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OUTLINE

Q Motivation of sampling-type methods

‘ General framework of direct sampling methods

‘ DSMs for Inverse acoustic/EM scattering, EIT, DOT

‘ DSMs for moving inhomogeneous media

Q Optimal control approach for Sobolev scale



Most Popular Approach for Inverse Problems

‘ Most IPs: parameter identifications in PDEs, e.g.,

EIT, DOT, Inverse Scattering, Seismic Tomography, ...

Stationary PDE: Lq (U) _ O

or time-dependent PDE: Df‘u - Lq (U) — 0

Inverse problem is to solve

u(q) =u’ on T
Mostly the solution parameter g tells us information

geometric shape/location & distributional values



Least-squares formulation with regularization

‘ IPs are mostly ill-posed: u(q) — u5 on I

transform to a nearby “well-posed” problem:

f}éi}% J(q) = data fitting (u(q) —u’) + 5 ®(q)

‘ A most crucial mathematical issue :

choose K, ®, (5 s.t. it is stable wrt data



Solution of Nonlinear Optim Systems

’ Output LS Tikhonov regularization :

min J(q) = data fitting (u(q) — u’) + 5 ®(q)
K

‘ 1st approach: coupled optimality PDE system

Forward PDE ;
{ Adjoint PDE ;

Variational Inequality

‘ Singularities: parameters mostly disconts, unknown

e.g., conductivity in EIT, refractive index in inverse medium



Iterative Solvers for Nonlinear Optim Systems

‘ Least-squares minimization :

mi}r(l J(q) = data fitting (u(q) — u°) + 8 ®(q)
1 highly nonlinear, nonconvex, nonsmooth

‘ 2"d approach: iterative
Most popular iterative, e.g., Newton type:

need to choose G, h, At,

need good initial guess of q,

repeated forward solutions,

need the derivatives of u(g) wrt changes of g
often very sensitive to noise

‘ Often very expensive & challenge to solve

‘ Is it always worthwhile or necessary to do so?



Alternative Solvers

‘ Indeed not worthwhile or necessary to do

gréi[r% J(g) = data fitting (u(q) — u°) + B ¥(q) (1)

1st: if noise not small, we can see from
(- =(g-¢)+(¢ - ") =0(0") + O(h®)

2"d: no good accuracy needed for the concerned applications

‘ Alternative solvers, overcoming technical barriers:

no need good initial guess of g,
no repeated forward solutions,
no need the derivatives of u(q) wrt changes of g



Can we reconstruct
Shape & Location, without Physics?

UL o L1 4d
® & ™~

Inverse acoustic, EM, elastic wave
EIT, DOT, MRI, ... ...




Linear Sampling Method

Colton-Kirsch 96 : a truly revolutionary algorithm!

Inverse acoustic scattering: Au -+ k2n2 (x)u =0

Consider the far-field operator F: [2($V-1) —» 2(sN-1)
(Fg) (&) = [ uco(Z,d) g(d) ds(d), 7€ SV
and the far-field equation for g:
Fg=®u(,2) Yz€RY

Solve for g at each z, and look at its energy

19(-, 2) || 2 (s)



Algorithm of LSM

% Turns inverse scattering into solving integral equations

@ Algorithm of LSM : select a numerical cut-off value C

1. Select a grid T,, of sampling points, covering D
2. Ateach z, solve the far-field equation for g(-, z)

3. Determine
z e D if ||g(-, 2)

z& D if ||lg(-, 2)

<c,;

> C
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Drawbacks of LSM

‘ No effective strategies to choose numerical cut-off values.
Huge computational efforts:
need to solve the far-field equation for each sampling point, e.g.,
foran n, X n X m grid, need to solve n3 ill-posed equations

The grid should be very fine to get a fine reconstruction

11



New Variants of LSM

¢ Li-Liu-Zou, SISC 09:
Multilevel Linear Sampling Method,
reduce computational complexity from O(n3) to O(n?)

