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Abstract

In this paper we first study the moduli spaces related to Calabi-Yau
manifolds. We then apply the results to the following problem. Let C' be
a fixed Riemann surface with fixed finite number of points on it. Given a
CY manifold with fixed topological type, we consider the set of all families
of CY manifolds of the fixed topological type over C' with degenerate fibres
over the fixed points up to isomorphism. This set is called Shafarevich
set. The analogue of Shafarevich conjecture for CY manifolds is for which
topological types of CY the Shafarevich set is finite. It is well-known
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that the analogue of Shafarevich conjecture is closely related to the study
of the moduli space of polarized CY manifolds and the moduli space of
the maps of fixed Riemann surface to the coarse moduli space of the
CY manifolds. We prove the existence of the Teichmiiller space of CY
manifolds together with a universal family of marked CY manifolds. From
this result we derive the existence of a finite cover of the coarse moduli
space which is a non-singular quasi-projective manifold. Over this cover
we construct a family of polarized CY manifolds. We study the moduli
space of maps of the fixed Riemann with fixed points on it to the moduli
space of CY manifolds constructed in the paper such that the maps map
the fixed points on the Riemann surface to the discriminant locus. If this
moduli space of maps is finite then Shafarevich conjecture holds. We relate
the analogue of Shafarevich problem to the non-vanishing of the Yukawa
coupling. We give also a counter example of the Shafarevich problem for
a class of CY manifolds.
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1 Introduction

We define the Teichmiiller space of any complex manifold as the quotient of
all integrable complex structures on M by the action of the group of diffeomor-
phisms isotopic to the identity. One of the main achievements in the theory of
Riemann surfaces was the construction of the Teichmiiller spaces of Riemann
surfaces of different genus. This was done by Teichmiiller, L. Bers, L. Alfors.
The definition of a Teichmiiller space implies that the mapping class group of the
Riemann surface of a fixed genus acts on it. The quotient is the moduli space.
In the case of Riemann surfaces of genus greater than or equal to one, it is a well
known fact that the Teichmiiller space is a domain of holomorphy. Important
role in the study of moduli of Riemann surfaces is played by the Weil-Petersson
metric. In case of Riemann surfaces of genus greater than one it was noticed by
H. Mazur that the Weil-Petersson metric is not complete. It was Mumford who
proved that the moduli space of Riemann surfaces is a quasi-projective variety.
He used geometric invariant theory. Later the same result was proved by Bers
by using the Weil-Petersson metric.

In case the Riemann surface is an elliptic curve, i.e. of genus 1, then it is
a well known fact that the Teichmiiller space is the upper half plane and the
Weil-Petersson metric in this case is the Poincare metric on it.

Very little is known about the Teichmiiller space of higher dimensional
Kahler manifolds. In the case of polarized abelian varieties of complex dimen-
sion g > 2, the Teichmiiller space is the Siegel upper half plane of genus g. In
case of polarized algebraic K3 surfaces, the Teichmiiller space is an open and
everywhere dense subset in

b2)19 = 500(2, 19)/50(2) X 50(19)

The complement to the Teichmiiller space in b2 19 corresponds to algebraic K3
surfaces admitting double rational points. We will show that the Teichmiiller
space T(M) of a Calabi-Yau manifold M exists and it has finite number of irre-
ducible components. Each component 7/(M) of T(M) is a non-singular complex
manifold. Moreover over T(M) there exists a universal family of marked po-
larized CY manifolds up to the action of a finite group of complex analytic
automorphisms which acts trivially on the middle cohomology.

The existence of the coarse moduli space My (M) of polarized CY manifolds
as a quasi-projective variety was proved by Viehweg. See [43]. Yau conjectured
that Mumford-Chow stability of the canonically embedded projective manifolds
is equivalent to the existence of Kéhler Eimstein metric. Recently Donaldson
proved that constant scalar curvature implies stability. Combining the result



of Donaldson with the solution of the Calabi conjecture given by Yau, one can
reprove the result of Viehweg.

In this paper we will prove the existence of a finite cover M (M) of the
coarse moduli space My (M) of polarized CY manifolds such that M (M) is a
non-singular quasi-projective variety and over My (M) there exists a family of
polarized CY manifolds. The construction of My (M) and the family over it is
based on the existence of family of CY manifolds over the Hilbert scheme. One
of the main difficulty in using the method of Hilbert schemes is the existence of
the group G of complex analytic automorphisms of a CY manifold which acts
trivially on the middle cohomology. It turned out that G acts on all CY which
are fibres over the connected component of the Hilbert scheme that contains as
a fibre the initial CY manifold. We also examine some relations of the existence
of the group G with the failure of the global Torelli Theorem for CY manifolds.

We will apply the results of this paper to the analogue of the Shafarevich’s
conjecture about finiteness of the families of polarized CY manifolds over a
fixed Riemann surface with prescribed points of degenerate fibres. In his article
published in the Proceedings of the International Congress of Mathematicians,
Stockholm meeting held in 1962, Shafarevich wrote:

”One of the main theorems on algebraic numbers connected with the concept
of discriminant is Hermit’s theorem, which states that the number of extensions
k' /k of a given degree and given discriminant is finite. This theorem may be
formulated as follows: the number of extensions k'/k of a given degree whose
critical prime divisors belong to a given finite set S is finite.”

Inspired by this result of Hermit, Shafarevich conjectured in [37]: ”There
exists only a finite number of fields of algebraic functions K/k of a given genus
g > 1, the critical prime divisors of which belong to a given finite set S.”

In one unpublished work, Shafarevich proved his conjecture in the setting
of hyperelliptic curves. On page 755 of [37], in his remarks on his papers, he
wrote: ”Here two statements made in lecture are mized into one: formulation of
a result and a conjecture. The result was restricted to the case of hyperelliptic
curves while the conjecture concerned general curves...This conjecture became
much more attractive after A. N. Parshin proved that it implies the Mordell
conjecture...In 1983 it was proved by G. Faltings (Invent. Math. 73, 439-
466(1983)), with a proof of the Mordell conjecture as a consequence.”

The formulation of the Shafarevich problem is the following. Let C be a
fixed, non-singular algebraic curve, and let E be a fixed effective divisor on C
such that all the points in E have multiplicity 1. Define Sh(C,E,Z) to be the set
of all isomorphism classes of projective varieties

m:Z—=C

with a fibre of "type” Z such that the only singular fibres are over the set E.
The general Shafarevich type problem is: ” For which "type” of varieties Z and
data (C,E) is such that Sh (C,E,Z) is finite ?

Previous works on Shafarevich type problems include the following results.
In the case when Z is a curve of genus g > 1 and E is empty, Parshin proved



in [29] that Sh (C,E,Z) is finite, and Arakelov proved in [2] the finiteness in the
case E is not empty. Faltings constructed examples showing that Sh (C,E,Z) is
infinite for abelian varieties of dimension > 8. See [13]. Saito an Zucker extended
the construction of Faltings to the setting when Z is an algebraic polarized K3
surface. They were able to classify all cases when the set Sh (C,E,Z) is infinite.
They were not considering polarized families. See [33]. Faltings proved the
Shafarevich’s conjecture over number fields and thus he proved the Mordell
conjecture. Yves Andre proved the analogue of Shafarevich’s conjectures over
the number fields for K3 surfaces. See [1]. Using techniques from harmonic maps
Jost and Yau analyzed Sh (C,E,Z) for a large class of varieties. See [20]. Ch.
Peters studied finiteness theorems by considering variations of Hodge structures
and utilizing differential geometric aspects of the period map and the associated
metrics on the period domain. See [30].

A. Parshin and E. Bedulev have proved the boundedness for families of
algebraic surfaces over a fixed algebraic curve assuming that all the fibres are
non-singular. E. Bedulev and E. Viehweg have proved the boundedness for
families of algebraic surfaces over a fixed algebraic curve, which possibly have
singular fibres. See [7].

Migliorni, Kovac and Zhang proved that any family of minimal algebraic
surfaces of general type over a curve of genus g and m singular points such that
2g-24+m< 0 is isotrivial. See [21], [27], [50] and [7].

Recently very important results of Viehweg and the last named author ap-
peared in [44], [45] and [46]. Brody hyperbolicity was proved for the moduli
space of canonically polarized complex manifolds. In [46] 6.2 a) They proved
the boundedness for Sh(C,E,Z) for arbitrary Z, with wz semi-ample. They also
established that the automorphism group of moduli stacks of polarized mani-
folds is finite. The rigidity property for the generic family of polarized manifolds
was also proved. The basis idea in the proof is to consider the non-vanishing
property of the maximal iterated Kodaira-Spencer map. One notices that in
the case of Calabi-Yau manifolds this maximal iterated Kodaira-Spencer map is
related to the Yukawa coupling. In this paper the relation between the Yukawa
coupling and rigidity problems for CY manifolds is first formally formulated.

In this paper we are going to study the analogue of the Shafarevich’s con-
jecture about finiteness of the families of polarized CY manifolds over a fixed
Riemann surface with prescribed points of degenerate fibres. Any family of po-
larized CY manifolds induces a map from the base without discriminant locus to
the coarse moduli space. Thus Shafarevich conjecture is reduced to prove that
moduli space of maps of Riemann surface into the moduli space of polarized
CY manifolds with some additional properties is a finite set. First we noticed
that one can replace the coarse moduli space with a finite cover My (M). Us-
ing the local Torelli Theorem and a result of Griffiths and Schmid, the finite
cover M (M) of the moduli space of polarized CY manifolds admits such a
metric. Once the existence of a Kahler metric with non-negative curvature is
constructed [24], it is not difficult to show that the rigidity of any family of CY
manifolds over a Riemann surface with fixed points of degenerations, Yau’s form
of Schwarz Lemma and the Bishop compactness imply Shafarevich conjecture.



We proved the analogue of the Shafarevich’s conjecture for CY manifolds by
using the Yukawa coupling to check rigidity:

Condition 1 Suppose that
m: X = C (1)

18 a family of polarized C'Y manifolds over a Riemann surface C. Let let ty €C
such that for M=r=1(ty) the following condition is satisfied; For any non zero

¢ € HY(MTY0), A"¢p # 0 in H™(M,(Q%,)"). Then the family (1) is rigid.

