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Abstract

It is a well known fact that the Kronecker limit formula gives an explicit
formula for regularized determinants of flat metrics on elliptic curves. It
established the relation between the regularized determinant of the flat
metrics on elliptic curves and their discriminants. This relation can be
interpreted as follows; There exists a holomorphic section (multivalued)
of the dual of the determinant line bundle such that its L? norm is equal
to the regularized determinant of the Laplacian acting on (0,1) forms.

In this paper we prove the existence of the analogue of the Dedekind
eta function for odd dimensional CY manifolds. The construction of the
generalized Dedekind eta function is based on the variational formulas
for the determinants of the Laplacians of a Calabi-Yau metric acting on
functions and forms of type (0,q) on CY manifolds obtained in the present
paper. We establish the existence of a holomorphic section of some power
N of the dual of determinant line bundle on the moduli space of odd
dimensional CY manifolds whose L? norm is the N*"* power of the reg-
ularized determinant of the Laplacian acting on (0, 1). This holomorphic
section of the determinant line bundle is the analogue of the Dedekind
eta function for odd dimensional CY manifolds. It is also proved that the
L? norm on the relative dualizing sheaf is a good metric in the sense of
Mumford. This implies that the Weil-Petersson volumes of the moduli
spaces of CY manifolds are rational numbers. When M is a CY threefold
we proved that the regularized determinant of the Laplacian acting on
(0,1) forms is bounded and the section ™ vanishes on the discriminant
locus.

*Partially supported by The Institute of Mathematical Sciences of The Chinese University
of Hong Kong.
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1 Introduction

In case of elliptic curves, it is a well known fact that the regularized determi-
nants of the Laplacians of flat metrics are related to the discriminant locus. In
this paper we established the relation between the regularized determinants of
Calabi-Yau metrics with the discriminant locus. The computation of the regu-
larized determinant in the case of the flat metric on an elliptic curve is based
on the Kronecker limit formula. It states that if

1
Bo)= X o
n,meZ&(n,m)#(0,0)

where 7 € C, Im7 > 0 and ’ means that the sum is over all pair of integers
(m,n) # (0,0), then E(s) has a meromorphic continuation in C with only one
pole at s =1 and

d
exp (= 5L B)ena ) = (imr)?
s
where 7 is the Dedekind eta function. In the case of elliptic curves

{E; =C/(n+ m7)|ImT > 0},

(2o

is the zeta function of the Laplacians of the flat metrics on the elliptic curves
E... The regularized determinant of the Laplacian is

the function

exp(— - B(s)1=0) = (Im7)* " (1)

where n?? is equal to the discriminant of the elliptic curve E,. The automorphic
function n?* vanishes at co and is equal to the discriminant of the elliptic curve.
The point co corresponds to an elliptic curve with a node. Thus the Kronecker
limit formula gives a relation between the spectrum of the Laplacian and the dis-
criminant of elliptic curves. In the case of the elliptic curves formula (1) has the
following interpretation. There exists a holomorphic section of the sixth power



of the dual of the determinant line bundle whose L? norm is the determinant of
the Laplacian of the flat metric acting on (0,1) forms. Moreover the existence
of such section implies the existence of a multivalued holomorphic section n* of
the determinant line bundle whose L2 norm is equal to the exponential of the
Ray Singer analytic torsion. (n*)® can be realized as a holomorphic section of
the 24" power of the determinant line bundle over PSLy(Z)\h. Notice that

6 = # (PSLy(Z)/[PSLa(Z), PSLa(Z))) .

This implies that the zero set of the exponential of the Ray Singer analytic
torsion is the same as the discriminant n?* in this case.

There is a simple non-formal explanation of the above mentioned interpre-
tation of the Kronecker limit formula. As we mentioned above, the spectrum of
the Laplacian of a Riemannian metric on a compact manifold is discrete. When
the manifold acquires singularities then the spectrum becomes continuous and
hence contains zero. This phenomenon suggests that when the metric ”degen-
erates” together with the manifold, then the regularized determinant vanishes
on the points that parametrize the singular varieties. The problem is how to
relate the spectrum of the Laplacian with the discriminant locus. The relation is
suggested by the theory of determinant line bundles on the moduli space, their
Quillen metrics and the Ray-Singer torsion as developed recently by Quillen,
Donaldson, Bismut, Gillet, Soulé and others.

