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Abstract

In this paper, by combining techniques from Ricci flow and alge-
braic geometry, we prove the following generalization of the classical
uniformization theorem of Riemann surfaces. Given a complete non-
compact complex two dimensional K&hler manifold M of positive and
bounded holomorphic bisectional curvature, suppose its geodesic balls
have Euclidean volume growth and its scalar curvature decays to zero
at infinity in the average sense, then M is biholomorphic to C2. During
the proof, we also discover an interesting gap phenomenon which says
that a Kahler manifold as above automatically has quadratic curvature
decay at infinity in the average sense.

§1. Introduction

One of the most beautiful results in complex analysis of one variable is
the classical uniformization theorem of Riemann surfaces which states that
a simply connected Riemann surface is biholomorphic to either the Riemann
sphere, the complex line or the open unit disc. Unfortunately, a direct analog
of this beautiful result to higher dimensions does not exist. For example, there
is a vast variety of biholomorphically distinct complex structures on R?" for

n > 1, a fact which was already known to Poincaré (see [3], [9] for a modern



treatment). Thus, in order to characterize the standard complex structures
for higher dimensional complex manifolds, one must impose more restrictions
on the manifolds.

From the point of view of differential geometry, one consequence of the uni-
formization theorem is that a positively curved compact or noncompact Rie-
mann surface must be biholomorphic to the Riemann sphere or the complex
line respectively. It is thus natural to ask whether there is similar character-
ization for higher dimensional complete Kéahler manifold with positive ”cur-
vature”. That such a characterization exists in the case of compact Kahler
manifold is the famous Frankel conjecture which says that a compact Kéahler
manifold of positive holomorphic bisectional curvature is biholomorphic to a
complex projective space. This conjecture was solved by Andreotti—Frankel
[10] and Mabuchi [18] in complex dimensions two and three respectively and
the general case was then solved by Mori [24], and Siu-Yau [34] independently.
In this paper, we are thus interested in complete noncompact Kahler mani-
folds with positive holomorphic bisectional curvature. The following conjecture

provides the main impetus.

Conjecture (Green—Wu [13], Siu[33], Yau [37]) A complete noncompact
Kahler manifold of positive holomorphic bisectional curvature is biholomorphic

to a complex Euclidean space.

In contrary to the compact case, very little is known about this conjec-
ture. The first result in this direction is the following isometrically embedding

theorem.

Theorem (Mok-Siu—Yau[20], Mok[21]) Let M be a complete noncom-
pact Kahler manifold of nonnegative holomorphic bisectional curvature of com-

plex dimension n > 2. Suppose there exist positive constants C, C5 such that



for a fixed base point xy and some ¢ > 0,
(i) Vol (B(zg,r)) > Cyr?" 0<r<+o0,

Cs
i < M
(ii) R(z) < T & (20, 7) on ,

where Vol (B(xg, 7)) denotes the volume of the geodesic ball B(xg,r) centered
at xo with radius r, R(x) denotes the scalar curvature and d(xy, z) denotes the
geodesic distance between xy and x. Then M is isometrically biholomorphic

to C" with the flat metric.

Their method is to consider the Poincaré-Lelong equation v/—190u = Ric.
Under the condition (ii) that the curvature has faster than quadratic decay,
they proved the existence of a bounded solution u to the Poincaré—Lelong
equation. By virtue of Yau’s Liouville theorem on complete manifolds with
nonnegative Ricci curvature, this bounded plurisubharmonic function u must
be constant and hence the Ricci curvature must be identically zero. This
implies that the Kahler metric is flat because of the nonnegativity of the holo-
morphic bisectional curvature. However, this argument breaks down if the
faster than quadratic decay condition (ii) is weaken to a quadratic decay con-
dition. In this case, although we can still solve the Poincaré-Lelong equation
with logarithmic growth, the boundedness of the solution can no longer be
guaranteed.

In [21], Mok also developed a general scheme for compactifying complete
Kahler manifolds of positive holomorphic bisectional curvature. This allowed

him to obtain the following improvement of the above theorem.

Theorem (Mok[21]) Let M be a complete noncompact Kéhler manifold
of complex dimension n with positive holomorphic bisectional curvature. Sup-

pose there exist positive constants C7, Cy such that for a fixed base point



Zo,

(i) Vol (B(zg,r)) > Cir*" 0<r<+oo,
N/ CQ

< _
(ii) 0< R(z) < T+ (g 1) on M,

then M is biholomorphic to an affine algebraic variety. Moreover, if in addition
the complex dimension n = 2 and
(iii) the Riemannian sectional curvature of M is positive,

then M is biholomorphic to C2.

To the best of our knowledge, the above result of Mok and its slight im-
provements by To [35], and Chen-Zhu [7] are the best results in complex di-
mension two of the above stated conjecture. Here, we would also like to recall
the remark pointed out in [7] that there is a gap in the proof of Shi [31] (see [7]
for more explanation) which would otherwise constitute a better result than
that of Mok [21].

In this paper, we consider only the case of complex dimension two. Our

principal result is the following

Main Theorem Let M be a complete noncompact complex two—dimen-

sional Kéahler manifold of positive and bounded holomorphic bisectional cur-
vature. Suppose there exists a positive constant C such that for a fixed base

point xy, we have

(i) Vol(B(zg,7)) > Cyrt 0<r<+o0,
(ii)" lim / R(z)dz =0
r—-+oo Vol(B(xg, 1)) /B(xo,r) ’

then M is biholomorphic to C?2.

We remark that the condition (ii)” means that the scalar curvature tends
to zero at infinity in average sense. In view of the classical Bonnet—Myers

theorem, this condition is almost necessary to make sure that the manifold is
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noncompact under our positive bisectional curvature condition. It is also clear

that the pointwise decay condition

lim R(x)=0

d(x,20)—+00
is stronger than (ii)".

The proof of the Main Theorem will be divided into three parts. In the first
part, we will show that M is a Stein manifold homeomorphic to R*. For this,
we evolve the Kahler metric on M by the Ricci flow first studied by Hamilton.
Note that the underlying complex structure of M is unchanged under the Ricci
flow, thus we can replace the Kéahler metric in our main theorem by any one
of the evolving metric. The advantage is that, in our case, the properties of
the evolving metric are improving during the flow. Moreover, we know that
the Euclidean volume growth condition (i) as well as the positive holomorphic
bisectional curvature condition are perserved by the evolving metric. More
importantly, by a blow up and blow down argument as in [6], we can prove
that the curvature of the evolving metric decays linearly in time. This implies
that the injectivity radius of the evolving metric is getting bigger and bigger
and any geodesic ball with radius less than half of the injectivity radius is
almost pseudoconvex. By a perturbation argument as in [7], we are then
able to modify these geodesic balls to a sequence of exhausting pseudoconvex
domains of M such that any two of them form a Runge pair. From this, it
follow readily that M is a Stein manifold homeomorphic to R2.

In the second part of the proof, we consider the algebra P (M) of holomor-
phic functions of polynomial growth on M and we will prove that its quotient
field has transcendental degree two over C. For this, we first need to construct
two algebraically independent holomorphic functions in the algebra P(M).
Using the L? estimates of Andreotti-Vesentini [1] and Homander [17], it suf-
fices to construct a strictly plurisubharmonic function of logarithmic growth

on M. Now, if the scalar curvature decays in space at least quadratically, it



was known from [20], [21] that such a strictly plurisubharmonic function of
logarithmic growth can be obtained by solving the Poincaré—Lelong equation,
as we mentioned before. However, our decay assumption (ii)” is too weak to
apply their result directly. To resolve this difficulty, we make use of the Ricci
flow to verify a new gap phenomenon which was already predicted by Yau in
[38]. More explicitly, by using the time decay estimate of evolving metric in
the previous part, we prove that the curvature of the initial metric must decay
quadratically in space in certain average sense. Fortunately, this turns out to
be enough to insure the existence of a strictly plurisubharmonic function of
logarithmic growth. Next, by using the time decay estimate and the injectivity
radius estimate of the evolving metric, we prove that the dimension of the space
of holomorphic functions in P(M) of degree at most p is bounded by a constant
times p?. Combining this with the existence of two algebraically independent
holomorphic functions in P(M) as above, we can prove that the quotient field
R(M) of P(M) has transcendental degree two over C by a classical argument
of Poincaré-Siegel. In other words, R(M) is a finite extension field of some
C(f1, f2), where f1, fo € P(M) are algebraically independent over C. Then,
from the primitive element theorem, we have R(M) = C(fi, f2, g/h) for some
g, h € P(M). Hence the mapping F : M — C* given by F = (f1, f2,9,h)
defines, in an appropriate sense, a birational equivalence between M and some
irreducible affine algebraic subvariety Z of C%.

In the last part of proof, we will basically follow the approach of Mok in
[21] and [23] to establish a biholomorphic map from A onto a quasi-affine
algebraic variety by desingularizing the map F'. Our essential contribution in
this part is to establish uniform estimates on the multiplicity and the number
of irreducible components of the zero divisor of a holomorphic function in
P(M). Again, the time decay estimate of the Ricci flow plays a crucial role in

the arguments. Based on these estimates, we can show that the mapping F':



M — Z is almost surjective in the sense that it can miss only a finite number
of subvarieties in Z, and can be desingularized by adjoining a finite number of
holomorphic functions of polynomial growth. This completes the proof that
M is a quasi—affine algebraic variety. Finally, by combining with the fact that
M is homeomorphic to R*, we conclude that M is indeed biholomorphic to
C? by a theorem of Ramanujam [27] on algebraic surfaces.

This paper contains eight sections. From Sections 2 to 4, we study the
Ricci flow and obtain several geometric estimates for the evolving metric. In
Section 5, we show that the two dimensional Kahler manifold is homeomor-
phic to R* and is a Stein manifold. Based on the estimates on the Ricci
flow, a space decay estimate on the curvature and the existence of a strictly
plurisubharmonic function of logarithmic growth are obtained in Section 6. In
Section 7, we establish uniform estimates on the multiplicity and the num-
ber of irreducible components of the zero divisor of a holomorphic function of
polynomial growth. Finally, in Section 8 we construct a biholomorphic map
from the Kahler manifold onto a quasi—affine algebraic variety and complete
the proof of the Main Theorem.

