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Abstract: In this paper, we study the asymptotic decay properties in both spatial
and temperel variables for a class of weak and strong solutions, by constructing the
weak and strong solutions in corresponding weighted spaces. It is shown that, for the
strong solution, the rate of temperel decay depends on the rate of spatial decay of the
initial data. Such a rates of decay are optimal.

1. Introduction

We consider the decay properties of solutions to the nonstationary Navier— Stokes equations in
R3 x [0, 400) :

%— vAu+ (u-V)u=—=Vp, in R x (0,00),
divu = 0, in R* x (0,00), (1.1)
u — 0, as |z| — +oo,
u(z,0) = a(z), in R®.

Here u = u(x,t) = (u1,uz2,us) and p = p(z,t) denote the unknown velocity vector and the pressure
of the fluid at point (z,t) € R® x (0,00) respectively, while v > 0 is the viscosity and a(z) is a
given initial velocity vector field. For simplicity, let v = 1.

Since Leray [25] constructed the weak solutions for (1.1) in R, and posed the question about
the decay properties of his weak solution, there is large literature discussing the decay properties of
weak solutions and strong solutions to the nonstationary Navier-Stokes equations, cf.[1-4,7,8, 10,11,
14-20, 22,23, 26-34, 40,42]. The L? decay properties have been extensively studied and the decay
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o
rates, similar to that of heat equation, are also obtained. Their results show: for each a €.J ?(R?),
subspace of L?(R?) consisting of all solenoidal vector fields, there exists a weak solution u such
that

Jim fu(t)]2 = 0. (1.2)
Ifa € L"(R?)(1 <r < 2), then
u(t)||2 < Ct=B/r=3/2/2, (1.3)

Here and after, || - ||, denotes the norm in L™(R3). Furthermore, if a eJ 2(R?) N LY(R3), then

[u@®)]l, < C+)~ G372 (1.4)
for 1 <r <2 and
Jim [lu(t)] = 0. (1.5)

If le7*4ally < C(1 +t)~P for some 3 > 0 with A being the Stokes operator, then
u(t)], < C(141)~C=3/m9/2 = min{1,24}, (1.6)

for 1 < r < 2. See [2-4,19,26,27,29,30,32,33,41]. Schonbek gave the estimates of upper and the
lower bound of decay rates for weak solutions in a series of works [32-34]. Moreover, the decay rates
of high order derivatives have been studied in [22,23] for weak solutions after sufficient large time.
Recent, Miyakawa studied the decay rates in Hardy space and established the decay results for
weak solutions in some “L"— like space” with r < 1. For details, see [30,31] and references therein.
Therefore, the time-decay properties are well understood. However, there are few results on the
spatial decay properties. Farwing and Sohr [11] showed a class of weighted (|z|*) weak solutions
with second derivatives about spatial various and one order derivatives about time variable in
L5(0,400; L) for 1 < ¢ < 3/2,1<s<2and 0<3/qg+2/s—4<a<min{l1/2,3—-3/q}, in
the case of exterior domain. In [10], they also showed that there exists a class of weak solutions
satisfying

C(a, f,a) ifo0<a<1/2

1.
|/ ?ulf3 + /t [|2]*/2Vu||3dr < ¢ C(a, f,a’,a)t®’ /=14 if 1/2 <a<ad <1, §12;
' Cla, )/ +112)  ifa=1. (1.7)s
While in [15], a class of weak solutions
(14 |z|*) 40 € L=(0, +o00; LP(R®)) (1.8)

was constructed for 6/5 < p < 3/2, which satisfies (1.7)3 for f = 0.
The first purpose in this paper is to construct weak solutions in weighted spaces. We show, if
o
a€ LY(RN J2(R3?) and |z|a € L?(R3), there exists a class of weak solution u satisfying

t
1L+ )M 2ue) 13 +/ (L + )2V u(r)|3dr < C,
0

which improves the corresponding local weighted estimate as (1.7)3 in [15]. By the interpolation
inequality, it implies that u satisfies

(1 4 |z)*u(t) € L°°(0,4+00; LP(R?))
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for 1 < p < 2and a = 2(p — 1)/p, which also improves estimate (1.8). Furthermore, if |z[>/2a €
L?(R3), then we show that there exists a class of weak solutions satisfying

t
1L+ |21)* 2 u(t) 13 +/ 11+ |21*)*/2Vu(r)|3dr < O(1 +log(1+1)), vt =0, (1.9)
0

for 0 < o < 3. If e *ally < C(1+t)~7 for some v > 0, then the right hand side of (1.9) can
be replaced by a constant independent of ¢. It should be noted that Schonbek and Schonbek [35]
studied the decay properties of moment estimate ||z|*/?u||o for smooth solutions.