¢ Li-Liu-Zou, SISC 10:
Strengthened LSM with a Reference Obstacle,

provide a deterministic technique to select
feasible numerical cut-off values
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Multilevel Linear Sampling Method

‘ MLSM : get rid of remote and inner cells
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Numerical Example |
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Numerical Example |1
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Sampling-type Methods

‘ Linear sampling method (Colton-Kirsch 96);
Factorization method (Kirsch 98);
Point source & multipole method (Potthast 98);
Probe method (Potthast 01);
Reciprocity Gap Sampling Method (Colton-Haddar, 05)
Subspace-based optimization method (Chen 08)

‘ Monographs:
Potthast, Chapman & Hall, 01;
Kirsch, Grinberg, Oxford 07;
Cakoni, Colton, Monk: SIAM 11,
Cakoni, Colton, Springer 14;
Nakamura, Potthast, I0OP, 15;
X Chen, Wiley, 2018; ... ...
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But

when we apply these methods,
we may still encounter
several common difficulties

21



(1) Cut-off Values & Noise
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(I1) Large Data for LSMs

TT111
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And LSMs

‘ derived only for wave-type inverse problems

24



Find methods for more realistic cases

Apply even with data from a single incident field
or asingle set of Cauchy data

Insensitive to data noise

Involve no solutions of ill-posed & well-posed linear
or nonlinear systems

Apply to general inverse problems

=) Clearly, hard to have efficient methods for all these
=) Let us try what we can do

25



DSMs for General Inverse Problems

‘ Inverse acoustic medium scattering, Ito-Jin-Zou 12;

Inverse EM medium scattering, Ito-Jin-Zou 13;

‘ Non-wave type IPs:
Electric impedance tomography, Chow-Ito-Zou 14;
Diffusive optical tomography, Chow-Ito-Liu-Zou 14 ;
Moving objects, Chow-Ito-Zou 16;

Several other important applications, Chow-Han-Zou 20
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General Framework of DSM
(Chow-I1to-Zou 2019)

‘ Define a Sobolev dual product on [ with index 7 :
<X7¢>’7,F VX ~ Y,Qb €/

‘ Select probing & testing funcs{nx} . { /1, } based on PDEs

(1) nearly orthogonalwrt (-, - )~ , ie, Vo € Q. ye D .

K(QIZ, y) — s pu)s like a Gaussian

kernel |77:zc |Y

(2) family of testing funcs is fundamental over testing points:

U — Uy R Y, Ak by, ON I

27



General Index functions for DSMs

‘ We define the index function

<77:U7 U — u0>’y,F

I(x) . ‘77:1;‘)/'

Vo e()

‘ Then the index provides a probabillity :

Z a. 77377lua7k v, I

|77x‘Y
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DSM for Acoustic Media
(Ito-Jin-Zou 2011)

‘ Acoustic wave, TM or TE mode :

Au + k*n?(x)u = 0

‘ Fundamental solution G :

AG + k°G = 6(z — y)
‘ By Lippmann-Schwinger representation:
(@) = [ e, Iy ~ 3 w; Gz, y;)

‘ From the above:

/ u’(x) G(z, zp) ds = k_lzw]Im(G(yJ,a:p))
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Direct Sampling Algorithm
(Ito-Jin-Zou 2011)

‘ Index func for probability of sampling point:

_ (u®,G(p )T
O(1p) = [sTTE a0
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Numerical Examples 1

Two incidents: 20% noise
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DSM for Inverse EM Media Scattering
(Ito-Jin-Zou 2013)

‘ Time harmonic EM system :

iwe E+VxH=0 in B
CpHiVxE=0in B¢ Vx(VxE)-Fn'(z) E=0

‘ Fundamental solution G :  (—A — )Gz, y) = §(z — y)

= Maxwell fundamental soln:
®(z,y) = k*G(z,y) I + D*°G(z,y)

32



Direct Sampling Algorithm
(Ito-Jin-Zou 2013)

‘ Nearly orthogonality:
fF & ZL’p p7 CE mQ)Q)dS ~ k_1<p7 %<(I)<$p7$Q>>Q> vp S (Cda qc Rd
‘ By Lippmann-Schwinger representation'

=» Es(a:):/QCD Z@x yi)J (y5) |71,
<E87(I)<°7xp>Q>L2(F)%k 1Zj ‘TjK (yj>v\9< (fp,yj»C])

‘ Index func for probability of sampling point:

