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Mathematical Models for COVID19

Why should we establish the “reasonable”
mathematical models for COVID?

— Some information about COVID-19 can not be
observed directly

— We want to predict the trends of the virus epidemic.
Especially when the spread of the virus ends

* We are trying to describe the problems, not from
the medical point of view, but from the general
transmission mechanism




Questions

Is it possibler
Are there some existing models?

What kind models are “reasonable” ?

What is the characteristic of novel corona-virus
pneumoniar



Existing Models and Methods

* SI. Logistic models (Nonlinear Quadratic models)

— It is mainly used in epidemiology. The common
situation is to explore the risk factors of a disease
and predict the probability of a disease according to

the risk factors a _ (1 i) r— BK.

dt K)’
e SIR. SIRS. SEIR Models
— Ordinary Ditferential Systems

d dF

—S = — 8IS, — = BIS —~ (a +m)E,
dt dt

dl dR

_— = E— "ﬂI. — =1 E+ '.'I

dt “ L dt n 72



Review Analysis for SAR

* Prof. Li Daqian, Prof. Ding Guanghong and
their team did the review analysis for SARS,

which happened at the end of 2002:
— Based on SIJR model, which is the simplified model of SEIJR.
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The Characteristic of COVID-19

e [.atent Period

— The novel corona-virus can spread in latent period

* The Delay of Data

— The public data will be announced with some delays
due to diagnosis



Some Notations

e Notation as follows

Public Data

o [(f): cumulative nfected people at time f;

o J(f): cumulative confirmed people at time f;
o ((f): currently 1solated people who are infected
o R(f): cumulative cured people at time .

tstill i latent period at time ;
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Dynamical System with Delays

e The demonstration of the dynamic system

Ty + 7 Delay

T, Dela
Al e . AR

()

T, Delay

8/ AD

T, — 1T T (1—k)
AG .
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Frame Diagram

f2 : the transition probabilities from infection to illness onset

fa : the transition probabilities from infection to hospitalization

Imported

infectors

(Is)

&~

Identification

Early identification of infected
individuals could reduce
transmission of disease.

Isolation

Efficient isolation could prevent
disease from being spread from
infected individuals to

susceptible individuals.

f2 fa

Isolated _ Confirmed

(G)

(J)

Figure 1: Sketch map of the model.
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The Source of Infection

* In the modeling, the most important thing is to
consider the source of infection

Io(t)=I(t)— J(t) — G t)

e We focus on the source of infection and
establish the dynamical model



The infected cases I(t)

* The changes of the infected cases is proportional to
the source of infection

I[(t+ At) = I(t) = Bl (t) At

* B defined as spread rate

— B, is defined by the average amount of people
becoming infected by this person per unit time




The diagnosed cases J(t)

* The changes of the diagnosed cases is proportional to the
source of infected cases in the latent period

1

J(t+ At) = J(t) = { MBIt —t)—Jt—1)—G(t— t’))dt’} At

0

de = f @)Ut —t")—Jt—t)— Gt —1t))dt
atr 0

* The coefficient y is the morbidity

* The kernel h, is a distribution



The 1solated cases G(t)

* The changes of the isolated cases depends on two factors.

— The source of infection, where £ is the rate of isolation;

— 'The infected cases, which have been isolated. The term with delay represents the
effect

G(t+AH) -G () = {:(m}— J(t)— G(t)) —I/TI ha (YTt —t)— Tt —t) - Gt —t’))dt’} At

]

' (f; =’T”“)‘J“)‘G“))—f[1 ho ()Tt —t') — Tt —t') — Gt — t'))dt’
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The cured cases R(t)

* Once infected, it needs to go through the
incubation period of 1 ; day and the treatment
period of 1 , days to end the treatment

T1+T2
R+ At)— R(t) = {ﬁ:/ ha(t)BI(t —t') = J(t —t') - Gt —t‘}}aﬁt‘} At

0

T1+7T2
= ff_jf = fa?/ ha(t)BI(t—1t")— J(t—1t')— Gt —t))dt".

