HARD LEFSCHETZ ACTIONS IN RIEMANNIAN GEOMETRY
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ABSTRACT. It is known that the hard Lefschetz action, together with Kahler
identities for Kéahler (resp. hyperkéhler) manifolds, determines a su(1,1)sup
(resp. sp(1,1)sup) Lie superalgebra action on differential forms. In this paper,
we explain the geometric origin of this action, and we also generalize it to
manifolds with other holonomy groups.

For semi-flat Calabi-Yau (resp. hyperkahler) manifolds, these symmetries
can be enlarged to a 50(2, 2)sup (resp. su(2,2)sup) action.

1. INTRODUCTION

Lefschetz’s work (see e.g. [1]) related the topology of a complex projective man-
ifold M with its hyperplane section. In modern terminology, this implies the co-
homology group of M admits a natural s[(2,R) action. This is the celebrated hard
Lefschetz theorem. Hodge (see e.g. [5]) reinterpreted this action on the level of
differential forms Q°® (M) which commutes with Laplacian operator. Thus the hard
Lefschetz theorem follows from the Hodge theorem. Furthermore if we consider
the vector space C2 @ R spanned by 0, 0,0*,0* and A, then all Kihler identities,
for instances [L,0*] = i0 and A = 2Ag, can be combined with the hard Lefschetz
action to give a Lie superalgebra action of sl(2,R) & C? @ R on Q*(M).

There is an analogous theorem for hyperkahler manifolds M, namely there is a
Lie superalgebra action of s0(4,1) & C* @ R on Q°(M). The so0(4,1) part of this
action on H*(M), by zeroth order operators, was discovered by Verbitsky in [13].
Following a suggestion of Witten, Figueroa-O’Farrill, K6hl and Spence [4] gave a
physical interpretation of all these actions in terms of supersymmetric algebra in
sigma models. It was further studied by Cao and Zhou in [3].

The followings are two natural questions which will be answered in this paper:
(1) What is the geometric origin of these Lie superalgebra actions on the spaces
of differential forms on Ké&hler manifolds (i.e. U(n) holonomy) and hyperkéhler
manifolds (i.e. Sp(n) holonomy)? (2) Are there analogous hard Lefschetz type
results for manifolds with other holonomy groups, for example quaternionic-Kéahler
manifolds, Ge-manifolds and Spin(7)-manifolds?

In [9] the first author revisited the Berger classification of holonomy groups
of Riemannian manifolds which are not locally symmetric spaces. Given any
normed algebra K, which must be one of R,C,H and O, we defined the notion
of K-manifolds. Their holonomy groups are precisely O(n),U(n), Sp(n)Sp(1) and
Spin(7) respectively. If they are also K-oriented, then their holonomy groups reduce
to SO(n), SU(n), Sp(n) and Go respectively.

The first author is supported in part by a RGC grant of Hong Kong government.
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Note that sl(2,R) = su(1,1) and so(4,1) = sp(1,1). For any normed algebra
K, we could define analogously a Lie algebra sug(1,1) and a Lie superalgebra
sug(1,1)5, = sux(1,1) ® K1 @ R. On any K-manifold M, we will construct a
natural Lie superalgebra bundle E* with fiber sug(1,1)sy,. To relate this to the
hard Lefschetz action, we use the fact that differential forms on M can be regarded
as spinors for the direct sum T @ T* of the tangent and cotangent bundles of M,
which admits a tautological quadratic form of type (m, m). Roughly speaking, we
have the following bundle,

K" -ToT* — M.

Using the Clifford algebra for K™ and the Dirac operator, we construct differential
operators of order zero, one and two on Q°*(M). For example, the second order
operator is simply the Laplacian operator A. We will show that all these operators
together with their commutating relations, which in case of Kahler manifolds are the
hard Lefschetz action and Kéhler identities, generate a Lie superalgebra sug (1, 1) sup
action. We have

Theorem 1.1. Let M be an oriented Riemannian manifold. Suppose M is a K-
manifold with K a normed algebra, i.e. K € {R,C,H,Q}. Then there is a Lie
superalgebra bundle E** over M with fiber sug(1,1)syp:

sug (1, 1) O KM @R — E™ — M.

When K is associative, i.e. K # O, each section of E** — M determines a
differential operator of order at most two on differential forms on M. Thus, we
have

U I(M, E*) — Diff(A* T, \° T™).

Furthermore, composing ¥ with the symbol map gives a Lie superalgebra homo-

morphism
ooW:T(M,E®) — Symb(A* T, \* T%).

We call this the super hard Lefschetz action for K-manifolds.

When E*® is trivial, we can take constant sections of E*" and obtain a Lie
superalgebra action of sug(1,1)su, on Q°(M). This happens when the holonomy
group of M is inside SO(n),U(n) or Sp(n). When M is compact, the sux(1,1)sup
action on Q°(M) descends to the cohomology H*(M) by Hodge theory, for which
only sug(1,1) acts non-trivially on H*(M). Our results apply equally well for
every normed algebra. However, it is more involved to describe precisely the al-
gebraic relations for the super hard Lefschetz action for (@-manifolds due to the
non-associative nature of O (see Theorem 3.15 for details).

