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Abstract The BBM or regularized long-wave equation was originally proposed as an
alternative to the Korteweg-de Vries equation. It was shown in the paper of Benjamin
et al. (1972) to be globally well-posed in H*(R), the class of square-integrable-functions
whose derivative is also square-integrable. Recently, Bona and Tzvetkov (2002) have shown
that the initial-value problem

ut+Uz+’U/U/z_’U/zzt:0, $6R7t>07} (001)

u(z,0) = uo(z), z €ER,
is globally well posed in H*(R) for any s > 0.

It is our purpose here to extend this well-posedness theory in weak spaces to some
members of a more general class of evolution equations of the form

ut + ug + g(u)y + Lug =0 (0.0.2)

where L is a Fourier-multiplier related to the linearized dispersion relation and ¢ is a
smooth, real-valued function of a real variable. Results are established analogous to those
for equation (0.0.1), for (0.0.2) posed on the entire real axis. In addition, local and global
well-posedness theory is established for bore-like or kink-like initial data, wherein uo has
different limits as = tends to +oo.

1 INTRODUCTION
The regularized long-wave equation or BBM-equation
Up + Uy + Uy — Uggr = 0 (1.1.1)

was put forward by Peregrine (1964, 1967) and Benjamin et al. (1972) as an alterna-
tive model to the Korteweg-de Vries equation for small-amplitude, long wavelength



surface water waves. In their paper, Benjamin and his co-workers discussed not
only (1.1.1), but a class of evolution equations of the more general form

ut +uy + g(u)y + Lug =0 (1.1.2)

where g : R — R is a smooth function (typically a polynomial in applications) and
L is a Fourier multiplier operator with symbol «, say, so that

Lo(€) = a(£)o(€)

for all wave numbers &, where the circumflex connotes the Fourier transform (with
respect to the spatial variable z) of the function it surmounts and the symbol a of
L is related to the dispersion suffered by infinitesimal waves. Thus, if w(£) connotes
the frequency corresponding to wavenumber £ in the linearized theory, then at least
for small values of wave number ¢ (long waves)

§

w(é) = Ta(f)'

As pointed out by Benjamin et al. (1972) and many others, model equations of
the form (1.1.2) arise in the description of waves in quite a number of physical
situations.

In the analysis following the derivation of (1.1.1), Benjamin et al. (1972) showed
(1.1.1) to be globally well posed in the Sobolev class H!(R) and in spaces such as
CF(R) N H"(R) provided r > 1. In the Appendix to their paper, they sketched
theory relating to the more general class of equations (1.1.2).

It is our purpose here to establish local and global well-posedness results for
(1.1.2) in weaker L,-based spaces for appropriate values of p. In this endeavor,
we generalize some of the recent work of Bona & Tzvetkov (2002) concerned with
(1.1.1). We also countenance bore-like initial data as well as Ly-based data.

The plan for the remainder of the paper is the following. In Section 2, the pure
initial-value problem is converted into an integral equation. Local existence is then
established for this integral equation by an application of the contraction-mapping
principle in appropriate L,-spaces. For a restricted class of the equations possessing
a local well-posedness theory, an a priori bound is derived that leads to global well
posedness. Section 3 follows a similar development relative to propagation of bore-
like disturbances.

2 NOTATION AND LOCAL WELL-POSEDNESS

We begin with a brief synopsis of our notational conventions and function-space
designations.

2.1 Notation
For 1 <r < 00, L, = L.(R) connotes the r‘"-power Lebesgue-integrable functions

with the usual modification for the case r = co. The norm of a function f € L,
is written |f|,. The Sobolev class H*(R) for s > 0 is the class of L(RR)-functions



whose Fourier transform fhas the property
1 [ s
19 =57 [+ @yIf@P de < +o0

where f({) = ffooo f(x)e~ & d¢. Note that ||f]lo = |f]2 and we will in fact write
the Lo-norm of f unadorned as simply ||f||. If X is any Banach space and T > 0
given, C'(0,T; X) is the class of continuous functions from [0,7] into X with its
usual norm

lulleqori) = mas [u®)lx.

If S C X is a subset, then C'(0,T : S) is the collection of elements u in C'(0,T; X)
such that u(t) € S for 0 <t <T. When T = oo, C(0,00; X) is a Fréchet space
with defining set of semi-norms

pa() = ma u(t)llx

for n = 1,2,---. The subspace Cy(0,00; X) of elements of C'(0,00; X) which are
uniformly bounded is a Banach space with norm

|l 0,00:x) = sup |lu(t)]x-
>0

The Banach space C*(0,T; X) is the subspace of C(0,T; X) for which the limit

W (t) = }LIL% u(t+ h})L —u(t)

exists in C'(0,7; X). It is equipped with the obvious norm. Inductively, one defines
C*(0,T; X) and, by analogy, C*(0, 00; X) and C(0, o0; X).

2.2  Associated Integral Equations

The theory begins by converting the original initial-value problem into an associated
integral equation. For this, we operate formally and consider afterward the issue of
whether or not solutions of the integral equation are solutions of the initial-value
problem.

Write the evolution equation (1.1.2) posed on all of R in the form

(I+ Lyus = —(u+g(u)), (2.2.1)

and take the Fourier transform with respect to the spatial variable z. Writing the
Fourier transform of u with respect to x as u, there appears the formal relation

—

(14 a(&))u = —i&(a + g(u)).