The condition 1 brings up an interesting relation between rigidity and mirror
symmetry. We would also like to compare Condition 1 with some of the results
obtained in [45]. In [47] some important applications of the Condition 1 are
obtained. In [47] the finiteness of those families, whose iterated Kodaira-Spencer
maps have the same length as the length of the iterated Kodaira-Spencer of the
moduli space, are obtained. E. Viehweg and the last named author constructed
in [48] rigid families of CY hypersurfaces for which the condition 1 does not
hold, i.e. the Yukawa coupling is zero. They also have constructed non-rigid
families of hypersurfaces in CP" for any n > 2 and of any degree d > 3. See [48].
Recently Y. Zhang obtained some important results more precisely he proved
that any Lefshetz family of CY manifold is rigid. See [51] and [52].

In this paper our approach is close to that of Jost and Yau. Instead of
harmonic maps in this paper we are using holomorphic ones. See [20].
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2 Moduli of Polarized CY Manifolds

2.1 Automorphisms of CY Manifolds that Act Trivially
on H"(M,Z)

Theorem 3 Let
T: X =K

be the Kuranishi family of a polarized CY manifold M=r"1(1), 70 € K. Sup-
pose that G is a group of holomorphic automorphisms of M such that G acts
trivially on H,,(M,Z) and preserves the polarization. Then G is a finite group
of holomorphic automorphisms of all the fibres of the Kuranishi family.

Proof: Since G acts trivially on H™(N,Z) and fixes the polarization class L
then the uniqueness the Calabi-Yau metric that corresponds to L implies that



the group G is a group of isometries of the CY metric. Since on CY manifolds
there does not exist global holomorphic vector fields, we can conclude that G is
a discrete subgroup of the orthogonal group. The compactness of the orthogonal
group implies that G is finite. The local Torelli Theorem implies that

K cP(H"(M,Z) ® C).

So G acts on K and fixes the point 79. Since G acts trivially on H™(M,Z), then
it will act trivially on /. Next we are going to prove that if g € G is any element
of G then it acts as complex analytic automorphism on each M, = 7~1(7) for
any 7 € K. This means that
g Ir) = I+, (2)
where
I, € C®(M, Hom(Tyy, Tyy)), I? = —id

is the integrable complex structure operator that defines M, for 7 € K. Ty is
the cotangent C'™ real bundle. It is a well known fact that

L =(A;) tolyo Ay, (3)

()

See [40]. Let us recall that if Oy is the holomorphic tangent bundle then

where

o(r) € C (M,Hom (QI{/’IO,QT\;PD ~ O (M7®M ® QR/,{l)

and ¢(7) satisfies the equation that guarantees the integrability of the complex
structure operator I, defined by (3):

96(7) = =[¢(7), ¢(7)] and & (1) = 0. (4)

For all the details see [40]. Here 0" means the conjugate of the operator d with
respect to the Calabi-Yau metric corresponding to the polarization class L. If
we prove that for each g € G

97 (¢(7)) = ¢(7) (5)

then (5) implies (2) and so ¢(7) is a complex analytic automorphism of N.
Proof of (5): According to [40] if we fix a basis ¢1, ..., ¢y of harmonic forms
of H'(M,0y) then the solution of the equations (4) are given by the power series

N ) ) N
gf)(T) = Z¢i7i -+ Z ¢i1 ,,,,, iN (7‘1)Zl X ... X (TN)ZN = Z(;S[m](’r),
=1 m=1

i1t Fin=m>1

where

S (1) = > birin (1) e (7)Y (6)

i1+ Fin=m



and ¢(7) satisfies the recurrent relation:

N
o(r) = S o7 + 5 (8) 0 Glo(r), 6(r)]. (™)
=1

See [40]. Here G is the Green operator associated with the Laplacian with
respect to the CY metric associated with the polarization class L. Notice that
since GG is the group of isometries of CY metric then for any g € G the Green
operator will be invariant, i.e.

G =G.

In [40] it is proved that if ¢ € H!(N,Oy) is a harmonic form with respect to
the CY metric then ¢uwy will be a harmonic form of type (n — 1,1). This fact
together with the fact that G acts trivially H™(M,C) imply that the group acts
trivially on H*(M,©y). This implies that the linear term of (6) satisfies

9" (opy(7)) = dpy(7).- (8)
The proof of the fact that
g o(r) = (1)
is done by induction on the homogeneity of the terms of the power series (6) .

Formula (8) shows that ¢[;)(7) is invariant under the action of g. Since for the
higher order terms of (6) the relation (7) implies

Sy = D [$p1(7), by (7)]
ptq=k

and g*(¢pp)) = ¢pp) for p < k then we can conclude that g*¢p(7) = ¢ (1) for
any k > 0. So the relation(5) is proved. Theorem 3 is proved. B

2.2 Construction of the Teichmiiller Space of Marked Po-
larized CY Manifolds

Definition 4 We will define the Teichmiiller space T (M) of a compact complex
manifold M as follows:

T(M) :=Z(M)/Dif fo(M),

where
Z(M) := {all integrable complex structures on M}

and Diffo (M) is the group of diffeomorphisms isotopic to identity. The action
of the group Diff(My) is defined as follows; Let ¢ €Diffy(M) then ¢ acts on
integrable complex structures on M by pull back, i.e. if

I € C™(M, Hom(T (M), T(M)),

then we define ¢(I;) = ¢*(I;).



Definition 5 We will call a pair (M; v1,...,7, ) a marked CY manifold if M
is a CY manifold and {1, ...,V, } is a basis of H, (M,Z)/Tor.

Remark 6 Let IC be the Kuranishi space. It is easy to see that if we choose a
basis of Hy, (M,Z)/Tor in one of the fibres of the Kuranishi family

T M—=K
then all the fibres will be marked, since as a C*° manifold X =MXIKC.

Next we are going to construct a universal family of polarized marked CY
manifolds
T Z/{L—> TL(M) (9)

up to the action of the group of complex analytic automorphisms G which
acts trivially on H?(M,Z) on the fibres. The construction of the family (9) of
marked polarized CY manifolds follows the ideas of Piatetski-Shapiro and I. R.
Shafarevich. See [31].

Theorem 7 There exists a family of marked polarized C'Y manifolds
m:UL— T (M), (10)

which possesses the following properties: A. Tr(M) is a smooth manifolds of
complex dimension h"~ V1. B. The holomorphic tangent space Or 1, (M) at each
point T € T, (M) is naturally identified with H*(M,,©y.) and C. Let

mc: Y—C

be any complex analytic family of marked polarized C'Y manifolds such that there
exists a point o € C and the fibre (m¢) ™" (x0) =My, as a marked polarized C'Y
manifold is isomorphic to some fibre of the family (10). Then there exists a
unique holomorphic map of families

k: (V—0C)— (UL — T(M)) (11)

defined up to a biholomorphic map ¢ of the fibres which induces the identity
map on H,(M,Z). The restriction of the map x on the base C is unique.

Proof: In this paragraph we will use the following result of Y.-T. Siu. See
[9] and [35].

Theorem 8 Let X be an algebraic variety and let L be an ample line bundle
then (Kx)®% @ (£)®™ is very ample for any

m22—|—<3n+1>, (12)
n

where n is the dimension of X.



Based on Theorem 8 we will prove the following Theorem:

Theorem 9 Suppose that M is a fized projective manifold. Let us fix its co-
homology ring H*(M,Z) over Z, its Chern classed and the polarization class
L € H*(M,Z) which is the Chern class of an ample line bundle. Then there are
a finite number of components of the Hilbert scheme that parametrizes all po-
larized projective manifolds with fized cohomology ring H*(M,Z), Chern classes
and the polarization class L.

Proof: Let us fix the following data; a projective manifold M with a canon-
ical class zero, its cohomology ring H*(M,Z) over Z, its Chern classed and the
polarization class L € H?(M,Z) which is the Chern class of an ample line bun-
dle. According to a Theorem of Sullivan there are only finite number of C'*
structures on M if the real dimension of M is greater or equal to 5 with the data
mentioned above. See [38]. Suppose that m satisfy the inequality (12) then
from the Riemann-Roch-Hirzebruch Theorem, the fact that for very ample line
bundles £ we have H*(X,£)=0 for k > 0 and Theorem 8, we can deduce that if
we consider a CY manifold with fixed Chern classes ¢, ..., ¢, fixed cohomology
ring H*(M,Z) and polarization class L, then all these Kdhler manifolds with a
canonical class zero can be embedded in a fixed projective space CP*. Indeed the
Hirzebruch-Riemann-Roch theorem implies that for all Kéhler manifolds with
canonical class zero with fixed cohomology ring H*(M,Z), fixed Chern classes
and the line bundle £ with a fixed ample Chern class L the Euler characteristics:

x(M,L™) = dim¢ H°(M,L™) = / Td(M)Ch(L™)
M

have one and the same Hilbert polynomial x(M,£™) for all such CY manifolds.
Using the theory of Hilbert schemes of Grothendieck developed in [12], we can
conclude that there are a finite number of components of the Hilbert scheme
that parametrizes all polarized Kéahler manifolds with fixed cohomology ring
H*(M,Z), Chern classes and the polarization class L. B

In [17] we proved the following Theorem:

Theorem 10 Let Hy be the Hilbert scheme of mnon-singular CY manifolds
embedded by the linear system |L™| defined by the polarization class L, then Hp,
18 a mon-singular quasi-projective variety.

We know from the results in [12] that there exists a family of polarized CY
manifolds:
YL — Hr, (13)

where
Y c CPYN x Hy.

Let ﬁL be the universal covering of H and let

VL —Hy (14)

10



be the pullback family of (13). It is easy to see that the group SLy1(C) acts
on Hy,. This implies that SLy41(C) acts also on H,. We will need the following
Lemma and its Corollary:

Lemma 11 Let G be a subgroup of SLy41(C) that fizes a point 1o € Hy, then
G is a finite group of complex analytic automorphisms of the C'Y manifold M,
and it is a normal subgroup of SLy41(C) that acts trivially on H, (M,Z).

