundle
S®@uFE, or simply S, over A. Let D be the Dirac operator on A. If V := V572
is a normal vector field to A and we write the covariant differentiation of V' as
V(V):=Ve aga ® w', then by viewing V as a twisted spinor or a quaternion
valued function on A,

V=V4iV? +jVS +kV7,
we have,

DV =— (VP + V@ + V) +i (Vi +V§ —V3)
+ iV =V + V) +k (V5 + V5 — V),

where D : =V1i+ Voj + Vsk.

Let us first consider a simplified model, suppose that A is a product Rie-
mannian three manifold [0,¢] x ¥ with coordinates (x1,z) where z = x9 + iz3.
Let e; be the unit tangent vector field on A normal to 3, namely along the
x1-direction. We have

9 _
D—€1'87xl+8,

where 0 is the Dolbeault operator on the Riemann surface 3 for the holomorphic
line bundle ST and S~.

10



The Clifford multiplication of e; on S satisfies e = —1 and therefore we
have an eigenspace decomposition S := ST @ S~ corresponding to eigenvalues
+i.

If we write V = (u,v) with u = V4 4+iV® € ST and v = V6 +iV7 € S—,

then we have
ou ., v .
DV = (83311 — az'U> + (—811-1-3 ’LL) .

() () )
SKAEN B!

where

We will also denote i0, and i, by 07 and O~ respectively. They are Dirac
operators on ¥ and they satisfy

ot =(07)".

This implies that the Dirac equation DV = 0 is equivalent to the following
complexified Cauchy-Riemann equations,

~ ov .,

o,u = pr i,
ou

00 = 5ar

4.3 Eigenvalue estimates

In this subsection we first give a quantitative estimate of the eigenvalue of the
linearized operator for the simplified model A, = [0, ] x 3 with product metric
ga. = dz? + gs. Then we use the conformal property of the Dirac operator to
obtain a corresponding result for any warped product metric on A..

We introduce the following function spaces for spinors V' = (u,v) over A..

Definition 9 Let S be the spinor bundle over (Ac, gs.) and V be a smooth sec-
tion of S,

1. We define the norm

1/p

HV”Lm p AE7S) - Z / / ‘ VZ V pdde

a+B<m

11



and

Vllem.e = Y. sup|(Va)* (V)*V
a+pB<m

where the covariant derivatives and LP-norm are all with respect to ga..
Consequently, we have an e independent constant C' so that for any smooth
section 'V,

3q
3 —mgq

3
HVHCW(AE,S) <C ||VHLl,p(AE,s) , forp> T—m

Vo, s) S CIVlLma, s forp <

as long as € € [1/2,3/2].

2. We define the function spaces
L (4, S) i= {V = (,0) € T (A, ) [ IV | gma, 5) < +0}

and L™ (A.,S) (resp.L'"" (A.,S) ) be the closure (with respect to the norm
[l sy ) of the subspace of smooth sections V = (u,v) € T' (Ac,S) such
that v € C§° (A \OA,) (resp. u € C§° (A \OA.)). Let us also introduce the
space

O™ (82,8) = {V = (1,0) € T (4,8) [ IV | g o, 5 < +00}

O™ (h:,8) = {V = (u,0) € T (A, 5) ||V

cmaes) < T00,vlon. = 0}-

It is known (c.f. [5] Theorem 21.5) that the Dirac operators
Dy =Dz LY? (A.,S) — L? (A, S)

give well-posed local elliptic boundary problems and their formal adjoint oper-
ators are D} = Dx.

The following theorem compare the first eigenvalue for Dirac operator on
the Riemann surface ¥ with the one on the product three manifold A..

Theorem 10 Suppose Mg+ (resp. Ag-) is the first eigenvalue of Ay = 0~ 0T
(resp. Ay, = 070~ ) acting on the space L2 (X,ST) (resp.L1? (£,S7)) and let

2
1DV |72,
Ap:= in T E—
veL?(a.) ”VHL2(A5)

2
Ap > min{)\a+,2}.
3

Then

12



Proof. For any V = (u,v) € L% (A.), we have

2<§Z { oo }V>+H8v||2+||6+u”2.

