A CHARACTERIZATION OF CERTAIN SHIMURA CURVES
IN THE MODULI STACK OF ABELIAN VARIETIES

ECKART VIEHWEG AND KANG ZUO

Throughout this article, ¥ will denote a non-singular complex projective
curve, and f : X — Y a family of abelian varieties, with X non-singular.
Write U C Y for an open dense subscheme, with

fiXo=fYU) —U

smooth, S = Y \ U, and A = f~(S). Consider the weight 1 variation of
Hodge structures given by f: Xo — U, i.e. R'f,Zx,. We will always assume
that the monodromy of R'f,Zy, around all points in S is unipotent. The
Deligne extension of (R'f,Zyx,) @ Oy to Y carries a Hodge filtration. Taking
the graded sheaf one obtains the Higgs bundle

(E,0) = (B & E™,0,)

with BN = f*Qﬁ(/Y(log A) and E%! = R'f,Ox. The Higgs field 0,4 is given
by the edge morphisms

[2%y (log A) — R'f,Ox © Q5 (log S)
of the tautological sequence
0 — f*Qy-(log S) — Q% (log A) — Qﬁqy(log A)) — 0.

By [13] E™ is a direct sum F'0 ¢ N0 with F'0 ample and N' flat, hence
Nl’o - Ker(Ql,O).

Correspondingly, we have E%! = FO' ¢ NO! and E is the direct sum of the
Higgs bundles

(0.0.1) (F=F"YqF% 0,0|pi0) and (N @ N 0).

For gy = rank(F'?) the Arakelov inequalities ([6], generalized in [18], [11])
say that

(0.0.2) 2 - deg(F™Y) < go - deg(94-(log S)).

In this note we will try to understand f : X — Y, for which (0.0.2) is an
equality, or as we will say, of families reaching the Arakelov bound. By 1.2,
this property is equivalent to the maximality of the Higgs field for F', saying
that 0,9 : F' — FO' @ Q1 (log S) is an isomorphism.

As it will turn out, the base of a family of abelian varieties reaching the
Arakelov bound is a Shimura curve, and the maximality of the Higgs field is
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reflected in the existence of special Hodge cycles on the general fibre.

For families of elliptic curves, the maximality of the Higgs field just says
that the family is modular (see Section 4).

Proposition 0.1. Let h : E — Y be a semi-stable family of elliptic curves,
smooth over U C Y. If E — Y s non isotrivial and reaching the Arakelov
bound, E — Y is modular, i.e. U 1is the quotient of the upper half plane H by
a subgroup of Sk(Z) of finite index, and the morphism U — C = H/SL(Z) is
given by the j-invariant of the fibres.

The first result states that for S # 0, up to powers, products with constant
factors and isogenies, modular elliptic curves are the only examples.

Theorem 0.2. Let f: X — Y be a family of abelian varieties smooth over U,
and such that the local monodromies around s € S are unipotent. If S # (0, and
if f: X =Y reaches the Arakelov bound, then there exists an étale covering
Y =Y such that f' : X' = X xy Y' — Y is isogenous over Y' to a
product

BX.E'Xy/"'Xyl_E'7

where B s abelian variety defined over C of dimension g — gy, and where
h:E —Y' s a family of elliptic curves reaching the Arakelov bound.

Results parallel to 0.2 have been obtained in [27] for families of K 3-surfaces,
and the methods and results of [27] have been a motivation to study the case
of abelian varieties.

As we will see in Section 3 Theorem 0.2 follows from the existence of too
many endomorphisms of the general fibre of f : X — Y, which in turn is
equivalent to the existence of too many cycles on the general fibre of X xy X.

A similar phenomena occurs for families of abelian varieties, smooth over
the curve Y. Let us assume first, that ¢ = go, or more general that the largest
unitary local sub system of R!f,C is defined over Q. As we will see in Section
3 this condition automatically holds true, for S # (), but not necessarily for
S = 0. By [9] (see Proposition 7.3) this condition implies that the family is
rigid, i.e. that the morphism from Y to the moduli stack of polarized abelian
varieties has no non-trivial deformation, except those obtained by deforming
a constant abelian subvariety.

Looking to Shimura’s list of moduli schemes of simple abelian varieties with
given ring of endomorphisms and with a sufficiently high level structure (see
[14], Chap. 5 and 9, for example), one finds two cases where the base is one
dimensional, hence a Shimura curve of PEL-type.

Example 0.3.

a. Moduli schemes of false elliptic curves, i.e. polarized abelian surfaces B
with End(B) @z Q a totally indefinite quaternion algebra over Q (see also
25)).

b. Moduli schemes of abelian fourfolds B with End(B)®7Q a totally definite
quaternion algebra over Q.



A CHARACTERIZATION OF SHIMURA CURVES 3

Mumford studied in [15] and [16] other types of moduli functors of abelian
varieties, parameterized by Shimura varieties. Those are moduli of abelian va-
rieties, with a given Hodge group Hg (which we will call the special Mumford-
Tate group). In [16] he gave an example of a moduli functor of abelian four-
folds, where Hg is obtained via the corestriction of an quaternion algebra,
defined over a totally real cubic number field F'. Generalizing his construction
one can consider quaternion division algebras A defined over any totally real
number field F', which are ramified at all infinite places except one. Choose
an embedding

D= COI’F/QA C M(Qm,Q),

with m minimal. As we will see in Section 6 writing d = [F' : Q] one finds
m =dorm=d+1. By 6.9 and 6.10 we get the following types of moduli
functors of abelian varieties with special Mumford-Tate group

Hg = {r € D*; zz =1}

and with a suitable level structure, which are represented by a smooth family
Za — Y4 over a compact Shimura curve Y,. Since we did not fix the level
structure, Y, is not uniquely determined by A. So it rather stands for a whole
class of possible base curves, two of which have a common finite étale covering.

Example 0.4. Let Z, denote the generic fibre of Z4 — Y4. Then one of the
following holds true.

i. 1 <m=d odd. In this case dim(Z,) = 2¢7! and End(Z,) @7 Q = Q.
ii. m=d+1. Then dim(Z,) = 2 and
a. for d odd, End(Z,) @7 Q a totally indefinite quaternion algebra over

Q.
b. for d even, End(Z,) @7 Q a totally definite quaternion algebra over

Q.

Of course, the examples given in 0.3 are included in 0.4, ii, for d = 1 or 2.
Let us call the family Z4 — Y4 a family of Mumford type. We will see in
Section 7 that for g = go, up to powers and isogenies, the families of Mumford

type are the only smooth families of abelian varieties over curves reaching the
Arakelov bound.

Theorem 0.5. Let f : X — Y be a smooth family of abelian varieties. If
the largest unitary local sub system U, of R'f.Cx is defined over Q and if
f: X =Y reaches the Arakelov bound, then there exist

a. a quaternion division algebra A, defined over a totally real number field
F', and ramified at all infinite places except one,

b. an étale coveringm:Y' —Y,

c. a family of Mumford type h : Z = Zy — Y’ = Ya, as in Example 0./,
and an abelian variety B such that f': X' = X xy Y' = Y’ is isogenous
to

BXZXyI"'XyIZ—>Y,.

In particular, if the general fibre of f : X — Y is a simple abelian variety,
the family is determined, up to isogeny, by the quaternion algebra A.
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Things are getting more complicated if one drops the condition on U;. For
one quaternion algebra A, there exist several non isogenous families. Hence it
will no longer be true, that up to a constant factor f : X — Y is isogenous to
the product of one particular family.

Example 0.6 (see 6.11). Let A be a quaternion algebra defined over a totally
real number field F, ramified at all infinite places but one, and let L be a
subfield of F. Let Bi,...,3s : L — Q denote the different embeddings of L.
For = [F : L]+ 1 (or may be u = [F : Q| in case that L = Q and p odd)
there exists an embedding

COI‘F/LA C M(Q“, L)

As well known (see Section 6) for some Shimura curve Y’ such an embedding
gives rise to a representation of 1 (Y, %) in M (2#, L), hence to a local L system
V5. Moreover there exists an irreducible Q local system Xg = X4 1. for which
Xg @ Q is a direct sum of the local systems V;, Qr.8, Q.

There exist non-isotrivial families h : Z — Y’ with simple general fibre, such
that R'1,Q is a direct sum of ¢ copies of Xg. Such examples, for g = 4 and 8
have been considered in [9]. Here F'is a quadratic extension of Q, L = F and
t =1or 2. For g =8, i.e. + = 2, this gives the lowest dimensional example
of a non rigid family of abelian varieties without a trivial sub family [9]. A
complete classification of such families is given in [19].

Theorem 0.7. Let f : X — Y be a smooth family of abelian varieties. If
f X = Y reaches the Arakelov bound, then there exist an étale covering
m:Y" =Y, a quaternion algebra A, defined over a totally real number field F
and ramified at all of the infinite places except one, an abelian variety B, and
C families h; : Z; — Y'" of abelian varieties with simple general fibre, such that

L X' =X %y Y =Y isisogenous to
B x Z; Xy/---Xyng—>Yl.

ii. For each i€ {1,... ,(} there exists a subfield L; of F' such that the local
system R'1;,Qy. is a direct sum of copies of the irreducible Q local system
X4 1.0 defined in Exvample 0.6.

iii. For eachi € {1,...,(} the following conditions are equivalent:
b. h;: Z; = Y' is a family of Mumford type, as defined in Example 0.4.
C. EHd(XA,Li;QY)’O = End(XA,Li;Q>-
Moreover, if one of those conditions holds true, R'h;,Qg, is irreducible,
hence thi*(@zi = XA,Li;@-

Here, contrary to 0.5, we do not claim that a component h; : Z; — Y is
uniquely determined up to isogeny by X4 1,.0 and by the rank of R';,.Qy, .

We do not know for which ¢ there are families of Jacobians among the
families of abelian varieties considered in 0.2, 0.5 or 0.7, i.e. whether one can
find a family ¢ : Z — Y of curves of genus g such that f : J(Z/Y) = Y
reaches the Arakelov bound.
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For Y = P! the Arakelov inequality (0.0.2) implies that #S > 4. Our hope,
that a family of abelian varieties with #S = 4 can not be a family of Jaco-
bians, broke down when we found an example of a family of genus 2 curves over
the modular curve X (3) in [12], whose Jacobian is isogenous to the product
of a fixed elliptic curve B with the modular curve E(3) — X (3) (see Section 8).

The starting point of this article is the observation, that the maximality
of the Higgs field enforces a presentation of the local systems R!f,Cy, and
End(R'f.Cx,) using direct sums and tensor products of one weight one com-
plex variation of Hodge structures L. of rank two and several unitary local
systems. In the first two sections, using C. Simpson’s correspondence between
Higgs bundles and local systems, we show that those decompositions are de-
fined over Q N R.

In case S # () it is then easy to see, that the unitary parts of those decom-
positions trivialize, after replacing Y by a finite étale cover Y’ (see 3.4). This
will allow, to prove Theorem 0.1 in Section 3.

Although not really necessary, we will assume starting with Section 5 that
S = (). By 3.3, replacing Y by an étale covering, we may assume again that the
largest unitary Q local sub system of R!f,Cy is trivial, hence it corresponds to
the splitting of a constant factor B. For simplicity we will frequently assume
B to be zero dimensional, hence that R!'f,Cx has no non-trivial unitary Q
local sub system.

To illustrate the methods of proof for Theorem 0.5 we first study families of
abelian surfaces in Section 5. The proof of Theorems 0.5 and 0.7 in Sections
6 and 7 uses a characterization of Fuchsian groups, due to K. Takeuchi, and
some basic facts from the classification of quaternion algebras.

As mentioned already, this article owes a lot to the recent work of the second
named author with Xiao-Tao Sun and Sheng-Li Tan. We thank Ernst Kani
for explaining his beautiful construction in [12], and for sharing his view about
higher genus analogs of families of curves with splitting Jacobians. It is also
a pleasure to thank Hélene Esnault for her interest and help, Ngaiming Mok,
for explaining us differential geometric properties of base spaces of families
and for pointing out Mumford’s construction in [16], and Bruno Kahn and
Claus Scheiderer for their help to understand quaternion algebras and their
corestrictioThis note grew out of discussions started when the first named
author visited the Institute of Mathematical Science and the Department of
Mathematics at the Chinese University of Hong Kong. His contributions to the
final version (in particular to the proof of Theorems 0.5 and 0.7) were written
during his visit to the I.H.E.S., Bures sur Yvette. He would like to thank the
members of those three Institutes for their hospitality.