0

2020/7/30
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The kernel tunctions p(t), i=1,23

* The kernel functions are the probability

distributions of delay days )

. hy (t')dt' =1
with the compact supports 0
. / hs (t')dt' =1
and satisty: 0

he (t")dt" < 1
0

We can take : 0 function or uniform
distribution or cut-off Gauss-like distribution..

hi(t) = cie™ % t



TDD-NCP Model

* Time Delay Dynamic System

f): cumulative infected people at time f;

"l
o J(f): cumulative confirmed people at time f;
o ((t): currently isolated people who are infected but still in latent period at time f;
o R(t): cumulative cured people at time t.
dI
— = pUt)—-J(it)-G(t)),
T pU) = J(t)—G(t)),
dJ ’_1 , ,
— = B ()Tt —)—Jit—t")—G@E—1t))dt,
di 0
dG i , ,
= [(I(t)—J(t)— }}—.-" fﬁg(t)(f(t—t}—d’(t—t) Gt —t'))dt"
dt
dR Tt
o = ﬁ-,/ hs(t)BI(t —t)—JEt—t) =Gt —1))dt
ail 0
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TDD-NCP Model (version 1)

e Hirst version

2020/7/30

dl

- = AU = J(t) = G(1)),

% = “f/D ha(t — 71, 8")BI(T') — J(t') — G(t'))dt’,

dG ‘

ol ((I(t)— J(t) — G(t)) — /ﬂ ho(t —7{,t")G(t")dt,
t

% N H',/U ha(t — 11 — 12, t)BUI(t) — J(¥') — G(t'))at".
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Features of time delay model

* Linear equations

— With integral terms (nonlocal terms)

* The meaning of parameters are clear



Shortage of the linear model

e |f the spread of the virus last for a little bit
long time, the prediction results are not so

reasonable.

 We are considering two improvements:

— Locally, use the linear model and try to do the
prediction in a short time.

— Add some nonlinear terms in our models.



Some Remarks on Data

e [t should be noted that:

— In the public data by the government, only the
information about the diagnosed cases and the cured
cases are provided.

— I(t) and G(t) usually can not be obtained directly.



Sparsity assumptions

* Due to that the public data can only provide
limited information, we have to assume that:

— The parameters are constants or piecewise constants.

2020/7/30 24



e (Given {B8,L,v, k11,71, 72 }

e Find the solution of

2020/7/30

dl

dt
d.J
dt

dG
dt

dR
dt

Forward Problems

BU(t) - I(t) - G(t)),

B / )t —t)—Jt—t)-Gt—t)dt,

0

L(I@)—J(t)—G(1)) —1[ 1 he )Tt —t)—Jt—t") =Gt —t"))dt"

1]

0

T1+ T2
ﬁ:/ ha(t)BUI({t —t')—JEt—t") -Gt —1))dt
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Theoretical Analysis

* We have the equation of source infection I(t).

F(f) g (fu (t) — ﬁ hy (t") Lo (t —t )ah‘) (Iu (t) — llz ho (t') 1o (t — ti}dt’)

Iy(t) = g(t), t € (=1 —72,0]

2020/7/30
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Dynamical Analysis for the equation of
source of infection

* Linear time delay dynamical systems

H’Iﬂ

T1+To
—(t) = (B=DIo(t) + L H (o (t — t')dt'

H(t) = hi(t) — ha(t)

2020/7/30 27



Simplified System

) Slmphﬁed SYStem a;;; — Bu+t ,\%fﬂ (u(t) — u(t'))dt
at t—T

"H-(H} = f(""}" T € [_T"O)

2
45 F T T T T T T
—f
15} © u(t)
3.5
1k
3
0.5 25 /
2
of /
156 /
0.5 /
1+ 05 /3=-0.0008
) A=0.4
15 ) ) ) ) ) =1 -2 0 2 4 6 8 10 12 14
10 0 10 20 30 40 50
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Changes with respect to A

—1
F /‘\ u(t)
/ 0\
[ \\\
I =008 | SN
A=0.4 \\\ / N\
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Conditions for the validity of the model

e The models make sense

dl -
7 =
d.J
- =
dt  —
dR

dt

* The conditions for the validity of equation

T the stopping time of epidemic situation

2020/7/30

Conditions for

validity of model

!

Conditions for

Stopping

Iﬂ [f) = U‘!

The first T,
such that
l,(T) =0 and
l,(t) >0 for t
<T

te (0,1
Iy(T)=0
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Inverse Problems and Prediction

* From the public data, determine the parameters
in the model

— Reconstruct the spread rate 3, isolated rate |

* By the parameters, which are reconstructed from
the public data, we can do the numerical
simulation and predict the development of the
epidemic situation.

