On Comparison Theorems for Diffusion Processes

Zhang Xinsheng

Institute of Mathematics, Shantou University, Shantou, 515063 P.R.China

Abstract: It is well known that when two diffusion processes in R^1 have same diffusion terms, one can get the comparison theorems for their sample path. In this talk, we will deal with the comparison problems for two diffusion processes in R^d with different diffusion terms. In general, we cannot obtain the comparison results for their sample path in this case. We will discuss the problems of comparison between their distributions and their convex order. Several comparison theorems are given for two uniformly elliptic diffusion processes and for two uniformly elliptic diffusion processes with jumps. We also discuss the comparison problems for one kind of infinite dimensional diffusion, named supperdiffusion.

Key Words: Comparison Theorems, Uniformly Elliptic Diffusion Processes, Uniformly Elliptic Diffusion Processes with Jumps, Superprocesses.

I. Introduction

The comparison theorems for diffusion processes is a interesting subject. Many authors have devoted their interest to this area. For example, Anderson[1], Ikeda and Watanabe[13], Skorokhod[17], etc. When the two diffusion processes have the same diffusion coefficients, one can obtain the following well known comparison theorem.

Theorem 1.1. Suppose that we are given the following: a real continuous function σ(t, x) defined on [0, ∞) × R^1 such that |σ(t, x) − σ(t, y)| ≤ ρ(|x − y|), x, y ∈ R^1 t > 0, where ρ is a strictly increasing function defined on [0, ∞) such that ρ(0) = 0 and ∫ 0+ ρ(x) dx = ∞, (ii) two real continuous functions b_1(t, x) and b_2(t, x) defined on [0, ∞) × R^1 such that b_1(t, x) ≤ b_2(t, x) t ≥ 0, x ∈ R^1. Suppose that X_i(t), i = 1, 2 are the (pathwise unique) solutions to the stochastic differential equations

dX_i(t) = σ(t, X_i(t))dB(t) + b_i(t, X_i(t)); X_i(0) = x_i,

where B(t) is a one-dimensional Brownian motion with B(0) = 0. If X_1(0) ≤ X_2(0), then X_1(t) ≤ X_2(t) for all t, P a.s..

When the two diffusion processes have the different diffusion term, O’Brien[15] first proved the same type comparison theorem as following.

Theorem 1.2^{[15]} Let B(t) be a one-dimensional Brownian motion with B(0) = 0 and σ_i : R^1 → (0, ∞), i = 1, 2 be continuously differentiable functions. Let z^i, i = 1, 2, be constants. Suppose that X_i(t), i = 1, 2, be the global solutions of stochastic differential equations

dX_i(t) = σ_i(X_i(t))dB(t) + 1 2 σ_i(X_i(t))σ^′_i(X_i(t))dt, with initial data X_i(0) = z^i. If ∫ y z^1 dx σ_1(x) ≥ ∫ y z^2 dx σ_2(x)

, for all y ∈ R^1.

Then X_1(t) ≤ X_2(t) a.s. for all t ≥ 0.

Obviously, the drift term have deeply depedent on the diffusion term in O’Brien’s results. As for the case of d > 1, Borkar^{[3]} first obtain in 1987 a new type of comparison theorem for two diffusion processes in R^d with different diffusion coefficients and without drift.

Theorem 1.3^{[3]} Let X(t) be a d-dimensiaonal diffusion process described by the stochastic differential equation

X(t) = x + ∫ t 0 σ(X(s)) dB(t), x ∈ R^d, t ≥ 0 where B(t) is a d-dimentional standard Brownian motion and σ : R^d → R^{d×d} is bounded continuous and staisfies λ^2||y||^2 ≤ ||σ(x)^T y||^2 ≤ Λ^2||y||^2, x, y ∈ R^d, for some 0 < λ < Λ. Let

G = {f : R^d → R|f is convex function and statisfies (1.1) below}, lim ||x||→∞ e^{−α||x||2}|f(x)| = 0 for all α > 0. (1.1) Then for any T > 0 and f_1, f_2 ∈ G E[ ∫ T 0 f_1(x + λB(t))dt + f_2(x + λB(T ))] ≤ E[ ∫ T 0 f_1(X(t)dt + f_2(X(T )) ≤ E[ ∫ T 0 f_1(x + ΛB(t))dt + f_2(x + ΛB(T ))]

In recently, Chen and Wang^{[4]} discussed the problem order-preservation and positive correlations for multidimensional diffusion processes. They obtained the comparison results for two diffusion semigroups for all monotone functions. Let A_l = 1 2 d∑ i,j a^{(l)}_{i,j} ∂^2 ∂x_i∂x_j + d∑ i=1 b^{(l)}_i ∂ ∂x_i , l = 1, 2. and let {P^{(l)}_t } be the semigroup generated by A^{(l)}. We call P^{(1)}_t ≥ P^{(2)}_t , if for all bounded continuous monotone functions f, and all x ≥ y and t ≥ 0,

P^{(1)}_t f(x) ≥ P^{(2)}_t f(y)

Theorem 1.4^{[4]} P^{(1)}_t ≥ P^{(2)}_t if and only if the following two conditions hold:

(i) for all i and j, a^{(1)}_{i,j} = a^{(2)}_{i,j} and a^{(1)}_{i,j} (x) depends only on x_i and x_j. (ii) for all i, b^{(1)}_i (x) ≥ b^{(2)}_i (y) whenever x ≥ y with x_i = y_i. In this talk, We will extend the Borkar’s result to uniformal elliptic diffusion with jumps. we will give another type of comparison theorem for the d-dimensioal difffusion X(t) without drift term. Two comparison theorems are also given for one kind of infinite dimensional diffusion, named supperdiffusion.