1. SPLITTING OF C-LOCAL SYSTEMS

We will frequently use C. Simpson’s correspondence between poly-stable
Higgs bundles of degree zero and representations of the fundamental group
Uh (U7 *)
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Theorem 1.1 (C. Simpson [22]). There ezists a natural equivalence between
the category of direct sums of stable filtered reqular Higgs bundles of degree
zero, and of direct sums of stable filtered local systems of degree zero.

We will not recall the definition of a “filtered regular” Higgs bundle ([22],
p. 717), just remark that for a Higgs bundle corresponding to a local system
with unipotent monodromy around the points in .S, the filtration is trivial.

For example, 1.1 implies that the splitting of Higgs bundles (0.0.1) corre-
sponds to a decomposition over C

(le*ZX()) ® C — V @ Ul

where V corresponds to the Higgs bundle (F = F'0 @ F%!' §) and U to

(N = N g NO gy =0). Let O(N,h) denote the curvature of the Hodge

metric h on EM0 @ E%! restricted to N, then by [8], chapter II we have
O(N,h|y) = —0Ox Ay — Oy AN Oy = 0.

This means that h|y is a flat metric. Hence, U; is a unitary local system.

In general, if U is a local system, whose Higgs bundle is a direct sum of
stable Higgs bundles of degree zero and with a trivial Higgs field, then U is
unitary.

As a typical application of Simpson’s correspondence one finds

Proposition 1.2. Let 'V be a direct sum of local systems of degree zero with
Higgs bundle (F = FYO @ F% 7). Assume that 7|pos = 0, that

710 =T|pro : FYY — FO' @ Q) (log S) C F @ Qy (log S),
and that
(1.2.1) 2 - deg(F"°) = go - deg(Qy (log S)).
Then 71 s an isomorphism, and the sheaf F'° is poly-stable.

Recall that F'*? is polystable, if there exists a decomposition
Fl,U ~ @Az

with A; stable, and
deg A;  deg F''°
rankA;  rankF0
Proof of 1.2. Let A C F1? be a subsheaf, and let B @ Q3-(log S) be its image

under 6 5. Then A ¢ B is a Higgs subbundle of F'* & F™ and applying 1.1
one finds deg(A) + deg(B) < 0. Hence

deg(A) = deg(B) + rank(B) - deg(£2-(log S))
< deg(B)+rank(A)-deg(2; (log S)) < — deg(A) +rank(A)-deg(2 (log 9)).
The equality (1.2.1) implies that

deg(A) 1
rank(.A4)

deg(F0
L deg (0 (10g 5)) = 38D
2 90

IN
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and F10 is semi-stable. If

deg(A)  deg(F'?)

rank(A) g
rank(A) = rank(B) and deg(B) = — deg(A). The Higgs bundle (F'0 & F%! 6)
splits by 1.1 as a direct sum of stable Higgs bundles of degree zero. Hence
(A @ B, 0| 4ep) is a direct factor of (F'10 @ F%! 9). In particular, A is a direct
factor of F19. For A = F'Y one also obtains that 710 is injective and by
(1.2.1) it must be an isomorphism. O

The local system R'f,Qx, on U = Y\ S is a Q variation of Hodge structures
with unipotent local monodromies around s € S. By Deligne’s semi-simplicity
theorem [3], one obtains a decomposition

(122) le*QXo = @Vi@v

for irreducible @Q local systems Vg.

Restricting the Hodge filtration of R! f,Qx, to Vig, one obtains a Hodge fil-
tration on V;g, and (1.2.2) is a decomposition of variations of Hodge structures.
However the decomposition (1.2.2) is in general not compatible with polariza-
tions. Taking the grading of the Hodge filtration, one obtains a decomposition
of the Higgs bundle

(E,0) = (FY 3 F%' 9) @ (N @ N 0)

as a direct sum of sub Higgs bundles, as stated in 1.1. Obviously, each of the
Vio again reaches the Arakelov bound.

Our next constructions will not require the local system to be defined over
Q. So by abuse of notations, we will make the following assumptions.

Assumption 1.3. For a number field L C C consider a polarized L variation
of Hodge structures X; of weight one over U = Y \ S with unipotent local
monodromies around s € S. Assume that the local system X = X, @, C
has a decomposition X = V & U;, with U; unitary, corresponding to the
decomposition

(E,0) = (F,010) @ (N,0) = (F** @ F*', 6, 0) & (N** @ N*',0)

of Higgs fields. Assume that V (or (F,f;)) has a maximal Higgs field, i.e.
that

91)0 : FI’O — FU,I & Q%/(l()g S)
is an isomorphism. Obviously, for gy = rank(F'?) this is equivalent to the
equality (1.2.1). Hence we will also say, that X (or (E, #)) reaches the Arakelov
bound.

Proposition 1.4. If degQi-(log S) is even there exists a tensor product de-
composition of variations of Hodge structures

V~L R T,
with:
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a. L is a rank-2 local system. For some invertible sheaf L, with £*> =
Ol (log S) the Higgs bundle corresponding to L is (L & L', 1), with
T|c-1 =0 and 7|z given by an isomorphism

™0 L — L7205 (log 9).

L has bidegree 1,0, and £ has bidegree 0, 1.

b. If gy is odd, £% = det(F"°) and L is uniquely determined.

c. For gy even, there exists some invertible sheaf N of order two in Pic’(Y)
with L£9° = det(F'°) @ N.

d. T is a unitary local system and a variation of Hodge structures of pure
bidegree 0,0. If (T,0) denotes the corresponding Higgs field, then T =
FWoo L7t =F0@L.

In section 7 we will need a slightly stronger statement.

Addendum 1.5. Ifin 1.4, there exists a presentation V =Ty @¢ Vy with T
unitary and a variation of Hodge structures of pure bidegree 0,0, then there
exists a unitary local system Ty with T =Ty @¢ Ts.

In fact, write (77,0) and (F"° @ F*',6,) for Higgs fields corresponding to
T, and V;, respectively. Then deg(7;) = 0 and
2 - deg(F"°) - rank(T) = 2 - deg(F°) =
go - deg(Q-(log S)) = rank(F"°) - rank(7) - deg(Q3-(log S)).
So (F"° @ F",0,) again satisfies the assumptions made in 1.4.

Proof of 1.4. Taking the determinant of

~

o0 PO = F% @ QL (log S),
one obtains an isomorphism
det 610 : det F10 =5 det FO! @ QL. (log S)*,
By assumption there exists an invertible sheaf £ with £* = Q1 (log S). Since
FI,O ~ }70,1\/7
(det F'0)? ~ Q5. (log S)° = L£*%,
and det F'0 @ £79% = N is of order two in Pic’(Y).
If go is even, L is uniquely determined up to the tensor product with two
torsion points in Pic’(Y).
If gy is odd, one replaces £ by £ @ N and obtains det F'10 = £9%,
By refsemistablei the sheaf
T=FYoc!

is poly-stable of degree zero. 1.1 implies that the Higgs bundle (7,0) corre-
sponds to a local system T, necessarily unitary.
Choose L to be the local system corresponding to the Higgs bundle

(Lo Lt r), with 702 = £ Ql(logS).
The isomorphism

O ToL=FY = F"o0llogs) — FOl' o L2
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induces an isomorphism

¢:ToL — F,
such that 0% = ¢ o (idy @ 71'%). Hence the Higgs bundles (F'"% @ F%! §) and
(T @ (LD L), idy @ 7) are isomorphic, and V ~ T @¢ L. O
Remark 1.6.

i. If deg Q) (logS) is odd, hence S # 0, and if the genus of Y is not zero,
one may replace Y by an étale covering, in order to be able to apply 1.4.
Doing so one may also assume that the invertible sheaf A in 1.4, ¢), is
trivial.

ii. For Y = P! and for X reaching the Arakelov bound, #S is always even.
This, together with the decomposition 1.4, for U = C%, can easily ob-
tained in the following way. By 1.2, F'° must be the direct sum of
invertible sheaves £;, all of the same degree, say v. Since 9 is an iso-
morphism, the image 0M°(L;) is Op1(2 — s +v) @ Q. Since F*! is dual to
F'° one obtains —v = 2 — s + v, and writing £;' = 0%°(L,),

(FY @ FO g) ~ (@ Op1(v) @ Op1(—v), @ ).
Consider now the local system of endomorphism End (V) of V, which is a
polarized weight zero variation of L Hodge structures. The Higgs bundle

(FLO0 g FO1 g)
for V induces the Higgs bundle
(FL=l g 00 g -1l g)
corresponding to End (V) =V @¢ VY, by choosing
FL-1 — p10 Q Fo,1v7 F0.0 — p10 Q F1,0V B Fo.1 Q F0,1V
and F M =F0e Pt
The Higgs field is given by
011 = (—id) @70 ®To®id and oo =T1o@idP (—id) @ 11"

Lemma 1.7. Assume as in 1.3 that X reaches the Arakelov bound or equiva-
lently that the Higgs field of V is mazimal. Let

FYY:=XKer(rgp) and F%° =TIm(r ).
Then there is a splitting of the Higgs bundle
(FLb=la FO0 g Ut g) = (FL=1 g FO0 5 11 g) @ (K20, ),
which corresponds to a splitting of the local system over C
End(V) =Wa U.

U is unitary of rank g and a variation of Hodge structures concentrated in
bidegree 0,0, whereas W is a C variation of Hodge structures of weight zero
and rank 3g3.

o FYl— FY 200 (logS)  and 1o FOY — F M @ Q5 (log S)
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are both isomorphisms.
Proof. By definition, (F%° 0) is a sub Higgs bundle of (F"~'@ FO0q F~11 4).
We have an exact sequence
0— Fp0 — F° — F 2 @ Qy(log S) — €
where C is a skyscraper sheaf. Hence
(1.7.1)  deg(F)") > deg(F*?) — deg(F ") — rank(F 1) - deg(Qy (log S)).

Note that if (1.7.1) is an equality then C is necessarily zero.
Since deg(F®%) = 0 and since, by the Arakelov equality,
deg(F_l’l) =gy - deg(FO’l) + go - deg(Fl’Ov)
= gp - deg(Qy-(log S)) = rank(F~"') - deg(Qy (log 5))
one finds deg(F°) > 0. By 1.1 the degree of F** can not be strictly positive,
hence it is zero and (1.7.1) is an equality.
Again by 1.1 (F2° 0) being a Higgs subbundle of degree zero with trivial

Higgs field, it corresponds to a unitary local subsystem U of End (V). The
exact sequence

0— FY — F* - P~ 2 Q5 (log S) — 0
splits, and one obtains a direct sum decomposition of Higgs bundles
(F' =l @ FO0 g F=11 g) = (FY=1 @ FO0 @ =1 9) @ (F0,0),
which induces the splitting on End (V) with the desired properties. O

In 1.7 the sub local system W of End(V) has a maximal Higgs field in the
following sense.

Definition 1.8. Let W be a C variation of Hodge structures of weight k&, and

let
(F,7) = ( @ £, @TP,Q>

p+q=Fk
be the corresponding Higgs bundle. Recall that the width is defined as
width(W) = Max{|p — ¢|; FP?# 0}.

i. W (or (F,7)) has a generically maximal Higgs field, if width(W) > 0 and
if
a. FPRP = () for all p with |2p — k| < width(W).
b. Tp—p: FPFP — FrobErtlo0l (log S) is generically an isomorphism

for all p with |2p — k| < width(W) and |2p — 2 — k| < width(W).

ii. W (or (F,7)) has a maximal Higgs field, if the 7,,_, in i), b. are all

isomorphisms.

In particular, a variation of Hodge structures with a maximal Higgs field
can not be unitary.