Dividing by 1 + « and taking the inverse Fourier transform leads to the integral
equation

uy = K * (u+ g(u)) (2.2.2)



where the kernel K is the inverse Fourier transform of the function

K(¢) = —ig/ (1 + a(9)).

Of course the convolution may have to be interpreted in the sense of tempered
distributions. A formal integration in the temporal variable then leads to the BBM-
type integral equation (Benjamin et al. 1972)

u(x,t) = up(x) + /Ot /_O:o K(x —vy) (u(y7 s) + glu(y, s))) dy ds (2.2.3)

where ug(x) = wu(x,0) is the initial data. For classes of functions v defined on
R x [0,T] to be discussed presently, let w = A(v) be the function obtained from
v by replacing u by v on the right-hand side of (2.2.3). The equation (2.2.3) then
takes the form

u=Au). (2.2.4)

In terms of the integral equation, a solution is thus seen to comprise a fixed point
of the nonlinear operator A.

2.3 Local well-posedness with non-smooth initial data

To use (2.2.3) or (2.2.4) in a precise way, assumptions about the nonlinearity g
and the dispersion operator L must be made and appropriate function classes put
forward. As mentioned earlier, our goal is to work in relatively large function spaces.
Assumptions on ¢g and the symbol a of L are now delineated.
(H1) The function g : R — R is C! and has the property that there is a p > 1
and a constant Cy such that

1+ ()| < Co(L+|2]P7")

for all z € R. This assumption will be referred to as the assumption of polynomial
growth. Without loss of generality we take it that g(0) = ¢'(0) = 0.

(H2) The symbol « of L has the property that the tempered distribution K
whose Fourier transform is —i¢/ (1 + a(€)) is given by a measurable function lying
in L1 (R) N L,(R) for some r > 1.

Examples: If L = —02, then
(2) = ~lo|
K(z) = 5 sgn(x)e

as one ascertains by a direct calculation using the Residue Theorem (see Benjamin
et al. 1972). Clearly, this version of K satisfies (H2) for any positive value of r.
S

If L = D® with s > 1 where Dsh(¢) = |£|°h(€), then

o lag € L[ igee 1 [ gsin()
Kle)=F {1+|£|s}‘2w/_m1+|£|sd§‘ vr/o e




where F connotes the Fourier transform in the spatial variable x and F~! is its
inverse. It thus follows that K is odd and in particular K (0) = 0. For any = > 0,
integration by parts twice yields

1 P l-(s— e
T Jo (1+¢&9)2
1 P s(s+ 1) —s(s —1)€% L

=—— i Aoy sin (x€) d€.

K(z) = cos(z&) d¢

It is thereby concluded that K(z) = O(Z5) as  — oco. On the other hand, for
x > 0, K(x) may also be represented in the form

1 [ ¢£sin(éx) 1 [ Esin(€x)

Ro==2) Tve “75), Tee ©
1 B Esin(&x) xfcosl 1 11— (s—-1)¢°
T on )y 146 d - ra?(z5+1) E/% (1+¢&9%)2 cos(¢) d¢
_ 1 B {sin(r) . wfcosl ozt [Tt —(s— 1)y’
Coony 146 d¢ me?(xs +1)  7wa? /1 (25 4+ y*)? cosy dy.

It follows immediately that

- l % 521} §—2(,.5
K(x)|§ﬂ_/0 1+£Sd§+x (z° +1).

Since the integrand z£2 /(1 + £°) is bounded by z£2~%, it follows that
K(z)| = O(z*?)

as © — 0. These considerations imply X' € Ly N L, for any r < 1/(2 —s) if s < 2,
and for r = o0 if s > 2.

As for the nonlinearity, if p is an integer, p > 2, and g(z) = E§:2 cjz’ is a
polynomial of degree p, then

P
149" () =1+ ez < Co(1+ 2771
=2

for a suitable constant Cy depending only on the coefficients cs, - -, ¢p.
Here is a local existence theory based on (H1) and (H2).

THEOREM 2.1. Consider the integral equation (2.2.8) and suppose the nonlinear
function g and the integral kernel K satisfy hypotheses (H1) and (H2), respectively.
Let q be such that

q > max{p, (pr —r)/(r — 1)}

where p and r, specified in the hypotheses (H1) and (H2), represent the properties
of the nonlinear function g and the integral kernel K, respectively. Then for any
initial data ug € Ly, there is a positive number T = T (Juoly) such that (2.2.3) has
a unique solution w lying in the space C(0,T; Ly). Moreover, the mapping ug — u
from the space Ly to C(0,T; Ly) is continuous.



Recall that, for any r,r, > 1, if w € L,, and v € L,,, then uxv € L, and
luxv|, < |ul, |v|,,, Where r is determined by 1 = % +% —1. With this inequality in
mind, the tool for proving the proposition is the standard version of the contraction
mapping theorem.