The second purpose of this paper is to establish the estimates of decay rate of weighted norm
for strong solutions in LP(R?). For the existence and decay properties of strong solutions, there are
many results, see [1, 5-9, 12-18, 20,21,28,40,42]. In particular, Heywood showed the existence and
decay properties of strong solutions as |||z is small in [17]. Miyakawa [28] improved Heywood’s
results by a different method. On the other hand, many results about the existence and decay
properties of strong solution have been obtained in space LP(0,T; LY(R"™)) for ¢ > n > 3 and
1/p+n/2¢ <1/2in [1,6-9,12,14,16,18,20,21,42]. In particular, let BC'(0,T)(T > 0) denote the set
of bounded and continuous functions defined in (0,7"), Kato[20] first obtains the following decay
rates for strong solutions in LP(R™)

t1=n/0/2y ¢ BC(]0,400; LY(R™))  V¥n < q < +o0, (1.10)

tI=n/D/241/27y € BO([0, +00; LY(R™))  Vn < q < +oo (1.11)

provided that a € L™(R™) and ||a||,, is small. In the case that a € L"(R") N LP(R™)(1 < p < n),
then

tB3/p=n/0/2y ¢ BO([1,+00; LY(R")) Vp < q < +oo, (1.12)
t(n/p=n/0/241/27y € BC([1, 400; LY(R™))  Vp < q < 400 (1.13)
provided the exponent of ¢ in (1.12) and (1.13) are smaller than 1; otherwise, (1.12) and (1.13)

are valid for any positive number less than 1 as the exponent of ¢ are bigger than 1. By adding
a correction term, Carpio [7] showed, for initial data a satisfying: 1) |lal|,(n > 3) is small; 2)
a € LP(R")NL™"(R™)(1 < p < n), the solution to the Navier-Stokes equations behaves like the
solutions of the heat equations taking the same initial data. Thus Carpio [7] removes Kato’s
restriction on exponent of ¢ and extends the decay estimate to reach the case p = 1. So this
problem is also well understood. While for the spatial decay properties at large distance, a class of
weighted strong solutions was constructed, which satisfies that (1 + |z|?)u € L*°(0, +o00; L?(R?))
and t'/2Vu € L>=(0,+oo; L2(R®)), if ||a||2 + [|al|, small for some 1 < p < 2 in [15], and similar
results for exterior domains in [16]. Recently, Takahashi[39] showed that if u is a smooth solution,
then

tP)z|%|u(x, t)| < C  for ||+t large (1.14)

for all @« > 0 and 8 > 0 such that a+28 < 3. Meanwhile, Miyakawa [31] pointed out, if a = 9b/dz1,
then
sup |e_tAa| ~Clz|~"™ and suple "a| ~ ct— (/2
t>0 T
as |z] — oo and t — oco. Thus he conjectures that, if u is a smooth solution, then u should satisfy
that
lu(x,t)| ~ Clz|~ P as |z| +t — oo, (1.15)
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for all & > 0 and 8 > 0 such that o + 26 =n + 1.
In this paper, we show that, with the hypothesis that ||a||; + ||a||2 is small, then there exists a
unique strong solution u such that

P+ 2 ()], <O fort>0 (1.16)

and
2 (14 22 Vu@)], < O for =0 (1.17)

with &« =3 —3/po, 8= (3/po — 3/p)/2 for 1 < py < p < +ooand 3 < p. So a+ 26 =3—3/p.
Therefore, if p = oo, our results improve (1.14). Moreover, the time decay rates of weighted norm of
the solutions also improve the results of Kato’s in the sense that there is no restriction on exponent
of t and pgy can be taken to be 1. If a = 9b/dx; for some i = 1,2, 3, we show, if ||a]|; + ||a||2 small,
there exists a unique strong solutions u, which satisfies that

)1+ )P, <€ for t 2 0. (1.18)

In the special case p = oo, our result (1.18) shows that Miyakawa’s conjecture (1.15) is right.
Finally, it should be noted that, in order to obtain the global strong solutions, we assume the
smallness of the initial data, i.e., ||a]|1 + ||a||2 < &, which different from any previous known small
assumptions.

The paper organize as follows: In section 2, we state our main results. A new class of approxi-
mate solutions are constructed and then the integral representations are delivered in section 3. In
section 4 and 5, we establish the main weighted estimates for weak and strong solutions.

We conclude this introduction by listing some notations used in the rest of the paper.

Let LP(R3),1 < p < +o0, represent the usual Lesbegue space of scalar functions as well as that
of vector-valued functions with norm denoted by || - ||,. Let C§% (R?) denote the set of all C* real

vector-valued functions ¢ = (¢1, g2, ¢3) with compact support in R3, such that dive = 0. jp(R?’),
1 < p < o0, is the closure of C§%, (R*) with respect to || - [|,. H™(R?) denotes the usual Sobolev
Space. Finally, given a Banach space X with norm ||-|| x, we denote by LP(0,T; X),1 < p < 400, the
set of function f(t) defined on (0,7") with values in X such that fOT Il f ()% dt < +00. Let P be the
Helmholtz projection from LP(R3)) to J P(R3). Then the Stokes operator A is defined by A = —PA
with D(A) = H2(R*)N J 2(R®). Let D* = ¥, |0?/8x;0x;| and D3 = 3, |07 /0,0 ;04| At
last, by symbol C, we denote a generic constant whose value is unessential to our aims, and it may
change from line to line.

2. The Main Results

We first give the definitions of weak and strong solutions.

Definition 1 w is called a weak solution to the Cauchy problem (1.1) if
1) uw € L*(0,T; L*(R?) N L*(0,T; H'(R3)) for any T > 0,
2) u satisfies the equations (1.1) in the sense ofdistribution, i.e.,

/OOO /RS(ngW'WHu-V)uﬁ)dsz/ é(x,0)a(x)

R3
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for every ¢ € C§%, (R x R?).
3) divu = 0 in the sense of distribution, i.e.,

/ (@, )Vip(z) = 0
RB

for every 1 € C$°(R3).

Definition 2 u is called a strong solution to the Cauchy problem (1.1) if u € L°°(0, T; LP(R?))
for 3 < p < +o0 and any T > 0, and 2) 3) in the Definition 1 hold for w.

The main results in this paper are described in the following theorems. Our first result concerns
the existence and global estimates of weak solutions in a weighted L2—space.

