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The Gauss curvature flow

Q C R"*! bounded convex domain, X : 9Q — R™*! position vector.
K (x) Gauss curvature.

Gauss curvature flow:
dX(x,t)
ot

Introduced by Firey to study Shapes of worn stones.

= —K(x,/)v (0.1)

Mod (PDE), Firey reasoned flow contracts to a point after finite time.

Under symmetry condition, he proved that the point is round.

Firey introduced entropy: &gy = / logu,
Ng

he proved it’s monotone decreasing along normalized flow,

X (x,1)

—5, = —(K(x,t) —u)Vv.
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PDE: Existence, contracts to a point after finite time. (K.S. Chou).

Monge-Ampere type equation.
Cheng-Yau, Pogorelov, Caffarelli-Nirenberg-Spruck, Krylov...

Flow by power of Gauss curvature,

dX(x,1)
dt

= —K%(x,t)v (0.2)
also contract to a point at finite time (Andrews).

The normalized flow of (0.2) with |Q(#)| = |By|:

oX(x,1) , K%x,1)
ot (_fSnK“*I Fuyv.

(0.3)
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(0.3) converges to sphere if
Q a="1(Chow),or
Q n=2,a =1 (Andrews).

Forn >3 a>n+2,

e Convergent to a soliton K% = u, (Guan-Ni, Andrews-Guan-Ni).

@ Soliton is the unit sphere (Brendle-Choi-Daskopolous).

o= Affine flow, converges to ellipsoid (Andrews).

=t
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Anisotropic flows

X, = —f*(V)K%, >0, 0<fcC*S"). (0.4)

Finite time contraction (Andrews). The normalized flow

S (v)K*
Soliton of flow (0.5)
1
o, (ujj+ud;) =fu?onS", p= P (0.6)

Lutwak’s I”-Minkowski problem. The classical Minkowski problem
corresponds to p = 0 in (0.6).
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Entropy
Eaf(Q) 1= sup 64 (Q,20),

20€Q
o l_l
where &5 (Q,20) = ——log 7{ oy (1) 5 F(x) )
a—1 S
A variational problem:
Minimize &, () under constraint |Q| = c. 0.7)

A critical point of entropy functional is a solution to (0.6).
Find a path to the minimizer of the constraint problem (0.7).
Candidate: Flow (0.5).

Convergence of flow (0.5)?
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In the case f =1,
© Entropy monotone along flow (0.5),
© Entropy controls diameter,

© there is entropy point estimate

Nzey Ea(Q) = Eq(Q,20), dist(z,,dQ) > 8(d(Q),n,|Q]).
0.8)

General f, monotonicity still holds

n fin B9 (x, 1) do,
Q. 2) — En (D7) = — ’ —1
s @)~ = [ (3 s —) %

hx,) = F()us @ (x, 1K (x,1). doy(x) = 50 6 (x).

N

Entropy point estimate (0.8) fails for &4 s in general Vor > %
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Weak convergence of flow (0.5) yields:

For o > nl@ and finite non-trivial Borel measure 4 on S", n > 1,
there exists a weak solution of (0.6) provided:

(1) a > 1and u is not concentrated onto any great subsphere
NSt x e S
(ii) a = 1 and u satisfies that Y¢-subspace L C R"*!, 1 </ <n,

n g ny.
@ RENS") < —=-p(S")

(b) ”="in(a)foralL C @"“ implies 3 a complementary linear
(n+1—{)-subspace L C R"*! such that suppu C LUL.

n+l1

(iii) nl@ < a < 1anddyu =f dO for non-negative f € L™= (S").
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If f is bounded, it’s a result of Chou-Wang.
Q o> 1, Chen-Li-Zhu.

Q « =1, Boroczky-Lutwak-Yang-Zhang even case,
Chen-Li-Zhu general case.

Q ﬁ < o < 1, Bianchi-Béroczky-Colesanti-Yang.

1 . .
O For o < ;5. there is a recent work of Guang-Li-Wang.

Conditions in Theorem 1 is for the control diameter by entropy.

Anisotropic approach was discussed in Andrews-Bordczky-Guan-Ni
under symmetry assumptions.

Weak convergence of (0.5) proved by Bordczky-Guan.
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(0.4) contract to a point z, assume it’s the origin.