We are grateful to Professor L. F. Tam for many helpful discussions and
Professor S. T. Yau for his interest and encouragement. This work was partially
supported by The IMS of The Chinese University of Hong Kong and the third
author was also partially supported by the Foundation for Outstanding Young
Scholars of China.

§2. Preserving the volume growth

Let (M, g,3) be a complete, noncompact Kéhler surface (i.e., a Kahler
manifold of complex dimension two) satisfying all the assumptions in the Main

Theorem. We evolve the metric g,z according to the following Ricci flow



equation

dg =(x,t
M:—Rag(x,t) reM t>0,

ot (2.1)
gag(x, 0) = gag(x) re M,

where R 3(,t) denotes the Ricci curvature tensor of the metric g z(z,1).

Since the curvature of the initial metric is bounded, it is known from [29]
that there exists some Tia > 0 such that (2.1) has a maximal solution on
M x [0, Tyyax) with either Ti,. = 400 or the curvature becomes unbounded
as t — Tmax when T, < 400. By using the maximum principle, one knows
( see Mok [22], Hamilton [14], or Shi [32] ) that the positivity of holomorphic
bisectional curvature and the Kéhlerity of g,z are preserved under the evolution
of (2.1). In particular, the Ricci curvature remains positive.

Our first result for the solution of the Ricci flow (2.1) is the following

proposition.

Proposition 2.1  Suppose (M, gag) is assumed as above. Then the max-

imal volume growth condition (i) is preserved under the evolution of (2.1), i.e.,
Voly(By(z,7)) > Cyrt forall »>0, zelM, (2.2)

with the same constant C as in condition (i). Here, B;(z,r) is the geodesic
ball of radius r with center at & with respect to the metric gag(-, t), and the

volume Vol; is also taken with respect to the metric g,5(-,1).
Proof. Define a function F'(x,t) on M X [0, Tiax) as follows,

det, (gag

(@1)
det (gag(x, 0)) '

F(x,t) =log

By (2.1), we have

aF(l’,t) Y 0 B
0 Y (2,1) atgaﬂ(%t)

= —R(x,t) <0, (2.3)
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which implies that F'(-,%) is nonincreasing in time. Since R z(v,t) > 0, we

know from (2.1) that the metric is shrinking in time. In particular,
9.5(,t) < g,5(x,0) on M X [0, Tiax) - (2.4)
This implies that

det (gvg(x, t))
det (gvg(:v, O))

"R 1) = " (x,t)Ry5(x,t) -

< goﬁ(x, 0>Ra5(l’, t)

= ¢°%(2,0) (R,5(x.) — R,5(x,0)) + R(x,0)
= — N F(z,t) + R(z,0) | (2.5)

where /\g denotes the Laplace operator with respect to the initial metric
9,5(,0) and R(x,t) denotes the scalar curvature of the metric g, z(x,?).
Combining (2.3) and (2.5) gives

eF(a:,t) aF(Iﬂ t)

S 2 Ao () = R(@,0)  on Mx[0.Tma) . (26)

Next, we introduce a cutoff function which will be used several times in this
paper. Now, as the Ricci curvature of the initial metric is positive, we know
from Schoen and Yau (Theorem 1.4.2 in [28]) or Shi [32] that there exists a
positive constant C5 depending only on the dimension such that for any fixed
point o € M and any number 0 < r < 400, there exists a smooth function

@(x) on M satisfying

—C3 (1+—d0(?$0)) - (1+—d°(?”’))
e

<pr)<e ,

IVely (2) < —¢p(x) (2.7)

[DNop| () < T—Zw(w) ,



for all x € M, where dy(x, x¢) is the distance between z and xy with respect
to the initial metric g,z(x,0) and |-|; stands for the corresponding C° norm of
the initial metric g, z(x,0).

Combining (2.6) and (2.7), we obtain

% /M pla)e Vo = /M (AoF(2,t) — R(2,0)) p(x)dVy
Cs

r2 Jm

Flo,t)e(@)dVe — [ Re,0)p(x)dVs |

M
where dV; denotes the volume element of the initial metric g, 5(x,0).

Recall that F'(-,¢) is nonincreasing in time and F'(-,0) = 0. We integrate
the above inequality from 0 to t to get

Cst
[ o) (1= ) dve < =5 [ (—F(.t) e(@)dVo+ [ Rlx,0)p()dVs
M M M
(2.8)
Since the metric is shrinking under the Ricci flow, we have
Bi(xg,7) D By(x,7) for t>0, 0<r<-+o0,
and
Vol (By(xg,7)) > Vol (Bg(xg, 7))
— / eF(x,t)dVb
Bo(zo,r)
= Voly(Bo(zo, 7)) + (" —1)dVy . (2.9)
Bo(zo,r)
Then by (2.7) and (2.8), the last term in (2.9) satisfies
F(x,t) N dve > 203/ F(xz,t) 1 AV
/BO(M’T) (6 ) 0o = € " (6 ) p(x)dVy
CseCst
> 25— [ F ey
r M
—62C3t/ R(z,0)p(x)dVy . (2.10)
M

To estimate the two terms of the right hand side of (2.10), we consider any

fixed Ty < Tiax. Since the curvature is uniformly bounded on M x [0, Tp],
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it is clear from the equation (2.3) that F'(x,t) is also uniformly bounded on
M x [0, Tq].
Set
A=sup{|F(z,t)||x e M, te€l0,T]}

and

1
M su / R(x,0)dVy .
( ) a>£) Vol (BO($0a >> Bo(zo,a) ( ) °

Then condition (ii)” says that M(r) — 0 as r — +oc. By using the standard

volume comparison theorem and (2.7), we have

_ (H_do(ﬂvwo))
[ R 0p@dve < [ R0 g
M M

- do(z,zq)
— / R(x,0)e (o)
Bo(zo,r)

+2
k=0

o~ 2k (oht1\d
[ R0+ S e (2

k=0
VO]O (BO (.’L’g, 7")) /
R(x,0)dV;
VOI() (B()(I(), 2k+17°>> Bo(zo0,2k+1r) (x7 ) 0
S C4 . M(’I“) . VOIO (B()(.’L'O, 7")) s (2].].)

_ do(z,zq)
/ R(z,0)e ()
Bo(x0,2k+1r)\ By (z0,2%r)

IN

and similarly

_ dg(z,zg)
/gp(:c)dvo < / o)
M Bo(zo,r)

—i—Z/ e

Bo(x0,2k+1r)\ By (z0,2kr)

(Hdg(z,zg))

dVy

IN

Voly (Bo (o, 7)) + ]; e (21)" - Voly (By (a0, 7))

S C4V010 (Bg(.’L'g,T)) s (212)

where C}y is some positive constant independent of r.
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Substituting (2.10), (2.11) and (2.12) into (2.9) and dividing by r?, we

obtain

4 - ré 2 4

VOlt(Bt(fL'O, T)) S VOIO(BO(I(), ’I“)) _ CgezchTO <C4V010 (Bo(l'(), ’I“)))

r r r

o ( G VolO(BO(:co,r))>

rd
. 036203AT0 . 0401

2

> — BT,CyCy - M (1)

r

by condition (i). Then letting r — 400, we deduce that

i Vol; (By(xg, 1))

r—+00 7“4

> (O .

Hence, by using the standard volume comparison theorem we have
Vol (By(w, 7)) > Oyt forallz € M, 0<r < +oo, t €[0,Tp] .

Finally, since Ty < Thax is arbitrary, this completes the proof of the proposi-
tion. O

§3. Singularity Models

In this and the next section we will continue our study of the Ricci flow
(2.1). We will use rescaling arguments to analyse the behavior of the solution
of (2.1) near the maximal time Tyy.

First of all, let us recall some basic terminologies. According to Hamilton
( see for example, definition 16.3 in [16]), a solution to the Ricci flow, where
either the manifold is compact or at each time ¢ the evolving metric is complete
and has bounded curvature, is called a singularity model if it is not flat and
is of one of the following three types. Here, we have used Rm to denote the

Riemannian curvature tensor.
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Type I: The solution exists for —oo < t < 2 for some 0 < 2 < 400 and

QO
Rm| < ——
[fm| < 5=

everywhere with equality somewhere at ¢ = 0;
Type II: The solution exists for —oo < t < 400 and
|IRm| <1
everywhere with equality somewhere at t = 0;
Type III: The solution exists for —A < t < 400 for some 0 < A < +00 and

A
<
fml < 77

everywhere with equality somewhere at £ = 0.

The singularity models of Type I and II are called ancient solutions in the
sense that the existence time interval of the solution contains (—oo, 0].

Next, we recall the local injectivity radius estimate of Cheeger, Gromov and
Taylor [5]. Let N be a complete Riemannian manifold of dimension m with
A < sectional curvature of N < A and let r be a positive constant satisfying
r< s if A > 0, then the injectivity radius of N at a point x is bounded

WA
from below as follows,

. Vol(B(z,r))
iy () 2 B ) T Ve

where V" (2r) denotes the volume of a ball with radius 27 in the m dimensional
model space V" with constant sectional curvature A. In particular, it implies
that for a complete Riemannian manifold N of dimension 4 with sectional
curvature bounded between —1 and 1, the injectivity radius at a point x can

be estimated as
Vol(B(z, 3))

1
> .
=2 Vol(B(z,2)+V

injy(x) (3.1)



for some absolute positive constant V. Furthermore, if in addition N satisfies

the maximal volume growth condition
Vol (B(z,7)) > Cyr*, 0<r < 400,

then (3.1) gives
injy(z) >8>0 (3.2)

for some positive constant 5 depending only on C and V.

Now, return to our setting. Let (M, gag) be a complete, noncompact
Kahler surface satisfying the same assumptions as in the Main Theorem and
let g,3(x,t) be the solution of the Ricci flow (2.1) on M X [0, Tiax). Denote

Rinax(t) = sup R(z,t) .
zeM
We have shown in Proposition 2.1 that the solution g,3(-,?) satisfies the same
maximal volume growth condition (i) as the initial metric. Since condition (i)
is invariant under rescaling of metrics, by a simple rescaling argument, we get

the following injectivity radius estimate for the solution g,3(-,1),

__B
R (1)

Then, by applying a result of Hamilton (see Theorems 16.4 and 16.5 in [16]), we

inj(M, g,5(-.1)) = for t € [0, Thnay)- (3.3)

know that there exists a sequence of dilations of the solution which converges
to one of the singularity models of Type I, II or ITII. We will analyse this limit
in the next section.

