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We consider the Vlasov-Poisson system for a density function
f:RIxRY xR, — Ry

(0t +v-Vy)f—qVxp -V, f=0, qg==1,
—Dxp(x,t) = [ps F(x, v, t)dv, (1)
f(0,x,v) = fo(x,v).

This model is relevant in plasma physics (usually for ¢ = —1) and
in astrophysics (for ¢ = 1). In dimension d = 3, solutions to (1)
are global in time under rather mild assumptions (Lions-Perthame,
Pfaffelmoser), but a complete understanding of their asymptotic
behavior is still elusive.
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Any smooth normalized function My : RY — [0, c0) satisfying
fRd Moy dv = 1 is a stationary solution of this equation, and we
would like to study the stability of these solutions. Let

F = Mo(v) +f
so the perturbation f satisfies the equation
(at‘l-V‘Vx)f—l-E'vao-i-E‘vvf:O,

. ()
p(x,t) = / f(x,v,t)dv, E =V, A p.
Rd
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In the periodic case x € T9 the asymptotic stability result is known
as nonlinear Landau damping (Mouhot-Villani,
Bedrossian-Masmoudi-Mouhot, Grenier-Nguyen-Rodnianski).

The main assumptions are that the equilibrium My is real-analytic
and suitably decaying, and satisfies the key Penrose stability
condition

562%%8}7;}&20‘ 0 r o(r&)e r Ko ( )

Under these assumptions nonlinear Landau damping occurs: the
solution f corresponding to small and Gevrey smooth initial data
fo € G7, v > 1/3 satisfying

/ fo(x,v) dxdv =0
Td x R4

converges rapidly to a final state 75, (x, v), and the electric field E
and the density charge p decay exponentially fast in (t)7.
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The Penrose stability condition (3) on the equilibrium My is critical
for stability. Indeed, assume that f solves

O+ v -VI)fF+E-V,My=N,

p(x,t) = / f(t,x,v)dv, E:=V,A7'p
Rd

with initial data 7(0, x, v) = fy(x, v). Taking Fourier transform in
x we have and integrating in time we have

F(t, & v) — e ™ Eh(E,v) + /0 e = Eig, Mo (v) - (&/1€17)B(s, €) ds

t
= / e (t=)VEN (5, €, v) ds.

0
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Integrating now in v we derive the key equation
t —
0.6)+ [ (6= )Wh((z ~ $)(s.) o
— (6 16) ~ [ 5.6 (6= 96 o
0

for any &€ € Z9, where ~ denotes the Fourier transform in both
variables x and v.

We can solve this equation using the Fourier transform in time.
Fore >0and 7 € R let

Q.(r,€) = /0 T At et g,
K.(r,€) = / " Wo(ré)eCH i,
0
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The

The identity above gives
Qe(7, E)[1 + Ke(7,€)]
= /0 h fio(&, t€)e (Mt gt /0 - /0 h N(s, &, r&)e EHMEE godr.
This can be inverted if
11+ Ko(7,8)| > ko >0 for any € € (0,00), T € R, £ € Z9,

which is the Penrose stability condition.
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The key difficulty in the Euclidean case x € R? is that the Penrose
condition

inf ’1+/ rl\/lo(rf) () dr| > 0
£eRI\{0},e>0,7€R 0

cannot hold. This is because the left-hand side vanishes when
£E=0,e=07=41,

1 [5+/(T—1)][€+/(7-+1)]

1+ K 0)=1
+ Ke(7,0) +(5+i7’) (e +iT)?

Because of this the density function p has only logarithmic decay
in L2 for the Maxwellian equilibrium My (Glassey-Schaeffer), in
sharp contrast with the periodic case x € T.
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At the linearized level, the stability problem was addressed in
recent work by Han-Kwan—Nguyen—Rousset and
Bedrossian-Masmoudi-Mouhot. The conclusion is that for a
suitable class of smooth equilibrium Mo(v) = M{(|v|?), the density
p decomposes into a regular part and a singular part,

p(t, x) = pR(t,X) + p‘i(t,X) + pf_(t,X)

which have polynomial decay in L™,

log(2 + ¢t
1" @)= 5 E2 T (I, + Il
and, for k € {0,1},
log(2 + t)
IS0 em S 5t 3 (0Pl + 10Vl )
0<I<k
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In the same direction, the screened Vlassov-Poisson equation
Ot +v-VI)F+E-V My+E-V,f=0,

p(x,t) = / f(x,v,t)dv, E:=V.(A—1)"p.
Rd

was analyzed recently by Bedrossian-Masmoudi-Mouhot in 3D. In
this case the natural Penrose stability condition is

€2

inf ‘1 / /\7 —(e+iT)r
in + A rMo(ré)e T

£eRI\{0},e>0,7€R

dr| > kg > 0.