Proof. The remark just made implies that if u € L,, then
K« (g(u)+u) €Ly,
because )
lg(u) +u| = ‘ /0 (1 + g'(su)) ds u‘ <y (|u| + |u|p)7
S0,

K

1K % (g(u) +u)lg < Co(IK1|ulg + 1K/ q—p+1) lulf)- (2.2.5)

Hence, the integral operator A may be considered as a map of C(0, 00; L) to itself.
For any 8 > 0, let Bg = {u € L, : |uly < B}, and for any T > 0, let X = Xp 5 =
C(0,T; Bg). It is asserted that if 5 > 0 is chosen properly and T' > 0 is sufficiently
small, then A maps X to itself and is a contraction mapping. In fact, for any u € X,

1

K K

14ullx < fuol, + TCo (1K ]ullullx +

o/ta—pn el )-

To estimate the norm of difference Au — Av in the space X, the following sublemma
will be useful.

SUBLEMMA 2.2. Ifu,v € Ly and |ulg, [v|q < B, then

‘K * (u—v+g(u) —g(v)) ‘q

K*/Ol (1+¢'(v+s(u—n))) ds(u—v)‘

q

1
< ‘|K| * / Co(1+ v+ s(u—v)[P~) ds|u — v|‘ (2.2.6)
0 q

1
< Co /0 {|K|1|U = 0lg + Ko/ (g—prn v+ s(u = 0)[§7 u - ”|q} ds

< Co{|K|1 + |K

q/(qu+1)5p_1 } lu —vlq

since v + s(u —v)|q < B because u and v both lie in the ball of radius B about 0 in
L,.

Hence, it is straightforward to adduce the relation
|AU’('7 t) - Av('v t)|q
t
= | [ 85 (ulm) = wlem) + glul7) = el ) d]
0

q

dr

q

< [ (uar) =7+ 0,7 = 007 ()

t
<Co [ {1+ 18Ty 857 Hut ) = o7



Taking the maximum in this inequality for ¢ € [0, T yields
14w = Allx < CoT (KT + 1Klyiq-pny "Dl = vllx (2.2.7)

It follows readily that if we choose

1
8 =2|u and T = _ _ , 2.2.8
ola SR + 1K ayagr 7T) (2:28)

then the operator A maps X to X and is contractive. Since X is a complete metric
space, the contraction mapping theorem completes the proof. [

Remark: In fact, the result of Theorem 2.1 is true if the nonlinear function g is
a C%-function for some number o € (0, 1] and there is a number C; > 0 such that
for any z,y € R,

l9(@) —g@)| < Cr(ja™ + '™ + 2P~ + [yP )] —y|”. (2.2.9)

Furthermore, if there is a positive integer k such that g € C*t®, and ¢*) satisfies
an inequality like (2.2.9) in which p is replaced by p — k, then the mapping ug — u
from the space L, to C(0,T;L,) is k'"-order differentiable. Here we only outline
the proof for £ = 1. This case amounts to the assertion that the mapping taking
ug to the associated solution u is differentiable. Write the solution with initial data
Up aS U = Uy,. Fix initial data ¢ and a perturbation h in L, and let § # 0 be an
arbitrary real number. Clearly,

t
Up45hn — Ugp - Uppsh — g | G(uprsn) — glug)
2o 7o _ K
: h+ /0 * ( 2+ ; ) dr

and so, by the sublemma, it is thus implied that for any 7" > 0 such that wgsn
and uy are well defined on C'(0,T"; L,),

| =5 < [bly + "6, T

) HC(O,T';Lq)

Ugp+sh — Ug H

) C(0,T";Ly)
where C'(6,0) = Co(IK |1 + |Klg/(q—ps1)) (usllts .11, + 0(5)) and the little o
denotes terms for which lims_,o o(5) = 0. Notice that C'T" < £ when § # 0 and T"
are chosen sufficiently small. In these circumstances, it is not hard to verify that
the difference quotient on the left-hand side of the last inequality is also Cauchy as
4 — 0, and therefore one infers existence of the limit

u — U
lim —&tdh — 1é
6—0 )

in C(0,7'; L,). As differentiability is a local issue and the time interval is compact,
this completes the proof of the remark. The argument for this result is similar in
case k > 1. If ¢ is analytic (e.g. if g is a polynomial), then the mapping is also
analytic.

The Lg-results just established may be generalized in various directions. Here is
an aspect of further regularity corresponding to enhanced smoothness of the initial
data.



THEOREM 2.3. (Regularity 1) Let u € C(0,T;L,) be the solution of (2.2.3)
described in Theorem 2.1. In addition, suppose g € C*(R) for some k > 1 and gk
18 bounded by a polynomial with degree less than or equal to p — k. Then it follows
that

ou oFu

57"' 7W € C(O7Tan)

Proof. Because of Theorem 2.1, u is given locally in time as the fixed point of
the operator A as in (2.2.3). The fixed point of this contraction mapping may be
obtained as the limit of the sequence {u,}7>, generated by the iteration

up = A(0), - yupt1 = A(up), -, (2.2.10)

commencing from the starting point # which is the constant function equal to 0
everywhere. Thus, this iterated sequence {un,}52; is Cauchy in C(0,T;L,). Ap-
plying Sublemma 2.2, it follows that for any n,m > 0,

aun+m+1('7t) _ au”JFl("t)
ot ot q

S Co{IK 1 + [Klg/(g—p+1) m%}i] {lun + s(tntm — “n)|571}|un+m('vt) —un(+1)q

s€lo,
(2.2.11)

= |I( * (Uner — Uy + g(un+m) - g(un))('vt)|q

Since {un}n>1 converges to u in C(0,T; Ly), maxyejo,1] {|un + $(tnsm — un)E7'}
is bounded by a constant C' = C(]|ul|c(0,1;1,)) dependent only on u. Taking supre-
mum of this inequality for ¢ € [0, 7] yields

OUptm+1  OUpii H
- < Cllu —Uu . .
H ot ot llco,T;Ly) — ltntm = unllco,rL,)

In consequence, the sequence {aggl tn>1 C C(0,T; Ly) is also a Cauchy sequence.