Proof: According to Theorem 10 H, is a smooth quasi-projective variety.
So its universal cover Hy, is a simply connected complex manifold and we may
suppose that the family (14) is marked and polarized. The Definition 5 of the

marked family of CY manifolds implies that if G fixes the point 7y € 7‘~[L, then
G is a subgroup in SLy1(C) that stabilizes M., in CP". This shows that G
must be a group of holomorphic automorphisms of N, and it must act trivially
on H,(M,Z). Theorem 3 implies that G acts trivially on . This will imply
that it is a normal subgroup in SLy41(C). To show this fact we need to prove
that for any element g € SLy4+1(C) we have

g 'Gg=aG.

Let 7 = g~ (7). Then direct computations show that for any element h € G

we have

g 'hg(r) =g tog(r) =1

The last equality shows that G is a normal subgroup. Lemma 11 is proved. H.
Corollary 12 The group

G1 :=SLy4+1(C)/G
acts freely on Hy.

We will prove that the quotients jL /G1 and H 1,/G1 exist as complex man-
ifolds and that _ _
UL = yL/G1 i 7};(]\7) = HL/Gl

will be the family (10) with the properties stated in the Theorem.
Palais proved in [28] the following Theorem:

Theorem 13 Suppose that an arbitrary Lie group & acts on a complex manifold
Y, then the quotient Y/® exists in the category of complex spaces, provided that
the map

P: X Y- YxY (15)

defined as (g, m) = (g(m), m) is proper.
In order to prove that the morphism defined by the action of the Lie group
6:G1 = SLk_H((C)/G

acts properly on 7‘~(L and fL, we need to use the following criterion for the
properness of the map that can be found in [11], Chapter 11, 7:

11



Criterion 14 Let v : X—Z be a morphism of algebraic varieties over an al-
gebraically closed field k, O a discrete valuation ring with a residue class field
k,

¢* : SpecO — X

18 a rational morphism and
h: SpecO — Z (16)

s a morphism, where
Yoo =h. (17)

If for such ¢* and h there exists a morphism
¢: SpecO —X,
coinciding with ¢* on the generic point of Spec O, the morphism f is proper.

To apply the Criterion 14 in our situation we notice that the properness of
the map (15) for the manifolds Yy, and Hy and the group G is an obvious
formal consequence of the analogous fact for the varieties )y and Hjy. In this
case we have to deal with algebraic varieties and algebraic action of the group
(1. Therefore 1 is a morphism in the category of algebraic varieties.

The existence of the Grothendieck families ), — Hj, defines the following
families

771:NL—>G1XHL (18)

and
o @ RL — HL X HL, (19)

where 7 (g, 7) =N, ;) xN, and 75" (11, 72) =N, xN,.

Next we are going to apply Criterion 14 to the map 1 defined by (15). We
will need to use Theorem 2 of the paper [26] of Matsusaka and Mumford. It
asserts that if V' and W are smooth polarized varieties over SpecO, neither of
which is ruled, and their specialization Vy and W over the closed point of SpecO
are also smooth polarized varieties, then the specialization of any isomorphism
1 : V — W is an isomorphism v : Vg — W.

It is easy to see that giving a morphism of algebraic varieties

h: SpecO — Hp x Hyp,
and a rational morphism
¢* 1 SpecO — G x Hr,

satisfying the criterion stated in the Grothendieck’s Lemma, defines varieties V'
and W over Spec O and the isomorphism ©* of them. On the other hand ¢*
gives a rational morphism of Spec O into G; and therefore a rational morphism
¢* of Spec O into the projective closure of G; of the projective group G;. Since
the dimension of the scheme Spec© is one, then the rational morphism ¢*

12



of SpecO into a projective variety G| can be prolonged to a morphism ¢ of
SpecO to Gp. Thus we get a family W — Spec© which is defined over the
closed point of Spec O and contains the family W — Spec O. The fact that the
rational morphism ¢* can be prolonged to an algebraic morphism ¢ implies that
the morphism %* can be prolonged to a morphism v between the varieties V'
and W. By the Theorem of Matsusaka and Mumford, the specialization of 1 is
an isomorphism, i.e. ¥ takes closed point of Spec O into a point of G;. This
means that 1 is an algebraic morphism of Spec © into G;. Thus the criterion of
properness for the morphism ¢ holds. As we pointed out this fact implies that
the action of Gy on Hj, is proper too. The quotient Hy /G exists and it is a
smooth algebraic variety.
The situation is analogous to the morphism

T 37L —>UL=3~)L/G1~

Thus we proved that the quotients ﬁL /G1 and H 1/G1 exist as complex spaces.
It is obvious that they define a family

UL — TL(M)

of marked polarized CY manifolds. According to Cor. 12, G acts on Y and
‘Hp without fixed points. Therefore,

Vi/G1=Uy, and Hy /Gy = To,(M) (20)

are manifolds. Thus we have constructed the family (10) as required in Theorem
10. We also proved that the base of the family (10) 7;(M) is smooth. Next we
will prove that the complex dimension of 77,(M) is A"~ 1! and that the tangent
space at each point 7 € 77,(N) is isomorphic to H'(M,, Oy, ).

We shall prove that the family (10) is effectively parametrized. According
to Kodaira this means that for any point s € 7 (M) the mapping

Ts,TL ™M) — H (M87 ®M5)

is an isomorphism. From the construction of 77, (M) as defined in (20) we can
conclude that
Ty 10 = HO(MvN(C]PN/M)/SZ(N +1)

where sl(N + 1) is the Lie algebra of the group SL(N + 1). In [17] we proved
that
HOM, Nogs ag) /U + 1) & HL(M,Oy).

Theorem 10 is proved. B

Corollary 15 Let Y —X be any family of marked CY manifolds, then there
exists a unique holomorphic map

¢: X— T (M)
up to a biholomorphic map ¥ of M which induces the identity map on H,,(M,Z).

From now on we will denote by 7 (M) the irreducible component of the
Teichmiiller space that contains our fixed CY manifold M.
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2.3 The Mapping Class Group

Definition 16 We will define the mapping class group T'(M) of any compact
C> manifold M as follows: T' = Dif f.(M)/Dif fo(M), where Dif f+ (M) is the
group of diffeomorphisms of M preserving the orientation of M and Dif fo(M)
1s the group of diffeomorphisms isotopic to identity.

Definition 17 Let L € H%(M,Z) be the imaginary part of a Kdhler metric.
Let

I'p:={peT(M)o(L) = L}.

It is a well know fact that the moduli space of polarized algebraic manifolds
M (M)=T.(M)/T'L.

Theorem 18 There exists a subgroup of finite index I' of T'p such that T’
acts freely on T (M) and T\Ty, (M)= My, (M) is a non-singular quasi-projective
variety.

Proof: In case of odd dimensional CY manifolds there is a homomorphism
induced by the action of the diffeomorphism group on the middle homology with
coefficients in 7Z :

¢:Tp — Sp(2b,,Z).

In the case of even dimensional CY, there is a homomorphism
¢:I'y — S0(2p, ¢; Z)

where SO(2p, ¢; Z) is the group of the automorphisms of the lattice H,,(M,Z)/Tor.
An important theorem due to Sullivan proved in [38] states:

Theorem 19 Suppose that the real dimension of a C>*° manifold M is bigger
or equal to 5, then the image ¢(I'r) of the mapping class group is an arithmetic

group.

This result of Sullivan implies that 'z, is an arithmetic group. So the image
of T';, has a finite index in the groups Sp(2b,,Z), SO(2p,q;Z) and so ker(¢)
is a finite group. A theorem of Borel implies that we can always find a sub-
group of finite index I' in T', such that T" acts freely on Sp(2b,,,R)/U(b,) or on
SOy (2p, ¢; R) /SO(2p) xSO(q). We will prove that T acts without fixed point on
T (M).

Let K be the Kuranishi space of the deformations of M. Suppose that there
exists an element g € T', such that ¢g(7) = 7 for some

TeK CT(M).

From the local Torelli theorem we deduce that we may assume that the Kuran-
ishi space K is embedded in G, the classifying space of the Hodge structures of
weight n on H"(M,Z) ® C. Griffiths proved in [15] that G =G/K where G in the
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odd dimensional case is Sp(2b,, R) and in the even dimensional is SOy (2p, ¢; R)
and K is a compact subgroup of G.

Let K¢ be the maximal compact subgroup of G. So we have a natural C*

fibration

Ko/K C G/K — G/KO
Griffith’s transversality theorem implies that K is transversal to the fibres Ko/ K
of the fibration G/K — G/Kj.

The first part of our theorem follows from the fact that K is transversal to
the fibres Ky/K of the fibration G/K — G/K;, and the following observation;
if g € T fixes a point 7 € G/Kjy, then g € Ko NT.} On the other hand side it is
easy to see that the local Torelli theorem implies that the action of I on K is
induced from the action T on G/K by left multiplications. So we can conclude
that the action of I" preserves the fibration

Ko/K C G/K — G/KO

The first part of our theorem follows directly from here and the fact that I" acts
without fix point on G/Kj.

The second part of the theorem, namely that the space I'\7;, (M) is a quasi
projective follows directly from the fact that T\7;(M)— T'r\7;(M) is a finite
map and that T';,\ 7z (M) is a quasi projective variety according to [43]. Theorem
18 is proved. W

2.4 Construction of the Moduli Space of Polarized CY
Manifolds

According to Viehweg the coarse moduli space of polarized CY manifolds
M (M) = Hr,/SLy4+1(C)

is a quasi-projective variety. See [43]. On the other hand it is a standard that
the coarse moduli space is just the following quotient:

M (M) =T,(M)/TL.
Theorem 20 There exists a finite cover My (M) of
M (M) =T (M)/Ty

with the following properties: A. My (M) is a smooth algebraic variety, B. Over
M (M) there exists a family

N — ML(]W) (21)
of polarized CY manifolds with the following property; Let

me:Y —C (22)

1We suppose that K or Kg acts on the right on G and I' acts on the left on G.
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be any complex analytic family of polarized C'Y manifolds with a class of po-
larization L such that at least one of its fibres of the family (22) is isomorphic
as a polarized variety to a fibre of the family (21). Then there exists a unique
complex analytic map

¢C—>ML(]V[)

which induces a holomorphic map between the families (22)and (21). The map
between the families is defined uniquely up to a biholomorphic map ¢ of M which
induces the identity map on Hy,(M,Z).