Theorem 1 Let a € L'(R3)N jQ(R?’) and (1 + |z|>)'/2a € L?(R?). Then there exists a weak
solution u in L°°(0, +o0o; L?(R?)) to (1.1) such that

t
lu(®)]13 +/0 [Vu(r)|5dr < 4]|all3 (2.1)
and .
11+ |2*) a3 +/ (1 + |2*)*Vull3dr < CA (2.2)
0
for any ¢t > 0. Moreover, for ¢ > 0,
u(t)lla < CN (1 +t)=%/* (2.3)
and
[u®)[l: < CB. (2.4)
Here

A= N (J(1+ [2f?) /2al3 + N?)
N =l + lal} +llall> + lal}
B=al +lall:N.

In the case that the initial velocity field possesses higher order moments, we have the following
estimates:

Theorem 2 Let a € L*(R*)N 7 2(R?) and |z|3/?a € L?(R?), then there exists a weak solution
w in L%°(0,4+00; L?(R3)) to (1.1), which satisfies that

t
/3(1 + |2]?)??u?dx +/ /3(1 + 223/ Vu2dedr < C(Ay + B¥3N*3log(1+t))  (2.5)
R 0o JR
for any ¢t > 0, (2.1)-(2.4) are valid for u. Moreover, if ||e~*4al|; < C(1+1t)~7 for some v > 0, then
t
/ (14 |z[?)3/2u?dx +/ / (14 |2]?)3/2|Vul?dzdr < C(Ay + BY3N*/3) (2.6)
R® o Jms

for any ¢ > 0 with Ay = A% (||al|3/*N3/4 + N|ja||3/®).

Next, the weighted norm (both in time and in space) estimates of strong solutions are estab-
lished in the following theorem.
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Theorem 3 Let a € L'(R3)N J 2(R%), (14|z|?)Y%a € L*(R?) and (1+4|z[?)*/%a € LP°(R?) for
1 <po < +oo and @ = 3 —3/pg. Then there exists a constant A > 0, such that if ||al|; + ||all2 < A,
then there exists a unique strong solution u € L>(0, +00; LP(R3)) for 3 < p < +o0, which satisfies
the estimate

187 (1 + J[*)* 2ullp + (|12 (1 + |22)* 2V,
< C(I( + [e)*/2allp, + N* + A* B2 4+ B2 A N) (2.7)

for any t > 0 and 8 = (3/py — 3/p)/2.
Finally, for a class of special initial data, the results in Theorem 3 can be improved as:

Theorem 4 Let a € LY(R3)N 7 2(R%) and (1 4+ |z|>)'/?a € L*(R®). Let a = db/dx; for some
i=1,2,3 with b € L'(R®) and (1 + |z|?)*/?b € LP*(R?) for 1 < py < 400 and a = 3 —3/py. Then
there exist a constant A\g > 0, such that if ||alj; + |lal|z2 < Ao, then there exists a unique strong
solution u € L>(0, +o0; LP(R?)) for 3 < p < +o00, which satisfies the estimate

16724001+ ) 2uly < O I+ |2f2)*/ 25l + bl + N2+ AY2BY2 4 B2AN)  (28)

for any t > 0 and 3 = (3/po — 3/p)/2.

Remarks:

1. By interpolation inequality, (2.3) and (2.4) implies that the solution u, obtained in Theorem
1 and 2, satisfies decay property (1.4), which for weak solutions have already been obtained in
[3,19] etc. However, (1.5) is not a consequence.

2. The weak solution u, obtained in Theorem 1, also satisfies that

(1 + |z|)%u € L>(0,400; LP(R?))

for 1 < p <2and a=2(p—1)/p, which also improve the corresponding results in [15,10,11].

3. Schonbek and Schonbek [35] studied the decay properties of the moment estimate |||x|%u/|2
for 0 < e < 3/2, when u is a smooth solution. While we get estimates (2.5) and (2.6) for weak
solution. Moreover, the weak solution u, obtained in Theorem 2, satisfies that, for any 0 < a < 3,

t
/|x|a\u|2dx+// 2|7 Vul2dedr
R3 0 R3

can be dominated by the terms at right hand of (2.5) or (2.6), respectively.

4. Tn Theorem 2, the assumption |e~*all; < C(1 4+ ¢)~" holds for some v > 0, if a = A7b for
some b € L'(R?).

5. In Theorem 3, a + 28 = 3 — 3/p. When p = 400, our result improve Takahashi’s result.
Moreover, We obtain the decay rate similar to that of Kato, for weighted norm. At same time, we
remove the restriction on the exponent of ¢t and extend the decay rate to reach to the case pg = 1.
By adding a correction term, Carpio [7] have showed the solution to the Navier- Stokes equations
behaves like the solution of the heat equation, with same initial data, in LY(R"™)(n > 3) for ¢ > p,
as initial data a satisfying 1) ||a||, is small, 2) a € LP(R™)N L™(R™) for 1 < p < n. But our results
are different from that in [7].

6. Taking p = oo in Theorem 4, then estimate (2.8) yields (1.15), which gives an assertive
answer to Miyakawa’s conjecture.
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7. Let po =1 and p = oo in Theorem 4, then
[u(t)llo = O™2),

which has been proved by Miyakawa under different assumptions on initial data a. See Theorem
1.911) in [31].

Applying the weighted estimates obtained in section 4 and 5, the proof of Theorem 1-4 are
standard. So we will only deduce the necessary weighted estimates, and omit the details of the
procedure of the proof.