Properties 1.9.
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a. If W is a C variation of Hodge structures with a (generically) maximal
Higgs field, and if W C W is a direct factor, then width(W') = width(W)
and W' has again a (generically) maximal Higgs field.

b. Let L and T be two variations of Hodge structures with I. @ T of weight
1 and width 1, and with a (generically) maximal Higgs field.

Then, choosing the bidegrees for I and T in an appropriate way, either
L is a variation of Hodge structures concentrated in degree 0,0, and T
is a variation of Hodge structures of weight one and width one with a
(generically) maximal Higgs field, or vice versa.

Proof. For a) consider the Higgs field (€ F™™, 7', of W', which is a direct
factor of the one for W. Since the 7,, are (generically) isomorphisms, a) is
obvious.

In b) denote the components of the Higgs fields of L and T by £P"% and
TP2% respectively. Shifting the bigrading one may assume that p; = 0 and
p2 = 0 are the smallest numbers with £P2% £ 0 and 77>% # (0 and moreover
that the corresponding ¢; > 0. Since ¢; + ¢2 = 1, one of ¢; must be zero, let us
say the first one.

Then 77>% can only be non-zero, for (ps,¢2) = (0,1) or = (1,0) and L is
concentrated in degree 0, 0.

Obviously this forces the Higgs field of L. to be zero. Then the Higgs field
of L @ T is the tensor product of the Higgs field

T = 7% © Qy(log S)

with the identity on £%° hence the first one has to be (generically) an isomor-
phism. O

Remark 1.10. The splitting in 1.7 can also be described by the tensor prod-
uct decomposition V= T@¢ L in 1.4 with T unitary and I a rank two variation
of Hodge structures of weight one and with a maximal Higgs field. For any
local system M one has a natural decomposition End(M) = Endy(M) @& C,
where C acts on M by multiplication. Applying 1.7 to L instead of V, gives
exactly the decomposition End (L) = Endy(L) & C. One obtains

EHd(V) =T ®(C Tv ®(C L ®(C ]Lv =
(Endo(T) & C) @¢ (Endo(L) & C) = Endy(T) & C & End(T) @¢ End,(L).

Here Endo(T) @ C is unitary and W = End (T) @ Endy(L) has again a maximal
Higgs field.

Remark 1.11. If one replaces End (V) by the isomorphic local system V@ V,
one obtains the same decomposition. However, it is more natural to shift the
weights by two, and to consider this as a variation of Hodge structures of
weight 2.

A statement similar to 1.7 holds true for A?(V). Here the Higgs bundle is
given by

FPO= FLOA RO Ul = 0 O and %% = FOL A FOL
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2. SPLITTING OVER Q

Up to now, we considered local systems of C-vector spaces induced by the
family of abelian varieties. We say that a C local system M is defined over a
sub ring R of C, if there exists a local system My of torsion free R-modules
with M = My ®@g C. In different terms, the representation

il WU(Uv *) — Gl(uv C)
is conjugate to one factoring like
¢ mo(U, %) — Gl(u, R) — Gl(, C).

If M is defined over R, and if ¢ : R — R’ is an automorphism, we will write
MY, for the local system defined by

Y 2 mo(U, %) — Gl(p, R) -2 Gl(u, R'),
and M7 = M} @gr C. In this section we want to show, that the splittings
X=Va@U and End(V) = W@ U considered in the last section are defined
over QQ, i.e. that there exists a number field K containing the field of definition
for X and local K sub systems
Vi C XK, U C XK, Wy C ]End(XK) and Ug C End(XK)
with
Xg =X, @ K =Vg & Uig, Vg =Wk & Uk, and with
V=Vk @xC, U =Ux@xkC W=Wr @xC, U=0Ux @xC

We start with a simple observation. Suppose that M is a local system defined
over a number field L. The local system M, is given by a representation
p:m (U, %) — GL(Mp) for the fibre M, of My, over the base point .

Fixing a positive integer r, let G(r, M) denote the set of all rank-r sub local

systems of M and let Grass(r, M) be the Grassmann variety of r-dimensional
sub vectorspaces. Then G(r,M) is the subvariety of

Grass(r, M) X Spec(L) Spec(C)

consisting of the (U, %) invariant points. In particular, it is a projective
variety defined over L. An K-valued point of G(r, M) corresponds to a sub local
system of My = M @ K. One obtains the following well known property.

Lemma 2.1. If [W] € G(r,M) is an isolated point, then W is defined over Q.
In the proof of 2.7 we will also need:

Lemma 2.2. Let M be an variation of Hodge structures defined over L, and
let W C M be an irreducible sub local system of rank r defined over C,. Then
W can be deformed to a sub local system W, C M, which is isomorphic to W
and which 1s defined over a finite extension of L.

Proof. By [3] M is completely reducible over C. Hence we have a decomposition
M=WaoW.

The space G(r,M) of rank r sub local systems of M is defined over L and
the subset

{W, € G(r,M); the composit W, € W oW 2% W is non zero }
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forms a Zariski open subset. So there exists some W, in this subset, which
is defined over some finite extension of L. Since p : W, — W is non zero,
rank(W;) = rank(W), and since W is irreducible, p is an isomorphism. O

Lemma 2.3. Let M be the underlying local system of a variation of Hodge
structures of weight k defined over a number field L. Assume that there is a
decomposition

¢
(2.3.1) M=Us@PM,
i=0
in sub variations of Hodge structures, and let
0
(2'3'2) (E, 9) = (Nv 0)@@(E77i :9|Fl>
i=0

be the induced decomposition of the Higgs field. Assume that width(M;) = i,
and that the Mj; have all generically maximal Higgs fields. Then the decompo-
sition (2.3.1) is defined over Q. If L is real, it is defined over Q NR. If Ml is
polarized, then the decomposition (2.5.1) can be chosen to be orthogonal with
respect to the polarization.

Proof. Consider a family {W, };,ca of local sub systems of M defined over a
disk A with Wy = M,. For t € A let (Fw,, ;) denote the Higgs bundle
corresponding to W;. Hence (Fyy,, 7¢) is obtained by restricting the F-filtration
of M® Op to W; @ Op and by taking the corresponding graded sheaf. So the
Higgs map
hr L FpEr — BN 6 0 (log S)
will again be generically isomorphic for ¢ sufficiently closed to 0 and
2p— k| <{¢ and |2p—2—Fk| <.

If the projection
¢ -1
p:W, —M=UsPM — UsPM,
i=1 i=1

is non-zero, the complete reducibility of local systems coming from variations
of Hodge structures (see [3]) implies that W, contains an irreducible non-trivial
direct factor, say W, which is isomorphic to a direct factor of U or of one of
the local systems M, for i < (.

Restricting again the F filtration and passing to the corresponding graded
sheaf, we obtain a Higgs bundle (Fy,7/) with trivial Higgs field, or whose
width is strictly smaller than (. On the other hand, (Fy,7/) is a sub Higgs
bundle of the Higgs bundle (Fy,, ;) of width ¢, a contradiction. So p is zero
and Wt = Mg.

Thus My is rigid as a sub local system of M, and by Lemma 2.1 M is defined
over Q.

Assume now that L is real, hence M = My @ C. The complex conjugation
defines an involution ¢ on M. Let M, denote the image of M, under .. Then
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M, has again generically isomorphic Higgs maps 77¥~7, for
2p — k| <{¢ and |2p—2—Fk| <.

If M, # M, repeating the argument used above, one obtains a map
-1
Mg —Us @M,
i=1
from a Higgs bundle of width ¢ and with a maximal Higgs field to one with
trivial Higgs field or of lower width. Again such a morphism must be zero,
hence My = M, in this case.

So we can find a number field K, real in case L is real, and a local system
M, C Mg with My = My g @k C. The polarization on M restricts to a
non-degenerated intersection form on M. Choosing for My the orthogonal
complement of M in My we obtain a splitting

1
My =My e & My g

inducing over C the splitting of the factor My in (2.3.1). By induction on ¢ we
obtain 2.3. U

For a reductive algebraic group G and for a finitely generated group I' let
M(T', G) denote the moduli space of reductive representations of I in G.

Theorem 2.4 (Simpson, [24], Cor.9.18). Suppose T' is a finitely generated
group. Suppose ¢ : G — H 1is a homomorphism of reductive algebraic groups
with finite kernel. Then the resulting morphism of moduli spaces

¢o: MT,G) — M(T',H)
s finite.

Corollary 2.5. Let T be m((Y, %) of a projective manifold, and v : T — G be a
reductive representation. If ¢y € M(T, H) comes from a C variation of Hodge
structures, then v comes from a C variation of Hodge structures as well.

Proof. By Simpson a reductive local system is coming from an variation of
Hodge structures if and only if the isomorphism class of the corresponding
Higgs bundle is a fix point of the C* action. Since the C* action contains
the identity and since it is compatible with ¢, the finiteness of the preimage
¢~ ¢(7y) implies that the isomorphism class of the Higgs bundle corresponding
to v is fixed by the C* action, as well. O

Definition 2.6. Let M be a local system of rank r, and defined over Q. Let
e @ m (U, %) — SI(2,Q) be the corresponding representation of the funda-
mental group. For n € m(U,*) we write tr(yy(n)) € Q for the trace of n
and

tr(M) = {tr(va(n)); n € m (U, %)}
Corollary 2.7. Under the assumptions made in 1.3

i. The splitting X = V@ Uy is defined over Q, and over QMR in case L is
real. If X is polarized, it can be chosen to be orthogonal.
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ii. The splitting End(V) = W & U constructed in Lemma 1.7 is defined over
Q. and over QN R in case L is real. If X is polarized, it can be chosen
to be orthogonal.

iii. ReplacingY by an étale covering Y', one can choose the decomposition
V~L®T i 1.4 such that

a. L and T are defined over a number field K, real if L is real.
b. One has an isomorphism Vg ~ LLg ©q Tg.
c. tr(IL) is a subset of the ring of integers Ok of K.

Proof. i) and ii) are direct consequences of 2.3. For iii) let us first remark that
for L real, passing to an étale covering . and T can both be assumed to be
defined over R. In fact, the local system L has a maximal Higgs field, hence
its Higgs field is of the form (£' @ £, 7') where £ is a theta characteristic.
Hence it differs from £ at most by the tensor product with a two torsion point
in Pic’(Y). Replacing Y by an étale covering, we may assume L = L. From
1.4, d), we obtain T = T.

Consider the isomorphism of local systems ¢ : L& T — V and the induced
isomorphism

¢* : Endo (L @ T) = Endo(L) & Endo(T) @ End,(L) & Endo(T) — End (V).

Since ¢*End(T) is the unitary part of this decomposition, by 2.3 it is defined
over QN R, as well as ¢*(Endy(L) & Endo(T) @ Endg(L)). The 1, —1 part of
the Higgs field corresponding to ¢*Endy(L) has rank one, and its Higgs field
is maximal. Hence ¢?Endg(IL) is irreducible, and by 2.2 it is isomorphic to a
local system, defined over Q. Hence T® T ~ End(T) and L& L ~ End(L) are
both isomorphic to local systems defined over some real number field K’. An

O structure can be defined by
¢*(End(L))o,, = ¢*(End(L))x NVo,,

Consider for v = 2 or v = gy the moduli space M(U,SI(v?)) of reductive
representations of 7(U, %) into SI(v?). Tt is a quasi-projective variety defined
over Q. The fact that L@ L (or T @ T) is defined over Q implies that its
isomorphy class in M(U, SI(v?)) is a Q valued point.

Consider the morphism induced by the second tensor product

p: M(U,SI(v)) — M(U,SI(+*))

which is clearly defined over Q. By 2.4 p is finite, hence the fibre p~' ([L @ L)
(or p~H([T®T])) consists of finitely many Q-valued points, hence L and T can
be defined over a number field K. If L is real, as already remarked above, we
may choose K to be real.

