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Abstract

The existence of forward self-similar solution is established to the Stokes approximation
equations for two dimensional compressible flows. We obtain it by considering the Cauchy
problem of its corresponding approximation system in some homogeneous Besov spaces with
small date. Our result also holds for three dimensional case.
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1 Introduction

As pointed out in[1], self-similar solutions with suitable homogeneity often play a crucial
role in the theory of regularity and asymptotic stability of nonlinear problems, which are
physically or geometrically interesting. The pure existence and structure of such solution of-
ten reflects the intrinct dynamics of the underlying nonlinearity and different length scales.
This has been manifested in many interesting problems, such as the regularity theory of
harmonic maps, minimal surfaces and heat flows. In the mathematical theory of fluid dy-
namics, the idea that the self-similar solutions are building blocks both locally and globally
for general inviscid flows, is well known for two centenaries and has been the central idea
of the mathematical theory of shock wave.For viscous flows, the importance of self-similar
solutions in understanding the interactions between initial force and dissipation had been
recognized long time ago. Indeed, in his seminal paper in 1934, Leray [2]raised the ques-
tion of existence of self-similar solutions to the 3-dimensional incompressible Navier-Stokes
equations as soon as he established the existence of weak solutions for such system. The
existence of forward self-similar solution often reflects the dynamical dissipation mechanics
of the underlying nonlinear problem, while the existence of backward self-similar solution
shows the dominance of the nonlinearity over the dissipation and yields clues to construct
general singular solutions.

For the incompressible Navier-stokes system, where the major nonlinearity is due to
the nonlinear convection and thus the scale laws are similar to that for heat equations,
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LP-space and Besov space,etc. )have been obtained by many authors(see[3], [4], [5],[6]).
The much difficult problem is the existence of the backward self-similar solutions,which was
originally raised by Leray. The blow-up estimate in theory of partial regularity (see[7],
[8]) implies that there are no backward self-similar solutions with small local energy. The
Leary’s problem was completely solved by Necas,Ruzicka and Sverdk In 1995([9]), where
they showed,among other things that the only backward self-similar solutions satisfying the
global energy estimates is zero. This important result was generalized by Tai-Peng T'sai in
[10] showing that there are no backward self-similar solutions with even finite local energy.
These results implies the complexity of possible singularities of solutions for 3-dimensional
incompressible Navier-Stokes system.

On the other hand, these have been few studies on the self-similar solutions to the
compressible Navier-Stokes system partially due to the complicated nonlinearities arising
from both the nonlinear convection and the pressures and their interactions. For general
equation of states,even the scaling law is not clear. Recently, Ershkov and Shchennikov
[11] showed that the equation of self-similar solutions to the complete system of Navier-
Stokes equations for steady axially symmetric swirling viscous compressible gas flow can
be represented as a system of Riccati-type differential equations. However, the question
how to do solve these system of Riccati-type differential equations is still open. The multi-
dimensional problem for the viscous compressible flows are much more difficult. One of the
reason is due to the great complexity in nonlinearities and their interactions. To isolate the
difficulties, we consider the model of Stokes approximation equations for two dimensional
compressible system, where the pressure plays dominant role over the nonlinear convection.
We first establish the existence theory to Cauchy problem for this Stokes approximation
system in a class of homogeneous Besov spaces with negative degrees with small data. As
a consequence, we obtained the existence of small forward self-similar solutions to the 2-
dimensional Stokes approximate equations in some Besov spaces.

More precisely, we will study the following model which corresponds to a stokes-like
approximation to the momentum equations of the system of compressible isentropic Navier-
Stokes equation. This is, we consider

pt +div(pu) =0
puy — pAu — EVdivu + aVp? =0

where p > 0,a > 0,0 > 0,u+& >0 and v > 1.

This system is a good approximation for compressible flow which has been investigated
by many authors. For multi-dimensional flows, P. L. Lions [12] proved the existence of weak
solution under the assumptions of v > 1 in the Dirichlet boundary conditions when €2 is
bounded or v > 1 in the periodic case when Q = RY if N = 2;y > ]3—12 in the Dirichlet
boundary conditions when (2 is bounded or in the periodic case when Q = RY if N > 3. In
[13], the existence and uniqueness of weak solution to the potential flow has been obtained
in the periodic case when v = 1. On the other situation, when p — p =1 as |z| — oo,Lu
Min, Alexandre V. Kazhikhov and Seiji Ukai [14] proved the global existence of weak and
classical solutions to the Cauchy problem in R? with large smooth initial data.

In the case of p=1,u=1,£ =0 and a = 1, the system becomes

pt + div(pu) =0 (1.1)
up— Au+Vp' =0 (1.2)
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Our focus will be to find forward self-similar solutions to the system(1.1)-(1.2). Here
forward self-similar solutions (p(x,t),u(x,t)) are ones satisfying

p(x,t) = )\%p()\x, Nt),u(z,t) = Au(dz, \*t) (1.3)

for A > 0. This kind of solution is related to the large-time asymptotic behavior of the
global solutions of our system. It is hoped that the study of self-similar solutions to (1.1)-
(1.2) can shed some light on the regularity and structures of solutions to the compressible
Navier-Stokes equations.

Before going into the details of the construction of self-similar solution, we first explain
the main difficulties arising here. Note that(1.3) implies p(z,t = 0) = po(x) and u(x,t =
0) = up(z) must satisfy

po(Ax) = Afgpo(:z),uo()\x) = At (). (1.4)

This means that (po(x),uo(x)) is homogeneous with degree (—%, —1) and every initial data
that gives a self-similar solution must verify this property. Unfortunately, those functions do
not belong to the usual Sobolev or Holder spaces. We shall therefore replace them by other
functional spaces that contain homogeneous function of degree (—2, —1), e.g., Besov spaces.

The existence of solutions to the system(1.1)-(1.2) in Besov spaces will be obtained by
using vanishing viscosity method. The main difficulty is to get the passage to limit which
need some new a priori estimates.

Our main result reads as follows:

Theorem 1.1. For any (po(x), uo(x)) such that po(Ax) = )\_%po(x) and ug(Az) = Xtug(z), for
A > 0,if

Hﬂo||B—z+§ < 0, [lpollza ey < C1llpollzyrey < Cop if y =1 with2 <p < 4,2 <q <4
p,00

(R?)
HP0|\B;§O+%(R2) <6, ||pollLrmey < Cs, if v = 2;
ool -3+ g < O 0l < Cos ol 3 oy < s 2 <7 <4
with p > 2v,q > 2, for2 <~ <A4.
ol 12, < ol <

Where 6,n are small and C;,i = 1,...,6 are absolute constants. Then there exists a self-
similar solution (p(x,t),u(x,t)) to the problem (1.1)-(1.2)which satisfies

ol t) = ~Q %mi

3 )iu(z,t) = ), V0 <t <T.

Vi

<

where
Q(z) € By " (R2) N LP(R2); U(x) € Byon * (R?).

The present paper is structured as follows.
In section 2, we recall some basic facts about Littlewood-Paley decomposition and Besov
spaces, which will be frequently used in our analysis later.
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spaces for the 7 = 1 case.