’<E87 (I)(W xp)Q>F‘

V(x,: q) =
539 = B 1 (o)l
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Numerical Examples |
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(a) true scatterers

Two incidents, same polarizations p & q: 20% noise
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Numerical Examples Il
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Two incidents, same polarizations p & q: 20% noise
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DSM for EIT

¢ Electrical Inpedance Tomography:
V:-(cVu)=0 in

_ ou
Inject current ON 1 ': g — 0%,

Measure potential on 1 : f = U

$ EIT:
given (f, g), recover electrical conductivity (O (Z[j)

36



Choice of Probing & Testing Spaces/Funcs

’ Define on the measurement surface |
(X, ®)yr = ((=Ar)'x,¢) Vx € H(T),¢ € L*(T)

‘ Select probing & testing funcs {773j } {,uy} S.t.

(1) Nearly orthogonal wrt < . ->,Y, e., VQU - Q7 Y - D ,

S <775E‘7:UJy>’y,l—‘ - :
K(CL‘, y) — ’7733 ’Y like a Gaussian

2) The testing family is fundamental:

U— Uy R ), Ak [y, on T

37



Choice of Probing Functions

‘ Define

—Awy g =—d-Vo, in Q; &gi’d =0 on 0N

‘ Dipole potential :
Da:,d(‘f) .— Cpy (|i:§)|nd . 5 c R™

Set Px,d — Dac,d — Wx d -

. O0p, oD,
—Apzq=0 in Q; gy’d — ay’d on Of)

’ Probing functions as dir. derivative of Green funcs :

N2,d(§) = We,a(§) = —d - VGa(§) VEET

38



Probing functions for special geometries

’ For 3D spheric measurement surface :

(x—€)-d
d-§ [z — €]

1e.d(&) = Fitia—el—o-&5D

’ For 2D circular measurement curve :

—2)-d
nx,d(g) — 7lT (|€x—§)\2

39



Verification of Fundamental Properties

‘ For p.w. constant inclusions €2q, {25, - -+, () :

@ == [0 s~ S awn

so testing funcs take the same as probing, with ;. — V(:I?k)

’ Similarly for p.w. smooth inclusions

40



Verification of Othogonality

’ For circular measurement curve :

(M s fhy.dy )51 = 2Re (

TeTy

GQ’Y (Txryei(eac _Qy) ))

with a complex polynomial

G7(2) = ( §z>5<1—z) Zm

so when y ~ z and d, ~ d;, like a Gaussian

‘ Similarly for spherical measurement surface, but much
more technical

41



Index Function

‘ Index function for EIT :

K(%,y) — <77waGy>’v _ {((=Ar)"x,9)

With the Sobolev index

V=2



Numerical Experiments

‘ Four separated square objects
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‘ Thin square ring object:

5% noise




DSM for DOT

’ Diffusive optical tomography in absorption medium )
with absorption coeff (4 & photon density 4 :

—Au+ pu =0 in {2

__ Ou
Inject current ON 1 9= 5o
Measure density on 1 f —
$ DOT :

given (f, g), recover the absorption coeff [i
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General Principle of DSM

’ Define on the measurement surface T"
(X, ®)yr = ((=Ar)'x,¢0) Vx € H(T),¢ € L*(T)

’ Select a set of probing & testing funcs {771.} & {Mx} :

(1) nearly orthogonal wrt (-, - )~ ,ie, Vo & Q,yeD,

K(x y) — (M sty ). T like a Gaussian
7 |"7wa

(2) family probing funcs is fundamental.

(u—uo)(§) = Dy akpiy, (§) VEET
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Choice of Testing Functions

% Green function :

—AGy + 110Gy =6, in Q; 282 =0 on 0N

% Scattered potential U, — u() On F :
(u—u0)(§) = Jp Gy(§) (o — u(y))u(y)dy VEET

% Fundamental representation :
(u—u)(§) = ) arGy,(§) VEET

% Green functions: good candidates for testing funcs

46



Choice of Probing Functions

‘ Green function :

