MODULI OF BUNDLES OVER RATIONAL SURFACES AND
ELLIPTIC CURVES I: SIMPLY LACED CASES

NAICHUNG CONAN LEUNG JIAJIN ZHANG

ABSTRACT. It is well-known that del Pezzo surfaces of degree 9 — n one-to-
one correspond to flat E, bundles over an elliptic curve. In this paper, we
construct ADE bundles over a broader class of rational surfaces which are
called ADE surfaces, and extend the above correspondence to all flat G bundles
over an elliptic curve, where G is any simply laced, simple, compact and simply-
connected Lie group. In the sequel, we will construct G bundles for non-
simply laced Lie group G over these rational surfaces, and extend the above
correspondence to non-simply laced cases.

INTRODUCTION

Let S be a smooth rational surfaces. If the anti-canonical line bundle —Kg is
ample, then S is called a del Pezzo surface. It is well-known that a del Pezzo
surface can be classified as a blow-up of CP? at n(n < 8) points in general position
or CP' x CP'. When these blown-up points are in almost general position, such
a surface is called a generalized del Pezzo surface, according to Demazure [6]. It
is also well-known that the sub-lattice K& of Pic(S) is a root lattice of type E,.
For more results on (generalized) del Pezzo surfaces one can see [6] and [20]. Thus
there is a natural Lie algebra bundle of type E, over S. By restriction to a fixed
smooth anti-canonical curve X, one obtains a flat E,, bundle over ¥X. Moreover,
Donagi [7] [8] and Friedman-Morgan-Witten [11] [12] prove that the moduli space
of del Pezzo surfaces with fixed anti-canonical curve ¥ can be identified with the
moduli space of flat F,, bundles over the elliptic curve X.

In this paper, we will extend this correspondence to all compact, simple, simply
laced and simply connected Lie groups and to a broader class of rational surfaces,
which are called ADFE surfaces. This paper can be regarded as the final and revised
version of the preprint [17], although we still refer to [17] for some of the proofs, in
order to avoid repetition. Next we sketch the contents briefly.

In Section 1, we first analyze the structure of the Picard lattice of a rational
surface which is a blow-up of P2, P! x P! or the Hirzebruch surface F; at some
points. We shall see that there is a sub-lattice of the Picard lattice which is a root
lattice of ADE-type.

Next we generalize the definition of del Pezzo surfaces to that of ADE surfaces,
where an F,, surface is just a del Pezzo surface of degree 9 — n. Roughly speaking,
an ADFE surface S is a rational surface with a smooth rational curve C' on S
such that the sub-lattice (Kg,C)* of Pic(S) is an irreducible root lattice (see
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Definition 7). The condition in Definition 7 implies that C? = —1,0 or 1, and
that the sub-lattice (Kg, C)* is a root lattice of type E,,, D, or A, respectively
(Proposition 8). Therefore such a surface is called a rational surface of E,-type,
D,,-type, or A,-type accordingly.

Note that the definition of an FE, surface implies that after blowing down the
(—1) curve C, the anti-canonical line bundle —K will be ample. So the resulting
surface is just a del Pezzo surface. Thus the definition of ADFE surfaces naturally
generalizes that of del Pezzo surfaces.

After this, we prove that an ADE surface is nothing but a blow-up of P2, P x P!
or F; at some points in general position. This gives us an explicit construction for
any ADFE surface.

In Section 2, we construct Lie algebra bundles of ADFE-type, and their natural
representation bundles over those surfaces discussed in Section 1. By a Lie algebra
bundle over a surface S, we mean a vector bundle which has a fiberwise Lie algebra
structure, and this structure is compatible with any trivialization. Similarly, by a
representation bundle, we mean a vector bundle which is a fiberwise representation
of a Lie algebra bundle, and this fiberwise representation is compatible with any
trivialization.

More precisely, let S be an ADE surface. Since the sub-lattice (Kg,C)* of
Pic(S) is a root lattice, we can explicitly construct a natural Lie algebra bundle
of corresponding type over S, using the root system of the root lattice (Kg, C)*.
Using the lines and rulings on S, we can also construct natural fundamental repre-
sentation bundles over S.

In Section 3, we relate the above Lie algebra bundles of ADFE-type over ADE
rational surfaces to flat G bundles over an elliptic curve ¥, where G is a compact
Lie group of corresponding type. If an ADFE rational surface S contains a fixed
smooth elliptic curve ¥ as an anti-canonical curve, then by restriction, one obtains
flat ADE-bundles over . We can prove this restriction identifies the moduli space
of flat ADE bundles over ¥ and the moduli space of the pairs (S,X € | — Kgl)
with extra structure (¢ which is called a G-configuration (Definition 18). One of
the main results in this paper is the following theorem.

Theorem 1. Let ¥ be a fixed elliptic curve, and let G be a simple, compact, simply
laced and simply connected Lie group. Denote S(X, G) the moduli space of the pairs
(S,%), where S is an ADE rational surface with ¥ € | — Kg|. Denote M the
moduli space of flat G-bundles over X. Then by restriction, we have

(i) S(,G) can be embedded into M$ as an open dense subset.

(ii) There exists a natural and explicit compactification for S(X,G), denoted by
S(Z, G), such that this embedding can be extended to an isomorphism from S(X, G)
onto M§.

(i1i) Any surface corresponding to a boundary point in S(X, G)\S(Z, G) is equip-
ped with a G-configuration, and on such a surface, any smooth rational curve has
a self-intersection number at least —2. Furthermore, in E, case, all (—2) curves
form chains of ADE-type, and the anti-canonical model of such a surface admits
at worst ADE-singularities.

Physically, when G = E,, is a simple subgroup of Eg X FEg, these G bundles are
related to the duality between F-theory and string theory. Among other things,
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this duality predicts the moduli of flat F,, bundles over a fixed elliptic curve ¥ can
be identified with the moduli of del Pezzo surfaces with fixed anti-canonical curve
3. For details, one can consult [7] [8] [11] and [12].

Notation 2. In this paper, we will fix some notations from Lie theory. Let G be
a compact, simple and simply-connected Lie group. We denote

r(G): the rank of G;

R(G): the root system;

R.(G): the coroot system;

W(QG): the Weyl group;

A(G): the root lattice;

A (G): the coroot lattice;

Ay (G): the weight lattice;

T(G): a maximal torus;

ad(@G): the adjoint group of G, i.e. G/C(G) where C(G) is the center of G;

A(G): a simple root system of G.

When there is no confusion, we just ignore the letter G.