— Especially, “stopping time T” of the epidemics.



Inversion Scheme

* By the cumulative confirmed cases |, and the
cumulative cured cases R .

reconstruct 0=(3, 1):

mgnllf{ﬁ; t) — Jobs. |2

min|R(6, k; ¢) - Robs, 2-

2020/7/30
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Questions

Whether the mathematical model can well describe
the spread of the novel corona-virus?

Well-posedness of the model?

Uniqueness of the reconstruction of the
parameters ?

The prediction results are “trustable” ?



Linear integral differential equations

 Existence and Uniqueness (Nonlocal)

d

T = AU~ T~ G),

dJ m

— = B (I —t)—=JiE—-1")—-G@E—1"))dt,

= B M=) - Ie— )= G~

df = I(I(t}—J(t}—G(t})—I/ 1hg(t’)(f(t—t’}—J(t—t’}—(}“(t—t’}}dt’,
ai 0

dR Tt

— = K ha(tBUIE -t )= Jt —t) =Gt —t))dt

o= [ MR -t)-TE-t) -Gt

1) =Io(t), J(t)=Jo(t), G@t)=Go(t), R(t)=Ro(t), t<0.

2020/7/30 34



Formulation of the inverse problems

e For TDD-NCP model

= BUW®- T -Cw),
LA ﬁ/ h ()T =)= Tt —t) =Gt —1))dl',
dt o -

dt

% = -'%3/ ,‘E-;(t’),c%(f[t —tr) —J(t- tr) -Gt — tr))dtr
at 0

& _ I(I[t)—J(t)—G(t})—I/TIh,g(t’}[f(t—t')—J(t—t’)—(}*(t—t’))dt',
0
+72

I(f} - Iﬂ (f}1 J[f:} = Jﬂ [TIL G(f) - Gﬂ (f}, t i: 0.

* Given other data, we reconstruct 3,1 from the
measurements of J(t)




Inverse Problems for the time delay systems

* Inverse coefficient problem (parameters 3, 1)

— Uniqueness
— Stability (with respect to the errors)

— Algorithms



Based on 3,1, Predict the development

e Solve

fifﬂ nTe ' ' '
Dowy=@-0nw+ [ HE o~ )

0 \

H(t) = hi(t) — ha(t)

Iﬂ(]’.’-) = {}[f}, e (—Tl —TQ,O]

* Get the first stopping time T', which satisfies:

Iy(t) > 0, t<T, and Iy(T)=0

If such T does not exists, it means the epidemic will not stop until all people are infected.

2020/7/30 37



Inverse Problems for time delay
dynamical system

* Inverse Source Problems (Find the Virus super

Disseminator from Data)

— Uniqueness

— Algorithms



* By the public data from Jan. 23 to Feb. 1%, we

Case Study I

reconstruct spread rate 3 and isolate rate I:

2020/7/30
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Reduce parameters (Spatrse assumption)

* Based on public statistics

1 B#E

~y K T1 Ty T2

0.99 097 7 4 12
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Spread rate and Isolate rate

e Different areas

= 2 SHWMEITE

b [X RBRE s RERE
0.2320 0.4202
Wuhan 0.1957 0.5500
Shanghai 0.2113 0.5500

Jiangsu 0.2581 0.5500
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Prediction (Whole country)

* Whole country

March 13th 81004

x 101 B e il e P (4B
4.0 _ = - ==
3.5 , 4 -
Feb. 15t 14380 3.0 / .
S / .

2020/7/30

peopEnd”

—_—J

My
'}-#JH'.*' N

¢ - R
- = R-r._}:aj i
R#‘w -

< B

01/2

5 01/30 02/04 02/09 02/14 02/19 02/24 02/29 03/05

H 5]



Prediction (Shanghai)

Strengthening of control measures ! l

N\

* Shanghai

March 13th 346
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Prediction (Wuhan)

e \X'uhan March 13t 49991

B el 28 T ()
14000 F - - . ' - : ' —
— = = — -

12000 .
10000

= 8000 F
<

—

6000 F Yl o
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2000 F B Ry
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* Jiangsu

2020/7/30

LS !