We conclude this section with the following lemma which will be very useful

in our analysis of the Type I and Type II limits.

Lemma 3.1 Suppose (]\7, 9.5+ 1)) is a complete ancient solution to the
Ricci flow on a noncompact Kéhler surface with nonnegative and bounded
holomorphic bisectional curvature for all time. Then the curvature operator

of the metric g,5(-,?) is nonnegative definite everywhere on M x (—00,0].
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Proof Choose a local orthonormal coframe {w;,ws,ws,w,} on an open

set U C M so that wy ++v/—1ws and wz ++/—1lw, are (1,0) forms over U. Then

the self-dual forms

(,01:(,01/\&)24—(4}3/\0}4, (,02:&)2/\(4}34—(4}1/\&)4, (,03:CU3/\W1+(U2/\W4

and the anti—self—dual forms
Y1 =wi Awy —wyg Aws, P =wr Awg —wi Aws, V3 =wsAws —wsAwy

form a basis of the space of 2 forms over U. In particular, 1,11, 19 and 3
give a basis for the space of (1,1) forms over U.

On a Kahler surface, it is well known that its curvature operator has image
in the holonomy algebra u(2) (C so(4)) spanned by (1,1) forms. Thus, the
curvature operator M in the basis {y1, p2, @3, 11, U2, 13} has the following

form,

a 0 0 bl bg bg

0 00 0 O

0 00 0 0 0
M= by 0 0

by 0 0 A

bs 0 0O

where A is a 3 X 3 symmetric matrix.

Let V' be a real tangent vector of the Kahler surface M. Denote by J
the complex structure of the Kahler surface M. Tt is clear that the complex
2-plane V' A JV is dual to (1,1) form wupy + v1¢); + vaths + v31h3 satisfying the
decomposability condition u* = v? + v3 4+ v:. Then after normalizing u to 1
by scaling, we see that the holomorphic bisectional curvature is nonnegative if
and only if

a+b-v+b-w+vAw >0, (3.4)

for any unit vectors v = (vy,vs,v3) and w = (w1, wy, w3) in R3, where b is the

vector (by, by, bs) in M.

15



Denote by a1 < as < a3 the eigenvalues of A. Recall that tr A = a by the
Bianchi identity, so if we choose v to be the eigenvector of A with eigenvalue

as and choose w = —v, (3.4) gives
ay + as Z 0. (35)

In particular, we have ay > 0.
To proceed further, we need to adapt the maximum principle for parabolic

equations on compact manifold in Hamilton [14] to M. Let

(@) iy (1) = inf a;(x,t) | i=1,2,3
TEM
and
K = sup |Rm(x,t)].

(z,t)€M x (—00,0]
By assumption, the ancient solution §a5(-, t) has bounded holomorphic bisec-
tional curvature, hence K is finite. Thus, by the derivative estimate of Shi [29]
(see also Theorem 7.1 in [16]), the higher order derivatives of the curvature
are also uniformly bounded. In particular, we can use the maximum principle
of Cheng—Yau (see Proposition 1.6 in [8]) and then, as observed in [16], this
implies that the maximum principle of Hamilton in [14] actually works for the
evolution equations of the curvature of §a3(-, t) on the complete noncompact

manifold M. Thus, from [14], we obtain

T > (01) ) +2(02) i 05

> 3((a1) in)”

by (3.5). Then, for fixed ty € (—00,0) and ¢ > g,

1
(1) uin (o) — 3 (t — to)
1
= TR 1_3(t—t)

(@1) in () 2
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Letting ty — —oo, we get
a; >0, forall (z,t)€ M x (—o0,0] (3.6)

ie. A>0.
Finally, to prove the nonnegativity of the curvature operator M, we recall
its corresponding ODE from [14],

dM s (0 0
ﬁ—l‘“(o A#>’

where A# > 0 is the adjoint matrix of A.
Let m; be the smallest eigenvalue of the curvature operator M. By using

the maximum principle of Hamilton ( [14] or [16] ) again, we have

d(my),;
Lo > (3,
where (my),, (t) = inf my(z,t). Therefore, by the same reasoning in the
zeM
derivation of (3.6), we have
my >0, for all (z,t) € M x (—o0,0] . (3.7)
So M > 0 and the proof of the lemma is completed. O

4. Time decay estimate on curvature

Let (M, g,5(x)) be a complete noncompact Kéhler surface satisfying all
the assumptions in the Main Theorem and (M, g,5(-,t)), t € [0,Tiax) be
the maximal solution of the Ricci flow (2.1) with g,3(-) as the initial met-

ric. Clearly, the maximal solution is of either one of the following types.
Type I: Tinax < +00 and sup (Trax — t) Rmax(t) < +00;
Type II(a): Thax < +00 and sup (Thax — t) Rumax(t) = +00;

17



Type II(b): T = +00 and sup t Riax(t) = 400;
Type III: T, = +00 and sup tRpyax(t) < +o0.

In Section 3, we have proved that the maximal solution satisfies the follow-

ing injectivity radius estimate

inj(Mv gaE('vt» > L on [O’Tmax>’

Rinax(t)

for some § > 0. By applying a result of Hamilton (Theorems 16.4 and 16.5
in [16]), we know that there exists a sequence of dilations of the solution
converging to a singularity model of the corresponding type. Note that since
the maximal solution is complete and noncompact, the limit must also be
complete and noncompact. The following is the main result of this section
which says that this limit must be of Type III or equivalently, the maximal
solution must be of Type III.

Theorem 4.1  Let (M, g,5(x)) be a complete noncompact Kéhler surface

as above. Then the Ricci flow (2.1) with g,z(z) as the initial metric has
a solution g z(v,?) for all t € [0,4+00) and x € M. Moreover, the scalar
curvature R(z,t) of the solution satisfies

0 < R(z,t) < ILH on M x[0,+0) , (4.1)

for some positive constant C'.

Proof. We prove by contradiction. Thus, suppose the maximal solution
is of Type I or Type II and let (M, %B(x,t)) be the limit of a sequence of
dilations of the maximal solution which is then a singularity model of Type
I or Type II respectively. After a study of its properties, we can blow down
the singularity model and apply a dimension reduction argument to obtain the

desired contradiction.
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Now, recall that the maximal solution satisfies the maximal volume growth
condition (i) by Proposition 2.1. Since condition (i) is also invariant under
rescaling, we see that the singularity model (M,ﬁag(x,t)) also satisfies the

maximal volume growth condition, i.e.
Vol, (EA:U,?“)) > Oyt forall 0<r<+4oo and z€M , (4.2)

where Vol, (Et(:c, 7“)) denotes the volume of the geodesic ball By(x, ) of radius
r with center at @ with respect to the metric g z(-,7).

It is clear that the limit §a§(-,t) has nonnegative holomorphic bisectional
curvature. Thus, from Lemma 3.1, the curvature operator of the metric §a§(-, t)
is nonnegative definite everywhere.

Denote by R(-,t) the scalar curvature of J,7(»t) and dy(x, x0) the geodesic
distance between two points z, 79 € M with respect to the metric Jop(s1). We
claim that at time ¢t = 0, we have

~limsup R(z,0)d2(x, x4) = 400 (4.3)
do(z,z0)—+00
for any fixed zy € M.

Suppose not, that is the curvature of the metric %E(-,O) has quadratic
decay. Now, by applying a result of Shi (see Theorem 8.2 in [32]), we know
that the solution g z(-,t) of the Ricci flow exists for all ¢+ € (—o0, +00) and

satisfies

lim Sup{fi(x,t)‘ T € M} =0. (4.4)

t—+o00

On the other hand, by the Harnack inequality of Cao [4], we have

aa—f >0 on M x (—o0,+00) . (4.5)

Thus, combining (4.4) and (4.5), we deduce that
R=0, for all (x,t) € M x (—o0,4+00)
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and hence g,5(+, ?) is flat for all t € (—oc0, +-00). But, by definition, a singularity
model cannot be flat. This proves our claim (4.3).

With the estimate (4.3), we can then apply a lemma of Hamilton (Lemma
22.2 in [16]) to find a sequence of positive numbers d;, j =1,2,---, with ; — 0
such that

(a) R(x,0) < (1 + 6;)R(x;,0) for all z in the ball By(z;,r;) of radius r;

centered at z; with respect to the metric g,5(-,0);
(b) r2R(z;,0) = +oc;
(c) if s; = do(x;, x0), then \; = s;/1; — +00;
(d) the balls By(x;,7;) are disjoint.