1. RATIONAL SURFACES OF ADE-TYPE
Before defining what ADFE surfaces are, we first give their explicit constructions.

1.1. First consider the E, case, that is, the case of del Pezzo surfaces. We start
with a complex projective plane P? and n points 1, -+ ,z, on P2 with n < 8.
Note that x,--- ,x, may be infinitely near points. For example, we say that x
is infinitely mear xp if zo lies on the exceptional curve obtained by blowing up
x1. Blowing up P? at these points in turn, we obtain a rational surface, denoted
Xn(x1,--+ ,zy) or X, for brevity.

These points are said to be in general position if they satisfy the following con-
ditions:

(i) They are distinct points;

(ii) No three of them are collinear;

(iii) No six of them lie on a common conic curve;

(iv) No cubics pass through 8 points with one of them a double point.

The following result is well-known (see [6] and [20]).

Lemma 3. Let z; € P2,i = 1,--- ,n,n < 8. Then the following conditions are
equivalent:

(i) These points are in general position.

(ii) The self-intersection number of any rational curve on X, is bigger than or
equal to —1.

(111) The anti-canonical class —Kx, is ample. O

A surface X, is called a del Pezzo surface if it satisfies one of the above equiva-
lent conditions.

We say that z; € P2, i = 1,--- ,n with n < 8 are in almost general position if
any smooth rational curve on X, has a self-intersection number at least —2, and
such a surface is called a generalized del Pezzo surface (see [6]).

Let h be the class of lines in P2 and I; be the exceptional divisor corresponding
to the blow-up at x; € P2,i = 1,--- ,n. Denote Pic(X,) the Picard group of X,,,
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which is isomorphic to H?(X,,,Z). Then Pic(X,,) is a lattice with basis h,l1,- - - , [,

of signature (1,n). Let K = —3h +l; + - -- +,, be the canonical class. We extend

the definition of the (real) Lie algebras E,,,n = 6,7,8 to all n with 0 < n < 8 by

setting EQ = O,El = R, E2 = Al X R,Eg = Al X A27E4 = A4 and E5 = D5.
Denote

P, = {rxec H*X,,Z) |z K =0},

R, = {2x€ H*X,,Z)|r-K=0, 2*=-2}CP,,
I, = {z€ H*X,,Z)|2*=—~1=2x-K}, and

C, = {C=1(e1,---,en)|ei€l,, e-e;=0,i#j}

An element of I, is called an ezceptional divisor, and an element (, € C, is
called an exceptional system (of divisors) (see [6] and [20]).

Lemma 4. (i) R,, is a root system of type E, with a system of simple roots oy =
ll—lg, Oégzlg—lg, Q3 :h—ll—lg—lg, a4=lg—l4, ey an:ln—l —ln. Its
root lattice is just Py, and its weight lattice is Q, = H?*(X,,Z)/ZK. Letl € I,,
then R, N1+ is a root system of type E,_1, and P, N 11 is its root lattice.

(i) The Weyl group W (E,) acts on C,, simply transitively.

Proof. (i) For the proof that R, is a root system of type E, with given simple
roots, see Manin’s book [20]. H?(X,,Z) is a lattice with Z-basis h,ly,--- ,l,.
Obviously, {eg = l1,e1 = a1, -+ ,e, = «@,} forms another Z-basis. Take any
r € P, C H¥(X,,Z). Let x =Y a; - e;. Then x- K = 0 implies ag = 0. So P, is
the root lattice of R,,.

The natural pairing P, ® H?(X,,,Z) — Z induces a perfect pairing

P, ® (H*(X,,Z)/7ZK) — Z.

So the weight lattice is just H?(X,,,Z)/ZK.
For the last assertion, we can assume [ = [g, then it is true obviously.
(ii) See [20]. O

The Dynkin diagram is the following
as

O O O
aq (&%) Oy Qs Qp

Figure 1. The root system E,,.

1.2. Next we consider the D,, case. Let Y = F; be a Hirzebruch surface, and fix
the ruling f and the section s, where s? = —1. In fact F; is the blow-up of P? at
one point zg. Thus f = h —lg, s = Iy where h is the class of lines on P? and I
is the exceptional curve. Blowing up Y at n points x1,--- ,x, we obtain Y;,. The
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Picard group of Y,, is H%(Y,,,Z), which is a lattice with basis s, f,l1,--- ,l,. The

canonical class K = —(2s + 3f — f: l;).
Denote =

= {r€eH*Y,,Z) |- K=0=ux-f},

= {2 H*Y,,Z) |z- K=0=2a-f 2* = -2},

= {2eH*Y,,Z) |2*=-1=2 K, z-f =0},

= {Gu={(e1,-- en) | i €ln,ei €5 =0,i %,
Zei-550m0d2}.

Similarly as before, an element ¢, € C, is called an exceptional system (of
divisors).

NI
|

Lemma 5. (i) R, is a root system of type D,, with a system of simple roots oy =
f—li—l,as =11 =13, -, =lp_1—1ly. Its root lattice is just P, and its weight
lattice is Qn = H*(Yy, Z))Z{f, K).

(i) The Weyl group W (D,,) acts on C,, simply transitively.

Proof. (i) H%(Y,,Z) is a lattice with Z-basis s, f,l;,i = 1,--- ,n. Let x = as +
bf + > ¢l € Ry, where a,b,¢; € Z. Then we have a system of linear equations

2?2 = -2,
z-K=0=uz-f.

Solving this, we obtain

So,x ==x(l;—1;),i #jorx==x(f—1;—1;),i # j. That is R, = {x(l; —1;), =(f —
l; = ;)| i # j}. This implies that R, is a root system of D,-type with indicated
simple roots.

Obviously, {e1 = s,e2 = 1,542 = a;,i = 1,--- ,n} forms another Z-basis. Take
any v € P, C H*(Y,,,Z). Let *+ = Y a;-e;. Then - K = 0 = x - f implies
a1 = as = 0. So P, is the root lattice of R,,.

The natural pairing P, ® H?(Y,,,Z) — Z has kernel Z(f, —2s+>_1;) = Z{f, K).
So the pairing induces a perfect pairing P, ® (H?(Y,,,Z)/Z{f, K)) — Z. Hence the
weight lattice is just H?(Y,,,Z)/Z{f, K).

(ii) A simple computation shows that

In:{li,f—li|i:1,'-' ,n}.

Thus all the elements of C,, are of the form (, = (u1,- - ,u,) where the number of
u;’s, such that u; = f — I, for some k, is even. Then by the structure of W (D,,),
the result is clear. [l

The Dynkin diagram is the following
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aq

Qo Q3 Qg Qo

Figure 2. The root system D,,.