The main tool we used is following integral by part formula:

Lamma 1^{[18]} Let T_t, S_t be strongly continuous semigroups on the Banach space E, with infinitesimal generators A and B, respectively. Suppose that x ∈ D(A). If T_sx ∈ D(B) for 0 < s < t and ∫ t 0 ||BT_sx|| ds < ∞, then we have S_t − T_t = ∫ t 0 S_{t−s}(B − A)T_sx ds Throught this paper, we will suppose that σ : R^d → R^{d×d} be bounded continuous matrices value functions. Let a(x) = σ(x)σ^T (x), a(x) = (a_{i,j}(x))_{d×d} staisfies the following

Condition (A): λ^2||y||^2 ≤ y^T a(x)y ≤ Λ^2||y||^2, x, y ∈ R^d, (1.2) for some 0 < λ < Λ, and a_{i,j}(x), 1 ≤ i ≤ d, 1 ≤ j ≤ d are bounded countiunous functons on R^d. Let B(t) be a d-dimentional standard Brownian motion. We call X(t) is uniformly elliptic diffusion in R^d, if X(t) is the solution of the following stochastic differential equation: dX(t) = σ(X(t))dB(t) + b(X(t))dt.

II. A Comparison Theorem for Uniformly Elliptic Diffusion without Drift

Let X(t) be d-dimensional diffusion processes without drift, i.e., X(t) staisfies the following stochastic differential equation: dX(t) = σ(X(s)) dB(t), with X(0) = x. We have the following new type of comparison theorem:

Theorem 2.1 Let X(t) be a d-dimensional uniformal elliptic diffusion i.e., σ satisfies (1.2). If d ≥ 2, then ∀t > 0, ∀C > 0, ∀x ∈ R^d P_x(|X(t)| ≥ C) ≤ 2P_x(|B(t)| ≥ C/Λ), P_x( sup_{0≤t≤T} |X(t)| ≥ C) ≤ 2P_x( sup_{0≤t≤T} |B(t)| ≥ C/Λ), ∀T > 0.

Sketch of Proof Set R(t) = |B(t)|, and R̄(t) = |X(t)|. By appplying Itô formula, we can express R(t) and R̄(t) as following R(t) = |x| + ∫ t 0 dβ(u) + 1 2 ∫ t 0 (d − 1)R(u)^{−1} du, where β(u) is a one-dimensional standard Brownian motion. R̄(t) = |x| + ∫ t 0 H(u) dW (u) + ∫ t 0 h(X(u)) du, where H(u)^2 = R̄(u)^{−2}X(u)^T σ(X(u))σ^T (X(u))X(u), h(u) = [T race σ(X(u))σ^T (X(u))−R̄(u)^{−2}X(u)^T σ(X(u))σ^T (X(u))X(u)]/(2R̄(u)). For ∀ε > 0, set

b(x) = (d − 1)/(2y), y ≥ ε (d − 1)y/(2ε^2), y ∈ (0, ε) 0, y ≤ 0. We can suppose that Λ = 1. Now, consider the following stochastic differential equation: Z(t)^ε = |x| + ∫ t 0 H(u) dW (u) + ∫ t 0 b(Z(u)^ε) du. Let τ̄_ε = inf{t > 0, R̄(t) ≤ ε}, τ_ε = {t > 0, Z^ε(t) ≤ ε}, Y (t) = R̄(t ∧ τ_ε ∧ τ̄_ε) − Z^ε(t ∧ τ_ε ∧ τ̄_ε). By applying Tanaka formula we can proof P_x(Z^ε(s) ≥ R̄(s), s ≤ τ_ε ∧ τ̄_ε) = 1

Now by using the idea of Hajek^{[12]}, we consider the following stochastic differential equation: Y^ε_i (t) = |x|+ ∫ t 0 b(Y^ε_i (u))du+ ∫ t 0 H(u)dW (u)+(−1)^i ∫ t 0 (1−H^2(u))^{12} dB(u), i = 1, 2 where B(u) is a one-dimensioanal Brownian motion and independent of W (u). Let Ȳ^ε(t) =^1_2 [Y^ε_1 (t) + Y^ε_2 (t)], T^ε_i = inf{t > 0, Y^ε_i (t) ≤ ε}, i = 1, 2. We can proof:

P_x(Z^ε(s) ≤ Ȳ^ε(s), s ≤ T^ε_1 ∧ T^ε_2 ∧ τ_ε) = 1, and for fixed t > 0, ∀δ > 0, ∃ε > 0 such that P_x(T^ε_1 ∧ T^ε_2 ∧ τ_ε ≤ t) ≤ δ, x ∈ R^d, x ≠ 0. So, for ∀C > 0, we have P_x(R̄(t) ≥ C) ≤ P_x(R̄(t) ≥ C, τ_ε ∧ τ̄_ε > t) + δ ≤ P_x(Z^ε(t) ≥ C, τ_ε ∧ τ̄_ε > t) + δ ≤ P_x(Z^ε(t) ≥ C, T^ε_1 ∧ T^ε_2 ∧ τ_ε > t) + 2δ ≤ P_x(max(Y^ε_1 (t), Y^ε_2 (t)) ≥ C, T^ε_1 ∧ T^ε_2 ∧ τ_ε > t) + 2δ ≤ P_x(Y^ε_1 (t) ≥ C, T^ε_1 ∧ T^ε_2 ∧ τ_ε > t) + P_x(Y^ε_2 (t) ≥ C, T^ε_1 ∧ T^ε_2 ∧ τ_ε > t) + 2δ ≤ 2P_x(R(t) ≥ C, T^ε_1 ∧ T^ε_2 ∧ τ_ε > t) + 2δ.

Let δ → 0, we get P_x(|X(t)| ≥ C) ≤ 2P_x(|B(t)| ≥ C), ∀C > 0, |x| > 0 Similarly, we can proof that P_x( sup_{0≤t≤T} |X(t)| ≥ C) ≤ 2P_x( sup_{0≤t≤T} |B(t)| ≥ C/Λ), ∀T > 0. As one application of this comparison theorem, we can get the following upbound estimation of packing measure for the image of X(t).

Theorem 2.2 Let X(t) be a d-dimensional uniformly elliptic diffusion X(t) satisfies the conditions of theorem 2.1. If d ≥ 3, then we have the following upbound estimation of packing measure for the image of X(t). ψ − p(ImX[0, 1]) ≤ C < ∞, P a.s., where ψ(t) =^{t2}_{log log(1/t)}, ImX[0, 1] = {X(s) : s ∈ [0, 1]}.

III.A Comparison Theorem for Uniformly Elliptic Diffusion with jumps

Now we will consider the diffusion process X(t) with jumps in R^d, whose infinitesimal generator is defined by Lf(x) = 1 2 ∑ i, j a_{i,j}(x) ∂^2f ∂x_i ∂x_j (x)+ ∫ R^d [f(x+y)−f(x)− d∑ j=1 y_j ∂f ∂x_j 1_{{|y|<1}}]ν(dy) where (a_{i,j}(x))_{d×d} = a(x) is same as in introduction and ν is a Lévy measure which is a measure on R^d with ν({0}) = 0 and ∫ d R(1 ∧ |y|^2)ν(dy) < ∞. Let X_1(t) and X_2(t) be two Lévy processes in R^d, whose infinitesimal generators are defined by

L_1f(x) = λ^2 2 d∑ i=1 ∂^2f ∂x^2_i (x) + ∫ R^d [f(x + y) − f(x) − d∑ j=1 y_j ∂f ∂x_j 1_{{|y|<1}}]ν(dy),

L_2f(x) =

Λ^2 2 d∑ i=1 ∂^2f ∂x^2_i (x) + ∫ R^d [f(x + y) − f(x) − d∑ j=1 y_j ∂f ∂x_j 1_{{|y|<1}}]ν(dy), respectively. For X(t), X_1(t) and X_2(t), we have the following comparison theorem.

Theorem 3.1: Let f be a convex function from R^d to R with at most polynomial growth at infinity. Then E_xf(X_1(t)) ≤ E_xf(X(t)) ≤ E_xf(X_2(t)) ∀t > 0, ∀x ∈ R^d Sketch of the proof Let T (t), T_1(t) and T_2(t) be the transition semigroups of X(t), X_1(t) and X_2(t), respectively. It is well known that the Lévy processes are homogeneous in space, i.e. T_i(t), i = 1, 2 commute with an arbitrary shift operator. So, if f is convex function, then T_i(t)f is also a convex function.

By using the following modification: Let f : R^d → R^1 be convex, set ρ_n(x) = n^dρ(nx), x ∈ R^d, n ≥ 1 with ρ(x) = { c exp { −^1_{1−||x||2} } , ||x|| < 1 0, otherwise

where c is a positive constant such that ∫ R^d ρ(x) dx = 1. Define

f_n(x) = ∫ R^d f(y)ρ_n(x − y) dy x ∈ R^d, n ≥ 1. Then it is easy to prove that

(i) f_n ∈ C^∞_0 (R^d), n ≥ 1 and^{∂2fn}_{∂xi ∂xj} ∈ C^∞_0 (R^d), 1 ≤ i, j ≤ d, n ≥ 1. (ii) f_n is convex on R^d, n ≥ 1.