Obviously, for p € m (Y, %) one has

tr(y.(p))* = tr(yeL(p))-

In fact, one may assume that 7,(p) is a diagonal matrix with entries a and b
on the diagonal. Then tr(y1ow(p)) has a?, b?, ab and ba as diagonal elements.
Since tr(yern(p)) € Ok we find tr(y(p)) € Ok. O
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3. SPLITTING OVER Q FOR S # () AND ISOGENIES

In this section, we will consider the case L = Q and Xg = R'f,Qx,, where
f: X — Y is a family of abelian varieties, S = Y \ U # (), and where the
restriction Xg — U of f is a smooth family.

Lemma 3.1. Assume that S # () and let Mg be a Q-variation of Hodge struc-
tures of weight k and with unipotent monodromy around all points s € S.
Assume that over some number field K there exists a splitting

Mg = Mg @g K = Wi & Uk

where U= Uy @k C is unitary and where the Higgs field of W = Wy @ C is
maximal. Then W, U and the decomposition M = W @& U are defined over Q.
Moreover, U extends to a local system over Y.

Proof. Let T be a sub local system of W. Writing

(D " D )

pt+a=k p+q=k

for the Higgs bundle corresponding to T, the maximality of the Higgs field for
W implies that the Higgs field for T is maximal, as well. In particular, for all
s € S and for p > 0 the residue maps

. g p—1,q+1
ress (ep,q> . FT,S FT,S

are isomorphisms. By [22] the residues of the Higgs field at s are defined by the
nilpotent part of the local monodromy matrix around s. Hence if v is a small
loop around s in Y, and if pr(7) denotes the image of v under a representation
of the fundamental group, defining T, the nilpotent part N(pr(v)) = log pr(7)
of pr(7) has to be non-trivial

We may assume that K is a Galois extension of Q. Recall that for o €
Gal(K/Q) we denote the local systems obtained by composing the represen-
tation with o by an upper index o. Consider the composite

pIU(IT( —>MK :WK@UK —>WK,

and the induced map U7 = U} @ C — W.

Let 7 be a small loop around s € S, and let py(vy) and py- be the im-
ages of 7 under the representations defining U and U7 respectively. Since
U is unitary and unipotent, the nilpotent part of the monodromy matrix
N(pu(y)) = 0. This being invariant under conjugation, N(py-(7)) is zero,
as well as N (p,we)(7)).

Therefore p(U”)) = 0, hence U” = U, and U is defined over Q. Taking again
the orthogonal complement, one obtains the Q-splitting asked for in 3.1.

Since N(py(7y)) = 0, the residues of U are zero in all points s € S, hence U
extends to a local system on Y. O

Corollary 3.2. Suppose that S # (). Then the splittings in Corollary 2.7, i)
and 1i), can be defined over Q.
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Lemma 3.3. Let M be a local system, defined over Z, and let Mg = Wg Uy
be a decomposition, defined over Q. Then there exist local systems Uz, and Wy,
defined over 7, with

(3.3.1) Up =0z ® Q, Wop =Wz @ Q, and My O Wy & Uy.

Moreover, if Uy is unitary with trivial local monodromies around S, then there
exists an étale covering m:Y' — 'Y such that 7*Ug is trivial.

Proof. Defining a Z structure on Wy and Ug by
Wy, :W@ NM; and Uy :U@ N My,

(3.3.1) obviously holds true.

Since the integer elements of the unitary group form a finite group, the
representation defining U factors through a finite quotient of the fundamen-
tal group m(U,*) — G. The condition on the local monodromies implies
that this quotient factors through (Y, %), and we may choose Y’ to be the
corresponding étale covering. O

By 3.2 we obtain decompositions
le*(@xo = VQ D Ul@ and End(VQ) = W@ D UQ.

By 3.1 the local monodromies of the unitary parts U; and U are trivial. More-
over, U is a sub variation of Hodge structures of weight 0,0. Summing up, we
obtain:

Corollary 3.4. Let f : X — Y be a family of abelian varieties with unipotent
local monodromies around s € S, and reaching the Arakelov bound. If S # ()
there exists a finite étale cover w:Y' — Y with

i. (R Yf.(Zx,)) DV, @ Z2979)  and
(R fu(Zx,)) © Q= (V; @ Z29 %) @ Q,
where V7, is an Z-variation of Hodge structures of weight 1 with maximal
Higgs field.

ii. End(Vy) D W, & 7%, End(Vy)®Q = (W, ®Z%) 2 Q,
where W), is an Z-variation of Hodge structures of weight 0 with mazimal
Higgs field, and where 7% is a local Z. sub system of type (0,0).

Proof of Theorem 0.2. Let Y' be the étale covering constructed in 3.4, ii). So
using the notations introduced there,

(34.1)  R'Yl(Zx;) ©Q=Vy®Z*9 %) and End(Vy) =W, & Z%.

The left hand side of (3.4.1) implies that f': X’ — Y’ is isogenous to a product
of a family of gy dimensional abelian varieties with a constant abelian variety
B of dimension g — go. By abuse of notations we will assume from now on,
that B is trivial, hence g = go and R'f/(Zx;) © Q = Vg, and we will show
that under this assumption f': X’ — Y is isogenous to a g-fold product of a
modular family of elliptic curves.

Let us write

End(x) = H°(Y',End (%))
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for the global endomorphisms. End(V{) = Q" is a Q Hodge structure of
weight zero, in our case the Hodge filtration is trivial, i.e.

End(Vy)*" = End(V}).

If X, = X' Xy Spec(C(Y")) denotes the general fibre of f’, one obtains from
3], 4.4.6,
End(X,) ® Q = End(V)*® = End(Vy)).
By the complete reducibility of abelian varieties there exists simple abelian
varieties By, ... , B, of dimension g;, respectively, which are pairwise non isoge-
nous, and such that X, is isogenous to the product

B x - x B

Moreover, since V has no flat part, none of the B; can be defined over C. Let
us assume that g; =1fortc=1,... 7 and g; >1fori=7"+1,... 7.

By [17], p. 201, D; = End(B;) ® Q is a division algebra of finite rank over
Q with center K;. Let us write

d? = dimg,(D;) and e; = [K;: Q).
Hence ¢; - d? = dimg/(D;).

By [17], p. 202, or by [14], p. 141, either d; < 2 and e; - d; divides g;, or else
e; - d? divides 2 - g;. In both cases, the rank e; - d? is smaller than or equal to
2-g;. If i < 7', hence if B; is an elliptic curve, not defined over C, we have

Writing M, (D;) for the v; x v; matrices over D;, one finds ([17], p. 174)

End(X,) @ Q= M,,(Dy)®&---®& M, (D,)

hence
r r
g° = dimg(End(X,)) ® Q) = (Z% . gi>2 = Z(ei -dj) v} <
i=1 i=1
r' r r
Yoviv Y vz gl
i=1 i=r'+1 i=1

Obviously this implies that » = 1 and that ¢g; < 2. If ¢ = 1, we are done. In
fact, the isogeny extends all over Y\ S and, since we assumed the monodromies
to be unipotent, Bj is the general fibre of a semi-stable family of elliptic curves.
The Higgs field for this family is again maximal, and 0.2 follows from 0.1.

It remains to exclude the case that g; = 2, and that e; - d? = 4. If the center
K is not a totally real number field, e; must be lager than 1 and one finds
I. dy =1 and Dy = K, is a quadratic imaginary extension of a real quadratic
extension of Q.
If Ky is a real number field, looking again to the classification of endomor-
phisms of simple abelian varieties in [17] or [14], one finds that e; divides ¢y,
hence the only possible case is

IT. dy =2 and e; =1, and D; is a quaternion algebra over Q.
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The abelian surface B; over Spec(C(Y')) extends to a non-isotrivial family
of abelian varieties B’ — Y, smooth outside of S and with unipotent mon-
odromies for all s € S. This family again has a maximal Higgs field, and
thereby the local monodromies in s € S are non-trivial. As we will see below,
in both cases, I and II, the moduli scheme of abelian surfaces with the corre-
sponding type of endomorphisms turns out to be a compact subvariety of the
moduli scheme of polarized abelian varieties, a contradiction.

I. By [14], Example 6.6 in Chapter 9, there are only finitely many ¢; dimen-
sional abelian varieties with a given type of complex multiplication, i.e. with
D, a quadratic imaginary extension of a real number field of degree ¢, over Q.

II. By [14], Exercise (1) in Chapter 9, there is no abelian surface for which
D is a totally definite quaternion algebra. If D; = End(B) @ Q is totally
indefinite, B is a false elliptic curve, as considered in Example 0.3, a. Such
abelian surfaces have been studied in [25], and their moduli scheme is a com-
pact Shimura curve. The latter follows from Shimura’s construction of the
moduli scheme as a quotient of the upper half plane H (see [14], §8 in Chapter
9, for example) and from [26], Chapter 9. O

4. SHIMURA CURVES AND THE SPECIAL MUMFORD-TATE GROUP

Lemma 4.1. Let L be a real variation of Hodge structures of weight 1, and of
dimension 2, with a non trivial Higgs field. Let vy, : m (U, x) — SI(2,R) be the
corresponding representation and let 'y, denote the image of vy,. Assume that
the local monodromies around the points s € S are unipotent. Then the Higgs
field of L is mazimal if and only if U =Y \ S ~ H/TL.

Proof. Writing L for the (1,0) part, we have an non trivial map
(411) 7'1,0 £—>£_1®Q%/(10g5)

Since £ is ample, QL (log S) is ample, hence the universal covering U of U =
Y \ S is the upper half plane H. Let
U=H->H

be the period map. The tangent sheaf of the period domain H is given by the
sheaf of homomorphisms from the (1,0) part to the (0,1) part of the variation
of Hodge structures. Therefore 71 is an isomorphism if and only if ¢ is a
local diffeomorphism. Note that by Schmid [20] the Hodge metric on the
Higgs bundle corresponding to L has logarithmic growth at S and bounded
curvature. By the remarks following [23], Propositions 9.8 and 9.1, 7y is an
isomorphism if and only if ¢ : U—Hisa covering map, hence an isomorphism.

Obviously the latter holds true in case Y\ S ~ H /I

Assume that ¢ is an isomorphism. Since ¢ is an equivariant with respect to
the 71 (U, *)—action on U and the Ppy(m (U, *))—action on H, the homomor-
phism

pL, - (U, %) — Ppr (m (U, %)) C PSI(R)

must be injective, hence an isomorphism. So ¢ descend to an isomorphism

0:Y\S~H/Ty.
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U

Proof of Proposition 0.1. h : E — Y be the semi-stable family of elliptic
curves, reaching the Arakelov bound, smooth over U. Hence Ly = R'h.Zg, is
a Z-variation of Hodge structures of weight one and of rank two. Writing £
for the (1,0) part, we have an isomorphism

(4.1.2) 0 £ — L7 © Q5 (log 9).

Since L is ample, Q3. (log S) is ample, hence the universal covering of U is the
upper half plane H. One obtains a commutative diagram

”H—@>H

AR

U—5C
where j is given by the j-invariant of the fibres of Ey — U, where v is the
quotient map H — H/Sly(Z), and where ¢ is the period map. 4.1 implies that
p: U—H/pp,(m(U, %))

is an isomorphism, hence pr (7 (U, %)) C Sly(Z) is of finite index, and E — Y
is a semi-stable model of a modular curve. O

Let us recall the description of wedge products of tensor products (see [10], p
80). We will write A = {Ay, ..., A, } for the partition of go as go = A\ ++- -+ A,.
The partition A defines a Young diagram and the Schur functor S). Assuming
as in 1.4 that L is a local system of rank 2, and T a local system of rank gy,
both with trivial determinant, one has

FLoT) =@SA\L) @ Sy(T)

where the sum is taken over all partitions A of & with at most 2 rows and at
most gg columns, and where \' is the partition conjugate to A. Similarly,

FLeT) =P SrL) @ S\(T)

where the sum is taken over all partitions A of k£ with at most 2 rows.
The only possible A are of the form {k — a,a}, for a < g By [10], 6.9 on p.
79,

Sh—20)(L) = S*72(L) @ det(L)* if 2a<k
S{k aa}(L> { S{l 1}(]14) — det(]L)a d 9a=F °

For k = gy one obtains:

Lemma 4.2. Assume that det(L) = C and det(T) = C.
a. If go 1s odd, then for some partitions \.,

go—1
go 2

AL@T) =P > L) @Sy, (T).

c=0
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. -1 .
In particular, for ¢ = %= one obtains

S9°(IL, /\ = S9(L
as a direct factor.
b. If gy is even, then for some partitions .,

90 -1

..... ) @ 69 S*(L) © S, (T).

g0

/\(]L @ T) = S*(L) & Sy

Lemma 4.3. Assume that . and T are variations of Hodge structures, with
L of weight one, width one and with a maximal Higgs field, and with T pure
of bidegree 0, 0.

a. If k 1s odd,

k
H(Y, \LeT) =0
b. If k is even, say k = 2c, then for some \.