Proof: Let

¢ :Tp — H"(M,Z) (23)
be the natural representation of the group I';,. The results of Sullivan imply that
the image ¥ (I'z) is an arithmetic group. According to a Theorem of 18 there
exists a subgroup ', of finite index in (') such that ¢(I'z) acts freely on
the Teichmiiller space 77,(M). From here we deduce that the space I'; \ 7z, (M) is
smooth. Let us define I}, := ¢~!(I'}). Clearly I} is a subgroup of finite index
in I'z,. The local Torelli theorem implies that 77, (M)/I"; will be a non-singular
variety. From the definition of ¢ given by (23) it follows that kery) = G acts
trivially on H™(M,Z). The local Torelli Theorem implies that G acts trivially
on the Teichmiiller space 77,(M). The existence and the properties of the family

NL - ML(M)
follows from the existence and the properties of the family
ZL — TL(M)

proved in Theorem 15.

2.5 Compactifications of the Moduli Spaces M (M) and
M (M)

According to [43] the coarse moduli space My (M) is a quasi-projective variety.
Since M (M) is a finite cover of My (M), then My (M) will be quasi-projective
too. Hironaka’s Theorem about resolution of singularities states that we can
always compactify both M, (M) and 9z, (M) such that

Mi(M) e Mp(M) =Dy, and M (M) &ML (M) = Do (24)

the divisors D, and D, are divisors with normal crossings.

3 Moduli of Maps

3.1 Basic Definitions

Let C and X be two projective varieties. Let f : C—X be a morphism between
them. Let I'y CCxX be the graph of the map f :C—X. According to the results
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of Grothendieck, the Hilbert scheme of I'y CCxX is a projective scheme. See
[11].

Definition 21 We will denote the Hilbert scheme of T'y CCxX by M (C,X)
and we will call it the moduli space of the map f.

The above mentioned results of Grothendieck implies that 9t;(C,X) is a
projective scheme.

Definition 22 a. Let f: C—X be a morphism of projective varieties with
dimc C < dimcX.

Suppose that the morphism
[+ C— fC)

is finite. We say that f admits a non-trivial one parameter deformations if there
18 a non-singular projective curve T and a family of algebraic maps

F:Tx(C—X
such that for some ty €T we have Fy, =f and the morphism
F:Tx C— F(Tx ()
is finite too. b. We will say that the deformation of f is trivial if
Fo=f
for all te T. c. Two families of maps
Fi . TxCi— X
and
Fo: Tx(Cy— X

are said to be isomorphic if there is a common finite cover C of Cy and Cs
such that the lifts of F1 to Tx C and Fs to Tx C are isomorphic, meaning there
exists a biholomorphic map idx g from Tx C to itself such that

Fi =Fy0(id X g).
From now on we will consider only one parameter deformations of maps.

Definition 23 Let C be a fixred Riemann surface. Let X be a quasi-projective
space and X some projective compactification of X such that Doe = X O X is a
divisor with normal crossings. Assume that on X there exists a Kdhler metric
with non-positive holomorphic sectional curvature bounded away from zero and
logarithmic growth near Dy,. We will consider from now on the set Mg of all
holomorphic maps
f:C—X
such that: a. the map f:C—f(C) is finite map and b. f(C) is not contained in
Do and the pullback
f*(Doo) = Dg,

where Dg is a fixed divisor on C.
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3.2 Smoothness of the Moduli Space of Maps

Theorem 24 Suppose that X is a projective manifold such that on a Zariski
open set o
X =XeDy

there exists a Kdhler metric with a non-positive holomorphic bi-sectional curva-
ture. Let C be a fized algebraic curve. Let

Me:{f: C— X|fis a finite hol map from C to f(C) and f(C) & Dso}. (25)
Then the moduli space M ¢ is a smooth quasi-projective variety.

Proof: The proof is based on several lemmas. The following lemma de-
scribes the tangent space to the moduli space Mc.

Lemma 25 Let
f:C—-X

be a finite map from an algebraic curve C to f(C) such that

f€) & Dee.
Let
S HO(Cv f*(TX))

be a non-zero section with a bounded norm. Then o is parallel with respect to
the connection induced by the restriction of the Kdahler metric on X6Dy.

Proof: Denote by C° = Cof* (D). Let

o€ H(Ce f(£(C) N Dw), [*(Tx))

be a non-zero section. Suppose that

Vo #0, (26)

where V is the covariant derivative on the vector bundle f*(Tx)|qo induced by
the pullback of the Ké&hler metric on X. Direct computations show that the
following formula holds:

d

—— |lo|" = [ Vol ~ (R(3-.7)o0 ) 0, (21)

drdr

I dr
on the vector bundle f*(Tx)|co with a metric induced by the pullback of the
Kahler metric on X. Formula (27) and the assumption that we can prolong the
finite map f from C° = Cof* (D) to a projective map show that the function

where <R( d 7)0, cr> is the corresponding holomorphic bi-sectional curvature
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|o||* is a bounded plurisubharmonic function on C°. Therefore by maximal
principle it is the constant function because formula (27) implies

d? 9
ﬁ lof® = 0. (28)

So we get a contradiction. This implies that ¢ = 0 if ¢ is not parallel. So if o
is a holomorphic non-zero section with finite L? norm, then it must be parallel.
Lemma 25 is proved. B

Corollary 26 The tangent space at the point fe M ¢ is isomorphic to all par-
allel sections o € HO(C, f*(Tx)).

Lemma 27 Let
o€ HO<Cef*(f(C) n Doo)a f*(TX))

be a parallel section. Then there exists a family of maps
F: C—X
where t € D and D is the unit disk such that
Fo=Ff

and p

— Fi|j=0 = 0.
dt t|t_0 g
Proof: Since

o€ H°(Cof (f(C) N Dw), f*(Tx))

is a parallel section, there exists a vector T e T, x at each point x €f(C) © Do
such that
(7)=0

and x €f(C). Since the metric g on X is Kéhler we can define as in the Paragraph
6, Cor. 56 the exponential complex map:

exp, 1 Tpx — X
at each point = €f(C) such that
exp,(I7) = D, (29)

is a totally geodesic disk when [t| < 1 and the tangent vector of the disk at
the point x is 7. Here we are using the fact that the holomorphic bi-sectional
curvature is non-positive. This implies that the complex exponential map is
injective for |t| < 1. Using the fact that o is a parallel section of the vector
bundle f*Tx on Cof*(f(C)NDy) we deduce immediately that by defining

fi(s) = expy (t7) (30)
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and taking the exponential map (29) at each point x € f(C), we have con-
structed a one parameter deformation

f;:CxD—-X

of f: C—X as required in lemma 27. .
Lemma 27 and Corollary 26 imply that the moduli space of all the maps

f:C—X

such that f(C)C Dy is smooth. Indeed we know that the tangent space Tt aqe
of the moduli space M at f€ M is isomorphic to H°(C,f*(Tx)). Cor. 26 tells
us that 7% aq, consists of all parallel sections. From Lemma 27 it follows that
each parallel section can be integrated to a family of maps parametrized by the
unit disk. Grothendieck’s theory of Hilbert schemes tells us that the Hilbert
scheme of all maps

f:C—-X

such that
f(C) € Doo

is a quasi-projective space. Theorem 24 is proved. B

3.3 Some Applications

Let (C;x1,..,x,) be a Riemann surface with n distinct fixed points on it. Let
XC —C

be a family of polarized CY manifolds with degenerate fibres over the points
Z1,..,Tn. 1t is easy to see that the family X —C defines a map

f:Co(xrU...Ux,) — T,(M)/Ty. (31)
Lemma 28 The map f can be prolonged to a map
f: C—T\TL(M) = ML (M).
where the compactification My (M) of My (M) is defined in (24).

Proof: The proof of Lemma 28 is exactly Proposition 9.10 proved in [15].
Lemma 30 is proved. H.
Let T';, and T be the arithmetic groups defined in Theorem 18. The map

7 T (M)/T = My (M) — T (M)/T1 = M (M)

is a finite morphism since I'z, /T is a finite set and its cardinality is N. We will
prove the following lemma:
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Lemma 29 There exists a finite affine cover
Yv:C — 0o (x1U...Uxy,)
of degree N = #T'1, /T such that the map f defined by (31) can be lifted to a map
fi: G — T (M)/T. (32)

Proof: The construction of the affine Riemann surface C; is done in a
standard way, namely

Ci = (C S ((El U...u {L‘n)) X f(Co(z1U...Uzy)) 7T_1(f (C © (.’L’l U..u l’n)) .

We know from the local Torelli theorem and the fact I'f\7z (M) is the moduli
space of polarized CY manifolds, that the map f defined by (31) exists. We
know that, since I' C I'y, is a subgroup of finite index, the map

7 DA\TL(M) — T\T, (M)
is a finite map. Therefore the map f can be lifted to a map
f/ : Cl — TL(M)/FL(M)

follows directly from the construction of the open Riemann surface C’. Lemma
29 is proved. W

Lemma 30 The map f1 constructed in Lemma 29 can be prolonged to a map

f: 0= \TL(M) = M (M)

where C) is the closure of Cy in the compactification My (M) of Mp(M) as
defined in (24).

Proof: The proof of Lemma 30 is the same as Lemma 28 and is due to
Griffiths. See [15]. B

Definition 31 We will say that a family of polarized C'Y manifolds
m:Xo— C
over a Riemann surface C is rigid if the moduli space of the map
f: C— My (M)

induced by the natural holomorphic map of the base of the family into the moduli
space of polarized C'Y manifolds is a discrete set.

The proof of the following remark is obvious and we will omit it.