(iii) f_n converges to f uniformly on any compact subset of R^d as n → ∞. So, we only to prove our result for a convex function f with f ∈ C^∞_0 (R^d).

In this case, one can check that all conditions of Lemma 1 hold. By lemma 1 and the following lemma 2^{[3]}, we have

T (t)f(x) − T_i(t)f(x) = ∫ t 0 T (s)(L − L_i)T_i(s)f(x)ds i = 1, 2. Note that:

(L − L_1)T_1(s)f(x) = ∑ i,j a_{i,j}(x)^{∂2T1(s)f (x)} ∂x_i∂x_j − λ 2△T_1(s)f(x) ≥ λ^2△T_1(s)f(x) − λ^2△T_1(s)f(x) = 0.

(L − L_2)T_2(s)f(x) = ∑ i,j a_{i,j}(x)^{∂2T2(s)f (x)} ∂x_i∂x_j − Λ 2△T_2(s)f(x) ≤ Λ^2△T_2(s)f(x) − Λ^2△T_2(s)f(x) = 0.

Therefore: T (t)f(x) ≥ T_1(t)f(x), T (t)f(x) ≤ T_2(t)f(x).

i.e:

E_xf(X_1(t)) ≤ E_xf(X_t) ≤ E_xf(X_2(t)).

Lemma 2^{[2]} Let B = (b_{ij})_{d×d} C = (c_{ij})_{d×d} be non-negative matrices. Moreover, B satisfies the following condition :∃0 < λ < Λ < +∞ for ∀ξ ∈ R^d,

λ^2ξ^T ξ ≤ ξ^T Aξ ≤ Λ^2ξ^T ξ

Then

λ^2 d∑ i=1 b_{ii} ≤ ∑ i, j a_{ij}b_{ij} ≤ Λ^2 d∑ i=1 b_{ii}.

IV. Two Comparison Theorems for Dawson-Watanabe superprocess

(A) Dawson-Watanabe superprocess Let (E, E) be a polish space. Let M(E) denote the set of all finite measure on E, and bC(E) denote (resp. bpC(E)) the family of bounded continuous functions(resp. bounded positive continuous functions) on E. Set: Ψ(x, λ) = −b(x)λ − c(x)λ^2 + ∫_∞ 0 (1 − e^{−λu} − λu)n(x, du) where c ≥ 0, and b are bounded measurable functions and n(x, du) is a kernel from E × R_+ to R_+ such that ∫_∞ 0 u ∧ u^2n(x, du) is a bounded function on E.

Here we give two special cases of Ψ(x, λ):

(1) choose b(x) = 0, n(x, du) = 0, then Ψ(x, λ) = −c(x)λ^2; (2) choose b(x) = γ(x)(1 + β/Γ(1 − β)), n(x, du) =^{β(1+β)γ(x)}_{Γ(1−β)}^1_{uβ+2} du, 0 < β < 1, c(x) ≡ 0, then Ψ(x, λ) = −γ(x)λ^{1+β}.

Let ξ_t be Borel right process on E, T_t denote its transition semigroup. By Fitzsimmons’s^{[9]} results, there exists a unique M(E)-valued Markov process X_t, whose Laplace functional is determined by the following formula: E_μ exp{− < X_t, f >} = exp{− < μ, u(t)f >}, f ∈ bpC(E), μ ∈ M(E), where u(t)f is the solution of the integral equation: u(t)f = T_tf + ∫ t 0 T_{t−s}Ψ(u(s)f)ds.

Moreover, X_t has the following branching property:

(X_t : t ≥ 0|X_0 = μ + ν)^d= (X^′_t + X^{′′}_t : t ≥ 0|X^′_0 = μ, X^{′′}_0 = ν), “^d= ” means the random variables of the two sides of equation have the same distribution. Following Dynkin [8], we call X_t a Dawson-Watanabe superprocess with parameter (ξ, Ψ).

Let: D(L) = {ϕ(< μ, f_1 >, · · · , < μ, f_n >), ϕ ∈ C^∞_0 (R^n), f_1, · · · , f_n ∈ D(L)}, where D(L) is the domain of operator L, < μ, f_i >= ∫ E f_idμ, i = 1, · · · , n. For ∀F ∈ D(L), set: LF (μ) = ∫ R^d μ(dx)c(x)F ′′(μ, x) + ∫ E μ(dx)[LF^′(μ, x) − b(x)F^′(μ, x)] + ∫ E μ(dx) ∫_∞ 0 n(x, du)[F (μ + uδ_x) − F (μ) − uF^′(μ, x)], where F^′(μ, x) = lim_{ϵ→0}^{F (μ+ϵδx )−F (μ)}_ϵ , δ_x denote the Dirac measure of point x. F^{′′}(μ, x) can be defined similarly.

By Fitgsinmmon’s results(see[9]), we know that L is the generalized infinitesmall operator of X_t, i.e. F (X_t) − F (X_0) − ∫ t 0 LF (X_s)ds, t ≥ 0 is a locally bounded P_μ-martingale.