Denote the minimum of the holomorphic sectional curvature of the metric

9.5 0) at x; by h;. We claim that the following holds

g, = h
==

— 0 as j — +o0o. 4.6
r,.0) j (4.6)

Suppose not, there exists a subsequence j, — +00 and some positive num-

ber £ > 0 such that

h
gjp==—2—>¢ forall k=1,2,---. (4.7)
R('Ijlﬂo)

Since the solution %E(-, t) is ancient, it follows from the Harnack inequality
of Cao [4] that the scalar curvature R(z, t) is pointwisely nondecreasing in time.
Then, by using the local derivative estimate of Shi [29] (or see Theorem 13.1
in [16]) and (a), (b), we have

~ 1
< C5R2(l'j, 0) (7“_2 + R(l‘j, 0))

Jk

sup ‘Vﬁm(x, 0)

‘2
xEBo(a:jk T )

< 205R*(z4,0), (4.8)
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where Rm is the curvature tensor of 9,5 and Cj is a positive constant depending
only on the dimension.
For any = € By(xj,,7;,), we obtain from (4.7) and (4.8) that the minimum

of the holomorphic sectional curvature hy;, () at x, satisfies

hmin(l'> Z jk — \/20 R?)/Z Ijk, CZU l‘ Ijk)
> x]m <5 - \/205 \/R (2,0 dO € x]k))
> R(x,.0) (4.9)

if

CfiVO ($7 xjk)

3
< — .
2\/ 205 * A/ R(l’jk, 0)

Thus, from (a) and (4.9), there exists ky > 0 such that for any & > kg and

2/2C; - \/

x € By( (2,

we have
%fi(xjk, 0) < holomorphic sectional curvature at 2 < 2R(z;,,0).  (4.10)

We have proved that the metric %E(-, 0) has nonnegative definite curvature
operator. In particular, the sectional curvature is nonnegative. Then, by the

generalized Cohn—Vossen inequality in real dimension 4 [12], we have
/ 0 < \ (M) <+ (4.11)

where © is the Gauss-Bonnet-Chern integrand for the metric §a§(-,0) and
X (Z\Néf) is the Euler number of the manifold M which has finite topology type
by the soul theorem of Cheeger—Gromoll.
On the other hand, from the proof of Theorem 1.3 of Bishop—-Goldberg [2]
(see Page 523 of [2]), the inequality (4.10) implies that
€

O(z) > C(e)R*(x5,,0) for all « € By(x;,, = ), (4.12)
205 . R(l‘jk, 0)
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where C'(¢) is some positive constant depending only on . Now, by combining
(4.2), (b), (d), (4.11) and (4.12), we get

o0

+oo > x (M) > Z/EO( . G

k=k Tjjy————)
24/2C5-4/ R(mjk ,0)

C(e) 32 R (x;,.0)

4
€
> <Oy =
k—=Fko (2\/@ vV E(zj,, 0))
= C(e) i 01_64
= 64C?2

:+OO

which is a contradiction. Hence our claim (4.6) is proved.

Now, we are going to blow down the singularity model (]\7, §ag(x, t)). For
the above chosen x;, r; and ¢;, let x; be the new origin O, dilate the space by
a factor A; so that é(wj, 0) become 1 at the origin at ¢ = 0, and dilate in time
by A7 so that it is still a solution to the Ricci flow. The balls Bo(xj,1;) are
dilated to the balls centered at the origin of radii 7/; = TJQ-R(I]‘, 0) = +oo ( by
(b) ). Since the scalar curvature of g z(x,t) is pointwise nondecreasing in time
by the Harnack inequality, the curvature bounds on By (z;,r;) also give bounds
for previous times in these balls. And the maximal volume growth estimate
(4.2) and the local injectivity radius estimate of Cheeger, Gromov and Taylor
[5] imply that 5

mj -~ (Ij,gag(',o)) > m )
for some positive constant [ independent of j.

So we have everything to take a limit for the dilated solutions. By applying

the compactness theorem in [15] and combining (4.2), (4.6), (a) and (b), we

obtain a complete noncompact solution, still denoted by (M,ﬁag(x,t)), for

t € (—00,0] such that
(e) the curvature operator is still nonnegative;
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(f) R(z,t) <1, forall x € M, t € (—o0,0], and R(0,0) = 1;
(g) Vol (Et(x,r)) > Cyrtforall z € M, 0 < r < 4o0;

(h) there exists a complex 2—plane V' A JV at the origin O so that at ¢t = 0,

the corresponding holomorphic sectional curvature vanishes.

If we consider the universal covering of M, the induced metric of G505 1)
on the universal covering is clearly still a solution to the Ricci low and satisfies
all of above (e), (f), (g), (h). Thus, without loss of generality, we may assume
that M is simply connected.

Next, by using the strong maximum principle on the evolution equation
of the curvature operator of g z(-,t) as in [14] (see Theorem 8.3 of [14]),
we know that there exists a constant K > 0 such that on the time inter-
val —oo < t < —K, the image of the curvature operator of (]\7,%3(-, t)) is a
fixed Lie subalgebra of so(4) of constant rank on M. Because M is Kahler,
the possibilities are limited to u(2), so(2) x so(2) or so(2).

In the case u(2), the sectional curvature is strictly positive. Thus, this case
is ruled out by (h). In the cases so(2) x so(2) or so(2), according to [14], the
simply connected manifold M splits as a product M=%, x Y9, where ¥; and
¥, are two Riemann surfaces with nonnegative curvature (by (e)), and at least
one of them, say ¥, has positive curvature (by (f)).

Denote by 5(%)(-, t) the corresponding metric on ;. Clearly, it follows from
(g) and standard volume comparison that for any = € ¥y, t € (—o0, —K), we
have

Vol By, (z,1) > Cer? for 0 <r < +o0 (4.13)

where both the geodesic ball By, (x,r) and the volume are taken with respect

]
to the metric g((lg)
C1. Also as the curvature of 5((1%) (x,t) is positive, it follows from Cohn—Vossen

(-,t) on ¥, Cg is a positive constant depending only on
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inequality that
/ R (z,)do, < 87, (4.14)
3

where R()(z, ) is the scalar curvature of (X, §SB) (x,t)) and doy is the volume
element of the metric §SB) (x,t).

Now, the metric 51(1%)
surface ¥; over the ancient time interval (—oo, —K). Thus, (4.13) and (4.14)

(x,t) is a solution to the Ricci flow on the Riemann

imply that for each ¢ € (—oo, —K), the curvature of 51%) (x,t) has quadratic

decay in the average sense of Shi [32] and then the apriori estimate of Shi

(1)

(see Theorem 8.2 in [32]) implies that the solution 9.3 (x,t) exists for all ¢t €

(—o00, +00) and satisfies

i (1) =
tl}grnoo sup {R (a:,t)‘ x € 21} = 0. (4.15)
Again, by the Harnack inequality of Cao [4], we know that R (z,t) is point-

wisely nondecreasing in time. Therefore, we conclude that

RV t)=0  on %y x (=00, +00) .

This contradicts with the fact that (¥, g,3(-,?)) has positive curvature for
t < —K. Hence we have seeked the desired contradiction and have completed

the proof of Theorem 4.1. O

§5. Topology and Steinness

In this section, we use the estimates obtained in the previous sections to
study the topology and the complex structure of the Kéahler surface in our

Main Theorem. Our result is

Theorem 5.1 Suppose (M, gaE) is a complete noncompact Kahler sur-

face satisfying the assumptions in the Main Theorem. Then M is homeomor-

phic to R* and is a Stein manifold.
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The proof of this theorem is exactly the same as in [7]. For the convenience
of the readers, we give a sketch of the arguments and refer to the cited reference

for details.

Sketch of proof. We evolve the metric g,5(x) by the Ricci flow (2.1).

From Theorem 4.1, the solution g,5(z,t) exists for all ¢ € [0, +00) and satisfies
Rt) < -5 on M x[0,+00) (5.1)

141
for some positive constant C'. Also, Proposition 2.1 tells us that the volume
growth condition (i) is preserved under the Ricci flow. By using the local

injectivity radius estimate of Cheeger—-Gromov-Taylor, this implies that
inj (M, g,5(-1)) = C(1+1)  for t€[0,400) (5.2)

with some positive constant C';.

Since the Ricci curvature of gag(x, t) is positive for all z € M and t > 0,
the Ricci flow equation (2.1) implies that the ball By(zo, S(1 + £)2) of radius
%(1+t)% with respect to the metric g,5(-, ) contains the ball By (o, %(1—1—0%)
of the same radius with respect to the initial metric g,3(-,0). Combining this

with (5.2), we deduce that
(M, x9) =0 forany p>1

and

(M, 00) =0 for 1<¢<2,

where 7,(M, o0) is the gth homotopy group of M at infinity.

Thus, by the resolution of the generalized Poincaré conjecture on four man-
ifolds by Freedman [11], we know that M is homeomorphic to R*.

Next, the injectivity radius estimate (5.2) also tells us that, for ¢ large
enough, the exponential maps provide diffeomorphisms between big geodesic

balls By(zg, SF(1 + £)2) of M with big Euclidean balls on C2. The curvature
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estimate (5.1) together with its derivative estimates imply that the difference of
the complex structure of M and the standard complex struture of C? in those
geodesic balls can be made arbitrarily small by taking ¢ large enough. Then, we
can use the L? estimates of Hormander [17] to modify the exponential map to
a biholomorphism between a domain Q(¢) containing B(xo, (1 + £)2) and a
Euclidean ball of radius %(1+t)% in C2. Since the solution g,3(-, ) of the Ricci
flow is shrinking, the domain Q(t) contains the geodesic ball By(x, < (1 +1)3).

Thus, we can choose a sequence of t;, — +00, such that
M = U50(t) , Qt1) CQta) T+ CQtg) C - .

Since for each k, Q(t;) is biholomorphic to the unit ball of C2, (Q(t), 2(t;))
forms a Runge pair for any £, [. Finally, we can appeal to a theorem of Markeo

[19] (see also Siu [33]) to conclude that M is a Stein manifold. O

§6. Space decay estimate on curvature and the
Poincaré—Lelong equation

Let (M, gag) be a complete noncompact Kahler surface satisfying all the
assumptions in the Main Theorem. The main purpose of this section is to
establish the existence of a strictly plurisubharmonic function of logarithmic
growth on M. To this end, we first prove a curvature decay estimate at infinity

of the metric g, 5.

Theorem 6.1 Let (M, gaE) be a complete noncompact Kéahler surface
as above. Then there exists a constant C' > 0 such that for all x € M, r > 0,

we have

1
/B(”) R(y) m dy < Clog(2+r) . (6.1)

Proof. Let g 5(x,t) be the solution of the Ricci flow (2.1) with g,3(x)

as the initial metric. From Theorem 4.1, we know that the solution exists for
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all times and satisfies

R(x,t) < 16_;_8t on M x [0,400) (6.2)
for some positive constant Cj.
Let
Flo.t) = log det (gaﬁ(x, t))

det (gag(x, 0))

be the function introduced in the proof of Proposition 2.1. Since
det (975(" t))
det (gvﬁ(" 0))

after taking trace with the initial metric g z(-,0), we get

—aﬁﬂ log = Rag(', t) — ROZE(.’ 0) y

R(-0) = BoF (1) + 97 (- 0)Ry5 (-, 1) (6.3)

where A is the Laplace operator of the metric g,5(-,0).
Since (M, g,5(,0)) has positive Ricci curvature and maximal volume growth,
it is well known (see [28]) that the Green function Gy(x,y) of the initial metric

9.7(, 0) exists on M and satisfies the estimates

Cy' Cy
< Golx,y) < 6.4
Bley) = Y S BL (6.4)
and
1V, Gole, )l < 22— (6.5)
ORI = diey) |

for some positive constant C'y depending only on Cf.