H(Y, \(L©T) = H(Y, det(L)° @ S,,(T)).

c. For k=2 one has in ii) \y = {2}, hence Sy,(T)) = \*(T).
d. H(Y,S*(L® T)) = H°(Y, det(L) © A*(T)).

Proof. S(L) has a maximal Higgs field for ¢ > 0, whereas for all partitions
A’ the variation of Hodge structures Sy/(T) is again pure of bidegree 0,0. By
1.9, a), S(L) ©Sx(T) has no global sections. Hence A*(L. @ T) can only have
global sections for £ even. In this case, the global sections lie in

det(L)c ® S)\C(T>,

for some partition A, and one obtains a) and b). For k = 2 one finds \; = {2}.
For d) one just has the two partitions {1,1} and {2}. Again, the direct factor
S?(LL) @ S?(T), corresponding to the first one, has no global section. O

Let us shortly recall Mumford’s construction of connected Shimura varieties
parameterizing abelian varieties with given special Mumford-Tate group (see
[15], [16], and also [4] and [21]). Let B be an abelian variety and H'(B, Q) and
(@ the polarization on V. The special Mumford-Tate group Hg(B) is defined in
[15] as the smallest @ algebraic subgroup of Sp(H'(B,R), @), which contains
the complex structure. Equivalently Hg(B) is the largest Q algebraic subgroup
of Sp(H'(B,Q),Q), which leaves all Hodge cycles of B x --- x B invariant,
hence all elements

2p

ne H?(Bx--x B,Q" = [ N(H'(B,Q) &---& H'(B,Q))]"".

For a smooth family of abelian varieties f : Xy — U with B = f~!(y) for some
y € U, and for the corresponding Q variation of polarized Hodge structures
R'f.Qx, consider Hodge cycles n on B which remain Hodge cycles under
parallel transform. One defines the special Mumford-Tate group Hg(R' f.Qx, )
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as the largest Q subgroup which leaves all those Hodge cycles invariant ([4],
§7, or [21], 2.2).

Lemma 4.4.

a. Hg(R'f,Qx,) coincides for all y' in an open dense subset of U with the
special Mumford-Tate group Hg(f~'(y')).

b. Let GM" denote the smallest reductive Q subgroup of Sp(H'(B,R),Q),
containing the image I of the monodromy representation

v:m(U) — Sp(H'(B,R), Q).

Then the connected component GY'° of one in GM™ is a subgroup of
Hg(le*QXo)‘

c. If f: X =Y reaches the Arakelov bound, and if R' f.Cx has no unitary
part, then GY'°" = Hg(R'f.Qx, ).

Proof. a) has been verified in [21], 2.3. As explained in [4], §7, or [21], 2.4, the
Mumford-Tate group contains a subgroup of ' of finite index, hence b) holds
true. It is easy to see, that the same holds true for the special Mumford-Tate
group (called Hodge group in [15]) by using the same argument.

Since the special Mumford-Tate group of an abelian variety is reductive,
a) implies that Hg(R'f.Qx,) is reductive. So G§'°*" C Hg(R'f.Qy,) is an
inclusion of reductive groups. The proof of 3.1, (¢), in [5] carries over to show
that both groups are equal, if they leave the same tensors

2p

ne=[/\H(B,Q oo H(B,Q)]

invariant.
Let n € H¥(B,Q) be invariant under T', and let 7 be the corresponding

global section of
k k

/\(le*QXo> = /\(L ® T)
By 4.3, 1) and ii), one can only have global sections for k = 2¢, and those lie in
det(L)c & S)\C(T>

In particular they are of pure bidegree ¢, c.
The same argument holds true, if one replaces B and f : X — Y by any
product, which implies ¢). O

5. SOME FIRST EXAMPLES FOR S = ()

In the proof of 0.2 the assumption S # 0 was only used to obtain the splitting
(3.4.1). If one assumes the existence of such a splitting, and the smoothness
of f: X — Y, one obtains a first very special case of Theorem 0.5.

Corollary 5.1. Let f : X — Y be a smooth non-isotrivial family of abelian
varieties reaching the Arakelov bound. Assume the decompositions R' f,(Cx ) =
V& U and End(V) = WG U in 2.7 are both defined over Q. Then there
exists an étale cover Y' — Y, a family of false elliptic curves h : A — Y’
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(see Example 0.3, a), and a g — go dimensional abelian variety B such that
' X' =X xy Y =Y is isogenous to

B A@y - @y A — Y.

To illustrate the methods of proof for Theorems 0.5 and 0.7 let us consider
a non-isotrivial smooth family f : X — Y of abelian surfaces reaching the
Arakelov bound. Let us assume first that the unitary part U; of R'f,Cx is
trivial. By Proposition 1.4

R'fCx =V~L®T

where T is a unitary rank two local system.
By Remark 1.10 End (V) ~ Endy(T) & C & W, where

W = Endo(T> & El’ldo(]L) D El’ldo(L)

has a maximal Higgs field. By Corollary 2.7, ii), Endy(T) ® C and Endy (L) are
both defined over a number field K. Let ¢ be an automorphism of Q. By 2.5
the local systems 7 and T are variations of Hodge structures. Since L7 @ T?
is a variation of Hodge structures of weight one and width one, by 1.9, b), one
of the two factors has a trivial Higgs field, and for the other factor the Higgs
field is an isomorphism.
Identifying End(V) ~ V@V the local system End(T)®End(LL) corresponds
to the second wedge product
2

V) = $*(L) & $*(T)

(see 4.2). In particular, if the Higgs field of T is an isomorphism, by 1.9, b),
A*(V) can not have a global section. On the other hand, the polarization of
X induces a global section of A*(V) = R?f,C.

So L7 must have a maximal Higgs field and T a trivial Higgs field. As in
the proof of 2.3 this implies that Endy(T) remains invariant under the action
of the Galois group of K over QQ, hence it is defined over Q. Replacing Y by
some étale covering, we again obtain the decomposition (3.4.1) and 5.1 implies:

Corollary 5.2. Let f : X — Y be a smooth non-isotrivial family of abelian
surfaces with a maximal Higgs field, and assume that R' f,Cx does not contain
a unitary local sub system. Then there exists an étale covering Y' — Y such
that Y' is a Shimura curve, parameterizing false elliptic curves, and

flrX' =X xy Y =Y
s the corresponding universal family.

For smooth non-isotrivial families of abelian surfaces over a projective curve
Y, the condition on the unitary local sub system always holds true. In fact,
assume one has a non trivial decomposition R'f,Cxy = V @ U, necessarily
with V = LL of rank two with a maximal Higgs field.

Since Y is compact, the general fibre of f can not be isogenous to the product
of two elliptic curves, hence U; can not be defined over Q.

Then there exists some o € Gal(Q/Q) with L7 unitary. As we will see in
6.3, the rank two local system L is given by a quaternion algebra A, defined
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over a real number field F', and such that A is ramified at all but one place of
F at infinity. Since for some o € Gal(Q/Q) V7 is unitary, F' # Q. However,
then there is no non trivial map from Corp/gA to M(4,Q).

6. QUATERNION ALGEBRAS AND FUCHSIAN GROUPS

Let A denote a quaternion algebra over a totally real algebraic number field
F with d distinct embeddings

or=1d, 09,... ,0q4: F =R,

which satisfies the following extra condition: for 1 < ¢ < d there exists R-
isomorphism

p AT @R~ M@2,R), p:A"OR~H 2<i<d,

where H is the quaternion algebra over R. An order O C A over F'is a subring
of A containing 1 which is a finitely generated Op—module generating the
algebra A over F. The group of units in O of reduced norm 1 is defined as

O' = {z € O; Nrd(x) = 1}.

By Shimura p;(O') C Sly(R) is a discrete subgroup and for a torsion free
subgroup I' C O! of finite index H/pT') is a quasi-projective curve, called
Shimura curve. Furthermore, if A is a division algebra H/p;(T") is projective
(see [26], Chapter 9).

Remark 6.1. We will say that over some field extension F’ of F' the quater-
nion algebra splits, if Ap = A@p F' ~ M (2, F'). If F' = F,, is the completion
of F with respect to a place v of F', one says that F'is ramified at v, if A, = Ap,
does not split. As well known, there exists some a € F' for which Ay, z) splits.
As explained in [30], for example, we can choose such a € F' in the following
way:

Fix one non-archimedian prime p° of @, such that A is unramified over all
places of F' lying over p°. Then choose a such that for all places v of F not
lying over p° the quaternion algebra A ramifies at v if and only if F,(y/a) # F,.
Moreover one may assume, that the product over all conjugates of a is not a
square in Q.

Definition 6.2. If ' € PSIy(R) is a subgroup of finite index of some Pp;(O"),
then we call I' a Fuchsian group derived from a quaternion algebra A.

Theorem 6.3 (Takeuchi [28]).  Let r C PSI(R) be a discrete subgroup

such that H /T is quasi-projective. Then T is derived from a quaternion al-
gebra A over a totally real number field F' with d distinct embeddings

o1 :Zd, g9, ... ,O'diF—>R,
with
pr: AT@R~M(2,R), p:A@R~H 2<i<d
if and only iof T satisfies the following conditions:
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(I) Let k be the field generated by the set tr(L) over Q. Then k is an algebraic
number field of finite degree, and tr(L) is contained in the ring of integers
Of ]{?, Ok

(IT) Let o be any embedding of k into C such that o # idy. Then o(tr(L)) is
bounded in C.

In the proof of Theorem 6.3 one gets, in fact, k = F. If A is a division algebra,
for example if d > 1, then Y = H /T is projective, and it is determined by A,
and by the choice of the order @ C A up to finite étale coverings.

Assumption 6.4. Let X be an irreducible Q variation of Hodge structures of
weight one and width one, and with a maximal Higgs field. Assume moreover,
that Xg is polarized. There are isomorphisms

V:X=Xp@C—=VaU and ¢:V-—=LaT

where U; and T are both unitary, and where L is a rank two variation of
Hodge structures of weight one and width one, with a maximal Higgs field.
Moreover V, Uy, I, T and v are defined over some real number field K, and
¢ over some number field K’. We fix an embedding of K’ into C and denote
by k C K C K' C C the field spanned by tr(L) over Q.

Proposition 6.5. Keeping the notations and assumptions made in 6.4, re-
placing Y by an étale covering, one may assume that

i. I'y, is derived from a quaternion algebra A over a totally real number field
F with d distinct embeddings

Ulzid, g9, ... ,O'diF—>R.
ii. for 1 <1 <d there exists R-isomorphism
pr: A" QR ~M(2,R), and pi: A @R ~H, for 2<i<d.

iii. the representation vy, : m (Y, %) — SI(2,R) defining the local system 1L
factors like

(Y, %) — I C p (0" — SI(2,RNQ) C SI(2,R),

and Y ~ H/T.

iv. for a as in 6.1 F(\/a) is a field of definition for L.

v. if i, 1 <i < d are extension of o; to F(\/a), and if L; denotes the local
system defined by

(Y, %) — SI(2, F(va)) == S1(2,Q),

then L; is a unitary local system, for i > 1, and L, ~ L.
vi. up to isomorphism, IL; does not depend on the extension t; chosen.

Proof. i) and ii): By Corollary 2.7, iii), I',, satisfies Condition (I) in Theorem
6.3. So, we only have to verify Condition (II) for I'y,. Let o be an embedding
of k into C which is not the identity, and let & : K’ — C be any extension of
o

By 2.5 ¢ 'V? is a sub variation of Hodge structures of X, hence of width
zero or one. On the other hand, V7 is isomorphic to L7 @ T?. Both factors are
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variations of Hodge structures, hence at least one of them has a trivial Higgs
field.