For Calabi-Yau manifolds M, the “mirror” of the hard Lefschetz action should
give us another sl(2,R)-action, at least in the semi-flat limit. They combine to
form a s0(2,2)-action on differential forms on M [10]. We can adapt our method
easily to this case and obtain an enlarged super hard Lefschetz action for semi-flat
Calabi-Yau and hyperkahler manifolds. For K = C or H, we write K’ = R or C
respectively, and we have

Theorem 1.2. Suppose that M is a semi-flat K-manifold with K being C or H.
Then there is a natural sug:(2,2)s,, action, ectending the super hard Lefschetz
sug (1, 1)sup action, on the space of differential forms on M via differential operators
of order at most two.
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This paper is organized as follows. In section 2, we construct the Lie superalgebra
sug (1, 1)sup-bundle E* over a K-manifold and introduce a (Lie superalgebra) bun-
dle morphism ¢. In section 3, we construct differential operators via spin actions,
apply them to K-manifolds and prove our main theorems. In section 4, we obtain
50(2,2)5yp (resp. su(2,2)s,,) action on differential forms on semi-flat Calabi-Yau
(resp. hyperkéhler) manifolds. Finally in the appendix, we interpret the differential
operators we constructed in terms of the usual ones.

2. LIE SUPERALGEBRA BUNDLES OVER K-MANIFOLDS

In this section, we first introduce the notion of a K-manifold in terms of its
holonomy group Gx. We then introduce a Lie superalgebra sug(1,1)s,, and con-
struct a sug (1, 1)syp-bundle E** over any K-manifold. Finally, we show that there
exists another Lie superalgebra bundle F over any K-manifold, and we introduce a
natural bundle morphism ¢ : E** — E.

2.1. Gk and K-manifolds. A normed algebra K is a finite dimensional real algebra
with unit 1 and a norm || - || satisfying ||a - b|| = ||a| - [|b]| for any a,b € K. It is a
classical fact that K is exactly (isomorphic to) one of the following four algebras:
the real R, the complex C, the quaternion H and the octonion Q.

For m = n - dimg K, where n = 1 if K = O, we can identify V = R" with K".
The standard metric on V gives an inner product on K" satisfying g(z - o,y - ) =
g(z,y)||a]]? for any z,y € V and o € K.

Definition 2.1. A twisted isomorphism ¢ of V is a R-isometry ¢ of V such that
there exists € SO(K) with the property ¢(xa) = ¢(x)8(a) for any x € V and any
a € K. ¢ is called special if it preserves the “K-orientation” in terms of “Ag(¢)”
as defined in [9].

We denote by Gx(n) (resp. Hg(n)) the group of (resp. special) twisted isomor-
phisms of V.

Definition 2.2. A Riemannian manifold (M,g) is called a (resp. special) K-
manifold, if the holonomy group of its Levi-Civita connection is a subgroup of Gg(n)
(resp. Hg(n)) with m = dim M = n - dimK.

From the viewpoint of normed algebras, (non-locally symmetric) Riemannian
manifolds with various holonomy groups are classified as follows [9].

TGt ()
(K-manifolds) (Special K-manifolds)
R O(n) SO(n)
(Riemannian manifolds) (Oriented Riemannian manifolds)
cl|U (n) SU(n)
(Kéhler manifolds) (Calabi-Yau manifolds)
g | Sp(n)Sp(1) Sp(n)
(Quaternionic-Kéahler manifolds) | (Hyperkahler manifolds)
[0) Spl’fl(?) G2
(Spin(7)-manifolds) (G2-manifolds)

In this paper, we denote Gg(n) (resp. Hg(n)) by Gk (resp. Hg) whenever the
dimension is well understood.
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2.2. sug(1,1)s,,-bundles over K-manifolds. Let K be a normed algebra, and
Mat(2,K) be 2 x 2 matrices with entries in K.

2.2.1. sug(1,1)sup. Each matrix A € Mat(2,K) induces a real endomorphism ¢4 :
K? — K% u = (up,u2) — ¢a(u) = uAd*, where A* £ (A4;;)T. Denote (K2,q) by
K1, where ¢ is the quadratic form of type (dimg K, dimg K) defined by (u,v) £
Re(%(ulz‘)g + uQT)l)) for any u, v € K2.

Since H is non-commutative and O is the worst for its non-associativity, it is a
little tricky to define s[(2,K) uniformly. Following [2], we define s[(2,KK) to be the
real Lie algebra of operators on K? generated by {¢a | A1+ A2 =0, A= (Aij) IS
Mat(2,K)}. And we use the following notations:

sug(1,1) 2 {¢ € s1(2,K) | 4(p(u),v) + G(u, p(v)) = 0,Vu,v € K*};
sug (1, 1)gup = sug(1,1) @ KM @ R.

In fact, 5((2,K) and sux(1,1) are isomorphic to classical Lie algebras below (see
the appendix for more details).

K R C H @)
sl(2,K) || s0(2,1) | s0(3,1) | s0(5,1) | s0(9,1)
sug(1,1) || so(1,1) | s0(2,1) | s0(4,1) | s0(8,1)

Furthermore, sug(1,1)s,, is naturally a Lie superalgebra because of the following
remark.