Let X —C be a family of polarized CY manifolds over a fixed Riemann
surface C with a fixed points of degenerations. Let m; : C; —C be the finite
cover constructed in Lemmas 29 and 30. Let & — C; is the pullback of the
family X —C. Then the family X —C is rigid if and only if the pullback family
X, — Cqis rigid.
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4 Yukawa Coupling and Rigidity

4.1 Yukawa Coupling

Definition 32 Suppose that w; is a family of holomorphic forms on the lo-
cal universal family of CY manifolds over the Kuranishi space of polarized CY
manifold. The expression

(7o (T oo (T 00)))o )

xy ®2
s a holomorphic section of ((Q}/M(M)) ) ® S®"(Thim)- This section is

called the Yukawa coupling.

Condition 33 Suppose that for every ¢ € HY(M,©y) different from zero the
following condition holds:

A #0¢€ H"(M,\"O ) (33)
Then we will prove that any family
T:Xc— C
over a Riemann surface C is rigid if one of its fibre is M.

The condition 33 is difficult to check. Now we will formulate an equivalent
condition which is much easier to verify. Let

m: X —=D (34)

be a non-trivial family of non singular n complex dimensional CY manifolds over
the unit disk D. We will denote by t the local coordinate in D. Let us denote
by V 2 the covariant differentiation induced by the Gauss-Manin connection.
Accordmg to Kodaira-Spencer-Kuranishi theory the tangent vectors at 0 € D
can be identified with non zero elements ¢ € H' (Mg, Oy,). Let Q% p be the
relative dualizing sheaf. Let

w, € H'(X, 0% p)
be a family of holomorphic n forms w;. We may suppose that wg # 0.

Theorem 34 Let ¢ € H'(M,0 ), then the following condition

<(v% o (v% 0.0 (v% (wt))))|t_o,wo> £0, (35)

n

is equivalent to (33), i.e. A"¢p # 0 in H*"(M,A"O ).
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Proof: It is a standard fact that for any family of forms w, the covariant
differentiation given by the Gauss-Manin connection is given by the formula:

Vo (wt) |t=0 = wo1¢ (36)
where 4 means contraction of tensors. From (36) we derive directly:

(v% o (v% 6.0 (v% (wt)))) limo = (A"6) wo. (37)

n

(37) means that the form (A"¢).wy is of type (0,n). This implies directly that
(35) and (33) are equivalent. Theorem 34 is proved. B

Theorem 35 Let
m: Xo—C (38)

be a non-isotrivial family of C'Y manifolds over a compact Riemann surface C.
Suppose that there exists a point 1o € C such that the fibre =1 (19) =M,, satisfies
Condition 33. Suppose that X¢ is a projective manifold. Then the family (38)
18 rigid.

Proof: Theorem 35 follows from the fact that the moduli space of the
deformations of the map f defined in Definition 31 is smooth by Theorem 24
and Lemma 36. The rigidity therefore implies that the tangent space of the
moduli space at the point

f: C— Mg (M)

is zero dimensional.

Lemma 36 Suppose that the family (38) satisfies the conditions of Theorem
35, then the set of the parallel sections of the bundle f*(Tx, () consists only
of the zero section.

Proof: The proof of Lemma 36 is done by contradiction. According to [30]
the non rigidity of the family (38) means the existence of

¢ € HY(COS, f*(Trmw)), ¢#0

such that ¢ is parallel section with respect to the pullback of the Hodge metric
on M(M). Since the tangent space at a point 7 € M(M) can be identified
with HI(MT,TI\I/I’O), the restriction of the section ¢ at each point 7 €CSS can
be viewed as a Kodaira-Spencer class

¢r € H' (M,, Tyy"),

Locally on M ¢, is given by

bri= Y (¢r)7d7 ®

4]

dzt’
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On the other hand A™¢. is represented on M, by

A"¢r = det ((qﬁﬁ%)@/\.../\ﬁ@%/\..ﬁ%. (39)
Since
6, € € (M, Hom (23, 98 ))
then

Ngr € 0 (M, Hom (A" (242 ) A" (941))) =
e (o (a2.087)) = e (Mo ((002) ) 7). o

Combining (39) and (40) we get that

A", € HO (c, ((Rom (Q}/M(M)))*)m) (41)

is a non zero class. Moreover according to Lemma 25 ¢, is a parallel section
with respect to the pullback of the Hodge metric. This implies that A"¢, is a
global parallel non zero section on C of the line bundle

(0 (son))) ™
(. (9% 00)) )

is a trivial line bundle on C. But this is impossible since we know from [25] and
the Grothendieck Riemann relative Riemann Roch Theorem that the Chern

class .
e (Fm (2% ma0n)) )

of the line bundle (ROW* (Q} /M (M)>) is proportional to the imaginary part of

the Weil-Petersson metl;ic. We also know that the Chern form of the L2 metric
on ( RO, (QZ /M (M))> is the imaginary part of the Weil-Petersson metric. So

/cl ((ror. (Q}/M(M)))*) > 0. (42)

C

From here we get that

The inequality (42) implies that R%r, (Q} / M(M)) is not a trivial line bundle
on C. So we get a contradiction. Lemma 36 is proved. B

Lemma 36 implies Theorem 35. W

Remark. Theorem 35 presumably also follows from the methods used in
[45], and it seems to extend to non-isotrivial morphisms

m:Xeg— C
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whose generic fibre has a semi-ample canonical sheaf. In fact, by [45], 6.2. b.,
it is sufficient to show that such a family is rigid. To prove this, assume that
there exists a deformation

m: Xoxr > Cx T
with T a projective curve, which is smooth over CyxTy. For
S=Yo (Cyx Ty,
according to [45], 1,4, the pullback of o*S™ (4, (log(S)) under some finite map
oY =Y,

for some m < n, contains a big subsheaf P". On the other hand the Condition
33 should imply that the composite

P — 0" S™(Qy(log(S)) — o*S™ (pri (24 (log(5)))
is non trivial. As in the proof of [45], 6.5., this would be a contradiction.

Theorem 37 Suppose that
X —-C (43)

is a family of polarized CY manifold over a Riemann surfaces C. Suppose that
the family (43) contains a point 79 € C such that around it the monodromy
operator T has a mazimal index of unipotency, i.e.

(TN —id)"™ =0 and (TN —id)™ #0. (44)
Then the family (43) is rigid.

Proof: We will prove that the Yukawa coupling is non-zero in an open
neighborhood of the point 75 € C around which the condition (44) holds. Theo-
rem 37 follows from the existence of limit mixed Hodge structure related to the
monodromy operator 7T established in [36]. Indeed the condition (44) combined
with Schmid’s Theorem implies the existence of the filtration

WoCW; C...C Wy,1 CWy, =VC=H"(M,,C) (45)
such that the nilpotent operator
N =log(TV —id)
acts on the filtration (45) as follows:
N (W) € Wi_s.

In case of CY manifolds Schmid Theorem about the existence of the limit mixed
Hodge structure and condition (44) imply that

N (Wgn/Wanl) ~ Wp. (46)
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(See [36].) The nilpotent orbit theorem proved in [36] combined with (46) implies
that for each point in a ”small disk” containing the point 79 € C we have that
Vo 0.0V s w#0 (47)

975,

n

and the (0,n) component of

V. s 0..0V_o w,
B‘rj AT
1 Jn

n

is a non-zero class of cohomology. Here w, is a family of holomorphic n forms
around the point 7 € K in the Kuranishi space that corresponds to the fibre of
the point on C close to 79. Now Theorem 37 follows directly from the definition
32 and Theorem 35. W

4.2 Yau’s Form of Schwartz Lemma and Boundedness

S.-T. Yau proved in [49] the following theorem, which is a generalization of the
Schwarz Lemma:

Theorem 38 Let N be a complex manifold and let h be a Hermitian metric
on N such that the holomorphic sectional curvature K of h has the following
property; there exists a positive constant ¢ > 0 such that K < —c. Let C' be
either a compact or an affine Riemann surface of hyperbolic type. Let

¢:C— N
be a holomorphic map different from the constant one, then we have
¢*(h) < ¢ 'gp,
where gp is the Poincare metric on C, i.e. the metric with a constant curvature.

This lemma was used in [23] to derive various height inequalities. Here we
will use the same method to prove the following Theorem:

Theorem 39 Let

¢: C— Mp(M)
be a holomorphic map such that
¢(C) & Doo
and let x1, ..z, be the only n different points on C such that
qf)(l‘l) € Deo.

Let Cy :=Co(xz1 U ...Ux,). Then we have the following estimate

vol(¢(C1)) < ¢ x(Cr)
for the volume of $(Cy) in M(M) with respect to the Hodge metric h on M (M).
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Proof: From Yau’s form of the Schwarz Lemma we obtain:

vlo(C) = [n<e [ g,

C1 C1

Since the Poincare metric has a constant curvature —1 and from the Gauss-
Bonnet theorem we obtain

9p = IX(C1)l.
Cy

From here Theorem 39 follows directly. H

Definition 40 Let (C:x1,...,x,) be a fived Riemann surface with fix points
T1,..., Tpn. Let S be the divisor x1 + ... + x, on C. Let us fix a C'Y manifold M.
We will define Sh(C;S, M) to be the set of all possible families X —C of CY
manifolds defined up to an isomorphism over C with fixed degenerate fibres over
the points x1, ..., xn, where X is a projective manifold and the generic fibre is
a CY manifold C*° equivalent to M.

Theorem 41 Suppose that Condition 33 or its equivalent (35) holds for some
fibre M- of a family of CY manifolds over a fix Riemann surface C with fized
points if degenerations. Then the set Sh(C.S) is finite.

Proof: The proof of Theorem 41 will be done in two steps. The first step
will be to prove that the set of maps Sh(C;S) is discrete. The second step is to
show that for each ¢ € Sh(C;S) the volume of ¢(C) is bounded by a universal
constant. Then Theorem 41 will follow directly from the theorem of Bishop
proved in [8], which implies that the set Sh(C,S) is compact.

Lemma 42 The set of maps Sh(C,S) is discrete.

Proof: Since we assumed that the CY manifold M satisfies Condition (33),
Lemma 42 follows directly from Theorem 35. B

We will need the following Lemma for establishing the second step described
above:

Lemma 43 Let Sh(C,S) be the set defined in Definition 23, where S is the
divisor x1 + ... + x,, on C. Then Sh(C,S) is compact.