3. The Approximation Solutions and Their Integral Repre-
sentations

In this section, we construct a sequence of approximate solutions by using the linearized Navier-
Stokes equations in R?, and derive the integral representations of the approximate solutions. First,

let a €] P(R3)N jq(R3)(1 < p,q < 400). We select a¥ € C§%,(R?), such that
a* —a in jp(R3)ﬂ jq(R3) strongly

and

la* 1l < 2llallp,  lla*llg < 2lally- (3.1)

The approximate solutions are defined as follows: let (u°,p°) solve the the Cauchy problem of
the Stokes equations

oud

T Au® = —Vp°, in R3 x (0, 00),
divu® =0, in R? x (0, 00), (3.2)
u® — 0, as |z| — +oo,
u®(z,0) = a’(z), inR3
and (u¥,p*)(k > 1) solve the Cauchy problem for the linearized Navier- Stokes equations
aa—utk— AuP + (b1 W)k = —VpF,  in R? x (0,00),

divu* =0, in R x (0,00), (3.3)

uF — 0, as |x| — +o0,

uF(x,0) = a* (), in R3

for k > 1. Tt is well known (cf. [24]) that there exists a unique solution u*(k > 0) to (3.2) and

(3.3) satisfying
at ’ 8%1 ’
fori,j=1,2,3, k>0 and any T > 0.

82uk 8pk
&ciaxj ’ axl

€ L*(0,T; L*(R?))

(3.4)
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In order to derive an integral expression for u*, one can use the singular integral expression of
o
the projection operator P : L2(R3) —J ?(R?), that is:

o(y) d

R |7 =yl

Pp=¢+ %Vdiv (3.5)

for any ¢ € L?(R3)(cf. [24]). Applying the fundamental solution of the heat equation, on can
rewrite the solution to the Cauchy problem for the Stokes equations

% —Av=-Vp+f,
dive = 0,
v(z,0) =0
as .
v; :/O /Ra Viw—y,t—7) fly,7)dydr, i=1,2,3, (3.6)
where

, .1 _ 0 I'(z—z,t) ;
Vi(x,t :Fm,tez—i-—v—/ —— 2 2dz = P(Te
(2.t) =Pl el + N g | T T (re) (3.7)
[(z,t) = (47rt)_3/2e_‘”|2/4t
and e’ is the unite vector along z;— axis. It is easy to see that

Vi(z,t) = curl(curlw’) = —Aw’ + Vdivw', i=1,2,3

with ) r
wi(z,t) = —/ R0} dze',
47 R3 |Z‘
) . . (3.8)
Bl t) = - / Pa-2t),
47 R3 |Z|

For the detailed derivation of (3.7) and (3.8), see Ladyzhenskaya[24].

For simplicity of writting, we drop the right upper label k of the solution u* of (3.3) and use
b to denote u*~!. Let y and 7 denote the variables in equations (3.3). We multiply both sides of
(3.3) by Vi(x —y,t — 7), then integrate for y € R® and 7 € [0,t — ¢] for arbitrary 0 < € < t, to get
that

t—e
[ [ G- auiwnvie - y.e—rayar
0 R3 87'
t—e
— [ ] 9 0 D)@V - vt~ iy
0 R3
Since (—9/01 — A,)V* =0 and V' = P(T'e?), it follows that
t—e
| wtt-avia—pedy- [ awVie-utdy=- [ [ @DV @y t-r)dydr
RS R3 0 R3

Since u is divergence free, so it follows, by the structure of Vi(x —y,t — 7), that

lim u(y,t —e)Vi(x —y,e)dy = u;(x,t)
e—0 R3
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here u; denotes the i-th component of vector u. Thus,

u; = —/ / (b-Vu(y, 7)\Vi(x —y,t — 7)dydr + / a(y)Vi(z —y,t)dy.
0o JR3 R3

Substituting (3.7) into above equation, we get that

t
u; = 7/ / b Vuly,)T'(x — y,t — T)eidydT
0 JR3

t
[ [ 0DtV bl — =y + [ )l - vty
0 Jre y; RS

By integration by parts, we arrive at the desired integral representation form:

t
1o}
U; = biu;(y, 7)=—TI(x —y,t — 7)dydr
//RZ (0.7 T )

t 3 3

9 4 .
+ b ; O(x —y,t — dd+/ D(x — y, t)eldy.
/0 /R3 Z 1uk(y T)ayiaylayk (r—y T)dydT o a(y)T(z — y,t)e'dy

k=1

Let
I = / ¥ (90 — . £)dy,
R3
t/2 o
Ik = / / Wk |y, ) (VT + [ DY) (& — .t — 7)dydr,
0 R3
t
I} = / / 1|y, ) (VT + |D%8]) (& — .t — 7)dydr.
t/2 JR3
Thus

[uf (@, 1) < CUY + 13 + 13).
For T' and 6, direct calculations show that
|D™T (2, t)| < Cpa(Ja]? + £) =9/,
{ |D™8(x,t)| < Cr(|a]? +£)=(mF/2,

for m € N.