The problem that we are going to study is to find the generalization of
the analogue of the Dedekind eta function for three dimensional CY manifolds
and to relate it to the discriminant locus in the moduli space of polarized CY
manifolds. To realize this program we need to work on the moduli space of
polarized CY manifolds. Tt is a well known fact that the moduli space M (M) of
CY manifolds is obtained by factoring the Teichmiiller space by an arithmetic
subgroup in the mapping class group of M that preserves some polarization
on the CY manifolds. According to [45] M (M) is a quasi-projective variety.
From the fact that the mapping class group is an arithmetic one, we can find a
subgroup of finite index in the mapping class group such that the quotient of the
Teichmiiller space by this group 9t (M) is a non-singular variety. 9ty (M) is a
finite covering of M(M). Over M (M) there exists a family of odd dimensional
CY manifolds.

In this paper we study the determinant line bundle over the moduli space
My, (M) of CY manifolds together with the Quillen metric associated with CY
metric with a fix class of cohomology of its imaginary part. We prove that
the determinant line bundle £ is trivial as a C**° bundle on the moduli space
of odd dimensional CY manifolds and that it is isomorphic to the dualizing
line bundle 7, (wx/m, ). Using this fact we construct a canonical C* non-

vanishing section det(0) of the determinant line bundle whose Quillen norm is

exactly the analytic Ray Singer torsion. We study the zero set of det(9d) on
some compactification My, (M) such that

M (M) oM, (M)=2



is a divisor with normal crossings. ® is called the discriminant locus. On the
relative dualizing sheaf m.wx /on, (M) We have a natural L? metric || ||* . One can
show that the metric || ||? is a good one in the sense that Mumford discussed in
[35]. From here we deduce that the determinant line bundle £ can be prolonged
in a unique way to a line bundle £ over M (M) by using the metric || ||? . In
order to generalize the Dedekind eta function we need to construct a section
n™ of some power of the dual of the determinant line bundle whose L? norm is
equal to the N** power of the regularized determinant det A, ;jof a CY metric
acting on (0,1) forms. To construct the section 7V we need to establish the
variational formulas for the regularized determinants of the Laplacians acting
on (0, ¢) forms. By the variational formulas of the determinants A, , we mean
to compute the Hessian of log A, ;. The method of the computation of the the
Hessian of log A, , in this paper is based on the method used in [14]. It is easy
to see that in order to compute

2
— log A,
drigrs oo

it is enouph to compute 9 _ log A_ , where A;q = A 4l 5+ - Following the

orioTI 79’
ideas in [14] it is not difficult to prove that the Hessian of the zeta function
Cr,q(8) is given by the formula:

02 C” (s) s /T 1 ( A )]__< 1,0 ¢—) 5 1dt
—] S) = =~ r ex — i O Q4 y
origri T4 I'(s) dmtn P T+l 75 J

0

where ¢; € H*(M,0) are Kodaira-Spencer classes viewed as bundle maps:
o 0= (M) - 0= (M)
F (q+1,¢;0¢;) is the map induced by
bio gy 0 (MG ) — ¢ (Mg
on C* (M,Qg/’[ﬁl) and restricted in Im 0. Let

1
1 , L o
Tr (47rt" exp <7tA7-7q+l> Flg+1,¢i0 (j)j)) = E Tt

k=—n

be the short time asymptotic expansion. It was pointed out in [14] that

2 B
— log A_, = «ag.
origrs oo T 0
In this paper we gave an explicit formula for «g. This can be viewed as the
generalization of the results in [24] and [27].




Based on the variational formulas we construct a section of the dual of the
determinant line bundle whose L? norm is equal det A, ;. Thus we generalize the
above mentioned relation between the regularized determinant of the Laplacian
of a CY metric acting on (0, 1) forms and the Dedekind eta function from elliptic
curves to odd dimensional Calabi-Yau manifolds. We show that the holomorphic
section 7V vanishes on the discriminant locus when M is a CY threefold.

The results in this paper are related to the results in [2]. In [2] a relation be-
tween the section 17 and counting elliptic curves on CY threefold was established
by using arguments from String Theory. It is a real challenge for mathemati-
cians to establish mathematically the results obtained in [2]. Some connections
between the results of this paper and those in [2] are established in [44].

The results and the conjectures stated in this paper are related to the results
in [22] and [23].

We discussed the problem of finding the relations between the spectral prop-
erties of the Laplacian of CY metric on K3 surfaces with the discriminant set
n [24], [25] and [27]. The results of these papers showed that the problem of
relating the spectral properties of the Laplacian acting on functions of a CY
metric on even dimensional CY manifolds is a very delicate one since the Ray
Singer Analytic torsion is zero. The analytic torsion for Enriques surfaces is
discussed in [22] from the point of view of String Theory and in [46] from a
mathematical point of view. The analogue of the Dedekind eta function for
Enriques surfaces was constructed in [8]. Its relations to the regularized deter-
minants of CY metrics on Enriques surfaces is discussed in [28]. Recently H.
Fang and Z. Lu obtained important results concerning the relations between
BCOV analytic torsion and its relations to Hodge and Weil Petersson metric.
See [16].