Proof: Each point z € Sh(C,S) is represented by a map
¢.:C—T(M)/T

which satisfies the conditions of Definition 23. Let g be the K&hler (1,1) form
of the Hodge metric on 7(M)/T’, then we can define a height function h on
Sh(C,S) as follows:

W) = / Im g = vol(6:(C)). (48)

#(Cz)
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Since the metric g is a Kéhler metric with logarithmic growth on X, then

ho.) = / Im () A P((C)) = vol(6:(C)). (49)

T(M)/T

where P(¢.(C)) is the Poincare dual of the homology class of ¢,(C) in 7 (M)/T.
Since ¢, € Sh(C,S) then it is a deformation of the map f. So for all ¢, €
Sh(C,S), ¢.(C) realizes a fixed class of homology in 7 (M)/T". The integrals that
appeared in (48) and (48) are finite. This follows from Theorem 5.1. proved in
[25]. Theorem 39 implies that h(¢,) is a bounded function on Sh(C,S).

We will prove now that Sh(C,S) is a compact set. Since Sh(C,S) is a discrete
set, the compactness of Sh(C,S) will imply that it is a finite set. The compact-
ness of Sh(C,S) will follows if we prove that from any sequence {¢,} in Sh(C,S)
there exists a subsequence which converges weakly to an algebraic map, i.e. the
corresponding subsequence of images of S converges to an algebraic subvariety
of X. Bishop’s theorem implies that. See page 292 of [8] and also the Appendix
II. Lemma 43 is proved. B

Theorem 41 follows directly from Lemmas 42 and 43. B

Theorem 44 Suppose that M is a CY manifold such that each non isotriv-
1al family of CY manifolds over a fixred Riemann surface with fixzed points of
degenerations and each fibre appears as a fibre in a fixed component of the Te-
ichmdiller space of M is rigid. Then Shafarevich conjecture holds for that type
of C'Y manifolds.

5 Higgs Bundles, VHS and Rigidity

5.1 Non-Rigid Families of CY Manifolds and Monodromy

We are going to study the relations between Higgs bundles, Variations of Hodge
Structures (VHS) and the existence of non rigid families of CY manifolds.
Let S° and T° be smooth quasi-projective manifolds. Let

7: X -8 x T =), (50)

be a non rigid family of Calabi-Yau 3-folds, such that the induced map into the
moduli space is generically finite. Let

V= Rr.Z

denote the flat bundle associated with the the third cohomology group. The
Variation of Hodge Structures (VHS) of weight 3 of 7 associated with the family
(50) will be V® C. The corresponding Hodge bundles are then

V®C =m0y, &R'TO%,y, &R0y, &R r.0x.
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The cup product of the Kodaira-Spencer class of 7
o5 EN?T — EN® Q%,O,
where
By =m0% )y, Bot = R'm0% )y, Ey? = RPm03% )y, and B0° = RPm.Ox.

will provide
( P Eg;q7 P 9(1)7>Q)
p+q=3 p+q=3

with the Higgs bundle structure on V corresponding to the VHS.

Theorem 45 Suppose that S° and T° are Zariski open sets in projective vari-
eties S and T. Suppose that

7 X = Vo= x1° (51)

is a non rigid family of Calabi-Yau manifolds, such that the induced map to the
moduli space is generically finite. Let

V—Yo=8x1°
be the VHS induced by the family (51). Suppose that (s;,t;) is a point of
D = (§05°) x (T 1%

Let ~y,, and Vi, be two short loops around the divisors T, and Stj. Let S, be
the curve in S-direction passing through the point (so,ty).  Suppose that the
monodromy operators p(vs,) = T; and p(7;) = T; have infinite order, then the
endomorphisms

T Viso.to) = V(so.to)

and
T+ Visoto) = Visoto)

are distinct.

Proof: The idea of the proof is to construct on the restrictions of VHS V|go
and V|po two endomorphisms by using the fact that the family of CY manifold
X —S%xTO is not rigid. According to Lemma 25 these two endomorphisms are
parallel sections of the Hodge bundle le*QgL;éOXw. Theorem 45 will follow
from the way the weight filtrations of nilpotent endomorphisms introduced by
W. Schmid are constructed, the fact that the two filtrations will be different
and the Theorem about the complete reducibility of local systems of VHS over

quasi-projective manifolds due to Deligne.

There are two ways to obtain endomorphisms on Vlg, and V|r,, where
Si Z:SXto and T]‘ = SUXT.
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1. Consider the two projections
ps:SXT—-Sandpr:SxT—T.

One has

Qg (log Dsxr) = p§ (25(log Ds)) & pt (2 (log Dr))

where Dgxr is the discriminant locus of the family (51). Then the restriction
of the Higgs map to S; defines a natural map

Ols, : (ps (Os(—1log Ds)) & p1 (O (—log Dr))s, — End(V)ls,,  (52)

by identifying the sections of (p§ (©s(—logDs)) & pt (Or(—logDr))g, with
Kodaira-Spencer classes. Note that

p1O1(—logDr)ls, ~ Os, and p§@s(flogDs)|Tj ~ Or,.

Let

17 € p?i«@T(— log IDT)|S,- and 1g € pg@s(— log DS)|Tj
be the constant sections. Then by using a Theorem of Jost and Yau proved in
[20] one obtains endomorphisms

0]s,(1st) : Vgo — Vgo and Olr,(1r,) : Vo — Vipo. (53)

See also [53] for another proof. This proof is based on the observation that the
image of the map (52) is contained in the kernel of the induced Higgs map on
End(V). Therefore, the image is a Higgs subsheaf with the trivial Higgs field.
The Higgs poly-stability of End(V)|g, implies that any section in this subsheaf
is flat. One sees also that this flat section is of Hodge type (-1,1).

2. Let V be an arbitrary Variation of Hodge Structure over some quasi-
projective space by taking the local monodromy by the following consideration.
Let S =S\{s0,,,8m} and TY =T\{tg, ...,t,} be two smooth projective curves.

The local system V corresponds to a representation

p- 7Tl(soa *) X 7Tl(TO’*) - GL(V)v

and the restriction plg, corresponds to the restricted representation

Pl (s0,4) - m1(S%, %) — GL(V).

Let ¢, be a short loop around some point ¢;, then it commutes with 71 (S0, %).
Hence, p(7;) descends to an endomorphism, say

p(n;) Vgo — Vgo.
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Similarly, one gets also an endomorphism p(ys,) on Vo — Vp_. It is well known
that those two endomorphisms p(v;,) and p(vs,) are unipotent. Let

N, = log(T; — id) and Ny, = log(7; — id)

be the nilpotent part of 7; and 7; respectively which are non-trivial by assump-
tion. Let

0s.(1s,) : Vgo — Vgo
be the endomorphism of the variations of the Hodge structure induced by
f]s,(1s¢) in (53). We noticed that 6], (1s;) and 8|7, (1rs) are nilpotent. Similar
to what Schmid did for nilpotent endomorphisms on vector space we see that
0|s,(1st) induces a weight filtration of the local system

0cC Wo W, C ...W2k_1 C ng = VS?o’

such that
0]s, (1s¢)(Wy) € Wy_s.
Since the local system Vgo is completely reducible by Deligne, one gets an
to

isomorphism
Vs, = @W;/W;_.
J

The isomorphism 6|s, (1s¢) shifts W;/W;_1 to @,<; o W;/W;_1. On the other
hand, regarding 7; as an element in the image

p: m1(St,, 80) = GL(V)

the above decomposition on the fibre V, 4 decomposes N, = log(7; — id)
as a direct sum of endomorphisms on (Wj)(SQ,to) / (Wj—l)(so,to)
N, can not be equal to Ny, as endomorphism on the fibre V() since the
filtrations of those two parallel endomorphisms of VHS will be different since
the families obtained from the restrictions of the family (51) on S and T are
not isomorphic. This follows from local Torelli Theorem. The two filtrations
will be invariant under the actions of log(7; — id) and log(7; — id) respectively.
Theorem 45 is proved. W

. In particular,

Corollary 46 Suppose that S° and T° are Zariski open sets in projective vari-
eties S and T. Suppose that

T: X—>Y=8xT

is the family of Calabi-Yau manifolds (51), such that the induced map to the
moduli space M (M) is generically finite. Suppose that the discriminant locus

Do = Mp(M)6 M (M) is a irreducible divisor and at some point (so,to) of
D = (S05°) x (T 1%
the local monodromy operators of the restrictions of the family (51) on S and T

around the points sg €S and to €T are infinite. Then the family (51) is rigid.
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Proof: Since we assumed that the discriminant locus

Doo = M (M) & Mg (M)

is an irreducible divisor in M, (M) then the monodromy operators acting on the
middle cohomology of a fixed CY manifold induced by any loops v in M (M)
around the image of the point (sg, tg) in Do will be the same. Since we assumed
that the monodromy operators are infinite we get a contradiction with Theorem
45. B

Remark 47 It is a well known fact that the discriminant locus ® in the
Hilbert scheme of hypersurfaces in CP"™ for n > 2 is an irreducible divisor.

The motivation of the next Theorem is based on a question raised by S.-T.
Yau and this question is closely related to the example constructed in Appendix
I. We will use the following definitions in the formulation of Theorem 48: We
will say that V is a K3 like, abelian or elliptic local system it is a VHS of weight
two induced by an Euclidean lattice with signature (2, k) where 0 < k < 19, or
a VHS of an abelian variety or elliptic curve respectively.

Theorem 48 Suppose that
T X =L x 1= (54)

1s a family of Calabi- Yau manifolds, such that the induced map into the moduli
space is generically finite where S° and T° are Zariski open sets in projective
varieties S and T. Suppose that

VoL % 10=Y,

is the VHS induced by the family (51). Fizing t€T°, then the local system
V& Clg, has a splitting over C and the splittings of the local systems are either

V®C‘St:G0€BGl & Gy (55)

where Gy and Go are K3 liked local systems which are isomorphic to each other
and Gq is unitary local system or

V®RCls, =Go®G1 @Gy ®G3® Gy (56)

where Gy and G4 are isomorphic elliptic-like local systems, Go is an abelian-like
local system and Gi and Gg are unitary local systems that are isomorphic to
each other.