(B) Two Comparison Theorems Let ξ = {ξ_t, t ≥ 0} be a Borel right process on E and

Ψ_1(x, λ) ≡ −b_1(x)λ − c_1(x)λ^2 + ∫_∞ 0 (1 − e^{−λu} − λu)n_1(x, du), Ψ_2(x, λ) ≡ −b_2(x)λ − c_2(x)λ^2 + ∫_∞ 0 (1 − e^{−λu} − λu)n_2(x, du). Theorem 1 establish the relationship between two Dawson-Watanabe superprocess with same ξ but different Ψ.

Theorem 4.1: Suppose X^{(i)}_t i = 1, 2 be D-W superprocess with parameters (ξ, Ψ_i). T_t and L are the transition semigroup and infinitesimal generator of ξ_t, respectively. If D(L)(the domain of operator L) is dense in bpC(E) and Ψ_1(x, λ) ≤ Ψ_2(x, λ), then E_μ exp{− < f, X^{(1)}_t >} ≥ E_μ exp{− < f, X^{(2)}_t >}, f ∈ bpC(E), μ ∈ M(E).

Proof:

Let P^{(i)}_t be the transition semigroup of X^{(i)}_t and L_i be the infinitesimal generator of P^{(i)}_t . Note that P^{(i)}_t is the strongly continuous semigroups on Banach space B(M(E)). Here, B(M(E)) = {F (μ) : sup_{μ∈M(E)} |F (μ)| < +∞}. For ∀f ∈ D(L)_+ , set F (μ) = exp{− < μ, f >}. It is easy to check that F (μ) ∈ D(L_i), i = 1, 2. Since P^{(i)}_t F (μ) = E_μ exp{− < X^{(i)}_t , f >} = exp{− < μ, u(t)^{(i)}f >}, where u^{(i)}(t)f = T_tf + ∫ t 0 T_{t−s}Ψ(u^{(i)}(s)f) ds, i = 1, 2. Hence

P^{(1)}_t F (μ) ∈ D(L_2) (f ∈ D(L)_+ =⇒ u^{(1)}(t)f ∈ D(L)). On the other hand, F^′(μ, x) = lim_{ϵ↓0}^{F (μ+ϵδx )−F (μ)}_ϵ = lim_{ϵ↓0}^{exp{−<f,μ+δxϵ>}−exp{−<f,μ>}} ϵ = −e^{−<f,μ>}f(x) and F^{′′}(μ, x) = f^2(x)e^{−<f,μ>}. Therefore: L_iF (μ) = −e^{−<f,μ>} ∫ E {Ψ_i(f) + Af}dμ, i = 1, 2. (4.1) By [9], we know that

F (X^{(i)}_t ) − F (X^{(i)}_0 ) − ∫ t 0 L_iF (X^{(i)}_s )ds, t ≥ 0, i = 1, 2 (4.2) is a locally bounded P_μ-martingale. Take expectation in two side of (4) and applying the martingale property, we have

P^{(i)}_t F (μ) − F (μ) − ∫ t 0 P^{(i)}_s L_iF (μ)ds = 0, i = 1, 2.

Therefore,

||^1_t (P^{(i)}_t F − F ) − L_iF || = ||^1_t ∫ t 0 [P^{(i)}_s L_iF − L_iF ] ds|| ≤^1_t ∫ t 0 ||P^{(i)}_s L_iF − L_iF || ds. By (4.1), we have P^{(i)}_s L_iF − L_iF = L_iP^{(i)}_s F − L_iF = −e^{−<u(i)(t)f,μ>} ∫ E{Ψ_i(u^{(i)}(t)f) + A(u^{(i)}(t)f)}dμ + e^{−<f,μ>} ∫ E{Ψ_i(f) + Af}dμ, (4.3)

where u^{(i)}(t)f is the solution of the following integral equation:

u^{(i)}(t)f = T_tf + ∫ t 0 T_{t−s}Ψ_i(u^{(i)}(s)f)ds i = 1, 2. From the above equalities and P^{(i)}_t is the strongly continuous semigroup on Banach space B(M(E)), we can conclude that 1 t ∫ t 0 ||P^{(i)}_s L_iF − L_iF || ds → 0 as t → 0, i = 1, 2. Also, ∫ t 0 ||L_2P^{(1)}_s F ||ds = ∫ t 0 || − e^{−<u(1)(s)f,μ>} ∫ E{Ψ_2(u^{(1)}(s)f) + A(u^{(1)}(t)f)}dμ||ds < ∞. By lemma 1:

P^{(2)}_t F (μ) − P^{(1)}_t F (μ) = ∫ t 0 P^{(2)}_{t−s}(L_2 − L_1)P^{(1)}_s F (μ)ds = ∫ t 0 P^{(2)}_{t−s}e^{−<μ,u(1)(s)f>} ∫ E[Ψ_1(u^{(1)}(s)f) − Ψ_2(u^{(1)}(s)f)]dμ ds ≤ 0, i.e: exp{− < μ, X^{(2)}_t >} ≤ exp{− < μ, X^{(1)}_t >}. Note that D(L)_+ is dense in bpC(E), we can obtain our result.