Using the formula 0~ = (01)", we have

/] Lo o 1Y)

v [’

(DV,DV) ;. = / o,

[0,e]xZ

- <a-<a“>vv>—<w-(a“>>+/ SEN AU
[0,e]xS Oxq Oxq {e}x= {0}

because v|gy =0

In order to estimate fA |le|27 we notice that, for any fixed point p € 3,
v][0,c]x{p} Can be treated as a function over the interval [0, ] and we compute

/OEUdel :/O( Oml 88;’1 (t )dt) dat
L0 (/j o)

8951 (t)

Put all these together, we have

(DV (21),DV (z1))

= (b o ool + o)

/0/||a+u|| +// o,
v N A=y W A
> min {Ag+,2/e%} (/06/2|u||2+/2/06 ||v2)

. 2
= min {)\a+72/52} IV (x1)||L2(AE,S) :

Hence the result. m

13



For our later application to the perturbation arguments, we need the eigen-
value estimate for a warped product metric ga_ , = h () dz? + gs. on A.. Note
that such a metric is always conformally equivalent to a product metric. We
recall that if D, is the Dirac operator on a Riemannian spin manifold (4, g)
with metric g then the conformal change of the metric ¢ — hg by any positive
function h € C° (A) will lead to the change of Dirac operator as the following

_n+1 n—1
)

Dhg:h Topgoh 4
where n is the dimension of A. If we compare the Rayleigh quotient we find

2 2 2
1 . fX ||Dth||hg . fX ||D9V||g . fX HDthth
—inf =—————= < inf =————= < K inf ——— —~
Kves  [¢IVl, ves [y IV, ves [ [Vl

where K > 0 is a constant depending only on minge, b (z) and max,ep b ().
In particular, this implies

1
?)\Dg < Ap,, < K\p,.

This allows us to extend the above theorem to any product three manifold
A =[0,¢] x ¥ with a warped product metric,

ga,.h = h(z) dz? + gs.

where gs; is a metric on ¥ and h is a smooth positive function on Y. This is
because ga_ 5, is conformally equivalent to a product metric dz? + h~!gy with
conformal factor h (x) .

Suppose V = (u,v) € LY (A.,S) and W = (f,g) € L% (A.,S) and D is the
Dirac operator with respect to the metric gy, » = h (z) dz? + gs then

/O ) /,: (DV, W)

= [ [0 ) ) G 07w) )

=i [} () 00 ) = (005 4 (o200 ) 1 [ (o1 5 (o 29) )
i/08/2<u,—h1/2fx1 —8+g>+<v,h1/29m1+a*f>+i/2h1/2(<ujf> £~ (0.9)[9)

= [ (i (e w0 a)) = (o (20 0 )) [ W 0~ 00

= [ [wow)si [ 07 )l - w0 )

When V € LY? (A;,S) and W € Lfr’2 (A,S), the above boundary terms are

zero and we have . .
| [ovaw = [ [ wow).
0o Jx 0o Jx

14



This implies that D is self adjoint operator from LY*(A.,S) to Lf (A, S)

in the sense of [5]. Since Li_’Q (A.,S) is dense in L?(A.,S), this implies that

D : LY (A.,S) — L%(A.,S) is surjective if and only if ker D12y g =0 C
+ € 3

Li2 (A, S), which is equivalent to ker 9~ = 0 by the above arguments. Hence

we have obtained the following result.

Theorem 11 Suppose that the first eigenvalue for 070~ and 0~0% are both
strictly positive. Then

D: L (A.,S) — L? (A.,S)

is one-to-one and onto.