The passage to limit in this case is investigated in section 4.

In section 5, we will treat the general case of v of the existence of solutions to the
system(1.1)-(1.2) in Besov spaces. Finally, we prove Theorem 1.1.

Notation:Throughout the paper,C' or C; stands for a "harmless” constant, and C(T)
stands for the constant C' only dependent on T.LP(R?) and HP(R?) are standard Sobolev
spaces.

2 Littlewood-Paley theory and Besov spaces

To understand homogeneous Besov spaces more clearly, we will give some details about them.
At first, let us introduce a dyadic partition of unity. We can use for instance any spheri-
cally symmetric Bump function ¢(§) € C°(R?) satisfies

0< @) <1,0(8) = { (1) EI ; ;

then ¢(x) € S(R?), which is the Fourier transform of ¢(€). Set

Y(x) = 20(2z) — o();

pj(r) =2%p(2r),j € N;

Vi(x) = 259(2x),j € N;

Sif = @j(@) * f,0;f = ¥;(x) * f.

Obviously, {S;, A;} is the classical Littlewood-Paley decomposition, and homogeneous Besov
spaces can be defined as

By = 11 € SR, IS5, = 9up 25,/ l1r < o0}, €Rp 2 1.
= S8

On the other hand, for a Banach space x and for any non-zero function ¢ such that ||¢(\-)]|y is
a homogeneous function of A with A > 0, we introduce the following definition on smoothness
degree of Banach space x(see [15]).

Definition 2.1. Let x be a Banach space. The smoothness degree of x is defined and denoted
by

deg(x) == logy(A(X)),
where A(X\) = % and ¢ is a nonzero function in .

Remark 2.1. (1) It is easy to see that the definition of deg(x) is independent of the choice
of ¢;(2)Clearly,deg(x1) > deg(x2), if x1 C x2; and

N N
deg(LP(RY)) = ——,1 < p < 00; deg(W*?(RY)) = s — —, 1 <p < o0,s €R;
P P
% N N (MmN N
deg(B, ,(R™)) 23—5,1 <p,q < 00,5 € Ry deg(MP(RY)) = _?’1 < q < p<oo;

N
deg(F3 (RV)) =s——,1<p<oo,1<g< 00,5 €R.
7 p
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(1) Let 1 <p < oo, >0, then B; ¢ has the following equivalent norms:
sup 279 A jul| p ~ sup 279 S ul| pr ~ supt? ||S(t)ul| o
jez jez >0

~sup [[S()ull g-o ,u € B, .
>0 ’
where S(t) stands for the Poisson semigroup.

(2) By the Littlewood-Paley decomposition of Besov space, i.e.,

ull o = sup 279 A jull e, u € By,

we have

L*(R?) = B, %L (R?) — B, (R?)

P1,00 Pp2,00
2

a]:1_1)_7j:17272§p1 §p2§00
J

(3) More generally, by the Sobolev embedding, we have
LP(RY) < B & (RY);
WHRN) — B (RY).

where
deg(LP(RY)) = deg(B, % (RY)); deg(W**(RY)) = deg(B, 2 (RY)),
with
N N N N
——=—a——js——=—f— —;
P q k l

s€R,1<p,qk,l <oo.

In particular,

L2
L'(R?) — By " (R?), with p > 7.

SIS

Remark 2.2. Notes that

2 2
TP

2

|I|_% EB;SO,O[: ;|ZE‘_1 EB(;gov :1_5

with p > ~v,q > 2. But

2|5 ¢ LY(R); || ! ¢ L2(R?).
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in Besov spaces

The existence of self-similar solution to the problem (1.1)-(1.2) up to a smallness condition
on the initial data, will be obtained as a limit of solution to the following approximation
system:

pi + div(pu) = eAp (3.1)
u — Au+Vp' =0

where x € R%, v > 1,¢ > 0 is small, and p > 0.
Note that the approximation system (3.1)-(3.2) is invariant under scaling

(p(x, 1), ulz, 1)) = (AT p(Ax, \2t), Au( Az, N2).

In the sequel, we will first treat the case v = 1 and then turn to the general case of v > 1.
For the sake of simplicity in presentation, we drop the dependence on € in the system
(3.1)-(3.2) for v = 1, thus consider the following Cauchy problem:

pr +div(pu) = Ap (3.3)
up— Au+Vp=0 (3.4)
p(x,0) = po(x), u(x,0) = up() (3.5)
Furthermore, it is assumed that
.—242 142
po(%) € Bpoo " (R?), ug(w) € Byoo * (R?) (3.6)

where p > 1,q > 2.
From (3.4), we can represent u(z,t) as

u(z,t) = S(t)uo(x) — /0 S(t—T1)Vp(r,x)dr

= S(t)uo(z) — Clpl(t, ) (3.7)

So, a mild solution of (3.3) can be defined as
t
pla,t) = S(t)po(x) —/ S(t = 7)div(p(r, )S(7)uo(x))d7
0

+/0 S(t — 1)div(pClp])(T, z)dT
1= S(t)po(x) — Alp, uo](t, z) + Blp, p|(t, ) (3.8)

Where S(t) denotes the heat operator. It follows from the classical regularity estimates of
the heat semigroup(see e.g. [16],[15]), one easily sees that for ¢ > 0

_N¢1_ 1
1S ¢lle < Ct 2G| pllpr, 1 <7 < p < o0 (3.9)
(=) 28l < Ct 22D ||l d > 0,1 < 7 < p < 00,7 # 0. (3.10)

Now, we will prove the following basic existence result:
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<6 lluoll iz < (3.11)
B R

ool NI

(R?)

with 2 < p < 4,2 < q <4 and d,n > 0 both are small. Then there exists a unique solution
p(x,t) of (3.8) which satisfies:

p(t) € Cu([0,00); By * (R2)): '3 p(t) € C([0, 00); L7 (R2)); (3.12)
p(t) — S(t)polx) € C([0, 00); L' (B2) (3.13)
sup lpll vz +suptH | pll s < C. (3.14)
t>0 Bp,oo ¥ (R?) t>0

where C depends only on HpOHB;ij%(R%’ and HUOHB;SJ%( .