Along (0.5),
(a). The entropy &y ¢(€2;) is monotonically decreasing,

éaaf(ﬂtz) < ga,f(-Q-zl), vtl <ne [0,00). (09)

(b). Vty € [0,00),

- $s K% (x,1) doy
Enf(Q4y,0) > E oo ~ : —
(x’f( 10 )— o.f, + f <éS”/’1(x7[)de‘fgnha(xat)daf

(0.10)

where

1

h(x,t) =f(x)ug © (x,)K(x,1), Safe = lim &7 (€2)-
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Monotonicity ensures entropy bound. Conditions in Theorem 1 yields
D(Q(t)) <C. (0.11)

|Q(#)| = |B(1)|, non-collapsing estimate

P+(Q(1)) <c,
p-(Q(1))
where p and p_ are the outer and inner radii of the convex body.
Set
n) = ¢ h(x,t)do. (0.12)
Sn

As ¢, h(x,1) do; is monotone and bounded from below and above by
diameter estimates,

(0.13)
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(0.10) implies that 3{r }7> ;, limg_e0tt(x, %) = teo(x) and

. fon B (x,1) d,
1 : =1. 0.14
k1—r>£10 fgnh(x,lk)dO}k "%n h“(x,tk) dG,k ( )

Holder Room: |+ 1 =1, set f = min{}, 1}, VF € I/, Ge LY,

2 2
JulFGldp | B/ FI* Gl
IFllIGlle = "I\ (fy, [FPdu):  (Jy|Gledu)z )
(0.15)
The extra room is crucial to deduce weak convergence of flow (0.5).

Denote 0,4, (x) = O, (uij(x, tx) +u(x, 1) ;). Then

1
li a(x,t, ——
fim 10 1) 034(6)
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1P Christoffel-Minkowski problem
ok (ujj+ud;) =uPf, onS".

Soliton of

— a; Oa(K) (g
Xo= () (0.16)

Open Problem: condition on f, (0.16) would contract to a point?

A form of flows for general F' (not necessary homogeneous)
X, = —f(v.X)F(k)V. (0.17)

There is a recent work by Guan-Huang-Liu, but (0.16) does not
satisfy structural condition.

Difficulty: upper bound of curvature, or lower bound of principal radii.

Pengfei Guan (McGill) Gauss curvature type flows: convergence, stability and applications



Non-homogeneous Gauss curvature type flows

X, = —f(K)v, (0.18)

f(K)=K*+g(K), 36 >0, lim | ()|—

s—foo g& -8

Chen-Guan-Huang:

. . n+1 1
Xo strictly convex smooth hypersurface in R*"", for o0 > -+, flow

(0.18) converges to a round sphere in R"! in the C*-topology after
re-scaling.

Open Problem: convergence for -5 > o > +2

Pengfei Guan (McGill)
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Normalized flow

e"K
T o
Recall entropy
a 1-1
B (Q) := sup logf Uz, (0.20)
20€EQ o—1 S

o> ﬁ along flow (0.19), 3C >0, y> 0, &4 (Q) +Ce " is

non-increasing.

Thus entropy is bounded, so is the diameter.

Proof of monotonicity in easy case & = 1, u satisfies

K+e "g(e"K)
1+ j;s" e—ntg(entK) :

Ur—1u
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déa(Q)  _ for (14 £5780) — oo _(1)(K+e*”tg(e"’K))

e L o i

nt g nt g
$or(1+ 880 — g (— £ 424 /1 + 858
ntK
1+§S g:’”K
)l[K _ _
C §, 8OK) _ _Ce not g K9

g S S T G g K

IN

Blaschke-Santal6 inequality and Holder inequality, ¢, usK “1=1
=0
K< (f ul )0 < (f w1,
Sn n n

Convergent to sphere: Andrew-Guan-Ni, Brendle-Choi-Daskopolous.
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Gauss curvature flow in space forms

N"t1(k) (k = £1) space form, flow by power of Gauss curvature
X, =K%V (0.21)
S’fl — R"1: Projecting STI to its tangent space at north pole.
H"+! — R**!: Beltrami transformation.
(N"*!,g) warped product space,
g=dp-dp+¢*(p)gs
2nd FF:

hij=0(1/ 92+ |Vp|2) "' (—dpy+20'pip; + 979'5;).

hij = q(r,Vr)(—rrij+2rirj+ r25,:,-).

KNn+1 = Q(r, VI")KRn+1 .
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Flow (0.1) in N"*!(k) is converted to flow in R**!

X (x,1)
ot

=—y(|IX|,X-v)K*(x,t)v, inR"+1 (0.22)

w=(1+K|X[P) T3 (14 k(X v)?) T ots,
It’s a special case of (0.17).
Work of Chen-Huang,

1
n+2’
converges to a round geodesic ball in N"*'(k) in the C*-topology

after re-scaling.

Ya > 0, flow (0.21) contracts a point at a finite time T. Vo > it
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Normalization:
(0.23)

Almost monotonicity.

2(n+1)

3C,t*, under the normalized flow (0.23), &4(Q;) + Ce™ 21 ' s

non-increasing when t > t* sufficiently large. Furthermore, Vot > +2.

2(n+

lim (&' (&) + Ce™ B ) =éy7 eR.

—roo

With entropy under control, the convergence to sphere follows from
works of Andrews-Guan-Ni and Brendle-Choi-Daskopolous.
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Thank You
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