Assume both have a trivial Higgs field, hence V7 as well. By 1.9, a), the
composite

VX L VaeU — vV

has to be zero. Hence V7 is a sublocal system of the unitary system U, hence
unitary itself. The Q isomorphism ¢ : V — L ® T induces an isomorphism

90 90 90
2 @V — (@) (@)
The right hand side contains S%(IL7) as a direct factor, hence S%(L7) is uni-
tary, as well as L7. So tr(IL?) = o(tr(L)) is bounded in this case.

If the Higgs field of V° is non trivial, it is generically maximal. This implies
that the composite

V=X —U
is zero. Hence V° ~ V. If the Higgs field of L7 is an isomorphism, by 1.4

replacing Y by an étale covering, I ~ L. Hence up to conjugation the
representations s and vy, coincide and for all n € m; (Y, *)

tr(yes () = tr(yw(n)).

So o is the identity, a contradiction.

It remains to consider the case that V7 ~ V and that L7 is concentrated in
degree 0, 0. B
For go even, one has a Q—isomorphism

90 -1

AG 0 APV~ S9(L) & Sy, ) & @ S%¢(L) @ Sy, (T),

where Sy . 23(T) is of width zero, where S%L has a maximal Higgs field of
width gy, and where all other factors have a maximal Higgs field of width
between 2 and gy — 2. Let K denote the field of definition I'y,. Then K D kis a
finite extension of k. Let o be an embedding of %k into C which is not identity,
and let & : K — C be an extension of . Via the isomorphisms A% ¢ and A% ¢°
we obtain an embedding

S9LT — S9%(L) & S¢a,..2)(T) @ @ S*(L) @ Sy, (T).

The projection of S%L? into SL must be zero, for otherwise, we would get
an isomorphism S%L? ~ S%L. By Corollary 2.5 L7 is a sub variation of Hodge
structures, hence it has a maximal Higgs field.

The projection

90 -1

S9LT — @ S%(L) @ Sy, (T)
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must be also zero, for otherwise, by applying again Corollary 2.5 to S%L° one
would find I to have a maximal Higgs field, hence S%L° to have a maximal
Higgs field of width go. But, then it can not be embedded in a local system of
Thus, the projection
SgO]L& — 5{2’2,“.’2}’]1‘

is an embedding. This implies that L7 is unitary. In particular, again tr(IL7) =
o(tr(L)) is bounded in C.

Finally, the assumption V7 ~ V and IL7 unitary does not allow gy = rank(V)
to be odd:

The Q isomorphism ¢ : V~ L & T, induces a Q isomorphism

g9o—1

NG 2 AV ~ @ §H(L) @ S),,(T)

c=0

(see 4.2). The left hand side contains a local sub system isomorphic to S9(IL7),
hence with a trivial Higgs field, whereas the right hand side only contains fac-
tors of width > 0, with a maximal Higgs field, a contradiction.

Applying 6.3 we obtain a quaternion algebra A satisfying i), ii) and the first
part of iii). By 4.1 one has Y ~ #/T".

For iv) we recall that by the choice of a the quaternion algebra A splits over
F(y/a). So v) follow from i) and ii).

To see that L; is independent of the extension of o; to 7; : F((/a) — Q it
is sufficient to show vi) for i = 1. Let L denote the local system obtained by
composing the representation with the involution on F(y/a). Then both, L
and L have a maximal Higgs field, hence by 1.4, c), their Higgs fields differ at
most by the product with a two torsion element in Pic’(Y). Replacing Y by
an étale covering, we may assume both to be isomorphic. O

Given a quaternion algebra A as in 6.5, i) and ii) allows to construct certain
families of abelian varieties. To this aim we need some well known properties
of quaternion algebras A defined over number fields F'. Let us fix a subfield L
of F.

Notations 6.6. Let us write 6 = [L: Q|, ' = [F : L] and
/81 :id[nﬁ%'" 755:L—>C

for the different embeddings. We renumber the embeddings o; : F© — C in
such a way, that

oilr =6, for (r—1)0" <i<wd

Recall, that the corestriction Corp/r(A) is defined (see [30], p. 10) as the
subalgebra of Gal(Q/L) invariant elements of

5 o
QA" =QA0rn @
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Lemma 6.7. Let A be a quaternion division algebra defined over a totally real
number field F', of degree d over Q. Assume that A is ramified at all infinite
places of F' except one. For some subfield L of F' let Dy, = Corp,,(A) be the
corestriction of A to L. Finally let a € F be an element, as defined in 6.1, and

a. If L=Q, i.e. if d =14, then either
i. Do~ M(2%,Q), and d is odd, or
ii. Dot M(2%,Q). Then

Dg ~ M(2%,Q(VD)).

Q(\/E) 1s a quadratic extension of Q, real if and only if d is odd.
b. If L # Q, then Dy o M(2% L), and
i. L(v/b) is an imaginary quadratic extension of L.
ii. D@ L(Vb) ~ M(2%, L(V/b)).
In a), ii), or in b), choosing an embedding L(v/b) — M(2,L), one obtains an
embedding
Dy — M2 L).

Proof. For § = [L : Q > 1, choose ¢ different embeddings 3, : L — Q,
corresponding to infinite places vy, ... ,vs. We may assume that ; extends to
the embedding o; of F. Hence A is ramified over ¢’ — 1 extensions of v; to F,
and over all ¢’ extensions of v, to F, for v # 2. Writing L, for the completion
of L at v, one has

M(2,R) ®®6,_1]HI forv=1
Q' H forv#1

Recall that the r-fold tensor product of H is isomorphic to M (2", R) if and
only if r is even. By our choice of a and b this holds true, if and only if
L,(vb) = L,. In fact, the image of b in L,, has the sign (=1)" !, for v = 1
and (—1)? otherwise.

In particular Dy ~ M (2%, L) can only hold true for L = Q and d = ¢’ odd.

For L = @, one also finds b > 0 if and only if d is odd.

For all but finitely many non-archimedian places v of L, in particular for
those dominating the prime p° in 6.1, and for the completion L, with respect
to v, one has

Dv,, = COI‘F/LA Xr, Lv,, = {

D, = CorppA@p L, = M(2°,L,).
If this is not the case, consider the extension L! = L(vb) @ L, of L,. One
finds
D, @, Ll = M(2",L).
In fact, let vy,... ,vp be the places of F', lying over v, and let Fi,..., F; be
the corresponding local fields. Then
‘

D, = ®COI‘Fi/LU(A X FZ>,

=1
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and it is sufficient to show that D; = Corp,/, (A @p F;) splits over L;. If L
is a subfield of F;

Di X LZ} = COI’Fi/LU (A RF E>®2
splits, since (A @ F;)®? does. The same holds true, if L is not a field. If L/
is a field, not contained in F;, then F} = F; @, L is a field extension of F; of
degree two, and

Di & L;} = COI‘FiI/LU (A RF F;I)
splits again, since (A @ F}) does.

By [31], Chapter XI, §2, Theorem 2 (p. 206),
Dy = D @1 L(VE) = M(27, L(VD)).
]

Choose again an order O in A, and let O! be the group of units in O of
reduced norm 1. For any discrete torsion free subgroup I' C Pp;(O') with
preimage [' in O' C SI,(R) the diagonal embedding

6/
r— o' — ®A"i
i=1
induces an embedding
(671) r — 01 — Dy = COI'F/LA.

Construction 6.8. For L = Q the morphism (6.7.1) and 6.7, a), give a
morphism
I' € D = Corpjgd C D @g Q(Vb) = M(2?,Q(Vb)) € M (24", Q)
for e = 0 or 1, where b € Q is either a square, or as defined in 6.5. One obtains
a representation
n:T — G127, Q(Vb)) — G1(2*¢, Q).
If € =0, the degree d must be odd. Over R one has
(6.8.1) DeogR~M2,R)0H®---@H
The Q algebraic group G := {x € D*; Nrd(xz) = 27 = 1} is Q simple and by
(6.8.1) it is a Q-form of the R algebraic group
G(R) ~ SI(2,R) x SU(2) x --- x SU(2).
Projection to the first factor, gives a representation of I in SI(2,R), hence a
quotient Y = H /I’ with ' = my (Y, %).

Let us denote by Vg or by Xg the Q local system on Y induced by n. If we
want to underline, that the local systems are determined by A we also write
Vg and Xyq, respectively.

Lemma 6.9. Keeping the assumptions and notations from 6.8 one finds:

a.
‘ 1 fore=0
dlm(EHd(XA,Q)) = { 4 ;07“ e=1 "~
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b. For e =1 one has

dim(HO(Y, \(Xa0))) = {

Proof. Consider for € = 2¢
X=X400C=L® - @L;®C

where for & € Gal(Q/Q) the local system L? has a maximal Higgs field if and
only if 7| = o;'. Otherwise this local system is unitary and of pure bidegree
0,0.

The determinant of each L; is C, hence End(X) contains C¢ @ C¢ as a direct
factor. Then

(6.9.1) dimg(End(Xag)) = dime(|End(X)) > 4°.
One has

3 ford odd
1 ford even °

End(Xg) = H°(Y,End(Xq)) ~ H'(Y, /\(Xo)) ® H’(Y, 5*(Xq)).
By 4.3

Y/\ =H(Y,S*(L, ®---©L; ®C)) and

H(Y, S*(X)) = HO(Y,/\(]Lz ®- 0Ly @C)).

Since End(Xg) is invariant under Gal(Q/Q), for & with G| = o5 it is ford > 1
contained in the direct sum of

2
H(Y, S} @ oLl ©C)) = HO(Y,/\(Lg @@L ®C)) and

2
H(Y, AL @ oL oC’)) =H(Y,$*L] - oL C)).
Repeating this game we find

0 2
) Y,8%(C)) for d odd
(6.9.2) H( C{ O(Y, A2(C)) for d even
HU Y, /\ (C6 )) for d odd
2
(6.9.3) HO(Y, 5*(Xq)) C { HO(Y,S%(C)) for d even

For ¢ = 1 we obtain that End(Xg) is a most one dimensional and for € = 2
we find

2
dimg(H°(Y, /\(Xg))) €3 and dimg(H(Y, $*(Xg))) <1
or vice versa. Comparing this with (6.9.1) one obtains 6.9 i) and ii). O

Lemma 6.10. Given a quaternion division algebra A, as in 6.5 i) and ii),
there exists a smooth family of abelian varieties f : X4 — Y with R' f,Qx, =
Xug. Moreover, the special Mumford-Tate group Hg of the general fibre of f
is the same as the group G in 6.8.
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Proof. (see [16]) The group G in 6.8 and the representation
G — D* — GI(2"*, Q)
are Q forms of an R-representation
SI(2,R) x SU(2)*=1 — S1(2,R) x SO(2¢7") — G127 R).

The group in the middle acts on R? x R ". Over R, this representation leaves
a unique non degenerate symplectic form <, > on R invariant, the tensor
product of the SI(2,R) invariant symplectic form on R? with the SO(2¢71)
invariant Hermitian form.

Hence for e = 0 and V = de there is a unique symplectic form ) on V/,
invariant under I' C G.

For € = 1, one chooses V = Q(v/)%". Again one has a unique Q(v/b) valued
symplectic form on V. Regarding V' as a QQ vector space, the trace Q(\/B) —-Q
gives a QQ valued symplectic form @), again invariant under I' C G.

Note that T' is the group of units of an order O in A. Hence I' leaves a
Z-module L C V of rank dim V invariant. For some submodule H C L of the
form H = mL, for m > 0, one has Q(H x H) C Z. Obviously I' leaves H
again invariant. So one obtains a representation

' — Sp(H,Q) ® Q.
Finally let
bo: T=1{2€C; |z| =1} — SI(2,R) x SO(2* ") C Sp(H,Q) ® R
be the homomorphism defined by
il [ cosf sinf

—giné cosf ] X Lya-1.