Proof. Set

Y = {p(t); p(t) € Cu([0, 00); Bpﬁ:%(RQ))} N {p(t);t" 7 p(t) € C([0,00); LP(R?))}
endowed with the norm

1
Ny =sup|| - || _op2 +supt' 7| -
Il = sup 1, o, + 5006 e
where v(t) € C,([0,00); F') means that v(t) € C((0,00); E) and v(t) is continuous at t = 0
in the weak topology o(E, E'), that is

%IIHO<U(J],75) - U0($)7¢> = Oa @Z)(l’) €L
where F’ is the dual space of E.
Notes that(see[15]):

|| H - tl Z HS(t) H
su : _o42 sup P : 2
t>g .p’2+p( 2) =0 Lr(RR?)

then we have easily

_1
IS()polly < sup IS(E)poll a2 +supt' " ||S(t)pol| o)
t>0 Bp,oo P ( t>0

R2)
<2SWl, 213, (3.15)
The existence result will be proved by applying the fixed point argument, so we need some
basic estimates.
Step 1: Estimates of A|p, u]
It follows from the definitions that

Alp,wl(t,z) = /0 S(t —1)div(p(r,2)S(T)ue(x))dr

_1
1AL, uo] ly = sup [|.Alp, uq] +supt' 7 || Alp, uo]|| 1o r2)
t>0 ) t>0

HB;iJ’Z’(W

7
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has

1AL, wolll 22 < CllAlp, o]z

< C'sup
>0

= (C'sup
>0

< C'sup
>0

= (C'sup
>0

< C'sup
>0

1
0

t
-G
= IpS(uo(@)l, s dr
t
1= s, gy ar
t
it ol 15 (@) rdr
t

1

_ 341 1 1 1
[ - A S ) S
0

t
2 + _____
| = ol ol g

q,00

11 34
pq32

=

l
bt d8|lp|lylluOll 142

qoo

1= s

< Cllpliylluoll 142,

where we have used the fact that for 2 < p < 4,2 < g < 4, it holds that —%

q,%0

N\Cw

NM—A
’UM—‘
xmh—t
’ﬁ\*—‘
»m\»—‘
Q
VAl

/|1—s|

is a finite constant. Therefore

sup [|Alp, uolll 212 < Cllplly[luoll 13-
t>0 B

p,0o0 qoo

Next, we can also reduce from (3.9)-(3.10) that

VR A 9. )7 0. 20 ), SILLE U S 5 T g © 5 PRE

o()]|a)dT

1 1
+]_?+E>_1’

(3.16)

t
sup 7 || Alp, uol||ore) < supt' v / [t — 7|72 T |pS(7)uol| g dr
t>0 t>0 0

< sup ¢t
>0

[r-

1 1 _3,1,1
e — 7 ol ol 1o

q,00

11 84140
s| 72 TasTe T ads pllvlluoll 1

q,00

< Cllpliylluoll .14z,

since fol |1 — s|7%7%s

q,%

3
2+

Supt 5 Alp, o]l oez) < Cllollylluoll e

qoo

»"1ds is finite constant for 2 < p<4,2<q<4also.

t
_1 _ 1 _1 1_1
/ St — 772 (78 plle) (76| S( o o) dr
0

t 17;
< sup
>0

Thus we have

(3.17)
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I, wollly < Collplly [[uoll 1.2 (3.18)

q,0

Step 2: Estimates of B|p, p]
Exactly as step 1, we know

Blp, ol(t, z) = / S(t — 7)div(oClp)) (. 2)dr

Clp] :/0 S(t —1)Vpdr

1
1Blp, pllly =sup |Blo, plll . »s2  +supt'"||Blp, pll| zo(r2)
>0 Bp.oo P (R2) >0

. _oi2
Using the Sobolev embedding L'(R?) — Bp,z:p (R?) and(3.9)-(3.10)again, one can obtain

1Blp. plll 243 =< ClIBlp, plll 1

t

_1l_(2_
<Csup [ |t—7]72"57YpClo]ll g dr
t>0 Jo

t
— C'sup / |t — 727575 (7175 p)l o) IC o] | o

t>0

0
t T
<Csup [ [t — 7| / 7 — s[4l pllrds)drllolly
t>0 Jo 0

t 12 _q.1, 7 1 4.1, (1
_ Csup / T / 7 — s[5~ (1 ol )ds)drlolly
0 0

>0

t T
< Csup / T ]l / i — 8|~ s E ds)dr|]|
0 0

t>0

t
< Csup / it — R a2
0

>0
1

= [ -opiie e anlg
0

= O|lplly, with2 < p < 4,

where we have used

T 1
[ = bt m o [ by - o
0 0
and the fact that both

1 1
/ |1 — 0\%_%9_%+%d6 and / |1 — n|’%n_1+%dn
0 0



sup [|Blp, plll o2 < Cllpll3-
t>0 Bp,oo

Similarly ,

t
_1 _1 _1_(2_1
supt' 7 || Blp, pl|| SSUP/ et — 77270 ”)”PC[P]H 5
>0 >0 Jo

¢
1 T T
Ssup/ tr |t =772 e (0 pll ) ICLo) e
0

>0

M

t
_ 1 11 1
< sup / 15|t — 7|3 e el dr il
t>0 Jo

1

[V

t>0

<sup [ ¢ 5e— rEbEar
t>0 Jo

1
= [-erte i
0
= C||p|?, with2 < p < 4.
This, together with (3.19) implies the desired estimate

1Blp, pllly < Cillplly-

Step 3: Fixed point argument
Consider now

Y5 ={p(t) € Y, [lplly <2Cd};
_1
d<p17p2) - Suptl p||p1 - PQ”LP;\V/PIapQ S Y57
>0

and
Tp=5(t)po — Alp, uo] + Blp, p-
Similarly as in step 1 and step 2, we have
1 1
£ v | Alp, wolllr < C(sup 7% [pl| 1)
0<r<t
1 _1
t' % |1Blp, pllze < C(sup 777 |lpl|10)°
0<7<t
1
lAlp, wolllzr < C(sup 747+ pl| 1)
0<r<t
1
1Blp, plllor < C(sup 7% 1pl|10)?
0<r<t
: : o —2+2
Obviously, if pg € By« ”, then
.24 2

S(t)po € Bpo 7, 1758(t)po € C([0, 00); L?)

10

t T
< sup / tE | — 77T / |7 — |25 5 (5175 || pl| o )ds)dr || plly
0 0
t

(3.19)

(3.20)

(3.21)
(3.22)
(3.23)

(3.24)



(S(t)po = po, () = (S(t)po, () = (po, (x)) — 0, as t — 0.

This means S(t)py € Cu([0,00); Bpas *). So it follows from (3.23)-(3.24) and ' 7p €
C(]0,00); LP) that
Tp—S(t)po = —Alp,uo] + Blp, p] € C([0,00); L");
.92
Vo € B, )" (Tp = S(t)po —po,¥) < 1 Tp = S(t)po = poll a2 llWll 22

<C|Tp—S{t)po— poll L ||¢||B

.2 — 0, ast — 0.
p’,lp
Consequently,

2
o —2+2

Tp— S(t)pn € Cul(0,00); B "), Tp € Cul[0,00): B ).
Moreover, since tlfip € C(]0,00); L?) and from (3.21)-(3.22), we deduce that
tl_z%Tp € C([0,00); LP).
On the other hand, it follows from step 1 and step 2 that
7ol < 2l a5 + Cololyslnl, .oz +Calll
< 25+ 2C,Cné +,,,4010252 =62+ 2007077 +4C,C?9).

Now then we can choose C' > 3 fixed, such that for  and ¢ small enough,2Cyn < %, 4C,0%5 <
C. Therefore,

ITplly, < 205.