—Aw, + pow; =0, in Q; w, =0 on I} 850; =0 on 0Q\T

‘ Fundamental solution in the whole space (I)aj

‘ Define wx -
Ay, + g, =0 in Q; =9, on I %:% on OO\T
‘ Probing functions, wLE — ®LIZ‘ — pr :

e (§) = 2= (&) VEET

a7



Probing functions for special geometries

‘ For 2D circular measurement curve :
_ 1|z 1
Nz(Y) = oo —y|2 Vy edS

§ Orthogonality or Gaussian like behaviour :

_ <77337Gz>1 . TszCOS(Q 0><H—T2T2> ZT
K(CL’,Z) - L3 = (l“) (1-2r,7y cos(0,—0 )JFT T2)
021 M2l

48



Index Function for DSM

A
\

Recall the kernel functions for DOT:

K(Cl?,y) _ <77waGy>’v _ {(=Ar)"x,9)

|77m‘Y - ‘77:12|Y

with the Sobolev index

v=1

49



Example | (5% noise)

04
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]

Severely ill-posed, 4 inclusions close to each other & to the boundary,
but reconstructions quite satisfactory:
5% noise, only one Cauchy data, data far away from inclusions
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General Principle of time-dependent DSM

‘ Define a Sobolev dual producton I" x (7, T"):
<X7 ¢>’y,F><(7'0,T) \V/X cyY ) §b € Z

‘ Select probing & testing funcs{n, ;}, {/1, s} based on PDEs

(1) nearly orthogonalwrt (-, - )~ , ie, Yye D, se (r,T),

kernel (M, ts y,s)y,Tx (r0,T) -
. — ! L ’ Gaussian
func: K(x’ 6y, 8) Nz, t|y

(2) testing funcs are fundamental over set of testing points:

U — Ug ~ Zk,j Ak,j Myg,s; O 1" % (TOvT)
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General Index functions for DSMs

‘ We define the index function

z,ty U — U T
[(ﬂ?’t) .— <77 0 0>’Y,F><( O,T)

VeeQ,te(0,T)
‘ncc,t’Y

‘ Then the index provides a probability :

<77:Eta,uyk s-> I'X (10,T)
[(z,t) ~ Za”“’j ’ 2 20
) ‘nx,t Y
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DSM for Moving Potential

‘ Heat conduction/moving DOT:

%—? = alAu — q(x,t)u

Measure heat intensity en [ : U,
corresponding te one single U

‘ Inverse Problem:

given u, recover Q(ZE, t)

53



Testing Functions

’ U : heat intensity with background potential §0

a<u(9_tu0) — aA(u —up) = —golu —uo) = (¢ = qo)u

we have T
_ _ O(x — .t — dud
. (o)) == [ [ @yt =) ely,5) ayas
with fundamental solution 1 2| )
O(x,t) = exp <
Admat dat

‘ Therefore
(u - ”LLO)(QS,t) ~ Zk,j Ck?jq)("T = Ykt — Sj) V(%t) el'x <O7T)

‘ Probing functions :

nx,t::q)xt@a) (I)(‘T yat_S)XJr(t_S_(S)
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Index Function

‘ Define on the measurement surface :

<X7 ¢>a,FX(O,t) c= <AgX7 ¢> VX S H2Q<F> 7¢ S LZ(F>

not surface Laplacian this time

‘ DSM index functions :

Qo _ <77w,t>u_u0>a,Fx(0,t)
IO (337 t) o |w§,t|y

‘ Normalization :

fo(z. 1) = G0

max |I§ (x,t)]
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Index Function: real-time

‘ DSM index functions : real time reconstruction

Q _ Mz, t,u—u0) o, x(0,1)
IO (I,t) - ‘wg’t‘y

‘ no any data after time t needed
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Behavior of index for point source ¢ = &(0.5.0)()d1 (¢)

I zeroth
| order
b index
r  10.06 Ia
0

P 10.04
I002 a — 2

0.09 maX
S a
o o:os t:O . 5 ’
- oos far

L {0.04 fro m

F 10.03 t: 1 ,

0.02

further
0 away

0.11
0.1

10.09
r 10.08

r 10.07
r 10.06
r 10.05

P 10.04

0.03
0.02

0.01

t=1.25

r 10.03




Temporal derivatives of zeroth order index [§

‘ From the behaviour of Igé, we see big drop In spatial
maximum with time as time goes on from t=1, so a rate
of change of [04 may capture the inclusion more

effectively:
o __ @8
L am o L



Behavior of index for point source ¢ = §(0.5.0)()d1 (¢)