Remark 2.3. Let Q be a quadratic form on a real vector space W, and let a be a
Lie subalgebra of so(W,Q). Then a ® W @ R is naturally a Lie superalgebra with
the following super Lie bracket: Yo,y € a,Vu,v € W,Va,b € R,

[0+ a9 +b =y —vo,  [u,0] ==2Q(u,v), [b+a,u] = d(u).

2.2.2. sug(1,1)syp-bundles. Let (M, g) be a K-manifold. Since Hol(g) C Gk, its
frame bundle can be reduced to a principal Gg-bundle Pg,

By Definition 2.1, there exists a unique § € SO(K) associated to ¢ € Gk. In fact,
it induces an action ® of Gx on K" by ¢-u £ (0(uy),0(us)) for any u € KU1, It is
easy to show that ®(Gx) C SO(K?, §) and that Ado ® preserves the Lie subalgebra
sug(1,1) C s0(K2,§). Therefore, ® induces an action Ad o ® of Gk on sug(1,1).
We take the trivial action of Gx on R, and simply denote by ® all these actions.
Hence, there exist the following associated bundles over the K-manifold M:

ES* £ Pg, x psug(1,1), Ei* 2 Pg, x oK"Y, ES* 2 Pg, x oR.
Note that ® preserves the super Lie bracket of sug(1,1)s,,, we have

Proposition 2.4. There exists a Lie superalgebra bundle E** = E§* & E* & E5"
over any K-manifold M with fiber sug(1,1)syp.

Example 2.5. The action of Gk (resp. Hx) on sug(1,1)syp is trivial, if and only
if K=TR or C (resp. K =R,C or H). Therefore, E** is trivial, if and only if
Hol(g) € O(n),U(n) or Sp(n).

2.3. Lie superalgebra bundle morphisms over K-manifolds.
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2.3.1. L-bundles over K-manifolds. Let g be an inner product on a real vector space
V, and let QQ be the natural quadratic form on W =V @ V* given by

X)+&Y

QX +&Y 1) 2 1R TED)

forany X,Y € V and any &, 1 € V*. It induces a quadratic form Q on Hom(V* W)
V ® W given by Q(vl ® wy, vy @ wa) = g(v1,v2)Q(wy, ws). Note that the induced
action of so(W, Q) on V ® W preserves Q. Hence, it follows from Remark 2.3 that

L= s50(W,Q)®Hom(V*, W) @R

is naturally a Lie superalgebra.

Let (M, g) be a K-manifold of real dimension m. The natural action of Gx C
O(m) on V. = R™ induces actions on so(W,Q), Hom(V*, W) and R respectively
in the standard way, which we also denote by ®. Hence, there exist the following
associated vector bundles over M:

EO é PGK X @50(I/Va Q), El é PGK X @Hom(V*,W)a E2 é PGK X @R'

In fact, Eg = A*(T & T*), By = Hom(T*,T & T*) and E, is a trivial line bundle.
From the above discussion, we have the following proposition.

Proposition 2.6. There exists a natural Lie superalgebra bundle E = Ey® F1® Es
over any K-manifold M with fiber L.

2.3.2. Lie superalgebra bundle morphisms. Let (M, g) be a K-manifold of real di-
mension m. Note that TM = Pg, Xo V, where V = R is identified with K".
There is a natural monomorphism of Lie algebras

v:sug(1,1) — so(W,Q)
defined as follows. If K is associative, ¢(L) is given by the following procedure

1d®L (shzo9p1) ™"
L) : Ve LK oK 225 K" gg K — K" @ K —

Vv

where ¥ (x,£) = (xk,&k) is the natural identification of V & V* with K* @ K"
and Y2 (xk, k) = xg ® (1,0) + &k ® (0,1) is the natural isomorphism. If K is not

associative, in which case we note that K = @ and V' = O, then «(L) is given by
—1

¥y
the following procedure «(L) : V @ V* Y000 -5000 ——VaV*

There is also a natural inclusion ¢ : KM — Hom(V*, W);u = (uy,us) — t(u) as
—1

P
defined by the following procedure ¢(u) : V* MR Y KK —— V@ v,
where 9, (€x) = (€guy, Eguz). Together with the map ¢ : R — R given by t(a) £ ma,
we obtain a map
t:sug(1,1)syp — L.

Note that the action of Gk on L via the inclusion into O(m) is standard. Then it
is straightforward to get the following lemma, the proof of which we omit.

Lemma 2.7. (1) Gk preserves the subspace t(sux(1,1)syup) of L.
(2) If K is associative, ¢ : sug(1,1)syp, — L is an injective morphism of Lie

superalgebras. If K = O, 1(sux(1,1)) - (O%!) = Hom(V*,V @& V*).
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Thus, there is an action of Gk on sug(1,1)s,, by viewing it as the subspace
t(sux(1,1)syp) of L. In fact, this action is exactly the same as the Gk action as
introduced in section 2.2.2. Since all the actions come out in the standard way,
we denote all of them by the same notation ®. Consequently, we have an induced
vector bundle embedding

L: B — E.

Following from Lemma 2.7, we have

Proposition 2.8. Let M be a K-manifold. If K is associative, then v : E** — FE
is an injective Lie superalgebra bundle morphism.

For a bundle B over M, we denote the space of sections as I'(M, B), or simply
I'(B). We denote by ¢ the bilinear form on I'(Ef") induced from the quadratic
form ¢ on K. And we denote by ¢ the induced inclusion T'(E**) — T'(E) from
¢ sug (1, 1)sup — L.