Next, note that

d(Tp, Tpa) < supt' 7| /0 S(t = 7)div[(p1 (7, 2) = po(7, 2)) S (7)uo(z)]d7 | Lo

>0

t
supt / S(t — 7)div(pClos] — poCloa]) (7, 2)dr |1
0

>0
=1 + I,.

we can estimate I; and I as

t
_1 _1_1
h< Csipt™s [ =4 = p) Sl gy e

t>0

t
_1 _1_1
< Csupt' p/ [t — 7|72 a|[p1 — pallLe || S(7)uol| LadT

t>0 0

t
< Csuptl_%/ |t — T|_%_%T_%+%+%dTHU0H _1r2d(p1, p2)
>0 0 Bg,o0 1

q,0

= CHU()H ,,1+%d(p17 p2)7
By,

11



t
_1 _1_1
&scmmnlp/Wt—ﬂ 3 Clor] - poClall g dr
0

t>0

t

_1 _1_ 1

< CStl;g)tl p/ it — 717272 (|lor — pallelICloa] e + [lp2ll o lIClor — po]|liv)dT
= 0

t

_1 ~1_1 _3,2

<Csuwpt ™3 [ o= 5 R dr (ol + (o, o)
t=> 0

< Cllpilly + llpz2lly)d(p1; p2)-
So
d(Tp1,Tp2) < C(HUJOHB—H—% + lp1lly + [1p2lly)d(p1, p2)
< C(n+4C6)d(py, p2).

Thus,for 0 and n small enough, 7 is a contraction mapping from Yj into itself. So the
Banach contraction mapping principle implies that there exists a unique solution p € Yj to
the problem (3.8). This proves our theorem. O

With p(z,t) at hand, one obtains u(z,t) by the equation (3.7), i.e.

t
(@, t) = S(t)uo(z) — / S(t — 7)Vp(r, 2)dr
0
= S(t)up(x) — Clp]. (3.25)
Furthermore, u(z,t) can be estimated easily as follows. First,

lull 1z < 1S@Ouoll 1z +1ICTAl i3 (3.26)
B By,00 B

q,00 q,0

From (3.9), we deduce easily

1S@uoll 142 =
B q

q,00 t

gy%ﬂwww@wmm

11
< Csupt2”a|[S(t)uollre = |luol| . _1s2- (3.27)
t>0 Bg,oo 1

q,00

142
In a similar way as in step 1, using the Sobolev embedding L?(R?) — Bq;:q (R?) and (3.10),

we can compute:

€I 12 < ClICllI 22

! 1411
< Csup | |[t—7|2727%|p| Ledr
0

t>0

t
::supu/°|t—-r|ifl+i<flinanp>dr
t>0 Jo

t
< Csup/ it — 7| 5 dr|plly
0

t>0

1
1 _q41
=Q/H—ﬂps”ﬁﬂwy§ﬂmw
0

12
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StlZlgHUHB 1+2 < C(llpoll . o) luoll sz ) (3.28)

q,00 p oo q,00 ( 2)
So combining with Theorem 3.1, we have
.—24+2 9 R o\ -
Theorem 3.2. For any po(z) € Bpoo ” (R?) and ug(x) € Bgoo * (R?),if
HpOHB;i:%(RZ) <9, HUOHB’;;L%(RQ) <7

with 2 < p < 4,2 < q < 4, and 6,n > 0 are small. Then there exists a unique solution
(p(x,t),u(z,t)) of (3. ) (3.5) which satisfies:

242 . —14+2
p(t) € Cu([0,00); Byoo * (R?)); u(t) € Cy([0,00); By oo “(R?));
p(t) — S(t)po(z) € C([0,00); L'(R?)); t' "7 p(t) € C([0, 00); LP(R?));
sup [|pll —avz  +supt' " 7||pllieee) < Cisup flul| 2 < C,
>0 Bpoo P (R2) >0 >0 Bg,o0

where C' depends only on HpOHB;Z:% - and HuOHB;iﬁ .

4 The passage to limit
In this section, we would like to pass the limit ¢ — 07 in the approximate system

pr + div(pu) = eAp, (4.1)
—Au+Vp=0

to obtain the desired solution to (1.1)-(1.2) with(3.5). From Theorem 3.1 and Theorem 3.2,

. 142
we know there exist a unique solution (p, u€) in Cy([0,00); Bp,oo 2 ") x Cyw([0, 00); By i:q)-

Note that the homogeneous Besov spacesB are not separable so the convergence will
be taken in the weak topology o (B BO‘ 1) (Where p’ is the conjugate exponent of p).

P00
Observe that an equivalent convergence condltlon in these spaces is given by the following

definition(see [3]):

Definition 4.1. Let B is a Banach functional space, Then a sequence f; of vectors in B
converges weakly to f € B, if the sequence | f;||p is bounded and f; — f in the sense of
distributions.

Since we cannot obtain any energy bounds about homogeneous space, the above principle
will be difficult to be used in the passage to limit. However, we can do it in the subset of
our homogeneous space which are Sobolev spaces and Orlicz spaces. Indeed, we know

. 2 . 2
L2(R?) — Booe "(R2): Ly(R2) < H-Y(R?) = B, oo 7 (R?). (4.3)

with p > 1 and ¢ > 2. Where Lj;;(R?) denotes the Orlicz space defined over R? with
M= M(s)=(1+s)log(l+s)—s.
To continue, we need some a priori estimates.

13
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E(t) = /RQ[%QF + (p+ 1)log(1 + p)](x, t)dz.

Then the following energy inequality holds:

t 2
1 5 |Vl T
+ —|V +e——dxdr < E — 4.4
/0/11@22| ul 61 P rdr < (O)exp(2) (4.4)

foranyt € [0,7],0 <T < oo.

Proof. Direct computations using (4.1)-(4.2) give

dE
Fre /Q[uﬁu —uVp+eAplog(l + p) — div(pu)log(1 + p)|dx
R
2
= / [—|Vul* — Eﬂ — u_Vp]dx
R? L+p 1+p
Thus
5 2
C;t |v 2 + |1+p|pdx < /R |divu|log(1 + p)dz. (4.5)

On the other hand, using Holder inequality and Young’s inequality, one has
/ divullog(1 + p)da < ( / (divul2dz)}( / (log(1 + p))2dx)}
R2 R2

R2
1 1
< —/ \Vul*dz + —/ (log(1 + p))*dx
2 R2 2 R2
wlog(l14+p) <14p,Vp >0
1 1
/ divu|log(l + p)dz < = [ |Vul*dz + —/ (1+ p)log(1l + p)dx.
R2 2 R2 2 R2

That is
: 1 5 1
|divullog(1 4 p)dz < = [ |Vu|*dz + = E(t). (4.6)
R2 2 R2 2

So from (4.5) and (4.6), we know

dE ul? + ‘VPP 1
< —E(t).

Then by Gronwall’s lemma, (4.4)holds. O

Remark 4.1. The above lemma holds on the following restriction of the initial data:
||u0||L2(R2) < ||p0||L1(]R2) <C, ||PO||LM(R2) <C.

and consequently, p(x,t) € Ly (R?).