1.3. In the following we consider the A, _; case. For this, let Z,, be just the same

as Y,.
Denote
P = {eeH*(Z,7)|o K=x2-f=x-5=0},
R,w = {teH*Z,,2)|v K=2-f=x-5=0, 22 = -2},
In.w = {€eH*Z,,2) |2v*=-1=2-K, x-f=0=x-s},

Onfl = {Cn:(el,“',en) |€i€In71,6i'6j:0,Z.7éj}.

As before, an element of (,, € C,,_1 is called an exceptional system (of divisors).

Lemma 6. (i) R,_1 is a root system of type A,_1 with a system of simple roots
o) =1l1—lo, -+ yap—1 = ln—1—1,. Its root lattice is just P,—1 and its weight lattice
is H*(Zn,2)|Z(f,s,K).

(ii) The Weyl group W (A,—1) acts on C,,—1 simply transitively. In fact,

W (An—1) acts as the permutation group of ly,--- 1.

(111) Let e be a (—1) curve which does not meet s. Then there exist i,j with i # j
such that e = s+ f —1; —l;, and when n > 4, (K, s, f, e)l is a reducible root lattice
of type A1 x An_3; when n = 3, (K, s, f,e)" is not a root lattice; when n = 2,
(K, s, f,e)* is the same as Py, which is of type Aj.

(iv) Let e;,1 < i<k, k>2be(—1) curves such that s,e;,1 <i <k are disjoint
pairwise. Then when k # 3, (K, s, f,e;,1 < i < k)t is not a root lattice. When
k:3, (a) z'fel = S—Ff—llé —lig, €y = 5+f_li1 —lig, €3 = 5+f_li1 _liz then
(K,s, f,e1,ea,e3)" is a root lattice of A-type; (b) otherwise, (K, s, f,e1, ez, e3)" is
not a root lattice.

Proof. (i) H*(Z,,7) is a lattice with Z-basis s, f,l;,i = 1,--- ,n. A simple com-
putation shows that

Ryp1={li=1; | i#j}.
Then it is obviously a root system of type A, _1 with given simple roots.

Obviously, {e1 = s,ea = f,e3 = l1,€;43 = a;,i = 1,--- ,n} forms another Z-
basis. Take any x € P,_1 C H*(Z,,Z). Let x =Y a;-¢;. Thenz - K =z f =
x-s =0 implies a1 = as = a3 = 0. So P,,_; is the root lattice of R,,_1.

The natural pairing

P, 1@ H(Z,,7) —» Z
has a kernel
Z<fa5azli> = Z<f757K>'
So the pairing induces a perfect pairing

Py 1 ® (H*(Z,, 7)) Z{f, s, K)) — Z.
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Hence the weight lattice is just H?(Z,,Z)/Z(f,s, K).

(ii) In fact I,,—1 = {l1, -+ ,I,}. So an element of C,,_; is just a permutation of
Lo e

(iii) Let e = as+ bf + > ¢;l;, then e is a (—1) curve and e - s = 0 imply that e
must be of the form s+ f —1; —1;,¢ # j. Without loss of generality, we can assume
that e = s + f — [1 — l3. Then the result follows from a simple computation.

(iv) First let & = 2. From the proof of (iii), we know both e; and ez are the form
s+ f—1li—1;,i# j. Since e; - e =0, we can assume e; = s+ f — [ —ly and es =
s+ f—11 —l3. Then the result follows easily. For k =3, if ey = s+ f—l;, — i, €2 =
s+ f—1liy —liy, es = s+ f—1l;;, —1;, then <K,S,f,61,62,€3>J‘ = <K, S, f,lil,liz,li3>J‘.
We can assume l;, = l1,l;, = la,li; = I3. Then (K, s, f,11,12,13)" is a oot lattice
of A-type. Other cases are similar. O

The Dynkin diagram is the following

o (%) a3 Qp—1
Figure 3. The root system A, _;.

Note that Lemma 5 and Lemma 6 (i) (ii) are still true if we replace F; by any
Hirzebruch surface Fr(k > 0).

1.4. Now we show that in a suitable sense, the converse of the above lemmas is
also true. As promised in the introduction, we will see that the following definition
generalizes that of del Pezzo surfaces.

Definition 7. Let (S,C) be a pair consisting of a smooth rational surface S and a
smooth rational curve C C S with C% # 4. The pair (S,C) is called of ADE-type
(or an ADE surface) if it satisfies the following two conditions:
(i) Any (smooth) rational curve on S has a self-intersection number at least —1;
(i3) The sub-lattice (Kg,C)* of Pic(S) is an irreducible root lattice of rank equal
to rank(Pic(S)) — 2.

The following proposition shows that such surfaces can be classified into three
types.

Proposition 8. Let (S, C) be a rational surface of ADE-type. Letn = rank(Pic(S))—
2. Then C? € {—1,0,1} and

(i) when C? = —1, (Kg,C)" is of E,-type, where 4 < n < 8;

(i) when C? = 0, (Kg,C)* is of D, -type, where n > 3;

(iii) when C? =1, (Kg,C)* is of A, -type.

Proof. By the first condition in Definition 7, C? > —1. Therefore there are the
following four cases.

Firstly, suppose C? = —1. Then we can contract C' to obtain a smooth surface
S. Let m: S — S be the blow-down. Then the projection

Pic(S) = Pic(S) ® Z{C) — Pic(S)



8 CONAN LEUNG J.J. ZHANG

induces an isomorphism (Kg,C)* = (Kz)*. But the latter is an irreducible root
system if and only if Sis a blow-up of CP? at n(4 < n < 8) points. At this time
(K3)* is aToot system of E,-type. Thus S is a blow-up of CP* at n+1(4 < n < 8)
points.

Secondly, suppose C? = 0. Then by Riemann-Roch theorem, the linear system
|C| defines a ruling over P! with fiber C. Contract all (—1) curves in fiber, we
obtain a relatively minimal model (not unique), which is P! x P! or the Hirzebruch
surface F1. So, S is a blow-up of P* x P! or F; at n points. And the lattice (Kg, C)*
must be of D,,-type by Lemma 5.

Thirdly, suppose C? = 1. Then blow up one point py € C, we obtain S which
is a ruling over P! with fiber C = C — E and section F where F is the exceptional
curve associated to this blow-up. Contracting all (—1) curves in fiber which do not
intersect with F, we will obtain F;. Thus Sisa blow-up of F; at n points. And
we have (Kg,C)*+ = (Kg,C, E)*. Therefore the lattice is a root lattice of A,-type
by Lemma 6.