3. LIE SUPERALGEBRA BUNDLE ACTION ON FORMS

In this section, we construct differential operators of order zero, one and two on
differential forms on a K-manifold M, and compute (some of) their supercommuta-
tors. Using these, we proceed to obtain the main result of this paper, namely there is
a natural Lie superalgebra homomorphism oW : I'(E**) — Symb(A°®* V*, A* V*),
when K is associative (i.e. K=R,C or H).

3.1. Spin action on A®*V*. Let V be a real vector space. The vector space
W =V @& V™ has a natural quadratic form @ and a natural spin structure [6]. The
spinor representation S of Spin (W, Q) can be naturally identified with A® V* using
the following linear action of W on A\® V*:

(X+8 -2 &np—ix(p), where X € V,£ € V* and p € \°V*.

Recall that Spin (W, Q) is a double cover of SO (W, Q) and the induced isomorphism
on the Lie algebra level is given by (c.f. [8]):

ad : spin(W,Q) — 0 (W.Q);
x +— ad(z), where ad(z) : W — Wiad(z)(w) = 2w — waz.

Thus given a metric on V', we can identify so (V') with a Lie subalgebra of spin(W, Q)
via ad ™! o 1)y, where 94 is the diagonal embedding of so(V) into so(W, Q). Using
this identification, one can show that this spin action of spin (W, Q) on S = A\* V*
restricts to the usual action of so (V) on A*V*. Globally over a manifold, A\*T*
can be identified as a spinor bundle of T' & T™ [6].

3.2. 0'" order operators. Let (M, g) be a K-manifold. From now on, we always
assume that M is orientable (in the usual sense). Then Hol(g) C G, where Gf, is
the connected component of Gx. We note that Gy = Gk if K # R.

Let S = A°T*. Denote by Diff;(S,S) the space of differential operators of
order k on I'(S) = Q°*(M), and put Diff(S,S) = @, Diff(S,S). In particu-
lar, Diff3(S,S) = T'(End(S)). With the natural isomorphism ad and the spinor
representation as mentioned in section 3.1, together with the natural inclusion
t:T(E§") — I'(Ep), we obtain the following natural maps.

Definition 3.1. Define ¥ : I'(Ey) — Diffo(S,S) by U(x) = py, where p, is defined
as follows: (py)(p) = ad™ (x(p)) - ©(p) for any ¢ € I'(S) and any p € M.
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Definition 3.2. Define ¥, : I'(Eg") — Diffo(S,S) by ¥, (z) = py(). We simply
denote W, (resp. p,(z)) by ¥ (resp. pz).

In [11], the second author has studied the cases Hol(g) C SO(n),U(n) and Sp(n).
We will restate the results in the appendix.

Let V. =R™ and S = A* V*. Since Hol(g) C Gg, the frame bundle of M can be
reduced to a Gg-bundle P such that § = P xg S. Note that there is a canonical
bijection between T'(S) and the Gg-invariant sections I'(P,S)%% [7]. In order to
obtain an operator on I'(S), it is enough to construct an operator on I'(P, S),

Example 3.3. Let {f;}72, be the standard basis of V, and {f} be the dual basis.
Then ad™" (¢4(s0(m))) = Span{eirmejim —eiej | 1 <i < j < m} C spin(W,Q),
where e; = f7 + fj,€jpm = f7 — f5,5=1,--- ,m.

Note thatv = eq - - - ey, € CUW, Q) and that (€i4m€jtm—€i€j)V = V(€itm€jtm—
eie;) for any 1 < i < j < m. As mentioned in section 3.1, the spin action of
ad ™ (4(s0(m))) equals the usual action of so(m) on S. Hence, the natural action
Ry — End(S) commutes with the standard action of the connected compact group
Gy on S. Hence, v provides an operator on I'(P, S)Gﬂ%, and therefore it induces a
mr 2

global operator p, of order zero. In fact, p,|orny = (—1) * |or ()

3.3. 1°' order operators. Recall that I'(E;) = I'(Hom(T*,T®T*)), and that the
Levi-Civita connection V of M is a Gi-connection. With the help of V, we obtain
the following natural map.

Definition 3.4. Define ¥ : I'(E;) — Diff1(S,S) by ¥(u) = D,,, where D,, is the
first order operator given by composition of the following maps
Clifford product

I'(S)

D,: T(S) LT(T*®8) S T(TaT)eS)
By the natural identification of Cl = CI(T & T*,Q) with \*(T & T*), D,, can
also act on T'(Cl) through a similar procedure:

v u Clifford product
D,: T(Cl) =T(T*"®Cl) —T(TaeT") Cl) T(C1).