This article is organized as follows.

In Section 2 we introduce some basic notions about zeta functions of Lapla-
cians on Riemannian manifolds. We review the results from [43].

In Section 3 We review the basic properties of the Weil-Petersson metric
on the moduli of CY manifolds. See also [33].

In Section 4 we review some facts about the Hilbert spaces of the (0, q)
forms and their isospectral identifications which we used in the paper. We
also study traces the operators acting on the L? sections of some vector bundle
induced by some global C*° section its endormorphisms composed with the heat
kernel. We study the short term expansions of these operators and especially
the constant term of the expansion.

In Section 5 we establish the variational formulas for the zeta functions of
the Laplacians and its regularized determinants.

In Section 6 we review the theory of moduli of CY manifolds following
[31] and also metrics with logarithmic singularities on vector bundle following
Mumford’s article [35]. We prove that the L? metric on the dualizing line bundle
over the moduli space of CY manifolds is a good metric in the sense of Mumford.
This implies that the volumes of the moduli spaces of CY manifolds are rational
numbers.

We show that the determinant line bundle is isomorphic to the line bundle



of holomorphic n-forms on the moduli space 9, (M) and that the natural L2
metric on that bundle has logarithmic singularities. We will use the results of
the previous sections to deduce that we can prolong the determinant line bundle
to a line bundle on any compactification My (M) such that

M (M) eM(M)=2

is a divisor with normal crossings. We will show that there exists a holomorphic
section 7™V of some power of the prolonged determinant line bundle the support
of whose zero set is contained or equal to the support of ©. We will prove that
nY vanishes on ®.,, where ©., consists of those point in ®, around which
we can find one parameter family of polarized CY such that the monodromy
operator is of infinite order in the middle cohomology.

In Section 7 we recall the theory of determinant line bundles of Mumford,
Knudsen, Bismut, Donaldson and Soulé, following the exposition of D. Freed.
See [12] and [17]. We review the Quillen metric.

In Section 8 we construct a nonvanishing section det(0) of the determinant
line bundle £ over the moduli space M (M) of a CY manifold M of any di-
mension. Thus we prove that we prove that the determinant line bundle is a
trivial C*° bundle over the moduli space My, (M). In the case of odd dimensional
CY manifold we construct a C* section of the determinant line bundle whose
Quillen norm is the exponential of the Ray Singer Analytic torsion.

In Section 9 we show that the regularized determinants of the Laplacian of
CY metrics on CY threefolds acting on (0,1) forms is bounded on the moduli
space.

In Section 10 we show that we can prolong the canonical C* section det(9)
constructed in Section 9 to any compactification 9y, (M) such that

(M) © M (M) =D
is a divisor with normal crossings. We prove that the zero set of det(d) is
supported by an effective divisor contained in the discriminant locus ©. Based
on results of Kazhdan and Sullivan, we will prove that there exists a positive
integer N such that the N** power of the determinant holomorphic line bundle
is a trivial one over the moduli space M7, (M). Using this result we will construct

a holomorphic section 7"V of the determinant line bundle (Z)®N over M (M)
whose zero set is the same as that of the exponential of the analytic Ray Singer
torsion and supported by ©.

In Section 11 we discuss some conjectures and problems.
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2 Preliminary Material

2.1 Basic Notions

Let M be a n-dimensional Ké&hler manifold with a zero canonical class. Suppose
that H*(M,Oy) = 0 for 1 < k < n. Such manifolds are called Calabi-Yau
manifolds. A pair (M,L) will be called a polarized CY manifold if M is a CY
manifold and L € H?(M,Z)! is a fixed class such that it represents the imaginary
part of a Kéhler metric on M.