4.4 Estimates for the linearized problem

In this section we will develop the necessary linear theory for the Dirac equation
DV =W on A, =% x [0,¢]

with a warped product metric gy, 5, := h (z) dz? + gs. The key issue is to obtain
a priori estimates for V' with explicit dependence of €, as ¢ goes to zero. When
¢ is away from zero, say ¢ € [1/2,3/2], we have e-free Schauder estimates. For
€ small, we overcome the difficulty coming from ¢ by choosing an appropriate
integer k so that ke € [1/2,3/2] and we extend any solution V' = (u,v) on A, to
Ar. in weak sense by reflection suitably. However much care will be needed to
obtain the C*-estimate, because after the reflection of W across the boundary
of A., it will no longer be continuous in general. This problem will be resolved in
the case (ii) part of the proof of the following theorem. To make the exposition
more transparent we will assume that h = 1, and it is clear from the proof below
that the argument works equally well for any h (z) € C* (X).

Theorem 12 For any 0 < o < 1 and p > 3 there is a positive constant
C = C(a,p,\) independent of € such that for any V € C>® (A,S) and W €
C*™ (A, S) satisfying

DV =W onA. =% x[0,¢].

We have s
ClIVligrag s <€ G [Wlgag. s -

Proof. We write V = (u,v) € C* (A.,S), W = (w1, ws) € C*® (A, S) and the
metric on A, as

ga.n = h(x)dr? + gs
so the equation may be written as

hY %u,, + 0t
R 2u, +0"u = ws

I
g

with U|3A6 =0.



In the following we assume h = 1. Let us fix an integer £ > 0 such that ke €
[1/2,3/2] and divide the estimates into two cases:

Case (i): Suppose that w; = 0, then we will have along the boundary JA.,
Uz, = 0 since v = 0. We extend v from A, to Ai. by odd reflection along the
walls ¥ x {je} with 1 < j < k — 1. Similarly we consider an even extension of
% to Age. That is,

_f —v((2j+2)e—x) forx € [(25+1)¢, (25 +2)¢]
v(@:2) = v (@ — 2j¢) for @ € [276, (2 + 1) €]
w(z,2) = w((2j +2)e—x) forx € [(25+1)¢, (25 +2)¢]

’ u(z — 2j¢) for « € [2je, (25 + 1) €]

This will induce an even extension of ws so that the Dirac equation
DV =W

is satisfied in the weak sense on Aj.. By differentiating both sides of the equation
Vg, + 07 u = wy with respect to 1, we obtain an equation which is equivalent
to the Dirichlet problem of the second order elliptic equation

_ ows
Vpyzy, — 0 00 = e and v|ga,, =0
Note that 8~ 07 is a positive operator. Since the C“-norm is preserved under the
odd extension, Schauder estimate and LP-estimate for the second order elliptic
equation would then imply that there are constants C' («) and C (p) independent
of & such that

lwallga. sy + IVIcow. s

= ||w2|‘C‘1(AkE7S—) + ”V”CO(A;CE,S)
> C(a) [V gr.aa,..s)

=C(a) ||V||c}"“(A5,S)

and ~
lwall Loag. sy + IV lloa.. 5 2 C @IV e, s)

since ke € [1/2,3/2].

Case (ii): suppose that wy = 0 and wy € C§ (A, ST). Since v = 0, this
implies that if we consider the odd extension of v and the even extension of u
to Ag., as in the previous case, then they induce an odd extension of w; so that
the equation

Ug, +0T0 = wy
{ Vg +07u = 0

is satisfied in the weak sense on Ag.. Notice that w; does not vanish on 9A, in
general, so after the odd extension, wi is no longer continuous but still we have

16



wy € LP (Age,S) for Vp. The LP-estimate for the second order elliptic equation
then implies that there is a constant C (p) independent of e such that

1ol o gag. 5-) + 1V o) = C @IV 1o, s) - (1)

Differentiate the second equation with respect to x1, we obtain that the equation
is equivalent to the Dirichlet problem of the second order elliptic equation

Vpyay — 0 0 v =—0"w; and v|gy,. = 0.