For any fixed Ty € M and any a > 0, we denote
Q, ={xe M| Gy(Tp,z) >} .

By (6.4), it is not hard to see

By (TO, (%_lf) C Q. C By (fg, (%)%) : (6.6)



Recall that F' evolves by
OF (z,t)

ot
Combining with (6.2), we obtain

= —R(x,1) on M x[0,+0c0) .

0> F(x,t) > —Ciplog(l+1) on M x [0,400) . (6.7)
Multiplying (6.3) by Go(To, x) — o and integrating over €2, we have
| R0) GofFo.x) —a)dr = [ (Do (x.0)) (GoFo,x) — a) dr
g0 Rz, 1) (Golo. ) — @) da

_ F(l‘,t) aGg(To,.’L')

0 1%

+ /Qa gaﬁ(x, 0)R,5(-t) (Go(To, x) — a) dx

do — F(To,t)

IN

Cho <1 + nga%\/olo (89@) log(1 +t)
+ /Q 6% (2, 0) R 5+ 1) Go (T, 2)d |
(6.8)

by (6.4) and (6.7). Here, we have used v to denote the outer unit normal of
0.

From the coarea formula, we have

[SIY

1 /2 1 [2e
_/ r2Voly (9Q,) dr < 2 oﬁ/ / [V Go(To, )|y do |dv|
o Ja « 0%y

230 a2Voly (Q)

3 3 C %
23 ¢4 a*Vol, (BO (zo, (2) ) )

< O

IN

IN

for some positive constant C; by the standard volume comparison. Substitute

this into (6.8) and integrate (6.8) from « to 2a, we get

/ R(l’, 0) (Go(To, l’) — 20() dx S 010 <1 + ngcu> log(l + t)
Q2a
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+/a gaﬁ(w,())Rag(:c,t)GU(To,x)d:c .
(6.9)

It is easy to see that

/Q R(z,0)Go(To,x)dr <2 [ R(z,0) (Go(To, x) — 20) du

Q2a

and by the equation Ricci flow (2.1), we also have

//a o3, 1)Go(To, v)dxdt
/Qa ( ,0) (gaﬂ($ 0) — gaﬁ(%t)) Go(To, x)dx
< 2/Q Go(To, x)dzx .

Thus by integrating (6.9) in time from 0 to ¢ and combining the above two

inequalities, we get for any t > 0,

5 4
/Q R(.’L’, 0)G0(T0,l’>dl’ S 2010 <1 + 092 CH> IOg(l + t) + E/ GO(T(), .’L‘)d.’L‘ .

Finally, substituting (6.4) and (6.6) into the above inequality, we see that there

exists some positive constant C'i5 such that for any 7o € M, ¢t > 0 and r > 0,

1 r?
R(x,0)———dx < Cjs |log(1 +t — . 6.10
o RO e < G (g1 + 0+ ) - (010

Choose t = r?, we get the desired estimate. O

Now we can use the estimate (6.1) to solve the following Poincaré-Lelong

equation on M
v/—109u = Ric (6.11)
to get the strictly plurisubharmonic function mentioned at the beginning of

this section.

As in [20] or [25], we first study the corresponding Poisson equation on M
Au=R. (6.12)
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After we solve the Poisson equation (6.12) with a solution of logarithmic
growth, we will see that it is indeed a solution of the Poincaré-Lelong equation
with logarithmic growth.

To solve (6.12), we first construct a family of approximate solutions u, as
follows.

For a fixed xp € M and r > 0, define u,(x) on B(xg,r) by

w(e) = [ (Glro.y) ~ Gla.y) Riy)dy
T0,r
where G(z,y) is the Green function of the metric g,5 on M. It is clear that
ur(z9) =0 and Awu.(z) = R(z) on Bl(xg,r).

For x € B(xy, §), we write

up(z) =

+/ G(xg,y) — G(x,y)) R(y)d
</B(xo,r)\B(ajo,2d(aj,ajo)) B(xo,Zd(a:,aso))>( ( 0 y) ( y)) (y) y

= ]1+.[2 .

From (6.1), we see that

L] < Cislog (2 + d(z,2))  on B(:vg,g) (6.13)

for some positive constant C3 independent of zq, x and r.

To estimate I, we get from (6.5) that for y € B(xo, 7)\B(xg, 2d(z, x9)),

|G(20,y) — G(z,y)] < d(z,zo)-  sup  |V.G(zy)|

2€B(z0,d(x,20))

1
< Cyd(z,xp) - sup
) ( 0> 2€B(zo,d(z,x0)) d3(zvy)

d(xa 1'0)

8Cy——= .
B 9d3(y7x0>

Thus by (6.1), we have

R(y)

I| < 8Cyd(x,x / d3(y, 7o)
| 1| = 9 ( 0> B(wo,r)\B(%0,2d(z,0)) d3(y,£C0)
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- 1 R(y)
< 8Cod(z,70) S~ / Ry
- od(, 20) Z:I 2kd(x,x0)  JB(wo,25+1d(2,0))\ B(zo,2Fd(z,20)) d2(Y, o) Y
< 80902 log (2 + 2" 1d(x, 2,))
< Oy log (2 +d(z, 29)) (6.14)

for some positive constant C'4.

Hence, by combining (6.13) and (6.14), we deduce
lur ()| < (Ci3 + Ch4q)log (2 + d(x, x0)) (6.15)

for any r > 2d(z, o).
On the other hand, by taking the derivative of u,(x), we get

Vu)l < G /M oy

)
( S R(y)
= Iy d3(x v+ kz::l 2k—1 / d*(x, y)dy

B(x,2k)\ B(z,2k—1)

< Gy <015+Z — 1010g(2—|—2k)>

Here, we have used (6.1) and (6.5), C5 and C44 are positive constants indepen-
dent of r. Therefore, it follows from the Schauder theory of elliptic equations
that there exists a sequence of r; — +o00 such that u,, (z) converges uniformly

on compact subset of M to a smooth function u satisfying

u(zg) =0 and Au=R on M,
lu(x)| < (Ci3 + Cra)log (2 + d(z,20)) for x € M, (6.17)
|Vu(z)| < Cue for x € M .

Thus, we have obtained a solution u of logarithmic growth to the Poisson
equation (6.12) on M. In the following we prove that u is actually a solution

of the Poincaré-Lelong equation (6.11).
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Recall the Bochner identity, with Au = R

1
5 OIVuf = V2u| + (Vu, VR) + Ric (Vu, Vu)

‘ 2

2
> V2| +(Vu,VR) . (6.18)
For any r > 0 and any Ty € M, by multiplying (6.18) by the cutoff function

in (2.7) and integrating by parts, we get

1
/‘VZU‘ngdx < —/ |Vu|2-|A<p|dx+/ ‘VZU‘-Rgodx
M 2Jm M
+ [Vl R+ Vel d
M

Cci, C 1
< ﬁ._‘g/ cpda:—l——/ ‘V%‘ngdx
2 r2Ju 2 /M

1 C
+—/ R%*pdx + Chg - (Sup R) . —3/ edx .
2Jm M r M
Thus,
2 |2 o 1 1 2
/ ‘V u‘ pdr < | C3C s - — +2C16C3 (sup R | — / wdx +/ R pdx .
M r M r) Jm M

(6.19)

By (6.1), (2.7) and the standard volume comparison, we have

- d(z,zq)
/Rzgoda: < (supR)/ R(z)e (H ’ )dx
M M M

< (sup R) .
M

R(z)dr + 6*2"‘1/ Rlz da:)
</B(EO,T) ( ) ICZ::O B(fo,2k+1r)\B(fo,2kr) ( )

< COpr?log (2 +7) (6.20)

and

_ d(z,zg)
/ odr < / e (1+ To)dx
M M
dr + Ze_Zk_l/ dx

=0 B(To,2kt1r)\ B(To,2k7)

< Cyprt (6.21)

N
S
e

o

>
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for some positive constant C'; independent of r and .

Substituting these two inequalities into (6.19) we have

1

r* JB(@o,r)

11 log(2
V2l dr < Cig ( +- M) (6.22)

2y r?
for some positive constant C'g independent of r and T.
Since the holomorphic bisectional curvature of 9,7 is positive, it was shown

_ 2
in [20] that the function ‘\/—18811 - Ric‘ is subharmonic on M. Then by the

mean value inequality and (6.20), (6.22), we have

_ C —
\\/—wau - Ric‘2 (Ty) < r—f ) V—=100u — Ric‘2 (x)dx
xo,T
2
< X / (\v%\z + R2) dr
r* JB@or)
1 1 log(2+r
= (— e M)

for some positive constants Chg, Cy independent of r and Ty. Since Ty € M

and r > 0 are arbitrary, by letting »r — +00 we know that
VvV —100u = Ric on M.
In summary, we have proved the following result.

Proposition 6.2 Suppose (M, 9a3> is a complete noncompact Kéahler

surface satisfying all the assumptions in the Main Theorem. Then there exists
a strictly plurisubharmonic function u(z) on M satisfying the Poincaré-Lelong

equation (6.11) with the estimate
lu(z)| < Clog (2 + d(z, xy)) for all x € M

for some positive constant C.
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§7. Uniform estimates on multiplicity and the
number of components of an “algebraic” divisor

Let (M, g,3) be a complete noncompact Kéhler surface satisfying all the
assumptions in the Main Theorem. In this section, we will consider the algebra
P (M) of holomorphic functions of polynomial growth on M. We first construct
fi, fo in P(M) which are algebraically independent over C.

In the previous section, by solving the Poincaré-Lelong equation, we have
obtained a strictly plurisubharmonic function u on M of logarithmic growth.
As shown in [21], the existence of nontrivial functions in the algebra P(M)
then follows readily from the L? estimates of the @ operator on complete Kihler
manifold of Andreotti-Vesentini [1] and Hérmander [17]. For completeness, we
give the proof as follows.