Yau’s celebrated theorem asserts the existence of a unique Ricci flat Kéhler
metric g on M such that the cohomology class [Im(g)] = L. (See [47].) From now
on we will consider polarized CY manifolds of odd dimension. The polarization
class L determines the CY metric g uniquely. We will denote by

AW =9 00+0008
the associated Laplacians that act on smooth (0, q) forms on M for 0 < ¢ < n.
9" is the adjoint operator of d with respect to the CY metric g.
The regularized determinants are defined as follows: Let (M,g) be an n-
dimensional Riemannian manifold. Let
Ay =dd* +d*d

be the Laplacian acting on the space of q forms on M. We recall that the
spectrum of the Laplacian A, is positive and discrete. Thus the non zero eigen
values of A, are

We define the zeta function of A, as follows:

Cals) =D A
i=1

It is known that {,(s) is a well defined analytic function for Re(s) > C, it has
a meromorphic continuation in the complex plane and 0 is not a pole of (4(s).
Define

der(8g) = exp (= 5 G )

The determinant of these operators A,, defined through zeta function regular-
ization, will be denoted by det(A,) .
The Hodge decomposition theorem asserts that

S~

(M, Q%) = Im(0) ® Im(d )

for 1 < g < dimg¢ M — 1. The restriction of A, on Im(g) will be denoted by A;
and A; =008 and the restriction of A, on Im(8") will be denoted by A,

and = 0 o 0. Hence we have

Tr(exp(—th,) = Tr(exp(—tA;) + Tr(exp(—tA;).

! Notice that H1'}(M,R) =H?2(M,R) since H?(M,0y) = 0 for CY manifolds.



This implies that
Cals) = D A" = Gol) + Gy (5),

k=1

where A; > 0 are the positive eigen values of A, and C;(s) & C; (s) are the

zeta functions of A; and Aq From here and the definition of the regularized
determinant we obtain that

log det(A,) = log det(A;) + log det(A,).

It is a well known fact that the action of A:Z onImd is isospectral to the action
of A;H on Im 9, which means that the spectrum of A, is equal to the spectrum
of A,i1. So we have the equality

det(A)) = det(A, ).
Let f be a map from a set A to a set B and let g be a map from the set B to
the set C, then the compositions of those two maps we will denote by fog.

2.2 Basic Notions about Complex Structures

Let M be an even dimensional C* manifold. We will say that M has an almost
complex structure if there exists a section

IeC®M,Hom(T*,T")

such that I? = —id. T is the tangent bundle and T* is the cotangent bundle
on M. This definition is equivalent to the following one: Let M be an even
dimensional C* manifold. Suppose that there exists a global splitting of the
complexified cotangent bundle

T* ® C — Ql,o @ QO,I’

where Q01 = Q1.0 Then we will say that M has an almost complex structure.
We will say that an almost complex structure is an integrable one, if for each
point z €M there exists an open set U CM such that we can find local coor-
dinates z!,..,2", such that dz!,..,dz" are linearly independent in each point
m € U and they generate Q19| .

Definition 2 Let M be a complex manifold. Let
¢ € (M, Hom(2"°,0%1)),
then we will call ¢ a Beltrami differential.

Since
(M, Hom(Q"%, Q%)) « T(M, Q% @ TH0),



we deduce that locally ¢ can be written as follows:

— 0
— B¢
P = ¢2dz" @ 5.7
From now on we will denote by A, the following linear operator:
id  o(r)
Ay = — .
’ ( o(r) id )
We will consider only those Beltrami differentials ¢ such that det(A,) # 0. The

Beltrami differential ¢ defines an integrable complex structure on M if and only
if the following equation holds:

30 = 510,9). @

where

b= % (Z (¢%(@~¢%)—¢%<6u¢g>)>%a@6®dj ®)

rv=l1Za<p<n \p=1

(See [30].)

2.3 Kuranishi Space and Flat Local Coordinates

Kuranishi proved the following Theorem:

Theorem 3 Let {¢;} be a basis of harmonic (0,1) forms of HY(M, T*°) on
a Hermitian manifold M. Let G be the Green operator and let ¢(71,..,7V) be
defined as follows:

N
o) = Y our' 50 GO T 0

There exists € > 0 such that if
= (.., )

satisfies |7;| < & then (11, ..., 7™) is a global C™ section of the bundle Q% ®
TH0. (See [30].)

Based on Theorem 3, we proved in [43] the following Theorem:

Theorem 4 Let M be a CY manifold and let {¢;} be a basis of harmonic (0,1)
forms with coefficients in T1°, i.e.

{(bz} € Hl(Mv Tl’o)a

10



then the equation (2):
= 1
06 = 5 10.0)

has a solution in the form:

N
¢(T1,...,7‘N)=Zd)i7'i+ Z ¢1NTIN=
i=1

[In|22

N
A

S0+ 50 GO ), 0 TV))

i=1
and .

0 (;5(7’1, ceny TN) = 0, ¢[NJwM = 81/}1N
where Iy = (i1,...,in) s a multi-index,
b1y € C°(M, Q% @ THO), 71y = (r8yin  (7N)in
and if for some € > 0 |7%] < ¢ then
¢(1) € C(M, Q" @ T'?)

where i = 1,...,N. (See [42] and [49]) .