The Schauder estimate for second order elliptic equation (c.f. [10] section 4.4
and 6.4 ) implies that there is a constant C' («) independent of € such that

61+o¢ ||’U

ellwillcam. s+ +l10llco .5 2 € (@) loreas) - (2)

It follows from (1), the eigenvalue estimate of the previous subsection
W) = C ) Vil eg) for V € C (ac,8)

and the interpolation inequality

1 . =
Vil ) < S IV ) + 5 1VI2 . ) with 8 =C (p) /2
that
~ 1
C(p) HV”L{W(ARE,S) < ||W||LP(A;€E,S) + 5 ”V”LQ(AksvS)
1
< Wllo a5 + COup) W L2 a... 5)
1
<|w I+ ===
= || ”LP(A;CE,S) ( + C'()\,p))
So

S 1
Wl < €0 (14 5505 ) Wi

in particular, there are constant C independent of & such that

HV”Ci_"/p(AE,S) = ”V”Ci_"/p(AksyS)
< CHVHLI_”’(A;CE,S)

~ _ 1
! (1 + O(Ap)) Wl 2o ar. )

IN

<C(p,N) ||W||CO(Aks,S)
b,

C
C N Wlleow, s) -
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By combining this with the fact that v|gs.—o, we have

||U||CO_(AE,S) < ||v||C1_,n/p(AE’S) glmn/r < C(p,N) lellCU(AE,S) el

Plug these into (2) we obtain

C(@) ollce. o <& Nonllcnsn) +C BN lotllcog g™,

We can also obtain a similar estimate for u because u = (8’)71 Vg, and
(8*)71 is independent on . Thus we have

C(a) VIgren. sy S € llwillgag, s+ +C @) lwillcog, s e~ (3+e),
By combining cases (i) and (ii) together and let n = 3, we obtain
C e M Vllorow, g <™ [Wilgagy, g
Hence the result. m
Corollary 13 Let W € C* (A.,S) and suppose V € C= (A.,S) solves
DV =W onA. =% x [0,e] with h € C*(X).

Then for any 0 < o < 1,p > 3 there is a positive constant C = C (a,p, \, h)
independent of € such that

(3
ClVlgrags <& G Wlgags -

4.5 Perturbation arguments

Let Cy C M be a coassociative submanifold. Suppose that n is a normal vector
field on Cy such that its corresponding self-dual two form, ny = ¢,Q € A2 (Cp)
is harmonic with respect to the induced metric. So 7 is actually a symplectic
form on the complement of the zero set Z (ng) of 79 in Cy. Furthermore

Jn () == n|""nxu

defines an almost complex structure J,, on the C\Z (1) . Since deformations of
coassociative submanifolds are unobstructed, we may assume that there is an
one parameter family of coassociative submanifolds ¢ : [0,g] x Cy — M which
corresponds to integrating out the normal vector field n, that is

d¢

5 =neT (Co,Ney/m) and Cy := ¢ ({t} x Co)

t=0

In the remaining part of this article we assume that 7y is nowhere vanishing
on Cp, that is (Cp,np) is a symplectic four manifold. We are going to establish
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a correspondence between the regular J,-holomorphic curves ¥ in Cy and the
existence of instantons with coassociative boundary conditions.

Given such a ¥ C Cp, we obtain a family ¥; C C; whose total space AL is
close to be associative and the induced metric on A’ is close to be a warped
product metric for small e. We want to perturb AL to become an honest asso-
ciative submanifold in M. In order to apply the implicit function theorem to
obtain the desired perturbation for A”, we need the estimates for the linearized
problem to behave well as € approach zero. Such an estimate was established
in the previous section.