In particular, for any z € I'(Ey) = D(A*(T @ T*)), D,z is meaningful, where we
regard z as a section in I'(Cl) via ad~!. Note that Vx(s-¢) = (Vxs)-o+s-Vxp,
for any X € T'(TM), any s € I'(Cl) and any ¢ € I'(S). We have

Proposition 3.5. For any x € T'(Ey) and any u € T'(Ey),
pz 0Dy — Dyopr =Dy, — Dyx.
Proof: It is sufficient to prove it locally. Let U be a coordinate chart with local
coordinate (y1,--- ,ym). Denote Vﬁj by Vj. For any ¢ € I'(U,S), we have
(pz 0 Dy)p = ad ™ (z) - Yoy u(dy’) - Vi, and we have

(Dyops)p = 21 u(dy?)-Vi(ad ™! (z)-) = Zl u(dy?)-(Viad ™' (2))-p+ad ™" (z)-Vig).
= i=
Hence, py 0 Dy@ — Dy o pap

m

=(D_(ad ™ (2) - uldy’) —uldy’) - ad ™ (2)) - Vo) — D uldy’) - Vad ' (2) -

Jj=1 Jj=1
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m

=(D_(ad(ad™'(2)) - u(dy’)) - Vi) — (Duz)

<.
Il
—

H'MS

—

=(D_(z-u)(dy’)Vip) — (Duz)p
J
=Ug.up — (Duﬂf)sﬁ
Hence, pp, 0 Dy — Dy o py = Dy — Dy O

Because of the inclusion ¢ : T'(Ej") — T'(E}), we have the following natural map.

Definition 3.6. Define ¥, : I'(Ef") — Diff1(S,S) by V,(u) = D). We simply
denote W, (resp. D,y) by ¥ (resp. D).

Note that the action of G on R!! = Rey @ Reg is always trivial, where e¢; =
(1,0),e2 = (0,1) € K1, Hence, E§* has a trivial subbundle M x RY!. Therefore
the constant section €; induces a first order operator D.,,j = 1,2. Moreover,
it follows from the observation v - (¢(e2)(f*)) - v= = (=1)™"1i(e1)(f*) and the
construction of p, as in Example 3.3 that D., = (—1)" " !p, D, p, .

Because of the use of the Levi-Civita connection, we have D, = 3 dy’ NV o =

J

dand D¢, = 37, —i o 0oVo =d* (cf [8]). In particular, D.,? = D.,% = 0.
vj v

However, we would rather make the assumption “D.,? = 0” in Proposition 3.8, for
possible application to other cases.

3.4. 2"d order operators. For any linear operators a,b,c on I'(S), we define
{a,b} £ ab+ ba and [a,b] £ ab — ba. Clearly, [a, {b, c}] = {[a,b],c} + {b, [a,]}.
Define A = {D,, D, }. Then we have

Proposition 3.7. For any u,v € T'(E}"), {Dy, Dy} — 24(u,v)A is a first order
differential operator.

We will give a proof by computing the symbols in the appendix. At the moment,
we would like to give an extension of sug(1,1). We define ux(1,1) to be sug(1,1)
itself if K # C, and let uc(1,1) £ suc(1,1)®R¢ 4, where ¢4 € s50(K?, §) is as defined
in section 2.2.1 with A = /=1 - I, the product of /=1 and the identity matrix

Ps

if K is associative. Furthermore, all the statements after section 2.2.1 that involve
sug (1, 1) still hold true if we replace sux(1,1) with ux(1,1). With this observation,
we can provide another proof for the most relevant case as below.

I, € Mat(2,C). Then we have ug(1,1) = {( B —Bﬂgl ) ’ 61 €K, By, 05 € Im]K},

Proposition 3.8. Suppose E®¥ is trivial and D.,?> = 0. Then for any constant
sections u,v € D(E{*) = T'(M x Kb1),

{Duy, Dy} = 24(u, v)A.
Remark 3.9. It follows from Example 2.5 that E%* is trivial only if K is associative.

Proof of Proposition 3.8: Because of the decomposition K = Re; @ ImKe; @
Re; @ ImKey, we can write any u,v € KU as u = wuy, + uy; + uge + ug; and
U = U1y + V1j + Vor + V2i.
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Case u,v € Re; @ Res:

As mentioned in section 3.3, D, = (—=1)™"1p,D.,p, . Hence, it follows from
D.,? = 0 that D, ? = 0. Note that ¢(e1,e2) = 3 and (€1, €1) = (e, e2) = 0. For
the constant sections u,v € Re; @ Reg, there exist aq, as, b1, by € R such that

{DU7 DU} = {Da1€1+a2627Db161+b262}
= {alDel + a2D€27 leel + bQDez}
= (a2b1 + albg)A
= 2G(u,v)A.

Case u € ImKeq,v € Re; @ ImKe; @ Res:
Note that for any constant sections z € I'(E§") and w € T'(Ef"), Dyz = 0 and
v(x) - 1(er) = v(x - €p), £ =1,2. Since (es, €¢) = 0, we have
0= [PI,O] = [pﬂiv {Dez’Dﬁz}]

= {[Pa:, Dez]’ Dfé} + {Dwv [vaDEZ]}

=2{Dy.c,, D, } (by Proposition 3.5).
Again note that 0 = §(x - €4, €¢) + G(eg, x - €¢) = 2G(x - €4, €¢). Hence,

{Dm.ee, Deé} =0=2¢(x - €, €0)A.