Jo = ¢o(i) defines a complex structure on H @ R, and
Q(x, Joxr) >0, forall =€ H.
The image of G in Sp(H, Q) @ R is normalized by ¢o(7), i.e. for all ¢ € G one
has
go0(T)g ™" = éo(T).
So Xaq defines a smooth family of abelian varieties f: X4 — Y = #H/I.

By the construction this family reaches the Arakelov bound and X, has
no unitary part. By Lemma 4.4, ¢), one knows that

Gy = Hg(R' £.Qx, ).
On the other hand, G§'°" is contained in the image of G in Sp(H,Q) @ Q.
Since
Xyc =Lic @Loc @ -+ - @ Lyc @ CF
and since all factors are Zariski dense in SI(2, C) one finds that

GMon — §1(2,0)** = G,

hence
Gy = Hg(R'f.Qx,) = G.
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Let us remark, that in the proof of Theorem 0.5 in Section 7 we will see, that
the families f : X4 — Y in 6.10 are unique up to isogenies, and up to replacing
Y by étale coverings, and that they belong to one of the examples described
in 0.4.

Construction 6.11. If L # Q choose b as in 6.7. The morphism (6.7.1) and
6.7, b), give a map

' Dy = Corp;pA C Dy @ L(VD) = M(2°, L(Vb)) € M(2°+1, L),

inducing a representation I' — GI(2°*', L), hence an L local system V; on
Y =HT.
An embedding L C M(9,Q) gives rise to

I' € Dy, = Corp/pA C M(2"+ L) € M(52",Q),

hence to a Q local system Xgp = X, 1.¢.
_ In different terms, choose extensions 3, of f, to Q. For Vo =V, @, Q, the
Q local system

_ . V. 3 3
X@—XA,LYQ—V@GEV@z@@VQ&
is invariant under Gal(Q/Q), hence defined over Q.

Remark 6.12. Consider any family X — Y of abelian varieties, with a simple
general fibre. If X4 1.0 is an irreducible component of R'f,Qy, all irreducible
components of R'f,Qy are isomorphic to X4 1.0. As in [3], p. 55, for A =
End(Xy 1.0) one finds

R'f.Qx ~ X4 1,0 ®a Hom(Xy4 1,0, R f,Qx),
and for some m
End(R'f.Qx) ~ M(m, A).
In [19], Section 9, one finds examples showing that all m > 0 occur.

7. THE PROOF OF THEOREMS 0.5 AND 0.7

In order to prove Theorems 0.5 and 0.7 we will show, that the local subsys-
tem Xgp in 6.4 is for some L C F isomorphic to the one constructed in 6.8 or
6.11.

Let us consider the subgroup H of Gal(Q/Q) of all 8 with (»"'V)? =71V,
and let L denote the field of invariants under H. So V=V @ C.

Proposition 7.1. Let us keep the assumptions made in 6.4 and use the no-

tations introduced in 6.5. Replacing Y by a finite étale covering, the field of

invariants L under H is a subfield of F'. Using the notations introduced in 6.6

for such a subfield, there exists a decomposition Vi, ~ L, @ --- @ Ly @ T}

with:

i. For 3 € Gal(Q/L) and i < &' one has P ~ L, if and only if Bl = o;.

ii. For B € Gal(Q/L) the Higgs field of (L, @ --- @ Ly )? is mazimal.

iii. For 3 € Gal(Q/Q) with S| # idy the local system (Ly @ --- @ Lg)? is
unitary.

iv. For € Gal(Q/L) the local system T'" is a unitary.
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Proof. Replacing Y by an étale covering, we are allowed to apply 6.5. In
particular we have the rank 2 local systems Ly, ... ,L;, defined there. Consider
any decomposition V~1L; @ ---®@ L, ® T, with:

i’ If for 3 € Gal(Q/Q) one has 3| = 0, withi € {1,...,r}, then L’ ~L,.
For r = 1, 1.4 gives a decomposition V = L @ T. Write again I, = LL and
T, = T. By 6.5, iv), the local system is defined over F'(y/a) and by 6.5 vi),
]Lf ~ I, if the restriction of 5 to F' is 0y = idr. Hence i’) holds true for this
decomposition.

Consider for r > 1 a decomposition satisfying i’).

Step 1. If for some ' € Gal(Q/Q) and for i € {1,...,r} one has L” ~ L,
then necessarily f'|r = o;.

In fact, let 3 € Gal(Q) be an automorphism with 8z = ¢;. Then L/ °%" ~ L,
and 6.5, v), implies that 37! o §'|r = idp.

Step 2. There exists no 7 € Gal(Q/Q) with LT @ -+ @ L7 not unitary and
with 7|p # o; fori=1,...,r.

Assume the contrary. Renumbering the embeddings of F' — R one may as-
sume that 7| = 0,,1. Recall that by 2.5 L] is a variation of Hodge structures
of rank 2. It either is of width zero, hence unitary, or of width one, hence with
maximal Higgs field. By assumption there exists some 7 < r + 1 for which
L7 has a maximal Higgs field. Choose 8 € Gal(Q/Q) with |r = 0;. Then
LA°" = LT has a maximal Higgs field. 6.5, v), implies 8o 7|z = ids, a contra-
diction.

Step 3. Assume there exists some 7 € Gal(Q/Q) with 7|p # o; for i =
1,...,r, with V™ not unitary, but with L] @ --- @ L7 unitary. Then (renum-
bering the embeddings F' — R, if necessary) one finds a decomposition with
r + 1 factors, satisfying again i’).

L7 is unitary for ¢ = 1,...,r. By 1.4 and by 1.5 over some étale covering
of Y we find a splitting T} ~ L @ T", with

Velo -oL)oLel).
Apply 771. Then one has

VoL@ 0L L @ Ty,

Since L; has maximal Higgs field, L, := L™ ' must be unitary, as well as
T,,1. Applying any extension 7; of o; * for i < r, one finds L%, to be unitary,
since otherwise there would be two factors with a maximal Higgs field, L* and
L,,.

So 7|p must be one of the remaining 0;, and renumbering we may assume
T |F = Opr41-

Step 4. Assume we have found a decomposition as in i’), and of maximal
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possible lenght. Then for all 7 € Gal(Q/Q) with 7|p # o for i = 1,...,r the
local system

Vel ®---0Ll @T,

is unitary. For those 7 one has (¢ "'V)™ # ¢, "1V. On the other hand, for all 3
with B|r = 0; with 1 < i < r the local system V? has a maximal Higgs field,
hence (1)~1V)? = ¢~1V. So

H = {p € Gal(Q/Q); flr=o; with1<i<r}

and L as the field of invariants under H is contained in F'. Using the notations
introduced in 6.6 for such subfields, one finds r = ¢ and L @ --- @ Lg, has a

maximal Higgs field, for all # € H. This in turn implies that T'? is unitary for
those f3. O

Theorem 7.2. Let us keep the assumption made in 6.4 and use the notations
introduced in 6.6. Replacing Y by an étale covering, there exists some € > 0
and a decomposition

vd'

(7.2.1) e X—>@ &R L)~
i=(v—1)¢'

such that:

a. For 3 € Gal(Q/Q) the local system ]L,f_1 has a mazimal Higgs field if and
only if B|p = ;. Moreover I =1; in this case.

b. The direct sum in (7.2.1) is orthogonal with respect to the polarization.

c. If the local sub systems ¥ 'Ly @ ... @ Ly of X are defined over L then
€ =1, L=Q and [F : Q)] is odd.

d. If p7'Ly @...@ Ly C X is not defined over L choose b to be the element
defined in 6.5 and v € Gal(Q/L) with 1(v/b) = —V/b. Then ¢ = 2, the
direct factor v 'L; @ ... @ Ly @ C* in (7.2.1) is defined over L and it
decomposes over L(\/b) like

TﬂilLl & ®L5/ D (wilLl ... ®L5/>L c X
e. Ly @---@ Ly 18 wrreducible as a C local system.

Proof. Using the notations from 7.1 let us define L; = L%, where &; is any
extension of o; to Q. Obviously, fixing any extension (3, of 5, one has

Vg” =Ly-1)y 1@ @ Lysy @ .

V has a maximal Higgs field, whereas @ VB" is unitary. Hence their inter-

section is zero. Applying /3, one obtains the same for the intersection of VA
Bu
and @’ eyt VSO

(@)
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is a local subsystem of X, defined over Q. By assumption both must be equal.
One obtains
vé'

(7.2.2) v X = @ X L L) ®T%.

v=1l (v=1)§"+1
Let us show next, that T’ is a trivial local system. The Q isomorphism in

(7.2.2) induces an isomorphism

End (X) = End (@D V).

v=1

Since 3 € Gal(Q/Q) permutes the direct factors VA of X,

5
D End(v?)
v=1
is a local sub system, defined over Q. So ¢~! induces an embedding
6 ~
¢ P End(Li—1y541) @ - - @ End (Lyg ) @ End (T"™) — End(X),
v=1

Writing End(L;) = C @ End((L;) we obtain a decomposition of the left hand
side in direct factors, all of the form
Endo(L;, ) ® - - - ® Endo(L;,) @ End (T"™),
for some (v —1)0' +1 < j; <--- < jo <vd. ]
The only ones, without any Endy(L;) are the End(T'?). We claim that

@ End (T'™))? @ End (T'?)),

for all § € Gal(@/@). Otherwise, we would get a non-zero projection from

L

¢'(@°_, End(T'"")) to an irreducible local system E, containing at least one

of the Endg(L;). By construction, there exists an 3; € Gal(Q/Q), such that

]L?i has a maximal Higgs field. Hence E% has a maximal Higgs field.
Applying 3; we obtain a non-zero map

9 "
¢ (P End (7)) — E*.
v=1

The right hand side has a maximal Higgs field induced by the one on End (1),

whereas the left hand side is unitary, a contradiction.
So ¢' (@) _, End (T'")) is Gal(Q/Q) invariant, hence a unitary local system
admitting a Z—structure. This implies that ¢'(@°_, End(T'?)) is trivial,
after replacing Y by a finite étale cover. So the same holds true for End(T'),

hence for T' as well. Let us write T" = C®¢. Hence for some ¢ one has the
decomposition (7.2.1), and a) holds true by construction.
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Recall that the local system L is defined over F'(y/a) for a as in 6.1. Hence L

is defined over 0;(F)(\/0;(a)), and Ly @- - -@Lg is defined over the compositum
F" of those fields, fori =1,...,¢".
By 6.5 Corp/ A can only split if L = Q and if [F': Q] is odd. Let us write

L' = Q in this case. Otherwise it splits over the subfield L' = L(v/b) of F',
where b is given in 6.5, b). In both cases one finds

(Corpﬂy4>@U,LlﬁiA4(2y,L»

and correspondingly I; @ --- @ Ly is defined over L'.
If L' = Q, this is a local subsystem of Xg. Since it is a Q variation of Hodge
structures, and since we assumed Xg to be irreducible, both coincide.
If L' # L consider the L' local sub system (Ly @ ---® Lg ) of Vir. For ¢ as
in d),
V = (]L,1 ®"'®L6’>@ (]L,1 ®---®]L5/>L,

is a local sub system of V, defined over L, and of rank 2°+!. Then
6 ~
D)
nu=1
is a local subsystem of rank & - 2°+! of X, defined over Q. It is also a sub
variation of Hodge structures. Since we assumed Xg to be irreducible, both
must coincide and € is equal to two.

It remains to verify e). Assume that M is a direct factor of Iy @ --- @ L.
By 2.2 we may assume that M is defined over Q.