Proof: Consider the endomorphism

g V®C|S? HV®C|597

which is the image of
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]'St : Ost - p’?@T(_ 10gDT)|St - El’ld(V|3t)

Since we assumed that the family (54) is non-rigid then we have that o® = 0.
Otherwise if 03 # 0 then by Theorem 37 the family (54) will be rigid. Clearly
o is of (-1,1) type. We know from Lemma 25 that any non rigid deformation
corresponds to a parallel section of the pullback of the tangent bundle of the
moduli space. Thus this parallel section can be identified with some Kodaira-
Spencer class 6. Applying Cor. 6.5 in [45] to non-rigid families of CY 3-folds,
the three times iterated Kodaira-Spencer map

(i5.0)%: V

must be zero. Fixing ¢t € T, and varying s, the restriction (z'*T§9)|,g,S is precisely
0. Next we will consider two different cases: l

Case 1. Suppose that o = 0. We consider the weight filtration studied in [36]
defined by o.

r, — Vr, ® $*Q7, (log Dr,), Vs € S°

Wo C Wy C Wy :V|St~
We set

Wo=0(Ws), W; =ker(c:Wy— Wp).

One has 0 : Wy /W; ~ W,. Note that the Hodge bundle corresponding to Wy
has the form
Wo =0 (E*?) @0 (E>)®o(E"?),

setting

GO = WO; GQ = W2/W1

we obtain
g Gg >~ WO = Go.

Since from the definition of the mixed Hodge structure it follows that the pure
Hodge structure on Wy /W is of weight two then the VHS on Gy and Go are
K3 liked local system since the fibre of the family (54) is a CY manifold and so

dimc o (E*°) = 1.

Note that the Hodge bundle corresponding to W; has the form

ker(o : E*!' — EM?) @ ker(o : EY? — E%3) @ E%3.
The Hodge bundle corresponding to G; = W1 /W has the form

ker(o : E*' — E'?) /o (E*°) @ ker(o : E'* — E%%) /o (E*1).
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Since V|g, is complete reducible by Deligne, we obtain

2
V|St ~ @ Gz
i=0
Case 2) Suppose now o2 # 0, 02 = 0. Consider again the weight filtration

0CWOCW1 CWQCWgCW4:V|St.

Set

Wo :=0*(Wy), Wj:=ker (0> : Wy — W) .

Note that o is of (-1,1)-type, so the only possible non-zero parts of o2 are

0_2(E2,1) C E0’3, 0,2 <E3,0) C E1,2

they are dual to each other. Thus, if 02 # 0, then

o2 (E>Y) = %3 and  o*(E) c B2,

Therefore,
0% Wy /W3 ~ W,.

And the Hodge bundle corresponding to W has the form
0: Fol’O — Fg’l,
where
F()LO — 0'2(E3’0) F(?J — E0,3

and 6 is the original Kodaira-Spencer class restricted to

P ric § e

p+g=1 p+q=3

Thus the VHS on Wy is like the VHS on an elliptic curve.
We set now

W3 = ker (02 Wy — Wo)

whose Hodge bundle has the form

W3 =ker(o? : E*!' —» E*3) @ E"? ¢ E*3.
Let W; = 0(W3). Then W; as a Hodge bundle has the form
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W, = o(ker(o? : E*' — E*3)) @ o(E"?) = o(ker(o? : E*!' — EY?%)) @ E*3.
Let Wy = {v € |o(v) € Wy}. Clearly we have

o: W3 /Wy ~ W, /W.

Remember that the Hodge bundle corresponding to W has weight one and thus
the form

0_2(E3,0) e E0,3.
The Hodge bundle corresponding to Wy /W, has the form
F90 = g(ker(o? : E*!' — E%3)/0?(E3Y).
So, we see that

o : W3 /Wy ~ Wy /Wy

are unitary local system.
Finally we want to determine the Hodge bundle corresponding to Ws. It is
just the praimage of the Hodge bundle corresponding to Wy, namely

o (P (E*)NE> @ BV o B
So, the Hodge bundle corresponding to Wy /W; has the form
o N o*(E*) n E*' @ BY? /o (ker(a? : E*' — E%3)).

It is easy to see that its is again abelian variety liked local system. Theorem 48
is proved. W

6 Appendix I. Complex Exponential Maps in
Kahler Geometry

It is stated in [16] that the following conditions are equivalent:

1. g, is a Kahler metric on a complex manifold M.
2. The (1,1) form w := Im(g) is closed.

3. The complex structure operator Jy; on M is a parallel tensor with respect
to the Levi-Cevita connection, i.e. VJy = 0.
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4. Around any point mg € M there exist holomorphic coordinates {z!, ..., 2"}
in an open set YU CM such that locally the metric g is given by:

1 KT
gi,j = 6ij —|— Z ZRGJJZ Zl —|—
k,l

where Rﬁ xI is the curvature tensor.

The coordinates {z!,...,2"} will be called flat coordinates with respect to
the Kéahler metric g.

6.1 A Geometric Construction of the Flat Coordinates of
a Kahler Metric

Let us fix a point myg in the complex Kahler manifold M. Let T}, be the tangent
space at the point mg € M. We will consider for the moment the tangent space
T, as areal 2n dimensional vector space. Let e; € T}, be a vector of length 1.
We will define e, 11 := Jumer. Let es be a vector perpendicular to the vectors e;
and e,y1 and |lez]] = 1. We will define e, o := Jyes. Continuing this process
we obtain a basis in T,,,, consisting of vectors

{e1, . en, IME1 = €nt1y.s JMER = €21 }

such that they satisfy (e;, e;) = d;;. Let v;(¢) be geodesics for |¢| < € with respect
to the metric g on M such that

’W(O) =mg € M
and

dvi(t)
dt

|t:0 =€
fori=1,..n.

Definition 49 We will define two dimensional distributions D; in the tangent
bundle T(M) in a small neighborhood U of the point mg €M. D; by parallel
transportation along the geodesics containing the point mg of the two dimen-
sional subspaces E;(0) C Ty, m span by e; and Jye; fori=1,...,n.

Theorem 50 Locally around the point mg € M there exist one dimensional com-
plex manifolds Z; for each 1 < i < n such that

1. For each point x € ~;(t) C Z; the tangent space Ty z, of Z; is equal to
Di(t).

2. Z; is a totally geodesic two dimensional real submanifold.

Proof: We will construct Z; for i = 1,...,n based on the following Proposi-
tion:
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Proposition 51 The distributions D; are integrable distributions.
Proof: Let us denote by ¢; and €;y,, the parallel transported vector fields
ei & €i1n € Tipg M

along the geodesics passing through mg €M for i = 1,...,n. Clearly, €;& €;4,, €
D;. The integrability of the distribution D; in the tangent bundle T'(M) will
follow if we show that the Lie bracket [e;, €;1,] fulfills the condition [€;,€;4,] €
D;. At the point mg we have

[giagH»n”mo =0e€e D1 (57)
The fact that the metric g is a Kahler implies that VJy = 0. Using this fact
and that e; 1, = Jue;, we deduce the following formula:

The definition of €; implies that Ve; = 0 for ¢ = 1,...,n. Using this fact we
obtain:
V[€i, €irn] = 0. (59)

Combining formulas 57 and 59 we conclude that
[€i, €itn] € D;
at each point m € Y. Proposition 51 is proved. B

Proposition 52 There exists a unique totally geodesic two dimensional real
submanifold Z; such that at each point m € Z; we have:

Tm,Zi = Dz |m .

Proof: Since the distributions D; are integrable, we can apply the Frobenius
theorem and deduce the existence of the real submanifolds Z; such that at each
point m € Z; we have: T,,, z, = D;|m. From the way we define the distributions
D;, it follows that each geodesic (¢) which passes through the point my €M

and
dy(t)
dt

will be contained in Z;. This is exactly the definition of a totally geodesic sub-
manifold. Wl
Proposition 52 implies Theorem 50. W

li=o € Di(0)

Remark 53 Theorem 50 implies that to the pairs (e;, Jue;) of vectors in T, u,
we can associate a system of local holomorphic coordinates (2%, ..., 2™) in a small
neighborhood of mg € My. The complex curves Z; are defined by the system of
equations:



6.2 The Analogue of Cartan’s Formula
Theorem 54 Let g be a Kdhler metric on M. Let (21, ...,2") be the coordinate
system as defined in Remark 53 in a small neighborhood of mg € M. Then we
have the following expression for g, 5:
_ 1 ke
9,7(2,2) = 6;5+ éRiik,f’z Z 4+ ...
where R, 5, 7 is the curvature tensor.

Proof: Let us consider the geodesic coordinates (z!,4!; ..., 2™, y™) associated
to the orthonormal frame (ey, Jyer;,,;en, Jmen). In the geodesic coordinate
system associated to (e1, Jme1;, -+ €n, Jpen), we have:

0 0
%—m(gi,j) lme = %—m(gi,j) lme =0

for m = 1,...,n. This follows from the following Proposition:

Proposition 55 At the origin of a geodesic coordinate system, the metric has
the following Taylor expansion:

1
9ij = 0ij + 3 Rip gja"a" + O(lz*),

where R; , 4 i s the curvature tensor of g. (See Proposition 1.14 on page 8 of
the book [32].)

On the other hand, Theorem 50 implies that we have the following relations
between the coordinate systems (x!,y?;...;2",y") and (2!, ..., 2")

2= a2t + v/—1y"

So we deduce that

0 1/ 0 0

o7 2 (% v Tg)
and .

0 1/ 0 — 0

921 2 (&vi + _1(“)yi)
where

% (95) o = % (5:5) o = 0.

From here and Proposition 55 we can conclude that
= 1 k=l
9,7(2,2) = 6; 5+ éRi,E,k,ZZ Z+ ..

where R, k1 1S the curvature tensor. This proves Theorem 54. B
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Corollary 56 Let M be a Kdahler Manifold with a Kdhler metric gij(zj) such
that giJ(zj) are real analytic functions with respect to a local holomorphic
coordinates, then we can identify the totally geodesic one complex dimensional
manifolds () in M at a point m € M with respect to the Kdihler metric g; 5(z,%)
with the complex lines

1 CTou=CN

through the origin 0 € CN with directions defined by d%’y(T)|o.