Let € M and {(z1,22) ] |21|> + |22/* < 1} be local holomorphic coordi-
nates at x with z;(x) = z2(x) = 0. Let n be a smooth cutoff function on C?
with Suppn CC {]z1]* + |22]* < 1} and n =1 on {|zl|2 + |2)? < i} Then the
function

nlog 2| = 1 (21, ) log (Ja* + |
is globally defined on M and is smooth except at x. Furthermore, the (1,1)
form 99 (nlog |z|) is bounded from below. Since u is strictly plurisubharmonic,

we can choose a sufficiently large positive constant C' such that
v = Cu+ 67 log| 2|

is strictly plurisubharmonic on M. Then, for any nonzero tangent vector & of

type (1,0) on M, we have
(V=100v + Ric, EAT) > 0.

Now 3 (%), i=1,2 , is a 0 closed (0, 1) form on the complete Kéhler manifold
M. Using the standard L*-estimates of & operator (c.f. Theorem 2.1 in [21]),
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there exists a smooth function u; such that
Ou; = d(nz;) i=1,2

and

2 —v
e Ydx

1 —
/ |ug|* e~ da < —/ ‘B(nzi)
M cJm

where ¢ is a positive constant satisfying
<\/—_185v + Ric, &N §> > cl¢?

whenever £ is a tangent vector on Supp 7. First of all, this estimate implies that
u; is of polynomial growth as the weight function v is of logarithmic growth.
Secondly, because of the singularity of 6 log |z| at x, it forces the function u; and
its first order derivative to vanish at x. Therefore, the holomorphic functions
f1 =wuy —nzy and fy = uy — Nz define a local biholomorphism at z. Clearly,
they are algebraically independent over C. This concludes our construction.

For later use, we also point out here that, as a consequence of the above
argument, the algebra P(M) separates points on M. In other words, for any
x1, T € M with @1 # w5, there exists f € P(M) such that f(x1) # f(x2).

Before we can state our main result in this section, we need the following
definition. For a holomorphic function f € P(M), we define the degree of f,
deg(f), to be the infimum of all ¢ for which the following inequality holds

|f(z)] < C(q) (1 + d¥(x,x0)) for all z € M,

where x is some fixed point in M and C'(¢) is some positive constant depending
on q.
Our main result in this section is the following uniform bound on the mul-

tiplicity of the zero divisor of a function f € P(M) by its degree.

Proposition 7.1 Let (M, g,5) be a complete noncompact Kahler sur-
face as above. For f € P(M), let

V] = %aélog ik

35



be the zero divisor, counting multiplicity, determined by f. Then, there exists

a positive constant C', independent of f, such that
mult ([V], ) < C deg(f)

holds for all z € M.

Proof. Recall that the Ricci flow (2.1) with g,3(z) as initial metric
has a solution g, z(,?) for all times ¢ € [0, +00) and satisfies the following
estimates

R(x,t) < . (7.1)
1+1¢
and
inj (M, g,5(~ 1)) > Cz(1 + 1) (7.2)

on M x [0, +00).
Let d; be the distance function from an arbitrary fixed point Ty € M with
respect to the metric g, 3(-,¢). By the standard Hessian comparison theorem

(see [28]), we have, for any unit real vector v orthogonal to the radial direction

d/0d,,

o
e

g
m < Hess (df) (v,v) < L when d, < Tt

~ tanh (|/24d,) 4V o
Here, o is some positive constant depending only on the constants C' and C';

in (7.1) and (7.2). Hence, for any unit vector v, we have

e}
e

2,/20d
tan (\/25d;) < Hess (d; ) (#,9) + Hess (7 ) (J5, J) < Ak

tanh (|/%1d,)

whenever d; < %,/a—tl. Since M is Kahler, the above expression is equivalent

to
Gd _
————w; < v—l@@df <

tan (\/ztldt)

2,/20d,
tanh (,/2d,) e
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In particular, we have

1 — t
W < V/—=100d} < 4w, whenever d; < % — . (7.3)
aq

Here, w; is the Kahler form of the metric g,3(-, ).

We next claim that *

_ d t
V=100 log tan (U%é) >0, whenever d; < % o (7.4)

In fact, after recaling, we may assume that the sectional curvature of

9,5(» 1) is less than 1 and /9t = 1. Then by the standard Hessian com-

L ({0 2
tandt vle U,adt ‘

for any vector v and d; < 7. Thus, by a direct computation,

Hess (log tan (%)) (v, ) + Hess (log tan (%)) (Ju, o)

1 2
1+tand;) |v
(tan d;) tan (%) ( ) Il

> 0,

parison, we have

Hess (d;) (v, v) >

which is our claim (7.4).

Now for any 0 < b < a < g, /a—tl, it follows from Stoke’s theorem that

o< Vo1 [V]Aaslogtan<\/§@>

{b<di<a} he
— d
= v-1 / [V] A 0logtan (,/%é)
{dr=a}

V=1 / [V]/\Elogtan< ﬂﬁ).

t 2
{d¢=b}

“we are grateful to Professor L.F.Tam for this suggestion
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Then, it is no hard to see that for 0 < b < a <

041

/ [V]Aé(df)z% F VIAD(d?) . (7.5)
{di=a} {d:=b}

Using Stoke’s theorem on the right hand side of (7.5) and letting b — 0 it
follows from the inequality of Bishop-Lelong that

\/_

{d¢=a}

VIAD (d7) > agmult ([V],To) (7.6)

for some positive absolute constant .

Then by (7.3), (7.5), (7.6) and Stoke’s theorem, we have

1
L V] A
a= J B(zo,a)\Bt(To,5)

=
4a? JBy(To,a)\B: (%o,%5)

N Sy 1 i
4\ @ {dt:a}[v]/\a(dt) 4.(3)2/{dt;}[V]Aa(dt))

v

VIA V=103 (d})

—1/1 — 1 —_
_ g ) [V]/\a(df)2.(3)2/{%;}[‘/]/\8@?))
\/__1
8a? J{di=a}
V=1
8a? J{d=a}
> %mult ([V], 7o) (7.7)

T t
for0<a< g,/a—l.

For the function f € P(M), let Ty be a point close to Ty such that f(Zy) # 0.

[VIAD (d})

>

VIAD (d7)

By definition, for any § > 0, there exists a constant C'(6) > 0 such that

@) <CO) (14dy™ " (2,5))  on M. (7.8)
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By equation (2.1) and estimate (7.1), we have

agaﬁ('vt)

ot > _R('vt)gaﬁ('vt)

> L _( t)
- 1—|—tga6 9 )

which implies that
7.,5(+0) < (1+ t)cgag(-,t) for any t>0.
Hence, (7.8) becomes

on M. (7.9)

|f(@)| < C(6) {1 +[1+ t)%dt(xﬁo)]deg(f)+5}

We now fix t = %41(*8 for each positive interger K. Set
vy = [ Gl ay) Alog f) i)
By (z0,2K)

where GISK) is the positive Green function with value zero on the boundary
9B, (To, 2%) with respect to the metric g,5(-,). The function log |fI? — vk is
then harmonic on B; (%, 2%). From the maximum principle and (7.9), we have

log (1 (%0)[*) = vic(@o) < sup log|f()]

r€OB: (ECVO ,ZK)

< Cik (deg(f) +0) +C'(9) (7.10)

for some positive constants Chg, C'(0) independent of K, f, and .
On the other hand, since the volume growth condition (i) is preserved for
all times, by virtue of (6.4) (c.f. Proposition 1.1 in [21]), we have

1/ 1
Cy JBy(z0,25) d2(x, Tp)

. K(l)z/ Alog |f(@)[? - w2(x)
= — 0 )" wp(r) .
- (O j=1 2 Bt (0,27 )\ Bt (20,277 1) 1o '

Then, by (7.7) and the fact that %, is arbitrarily close to Ty,

—v (%) > Aylog|f ()] - wi(z)

—’UK(fU) > (9 K mult ([V] ,T()) (711)
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for some positive constant Cyy independent of K, f and 7.
Therefore, by combining (7.10) and (7.11) and letting X' — +o00 and then
0 — 0, we obtain
mult ([V],To) < Cop deg(f)

where Cy; is some positive constant independent of f and T. a

A modified version of the proof of Proposition 7.1 gives the uniform bound

on the number of irreducible components of [V].

Proposition 7.2 Suppose (M, 9a3> is a complete noncompact Kéahler

surface as assumed in Proposition 7.1. Let f be a holomorphic function of
polynomial growth,
=1 _
V] = ——00log|fI"

™

be the corresponding zero divisor determined by f. Then the number of irre-
ducible components of [V] is not bigger than C'deg(f) for the same positive

constant C' as in Proposition 7.1.

Proof. Let g,5(-,t) be the evolving metric to the Ricci flow with g, (-)
as the initial metric and [Vi], [Va], ---, [Vj] be any [ distinct irreducible com-
ponents of [V]. Fix a constant @ > 0 such that the intersection of the smooth
points of [V;] with By(Tp, a) is nonempty for each 0 < i <.

Choose t = 244%+8q? for each positive integer K. As the manifold M
is Stein by Theorem 5.1, each [V;] must be noncompact. Hence, for j =

1,2,--- K, we have
Vil 0 (Bu(T0,27a) \ By(70,2"'a) ) # 0

and there exists a point z; € [V;] with dy(z;,Ty) = 32/"'a in the middle of

By(To,27a) \B;(To, 2’ 'a). The triangle inequality says
Bi(w;,27%a) C (Bi(To, 2a) \ Bu(To,2"'a) ) .
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Applying a slight variant of (7.7) to [V;], we have

1 Qo
— ViiAw, > —mult ([Vi],z;
(27-2a)” /Bt(wj,ww[ e
> 2
. 8 .

!
Since Y [V;] is only a part of the divisor [V], we get
i=1

1

— Al 2 2 () > 22
(2j_2a>2 /;t(fo,Zja)\Bt(fo,Zjla) 8108 |f(x>| Wt (I‘> - 8

The subsequent argument is then exactly as in the proof of Proposition 7.1.