I0.025 1St

. order
index

r  10.015 a

t=0.75

r 10.01

|

max =125 x10°
well
reached
at
t=1




Verification of Index Function

‘ Consider the kernel
L fEO L @ (y—2,5—k)AYD(z—2,t—k)do, dk

KCK t p—
0 (x, 85y, s) \/fot—é Jr(Ag®(x—z,t—k))*do.dk

and its derivatives
K% (x,y,t,s) :== 0] K¢ (x,9,t, 5)

For some t > g,
Oy (\/fg(S Jp (AS®(z — 2,1 — k)’ dazdk) = O(t5 %™ %)
=) Explicit relation for o,y € N, t >

a ) (JI° [ ®(y—z,5—k)AS®(w—z,t—k)do. dk
KJ(x,t;y,8) = U L : )
\/fo Jp(AS®(z—2,t—k))*do. dk

=

1 O<t0—2a—2>

Max at y = x, s = t, but shift away more if a — = bigger
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Numerical Experiments |

I(t) = <8iT +o.25) (cos (%T) sin (%)) , te(0,5)

t=2

!Zz there is
07 atime lag,
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5% noise
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Numerical Experiments |1

t 1 1 t 2 1
I'(t) = <—5+§+ECOS<M)’_%+§—6C08(t7r)> , t€(0,5)
g
y once it
08 succeeds

o7 to approach
exact inclusion
for t>2, it starts
to follow

02 exact path

t=5

N recovered
Initially, for t<2, trajectory can
the reconstructed even follow
Inclusion very fine turnings
tries to find

as exact one from

the exact inclusion t >4 onwards




Numerical Experiments 111

Dy (t) = (2cos (), Lsin (31)),  Tyt) = (—2cos (%X), —Lsin (22))

10

2

10

3

15 2 15

2 objects,
with different
speeds,
highly
03 Ill-posed

- [
initially, strongly
coupling, grcetggﬁgy,
seen

2 objects,




Numerical Experiments 111

[y(t) = (Feos (15) - 3sin (§5)), Talt) = (=F cos (§F), —3sin (3F))

" signal to noise
weak,
less stable,
N more
oscillatory

I after long time,

0.6

r 105

r 104

t=7

0.16 ‘

0.14

2 objects, I
with one set 1, still tracing
of data, oo 2 objects
very oo reasonably
challenging well

task




An Optimal Control framework

o

o

o

Forward equation:
Ly(u)=0, Bu=/f
Background equation:

qu (uo) — 0 . B”LL() — f

Parameter-to-solution:
LC]O (u - uO) — _(Lq - LQO)(U’) c= J(q — QO)

=) u—ug =G |J(q— qo)
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An Optimal Control Framework

‘ Parameter-to-solution:

u—ug =G |J(q— qo)
E:u—ug— (u—ug)|r
‘ Index function :

[ =(®oWx,(n)oEoG)[J(qg—qo)

—

‘ Hope I provides an estimate of support of J(c — ¢o)
boWx (n)oEoGrid: X — X~

min [|® o W (n) o B o G —id|x_, x-
77
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Index Function for DSM

‘ Recall the kernel function :

K(ZU,Z/) _ (N2,Gy)y _ ((=Ar)"x,¢)

|77w|Y

Sobolev index :
‘ Wave-type:

Y
EIT: Y =
DOT: Y
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Features of DSMs

- “ZH wLH <D

Computationally very cheap, completely parallel

Stability: straightforward

Works for a single measurement data

Robust against noise in data, due to orthogonality:

high frequency components in data orthogonal to
fundamental solutions on measurement surface
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Other related sampling methods

‘ R Potthast 2010, inverse obstacle scattering

ZM Chen et al. (since 2013):
reverse time migration, inverse obstacle acoustic & EM scattering

H Ammari, et al.
WK Park, et al.

HY Liu, XD Liu, JZ Li, YK Guo, ... ...

=) Mostly for inverse wave scattering
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THANK YOU!
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