When the two Dawson-Watanabe superprocess have the same Ψ and different ξ, we have the following comparison theorem.

Theorem 4.2: Suppose X^{(i)}_t i = 1, 2 be D-W superprocess with parameters (ξ^{(i)}, Ψ). i.e. E_μ exp{− < f, X^{(i)}_t >} = exp{− < u^{(i)}(t)f, μ >}, f ∈ bpC(E), μ ∈ M(E), where u^{(i)}(t)f = T_t^{(i)}f + ∫ t 0 T_{t−s}Ψ(u^{(i)}(s)f)ds, i = 1, 2. T^{(i)}_t and L_i are the transition semigroup and infinitesimal generator of ξ^{(i)}_t , respectively. If f ∈ C^∞_0 (E) and L_1u^{(1)}(t)f ≥ L_2u^{(1)}(t)f (or L_1u^{(2)}(t)f ≥ L_2u^{(2)}(t)f), then E_μ exp{− < f, X^{(1)}_t >} ≤ E_μ exp{− < f, X^{(2)}_t >}, f ∈ bpC(E), μ ∈ M(E).

Proof:

The theorem 4.2 can be proved by the same way as in the proof of theorem 4.1. First, we need to substitute (4.1) by L_iF (μ) = −e^{−<μ,f>} ∫ R^d {Ψ(f) + L_if}dμ, i = 1, 2. (4.4) By (4.4), we have P^{(i)}_s L_iF − L_iF = L_iP^{(i)}_s F − L_iF = −e^{−<u(i)(t)f,μ>} ∫ E{Ψ(u^{(i)}(t)f) + L_i(u^{(i)}(t)f)}dμ + e^{−<f,μ>} ∫ E{Ψ(f) + L_if}dμ, where u^{(i)}(t)f is the solution of the following integral equation:

u^{(i)}(t)f = T_i(t)f + ∫ t 0 T_i(t − s)Ψ(u^{(i)}(s)f)ds i = 1, 2.

From the above equalities and P^{(i)}_t is the strongly continuous semigroup on Banach space B(M(E)), we can conclude that 1 t ∫ t 0 ||P^{(i)}_s L_iF − L_iF || ds → 0 as t → 0, i = 1, 2. Also, ∫ t 0 ||L_2P^{(1)}_s F ||ds = ∫ t 0 || − e^{−<u(1)(s)f,μ>} ∫ E{Ψ(u^{(1)}(s)f) + L_2(u^{(1)}(t)f)}dμ||ds < ∞. By lemma 1:

P^{(2)}_t F (μ) − P^{(1)}_t F (μ) = ∫ t 0 P^{(2)}_{t−s}[L_2 − L_1]P^{(1)}_s F (μ)ds = ∫ t 0 P^{(2)}_{t−s}e^{−<μ,u(1)(s)f>} ∫ E[L_1(u^{(1)}(s)f) − L_2(u^{(1)}(s)f)]dμ ds ≥ 0, i.e: exp{− < μ, X^{(2)}_t >} ≥ exp{− < μ, X^{(1)}_t >}. Note that D(L)_+ is dense in bpC(E), we can obtain our result.

(C) Applications (i) Let X_t be D-W superprocess with parameter (ξ, Ψ(x, λ)), where ξ is a Markov process and Ψ(x, λ) = −γ(x)λ^2, γ(x) > 0. Let P(μ, t, dν) be a transition probability of X_t. In [8], Dynkin proved that: if γ is a constant, then P(μ, t, {0}) = exp{− < 1, μ > γ 2 t^{−1}}. Applying Theorem 1, we can obtain the following result:if 0 < c_1 ≤ γ(x) ≤ c_2,then exp{− < 1, μ > c_2 2 t^{−1}} ≤ P(μ, t, {0}) ≤ exp{− < 1, μ > c_1 2 t^{−1}}.

(ii) Let X_t be D-W superprocess with parameter (W_t, Ψ(x, λ)), where W_t is d-dimensional Brownian motion and Ψ(x, λ) = −γ(x)λ^{1+β}, 0 < β ≤

1, γ(x) > 0. Set:

M_I = {ν : ν is Borel measure on R^d, satisfies 0 < lim_{k→∞} ν(A_k) λ_d(A_k) < ∞}, where A_k denotes the cube centered at the origin in R^d of side k and λ_d is d-dimensional Lebesgue measure. In [5] Dawson proved that: when d ≤ 2, lim_{t→∞} P(X_t(K) > ε) = 0, ∀ε > 0, ∀ν ∈ M_I (R^d), for any compact set K ⊂ R^d. We can extend this result to more general branching characteristic function Ψ by applying theorem 1.