Finally, suppose C? > 2. Note that since we assume C? # 4, the situation of
Lemma 6 (iv) (a) can not happen. So we only need to discuss the case where C? = 2,
because the discussion on general cases is similar. Blowing up S at two points
p,q € C,p # g, we obtain S with exceptional curves E,, E,. Let C = C — E, — E,
be the strict transform of C, then |5 | defines a ruling with fiber C and section
s = E, (fixed). Similarly as before, contracting all (—1) curves E in fiber which
satisfy E - C=0=E-: s, we will obtain F;. Then S can be considered as a
blow-up of F1 at n points. Note that (Kg,C)* = (Kg, C, s, E,)*. We know that
(K3, 6, s)* is a root lattice of A,-type from Lemma 6. Then the result follows also
from Lemma 6. O

Remark 9. We extend the definition of F,, surfaces to all n with 0 < n < 8, by
defining F,,(n < 3) surfaces to be del Pezzo surfaces of degree 9 — n.

Corollary 10. On an ADE surface, any exceptional divisor perpendicular to C' is
represented by an irreducible curve. Therefore, any exceptional system consists of
exceptional curves.

Proof. In F,, case, the result follows from Proposition 8 and Lemma 3. In D,, and
A, cases, according to Proposition 8, the result is obvious. (|

In the following we generalize the definition for n < 8 points being in general
position to any n > 0. Denote S = P? (or P* x P! or F;). Denote S, (w1, ,2n)
(or S, for brevity) the blow-up of S at n points z1,--- ,x,. We say that x1,--+ ,x,
are in general position if any smooth rational curve on S, has a self-intersection
number at least —1. And we say that z1,--- ,z, are in almost general position if
any smooth rational curve on S, has a self-intersection number at least —2.

Corollary 11. Let (S,C) be an ADE surface.

(i) In E, case, blowing down the (—1) curve C, we obtain a del Pezzo surface
of degree 9 — n.

(ii) In D,, case, S is just a blow-up of P! x P! or Fy at n points in general
position with C as the natural ruling.
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(iii) In A, case, let S be the blow-up of S at a point on C, with the exceptional
curve E, then S is a blow-up of F1 at n 4+ 1 points, and the strict transform C of
C defines a ruling with E as the section of Fy. (|

2. LIE ALGEBRA BUNDLES OVER RATIONAL SURFACES OF ADE-TYPE AND
THEIR REPRESENTATION BUNDLES

When G is of ADFE-type, to each ADE surface S, we can construct a natural
G = Lie(G) bundle and natural fundamental representation bundles over S, which
are determined by the lines (or exceptional divisors in general) and rulings on S.

Definition 12. By a Lie algebra G = Lie(G) bundle, we mean a vector bundle
which fiberwise carries a Lie algebra structure of G-type, and this Lie algebra struc-
ture is compatible with trivialization of this bundle. By a representation bundle of
a G bundle, we mean a vector bundle V which fiberwise is a representation of G,
and the action of G on V is compatible with trivialization of them.

We describe these bundles in the following, and give the detailed arguments just
in F, case.

2.1. E, bundles over E, surfaces. Let (S,C) be an E, surface. Recall that

S = Xpy1(z1,- -+ ,xp41) where C' be the exceptional divisor associated to the
blow-up at z,41. Denote S = X,,(21,--- ,,). Since (Kg,C)*+ = K;{, we can just
consider the surface S = Xn(x1, - xn).

Since we have a root system of F,-type attached to X,,, we can construct a Lie
algebra bundle over X,, as follows:

& =0°" P oD

DeR,

The fiberwise Lie algebra structure of &), is defined as the following. Fix the
system of simple roots of R,, as

AE,) ={ar =l —lh,aa=la—lg,a3=h—11 —lo— 13, ,0n = lpn_1 — I},

and take a trivialization of &,. Then over a trivializing open subset U, &,|y =
Ux (C*" @, cr. Ca). Take a Chevalley basis {z, o € Rp; hi, 1 < i < n} for &,|u
and define the Lie algebra structure by the following four relations, namely, Serre’s
relations on Chevalley basis (see [14], p147):

(a) [hihj] = 0,1 <4,5 <mn.
(b) [h; g] (a,a)aY 1 <i<n,a € R,.
(c) [zY2Y,] = hy is a Z-linear combination of hl, ey
(d) If 6 are independent roots, and f—ra, - - - , 3+ qa are the a-string through
3, then [z{ IB] =0 if ¢ = 0, while [xU:rg] :I:(r + l)xg+ﬁ ifa+ € R,.

Note that h;,1 < i < n are independent of any trivialization, so the relation
(a) is always invariant under different trivializations. If &,y =V x (C¥" @ )

is another trivialization, and fUV is the transition function for the line bundle
O(a)(a € Ry), that is, 2¥ = fUVzY then the relation (b) is

[hz( UV:EV)] — <a 051> UVIV

[e3 [0} [e'2n)
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that is,
[hix};] = (a,aﬁx}i.

So (b) is also invariant. (c) is also invariant since (fYY)~! is the transition func-
tion for O(—a)(a € Ry,). Finally, (d) is invariant since fgvfgv is the transition
function for O(a + B)(a, 8 € R,,).

Therefore, the Lie algebra structure is compatible with the trivialization. Hence
it is well-defined. In other words, we can construct globally a Lie algebra bundle
over a surface once we are given a root system consisting of divisors on this surface.

The following relations are intricate. One is the relation between I,, (the set
of all exceptional divisors) and the fundamental representation associated to the
highest weight A, which is dual to the simple root a, (see Figure 1). Another
one is the relation between the set of rulings and the fundamental representation
associated to the highest weight A; which is dual to the simple root «; (Figure 1).
We explain the relations in the following.

Let LL,, be the fundamental representation with the highest weight A,,. Then we
have:

n 112134 ]5|6]| 7| 8
dim L, |1 10| 16 | 27 | 56 | 248
|1, 1136|1016 | 27|56 | 240

w
D

Denotes Ru,, the set of all rulings on X,,. Let R,, be the fundamental represen-
tation with the highest weight A;. Then we have:

n 11234516 7 8
dimR, [1]|2]3]|5]10|27| 133 3875
|[Run| |1]2(3]5]10] 27126 2120

Inspired by these, we can construct a fundamental representation bundle .Z,
(respectively Z,,) using the exceptional divisors (respectively the rulings) on X, as
follows.