Proof: Let (2!, ...,2") be the holomorphic coordinate system on U intro-
duced in Definition 53. Theorem 54 implies that if we restrict the metric on the
line Tvg = [, we will get the following formula:

1
(95T = 0,5+ 6R1)0|T|2 + higher order terms, (60)
where R,, is the holomorphic sectional curvature in the direction
vg € Ty = CV.

Formula 60, Theorem 54 and the fact that the Kéhler metric gij(z,é) depends

real analytically on the holomorphic coordinate system (z!,...,2") on U imply
directly Corollary 56. l

Definition 57 The map defined in Cor. 56 we will be called the complex expo-
nential map in Kdahler Geometry.

7 Appendix II. Applications of Bishop’s Con-
vergence Theorem

We will prove the following Theorem following the arguments in [34]:

Theorem 58 Let
TN =K

and )

7N =K
be two holomorphic families of Kdahler manifolds over a complex manifold IC as a
parameter space. Suppose that both families can be identified with the C* trivial

family Kx Ny by some diffeomorphism ¢ isotopic to the identity. Let 0 € K be
a fized point. Let T,, € K be a sequence of points in KC such that

klir{:oTk = 79.
Suppose that for all k there exist biholomorphic maps
¢« Ny, =N,
such that ¢y, induces the identity map on H?(No,Z). Then N,, and N;O are

bimeromorphic
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Proof: For each 7, we have a biholomorphic map
i Ny, — Ny,
then the graphs of ¢, are submanifolds
[, C N, x N,
The idea of the proof is to show that
lim Iy = Ty € N, x Ny, (61)

k—o0

exists and from this fact to deduce Theorem 58.

Lemma 59 There exists a subsequence {k,} of the sequence {k} such that the
limit of the currents [, ]
lim [Ty, ] = [T'o]

n—00

exists, where Iy is a complex analytic subspace in N, X Ny,.

Proof: The proof of Lemma 59 is based on the following Theorem of Bishop.
See [8]:

Theorem 60 Let M be a complex analytic manifold and let [N,,] be a sequence
of complex analytic subspaces considered as currents in M. Suppose that h is a
Hermatian metric on M such that

vol(N,) < C

then there exists a subsequence of current [Ny, ] such that the limits of the cur-
rents
lim [N, ] = [No]

k—o0

exists and as a current [No| is defined by a complex analytic subspace Ny in M.

In order to apply Theorem 60 we need to construct a Hermitian metric h on
the complex manifold

M=N xN
K

and prove that the volume of the graphs I'y, of the isomorphisms ¢, are uniformly
bounded .

Construction of an Hermitian metric on M.

We assumed that ' — K and N — K are families of Kihler manifolds. So
we may we have two families of Kihler metrics w'!(7) and w]"' (1) respectively
defined on the fibres of N7 and N and the metrics depend on 7 € K in a C*
manner. Let

N
n=VoIS dri Adr
i=1

be a positive definite form on . The collection of forms w'(7), wi**(7) and 7
define a Hermitian metric H on M =N x N .
K
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Proposition 61 The submanifolds Ty, defined by (61) have a constant volume
with respect to the family of metrics wb(7) + w}’l(T) on Ny X Ny r, i.e.

vol(T'y) = ¢
for all k.

Proof: It is easy to see that

vol(Ty) = / (1@ (71) + W ()",

Ny

Remember that ¢} is the identity map on H?(N,Z). Here we are using the fact
that as C°° manifolds N = KxNy and N’ = K x Ny are diffeomorphic and
the diffeomorphism which acts fibrewise is isotopic to the identity on Vy. Using
this fact we see that the classes of cohomology of ¢f(w;" (14)) and w'!(7) are
fixed. Let us denote them by [w1] and [w] respectively. So we get that

/(aﬁZ(w}’l(rk)) +whl ()" = /([wl] + [W])2" = cp.

Ny Ny

Proposition 61 is proved. B
The end of the proof of Lemma 59: For a subvariety Z of pure codimen-
sion m in a complex manifold N;,, we denote by [Z] the current on N, defined

by Z. Now we can apply Bishop’s Theorem 60 and conclude that the sequence
of currents converges weakly to a current [I'g] in N, x N_ of the form

[Lo] = Zmi (L],

where m; are positive integers and I'; are irreducible complex analytic subspaces
in N, x N . Lemma 59 is proved B.

The end of the proof of Theorem 58: Any closed current [Z] on N, XN;O
defines a linear map:

[Z]. : H*(N. ,C) — H*(N,,,C)

T0?

between the cohomology rings of N;D and N, as follows: Let

o € H*(N, ,C),

then
[Z]. () := (pr2)« ([Z] A (pr1)”a)

where pr; are respectively the projections of N, x N{ onto the first and the
second factor and (pr1), and (pra2)” are the pushforward and the pullback maps.
Similarly we define a linear map

[Z]* : H*(N,,,C) — H*(N.,C).

T0?
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The map [I'o]. defined by the current [['g] clearly agrees with the map

klim [Fk] = klim id =1d = [Fo]*
on H**(N,C). From here we deduce that [[o], is the identity map on H?"(N, C).
This implies

[Tol (A" [wl]) = (pra)- (Z mi (T3] A (pm)*(A"[wH)) = A"wr).
Hence there must be some I'; among the components of which is projected both
onto Nj and N,. There can be only one I'; in I'g with multiplicity

m; = 1,

because both .

must leave fixed the class in HY(N,C) defined by the function 1. This implies
that the projection maps from I'; to N, and to N, have degree one. So N,

and N;O are bimeromorphically equivalent. Theorem 58 is proved. B

Theorem 62 Suppose that the map f: N, — N;O is bimeromorphic. Let L4

be an ample line bundle on N;O such that f*(L1) is also an ample line bundle
on Np,. Then f is a biholomorphic map.

Proof: Since )
f i Ny — N,

is a bimeromorphic map, there exist complex analytic subspaces Z; C N,, and
Zy C N, of codim > 2 such that

f:NyOZy — N, ©Z

is a biholomorphic map between those two Zariski open sets. From here it
follows that f*(L£) is a well defined line bundle on

U:=N,, 0Z%.

Since £; is an ample bundle on N;O, (£1)®™ will be a very ample bundle on
N;U for some positive integer m. Let

00,0k € HO(N;Oﬂ (’Cl)@m)

be a basis in HO(N;O, (£1)®™). Since (£1)®™ is a very ample line bundle then
09, ---, 0 define an embedding of N;O into P*. Clearly f*(oy),.., f*(or) will
define an embedding of the Zariski open set

Uy = NTO O Z1

42



in N;, into P*. Since Z; has a complex codimension > 2 Hartogs Theorem
implies that the sections

f*(ao)’ -ty f*(ak)

of the line bundle f*(£1)®™ are well defined holomorphic sections on N,,. We
assumed that f*(£;) is an ample line bundle on N, so we can choose m to be
large enouph to conclude that f*(£1)®™ is a very ample line bundle on N, .
From here we conclude that

z € Npy = (f*(00)(2), -, [* (o) (2))
defines a holomorphic embedding
¢: N C P*.

So we deduce that )
J i Nz — N

is an isomorphism. Theorem 62 is proved. B

Remark 63 The arguments that we used to prove Theorem 58 are similar to
the arguments used by Siu in [34]. These arguments were suggested by Deligne
to D. Burns and Rapoport.

8 Appendix III. Counter Examples to the Ana-
logue of Shafarevich Conjecture of CY Mani-
folds

Let us consider K3 surfaces on which there exists an automorphism o of order
two such that ¢ has no fixed points. Such algebraic K3 surfaces exist and the
quotient X/o =Y is an Enriques surface. It is a well known fact that o acts
on the holomorphic two form wx on the K3 surface X as follows:

" (wx) = —wx. (62)
Let us consider an elliptic curve
E,:=C/A,,

where
A ={m+nrim,neZ,7€Cand Imr > 0}.

We know that F, can be embedded in CP? and in one of the standard affine
open sets F. is given by the equation:

y? = 4z° + gox + g3, (63)
where

92(7) = 60E4(7) and g5(7) = 140E¢(7).
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E,(7) and Eg(7) are the Eisenstein series, i.e. for n > 2 Es,(7) are defined as

follows: )
Egn(’r> = — on-
(m,7;#070) (m +n7)

Let o1 be the involution defined on the equation (63)as follows:

O'l(x’y) = (—az,y).

Clearly o1 acts on E; and
E, /o1 = CP\. (64)

From (64) we obtain that o1 acts on the holomorphic one form

e
Y

dz,

on E. as follows:
o7 (dz;) = —dz,. (65)

Tt is very easy to see that (62) and (65) imply that the quotient of the product
XXE.Joxo; =M

will be a CY manifold. These CY manifolds are called Borcea Voisin manifolds.
From the theory of moduli of Enriques surfaces and of elliptic curves it follows
that the moduli space M(M) of M is isomorphic to

I'\b2,10 x PSL2(Z)\b.

For more detail about moduli of Enriques surfaces see [6]. Let X — C be a non
isotrivial family of K3 surfaces with an involution ¢ without fixed points acting
on the non singular fibres of the above family. In [18] it was proved that the set
D¢ of points in C' over which the fibres are singular is not empty. We will call
the set Do the discriminant locus.

Let E) be the family of elliptic curves:

y? =z(z —1)(z - \). (66)

Clearly (66) defines a family of elliptic curves over the projective line. Let us
denote it by ~
E — CP.
Let us take the product ~
X x E— C xCP. (67)

On the family (67) we can define the action of o and ;. By taking the quotient
we will get a family
Y — C x CP. (68)

44



of three dimensional CY manifolds over the product space C' x CP!. Clearly
that for fixed A € CP* and A # 0,1 & oo we can identify all curves

O)\:CX)\.

Moreover under this identification the discriminant locuses D¢y are identified

too.

This means that the discriminant locus of the family (68) satisfies:

Depr v = p1Depr + p3De.

So the family (68) is not rigid and gives a counter example to Shafarevich’s

conjecture.
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