Theorem 4.3: Let X_t be a D-W superprocess with parameter (W, Ψ) where Ψ(x, λ) = −γ(x)λ^{1+β} − c(x)λ^2 and W_t is a Brownian motion on R^d, where c(x) is a arbitrary nonnegative bounded measurable function. Then, for any compact set K ⊂ R^d, ∀ε > 0, ∀ν ∈ M_I (R^d),

lim_{t→∞} P_ν(X_t(K) > ε) = 0.

Proof: Let K be a compact set in R^d. Let X̄_t be a D-W superprocess with parameter (ξ, ψ), where xi is a Brownian motion on R^d and ψ(x, λ) = −γ(x)λ^{1+β}. Since ∀x, ∀λ, Ψ(x, λ) ≤ ψ(x, λ), by theorem 1 for ∀μ ∈ M(E), we have E_μ exp{− < f, X_t >} ≥ E_μ exp{− < f, X̄_t >}, f ∈ bpC(E) Therefore, exp{− < u(t)f, μ >} ≥ exp{− < ū(t)f, μ >}, f ∈ bpC(E) where ū(t)f = T_tf + ∫ t 0 T_tψ(ū(s)f)ds, and u(t) = T_tf + ∫ t 0 T_tΨ(u(s)f)ds. Take μ = δ_x, we have u(t)f ≤ ū(t)f and for ∀ν ∈ M_I (R^d) ∫ R^d u(t)fν(dx) ≤ ∫ R^d ū(t)fν(dx). Since the above inequality is hold for all continuous function with compact support, moreover, by [7] for ∀ν ∈ M_I (R^d), and all f that is continuous with compact support lim_{t→∞} ∫ R^d u^{(i)}(t)fν(dx) = 0, i = 1, 3. Therefore, lim_{t→∞} ∫ R^d u(t)fν(dx) = 0, ∀ν ∈ M_I (R^d). We conclude our result.

(iii) We can also use our comparison theorems to deduce some comparison results for solutions of nonlinear evolution equation. Note that E_μ exp{− < X_t, f >} = exp{− < μ, u(t)f >}, f ∈ bpC(E), μ ∈ M(E), where u(t)f is the solution of the integral equation: u(t)f = T_tf + ∫ t 0 T_{t−s}Ψ(u(s)f)ds. (4.5) Taking μ = δ_x, we have exp{− < μ, u(t)f >} = exp(−u(t)f(x)). Therefore one can get the following comparison results for u(t)f.

Theorem 4.1’: Let u^{(1)}(t)f and u^{(2)}(t)f be the unique solutions of the following two nonlinear evolutions (4.6) and (4.7) respectively, u^{(1)}(t)f = T_tf + ∫ t 0 T_{t−s}Ψ_1(u^{(1)}(s)f)ds, (4.6)

u^{(2)}(t)f = T_tf + ∫ t 0 T_{t−s}Ψ_2(u^{(2)}(s)f)ds, (4.7) Let L be the infinitesimal generator of semigroup T_t. If D(L)(the domain of operator L) is dense in bpC(E) and Ψ_1(x, λ) ≤ Ψ_2(x, λ), ∀x ∈ R^d, λ ∈ R^1, then for 0 ≤ f(x) ≤ g(x) we have u^{(1)}(t)f ≤ u^{(2)}(t)f, ∀t ≥ 0.

Theorem 4.2’: Let u^{(1)}(t)f and u^{(2)}(t)f be the unique solutions of the following two nonlinear evolutions (4.8) and (4.9) respectively,

u^{(1)}(t)f = T_1(t)f + ∫ t 0 T_1(t − s)Ψ(u^{(1)}(s)f)ds, (4.8)

u^{(2)}(t)f = T_2(t)f + ∫ t 0 T_2(t − s)Ψ(u^{(2)}(s)f)ds, (4.9)

Let L_i be the infinitesimal generator of semigroup T_i(t) respectively. If D(L_1)∩D(L_2) is dense in bpC(E) and L_1u^{(1)}(t)f ≥ L_2u^{(1)}(t)f (or L_1u^{(2)}(t)f ≥ L_2u^{(2)}(t)f), then u^{(1)}(t)f ≥ u^{(2)}(t)f, ∀t ≥ 0. Let D(L) be the domain of operator L, where L is the infintesimall generator of semigroup T_t. It is well known that if f ∈ D(L), then u(t)f is also the solution of the following abstract Cauchy problem:

{ du_(t_)f dt = Lu(t)f + Ψ(u(t)f) u(0)f = f From now on, we will only consider the case E = R^d.

Let Ψ_i(x, λ) = −γ_i(x)λ^{1+β}, 0 < β ≤ 1, γ_i(x) > 0, i = 1, 2. Suppose that u_1(t)f and u_2(t)f be the solutions of the following equation (4.10) and equation (4.11) respectively,

{ du_{1(}t_)f

dt = Lu_1(t)f − γ_1(x)(u_1(t)f)^{1+β} u_1(0)f = f, f ∈ D(L) (4.10)

{ du_{2(}t_)f

dt = Lu_2(t)f − γ_2(x)(u_2(t)f)^{1+β} u_2(0)f = f, f ∈ D(L) (4.11)

If γ_1(x) ≤ γ_2(x), then u_1(t)f(x) ≥ u_2(t)f(x) ∀t > 0, ∀x ∈ R^d.