4. Weighted Estimates for the Approximate Solutions I

(3.10)

(3.11)

(3.12)

(3.13)

In this section, we establish some a priori estimates for the approximate solutions constructed in
section 3, which result in Theorem 1 and 2 by standard compactness argument. First, standard

enery estimates yield that
Lemma 4.1 Let a € 2(R®). Then the estimates

lu*@®)ll2 < 2llafl2 VE>0

/0 IV (s)[3ds < 4]lal2

(4.1)
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hold uniformly for k£ > 0.
Next, it follows, from (3.10)-(3.13), (4.1) and standard convolution estimates, that

Lemma 4.2 Let a € L'(R3)N jz(R?’). Then, we have
[uk ()] < CNE3/* (4.2)

and
[u*(t)|l, < CB (4.3)

holds uniformly for & > 0 and ¢ > 0. Furthermore, if [e"*4al|; < C(1 +¢)~7 for some v > 0, then
[uF ()2 < Ct=3/4m/2, (4.4)

for y1 = min{1,2v}. Where N = [lall1 + [|a|| + [lall2 + [|la]|3 and B = ||alls + [|all2N-
We now turn to the main weighted norm estimates in Theorem 1 and 2.

Lemma 4.3 Let a € L'(R?) and (1 + |z|?)}/2a € L?(R?). Then
¢
1L+ ) 2u 3 +/ (L + )2Vt |3dadr < CAy (4.5)
0

for any k >0 and ¢ > 0 with Ay = eClalz(||(1 + |2[2)}/2a||2 + N?).
Proof Taking the divergence of the first equations of (3.3) yields that

3
82
—ApF = k=10, 4.
P E D0z, (ui ™ uy) (4.6)

ij=1
Then standard Calderén-Zygmund estimate gives that
”pk”T < C||uk_1||2r||uk”2r

for 1 <r < +oo.
If (14|2[%)1/2uk=1 € 152 (0, 00; L2(R®)), we can show that (14 |z|?)'/2u* € L§< (0, 00; L2(R?)),

by (3.10)- (3.13). By induction,

¢
/ (1 + |z*)|u*?dz  and / / (1 + |z|*)|Vu*|?dxdr
R3 0o JR3

are well defined. Multiplying the first equation in (3.3) by (1 + |z|?)u* and integrating over R?,
one obtains that

d _
@ (2?25 + /R (U [af)| VP < Ol (3 + O+ )2 2 luf o
_ 1/4 1/4 _ 3/4 3/4
< 20[uF |13+ CIl (L + [ 2) 2k o Jub =5 [k |5 Tk =15 vk |5

< L+ =) 2R3 Vo[V ab (|2 + Cllu® 13 4+ Clla =t lallu* [z + [ Vur = o[ V¥ |2
(4.7)
Now (4.5) follows from (4.1), (4.2) and (4.7), by Gronwall’s inequality. 0
The higher order moment are estimated as follows:
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Lemma 4.4 Let a € L'(R*)N 32(R3) and |z|>/2a € L?(R®). Then
i
/ (14 |z|?)3/2|u* 2 dz +/ / (14 |z|?)3/2|Vu>|2dedr < CAy + BY?N*3log(1 +t)  (4.8)
R3 0 JR3

hold uniformly for k > 0 and ¢ > 0 with Ay = A%?(||al|3*N3/4 + |ja]3/°N).
Moreover, if ||e*4all; < C(1 +t)77, then

t
/ (1+ \x|2)3/2|uk|2dx+/ / (14 |z*)*?|Vu* 2dedr < C Ay + N%(3/2) (4.9)
R3 0 R3

hold uniformly for £ > 0 and ¢ > 0.

Proof Applying estimate (3.13) and the inequality
(14 |22 <2221+ [y + e = y|*)  for @20, (4.10)
one can show by using (3.10)-(3.12) and longthy calculation that

(1+ [af*)*/*u € Lis, (0, +00; L*(R®)) and (1 +[af*)*/*|Vu*| € Lf, (0, +00; L*(R?))

loc

as long as (1 + |=|?)3/4uF~1 € L2 (0, +o0; L2(R?)). By induction,

loc

t
/ (14 |z[?)3/2|u*2dz  and / / (14 |z[%)3/|Vu* 2dzdr
R? o Jrs

are well-defined.
We now multiply both sides of (3.3) by (1 + |z|?)%/2u* and integrate over R* to get

1d (

2dt Jps

< 3/ (1+|x|2)|uk|Vuk|dx+3/ (1+|x\2)|uk_1||uk|2da:+3/ (1 + |z|?)uk||p*|dz.
R3 R3 R3

(4.11)
Employing the weighted estimates on singular integral operators (cf. [36]), we deduce from (4.6)
that

L o) 2 P [ (U a2V P
R3

11+ 1) 2" 12 < ClIA A+ |2?) 2 b Ju]]|2.
Thus

/Rg(l + |2 )Pt Jutde < (1 + 222 ol (L + )2 2

< O+ J2*) 2kl (1 + |$|2)1/2|uk;j£|uklllzl/3
< O+ |2 2uF o] (1 4 |23 k6 ¥ ) 1w l2ay7
< AV + [ AR k5 et a7
< Ly 213/4) k(12 4+ C A2 b2 k132
< 4||( + [2[5)* V| llz + CAY lu® o) ™ 507
1/3 —

+C A1+ |ff|2)1/4ukHzllukllzﬁﬁHuk 247
< Lig 23/41T R 112 o A2 [0k 13726 1+~ 11( /16 | g (|5 16|y b1 || 15/ 16
< Z”( + |27 Vu2 + CAY a5 w1 Vsl [ Vel

3/2 5/8 —113/8 5/24 _ 5/8
FCAT P k58 b P 152 [Tk 5,
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where one has used Lemma 4.3 and the inequality

3/8 5/8
ullaayr < llull3’®|[Vull3’®.