Inductively, for j = 0,1,--- ,k — 1 (where it is presumed that 9%u/0t° = u), it is
adduced that

- .
oIt M,

Up41 — K« 83
ot’

atj+1 - B

+...+g<j>(un)(%)i), (2.2.12)

Unp, . ,
g TR (g (un) at

Arguing as above, the sequence {a;;r"l }n>1 is also Cauchy in C(0,T;L,). The

completeness of C'(0,T'; L,) implies that the sequence {%}nZl is convergent to
some function w;+1 € C(0,T; L), say, as n — co. To prove wjy, = &7 u/otI+
simply let n — oo in (2.2.12) to reach the conclusion

wit1 = K xwj + K = (¢'(w)w; + - +g(j)(u)w{).

The uniqueness of the solution implies that wy; = %—7:, and inductively, it is seen
aitly

that Wi1 = DT - |
Remarks : If a function f has the property that f € L, for some p € [1,2], then

f € Ly and |f|; < |f|p7 where 1/p+ 1/q = 1. For the integral equation (2.2.3),
if the initial data uo has the property that tip € Lq/(4—1), Which guarantees that



ug € Ly, then the results of Theorem 2.1 hold true, and furthermore, at least in
the case where ¢ is a polynomial, the Fourier transform @ of the solution u with
respect to the spatial variable lies in the space C'(0,T’; Ly/(4—1)). The proof is made
by considering the Fourier transform of (2.2.3), namely

- _ 3 b —
t) = —_— d
6.0) = () + g [, (6D +a(En) dr
One shows that the mapping A defined by the right-hand side of the last formula is
a contraction in C'(0, T BB) for T and /3 chosen appropriately, where BB is the ball
of radius # about 0 in L, /(,—1). For this step, we use the fact that g is a polynomial

—

so g(u) is a finite sum of the form ,

N
E AR -0
k=2

where the k" term features a k-fold convolution of @ with itself. One thus infers ex-
istence of a solution of the above integral equation whose Fourier transform satisfies
(2.2.3) and lies in C'(0,T; L,).

Another point worth mentlon is the smoothing associated with a temporal deriv-
ative. Indeed, since ; = 1+a(§) (+g(u )) u; is smoother than u + g(u) if a grows
super-linearly at infinity. For simplicity, let the nonlinear function g be homoge-
neous, say ¢(z) = zP. For the dispersion «, suppose there is a positive number
s>1+ % such that

a(f)
lim inf
\lsmal& €[

1

Then, for any € in the range [0,s — 1 — %)7

> 0.

€

Gr@iaen| = [ELEES

- U, t) + upb (€,

‘q/<q—1> ‘ 1+ a(€) ((g S y))‘q/(q—n
<l /-1y + 200 ¢ 0)lg/g-p)
< mlul B)lg/g-1) + v2lul, t)|§/(q—1)

where the numbers 7; and ~» are determined to be

€11 +€%)% 4 T _/ (I£|(1+§2)§
BIGTS)E nd 47 = [ (BTS2
R

MR I Al 1+ a()

)'” de.

Thus, u; € C(0,T; W) where W4 = {u € L, : (1 +&%)%3u € L,}. In particular,
for the original BBM-equation where s = 2 and p = 2, if the initial data ug € Lo,
then the solution u € C(0,00; Ls) as proved by Bona and Tzvetkov 2001. The
above ruminations and a bootstrap argument imply that the time derivative u; lies
in C'(0,00; H') and so is spatially smoother than u.

THEOREM 2.4. (Regularity 2) Let uw € C(0,T;Ly) be the solution whose exis-
tence is guaranteed in Theorem 2.1. Suppose in addition that ug € Cf and g € CF*+1
for some k > 0 and ¢**tY is bounded by a polynomial of degree p — k. Then
u€ C(0,T;CF N L,).



Proof. 1t is sufficient to prove that the sequence {#7u, /027 },>1 for j =0,1,--+ |k
is Cauchy in C(0, To; Cy N Lg) for Ty > 0 sufficiently small, where {u,},>1 is the it-
erated sequence defined in (2.2.10). A straightforward analysis based on Gronwall’s
inequality allows one to extend the result to any time interval [0, T] for which the
solution u of (2.2.3) is known to lie in C'(0,T'; L,).

Since ug € CF and k > 0, define functions u; = u;(z,t) in C(0,00;C}) as follows:

t
Uy ZU0+/ K x (Uo +9(U0))('77)d77
0

and inductively, forn =1,2---,

t
Upt1 = U + / K « (un + g(un)) (,7)dr. (2.2.13)
0
Naturally,
'U/n—i-l('v t) - un('7 t)
t 1
:/ K x (/ (]- + g’(’U/n,1 + S(un - Unfl))('vT) ds(un - Unfl)> dr
0 0
and, as in Sublemma 2.2, it follows that

|tns1 (5 t) — un(-, 1)

t
S/O C’o(|K|1 + [Klg/(g-p+1) srél[gﬁ]ﬂunq + s(un — un71)|571}>
|un(,7) = tna (-, 7)|  dr.