%, = @ O(l) when n <7,

lel,
L = Pow) e o(-K)%E.
lelg
Respectively,
Ry = @ O(R) when n <6,
ReRun,
% = @ ORr)eO(-K)*".
ReRur

The fiberwise action is defined naturally, which is in fact compatible with any
trivialization.
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For example we consider the bundle .%,, and suppose n < 7. Take U,V as
before, and suppose they also trivialize .%,, that is Z,|v =2 U x (@ C;) and
eI,
Lolv 2V x (@ C;). Take e (resp. e} = g"VeV) to be the basis of C; over U
€1,
(resp. V). Then define z¥.eY to be equal to e/ if I’ = a+ 1 € I,, and be equal to
0 otherwise. And define hy.e/ = (a - 1)eV.

Note that the situation here is slightly different from some standard usage,
for example [3] [14], since the self-intersection number of an element of R, or
I, is negative. But this does not matter if we take the simple root system to
be {—ai, -+, —a,}, and take the pairing to be (z,y) := —(x - y). Firstly since
An(—a;) = (—ay,ly) = ;- 1y = 0ipn, we have A, = (+,1,,). Secondly the action is
irreducible since the Weyl group acts on [, transitively. Lastly el[i is the maximal
vector of weight \,,. Therefore this fiberwise action does define the highest weight
module with the highest weight A, (see [14]).

Obviously, this fiberwise Lie algebra action is compatible with the trivialization.

For %, note that the bijection Is — Rg given by [ — [ 4+ K induces an isomor-
phism
2 LK ® O(K)

This implies %% is just the adjoint representation bundle.

Similarly, %, is the fundamental representation bundle with the highest weight
A1 2 (-, h —11) and the maximal vector e,[{_ll, where the simple root system and
the pairing are defined as above. We also have that %7 @ O(K) = &% is the adjoint
representation bundle.

Example 13. Let us look at the sl(2) sub-bundle
0@ 0(a) @ (-a),

where « = Iy — lo. Then the bundle O(l;) & O(l2) is the standard representation
bundle. And the line bundle O(h — I; — l2) is a trivial representation.

In fact, the Lie algebra bundle &, is uniquely determined by its representation
bundles %, and %, according to [1]. Concretely (see [17] for more details),

(i) & is the automorphism bundle of %, preserving A°%, = O(—2K).

(ii) &% is the automorphism bundle of %5 preserving g5 : %5 @ %5 — O(—K),
where g5 is defined by O(R")@ O(R") — O(—K) if R'+ R"” = — K, and 0 otherwise.

(iii) &% is the automorphism bundle of % and %% preserving

ce: LR L — He, and
¢t He @ He — Lo @ O(—K),
where cg is defined by the map (l;, {;) — 2h— > i and ¢f is defined by the map
ki, j
(h—li,h—lj) Hh—li—lj.
(iv) &7 is the automorphism bundle of % preserving

fr: L@ QL0 LG — O(-2K),

where f7 is defined by the map (C1,Cs, Cs,Cy) — —2K if C1+Co+C3+Cy = —2K,
0 otherwise.
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(v) & is the automorphism bundle of .Z5 preserving
Zg /\Zg — fg ® O(—K)

For X, the bijection Rug — Ig defined by R — —(R + K) induces an isomor-
phism % = Z5 ® O(—K), which is consistent with the duality between Lg and Rg
for the Lie group E.

2.2. D,, bundles over rational ruled surfaces. Let (S,C) be a D,, surface.
By Proposition 8, S dominates Fy or Fo(= P! x P!) with ruling C. We can suppose
that S dominates F; since for another case the arguments is the same. Thus
S =Y,(x1, - ,xy,) is the blow-up of Fy at n points x;,4 = 1,--- ,n, where for any
i, x; does not lie on the section s.

Since R, is a root system of type D,,, the Lie algebra bundle can be constructed
as follows.

I = 0" P O(D).
DeR,
Recall that in D,, case,
I, = {C]|C*=C-K=-1,C-f=0}
The fundamental representation with the highest weight A,, where ), is the fun-
damental weight corresponding to a,, = l,,—1 — Iy, is

V= P 0(C).
cel,
In fact, #;, is the standard representation bundle of Z,.
Note that there are n singular fibers, and each singular fiber is of the form I; +1;
where I, = f —1;;i =1,--- ,n. The relation
O(l:) ® O(l;) = O(f)
implies we can define a non-degenerated fiberwise quadratic form

Gn : W @ Wy — O(f).
The two spinor bundles are defined as
St = &b O(S) and S = &y o(T).
52=5.K=—1,5-f=1 T2=—2,T-K=0,T-f=1

Moreover, there are all kinds of structures on these representation bundles, for
example, the Clifford multiplication:

Ste#r -8, and S, @ #, — S;.
When n = 2m — 1 is odd, we have isomorphism

(S5 @Oy, (m—4)f —K)=S,.

n

When n = 2m is even, we have isomorphisms
(S) ® Oy, (m=3)f —K) = ],

(5,) @O0y, ((m-4)f-K) = §,.

For more details, see [17].
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2.3. A,_1 bundles and their representation bundles. Let S be an A, 1
surface. By Proposition 8, we can assume that S = Z,,(z1,- - ,2,) be the blow-up
of Fy at n points x;,i = 1,--- ,n, where for any 4, x; does not lie on the section s.
Recall that

Rnfl = {ll — lj| ) #‘]} and
Iy = {lla e aln}
Since R,,_1 is a root system of A,,_1-type, the Lie algebra bundle can be constructed
as
Aoy =01 O(D).
DER7171
And the standard representation bundle is

n

V= @ o) =Epow).

cgel, 1 i=1

The k** fundamental representation bundle is just

NWn))= @ O+ +1iy).
i1 < <lidg
We also have 7,1 = Endy(V—1).
We summarize the content of this section as the following form.

Conclusion 14. For every ADE surface S, there is a natural Lie algebra bundle
of corresponding ADE-type over S. Furthermore, we can construct two natural
fundamental representation bundles over S, using lines and rulings on S. Moreover,
the Lie algebra bundle can be considered as the automorphism (Lie algebra) bundle
of these fundamental representation bundles preserving natural structures. (I

3. FLAT G BUNDLES OVER ELLIPTIC CURVES

In this section we review some well-known results about flat G bundles over
elliptic curves.

Let ¥ be an elliptic curve with identity element 0. The fundamental group
m(X) = Z®Z. Let G be a compact, simple and simply connected Lie group of
rank r with root system R, coroot system R., Weyl group W (G), root lattice A,
coroot lattice A, and maximal torus 7. The dual lattice AY of A. is the weight
lattice. We denote the moduli space of flat G-bundles over ¥ by ME. It is well-
known that we have the following isomorphisms.