By (4.1) and (4.2), we obtain that
! 2 k k 1 ! 2 4 k12
| [ s taPistitasar < 5 [+ el v ar
3/2 5/4 5/6
+CAY* (N34 al3 + Nljall3). (4.12)
Similarly,
‘ 2 k—1 k|2 1 ! 2 4 k|12
| [ et < [ v ar
3/2 5/4 5/6
+CAY? (N34 al3 + Nljall3). (4.13)

Finally, we estimate the first term on the right hand side of (4.11). By Holder inequality, we
get

| Pt = [ ol T 0 o)

<+ 2PVl + ) A
< gl 2P AVar 3+ O+ ) 4 .
Since
11+ =) 4k 3 = /m<1+le2>1/2|u’f|2/3|uk|4/3dx
2/3 4/3
< P A 1
2/3 4/3
< CIV{A+ ) 4 b 5
1
< el @+ 12l VUM + I+ 2?4+ ClE

for some ¢ > 0. Thus,
2/3 4/3
1L+ )Y 4R 12 < 261+ |2[2)%/4 Vb3 + Cllu® |37 )5
Taking 2¢ = 1/8 yields
1
/Rgu o+ [o?) [t [Vubldz < 21+ ) Vb [ + OB by, (4.14)

Substituting (4.1)-(4.14) into (4.11), we obtain estimates (4.8) and (4.9), by Lemma 4.2. 0

5. Weighted Estimates for Approximate Solutions II

In this section, we establish the decay rates estimates of weighted norms for approximate solutions
in LP(R3)(p > 3), which are used to show the existence of corresponding strong solutions. To this
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end, we first recall some basic estimates on I and 6. Applying the inequality 7%e~¢" < C®e~! for
a > 0, one can verify directly that

{ [|z|oT ||, < Cte/2=(3-3/p)/2,

5.1
|2V, < Ctle=1/2-(3-3/p)/2 (5.1)

for 1 < p < 400 and a > 0. By the weighted estimates about the singular integrals (cf.[36-38])

and (3.8), one has that
{WPD%p<cnxPFp<CW”*WWF””7 (5.2)
5.2

llz|*D3ll,, < Cll|*| VT[], < Ctla=D/2=G/2A=1/p),

for1<p<+4ooand —1/p<a<3-3/p.
Now we can deduce the main estimates needed for Theorem 3 and 4.

Lemma 5.1 Let a € L'(R%)N ] 2(R?), (1+[al*)/%a € L*(R®) and (1 +[a[*)*/%a € L (R?)
for 1 < py < 400 and @ = 3 — 3/pg. Then there exists a constant A > 0, such that if N < A, then,
for 8 = (3/po — 3/p)/2, the estimate

1471+ 222 b, < O (1L + 12l 2ally, + N? + 472 + B2 A1 N) (5:3)

holds uniformly for £ > 0 and for 3 < p < 4o0.

Proof By (3.12) and Minkowski inequality, we obtain that

3
I+ )2ty < O I+ [2f?)*2LE . (5-4)
i=1

By the Minkowski inequality, (4.10) and the basic LP— estimates for convolutions, we have, for
3 < p < +o0o, that

11+ [ 2 1E], < Cl /Rg(l +ly*)*?a(y) (@ — y. t)dyll,

41 [ latwlle = 3l°T @ - .0,
<C|(a+ |x|2)‘1/2a||p0t—(3/2)(1/p0—1/1’) + C||a||t=3/2+3/@p)+a/2
< C(llally + 11+ |=[*)*/%al|, )t~ /2 A/po=1/0) (5.5)

where one has used estimates (5.1) (if p = oo, we use (3.13) to estimate the second term of the
first step in (5.5)).
By (4.10) and the Minkowski inequality, one can get that for 3 < p < 400

t/2 B
10+ (22215, scwﬁ A;rﬂmwwm“ww«wm+uﬁwm—%t—ﬂ@wm

/2 B
0l [T e =1 (VE) + DO @ — .t = r)dr,

A
= O30l + 1132 1)-
(5.6)
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Similarly,
t
1+ 2P, <O //2 /R (U [y P) b (VT + (D) gt 7]
t

t
el // /R [z — | (IVT| + [ D)) (z — g, ¢ — r)dydr ],
t/2 3

A
= C(”I§1Hp + ||I§2”p>‘
(5.7)
Let J) = (1 +|2]?)*/2u*||,. In order to estimate I%§ and I%, we discuss three separated cases:
I)p=+ocand 1 <pyg<+400;2) 1 <py<p<ooandp>3;3)3<p)=p< 0.

CaseI: p=4ocoand 1 <py <+

In order to establish the uniform estimates on t°||(1 + |z|?)*/?u*||» with 3 = 3/(2po), the
singular factor ¢t~# will appear in the integral later. So it seems necessary to treat two cases: py >
3/2 and 1 < py < 3/2. Similarly, to establish the uniform estimates on t'/2+8||(1 + |z|?)*/?Vu*|| o,
the singular factor ¢t~1/2=# will appear in this procedure, one needs to distingush three cases:
po>3,3/2<pp<3and1<py<3.