To prove this result, we will construct a map

F.:C™%(A.,S) — C™ b (A,,S)

such that the solution to the equation F; (V) = 0 will give rise to an associative
submanifold with boundary lying on Cy U C¢. Let us briefly describe the seven
steps construction of F. here: We construct a three dimensional submanifold
AL C M by flowing ¥ along with C; and an identification between the normal
bundle of AL C M with the spinor bundle S —A., this makes the linear theory
developed in the previous subsection applicable. Then we need to define an
exponential map on C"" (A.,S) carefully so that expV always satisfies the
coassociative boundary condition. To do that, we need to deal with those normal
directions to A. inside C = ([0,¢] x Cp) and perpendicular to C separately.
Now we are ready to describe our construction:

1. For e small, let C: =[0,¢] x Cp and C := ¢ (C) is diffeomorphic to C, and
all coassociative submanifolds Cy’s are mutually disjoint and ¢ (¢,-) is an
embedding for V¢ € [0, ¢].

2. Let ¥ C Cy be a Jy-holomorphic curve, we denote
A. :=10,e] x ¥ and AL := ¢ (A,)

then AL is close to be associative in the sense that ‘T|A/E| < K¢ for some
constant K depending on the geometry of the family {C;} and M for small
e. Notice that if we identify Ny, ,c®C with ST®C the complexified positive
spinor bundle over X, then N¢/ ®Cls =S™®C = Kx® <Ng/c) , where
K is the canonical line bundle of Y. This follows from the fact that M is
a Riemannian manifold with Ga-holonomy, then at every point z € Cy we
may canonically identify T, M with T,Cy + /\iT; Cy. For Vx € ¥ C Cy,
we may choose {ei}le to be an orthonormal basis of T,,Cy such that

TEY = spang {e; —iep} and Ng/c|w = spang {e3 —ieq}
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then

N(CC/M|IGE
=spanc {(e] ANej —es Ney)+i(e] Nes+esNes)}
= spang {(e] +ie3) A (e3 +iej)}

=Ky ® (Ng/c)*

In particular,

H (2, NGuls) = H (S, Ks @ (N§,e) ) = H' (3, NS 0 )
since the dimension for the Seiberg-Witten moduli is 0. This implies that

dim H° (Z,Ng/c) = dim H! (Z,Ng/c) = 0, by our assumption that X

is regular. Moreover by Theorem 11, we have the linear operator
D: L2 (A.,S) — L? (A.,S)
is one-to-one and onto.

. Let
ga.n = h(x)dt* + gs
be the warped product metric on [0,¢] x ¥ with g5 being the induced

metric on ¥ and h (z) is the squared length of n = dC;/dt|i—¢ restricted
to X. Then

(1-Ke)ga.n <9 gu < (1+ Ke)ga.n

for some constant K depending on the geometry of family {Ci},<. .m0
and M. o

. Let gc := dt*®g|c, be the product metric on C and exp® is the exponential
map associated to the metric gc.

. Using the metric gas on M we have an orthogonal decomposition ¢*Na: /r =
©*Narje ® ¢*Neypr- We define a vector bundle S on A, as the pullback

of the bundle W*NA;/M|{0}xE by the projection map A, — . Thus we
obtain a Cartesian product,

S — SO*NA/E/M|{0}XE
! !
A 5 b

and orthogonal decomposition

S=S"®S™ =7 (¢*Narjclioyxs) + 7 (¢"Nejnlioyxs) -
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6. Let N,_sc be the normal bundle of A. C C with respect to the metric gc.
For e small, we define a bundle isomorphism

n I=(17,17)

S=ST®S” — Nu.je ® 9" Neym
! ‘ ! :
A -, A

Fixa0<t<e, forueST|yxsca.and v € S™|{3xxca. , We may treat u
as a section of * N4/ /cl{oyxx and v as a section of ¢*Ne/ar|{0)xx- Then
I'" (u) € Na_jcl{t}xs is obtained by parallel transport along [0, t] x {z} C C
and then orthogonally project to N,_sc with respect to the metric gc,
and I~ (v) is obtained by parallel transport along [0,¢] x {z} C C and
orthogonally project to ¢*N¢/ps with respect to the pull back metric p*g.