14
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sup [[ufl|, 12 <C sup lufr2 < Cy; (4.7)
0<t<T Bg,0 0<t<T
sup |[p]| . 22 < C sup [pf|g— < C sup |[|p[L,, < Co, (4.8)
0<t<T By, 0o 0<t<T 0<t<T

where (', (5 are independent of €. In addition,
VU]l 2 o.ry:e2e2)) < Cs,

(5 is independent of € also. So we can extract a subsequence of (p, u¢), still denoted by
(p¢, uc), such that

p° — p,weak-* in L>®([0,T7]; Ly (R?)); (4.9)
u® — u, for some u, weakly in L*([0,T]; H*(R?)). (4.10)

Where T' > 0 is an arbitrary but fixed constant. Moreover, by the lower semi-continuity of
weak convergence, Vu € L*([0,T]; L*(R?)).

In order to prove that (p,u) obtained in (4.9)-(4.10) is indeed a weak solution of (1.1)-
(1.2) and (3.5), we need the following key compactness lemma, which gives some compactness
concerning H' and Lj;. It can be found in [20]:

Lemma 4.2. Let Q be a bounded domain in RY, and p,q be conjugate numbers.

Assume that {g*(t,x)} and {v¢(t,z)} are bounded uniformly in € in LP([0,T]; Lp(Q2)) and
L([0,T); H= (Q)) respectively and that, as ¢ — 0,g° and v¢ converge weakly to g and v
in LP([0,T); Ly (Q)) and L2([0,T); H= (Q)). Moreover, if {0ig°} is uniformly bounded in
LM[0, T]; W=™Y(Q)) for some A > 1 and m > 0, then gv¢ converges weakly to gv in the
sense of D'((0,T) x ) as € — 0.

For any K C R?, the estimates (4.4)imply that u° is bounded from above inL?([0, T]; H'(K))
uniformly in € provided that € is sufficiently small, while by equations (4.1) and (4.4) we
find that d;p¢ is uniformly bounded in L>([0,T]; W~1(K)). Thus, applying lemma 4.2, we
obtain

put — pu,in D'([0,T] x K) (4.11)

Letting € — 0 in (4.1)-(4.2), and using (4.9)-(4.11), we see that (p,u) satisfies (1.1)-(1.2) in
the sense of distribution. Thus we have the following theorem:
2 2

Theorem 4.1. For any po(z) € B;sz(RQ) and ug(z) € B;;r (R?),if

<4, [[pollr ey < Oy llpollzrre) < Cy;

HPOHB;Q%(RQ)

HUOHB71+% <1, ||u0||L2(R2) < Cs.

q,00

with y =1,2 <p<4,2<q<4,0 andn are small, C;,Cy and C3 are absolute constants.
Then there ezists a solution (p(x,t),u(x,t)) of (1.1)-(1.2) in the space

Col[0,T); Byoa ) x Coo([0,T1; By 1),¥0 < T < o0

15



In this section, we will consider

pr +div(pu) =0 (5.1)
ug— Au+Vp' =0 .
p(x,0) = po(x), u(x,0) = uo(x) (5-3)

with 7 € R, v > 1.
It has been proved in[14] that there exist a unique smooth solution to (5.1)-(5.3).
Obviously, if (p,u)(x,t) solves (5.1)-(5.3), then the re-scaled pair (py,uy)(z,t), defined
by

pa(x,t) = )\%p()\x, N2t), un(, t) = du(dz, A%t)

is also a solution for each A > 0. So the initial function (po(x),u(z)) must belong to
242 . _142
q

homogeneous space (B;;+’_’, qu: ) with p > v, > 2,7 > 1.
The existence of solution for (5.1)-(5.3) in homogenous space will be obtained by using
similar ideas as in last section. Thus, consider the following approximation problem:

pr + div(pu) = eAp (5.4)
u —Au+Vp' =0 (5.5)
0(2,0) = po(), u(,0) = () (5.6)

with z € R, v > 1.

Remark 5.1. Notes that the approzimation system (5.4)-(5.6) is invariant under scaling
(p(z, 1), u(x, 1)) = (A7 p(Ax, N2t), Au(Ax, A*t), so the system (5.1)-(5.3) can be approzimated
by the system (5.4)-(5.6) in homogeneous spaces.

As in the case of v = 1, we have the following the existence result on the problem
(5.4)-(5.6)(we also assume € = 1):

Theorem 5.1. For any po(x) € B;(?OJFE(]RQ) and up(x) € B;;JFE(RZ), if

||P0||B;i+

%(RQ) < 4§ and ||u0||B;;+% - < (5.7)

with p > 2v,v > 2,q > 2, for d andn > 0 suitably small. Then there exists a unique solution
(p(x,t),u(x,t)) to the problem (5.4)-(5.6) satisfying:

L2422 11
p(t) € Cu([0,00); Bpse * (R?));t7 7 p(t) € C([0, 00); L*(R?)); (5.8)
1 1
su _2,2 +suptv r pr2) < C1; 5.9
wp ol 313, st Il < O (59
p(t) = S(t)po(x) € C([0, 00); LV(RQ));SQE luf iz < Co. (5.10)
> 4,00
Where Cy and Cy are constants which depend only on ||po|| 2.2  and ||uo| . _1.2 .
Bp,c P (R?) Bgeo 1 (R?)

16
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Y = {p(t): lt) € Cu([0,00): Bk " (R2)} 1 {p(t); 5 5 p(t) € C([0, 00); L(RY)) } (5.11)
endowed with the norm

Il = supll-fl 2.z

11
+supty 7| - HLp(]RQ)
>0

The approach to prove theorem is similar to that of Theorem 3.1, so we only sketch some
key estimates. We start from

Alp, upl(t, z) = /0 S(t — 7)div(p(r, z)S(T)ue(x))dr

11
1ALp wollly = sup [|Alp, wo]l| 2.2 -+ supt> > || Alp, uoll|oe2)

2,2
oo ! (R?)

2,2
By the Sobolev embedding L7 (R?) — B, JO ?(R?) and using (3.9)-(3.10) for 0 < %jﬁ <1,
we deduce that

< C[lAlp; uo]|

||«4[p,uO]HB-§O+§
t
_E G
gcstgg/o t =[G pS (t)uo(w) | g dr
t
1_1_1_1
<Csup [ [t—7 72 |l | S(E)uo(a) | adr
t>0 Jo
' —3-i+24 1_3-1-1
= Csup [ 77— 7| T (8l ) (72 SIS (1o () | o)
t>0 Jo
t
<Coup [t o ol
t>0 Jo quo

1
= [ s sl
0

qoo

< Cllpllylluoll vz,

qoo

where since p > 2v,v > 2,9 > 2, so

17
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1,1 1
4=

1_1 1_1 t -1 )
supt? 7 | Alp, uo]||Lorey < suptr e[|t — 7727 AT | pS (t)uol|, pe dT
>0 >0 0

t
fésupt%_%t/‘T_%_%+%+5ﬁ—-TF%‘é(T%‘%HpHuﬁ(T%‘éHSKonHDOdT
t>0 0

t
<sup [ #375e— oE b el ol 1
t>0 Jo B K

q,0

1
:/iﬂ—ﬂ%és%i+%&mmmwmwlg
0 By, !