ME = Hom(m (2), G)/ad(G)
>~ Hom(m (2),T)/W
2T xT/W
> Y Ry A /W.
The second isomorphism is because of Borel’s theorem [5] which says that a

commuting pair of elements in G can be diagonalized simultaneously. The last
isomorphism comes from

Hom(m (%), T) = Hom(m (%), U(1) @z A.) =2 Hom(m1(2),U(1)) ®z A
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and
Hom(m (%),U(1)) = Pic’(%) = ¥.

A famous theorem [18][19] of Looijenga’s says that
S @z Ao/ W = WP

so=1,51,",8"?
where the latter is the weighted projective space with weights s;’s, and s1,--- , s,
are the coefficients of the highest coroot of R..

One element of Hom(A,X)/W can only determine a flat ad(G) = G/C(G) bun-
dle in general. For the adjoint group ad(G), the moduli space of flat ad(G) bundles
./\/laEd(G) contains Hom(A, X)/W as a connected component (see [11]). On the other
hand, we have the following short exact sequences:

0—>A—A -T—0

and
0 — Hom(T,X) — Hom(AY,X) — Hom(A, %) — 0.

Here T is a finite abelian group. The second sequence is exact since X is a divisible
abelian group. It follows that Hom(A,X) and ¥ ®z A, are isogenous as abelian
varieties. Let d be the exponent of the finite group I'. If we fix a d* root of
¥ = Jac(X) then we can extend uniquely a homomorphism fy € Hom(A,X) to a
homomorphism f € Hom(AY,Y). Hence when we fix a d'" root of %, we obtain
the following isomorphism

ME = Hom(A, X)/W.

When G is of ADE-type, the root lattice and the coroot lattice coincide, hence
the weight lattice is just the dual lattice of the root lattice.

Remark 15. We have constructed ADE (Lie algebra) bundles over ADFE rational
surfaces. For such a bundle, taking the compact form of its automorphism bundle,
we obtain the adjoint Lie group bundle P. When the surface S has a smooth anti-
canonical curve X, restricting P to X (fixing the identity element 0 € E), we shall
obtain a flat ad(G) bundle of ADE-type over X. We can also first restrict the Lie
algebra bundles to X, and then take the compact form. We still obtain the same
flat ad(G) bundle over . To obtain a simple Lie group E,, (resp. D,,), we need to
assume that 4 < n < 8 (resp. n > 3).

4. FLAT G BUNDLES OVER ELLIPTIC CURVES AND RATIONAL SURFACES: SIMPLY
LACED CASES

From this section on, we fix our ADE surface S to be the rational surface
Xn(x1, ), Yo(z1, -+ ,2n), or Zp(z1, -+ ,2,). For X,,, we assume n < 8.

In last section, we saw that once we are given a root system of type E, (re-
spectively D,,, A,_1) in the Picard lattice of X,, (respectively Y,, Z,), we can
construct a Lie algebra bundle of that type and its natural fundamental represen-
tation bundles over this surface. Furthermore, we can construct an adjoint compact
Lie group bundle over this surface. To obtain the corresponding Lie group bundle
over the fixed elliptic curve ¥ by restriction, we need to assume that ¥ is an anti-
canonical curve of our rational surfaces. That is, we first embed ¥ into P? as an
anti-canonical curve, using the projective embedding ¢ determined by the linear
system [3(0)| where (0) is the divisor of the identity element of ¥, and assume that
all these blown up points z; € ¥ for ¢ = 1,--- ,n, and that 0,21,--- ,x, are in



MODULI OF BUNDLES I 15

general position. Moreover, we blow up P? at 0 to obtain the embedding of ¥ into
F; as an anti-canonical curve, and take the exceptional curve [y as the section s for
the ruled surface F.

Convention 16. In Z, case, it is well-known that in order to obtain a flat SU(n)-
bundle over ¥ we need one more assumption:

in:omz.

We explain how the moduli space Mg is related to the moduli space of rational
surfaces of the above types. Denote S(3, G) the moduli space of the pairs (S, 3),
where S is an ADE rational surface of type the same as that of G and ¥ € | — Kg|.

Proposition 17. There exists a well-defined map
¢: S(E,G) — Hom(A,X)/W,
where A is the lattice P, or P,_1 defined in Section 1.

Proof. First we consider the case where S = X,, is a Del Pezzo surface, that
is, all blown up points are in general position. Suppose we are given the pair
(Xn,2 € | — Kx,| ). For each element y € P,, y stands for a holomorphic line
bundle over S. Restricting y to ¥, we obtain a holomorphic line bundle over ¥,
denoted by L. The degree of L, is

deg(L,) =y - (~K) = 0.

So L, is an element of the Jacobian of ¥, which is canonically isomorphic to 3 since
the identity element of ¥ is given. Thus we obtain a map from P, to ¥ : y — L,,
which is obviously a homomorphism of abelian groups. But for one pair (X, %),
we can have different choices of simple roots in order to identify P, with the root
lattice of FE,, and all choices are only differed by the action of the Weyl group
W(Ey). So finally we obtain a well-defined map from the moduli space S(X, E,,)
of such pairs (X,,X) to the projective variety Hom(P,,X)/W (E,).

The other two cases are similar. Roughly speaking, given a pair (V,,X) (resp.
(Zn, %)), we obtain an element in

Hom(Py,,%)/W(D,,) ( resp. Hom(P,_1,%)/W(An-1)). O

In fact we can prove a theorem of Torelli type for the above correspondings.
Roughly speaking, the moduli space of the pairs (S, X) is isomorphic to

Hom(A,X)/W,
where A is our root lattice.

Definition 18. Let S = X,,, Y, or Z,,. An exceptional system , = (e1,--- ,en) €
Cy on X, (resp. Yy, Zy,) is called a G-con figuration for G = E,, (resp. Dy, An—1)
if en is a (—1) curve, and after blowing down ey, e,—1 is a (—1) curve. And this
process can be proceeded successively until after blowing down e1, we obtain P? (resp.
Fyi) for G = E,, (resp. D, and A,_1). Denote (¢ a G-configuration. When S
is equipped with a G-configuration (g, and S has ¥ as an anti-canonical curve, we
call S a rational surface with G-configuration and denote it by a pair (S,G).
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Equivalently, a G-configuration (g, (resp. (p, or a, ,) on S = X, (resp. Y,
Z,), means that S could be considered as the blow-up of P? (resp. Fy, Fy) at n
(maybe not distinct) points y1, -+ ,y, € S successively, such that eq,--- e, are
the corresponding exceptional divisors.

Lemma 19. Let S be a surface with G-configuration. Then any smooth rational
curve on S has a self-intersection number at least —2. Furthermore, in E, case,
all these (—2) curves form chains of ADE-type.