First, it follows from (5.1), (5.2) and Lemma 4.2, that

t/2 B
Il <C / b= 25 || VT] + [ D26 |l2dr
t/2
< C'/ ||uk||2Jfofl(th)75/4dT
0
t/2
< C’N/ JEYA 4 )T — )T dr (5.8)
0

which yields the desired estimate for p, > 3. If 1 < py < 3/2, then a < 1 and 1 < g < 3/2. By
(3.13), we get, with the help of Lemma 4.2 and 4.3, that

t/2
—1112/3, 7k— _
1751 [l oo 50/0 ¥ (|32l (1 + Jy[2)>/2ub =32 (A3 (- r)~2dr
< 0A%3 v kI3 k123 (TR =134 _ 24
< CAY [y ()15 (I ) 2 (= 7) " dr
0
t/2
SC’A?/3Bl/3N2/3/ (J;co—l)l/a‘(l_|_7_)—1/2(t_7_)—2d7_. (5.9)
0

If3/2 <pg <3, thena—1¢€ (0,1] and 1/2 < 8 < 1. By (3.13), we obtain, with the aid of Lemma
4.2 and 4.3, that

t/2
Il < CAYB [ () 0 - ) 2ar (5.10)
0
here we have used the inequality
1L+ )0 2ull, < flullgll(1+ |21 2ully (5.11)

for1<g<p<2andy=2(p—q)/(p(2—q)), which follows from the Holder inequality.
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The ||I},||o0 can be estimated as

/2
1Tl <Cl / [ ol — g1 — yf? + (¢~ 7)) Py
<c / W okl — 5)7+ dr

< CN? / (1+ 7-)_3/2(t _ 7—)—1/2—3/(2po)d7.
0

< CNQt_1_3/(21’0),

where one has used (3.13).
Next, we estimate 1. By (5.1) and (5.2), we have

1251 1l <C/ (1+ [ | [u"[la(t = 7) 7/ Bdr
/ Jk 1(Jk)1/2|| k||1/2( )77/8d7_
t/2

< CN1/2/ JEV(TEN(1 4 1) 7308 — r)~T S,
/2

15

(5.12)

(5.13)

Note that in the estimate of I?IfQ, the singular factor (¢t — T)’2+O‘/2 will appear in the integral
with @ = 3 — 3/py. In order to control this singularity, we will separate two cases: py > 3 and

1<po<3.
If po > 3, it follows from the estimate (3.13) that

Il <c [ / = ol o — )2/ 0dr < N0,
t
If 1 < pg <3, using (5.1) and (5.2), one can get that
[FE [ C/;Q 1" 11 3p 1) /8o —2) (= 7) 71273 GrolBrot D) g,
t
If 5/3 < pp < 3, then (3po + 1)/(3pg — 2) < 2. By Lemma 4.2, one gets that

— — 3po—5)/(3 1 6/(3 1
L [ e o L S T

< J&*lB(3P0*5)/(3P0+1)N6/(3P0+1) (1 + 7—)*9/(6P0+2)'

If 1 < py < 5/3, then (3po +1)/(3po —2) > 2. Then,
|||uk_1||uk‘H(3p0+1)/(3p072) < Jéco—l(Jéco)(S—3po)/(3po+1)Huk|‘§(3p072)/(3po+1)

< JE1( gk ) (5=3p0)/(Bpo+1) N2(3Po=2)/(Bpo+1) (1 4 7)=3(3P0=2)/(2(Bpo+1))

Case IT: 1 <pyg<p<+ooand 3 <p.

(5.14)

(5.15)

(5.16)

(5.17)
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This can be achieved in a similar way as case I with slight modification. Indeed, we deal with
three cases for pg. For pg > 3, then, (5.1), (5.2) and Lemma 4.2 implies that

t/2 B
150, < C/O [ull2 5~ [[VD] + [ D0 ||2dr
t/2
< C’/O ¥ (125 ¢ — )~/ 4dr
t/2
< CN/ N O O A (R ) I 1 (5.18)
0
If 1 < py < 3/2, then a < 1. It now follows from (5.1), (5.2) and Lemma 4.2-3, that
/2
o2 k=11/2, k- -
il < C [ Iy I+ P 2t 2 2= r) 208/
t/2
-2)/(2 2)/(2 - _
< CA}/QA ”uk”gp 2)/( P)”uk”ép‘f' )/( P)(le)c 1)1/2(t _7_) 2+3/(2p)d7_

t/2
< CA}/QB(p—2)/(2p)N(p+2)/(2p) / (Jz’)f—l)l/?(l 4 7)73/8=3/Up) (¢ — 7)=243/(2) gp
0

(5.19)
If 3/2 < pp < 3, then a— 1 € (0,1]. By (5.1) and (5.2), we obtain, with the help of Lemma 4.2-4.3
and inequality (5.11), that

t/2
_1y1/2 _
175 1l SC/O 1+ )2 21+ () D 40 a2y

x(J§_1)1/2(t _ T)—2+3/(2p)dT

< oA / 0 Ja ) 2 )2
<cA}’B / t/z(J;f—l)l/?(t — 1) 733/ @) gy, (5.20)
0

Applying (5.1) and (5.1), one can estimate the ||I5,]], as

15, < C/Ot/2 || [lo(t — 5)~2F0/2H3/C) g7 < ONZ—1-8, (5.21)
Now we estimate I¥. Let » = 6(p — 1)/(p + 1). By (5.1) and (5.2), we have

15l < C/t; QL+ )22y (8 = 1) 71273 0
< C/t le)cfl(J]ljc)p(rﬂ)/(r(p%))||uk||§(p—r)/(7“(p—2))(t _ T)71/273/(27’)d7_
t/2
<c N</p73>/<3<p71>> / ' T (k20 G-

t/2
X (14 7)~P=3)/(4e=1) (¢ — 7)=1/2-3/C) g7, (5.22)