7. We introduce
xp:T(A.,S) — Map (A-, M)
V= (u, U) eXPé\,{pc I+(u) (TexpC I+(u)1_ (’U))

where exp™ is the exponential map with respect to the metric g on M,
exp® is the exponential map with respect to the metric g¢, and

Texpe 1+(u) * Neyarlr, (0,2) — Neyntlro (1,0

is the parallel transport with respect to the metric ¢ on M along the
curve 7, (s,z) := expS st (u) C C, for z € A, C C. We will denote the
image of expV by A. (V) C M. It follows from our construction that for
any V € C™ (A.,S), 0A. (V) C Co U C: and exp (0,0) = .

Next we define the nonlinear map F. with the important property that
elements in F.! (0) with small norm correspond to associative submanifolds in
M near AL for small e.

F..Ccm™® (A, S) — Ccm—La (A, S)
~ . % L
F.(V)=Ty (*AE(V) (expV) 7')

where V = (u,v) and the map Ty :(expV)* Ny vy — S is obtained as following

e Parallel transport with respect to the metric g on M along y™ (s) :=
expé‘ipc I+ (u) S (Texpc ™ (11)) with s € [0,1].

e Identifying it as a section of N,_sc & ¢*N¢/pr, which in turn can be iden-
tified as a section of S via

N, jc ® 9" Neyur L.s=stos".

defined in the step 6. In particular, Ty is I~
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Proposition 14 For any 0 < a < 1,p > 3 and R > 0, there is a positive
constant C = C (o, p, A\, R) such that for any sufficiently small € > 0 we have

|(DE. (V) = DF. (W)) 8V llcoqa. 5 < C 1Vl ctoge.

and

ENIY
IDF- (0)8V |l caa, ) = Cl3 ) 6V | 1oy

foranyV e C2* (A, S), W € C™ (A.,S) with ||V||Cl,a(A€7g) AWlleram.s) < R
and for any 6V € CH* (A,,S).

Proof. First, we notice that
DF. (V) (V) = { DTy (8V) + T (diva.(v) (0V) } (. (v (6%BV)" 7)
+ Ty (4. (v) (DexpV)" 7)
and
Dexp v) (6u, 6v)

XpexpC It (u+sdéu) (TeXPC I+ (u+55u)I7 (U + 8(51)))

d
(DQ eXp )expc I+ (u) ( exp® I*(u)I (’U)) ZleexpC I+(u)} D eXpC I* (&u‘)
(D2 €xXp )cxpC It (u) (TeXpC I+ (U)I_ (’U)) TeXpC I+ (U)I_ (6’[}) ’

vexp™ expc I+ (u) (Texpe 1+ ()1~ (v))

so there are smooth functions G;,7 = 1,2,3 depend on C and M such that

DF. (V)§V =Gy (V,VV) 8V + Gy (V,VV) Véu + Gs (V, VV) Vév.

Since

Gi (V,VV) — G, (W, VW)
= (G: (V.VV) = G; (V,YW)) + (G (V, YW) — G; (W, VW) ,

there is a constant C' (R) only depend on the geometry of C and M but inde-
pendent of & such that for [[V{[cia_ sy s [Wllcren, g < R, we have

[(DF. (V) = DF. (W)) 6Vl gam. sy < C(R)

|V - W“c}‘*(Aa,S) ||5V||CL~Q(A5,S) :
Second, by setting V' = 0, we have

DF(0)0V = {DT(O) (0V) + (diva, (o) (5V))} *a, @7 + %4, (Dexplo)” 7
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and
D&sbyq,0) (Su, 0v)

= s expéipc I+ (s6u) (Texpe 1+ 56wy I~ (360))
s=0

= D (exp®ol™) (du) + dexpf\\f odI™ (6v)
=dI" (6u) +dI~ (6v) €T (A, Ny_jc ® " Nejar)

with
dIt (6u) [{oyxx + dI™ (60) [{oyxs
=du+dveT ({0} x I, (Najc ® 9" Neym) ljoyxs =S) .