Proof. Let L be a smooth rational curve on S. Then L-¥ > 0. By adjoint formula,
we have —2 = L2+ L - Kg. Since X is linearly equivalent to —Kg, we have L? > —2.
For the last assertion, see [6]. O

On an ADE surface, by Corollary 10, any exceptional system is an ADE-

configuration. Thus, we can restate the result of Lemma 4 (i), Lemma 5 (ii)
and Lemma 6 (ii) as follows.

Proposition 20. For an ADE surface, W(G) acts on the set of all G-configurations
simply transitively. (|

This proposition implies that a G-configuration determines exactly an isomor-
phism from P, (or P,_; for A,,_1) to the corresponding root lattice A(G).

An A,,_i-configuration on Z, is illustrated in the following figure

SU(n)

Figure 4. A surface with an A, _j-configuration (I1,- - ,1,).

A D, -configuration on Y, is illustrated in the following figure



MODULI OF BUNDLES I 17

f Iy Iy

SO(2n)

Figure 5. A surface with a D,-configuration (I1,--- ,1,).

And an E,-configuration on X, is illustrated in the following figure

S Iy I

E, 0
X
Figure 6. A surface with an E,-configuration ({1, -- ,1,),
Recall the definition (p, = (e1,- - ,e,) where e;-Ky, = —1, e;-f =0, e;-e; = §;;

and > e;-s = 0 mod 2. Next we explain geometrically why we need to assume that
>ei-s=0mod 2.

Definition 21. Let C C P2 be a curve of degree d. A point P € C is called a

ordinary k-fold point of C if P is a k-fold singular point and C has k distinct
tangent directions at P.

Lemma 22. Let C be a plane curve of degree d with an ordinary (d — 1)-fold point
P. Then

(i) P is the only singular point of C.

(i1) The normalization of C is a smooth rational curve.

(iii) Fiz a point P € P2. Then the variety of all plane curves of degree d with P
as an ordinary (d — 1)-fold point is of dimension 2d.

(iv) Given P and other 2d generic points, there exists a unique curve C C P? of
degree d, such that C has P as an ordinary (d — 1)-fold point and passes through
these 2d generic points.
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Proof. (i) Apply Bezout’s theorem. (ii) Apply the genus formula. (iii) Let [z, vy, 2]
be the homogenous coordinates of P2, and P = [1,0,0]. Then C is defined by the
polynomial

d—1
Fey,2) = 9y, 2) + [ @y — bi2)a,
i=1
where deg(g) = d. Therefore, the dimension is 2d. O
Proposition 23. Let ¥ be embedded into Fy (with section s) as a smooth anti-
canonical curve and x1,- -+ , T, are distinct points of . Blowing up F1 at z;’s we
obtain Y, with corresponding exceptional curves l;,;i =1,--+  n.

(i) When n = 2k, if x1,--- ,xy, are in general position, then after contracting
f=1l1,--, f—1,, we still obtain the surface F1. In other words, we obtain the same
surface Yai, by blowing up either {x1, - ,xz,}, or {—x1, - ,—x,}.

(i1) Whenn = 2k+1, if x1,--- , x,, are in general position, then after contracting
f—=11,--+, f — Lo, the resulting surface is P* x P!, but not Fy.

Proof. Let C be a negative rational curve in Y,, which doesn’t intersect f —[;,i =
1,--+ ,n. Then C satisfies the following equations

C-C=—-m,m>0;

C-K=m-2;

C-(f=1)=0,i=1,--,n.

Since C' is a rational curve and ¥ € | — K|, C- (—=K) > 0. So m < 2. Then
m = 1 or 2. Considering F; as the blow-up of P? at 0 € ¥ with exceptional curve
s,wecanassume C =a-h—b-s—> ¢;-l;,a>0,b>0,¢; > 0. Solving the system
of equations, we obtain

m=1 or 2,
b=a-1,
Cizlaizla"'anv

a=(n-14+m)/2.
For m =1, n = 2a is even. The class

n=2a

2a
C:ah—(a—l)s—Zlizaf—i—s— l;.
i=1 i=1

This means that all of the points 0,z1,- - ,x, lie on the curve wn(C), where 7 :
Y,, — P? is the blow-up of P? successively at 0, z1,- - ,Z,. There exists exactly one
such curve C for generic z1, -+ ,T,, and it is smooth, by Lemma 22. Hence, after
contracting f — Iy, -+, f — lag, we still obtain F;.
For m =2, n =2a+ 1 is odd. The class
n=2a+1 2a-+1
C=ah—(a—1)s— Z li=af +s— Zli'
i=1 i=1
This means that all of the points 0, 21, - - - , 2, lie on the curve 7 (C), where 7 : Y,, —
P? is the blow-up of P? successively at 0,1, ,2,. There exists no such curves
for generic 1, - - - , Ty, by Lemma 22. Hence, after contracting f—1y, -+, f —l2gq+1,

no rational curves with negative self-intersection number can survive. Therefore
the resulting surface is P* x P!, but not F;. O
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Example 24. Blowing up F; at 2 points z1,z2 we obtain Y. Contracting f — [y
and f—la, or contracting l; and l2, we always obtain the surface F;. But contracting
f — 11 and o, we just obtain the surface P! x P! | not F,!

Remark 25. (i) Lemma 22 has a corresponding version for P! x P1L.

(ii) A G-configuration (g = (e1, - ,ep) for S = X,, (resp. Y, Z,) just means
that after blowing down e, e, _1,--- ,e; successively, we still obtain P? (resp. Fy,
Fy).

Let S be an ADE surface equipped with a G-configuration (. we denote the
moduli space of the pairs (S, X) by S(, G), where two pairs (S, %) and (S, %) are
equivalent if and only if there is an isomorphism 7 from S to S’ such that «|s is
also an isomorphism from ¥ to X'.

We show that S(X,G) is isomorphic to an open dense subset U of the variety
Hom(A,X)/W. In fact, for any element 6 € (Hom(A,X)/W)\U, the boundary
component, we can find possibly non-equivalent pairs (S,%) such that 6 comes
from the restriction. Thus, we can complete S(3, G) by adding these pairs and

identifying them as one point. Denote the completion by S(X,G). Then we can
identify S(X, G) with the projective variety Hom(A, ¥)/W. This provides a natural
compactification for the moduli space S(%, G).

More precisely, let S = X,, (respectively, Y,,, Z,) be an ADFE surface and A be
the root lattice of E,, (respectively, D,,, A,,—1) with corresponding Weyl group W.
And we fix a 3" (respectively, 27, n*") root of ¥ in E,, (respectively, D,,, A,_1)

case. Then we have

Theorem 26. (i) There is an injective map ¢ from the moduli space S(Z, G) onto
an open dense subset of Hom(A,X)/W.