Since {un}n>1 is Cauchy in C(0,T; L,), it follows that for any ¢t € [0,7] and s €
[0,1],
limsup |tp—1 + $(ty, — tpn_1)(-, t)]|g < |u(-,1)]g-

n—r00

In consequence, the sequence {u,},>1 C C(0,7";Cj) is Cauchy. To prove that the
limit is the solution w of (2.2.3), let w = lim, o u, and consider the limit as
n — o0 in (2.2.13). There obtains the relation

w(-,t) =uo + /0 K x (w+ g(w))(-, 7) dr,
whence,
—u(1)]o

|w('vt)
= ‘/0 K (w—u+g(w) —g(u) () dT‘oo

- - -1
<Co [ (b +1Klujta-peny (ol + k)" Yl ) = a1l dr.
0

It then follows from Gronwall’s inequality that w = u € C(0,T;C, N Ly).
Next consider the sequence {Ju, /0z},>1. It is obvious that, for any ¢ > 0,

10



aul_ ' ¢ - ' i
oy = Uo +/0 K x ((1 +g (uo))uo) dr

and the right-hand side of the last equation is in C'(0, 00; C N Ly) because
aul('v t) ‘ ’ /t
— 7 < C
‘ or oo |U0|oo o 0 (

Ouy (-, t) ¢
‘ ox ‘qé|u6|q+co_/0 (

Induction on n yields that

K

1+ |K|q/(q7p+1) |u0|{1’71) |u6|oo dr

and

K

1+ |K|q/(f1—p+1) |“0|{1)—1) |uglq dr.

Oupyr b , Oun, .
o U0 +/0 K ((1 +g (un))E)(J) dr € C(0,00;Cy N Ly) (2.2.14)

because
Otpt1(:5 ) ¢ . R _ Oun (-, 7)
O A L
and

Op1 (-, 1) ¢ . R _ Oun(+,7)
] ) o f (1t ) 25 e

Therefore, for ¢ restricted to the interval [0, Tp], where

1

1+ |IX’|q/(q—p+1) |u|g?é,T§Lq))

Ty = min {T, 20 (K ,

the sequence {Ouy41/0x},>1 is bounded in C'(0,7y;C, N Ly), and in fact for ¢ €
[07 TO]v
auTLJrl ('7 t)

‘ auTLJrl ('7 t)
ox

ox
Furthermore, for any n > 0

aun+1('7 t) _ aun('v t)
ox ox

¢ ou Oup_1 Ou OUp—1
_ - ! no_ n n n .
_/0 Ko (g (un) Ox g (tn-1) ox + ox ox >( ) dr

‘ < 2luploo  and ‘ ‘§2|u6|q.
00 q

Oun

= [ ([ = 0] 5+ (14 )

2 - 2]}

Notice that

0 () — g (ttnr) = / 0" (tn 1+ 5(tin = tin 1)) d(ttn — 1),

11



and ¢" is bounded by a polynomial of degree p — 2, then there is a positive number
C such that |¢”(z)] < C(1 + |z|?~2). Thus applying Sublemma 2.2 yields

K (g (un) = 9" (un-1))| <

1

¢ */ (T4 |up—1 + s(un — un,1)|p*2) ds|u, — wn_1],
0

S0,
|K (g (un (1) = ¢"(n-1(-11))]oo

1
C(K[ + |K|q/(q7p+2)/ |un—1 + s(un — Un—1)|g_2 dslun (-5 t) = un—1(-t)]oo
0

and

K+ (1+ g'(un_l))(% - a%’;‘l)(-,t)\oo

gy | 2D QD)

<Cof ox ox ‘oo'

Hence, there is a number C’ dependent only on the solution u such that

‘aun+1('7t) aun 7 / ‘aun y T aunfl('v’r) ‘ dr
In a same fashion, it follows that
‘8un+1(~, t) 8un ,t / ‘aun ,T 8un 1( ‘
dr.
ox q

Thus, for 77 > 0 chosen sufficiently small, {a"" tn>1 is Cauchy in C(0,T4; Cy N Ly).
To prove that the limit of this sequence as n — oo is equal to u, for ¢ restricted to
[0, T1], denote by wy = limy 00 aa and let n — oo in (2.2.14) to obtain

wy = ug + /OtK * ((1 +g'(u))w1) dr.

On the other hand, taking the derivative with respect to z in (2.2.3) leads to

Uy = ug + /OtK * ((1 +g'(u))ux) dr. (2.2.15)

Forming the difference and estimating yields

t

lwi () = (-, £)]oe < Co i (1+ [l iy w1 (5 7) = ta (-, 7)o dT.

Gronwall’s inequality then implies u, = w;, which is to say, the solution u of (2.2.3)
lies in C(0,T1;C{ N qu) Furthermore, (2.2.15) implies that

t
koo < [t +Co/ (
0

Gl e (7)o dr
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and

t
|uzly < fugle + Co/o (K + 1K/ g=prn lul DIE™Hua ( 7)]q dr.