0 —c
constant sections in I'(E§") such that -2 = v and y - €3 = u. Take by, by € R such
that v = bye; + v1; + baea where vy; € ImKe;. Then we have

{Du7Db1€1} = bl{Dy'euDﬂ} =0 and {Duva2€2} = bQ{Daﬁ'EQaDez} =0.
Note that {Dc,, Dy,; } = {Duy;, De, } = 0 and that ¢(z) - ¢(vy;) = 0, we have
{Dus Dy} = {Daseys Doy} = {[pz, Dey]s Doy, }
= [paza {Dez’ Dvn}] - {D627 [pﬂw D'Uli]}
= [pﬂho] - {DEZ’ DL(ZE)-L(UU)}
=0-{D,0} =0
Since u € ImKe; and v € Re; @ ImKe; @ Resg, G(u,v) = 0. Therefore we have,
{Du; Dv} = {Du, Doy, } + {Duy Duy } + {Duy Doye, } = 0 = 24(u, v) A.

)
2
Notethatu:celforsomeceImHQxé<8 _Oc>andyé<_c 0 )are

Case u € ImKes, v € Re; @ Reg @ ImKes:

u = cey for some ¢ € ImK. Define z £ 0 and y £ N Oc ), and

—c 0 0 -
use the same method as above, we can show the formula {D,,, D, } = 0 = 2¢(u, v)A.

Case u € ImKeqy, v € ImKe,:
Take ¢1,co € ImK such that u = c1e; and v = coe5. Then we have the constant

sections £ ( 8 —001 > and y £ ( (i 8 > in T'(E§") such that - €3 = u and
—C2

y - €1 = v. Note that [p, py] = p[z,) and z - €; = 0, we have
{Du, Dv} = {Das-e;, Do} = {[ps, De,], Do}
= [pz:{Deys Du}] — {De,, [pz, Do}
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= —{De,; [px; [py, De, 1]}

= —{Dey, [Pz pyl, Dei ] + [y, [p2: De, ]I}
=—{D.,, D ye, + 0}

= —2{(ea, [x,y] - €1)A

=2G(z - €2,y €1)A

= 2¢(u,v)A
Since the product {-, -} is symmetric, the formula {D,,, D, } = 2¢(u,v)A also holds
true for the remaining cases. Hence, we have completed the proof. O

3.5. Main results. Both I'(E*") and I'(E) have induced Lie superalgebra struc-
tures. From Lemma 2.7, ¢ : T(E**) — T'(E) is no longer a Lie superalgebra mor-
phism when K = Q. However, ((I(E§")) & («(T(E§Y)) - (T(E5Y))) @ o(T(E3Y)) is
always a super Lie subalgebra of I'(E).

For any differential operator D of order k, its symbol ok (D) is an element in
Symb,(S,8) =T (M, Sym*T* ® Hom(S,S)) [14]. This symbol map fits the follow-
ing exact sequence

0 — Diffy_1(S,S) - Diff(S, S) -2 Symb, (S, S),

where j is the natural inclusion. Furthermore, Symb(S,S) = @, , Symb,(S,S)
has a natural Lie superalgebra structure such that

o : Diff(S,8) — Symb(S, S)

is a Lie superalgebra homomorphism.

Recall that for any section (z,u) in I'(Ey) @ I'(E1) (resp. T'(E§") @ I'(EFY)),
we have constructed the associated differential operator (of order zero and one)
(pzs Du) (resp. (pu(z)s Duw)))- Note that both E5* and Ey are trivial line bundles,
any smooth section f of Fy (resp. E3$") is a smooth function on M. Then we obtain
the following natural maps.

Definition 3.10. Define ¥ : I'(E) — @;_, Diff1(S,S) C Diff(S, S) by ¥(x,u, f) =
(pamDua _leleA) fO’I’ any (x,u,f) € F(EO) D F(El) @F(EQ) = F(E)

Definition 3.11. Define ¥, : T'(E*") — @izo Diff,(S,S) C Diff(S,S) by ¥,(x,u, f)
= (Pu(a)» Duuy, —fA) for any (z,u, f) € T(EF") © T'(EFY) @ T'(E5") = T(E®"). We
simply denote ¥, by W.

Theorem 3.12. Let M be a Riemannian manifold with its holonomy group inside
SO(n),U(n) or Sp(n). Then Q*(M) admits a sug(1,1)s,, action with K =R,C
or H respectively.

Remark 3.13. The R part of the sug(1,1)syp action consists of RA, where A =
{D¢,, D.,} is the Laplacian operator A since D, = d* and D., = d as mentioned
in section 3.3. Since the R part is the center of sug(1,1)syup, the sug(l, 1),y action
on Q*(M) descends to the cohomology H*(M) by Hodge theory, if M is compact.

Proof of Theorem 3.12: It follows from Example 2.5 that E°* is trivial. Identify
constant sections of I'(E**) with sux(1,1)s,, naturally. We need to show that
U : sug(1,1)sup — Diff (S, S) is an injective Lie superalgebra homomorphism.
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It follows from the construction of the operators of order zero that
V([2,y]) = poy) = [paspy] = [¥(2), ¥(y)], for any 2,y € sux(1,1).
For any z € sug(1,1) and u € Kb, D,a = 0; it follows from Proposition 3.5 that
U([z,u]) = Dow = [po, Du] = [¥(x), T(u)].
By Proposition 3.8, we have for any u,v € K!! that
U([u, v]) = U(=2q(u,v)) = 2q(u, v)A = {Dy, Dy} = {¥(u), ¥(v)}.
It remains to show that
[px + Dy, Al =0, for any z € sug(1,1) and any u € K1,
In fact,
[P O] = {[pz, Der], Dey } + {Deys [pas Dey ]} = 2G(2 - €1, €2) A + 2G(e1,2 - €2)A =0