(i) ¢ can be extended to a bijective map from the completion S(X,G) onto
Hom (A, X)/W.

(i11) Moreover, the completion is obtained by including all rational surfaces with
G-configurations to S(X, G). Any smooth rational curve on a surface corresponding
to a boundary point has a self-intersection number at least —2, and in E,, case these
(—2) curves form chains of ADE-type.

Proof. First we suppose S = X,,. We have constructed the map ¢ in Proposi-
tion 17. We prove the injectivity. Fix a G-configuration (g = (I1,---,1) on X,,,
and a simple root system a1 = ll — ZQ,OQ = ZQ - 13,043 = h— ll — ZQ — 13,044 =
Is—l4y -+ ,0pn = ly_1 —1,. Blowing down l,,,l,,_1,- - - , 1 successively, we obtain P2
with 3 as an anti-canonical curve. For all ¢ = 1,--- ,n, let x; € X,, be the unique
intersection points of I; and ¥. Then X,, can be considered as a blow-up of P? at
these n points x; € 3,9 =1,--- ,n with exceptional curves [;,i =1,--- ,n.
According to previous arguments, we have a homomorphism g € Hom(A, X).

Let g(o;) = p; € X, then we have the following equations by the group law of ¥ as
an abelian group

1 — T2 = P1,

T2 — T3 = P2,

—Z1 — T2 — T3 = P3,

Th 1 — Tk =P, k=4, ,n.
The determinant of the coeflicient matrix of this system of linear equations is 43.
So it has unique solution (if we fix a 3" root of ¥). That is, z;’s are uniquely
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determined by g up to Weyl group actions. The Weyl group actions just lead to
choices of other G-configurations. By Proposition 20, this doesn’t change the pair
(Xn,X). Hence, ¢ is injective. These points x;’s are not ”in general position” if
and only if p;’s will satisfy some (finitely many) equations. That means the image
of ¢ must be open dense in Hom(A,X)/W. The extendability of ¢ is also because
of the existence and uniqueness of the solution of the above equations.

For the cases of Y;, and Z,,, the arguments is similar. It is easy to see that the
map ¢ is well defined in both cases. For Y,,, the system of linear equations is

{ —x1 — X2 = P,
Th—1 — Tk = Pk, k=2,--- ,n.

The determinant is +2. So the solution is uniquely determined (if we fix a 2"¢ root
of ). The remained arguments is just like the first case. At last, for the case of
Z,, the system of equations is

{ > xi =0,
Th—1 — Tk =Dk—1,k=2,--+ ,n.

The determinant is +n. Then the solution is uniquely determined (if we fix an
n*" root of ). The remaining arguments are just the same as that in the E,, case.
These prove (i) and (ii).

As for (iii), the result follows from Lemma 19. O

In ADEFE case, when the finite group AY/A (the fundamental group of the Lie
group ad(@)) is non-trivial, and of exponent d, a homomorphism ¢ from A to X
would determine only an ad(G) bundle. For a given pair (9, 2), suppose we are given
a distinguished d*" root of ¥ 2 Jac(¥). Then there is a homomorphism ¢ from the
weight lattice to X, which extending and determined uniquely by ¢¢. And ¢ will
determine a G bundle on ¥. Thus we can still identify the moduli space of pairs and
the moduli space of flat G bundles. Precisely, the construction is as following. In
E,, case, we fix a d*"(d = 9—n) root of ¥ and take the d*" root N of the line bundle
Os(—K) and define the homomorphism by € Hom(AY,X) : y — L, @ N, In
D,, case, when n is even, we fix a 27? root of £, and take the 2"? root A of the
line bundle Ox(f) and a 2"¢ root N of the line bundle Ox(K + (4 —n/2)f), and
define the homomorphism by u € Hom(AY,X) : y — L, ®J\/Oy'K @NY7; when n is
odd, we fix a 4" root of 3, and take the 2"? root Nj of the line bundle Ox(f) and
a 4" root N7 of the line bundle Ox (2K + (8 —n)f), and define the homomorphism
by € Hom(AY, %) : y — L, @ NV @ N¥7T. In A, case, we fix an n'" root
of Jac(¥) = ¥ and take the n'" root ANj of the line bundle Ox (K + 2s + 2f)
and define the homomorphism by 4 € Hom(AY,%X) : y — L, ® Ng(KHHQS) ®
O(—5)¥"1 @ O(—f)¥*. To apply Theorem 26, we need to fix an e”* root of ¥ where
e = LCM(3,d). Then we obtain the following identification.

Theorem 27. Under the above construction, we have a bijection
S(Z,G) = Hom(AY,2)/W = (A. @ B)/W = M.

Proof. We just prove it for D,, (n is odd) case. For other cases, the proof is similar.
Since the exponent of T' is d = 4, we fix a 4" root of Jac(X). Since the degree of
Ox(f)is f-(—K) = 2, there is a point 0 € ¥ determined uniquely by the 4* root of
Jac(Y), such that Os(f) = O=(2(0)) = Ox((0))2. Take Ny = Ox((0)). Since the
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degree of the bundle Ox (2K + (8 —n)f) is 2(n —8) +2(8 —n) = 0, it is an element
of Jac(X) = X. Of course Ox (2K + (8 — n)f) is 4-divisible. The degree of u(y) is
0, so i is a homomorphism from AY to Jac(X) & 3 induced by the homomorphism
to(y) = Ly. And p is uniquely determined by po. O

Remark 28. [23][11][12]. The moduli space of flat A,, bundles over ¥ is exactly the
ordinary projective space CP". This can be described as follows: a flat SU(n + 1)
bundle is determined uniquely by n + 1 points on ¥ with sum equal to 0, up to
isomorphism. And n 4+ 1 points on ¥ with sum equal to 0 are determined uniquely
by a global section H°(X, Ox(n(0))) up to scalar, where (0) is the divisor of the
identity element 0. So the moduli space of flat SU(n + 1) bundles is isomorphic
to P(H°(Z, Os((n + 1)P))) = P". From this we see that the moduli space of pairs
(S, X) is just the ordinary complex projective space P™.

Example 29. Let us look at what the pre-image of a trivial G-bundle is. For ex-
ample, in Eg case, the trivial bundle means the element 0 € Hom(A(Es), X)/W(G).
By the above correspondence, all x; = 0 in ¥. This means that we can blow up
P2 at the identity element 0 (an inflection point) eight times to obtain the sur-
face represented by this pre-image, which is a boundary point in the moduli space

S(X,G). Blowing up once more, we obtain an elliptic fibration with a singular fiber
of Eg-type [4].
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