Prediction (Jiangsu)

7SI A T (YT

March 13t 631

700 F

600

500

400

300 F

200

100 F

0 ogaoEopead .
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02/15 02/20 02/25
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There is a certain gap between the
prediction result and the actual facts

* The model 1s not good?
e The method is not correct?

e Data is not correct?



e Prediction for China

H T o ah A 57 & %37 B0 $ A2 3E4E A 6y
2% T F0 ) 5~ A

0

et B E TR =R e Research Report Series of SKLCAM (2020 £255—457)
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Research Report
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Lab. Report

e Feb. 9% 2020

2020/7/30

FEmmMA B E ST =M5TiRS Research Report Series of SKLCAM (2020 f£5—HA)

EFnEdE : 2020-02-09 [RERET : 421

EEmIKNAYFERERNERRRE
Research Report Series of SKLCAM
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Choose suitable Data

* Data from Jan. 23 to Jan. 28% 2020

«10%
1

2E COVID-19 E &

o HERITHEIZAH SIS £ 83060
| RS A P -
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TE | — FMRTEEAR /
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6 /
i
5 Pt ;; &3 =0.3290
& / o
<.l 1 "{ FREE = 0.4500
FAR

i /N

af ' / N
/ \
/ \
2 / %
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1} / \
- '/r ) . -
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=Pt
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" TDD-NCP MR 2 KT

Prediction
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Problems in simulation

* Credibility of data ?

— Data at the early stage. Data in US...

* The reconstruction results heavily depend on the
data we choose!

— Some data 1s distorted.

* Prediction: Whole Country > Hubei> Other cities

— Model in the sense of statistical average



Case Study |

* Beijing,
— June 11—14,
— Confirmed Cases 79
— [3=0.20
— |=0.354

— Prediction 350

2020/7/30

Number of cases

COVID-19 Prediction (Beijing)

M

o

==}
T

A

%]

=]
T

X 53.44
Y 347.5

© Public data of confirmed cases
— Est|mat|on of conﬂrmed cases

06/20 06/30 07/10 07/20 07/30 08/09 0819
Date
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Review

e By all public data

Number of cases

2020/7/30

300

250

200

COVID-19 Prediction (Beijing)

© Public data of confirmed cases
— Estimation of confirmed cases

06/20 06/30 0710 07/20 07/30  08/09
Date

08119
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Prediction

e By partial data

COVID-19 Prediction (Beijing)

350

X 53.44

Y 347.5
300 . |

250

2001

160

Number of cases

100

LT © Public data of confirmed cases

o 1@ — Estimation of confirmed cases

06/20 06/30 07710 07/20  07/30 08/09 0819

Date
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Fudan-CCDC Model (Wenbin CHEN )

e Contihuous case drl

— [1y(t
dt ol )
dJ
— _
d(_T
Y = (1o(t) — (/ fa(t — s)lo(s)

e Discrete case
I(t+1) = I(t) + BIo(1),
J(t+1)=J(t)+ 32 fat — 5)1y(s)

s<ft

G(t+1) = G(t) + Uy(t) — 0> fa(t — s)Io(s).
s<t
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Choose the kernels

e Choose the kernels based on Data from CCDC

0.5977 4 0501 P
5 (1) = —— e (In(t)—1.417)
fa(t) ;

_ 11 2.641
f3 (f) _ U.Goi_l£_l£_lgf1'641t" 0.002105¢

t 15.97 },,

Fu(t) = fo * fa(t) = 0.06244e=F375)" 4 0.03322e~ 25
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Ongoing works

 Improving the time delay models
e Tracking epidemic data across countries

* Study the uniqueness and stability of the inverse
problems



Research Results from our team

* Internal Reports:

— Cheng Jin, Chen Wenbin, Report to Shanghai
Government on Feb. 16™, 2020.

— Report of the novel coronavirus disease (COVID-19)
epidemic situation, with Wuhan Health Center
Information Center, Wei Ning health Artificial
Intelligence Laboratory, School ot Mathematical
Sciences, Fudan University



Presentation on Feb. 16%, 2020

e Presentation in

Shanghat

— | s | A = slBl ZR] AR iR BE  Acrobat
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One of our suggestions is
to pay attention to
overseas personnel to
prevent secondary input
from overseas
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Meaning of Models

* In strict sense, all models are "wrong"

* The models are meaningful

— Give the rough estimates and prediction

— See "the light at the end of the tunnel"

2020/7/30
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Thanks!

Welcome the comments!

All world unite to tight the epidemic
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