Take the decomposition u = w1, + u1; + ugr + ugi. Note that D.,? = 0, it is obvious
that [Dy,., A] = 0. We can take z € sug(1,1) such that x - e3 = uy; (as we did in
the proof of Proposition 3.8). Hence,

[Dusi, A] = [[p2, Deo)s A] = [pas [Dey, Al] = [Des, [Pz, A]] = [p2, 0] — [De,, 0] = 0.
Similarly, we have [Day,, 4us;, 2] = 0. Hence,
U([x +u,c]) =¥(0) =0= [ps + Dy, —cA] = [¥(x +u), ¥(c)].

Clearly, ¥ is injective; and W(sug(1,1)sup), consisting of differential operators,
acts on Q°(M). Hence, Q°(M) admits a sug (1, 1)s,, action. O

Note that the decomposition K''!' = Re; @ ImKe; @ Rey @ ImKes, induces a
bundle decomposition E** = Ef} ® Eff' ® E5' © E5 for any normed algebra K.
Therefore for any v € T'(E*"), we can write it as u = w1, + w15 + w2y + ugi. Using
the same arguments as in the proof of Theorem 3.12, together with Proposition 3.5
and Proposition 3.7, we have the following theorems.

Theorem 3.14. Let M be an oriented Riemannian manifold. Suppose M is a
K-manifold with K being an associative normed algebra. Then

ooV :T'(E*) — Symb(S,S)
is a Lie superalgebra monomorphism.

Theorem 3.15. Let M be an oriented Riemannian manifold. Suppose M is a
K-manifold with K a normed algebra. Then

o oW y(T(EG") & ((T(E)) - o(T(EY))) @ o(T(E5")) — Symb(S, S)

is a Lie superalgebra monomorphism.
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4. sug/(2,2)syp-ACTION FOR SEMI-FLAT CALABI-YAU AND HYPERKAHER
MANIFOLDS

Mirror symmetry is a highly nontrivial duality transformation for Calabi-Yau
manifolds (i.e. special C-manifolds) and hyperk&hler manifolds (i.e. special H-
manifolds). From the SYZ proposal [12], mirror Calabi-Yau manifolds should admit
special Lagrangian fibrations, which becomes semi-flat in the large complex struc-
ture limit. In particular, the hard Lefschetz action should have a mirror version,
as it was discussed in [10]. We conjecture that this mirror hard Lefschetz action
should be closely related to the Schmid SLs-orbit theorem for the large complex
structure degeneration.

Putting both su(1,1) actions together, we have a su(1,1) @ su(1,1) = s0(2,2)
action on differential forms on semi-flat Calabi-Yau manifolds. We are going to
explain this enlarged (super) hard Lefschetz action below. In this article, we use
the following definition of semi-flatness.

Definition 4.1. A K-manifold is called semi-flat if its holonomy group can be
reduced from Gk to G, the connected component of Gg:. Here K' means R or C
when K equals C or H respectively.

In particular, the tangent bundle K" — T — M of a semi-flat K-manifold M is
the complexification of another bundle (K')* — 7" — M.

Recall when V' 2 K” then V @ V* with the canonical quadratic form @ identifies
it with K" @k Kb!. Thus sug(1,1) acts on V & V* and its spinor representation
S=A"V*. Now V = V’'®@gC with V' = (K')". By same reasonings, we have

V @ V* o~ (K/)TL ®K’ (KI>272

Thus we obtain a sug(2,2) action on (V @ V*, @), and therefore also on its spinor
representation S = A°®V*. Furthermore this action commutes with the natural
ugs(n) action. Therefore, we obtain a sug(2,2) action on the space of differential
forms on a semi-flat K-manifold M. One can check directly that for semi-flat
Calabi-Yau manifolds, this so(2,2) = sl(2,R) @ s[(2,R) action corresponds to the
hard Lefschetz action and its mirror action as defined in [10] (see also [3]).

To see these Lie algebras concretely, we note that sug(2,2) = so(dimXK, 2).

suc(l,1) =s0(2,1) C sur(2,2) = s0(2,2)
sup(1,1) =s0(4,1) C suc(2,2) = so0(4,2).

Clearly sug/(2,2)sup = sug(2,2) @ (K')?? @ R is naturally a Lie superalgebra,
which includes sug(1,1)s,, as a super Lie subalgebra. Thus, the real vector space
(K)22 o R = Kb @ R acts on Q°*(M) via differential operators of order one and
two. Together with the sug/(2,2) action, which extends the sug(1,1) action, it
gives a Lie superalgebra sug/ (2, 2)yp action on Q°*(M).

In conclusion, we have obtained the following result for semi-flat Calabi-Yau and
hyperkéahler manifolds.

Theorem 4.2. Suppose that M is a semi-flat K-manifold with K being C or H,
then there is a natural sug:(2,2)s,, action, extending the super hard Lefschetz
sug(1,1)sup action, on the space of differential forms on M wia differential op-
erators of order at most two.
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5. APPENDIX

5.1. sug(1,1) = so(dimK, 1). There is a natural isomorphism 7, : s((2,K) —
s0(RY @ K). One can refer to [2] for the geometric meaning of the isomorphism.
Furthermore, we have

Telsug(1,1)  suk(1,1) = so(R @ ImK) 2 so(dimg K, 1).