Gronwall’s inequality shows that the time interval over which the solution u can be
extended is in fact the interval [0, 7] on which (-, t) is known to lie in L,, which is to
say, u € C(0,T; C; N\W,). By induction, it can be shown that u € C(0,T; C’fﬂW(f).
m

THEOREM 2.5. In Theorem 2.1, suppose the relationship between r, the index
appearing in (H2), and p, which governs the growth of the nonlinearity g in (HI)
are further restricted by the relation

Then the integral equation (2.2.3) is locally well posed in LoNLyy1, so, if the initial
data ug € LaN Lyyq, then there is a T > 0 such that (2.2.3) has an unique solution
u lying in C(0,T; Ly N Lyt1), and the mapping uo — w is Lipschitz from the space
LyN Lptq to C(0,T; LaN Lypy1). Moreover, its Ly-norm is bounded by

t
()] < e lunl? + 2 / SOy )|t dr,
0

where C = 2Cy|K ;.
Proof. The existence of the unique solution u € C(0,T; Lyy1) of (2.2.3) for some
T > 0 is a direct result of Theorem 2.1. Again, it is known that the sequence

{tn}n>1 defined in (2.2.10) lies in C'(0,T;Lp41) and converges to u. We know
further that

t
lur ()] < ||Uo||+/0 |
t
< |uol| -I-Co/ (
0]

K x (uo + g(uo)) || dr

K

Llwoll + 1K (2p12) (pt3) [0 4 1) T,

80, u1 € Ly N Lp4q. Inductively, for n > 1,

t
[[tn1 ()] < luoll +/ 1K un (-, 7) + K % g(un (-, 7)) dr
0

t
< ||uO||+Co/0 (Kl DI+ K | @2pt2) /s (5 T) g ) ds

which means {u,(-,¢)}n>1 C Lo N Lyy1 at least for ¢ € [0,T]. Moreover, for any
n >0,

)

fnsa () = a0 = | [ K 5 (i =t + g() = gl 1)

13



since u,, converges to u € C'(0,T; Lyt1) as n — oo, for sufficiently large value of n,
||un||C(0,T;Lp+1) < 2||U||C(0,T;L,,+1), and therefore, by Sublemma 2.2,

||U’n+1('7t) - U’n('v t)”

sco/ot(

Thus, for Ty > 0 chosen small, the sequence is Cauchy in C'(0,Ty; Lo), whence,

K|, + 2P YK

(p+1>/2||“||’&3,T;Lp+1>) tin (-5 7) = w1 (-, 7)|| dT.

u € C(O,Tg, L2 n Lp+1).

Moreover, the solution w is continuously dependent on the initial data ug. The
regularity result of Theorem 2.3 allows us to formally multiply the equation (2.2.2)
by 2u and integrate over R to reach the relations

d o0
%HUH2 = / 2uK * (u + g(u)) de < 200|K|1||u||2 +2C)

p+1

K 1|’U,|p+1.

Gronwall’s inequality gives
t
IO < ol +2 [ Dl ar

for any ¢t € [0,7p]. The continuous dependence result allows us to conclude this
relation holds for rough data. It is thereby implied that the time interval [0, 7]
where [u(-,t)](p41)/2 stays finite can be extended to [0, T]. The theorem is complete.
n

LEMMA 2.6. Letu € C(0,T;LyNLyt1) be a solution of (2.2.3). The functional

/ (F(u) + %UQ) dz

—0o0
is invariant with respect to the time variable t, where F is the anti-derivative F(z) =

foz g(z)dz of g.

Proof. For smooth solutions, the following calculation is decisive:

% /jo (F(u(x,t)) + %u2(x,t)) dx

= /00 (g(u) + uw)uy dz

— 00

= [ o)+ 0T + 1) 0, (gl +u)

— 00

As (I +L)~'9, is skew-adjoint, the right-hand side is obviously zero. For solutions
in the advertised class, the result follows from the regularity theory, the continuous
dependence of solutions on the initial data and density of, say, D(R) in Lo N Lpyyq.
|
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COROLLARY 2.7. In Lemma 2.6, if there is a positive number ¥ such that the
function F satisfies 2F (x) + 2 > y(2® +|z|PT!) for any x € R, then it follows that,
for all t > 0 for which the solution u of (2.2.3) exists,

/OO (u? + |u|P*t) de < 1 /Oo (2F (u) 4 u?) dz.

—o0 1 —o0

In consequence of this a priori deduced estimate, it follows that the local existence
result can be iterated to produce a solution u of (2.2.8) which lies in C(0,00; La N

Lpt1).

The next result is a special case of Theorem 2.1 and Corollary 2.7.

COROLLARY 2.8. Letp > 1 be any integer. The generalized BBM-equation
U+ ug +uP tuy —uggr =0, zER, >0,

is locally well-posed in Lq for any g > p. That is, if the initial data u(-,0) = ug € Ly,
then there exists a positive number T = T(|uglq) such that the above equation has
an unique solution u € C(0,T; Ly) which is continuously dependent on ug. If p > 3
is an odd integer and the initial data ug € Ly N Lyi1, then the solution u lies in
Cy(0,00; Ly N Lyt1) and so is globally defined.

Remark: Unfortunately, except p = 2, we don’t have a global result in Ly N Ly
for p an even integer greater than 1.