This condition is satisfied by a large family of equilibrium solutions
Mjy. Bedrossian-Masmoudi-Mouhot then prove a suitable analogue
of the nonlinear Landau damping for the screened Vlassov-Poisson
system in the Euclidean space x € R3, at finite regularity.
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We will be mainly interested in the Poisson equilibrium

Cq
(14 |v[2)ld+1)/27

Mo(V) = I\/ﬂ\O(f) = e_|€|7

for a constant Cy; > 0. We will also assume that d = 3.

Theorem 1. (I., Pausader, Wang, Widmayer) Assume that the
initial perturbation fy : R® x R® — R of the Poisson equilibrium
My satisfies the smallness condition

Yo IO H)(x, )l +lI (V)02 07 F0) (¢, V)l s e < <0
lal+181<1

where ¢q is some sufficiently small absolute constant.
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Then there is a unique global solution f of the Vlasov-Poisson
system

Ot +v-V)f +E-V,My+ E-V,f =0,

p(x,t) = / f(x,v,t)dv, E:=V,A 1.
Rd

The electric field and the density function decay at rates (t) 2"
and ()73 over time respectively. The density decomposes as

p(t,X) _ pStat(t,X) + pOSC(t’X)’

445

where the static part p2°(t, x) decays faster at rate (t) and

the oscillatory part p°¢(t, x) oscillates like et in time.

The full density f satisfies linear scattering, i.e.

: B o
tILr’go f(t,x+ tv,v) = fo(x, v) in L3,
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Main ideas: Assume that f : R3 x R3 x [0, T] — R is a regular
solution on some time interval [0, T]. We consider the backwards
characteristics defined by the functions X, V : R3 x R3 x IZT — R3
obtained by solving the ODE system

0sX(x,v,s,t) = V(x,v,s,t), X(x,v,t,t) = x,
OsV(x,v,s, t) = E(X(x,v,s,t),s), V(x,v,t, t) =v,

where 72 := {(s,t) € [0, T]? : s < t}. The main equation gives

d
gf(X(x, v,s, t), V(x, v,s,t),s)

=[(0s +v-Vx+ E-V,))f|(X(x,v,s,t), V(x,v,s,t),s)
= —E(X(x,v,s,t),5)-8,Mo(V(x,v,s,t)).
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Integrating over s € [0, t] and letting My := V, My, we have
f(X’ V’ t) = fb(X(X’ V? 07 t)’ V(X’ V’ 0’ t))

t
= / E(X(x,v,s,t),s) - My(V(x,v,s,t))ds,
0
for any (x, v, t) € R® x R3 x [0, T]. Therefore
t
o(x, 1) +/ / (£ — $)p(x — (£ — 5)v, s)Mo(v) dvds = A(x, £),
0 R3

for any (x,t) € R3 x [0, T], where
N(x,t) := Ni(x, t) + Na(x, t),

Ni(x,£) = / f(X(x,v,0, ), V(x, v,0,1)) dv,
R3
t
No(x,t) ::/ {E(x = (t = s)v,s) - My(v)
0 JR3
— E(X(x,v,s,t),s)- My(V(x,v,s,t))} dvds.
On the stability of homogeneous equilibria for the Vlasov-Poisson



In the case of the Poissin equilibrium we have the explicit identity

11 1 1 }

GVt e ey R e pey

so we can solve the Volterra equation explicitly to see that

et = 6o - [ N(Et —r)e " sing dr,

for any t > 0. This is the main formula we use to prove bootstrap
control of the solution.
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Main bootstrap proposition: Assume that the density p

decomposes as '
p= pstat + %{e—ltposc}

satisfying the bounds

105 [ stats + 1% 0scs < €1,

where €1 = 5(2)/3. Then there is an improved decomposition
p = ptet + R{e "*p°>c}, such that the components p**@" and p°c
satisfy the improved bounds