We will write down it more explicitly for the case K is associative. Identify R!"' @K
with h2(K), the hermitian 2 X 2 matrices with entries in K, via the map («, 8, z) —

( @ ;_r B o v 3 , where o, 8 € R, x € K. Then there is a double cover given by
7:SL(2,K) — SOT(RM @ K); A 74, where

74: RUMOK — RM K;

a+ 0 x a+p xz *
< T a—ﬁ)HA< T a—ﬁ)A'

Therefore, it induces an isomorphism 7, of Lie algebras.

For the associative normed algebra K, the natural inclusion R @ImK — R @
ImH — RY! ¢ H, induces an embedding of so(R*! & ImK) into so(1,1 + dimgH)
naturally. Therefore we only write down 7. (sum(1,1)) explicitly. Let E;; be the
matrix with 1 in the (4, j)th entry and 0 elsewhere. Take the basis of sug(1,1) as
in section 5.3, then we have

Tu(Ls) = Ei34s) + Eiats)1 — Eas) + Eys2, s=1,2,3;
Te(As) = E1s1s) + Ezgs)1 + Eo@gs) — Eiare2, s =1,2,3;
T.(K1) = 2(Egs — Esg), T« (K2) = 2(Es6 — Egs);
To(K3) = 2(Esq — Ess), To(H) = 2(E12 + Ea).

5.2. Proof of Proposition 3.7. We use the notation of k-symbol oy, as in [14] for
differential operators.
For any p € M, let (y1,- - ,Ym) be a normal coordinate system around p. Then
for any u € T(Ef"), D, = 372, t(u)(dy’) - Vo .
vj
For any £ € Ty M and any o € \* T M, take g € Q°(M) and s € T'(S) such that
dg(p) = ¢ (ie. ZJ s (p)dy’ = §) and s(p) = ¢, then we have oy (Dy)(p,§)p = 0

for any k£ > 2, and

o1 (D). ¢ = (D500~ 90))9) ) ) = D)) - O ()

j=1 K2

In particular, o1(De,) (9, ) = dy - §2(p) and 01(De,)(p:E)p = 55~ - 5= (0)¢-
Hence,

0 0 e
Yy - 2 4 Ly
72 Zayy 3yk P)(dy Oye Oy v Z 33/]

On the other hand,
o2({Du, Du})(p, &)
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=Za<u><dyf>-§i<p>b<v><d’f o) e + i) S )y -

y] 3yk

Z ayj 3 (p) (()(dy’) - (v)(dy") + 1(v)(dy") - L(w)(dy’)) - ¢

Hence, 02({Du, Du})(p, )¢ = 02(24(u, v) D) (p, §)¢p-

Therefore, o2({D,, Dy} — 2¢(u,v)A\) = 0. Since D, and D, are of order one,
{Duy, Dy} — 2G(u,v)A\ is of order at most two. Therefore, {D,,, D,} — 2§(u,v)A
is a first order operator. ([l

5.3. Identifying suk(1,1)s,, with the usual hard Lefschetz actions. We can
reinterpret those operators in the sug(1,1)s,, action in Theorem 3.12 as follows.

Case K=R:
In this case, G = SO(n) and M is an oriented Riemannian manifold. Further-
more we have sug(1,1),p, = Rh & RU! @R, where h = ( (1) _01 ), so that

m *
ph|Qp(M) = (5 7[))]:(‘1, DEQ = d, Del = d s \I/(].) = 7A.

Case K = C:

In this case, G = Gg = U(n) and M is a Kéhler manifold with Kéhler form
w. Furthermore we have suc(1,1)s,, = suc(l,1) & CH! @ R with suc(1,1) =
Spang{L, A, H}, where

e (L ) (3 ) e (1)

And we have pr, = wA, ppr = p} and pg = [prL,pa], which are exactly those
defining the hard Lefschetz action on K&hler manifolds [5] (see also [11] for more
details). On complex valued differential forms, we have

Dy =d=0+3, D1, = V=1(3 - 9),
Do = d* = & + 0", D = V1@ - 0°),
{Deyy Dy} ={D =1, Dy=1,} = A= =¥(1).

o

Case K = H:
In this case, G = Gk = Sp(n) and M is a hyperkéhler manifold. Furthermore,

sug(l,1) = {( g:l), _ﬂél ) ‘ 61 € H, Bs,03 € ImH} is ten dimensional, and is
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spanned by {Ls, As, K5, H | s =1,2,3}, where

[ 0 0 [0 J, ([ J, 0 (=10
S e O D W R iy

and J12 = J22 = J32 = J1J2J3 =—1.

pL. is exactly the same as the operator “wsA” where w; is the Kéhler form with
respect to the complex structure Js, and pa, is the adjoint operator of pr,, for each
s. Moreover, for each s € {1, 2,3},

Dez :dzas—i—é{, DJS€2 = V_l(@s_as)7
D, =d* =08+ 07, Dj,e, = V=19 = 05),
{D617D62} = {DJselaDJsez} =A= _\Il(l)
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