For the estimate on I¥,, We also consider two cases. If py > 3, we have, by (5.1) and (5.2), that

t
5|, < C wF Yol o (t — 7)YV 2 Bdr < ON?E8, 5.23
321ip t/2
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By the Young inequality and estimates (5.1) and (5.2), we get that
t
Mﬁu§0/|m“mwm@_ﬂAM%MmMﬁmm
t/2
for 1/l=1/p+ (Bpo—2)/(3pp + 1). If 5/3 < py < 3, by Lemma 4.2,
t
[15ll, < C/ Jl’f_l||uk||(3po+1)/(3p0,2)(t — 7)71/2=3/(@poBro+1) g7
t/2
|
< C/ JI’f—l||uk||53p075)/(3po+1)||uk||g/(3po+1)(t _ T)—1/2—3/(2p0(3p0+1))d7_

t/2

t
< CB(3PD—5)/(3P0+1)N6/(3p0+1)/ JEI(1 4 7)~9/2Gpot1)
t/2
X (t — 7)-1/2-3/@po(po+ 1) gy,

If 1 < pg < 5/3, then

t
||I§2||p < C’// J;fﬂ||uk||(3p0+1)/(3po,2)(t — 7)*1/273/(2po(3po+1))d7-
t/2

t

<C kal(lef)(573po)/(3po+1))||uk‘|§(3po_2)/(3po+1)
t/2

x (t _ 7—)—1/2—3/(2110(3po+1))d7-

t
< CN2Bpo=2)/(pot1) / T (5300 Bpo 1)
t/2

x (1 4 7)=3BPo=2)/(2Bpo+1)) (¢ — 7)=1/2=3/(po(3po+1)) g,

Case III 3 <py=p < +0

17

(5.24)

(5.25)

The estimates of ||15,]|, and || I% ||, in this case are same as (5.18) and (5.22). So we only give
the estimate of || 15,]|, and ||I,. Applying (3.13) and the theory on singular integral operator (cf.

[38]), we get that
K k k 2 2
1Bl + 1751l SCHAIu‘WMIM—yPOx—m + (t — 7)) 2dydr ],
t
<c| / | — g~ Pdydrl),
0

t
<c / b 3ol
< Cllalla Nt V4,

(5.26)

Summarizing above estimates, it is obvious that, if thI’f_1 < C, then tﬁJéC < C, by the
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Gronwall inequality. Therefore, it holds that t” JZ’f € L$2.(0,400), by induction. Thus

loc
L < C(Ilalll + 11+ [?)*allp, + N2 (1 +1)7"

+NY2(1 4 )=B/2-1/4 max (tﬁJfo_l)(tﬁJfo)l/2>

0<t<oo
C(N(l +1)~! tér[lofﬁ(o](tﬁJfo_l) + N?(1+ t)—l), as po > 3;
C(A‘;)/BB(l + ) 1H20/3 tgﬁ)éé](tﬁJfo_l)l/g
4 B(3p0—5)/(3p0+1) N6/ (3p0+1) tg[l(%i(o}(tﬁjfgl)» as 5/3 < py < 3;
+ C(A‘;’/BB(l—|—t)_1+26/3téﬂ{f;{q(ﬁJ&*ﬂ“
+ N2(B3po—2)/(3po+1) tg[loézo](tﬂjécofl)(tﬁ‘];co)(573po)/(3po+1))’ as 3/2 <po < 5/3;

C(Bl/i"Af/?’N?/?’(l+t)*3/2+25/3 I?Oaxl(tﬁjfgl)l/s
te|0,00

+ N2(3po—2)/(3po+1) H[lax](tﬁjggl)(tﬂjfo)(s—i‘mo)/(spwl))7 as 1<pg<3/2.
te 0,00

By the Young inequality, we deduce that

Bk < 2\a/2 2 B 7k—142

max (775) < C(llall + 10+ o) allpy + N? 4 N max (7757)?)

C(N max (t7JE1) +N2), as po > 3;
t€[0,00]

C(A‘;’/:SB max (t9JF-1)1/3

te[0,00]

+ B9/ Gpt NS/t max (t7571)), as 5/3 < po < 3
t€[0,00] B o

+ C(A‘?/SB max (tﬁJfo_l)l/?’

te[0,00]

+Ntg[loa?o](tﬁjfo—l)<3po+1>/<2<3p0—2>>)’ as 3/2 < po < 5/3;

C<B1/3A?/3N2/3 n[lax](tﬁJfo’l)l/:"
te[0,00

+Ntg[loax](tﬁjfo—l)(3p0+1)/(2(3170—2)))’ as 1< po<3/2.
,00

Therefore, if IV is suitable small, then
max(t77%) < C(llaly + (1 + |o)*/all,, + N? + AY*B¥2 + B2 A, N ),
which yields the desired estimate in the case p = oo. The argument for 3 < p < oo is similar.

By a longthy but similar calculation, one can show that

Lemma 5.2 Assume the conditions in Lemma 5.1 satisfied. Then if N < A, the estimates, for
t>0,
2 TuH ), < C(Jlally + 101+ [0l)* 2ally, + N2 + AY2BY2 4 BY2ALN)
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hold uniformly for £ > 0 and 3 < p < +o0.
If a = (0b)/(0x;) for some i = 1,2,3, one can shows, by similar discussion, that

Lemma 5.3 Assume the conditions in Lemma 5.1 hold. If a = (9b)/(dz;) for some i = 1,2,3
with b € L')(R?) and (1 + |z|?)*/2 € LPo(R3), then there exists a constant \g > 0 such that if
N < g, the estimate

/28 b, < C bl + 1L+ [#f)*/ 2], + N2 + AV2BY2 + BY2AIN ), for t € [0, 00)

holds uniformly for £ > 0 and 3 < p < +o0.
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