q,00

< Cllpllylluoll vz, with p> 2,7 2 2,4 > 2.
q,o0

It follows that

11
sup 7 [l Alp, uoll| L2y < Clipllylluoll -z
>0 B

q,0

Thus

Mo, uollly < Cllplly l[uoll , 13-

q,%

For the estimate of Bp, p|(t, z),we need to make some changes. It becomes

Bl it ) = (¢ = ryivlo€la) i
with
Clol = /0 S(— 1)V
To estimate

I1B[p, pllly: = sup || Blp, ]|l .
>0

1_1
+supt7 7 || Blp, pll| Lo (r2),
B t>0

5 m2)

g2

P,

2,2
’Y+P

one uses the Sobolev embedding L7 (R?) «— B, % *(R?) and(3.9)-(3.10) again for p > 2y >

18
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1Ble, plll -2+ < CliBlp, plllz-

2
’Y+
Pp,0

t 11
stsup/ it — 3D pclll . dr

t>0

< Csup / 1t =71 pllwlicholl, zdr

t>0

< Coup [ = e [ s s sl

t>0

< Csup / = PR sl ol
t>0

ngup/ |t—7” 2 % L —%—% p dTHpH'yH
t>0

=¢ / L= 2o

= Clpll3"

Where one has used
/ \T—S[’%S_H%ds:T_% %/ 1 —n|~ 2y PdT]_CT_§+%
0
and the fact that for p > 27,7 > 2 and ¢ > 2,
_; 1 11,941 ! B
|1 2+ 25 49 and |1 —mn|"2n  Trdy

both are finite constants. Therefore,

sup | Blp, pll| 2.2 < Cllp[3".
t>0 By
Similarly ,
1_1 t 1_1 _l_(’Y_H_l)
sup 77 || Blp, ]HL@<SUP trwlt — 7|2 e | pCloll| | ey dr
t>0 0

t
< sup / Bl — Al [Tl e
0

>0

t
<sup [ #375e— o[ Rl 2 drilole
0

t>0

t
<sup [ 373 — | ol
0

t>0

1
/ e 1 o
0

= Clpl[3H", with p > 27,7 > 2.

19



1Blp, pllly+ < Cllpll 3t

The other parts of the estimates and the scheme of the existence proof are similar to those
for Theorem 3.1, so we omit the details. O]

Remark 5.2. If 1 <y <2 and

2 1
27<p<%,q>2

the above theorem holds also.

Remark 5.3. In the 3-dimensional case, the conclusion in above theorem also holds under
the following restriction of p,q:

p>37,q9>3, ify>2

3 1
3’y<p<%,q>3, if 1 <y <2,

L_2.8 | _ 148
and (po, up) € (Bp,go+p>Bq,io+q)-

To obtain the desired solution to the problem (5.1)-(5.3), we would like to take the limit
e — 0% in (5.4)-(5.6) .To this end, certain compactness on the sequence (p¢, u) is required.
This will be provided by the following key a priori estimates.

First, note that due to the property of homogeneous spaces, we can assume without lose
of generality that (p(z,t),u(z,t)) vanishes as © — oo. The first a priori estimate is given in
the following lemma:

Lemma 5.1. Let (p,u) be a smooth solution to (5.4)-(5.5),and set

1 P
E(t :/ —u? 4+ —L—dx.
0= [ e+ ]

Then the following energy inequality holds:

0 +/0 /R Vul? + %|V(p%)|2d1‘d7’ < E(0) (5.12)

for anyt € [0,T],v> 1.
Proof. Multiplying (5.5) by u, integrating it over R? and using (5.4), we deduce:

4E()

+ / |Vu(x, t)|> + ey|Vp|?p"2dz = 0.
dt -

Thus (5.12) follows by integration. O

Another necessary a priori estimate we need is the following

20
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energy inequality holds:

1, 202 /t/ L o, 5 8¢ . 4
U+ —— + ——=)dx + —|Vu —V 2 — )| *dxdr
|G+ g+ e [ 59+ Eveh R+ Z9 0P

< Bi(0)exp(11T) (5.13)

for any t € [0,T],v > 2. where

ol
2

1 p7 2p
E(t :/ —u? + + dx 5.14
(0= [ G L ) (5.14)

Proof. First, it follows from lemma 5.1 and v > 2 that p € L} ((0,7) x R?). Thus the
equat10n(5.4) can be satisfied also in the sense of renormalized solutions introduced by
Diperna and Lions [25]. More precisely,

)e + div(b(p)u) + (V'(p)p — b(p))div = eb'(p) Ap (5.15)

b(p
holds for any b € C*(R) and convex. Therefore,
dp

ol
2

5 +div(pu) = éep%’lAp%—(l— %)p%divu (5.16)
Integrating (5.16) over R? yields
0 2,0% ol o
— d —|V(p7)dx < 2 |divu|da. 5.17
5 |2 sda [ i< [ ptdivajds (517)

On the other hand, it follows from the proof of lemma 5.1 that

0

at/ " +—d~”€+/ [Vl + —|V< 3)[2dz = 0. (5.18)

Therefore, combining (5.17) with (5.18) and using Holder inequality and Young’s inequality,
one has

0 1, 2/0% P’ 5 , 8€ Y\ 2 i
Ry P g o V() Ad
5 [ e 25w Lgaes [ 902+ E90HE + v

§/ p? |divuldz < ( / 7alaz:%/ |Vul dx%
R2

1 1 1 1
< —/ Jdi + —/ Vultde < 22 B + 1 [ (vuftde.
2 R2 2 R2 2 2 R2
Thus
aEl(t) 1 9 8¢ TN\ (2 o]
-V — |V —|V(p2)|7]d
2+ [ IVl + IV + V(R Plds
v—1
< —Ei(t
<= B()
So this gives the desired estimate (5.13)using Gronwall’s inequality. O
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[uo(@)l|Lre) < Crsllpo(@)l 3 gy < Cos llP0(@) L (e2) < Cs.
where C1,Cy and C3 are absolute constants.

It follows from lemma 5.1 and lemma 5.2 that the following conclusion holds:

Corollary 5.1. Let (p,u) be a smooth solution to the problem (5.4)-(5.5). Then the following
equality holds:

T
6/ |Vp|*dxdt < C. (5.19)
0o Jr2

for 2 <~ < 4. Where C s independent of €.