In the end, we have
CooK -1 < —log (f (F0)I”) + CioK (deg(f) +8) + C'(5) .

Letting ' — 400 and then § — 0, we get the desired estimate. O

§8. Proof of the main theorem

In this section, we will basically follow the approach of Mok in [21], [23]
to accomplish the proof of the main theorem. Let M be a Kahler surface as
assumed in the Main Theorem. Recall that P(M) stands for the algebra of
holomorphic functions of polynomial growth on M. Let R(M) be the quotient
field of P(M). By an abuse of terminology, we will call it the field of rational
functions on M.

In the previous section, we showed that there exist two functions fi, f> €
P(M) giving local holomorphic coordinates at any given point € M, and
that the algebra P(M) separates points on M. Moreover, we obtained the

following basic multiplicity estimate

mult ([V],2) < Cdeg(f) (8.1)
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for all x € M and f € P(M), where

V] = “2—_—1051055 I

™

is the zero divisor of f and C' is a constant independent of f and x. Thus, by
combining these facts with the classical arguments of Poincaré and Siegel, we

have (c.f. the proof of Proposition 5.1 in [21])
dim cH, < 10°Cp? , (8.2)

where H, denotes the vector space of all holomorphic functions with degree
< p, and the field of rational functions R(M) is a finite extension field over
C(f1, f2) for some algebraically independent holomorphic functions fi, fo €

P(M) over C. By the primitive element theorem, we can then write

R(M) = C (fl,f2,5>
7

for some f3, f, € P(M).
Now, consider the mapping F : M — C* defined by

F= (f13f27f37f4) .

Since R(M) is a finite extension field of C(f; f2), f3 and fy satisfy equations

of the form

p—1 )
f§)+ZPg(f17f2)f§ =0 )
J=0

q—1 )
féi]—i_ ZQ](flva)fi =0 )
i=0

where Pj(wy,ws), Q;(wy, ws) are rational functions of wy, ws. After clearing

denominators, we see that fi, fa, f3, f14 satisfy polynomial equations

P(f1, fo, f3, fs) =0 and Q(f1, f2, f3, 1) = 0.
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Let Z, be the subvariety of C* defined by

P(wy, wa, w3, wg) =0
Zy = 4 (wy, wa, w3, wy) € C* ;
Q (w1, wy, w3, wy) = 0
and let Z be the connected component of Zy containing F'(M). It is clear that
dimcZ = 2.

In the following we will show that F'is an "almost injective” and ”almost
surjective” map to Z and we can desingularize F' to obtain a biholomorphic
map from M onto a quasi—affine algebraic variety by adjoining a finite number
of holomorphic functions of polynomial growth.

First of all, we claim that Z is irreducible and F' is ”almost injective”,
i.e., there exists a subvariety V' of M such that F|y\y : M\V — Z is an
injective locally biholomorphic mapping. Indeed, take V' to be the union of
F~!(Sing(Z)) and the branching locus of F', here Sing(Z) denotes the singular
set of Z. It is clear that F is locally biholomorphic on M\V. That F' is also
injective there follows from the fact that P(M) separates points and fi, ..., fi
generate P(M). To see the irreducibility of Z, note that M\ F~!(Sing(Z)) is
connected and hence F(M\F~'(Sing(Z)) is irreducible (as its set of smooth
points is connected). Since F'(M) C F(M\F~'(Sing(Z)), by the definition of

Z, it must be irreducible.

Next, we come to the "almost surjectivity” of F', i.e., there exists an al-
gebraic subvariety T of Z such that F(M) contains Z\T. The method of
Mok[21] in proving the almost surjectivity of F' is to solve an ideal problem
for each © € Z\T, missed by F, where T} is some fixed algebraic subvari-
ety of Z containing the singular set of Z. The solution of the ideal problem
gives a holomorphic function f, € P(M) with degree bounded independent
of & which will correspond to a rational function on C* with pole set passes
through x. Then, the almost surjectivity of F' follows. Otherwise, one could

select an infinite number of linearly independent f,’s contradicting the finite
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dimensionality of the space of holomorphic functions with polynomial growth
of some fixed degree, c.f. (8.2).

In [21], Mok used the solution u of the Poincaré—Lelong equation as the
weight function in the Skoda’s estimates for solving the ideal problem. In his
case, because of his curvature quadratic decay condition, the growth of u is
bounded both from above and below by the logarithm of the distance function
on M. This does not work in our case because we do not have the luxury of
the lower bound of u. However, thanks to the Steinness of M by Theorem 5.1,
we can adapt the argument of Mok in [23] to choose another weight function
by resorting to Oka’s theory of pseudoconvex Riemann domains.

Before we carry out the above procedures in proving the almost surjectivity
of F'. We first need to construct a nontrivial holomorphic (2,0) vector field of
polynomial growth on M.

Consider the anticanonical line bundle, K™, on M equipped with the in-
duced Hermitian metric, its curvature form Q(K ') is then simply the Ricci
form of M. Let u be the strictly plurisubharmonic function of logarithmic
growth obtained in Proposition 6.2. For any given point Ty € M, let {21, 22}
be local holomorphic coordinates at ;. Choose a smooth cutoff function 7
supporting in this local holomorphic coordinate chart with value 1 in a neigh-
borhood of ;. We study the following @ equation for the sections of K~! on
M

Y

o = O 0

Clearly, we can choose k > 0 large enough such that
kv —100u + QK 1) + 3v/—100 (77 log (|zl|2 + |22|2)> >0 .

Then by the standard L? estimate of 0 operator on Hermitian holomorphic

line bundles (c.f. Theorem 1.2 in [23]), equation (8.3) has a smooth solution
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S(x) satisfying the estimate

/ |S|2 e—k:u—?m 10g(|zl\2+|22\2>w2

< — A —

2
2 2
e—ku—3n10g(|z1\ +|z2] ) 2

(8.4)

for some positive constant C'. Recall the Poincaré-Lelong equation for the

section S(x) of the anticanonical line bundle K1,

%aélog S|P =[V] - %Ric on M,
where [V] is the zero divisor of S(z) (c.f. [23]). Thus, log|S|> + u is sub-
harmonic and so is |S|°e* = exp(log|S[° + u). Since M has positive Ricci
curvature and maximal volume growth, we can apply the mean value inequal-
ity of subharmonic functions, (8.4) and the fact that u has logarithmic growth
to show that S(x) is of polynomial growth. Set

9 90

Then, v is a nontrivial holomorphic (2,0) vector field over M with polynomial
growth we desired.

Now, for any f;, f; € {f1, f2, f3, fa} with df; A df; # 0, we can choose the
point Ty in the above construction of v so that the holomorphic function f;;
defined by

is a nontrivial holomorphic function of polynomial growth. Here, we have used
the fact that ||df; A df;|| grows at most polynomially by the gradient estimate
of harmonic functions of Yau [36]. It is obvious that the zero divisor of df; A df;
is contained in the zero divisor of f;;, for which we denote by Vj. Since M is

Stein, the same is also true for M\Vj.
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Denote by m;; : Z — C? the projection map given by (wq, ws, w3, wy) —

(w;, w;). Then, the map
p:ﬂ'i]‘OFlM\‘/b%C2

realises the Stein manifold M\V;, as a Riemann domain of holomorphy over
C2. Let §(x) be the Euclidean distance to the boundary as in Oka [26]. Then,
—log d is a plurisubharmonic function on M\V; by a theorem of Oka [26]. §(z)
will be used in the weight function of the Skoda’s estimate mentioned above. It
is essential to estimate it from below in terms of the intrinsic distance d(x, xg)

on M.

Lemma 8.1 There exist positive constants p and C' such that

6(z) 2 Cfiy(@)* (d(w,z0) +1) 7" .

Proof. Let v;, v; be two holomorphic vector fields on M\V; defined
by
(Ug, dfy) = gt k=17 .
By the Cramer’s rule, we have

dfil + 1df;| _ ol (dfil + |dfD) _ o (d(z,x0) + D"
|dfi A dfj] = | fi] = O |fij ()]

for k = 7,7 and some positive constants Cy, k.

| < on M\Vj,
Since f;; is of polynomial growth, |V fi;| is also of polynomial growth by
the gradient estimate of Yau, i.e.,
max { fi; (), [V fij ()|} < Cos (d(w,29) + )™ on M,
for some positive constants Coz and ky. Take x € M\Vp, then for any y €
B (x, | fij ()] /3023 (d(z, o) + l)kQ), we have

|fii ()]
3023 (d(l’, !L‘0> + 1)k2

> Il (8.6)

\fii(y)] > |fij(@)| = Cos (d(z,z0) + 2)’“2 .
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This implies
B (2, 1fy(0)] /3Cu (d(x,20) + 1)) € M\Vy

and .
(d(x,x0) +1)™

C :
|Uk(y)| < 20 |fz](l')| ) (8 7)
for all y € B (x| fij(x)] /3Css (d(x,20) +1)*), k =1, j.
By the definition of (), it suffices to prove
p (B (2.1f5(2)] /6Cs (d(x, 20) + 1))
> Bos (o), Ol (e ) +1/*), (89)

for some positive constant Coy. Here, Bgz(a,r) denotes the Euclidean ball in
C? with center a and radius r.