Now we have

o' =T1(dp(),dp(-),dp () (21, 2)
(de (-),dep (-),dp () (0,2) + 2.1 F

with
|E (x1, 23w, w)| < C (1] + [wi| 4 wa) .

for some constant C' only depends on C and M but independent of £.Since
DF, (0) = Dy, + x1E (21,2, Vy, 05,) with (z1,2) being the coordinates of A,
this implies that
[(DF: (0) — Da.) 5VHC"(AE,S) <Ce ||5V||c}“(Ag,s)
It follow from Corollary 13 that
(34a
C (o, M) 6V ][ oy, o) < & GF) DoV | g ) -
therefore for € small we have

D (0) 6V | gaqa. s)
2 | Pa.6Vlgam, sy = I(DF (0) = Da.) 6V || caa, )

> C(a,p, A h) (=) 4 ) 13V iy
> C(a,p M) e GF) 8V gy )
hence the proposition. m

To find the zeros of F., we are going to apply the following quantitative
version of the implicit function theorem (c.f. Theorem 15.6 [6]).

Theorem 15 Let X and Y be Banach space and F : By (xg) C X — Y a
C'-map, such that
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1. (DF (20))"" is a bounded linear operator with |(DF (20))” " F (x0)| < o
and |(DF (z0)) '] < B;
2. |DF (x1) — DF (x2)| < k|x1 — x2| for all 1,29 € B, (x0);

3. 2raf <1 and 2o < 7.
Then F has a unique zero in Bay, (o) .
To apply above theorem, we define the map
o= Gr)p  cbe (A, S)NCS (A, S) — OO (.,S)
then for any 6V € Ch* (A.,S) N C° (A, S),

HDFE (0) 5v]

Co.a(h.5) > C(a,p) H(sV”c}“(AE,S)
and for [V[cram, gy [Wlleraq, s < R we have

H (DFE (V) — DF. (W)) 6‘/’

|

When we choose a = 1/4 and p > 12 then we have

_ §+Ot
coaes) = OF G 0V lgraga, 5

Now
< C’g_(%+a)5 = Cgl_(%+a)
CO(Ag,S)

F. (u, v)‘

57(%+a)

[of O ).

F. (u,v)‘

~ 81_2(%+a)

12 5 0ase—0.

=¢
Theorem 15 then implies that there is a unique H‘/E”OLQ(AE’S) < 9e1-2(3+a)
solves F. (V) = 0.

Claim 16 For ¢ small A. (V) := expV; is an instanton.

Proof. First we notice that by our construction the tangent space T'A. is already
e-away from being associative. The estimate |[V.||c1.0(y.g) < 926172(3+9) then
implies that the tangent space of T'A. (V.) is also e-close to be associative and it
also implies that the map Tvs defined in step 7 is an isomorphism for small €. So
Proposition 8 implies that the tangent space T'A. (V;) is indeed associative. Now
standard elliptic regularity implies that V; is actually smooth, thus A, (V) =
expV; is an instanton in M. m
Finally, we obtain our main result
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Theorem 17 Suppose that M is a Go-manifold and Cy is an one parameter
family of coassociative submanifolds in M. Suppose that the self-dual two form
n = dCy/dtli—o € Q3 (C) is nonvanishing, then it defines an almost complex
structure J on Cy.

For any reqular J-holomorphic curve ¥ in Cy, there is an instanton A in
M which is diffeomorphic to [0,1] x ¥ and 0A. C Cy U C., for all sufficiently
small positive .

In particular, by combining Taubes’ result on GW=SW [25][26][27] with the
above theorem we obtain the following existence result.

Corollary 18 Suppose that C is a coassociative submanifold in a Ga-manifold
M with non-trivial Seiberg- Witten invariants. Given any symplectic form on C,
we write Cy’s the corresponding coassociative deformations of C in M. Then
there is an instanton Ay in M with boundaries lying on Co U Cy for each suffi-
ciently small t.

Lastly we expect that any instanton A in M bounding CyUC} and with small
volume must arise in the above manner. Namely we need to prove a e-regularity
result for instantons.
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