Proof. Obviously, if v = 2]lemma 5.1 implies (5.19). For 2 < v < 4, from lemma 5.2, we
know

T
e/ IVp? [2dadt < Cy, (5.20)
o JRr2
T o
e/ |Vt |2dzdt < C,. (5.21)
0o JRr2
Thus
g g I-1)(8-2 82 (Z-1)@4-2 48
e/ IV p|*dxdt = e/ / P2 VE2 g a2 pa VU= |45 dadt
o Jr2 0o Jre
r Y,8_9 Y 4—8
:Ce/ / |Vp2 |7 |Vt | v dadt
o Jr2
r ¥ 49 7 2-4
< CE/ (/ IVpz *dz)” (/ [Vpi[*dx)™ 7 dt
0 R2 R2
r ol 49 T ol 24
< C’e(/ / Vp2|*dadt)” -(/ IVpi|Pdudt)” ™
0o JRr2 0o JRr2

r 7 49 r v 24
< C(e/ Vp2|*dadt)” -(e/ IV pi|dadt)™
0 R2 0 R2
<C,
where we have used % -1,2- % € [0,1] for 2 <y <4, (5.20) and (5.21). O
Note that
2

2,2
w+p

L2(R?) < Booo *(R2):; L'(R?) — By *(R?) (5.22)

with p > 2v,7 > 2,¢ > 2,and

2
5
o0

L3R — B 1"
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sup [ull .2 < C sup Jullpe < G (5.23)
0<t<T Bgoo ! 0<t<T
sup [l 2.3 <C sup |9l < Ci. (5.24)
0<t<T Bpas T 0<t<T

where (', (5 are independent of €. In addition,
VUl 2 o.ryie2@2)) < Cs,

Cj5 is independent of € also. So we can extract a subsequence of (p¢,u), still denoted by
(p¢, uc), such that

p" — p,weak-* in L>®([0,7T7]; L"(R?)); (5.25)
u® — u, for some u, weakly in L*([0, T]; H'(R?)), (5.26)

where 7" > 0 is an arbitrary but fixed constant. Moreover, by the lower semi-continuity of
weak convergence, Vu € L*([0, T]; L*(R?)).

In order to prove that (p, u) obtained in (5.4)-(5.6)is indeed a weak solution of (5.1)-(5.3),
we need the following high space-time regularity estimate for the density:

Lemma 5.3. Let (p,u) be a weak solution to the problem (5.4)-(5.6). Then for any v > 2,
the following estimate holds:

T
/ / pdudt < CVT > 0, (5.27)
0 K

where K C R? is bounded, and C' depends on T, Ey, K and E,.

Proof. Consider the function:

Q' (t,x) = (t)p(x) Ailp

R

J,i=1,2. (5.28)
Where
¢ € D'(R?),|Vo| < M on R* 4 € D'(0,7T), [¢/| < M, (5.29)

for some finite positive constant M, and A; are pseudodifferential operators defined by means
of the fourier multiplies with the symbols:

Aj(6) = Eliy =1,%
i.e. Aj[h] = (=) 'Oh,j =1,2.

By virtue of the Marcinkiewicz multiplier theorem [27] and the classical Sobolev embed-
ding, we have

1Al lly1.s 2y < C(s)l|R

Ls(r2), L <8 <00, in particular ,

: : 1.1 1
LoR2) 4 finite, provided p > bt

Loy, i 5 > 2. (5.30)

[AilA]l] Laggzy < Cla, s)l|R]
[ALA] oo g2y < C(s)[[R
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pilt ) = ' ()9 (x) Ailp?] + (1) d(x) Al =div(p?u)

+%(p5)%*1ﬁp + (1 - %)p%divu]

056" (t, ) = () (60, Ai03] + 0,0 Ailp3]) i, j = 1,2,
Thus

2 2
Y 0 =) (dp> + > 0ibAilp?)),
=1

i=1

(5.31)

(5.32)

where we have used (5.16). Now due to lemma 5.1, lemma 5.2 and the regularity properties
of p, one can justify easily the choice of ©(¢, ) as test functions for (5.5). Tt follows(5.31)and

(5.32)that

/ L) d(x)p? dadt
R2

<Z// PO A %ddeZ/ /1/18Z¢|Vu | A;[p?dxdt

"‘Z/ / V| V'[9 Ailp?] dmdt—l—Z/ w’(b|ui].,4i[p%]dxdt

+Z / ol AipHd +Z / Vol | A fdiv(pu)]dude

i Y 10 it 2o
;/0 o Yolu Vh[(g — 1)pzdivuldzdt + ;/0 . Yolu ]AZ[QIO

8
WA
k=1
In the following, we will estimate I, k = 1,2, ..., 8 separately.

1. (estimate of I;)
T

T
e [l Al < C [ gl

5 T 1 T
< Cesssuppcrcrlol. [ ol e <CEF [ ol d
0 0

< 2
VH/)HL % (om) e

where v > 0 is small, and (5.30) has been used.

2. (estimate of I5)
T

T
I < / (Va2 A3 ] 2)dt < © / (V20 |12 dt

T T
<c([ IVuldnt( [ loldot < CETE
0 0

24
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T

T
I < / (Va2 10:As 03] )t < © / (¥l 20 [122)dt

D=

T
< C’T%esssup0<t<T/ p”dx(/ / |Vu|2dxdt)% < CEyT?.
- JR? 0 JR?
4. (estimate of I4) Similarly as for I, we have
T i T i
< [ el Ao e < € [ ellalo? o)
0 0
< CE,.

5. (estimate of I5)

X X
I < esssupgeqerull izl Aifo? )12 < Cesssupgsqerul 2]l o?
< CE,.

6. (estimate of I) Using (5.30) again, one has

T

T
Is < / (ull 2 | As div(p3 )] 2)dt < € / (lull g %l =)t

T T
< O / |u|2dadt)? ( / / pruldzdt)?
0 R2 0 R2

T
< CThess supgererllullZa / / Jdudt)}
o 0 R2
3
< CTE:.

7. (estimate of I7)

T

T
I < / (lull 2l Addivup? || )t < € / (Il o l[divesp? | =)t

OT . 0
< ([ ulfad ([ vupt Faae)!

0 0

1 T 1
< Cess sup0<t<TT5||u||L2(/ / P (divu)?dzdt)?
0 R2
< CT3Ey( / ' / (divu)?dadt)s < CTHEL.
0 R2

8. (estimate of Ig) Thanks to lemma 5.1, lemma 5.2,and (5.30), for v > 2 we can deduce
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T
L<C / (ull | Aifep? = gl 2 de
0
T
<c / (ull 2 | AeD (03) + ]9 (03) P12 e

SCA(MMMM#A@WMrHM#W@Wmth

T
<c / a2 (el V (03 | 2)de + C / lall 2 (ell [V (o3 Pl )t

T T
—c / ol (€9 (%) )+ C / a2 (€ ¥ (o) |22 )t
T L T . L T 5
<C([ uldtyiel | [V oDIEadt)} + Cosssuppercrliuliate [ IV (o0)]3adt)
OT 0 . OT
< Ce / lulZadt + Ce / IV (o%)|22dt) + Cess suppycrull 2(e / V(o) |2dt)

1 -1
< CeEyT + CEy + CE§ Ey(0) eXp(FyTT) <C

Putting I, I, ..., and Is into (5.33), choosing |1y = ¢|x = 1 and using Young’s inequality,
we can deduce our result.

For the case v = 2, the above high regularity estimate of density still holds.

Indeed, we can choose test function of the form:

Ot z) = () d(x)Apl,i = 1,2.