Consider the real vector field
€ = ai(Re (1) +aj (2Re (1)) + 5 (2Im (1)) + 5 (2Im (1))
= (az' - \/—_152> v; + (Ozj - \/__16j> v + (ai + \/—_151) Ui
+ (Oéj + \/—_1ﬁ]) @j

with |ai|” + o> + |Bi]° + |B;° = 1. Clearly € also satisfies (8.7). Let v¢(7) be
the integral curve in M defined by £ and passes through =z, i.e.,

dre(r
éii) =¢ (8.9)
7(0) =@ .
We have
W = (&,df}) = a; — V=15, |
W = (&, df;) = a; — V=155,
and
|fi0ve(r) = Fi@) + £ 09e(r) = fi@)f =7 . (8.10)
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Note that (8.10) implies that v¢(7) cannot always stay in

B (w, |fij(x)] /6Cas (d(w, ) + 1)),

otherwise F' = (f1, f2, f3, f1+) would become unbounded in this ball. Denote by
7y the first time when ~¢(7) touches the boundary

0B (| 15(@)| [6Cus (d(ar. ) + 1))

it is easy to see that

|fij ()]
6023 (d(l’, l‘g) + 1>k2

< the length of ¢ on [0, 7]

™ (d(x, z0) + 1)™
< 20y /0 g by (57)

(d(x,zo) + 1)'“1
| fij(@)]

20227'0

Thus,
2
|fii ()]
To = ki+ks °
20220236 (d(l’, .’L'()) + 1)
Note that the integral curve 7¢ projects to straight line passing through

x) by p. Thus, when (a;, a;, 8;, 3;) runs through the unit sphere in C2, the
f(z) by p : @, Biy B g p ,

(8.11)

collection of integral curves 7 inside
B (x,|fij(x)] /6Cus (d(w, z0) + 1))
will project, by p, onto the Euclidean ball
Bz (p(x), | fi(x) | [2C22C56 (d(x, 20) + 1) ).
This proves (8.8) and hence the lemma. O

Now, we are ready to prove the almost surjectivity of the holomorphic map
F : M — C* Foreach 1 < i,j < 4, since f;; is a holomorphic function of

polynomial growth and R(M) is generated by fi, ..., f1, we can write
fij(x) = Hy; (fi(@), f2(x), f3(x), fa(2)) on M,
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for some rational function H;; on C*%. Let T, be the union of the singular
set. of Z and the zero and pole sets of all H;;, 1 < 4,5 < 4. For any b €
Z\(F(M)UTy), there exist fixed {i,j} C {1,2,3,4} such that the projection
m;; + Z — C? is nondegenerate at b. Since Z is algebraic, the number of points
contained in 7@1 o m;;(b) is less than some fixed integer K depending only on
Z. By interpolation, there is a polynomial h; of degree < K on C* such that
hy(b) = 1, and hy(w) = 0 for all w € (7;;' om;;(b))\{b}. We now solve on M\ V;

the ideal problem with unknown holomorphic functions g; and g;,

(fi =) gi + (f; = ;) gj = (hy o F)* (8.12)

where b = (bl,bg,bg,b4>.
Let
¥ = —nylogd + nylog(1 + |fil* + | f;1%),

where the integers ny, ny > 0 will be determined later. Clearly, ¢ is a strictly
plurisubharmonic function on M\V;. By the estimate of Skoda (c.f. Theorem
1.3 in [23]), given any « > 1, there exists a solution {g;, g;} to (8.12) such that

/ (o +losl) e

2a
vy (1Fi = 0+ 155 = 0 )

(hyo F St .
C. / AL T (8.13)
wiy (1= 0P+ 165 = 0i1%)

provided the right hand side is finite. Recall that p = m;; o F' and here

2
pdVyg = + (g) df; Ndf; A df A df;

IN

denotes the pull back of the Euclidean volume element of C%.
Let {1, ¢, -+, Cn} =15 omi(b) (m < K) be the preimages of m;;(b) with
(1 =0b. And let Ug (1 < k < m) be disjoint small neighborhoods of (; (1 <

49



k < m). The integral on the right hand side of (8.13) can be decomposed into
three parts

m
RS = ([ 4> [ o+ )
( F-1(Uy) kz::z F-L(Uy) (M\vo)\ugllefl(Uk)

(thF>8 €_w p*dV
2041 E
(1 = 0l + 155 = 0%)
- [1 + [2 + [3 .

1

For I, since hy(b) =1 and §(z) < (|fZ — bl +|fi — bj|2) *, we can choose
ny > 2(2a+ 1) and U; small enough so that the integral [; is finite.

For Iy, since hy(¢x) = 0 for 2 < k < m, we can choose « such that 2(2a +
1) < 8 (e.g. @ =1.4). Then the integral I, is also finite.

For I3, we choose ny > 10 + 8 K + ny, where h; is of degree < K. Then I
can be estimated as

Iy < Gy | < 4o
2 (1 + [w]?)

Hence, we have obtained a solution {g;, g;} of the ideal problem (8.12) such

that

2 2 —
gil” +1gil") e
/ (7 A oif) Ve < +o0o . (8.14)
M\Vp (|fz —bil" + |f] _bj| )

Recall from Lemma 8.1 and (8.5), we have
6(x) > C | fiy(2)* (d(w, x9) +1)77

and

2
prdVy = + (g) df; Ndf; Ndf; AN df

2
| fij] 2

lv AT
2
P,

>
“(d(w, o) + 1)

20



for some positive constants Cyg and k3. Substituting these two inequalities

into (8.14) we get

2 2 24+2n1
gi| + 194 fij
/ (| | | ]| )| ]| w2<+oo (8.15)

MV (d(x,z0) + 1)
where k, is some positive constant independent of 0 and 4, j. Then, both
Ji fg-lﬂ and g; fg-l“ are locally square integrable. They can thus be extended
holomorphically from M\Vy to M. By the mean value inequality of subhar-
monic functions, we deduce also that they are of polynomial growth with degree
bounded by some positive number k5 independent of b.

Now, recall that R(M) = C(f1,f2,fs/f4), the holomorphic functions g; /2 **

v

and gjfi’;-lﬂ are thus rational functions of f, f2, f3 and f4. Hence, we can

regard the equation (8.12) as an equation on the variety Z C C*, namely

(w; — b;) gifﬁ}lﬂ + (wj — b;) gjfi’}l“ = ltlinjl+1 “hy .

Since hy is a polynomial with hy(b) = 1 and the point b lies outside of the
zero and pole sets of H;;, either gifglJr1 or gjfgl“, when regarded as rational
function on C*%, must have a pole at b. Denote this function by G°. Thus,
GY is a rational function on Z with G°(b) = oo and G° o F is a holomorphic
function on M with degree < k5. If Z\(F (M) UTp U pole sets of G?) is empty,
then we are done. Otherwise, pick any b € Z\(F (M) U T, U pole sets of G°)
and repeat the same procedure to obtain a rational function G! on Z with
GY(b;) = oo and G' o F' a holomorphic function on M with degree < ks;.
Proceeding this way, we obtain a sequence of points {b, by, bs, - - -} and rational
functions {G°, G',G?,---} such that G*(b;) = oo and G' regular at b, for
[ < k. So, {G°,G*,G?*,---} must be linearly independent over C. Moreover,
all of G¥ o F are holomorphic functions with degree < k5. Hence, by (8.2), the
above procedure must terminate in a finite number of steps. In other words,

there exists an algebraic subvariety 7" of Z such that F(M) D Z\T.
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Moreover, F' establishes a quasi embedding from M to a quasi—affine al-
gebraic variety. Indeed, let W = F~}(T). By the definition of Ty and the
construction of 7', we know that W D V| where V' is the union of the branch-
ing locus of F' and F~!(Sing(Z)), and W is the zero divisor of finitely many
holomorphic functions of polynomial growth. Therefore, F' maps M\W bi-
holomorphically onto Z\T.

Finally, to complete the proof of our Main Theorem, we have to show
that the mapping F' can be desingularized by adjoining a finite number of
holomorphic functions of polynomial growth and taking normalization of the
image.

We have constructed the mapping F': M — Z into an affine algebraic vari-
ety which maps M\W biholomorphically onto Z\T. Now, we use normalization
of the affine algebraic variety Z to resolve the codimension 1 singularities of
F. Let Reg(Z) denote the Zariski dense subset of Z consisting of its regular
points. It is well known that the normalization Z of Z can be obtained by
taking Z to be the closure of the graph of {Q1.Q2,---,Qn} on Reg(Z) where
Q; is a rational function which is holomorphic (or regular in the terminology
of algebraic geometry) on Reg(Z). The lifting of F: M — Zto F: M — Z is
then given by {f1,f2,f3.f1,Q1 0 F,---, Qo F'} where, as was shown in propo-
sition 8.1 of Mok [21], for each i, ; o F' can be holomorphically extended to
the whole manifold M as a holomorphic function of polynomial growth.

Write Fy = F: M — Z and denote ﬁ’o : M — Z the normalization of Fy.
For any smooth point x on the subvariety W, by using the L? estimates of
the 0 operator as in Section 7, one can find two holomorphic functions g, ¢>
of polynomial growth which give local holomorphic coordinates at x. Adding
g, g2 to the map Fy, we get a new map Fy = (Fy, g, ¢2) : M — Z, C CO+m,
which is nondegenerate at . Write the normalization of Fj as ]51 M — Zl

and continue in this way to get holomorphic mappings F; : M — Z; and their
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normalizations F’Z M — Zi such that
~ D ~ D D ~ D
WoF Wi FWid -,

where W/Z is the locus of ramification of ﬁ’l

Note that WW; contains no isolated point because Z; is normal. Moreover, by
Proposition 7.2, W has only finite number of irreducible components because
W is the zero divisor of finitely many holomorphic functions of polynomial
growth. This implies that the above procedure must terminate in a finite
number of steps, say [. Thus, we get a biholomorphism F; from M onto its
image F}(M ) C Z,. The argument in our proof of the almost surjectivity shows
that Fj(M) can miss at most finitely many irreducible subvarieties of Z;, say
Tl(l), e Tq(l). Ifﬁ}(M)ﬁfi(l) # (), then it must intersect ﬁ(l) in a nonempty open
set, because F} is open. We arrange Ti(l) so that Fj(M) N Ti(l) =(0for1<i<p
and F(M)NTY % 0 for p+1 < i < q. Note thatFj(M) is a Stein subset
of Z, because M is Stein by Theorem 5.1 and F, maps M biholomorphically
onto its image. By Hartog’s extension theorem, every holomorphic function on
Z\ Ui<i<q ﬂ(l) extends to Z;\ Ui<i<p ﬂ(l). Hence, we get a biholomorphic map
from M onto a quasi—affine algebraic variety. Finally, recall that a classical
theorem of Ramanujam [27] in affine algebraic geometry says that an algebraic
variety homeomorphic to R?* is biregular to C2. Combining this result of
Ramanujam with Theorem 5.1, we deduce that M is actually biholomorphic

to C2. Therefore we have completed the proof of the Main Theorem.
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