We have another interesting result.

Theorem 4.4 Let u_1(t) and u_2(t) be the positive solutions of the following initial value problem (4.12) and (4.13) respectively,

{ du_{1(}t_)

dt = Lu_1(t) − γ(x)(u_1(t))^{1+β1} u_1(0) = f, f ∈ D(L)

(4.12)

{ du_{2(}t_)

dt = Lu_2(t) − γ(x)(u_2(t))^{1+β2} u_2(0)f = f, f ∈ D(L) , (4.13)

If 0 ≤ f ≤ 1 and β_1 ≤ β_2, then u_1(t) ≤ u_2(t).

proof: Note that 0 ≤ u_i(t) ≤ T_tf ≤ 1, therefore

γ(x)(u_1(t))^{1+β2} ≤ γ(x)(u_1(t))^{1+β1} .

From the proof of theorem 1, we have

P^{(2)}_t F (μ) − P^{(1)}_t F (μ) = ∫ t 0 P^{(2)}_{t−s}e^{−<μ,u(1)(s)f>} ∫ R^d {[−γ(x)(u1(t)) 1+β1 ] − [−γ(x)(u 1(t))^{1+β2} ]}dμ ds ≤ 0. Hence, exp{− < u_1(t), μ >} ≥ exp{− < u_2(t), μ >}. Taking μ = δ_x, we obtain u_1(t) ≤ u_2(t).

REFERENCES

[1] W. J. Anderson, Local behaviour of solutions of stochastic integral equations, Transations A. M. S. 164(1972), 309-321.

[2] R. N. Bhattacharya, , Criteria for recurrence and existence of invariant measures for multidimensional diffusion. Annals of Probability 6 (1978), 541–553.

[3] V. S. Borkar, On comparison theorem for diffusion without drift. Stochastic Processes and Appl. 27 (1987), 245–248.

[4] M. F. Chen and F. Y. Wang, On order-preservation and positive correlations for multidimensional diffusion processes. Probab. Theory Relat. Fields 95(1993), 421-428.

[5] D, A. Dawson, I. Iscoe, and E. A. Perkins, super-Brownian motion: Path Properties and Hitting Probabilities, Prob. Th. Rel. Field, 83(1989), 135- 206.

[6] D. A. Dawson, and K. J. Hochberg, The carrying dimension of a stochastic measure diffusion, Ann. Prob., 7(1979),693-703.

[7] D. A. Dawson, The critical measure diffusion, Z. Wahr. verw. Geb. 40(1977), 125-145.

[8] E. B. Dynkin, Three classes of infinite dimensional diffusions, J. Funct. Anal. 86(1989), 75-110.

[9] P. J. Fitzsimmons, Construction and regularity of measure-valued Markov branching processes, Israel J. Mach., VOL 64(1988), 337-361. [10] L. I. Gal’c̆uk, M.H.A. Davis, A note on a comparison theorem for equations with different diffusions. Stochastics 6(1981), 147–149. [11] C. Geiss, and R. Manthey, Comparison results for stochastic differential equations. In: Stochastic processes and optimal control. Engelbert, Karatzas, Röckner eds., Gordon & Breach.

[12] B. Hajek, Mean stochastic comparison of diffuson. Z. Wahrsheinlichkeitstheorie verw. Gebiete 68(1985), 315-329.

[13] N. Ikeda and S. Watanabe, A comparison theorem for solutions of stochastic differential equations and its applications, Osaka J. Math. 14(1977)619- 633.

[14] T. Y. Lee, T. Y. and W. M. Ni, Global existence, large time behavior and life span of solutions of a semilinear parabolic Cauchy problem, Trans. Amer. Soc. VOL 333(1992), 365-378.

[15] G. L. O’Brien, A new comparison theorem for solution of stochastic differential equations, Stochastis 3(1980), 245-249.

[16] A. Pazy, Semigroups of linear operators and applications to partial differential equations, Springer-Verlag, New York, Inc. 1983. [17] A. V. Skorokhod, Studies in the Theory of Random Processes, Addison- Wesley, Reading, Masschustter, 1965.

[18] T. Yamada, On comparison theorem for solutions of stochastic differential equations and its applications, J. Math. Kyoto Univ. 13(1973), 497-512. [19]J. A. Yan, A perturbation theorem for semigroups of linear operators. Lecture Notes in Math., VOL 1321, Berlin, 89-91, 1987.

[20] X. S. Zhang, Existence and uniqueness of invariant probability measure for uniformly elliptic diffusion, Dirichlet Forms and Stochastic Processes, Editors, Z. M. Ma, M. Röckner, J. A. Yan; Walter de Gruyter · Berlin · New York 1995.

[21] Z. K. Wang, X. S. Zhang, and Z. B. Li, One comparison theorem for uniformly elliptic diffusion processes and applications, Science in China(Series A), Vol. 23(1993), No. 11, 1121-1129.