9% | stats + 1107l 0ses < €o-
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The main norms are defined as follows: let Bt denote the space of
continuous functions on R3 x [0, T defined by the norm

Ifller = s[up]\lf(t)llsg,
t

)

I ()llgp = igz{<t>3HPkf(t)HLoo +{1Pif (£)]] 12 }-

Assume that 0 € [0,1/100] is a small parameter and define the
norms

1 llstats = {62 (Vx) Fll s
1Flloscs = I{e) " Fllgy + I{6)' " Ve F |-

Finally, we define the Z-norm as

Iz = inf (£ | sa; + 11£° ] 0scs
f:fstat_i_%{e—ltfosc}
and the main bootstrap proposition can be regarded as proving
improved control on the density function p in the Z-norm.
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A clas

Recall the basic formulas

t
o) = [ [ Glx=y.t— 5N (y.s) dyes,
0o Jr3
where the Green's function G is defined by
K(g,0) ::/ tMo(t&)e ™ dt,
0
G — 1 K(0)  ior
G(&,7) = do(T) l[o’oo)(T)QW/R T+ K(E 9)e de.

and 1 ) denoting the characteristic function of the interval
[0, 00).
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A clas

We consider a class of radially symmetric equilibria Mp(v) such
that [5s Modv = 1. We define mg : R — R such that

mo(r) = [ Mo(r. )y 4)

where r € R, y € R?, (r,y) € R®. The reduced distribution myq is
even, integrable and

Mo(€) = mo(|¢]).
For any ¥ € (0,1/2] we define the regions

Dy :={zeC: |Sz| <9I+ |Rz|)}.

Alexandru lonescu On the stability of homogeneous equilibria for the Vlasov-Poisson



A class

We define the class My 4, ¥ € (0,7/4], d > 1, of “acceptable
equilibria” as the set of radially symmetric functions My : R¥ — R
satisfying fR3 Modv = 1, and with the following properties:

(i) The function mg defined as in (4) is even, positive on R, and
extends to an analytic function mg : Dy — C satisfying the identies

mo(z) = mo(—2z) = mp(2) for any z € Dy.

(i) Moreover, my(r) < 0if r € (0,00) and

|mo(2)] < (1 +|z))~ for any z € Dy.

Typical examples are polynomially decreasing or Gaussian
equilibria, which lead to

Cd
[1+r22
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A class

Theorem 2. (l., Pausader, Wang, Widmayer) Assume that d > 1,
Mo € My 4 is an acceptable equilibrium, and recall

K&0) = [ eli(ee)e e,

G 1 K(E0)
Gl = ()~ 073 [ T rege” 40

Then there exists rp > 0 and o = Y0(?, d, ro) € (0, 00) such that
the following claims hold:

(i) At high frequency, we have a perturbation of a kinetic density:
if [£] > ro/2, then we can write G in the form

G(&7) = bo(r) + e EIE(I€], 7),
where, for any a € {0,...,10}, 7 > 0, and |r| > rp/2,

r|07ER(r, T)| < r L.
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A class

(ii) At low frequencies, we have an additional oscillatory
component: if [r| < 2ry then we can write G in the form

G(&. ) = Go(7) + RYi[L + my(€])] ™D} 4 e 07 Elg (¢, 7)
where, for any a € {0,...,10}, 7 >0, and r < 2r,
r?|0fmy(r)] < rf7t 4 r? log(1/r),
rloRE(r, T)| S rd=1 4 2 log(1/r).

The dispersion relation w; := Rw and the dissipation coefficient
wy 1= Sw > 0 satisfy the bounds
r?|07 (wi(r) = 1)] + r?]97 (wa(r))| S r7 + r?log(1/r),

—mmy(wi(r)/r) —mmy(wi(r)/r)
4r2 ’ r? ’

wo(r) €

for any a € {0,...,10}, 7 >0, and r < 2r.
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