3 BORE-LIKE INITIAL DATA

The theory developed in Section 2 has concentrated on initial profiles that decay to
zero at +o0o, at least in a weak sense. Attention is turned now to initial data that
possesses different asymptotic states at +o0o and —oo. In the water wave context,
this corresponds to bore propagation in field situations (see Peregrine 1964, 1967)
and hydraulic surges in laboratory configurations. In other physical systems, such
data is generated when a signal corresponding to a surge moves into an undisturbed
stretch of the medium of propagation. Theoretical work on the bore problem in the
context of the BBM-equation was initiated by Bona and Bryant (1973) (see also the
paper of Bona, Rajopadhye and Schonbek 1994, where further theory was developed
for both BBM and the Korteweg-de Vries equations).

In the present contribution, the assumptions on the initial data is weakened and
the theory extended to the broader class of models featured in (1.1.2).

The mathematical problem amounts to being confronted with the prospect of
solutions u = u(x,t) satisfying the boundary conditions

xgrzloou(:r,t) =1, xlggo u(z,t) =0, (3.3.1)

where [ > 0 is a constant. The question is, if the initial disturbance is bore-shaped,
will the wave evolve in a bore-like pattern? If so, how long will this pattern last?
Bona, Rajopadhye and Schonbek (1994) showed that the BBM-equation with bore-
like initial data as in (3.3.1) is globally well posed and that the solution maintains
the boundary behavior (3.3.1) for all time. In this section, the generalized BBM-
type model equations (1.1.2) will be discussed in the bore context.

15



Consider the initial-value problem

ue 1z + 9w + Lty } (3.3.2)

u(x,0) = uo(x),

where the operator L and nonlinear function ¢ are as described in Section 2 and
the initial data ug satisfies the bore condition (3.3.1). Following the technique used
by Bona, Rajopadhye and Schonbek (1994), ug can be decomposed into the sum of
two parts v and ¢, say, where ¢ € C°°(R) satisfies the bore condition (3.3.1) and
its derivative ¢’ lies in H*°, and vy is a measurable function on R whose smoothness
is determined by the smoothness of ug.

Introduce a new variable v = v(z, t) by u(z,t) = v(z, t)+ ¢(x). Upon substitution
of this form into (3.3.2), there follows the initial-value problem

(I +L)ve +ve + (9(v+6) —g(9), = —(1+ g'(¢))¢'}

3.3.3
v(z,0) = vy ( )

for v. Inverting the operator I + L and then integrating with respect to t over [0, ¢],
there appears the integral equation

v:vo+/0 K+ {v+g(w+0) — g(@)}(.7)dr
+tM* (1+¢'(¢))¢’

where the integral kernels K and M are determined via their Fourier symbols, viz.

K(&) = —i€/(1+a(f)) and M(€) = —1/(1+ a(€)),

respectively. The following result is the analog in the bore context of Theorem 2.1.

THEOREM 3.1. Suppose the nonlinear function g and the integral kernel K sat-
isfy hypotheses (H1) and (H2), respectively. Moreover, suppose that

inf () > -1 and liminf@ > 0.

¢er BRI

(3.3.4)

(This is true for most cases encountered in practice). For any q such that

g>2 T
r—1

if vo € Lg, then there is a positive number T = T(|¢|so,|d |q) > 0 such that the
integral equation (3.8.4) has an unique solution v € C(0,T; Ly) and, moreover, the
mapping vo — v is continuous from Ly to C(0,T; Ly).

Proof. For any v € C(0, c0; Ly), modify the definition of the operator A in Section
2 as follows:

Av =vg +tM * ((1 + g'(gzﬁ))gzﬁ') + /Ot K x {U +g(v+¢) — g(gzﬁ)} dr.  (3.3.5)
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It is sufficient to prove that A has a fixed point in C'(0,T; L,) for some T' > 0. Note
as before that for any v € L,

1
vhgw+0)—g0) = [ (14 (@+s))dso,
0
In consequence, it follows that

|K % (v+g(v+¢) — g())|q < ColIK

* ((1 + (|¢| + |U|)p71)|v|) |q

p—1
-1 _
< ColKulely +Co S (p j )|¢|z>o

Jj=0

K

o/ (a+1—p+i) (V[P

Hence, it is seen that

Kx(v+g(v+9¢)—g(¢)) € L.

Since ¢ € C;°, ¢ € H*®, g is a C''-function and the operator M is defined by its
Fourier symbol 1++(£) where o has the decay property just described, it follows
that

M« ((1 +g’(¢))¢’) eH' CI,

because

| asef(ue g1 de

— 00

Y , , 2 N
_/_oo (1+a(5))2‘f((1+9(¢))¢)(€)\ € < .