1.9, i), implies that M has a maximal Higgs field. By 1.4 M =L @ T}, and
replacing Y by an étale covering we may assume that I =1; = L, and that
T’ is a direct factor of Ly @ -+ @ Lg. Using the notations introduced in 6.6,
let 6; € Gal(Q/L) be an extension of o;, for i = 1,... ,4". For those i by 7.1

(Ll R --- ®]L5,)5i
has again a maximal Higgs field. Applying 1.9, i), one obtains the same for

M = L% @ T,”.
For i = 2, the first factor is unitary, hence the second has again a maximal
Higgs field. 1.5 tell us, that replacing Y again by some étale covering,

Tll o _ L® T“,

hence for T, = T

Nﬂ3:]L1@§HQ @)Tg.
Repeating this construction one finds

M=L @ - -@Ly @ T,

necessarily with Tj, = C. O

Proposition 7.3. Let f: X — Y be a family of abelian varieties with general
fibre X, and reaching the Arakelov bound. Then
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i. For a generic fibre X, of f
End(X,) ® Q ~ Endy(X) @ Q ~ End(R' £.Qx)*°.

ii. If R*f.Cx has no unitary part then
a. End(R!'f,Qx)*° = End(R' f,Qx).
b. If X, is simple, R' f.Qx is irreducible.
c. f:X =Y isnrigid, i.e. the morphism from'Y to the moduli scheme
of polarized abelian varieties has no non-trivial deformation.

Proof. i) is a special case of [3], 4.4.6..

If R'f,Cx has no unitary part, for V= R'f,Cx 1.7 gives a decomposition
End(V) = W & U where W has a maximal Higgs field, and where U is con-
centrated in bidegree 0,0. Since 1.9, a), implies that W has no global section,
one gets a).

For X, simple End(X,) ® Q = End(R'f.Qx )™ is a skew field, hence a)
implies that R'f,Qy is irreducible.

ii), ¢), follows from [9] (see also [19]). O

Proposition 7.4. Let f: X — Y be a family of abelian varieties, with a sim-
ple general fibre X,, and reaching the Arakelov bound. Assume that (replacing
Y by an étale covering, if needed) one has the decomposition (7.2.1) in 7.2.
Then R'f.Cx has no unitary part if and only if

(7.4.1) End(R'f,Qx)*° = End(R' £.Qx).

Proof. By 7.3 ii), a) and b), if Xg = R'f,Qx has no unitary part, Xg is
irreducible, and (7.4.1) holds true.

If on the other hand, R!f,Cx has a unitary part, the same holds true for X.
Let us write again U for the unitary part of X. So the field L in 6.4 can not be
Q. Recall that the Higgs field of U; splits in two components, one of bidegree
1,0, the other of bidegree 0, 1, both with a trivial Higgs field. Correspondingly
U, is the direct sum of two subsystems, say U and U%!.

By 7.2 L ® --- ® Ly is an irreducible C local system. Let us choose one
element of C¢ and the corresponding local sub system M = ¢~ (L, ®- - @ Lg)
of X. There exists some 3 € Gal(Q/Q) with M’ and M’ unitary. Replacing
M by M, if necessary we may assume that M? lies in U* and M? in U%!.
Then

M’ o M? c U @ U ¢ End(R'f,Cx )" "
In 6.5, v), we have seen that I; ~ I; for all i. Hence
M2L1®"'®L6/ EM,
and M? and M? are isomorphic. One obtains End(R!f,Cx )"~! # 0. O

Proof of 0.5. Replacing Y by an étale covering, we may assume that Rf,Cx
has no unitary part as all. 1.4 provides us with a local system L, independent
of all choices, again after replacing Y by some étale covering.

Hence it is sufficient to consider the case that the general fibre of f: X — Y
is simple. By 7.3, iv), the local system Xg = R!f.Qx is irreducible. In 7.2 the
non existence of a unitary part implies that 6 = 1, hence L = Q, and

X:V:(L1®"'®Ld)@€'_
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For € =1, the Q local system Xy is given by the representation
n:m(Y,*) — D* = (CorppA)* = G127, Q).

By 4.1 m(Y, %) — ' = n(m (Y, %) is an isomorphism and ¥ = #H/T". Hence
Xg is isomorphic to the local system X,q constructed in 6.8. In particular,
d=[F:Q] is odd, and by 7.3, 1), 7.4, and 6.9

End(X,) =End(Xg) =Q and H(Y,Xp @ Xg) = Q.

The second equality implies that the polarization of Xg is unique, up to multi-
plication with constants, hence Xy and X, are isomorphic as polarized vari-
ations of Hodge structures. For some Z structure on X,g we constructed in
6.10 a smooth family of abelian varieties X4 — Y, and this family is isogenous
to f: X — Y. Both satisfy the properties, stated in Example 0.4, i).

For ¢ = 2 and for b as in 6.5, Xy is given by

T (Y, %) — D* = (CorggA)* € (D ©g Q(VD))*
= GI(27,Q(Vd)) C G1(2*", Q),

hence again Xg is isomorphic to the local system X, constructed in 6.8.
By 7.3, 1), 7.4 and 6.9, i), one finds that

End(X,)) = End(Xg)"® = End(Xg),

is of dimension 4.
For b as in 6.5, consider the local system

Ligwr @ © Lygyp)
defined by the representation m (Y, %) — GI(2¢4, Q(v/D)), together with a em-
bedding into X@(\/g). Restricting the polarization, one obtains a polarization

Q' on ]Lu@(\/é) @ ® ]Ld@(\/g), unique up to multiplication with constants.
Regarding this local system as a Q local system, the inclusion

GI(2",Q(V)) c Gl(2"",Q)
defines an isomorphism

Ligws @ © Lygysy — Xo
and the restriction of the polarization of Xg is the composite of ()" with the
trace on Q(\/b). In particular, the polarization is uniquely determined, and
the family f : X — Y is isogenous to the family X4 — Y4 = Y constructed

in 6.10.
Since, up to a shift in the bidegrees,

2
R f.Qx = \Xo

is a sub variation of Hodge structures of End (Xg) one obtains the first equality
in

3 for d odd

1 for d even ’

dim(H°(Y, R*f.Q)"") = dim(H°(Y, R*£.Q)) = {
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whereas the second one has been verified in 6.9, ii). dim(H°(Y, R?f,Q)"!) is
the Picard number of a general fibre of f : X — Y. In fact, the Neron-Severi
group of a general fibre is invariant under the special Mumford-Tate group of
the fibre, hence by 4.4, a), it coincides with dim(H°(Y, R?f,Q)"!).

Looking to the list of possible Picard numbers and to the structure of the
corresponding endomorphism algebras for simple abelian varieties (for example
in [14], p. 141), one finds that End(X,) ® Q is a quaternion algebra over Q,
totally indefinite for d odd, and totally definite otherwise. Hence f: X — Y
satisfies the properties stated in Example 0.4, ii). O

Proof of 0.7. Again we may assume that R'f,Cx has no non trivial unitary
subbundle defined over Q. Let V & U; be the decomposition of R'f,Cx in a
part with a maximal Higgs field and a unitary bundle. By 1.4 one can write
V =L ®T, where after replacing Y by a finite covering, I. only depends on
Y. If h: Z — Y is a sub family of f : X — Y with a simple general fibre,
then repeating this construction with ¢ instead of f, we obtain the same local
system L, hence by 6.3 the same quaternion algebra A. Hence we may assume
that f: X — Y is simple, and we have to show, that f : X — Y is one of the
families in Example 0.6.

By [3], §4, R'f.Qx is a direct sum of the same irreducible Q local system
Xg. From 1.4 and 6.3 we obtain L and a quaternion algebra A, defined over a
totally real number field F'. By 7.1, X contains a local system V, defined over
a subfield L of F'. which satisfies the conditions stated there. By 7.2, for b as
in 6.7, V is given by the representation 7, (Y, %) — GI(2"*', L) induced by

m(Y, %) — Dy, = CorpypA C Dp @ L(Vb) = M(27, L(Vb)) ¢ M(2" " L),

hence it is isomorphic to the local system in 6.11. Then the decomposition of
X in direct factors in 7.2 coincides with the one in 6.11, and f : X — Y is one
of the families in Example 0.6.

In iii), the condition b) implies a) and vice versa. On the other hand, L; = Q
if and only if R'h;,Cz, has no unitary part, which by 7.4 is equivalent to ¢). [

8. FAMILIES OF CURVES AND JACOBIANS

Let us shortly discuss the relation between Theorems 0.2 and 0.5 and the
number of singular fibres for semi-stable families of curves.

Let Y be a curve, let h : C — Y be a semi-stable non-isotrivial family
of curves of genus g > 1, smooth over V, and let f : J(C/Y) — Y be a
compactification of the Neron model of the Jacobian of h='(V) — V. Let us
write S for the points in Y — V with f~!(y) singular, and YT for the other
points in Y \ V| i.e. for the points y with 27! (y) singular but f~!(y) smooth.
Let g(Y') be the genus of Y and U =Y \ S.

The Arakelov inequality for non-isotrivial families of curves says that

(8.0.2) 0<2-deg(F"°) < go-(2-g(Y) =2+ #S +#7),
whereas the Arakelov inequality for f : J(C/Y) — Y gives the stronger bound
(8.0.3) 0<2-deg(F") < go-(2-g(Y)— 2+ #5).
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Hence for a family of curves, the right hand side of (8.0.2) can only be an
equality, if T is empty. On the other hand, if both, S and T are empty, the
Miyaoka-Yau inequality for the smooth surface C implies that

deg(huwe)v) < %(2 Lg(Y) = 2).

Hence if h : C — Y is smooth and if ~,C¢ has no unitary part, the inequalities
(8.0.2) and (8.0.3) have both to be strict.

Let us consider the case g(Y) = 0, i.e. families of curves over P'. S.-L. Tan
29] has shown that h : C — P! must have at least 5 singular fibres, hence that
#S 4+ #Y > 5, and (8.0.2) is strict in this special case.

Moreover, he and Beauville [1] gave examples of families with exactly 5
singular fibres for all ¢ > 1. In those examples one has T = 0.

On the other hand, (8.0.3) implies that #S > 4. For #S = 4, the family
[+ J(C/Y) — Y reaches the Arakelov bound, hence by 0.2 it is isogenous
to a product of a constant abelian variety with a product of modular elliptic
curves, again with 4 singular fibres. By [2] there are just 6 types of such
families, among them the universal family E(3) — X (3) of elliptic curves with
a level 3-structures.

Being optimistic one could hope, that those families can not occur as families
of Jacobians, hence that there is no family of curves h: C — P! with #S5 = 4.
However, a counterexample has been constructed in [12].

Example 8.1. Let B be a fixed elliptic curve, defined over C. Consider the
Hurwitz functor Hp v defined in [12], i.e. the functor from the category of
complex schemes to the category of sets with

Hpn(T)={f:C — B xT; fisanormalized covering of degree N

and C' a smooth family of curves of genus 2 over T'}.

The main result of [12] says that for N > 3 this functor is represented by an
open subscheme V' = Hp y of the modular curve X (N) parameterizing elliptic
curves with a level N-structure.

The universal curve C — Hp y extends to a semi-stable curve C — X (N)
whose Jacobian is isogenous to B x E(N). Hence writing S for the cusps,
J(C/X(N)) is smooth outside of S, whereas C — X (N) has singular semi-
stable fibres outside of Hp . Theorem 6.2 in [12] gives an explicit formula for
the number of points in T = X(N) \ (Hgny U S).

Evaluating this formula for N = 3 one finds #Y = 3. For N = 3 the modular
curve X (3) is isomorphic to P! with 4 cusps. So the number of singular fibres
is 4 for J(C/P') — P! and 7 for C — P".

We do not know whether similar examples exist for ¢ > 2. For g > 7 the
constant part B in Theorem 0.2 can not be of codimension one. In fact, the
irregularity ¢(C) of the total space of a family of curves of genus g over a curve
of genus ¢ satisfies by [32], p. 461, the inequality

. 1
q(C) < 5) g6+

+g(Y).
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If J(C/Y) — Y reaches the Arakelov bound, hence if it is isogenous to a
product
BX.E'Xy"'Xy_E'7

one finds . .
dim(B) < 242

As explained in [7] it is not known, whether for g > 2 there are any curves
C over C whose Jacobian is isogenous to the product of elliptic curves. Here
we are even asking for families of curves whose Jacobian is isogenous to the
product of the same non-isotrivial family of elliptic curve, up to a constant
factor.

For the smooth families of abelian varieties, considered in 0.5 or 0.7 we do
not know of any example, where such a family is a family of Jacobians.
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