The only different term can be estimated as follows:

T T
1< / (all | Asfetsp] | 2)d < C© / lulloe (el Vol =) dt

T T
< C’e(/ ulf22dt) + C’e(/ IV p|2adt) < CeBoT + CEy < CEy, Ve > 0 small.
0 0

In this case, the energy inequality becomes:

/Rz[%|u|2 + p*)(z, t)dx +/0 éZHVM2 + 4€|Vp|*dzdt < E(0). (5.34)

So similar arguments lead to the local space-time bound for p?. O

Remark 5.5. For the case N = 3, we can obtain the same result. Since (5.30) becomes

AR s msy < C(S)[IR] o gsys 1 < 8 < 00, in particular
1 1

1
(35 te, ided — > — — =
L(Rg)qﬁme provide 2573

L3y, U5>3 (5.35)

A DI Laesy < Cla, )[R
[ A:[R] Lo sy < C(s)][R

and lemma 5.1 and lemma 5.2 also hold.
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holds:

T
/ /K p drdt < C (5.36)
0

for v >2,Y0 < T < oo, and K C R? is bounded.

Proof. Obviously, by the interpolation inequality, one can deduce from lemma 5.1 and lemma
5.3 that

’ 1 S R reas! y—2
7+ddt</ ol sy ) dt, for 6 = ——,6 € 0,1
/O/KP wdt < | (lelzalel ) orf="—T.0€0.1)

T
< eSSSU.pogthHpH%V/ ||p||i3§1dt
0

T
SCTlv(/ /p%dxdt)v
o JK
<C

where C' is independent of e. O

Now, making use of lemma 5.4, we may suppose that

(p)? — p7 weakly in LWTH(K), (5.37)
(p)"* — prtl weakly in D'((0,T) x R?) (5.38)

passing to subsequence if necessary. Moreover, the uniform energy estimates implies that
eApt — 0, in L*(0,T; W~12(R?)).

while lemma 5.2 yields

put uniformly bounded in L(0, T; L7 (R2)) N L2(0, T; L7+ (R2)),V2 < m < oc.

Thus using (5.4), we obtain

dyp¢ uniformly bounded in L2(0, T; W ™" w7 (R2)).

Since LY(R2) is compactly embedded into W ™"+ (R2), we can use the Banach space
version of the Arzela-Ascoli theorem to infer that

p° are precompact in C([0, T], W™ 1w (R2)).

and, consequently

p°— pin C([0,T], LY. (R?)), and weakly in L%((O,T) x R?).

weak

Combining (5.22) with (5.23), we see that (p,u) satisfies

% + div(pu) iO;
ug — ANu+ Vp7 = 0.

in D'((0,T) x R2).

So our ultimate goal is to prove the strong convergence in (5.37) of the density.
To this end, we need the following key lemma motivated by a similar argument in[22]:
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with v > 2, and (p,u) be a weak solution of the limit system. Then

lim / RCCIORE / [ vo@mpdzds (5.39)

e—0t

Proof. As in the proof of lemma 5.3, we consider the following test function for the system
(5.5):

'(t,x) = P(t)(x)AilpT i = 1,2

for the same reason as in lemma 5.3. We arrive at
T
| vty st = | voualplis=0.7)
o Jr2 R2
T
_ / W SUEA ] — dut AsleD o dudt
o Jr2
T
+/ You; A [div(pu®)] + ¢Y0;00;us A; [ pfldrdt
o Jr2
T
+ [ [ w000, Al ] = w00V Ayl (5.40)
0 2

Similarly, we can choose functions of the form
¢'(t, ) = P(t)d(x) Ailpl i = 1,2
as test functions for the limit system:
and we obtain the following formula:
T T
|| vompdsit = | voualpast=0.1)~ [ [ woudlpdsas
0o Jr2 R2 0 JR?
T
0o Jr2
T
s [ [ vovo,Al] - vosTAlded (.41
0 Jr?
Note that
T
o [ ] voualnplisa
0 Jr2
T
<e [ il ALsp e
0
T
< e/ |lus |2 ]|V p|| L2dt — 0, as € — 0, (5.42)
0
by the corollary 5.1.
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p° — pin C([0,T], LY. . (R?)), and weakly in L%((O,T) x R?),

weak

and || A;[p]||wratimey < C(7)]|p%]| Lr+1(m2) for v > 2. one deduce easily that

A = Al in C((0,T) x R, (5.43)
0, Ailp] — D, Ailp] in C([0,T]; L (R2)). (5.44)

And so, the Sobolev embedding and the Arzela-Ascoli theorem imply again
u® — u strongly in L*(0,T; LP(R?)),V1 < p < oo,
2y
pu’ — pu, in C([0,T], L2 (R*));

- Aldiv(pu)]) — Afdiv(pw)] in C([0,T], L35, (R?)). (5.45)

weak

Comparing (5.40)(letting € — 0) with (5.41),and using(5.38) and(5.42)-(5.45), we obtain our
conclusion. n

To claim the strong convergence, we will make use of a( slightly modified )Minty’s
trick.Since the nonlinearity P(z) = 2z is monotone, we have

/0 g Yo(P(pf) — P(v))(p¢ — v)dadt > 0.

Consequently, it follows from lemma 5.5 that

T T
/ / VopT p + Yo dadt — / vo(pTv + v p)dedt > 0.
0o Jr2 0o Jr2

Thus

/OT/K(W — ") (p — v)dzdt > 0.

We can choose v = p+ nv,n — 0,9 is arbitrary,to obtain
pr=p

The above compactness argument combined with the existence Theorem 5.1, lemma 5.1 and
lemma 5.2 imply the following desired result:

2,2

Theorem 5.2. For any po(z) € B;OZJFE(RQ) and ug(x) € B;;JFE(RQ),if

o]l —24+2 <0, HPOHLV(R?) <y,

B2 (R2)
1Poll 3 g2y < Ca for y > 2 only );
HUOHB;};%(RQ) < 1, |luollr2@e) < Cs.

with p > 27,2 < v < 4,9 > 2,0 andn are small, and Cy,Cy and Cs are absolute con-

stants. Then there exists a solution (p(z,t),u(x,t)) to the problem (5.1)-(5.3) in the space
,Z+2 . 71+%

Co([0,T); Bpdo *) x Cop([0,T; Byoo *),¥0 < T < o0.
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lution of (5.1)-(5.3), then (AT p(Az, A2t), Au(Az, \2t)) is also a solution for all A > 0. So

self-similar solutions can be obtained directly from Theorem 5.2 and Theorem 4.1 by tak-
2,2

. __+_
ing pp homogeneous of degree —% of small By % * norm and uy, homogeneous of degree —1
2

-1
of small Bq,ojq norm. Since (p, u¢) is self-similar, so is its limit. Thus we have obtained
Theorem 1.1.

Remark 5.6. From Remark 2.2, (po(x),uo(z)) cannot be the form of (C'1|J;|_%, Colz|™).
However, we can choose any function (f(z),g(x)), f(z) € L7(R?),g(x) € L*(R?). Let
wi(x) = exp(iz - k), w(z) = exp(iz - 1), then

lwrf (@)l| 27 @2) = [ ()| @2y lwng (2) | 22y = N9 (@) 2 e2)-

but

+

tim o f(2)]],

|k|—o00

=0; T [g(a)] s, =0,

2.2
% (R?) l|—oo Bg,eo * (R?)

P,
This means, the restriction of the initial date in Theorem 1.1 is reasonable.

Remark 5.7. Qur theorem can be extended to the case of three space dimension by virtue
of Remark 5.3 and Remark 5.5.
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