So, A maps C(0,00; L) to itself. Let Bg be, as before, the closed ball of radius
B > 0 centered at the origin in L,. For any v,w € C(0, c0; L),

Av(-,t) — Aw(-,t) = /0 Kx{v—w+gv+¢) —glw+¢)}(-,7)dr,

hence, if v,w € C(0, c0; Bg), then applying Sublemma 2.2 yields

¢
|Av(, 1) — Aw(-,1)], < c/ (14 (0oe + B D) o(7) —w( )y dr  (33.6)
0
where the constant C' may be taken to be
C = 0o max {|Klo/-}
Following the line of argument laid down in the proof of Theorem 2.1, choose

B = 2uolq + 2‘M « ((1 + g’(¢))¢’) q

and

T =min {1,1/(2C(|9lo + 8)") }.
The operator A is then contractive on C(0,T; Bg) and the stated results follow
directly. [
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THEOREM 3.2. (Regularity 3) Let v € C(0,T;L,) be the solution in Theorem
3.1. In addition, suppose for some k > 1, the nonlinear function g € C* and g'®) is
bounded by a polynomial of degree less than or equal to p—k. Then for j =1,--- ,k,

v
ﬁ € C’(O,]j7 Lq)
Proof. Define a sequence {v, },>1 iteratively by
v = Ab

vo +tM x ((1+¢'(9))¢")

where @ is, as before, the zero-function and for n > 1,

(3.3.7)

Upt1 = Auvy,
= vo+tM % ((1+4'(8))¢) (3.3.8)

+ / K * {vn + g(vn + 0) — g($)}(-,7) dr.

The solution v in Theorem 3.1 can be obtained as the limit of the sequence {vy, }n>1,
so in particular, the sequence is Cauchy in C'(0,T; L,). By the Fundamental The-
orem of Calculus,

dui Jot = M x ((1+¢'(¢))¢')

Quny1/0t = M x ((1+9'(9))0') + K  {vn + g(vn + ¢) — g(¢)}.

It is straightforward to see that {Ov,/0t},>1 C C(0,T; Ly). As before, for n > 1,

Dvpsr /Ot — vy |0t = K (vn — U1+ g(d +va) — g(6+ vn,l)),
and thus, the Sublemma implies again that for sufficiently large values of n,
0041 (-, £)/t = Do (-, 1) /0],

<C1 (14 [19leo + 2Mlellori,)]" ™ ) o 8) = vnmi (- 1)lg

where O = Cp maxo<j<p—1{|K1q/(q—j)}- Since the sequence {v,}n>1 is Cauchy in
C(0,T;Ly), sois {Ov,/0t},>1. Denote its limit as n — oo by w;. The function w;
satisfies the equation

wi =M x ((L+9(¢)¢) + K *{v+g(v+9) —g(e)},
and by a uniqueness argument as expounded previously, w; = v;. By induction on

J, it follows that for any j with 1 < j <k, {07v,,/0t/},>1 is Cauchy in C(0,T; L)
and the limit as n — oo is equal to §7v/dt7. (]

The following further regularity result is the analog of Theorem 2.4. As the proof
is entirely similar, it is omitted.
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THEOREM 3.3. (Regularity 4) Let v € C(0,T;Ly) be the solution of (3.3.2)
obtained in Theorem 3.1. Suppose in addition that for some k> 1, vg € Cf_l and
g € C* and its k" derivative g'® is bounded by a polynomial of degree less than or
equal to p—k. Then v € C(0,T; C’f*l N Wé”"_l).

PROPOSITION 3.4. In the above Theorem, if p=2n—1 > 1 is an odd number
and there are two positive numbers v1 and 2 such that the nonlinear function
g(2) > (m1 — 1)z +2n7222"7t for all z > 0, then the equation (3.3.4) is well-posed

in Lz N Loy globally in time, in the sense that for any initial data vo € Ly N Loy,
and T > 0, the solution v lies in C(0,T; Ly N Loy,).

Proof. Theorem 3.1 guarantees that there is T > 0 such that (3.3.4) has a unique
solution v € C(0,T; Lay,). As in the proof of Theorem 2.4, it can be shown that v
also lies in C'(0,T'; Lz). Tt is sufficient to show that the solution can be extended to
times that are arbitrarily large.

Define a function F on R by F(2) = [ g(z) dz. Because of hypothesis (H2) and
the restriction on g, it is easily deduced that F(z) > 3(y1 — 1)2? + 722%™ for some
positive constants «; and 7,. Define a functional I by

1
I(v) = ~v* +F dz.
0= [ G +Fw)d
If v is a solution of (3.3.4), then formally

d I(v) = /oo (v + g(v)u; dz

dt .

— /OO (v+g)[K *(v+g(v) + M * (14 g'(¢))¢'] dx

— 00

-/ () (M (144 ()0 dr

< Goll M+ (1 +g'(6))d'[[[[v]l + Col M * (1 4 g'()) ¢ [p+1[v]p44

< Ci(Ioll? + [vl3,) + Co

< ’7](’0) + Cy,
where C; and Cy are constants dependent only on the quantities |@|o, and ||¢’|1
and ¥ = Cy/min{3v:,7}. As before, this formal calculation is justified by the

regularity theory combined with the continuous dependence result. A Gronwall-
type inequality shows that for any ¢ > 0,

I(0(, 1)) < Tug)e™ + Z2(ent 1),

71
This means that on any time interval [0, 7], the La- and La,- norm of the solution
v is finite. The standard extension argument then completes the proof. [

COROLLARY 3.5. For the generalized BBM-equation

2

2_
Up + Uy + U Uy — Ugyr = 0,

where n > 2, if the initial data ug = vo + ¢ where ¢ is an infinitely smooth bore and
vg € LoN Loy, then there is a unique solution u = v+ ¢ where v € C(0,00; LaN Lay,)
which depends continuously on vg.
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