It is a standard fact from Kodaira-Spencer-Kuranishi deformation theory
that for each
_ (1 N
T=(,.,7)€eK

as in Theorem 4 the Beltrami differential ¢(7?,...,7V) defines a new integrable
complex structure on M. This means that the points of K, where

K:{r= (7'1, ...,TN)HTi| <e}

defines a family of operators d, on the C* family K x M — M and 0, are
integrable in the sense of Newlander-Nirenberg. Moreover it was proved by
Kodaira, Spencer and Kuranishi that we get a complex analytic family of CY
manifolds

T X — K,
where as C'°° manifold
X < K x M.
The family
T: X - K (5)

is called the Kuranishi family. The operators 0, are defined as follows:

11



Definition 5 Let {U;} be an open covering of M, with local coordinate system
in U; given by {zF} with k = 1,...,n =dimc M. Assume that ¢(71,...,7V)
given by:

" 0
(! Z ) dz ® 9k
7,k=1
Then we define
- 0
)k
-2 (6 M) g (6)

k=1

%Hm

Definition 6 The coordinates 7 = (%, ...,7) defined in Theorem 4, will be
fized from now on and will be called the flat coordinate system in K.

2.4 Family of Holomorphic Forms
In [43] the following Theorem is proved:

Theorem 7 There exists a family of holomorphic forms w, of the Kuranishi
family (5) such that

([wr], [wr]) =
172 <w04¢i,w04¢j) TigﬂLZ <w0_l (¢z A (f)k) ,Wod (qi)j A ¢l)> TingﬁqLO(TS) =
1- ZTZT_J + Z (woa (¢i A 1) swoa (b5 A ) T riThrl + O(7°) and
([wr], lwr]) < {[wol; [wo]) - (7)

3 Weil-Petersson Metric

3.1 Basic Properties

It is a well known fact from Kodaira-Spencer-Kuranishi theory that the tangent
space Tr x at a point 7 € K can be identified with the space of harmonic (0,1)
forms with values in the holomorphic vector fields H*(M,,T). We will view

each element ¢ € H'(M,,T) as a point wise linear map from Qi/l[’ro) to Q%&’j).
Given ¢1 and ¢o € HY(M,,T), the trace of the map

¢10 ¢y O 1) Qi‘};”

at the point m €M, with respect to the metric g is simply:

Tr(¢1 0 d2)(m Z Oy 9" grm (8)



Definition 8 We will define the Weil-Petersson metric on K wvia the scalar
product:
< rry >= / Tr(¢1 0 F2)vol(g). (9)

M

We proved in [43] that the coordinates

as defined in Definition 6 are flat in the sense that the Weil-Petersson metric is
Kéhler and in these coordinates we have that the components g, = of the Weil
Petersson metric are given by the following formulas:

9;7=10,7 +RZ§ZETIT’€ +0(73).

Very detailed treatment of the Weil-Petersson geometry of the moduli space
of polarized CY manifolds can be found in [32] and [33]. In those two papers
important results are obtained.

3.2 Infinitesimal Deformation of the Imaginary Part of
the WP Metric

Theorem 9 Near the point T = 0 of the Kuranishi space K, the imaginary
part Im(g) of the C'Y metric g has the following expansion in the coordinates
o= (rl, ..., mN):

Im(g)(r, 7) = Im(g)(0) + O(7?).

Proof: In [43] we proved that the forms

0F =d2* + Y (¢, .., 7V)E) dat (10)
for
k=1,.,n

form a basis of (1,0) forms relative to the complex structure defined by 7 € K
in U CM. Let

Im(g;) = V=1 > g, 1(r.7)0%5 n6L (11)
1<k<i<n

and
91.1(7.7) = 9,70 +Z((gkl ). 7+ (950).7) 0@, (12

We get the following expression for Im(g,) in terms of dz* and dzJ, by substi-
tuting the expressions for 0% from (10) and the expressions for g, ;(7,7) from
formula (12) in the formula (11):

13



Im(g,) = V-1 G (T, T)OENOL | = /1 Z gkj(O)dzk AN |+

N n
V-l Z T ((9k,i(1)> ) dz* N d2t + Z (gk,m? — gl,m%)dzk A dzl>
1<k<I<n ¢ : ;

i=1 m=1

N n
+\/%_1 ;; Z <(9k,i(1))i dzk A d2t + (Z:: (gk,m@ - gum@)dzk A dzl>

1<k<I<n m=1
On page 332 of [43] the following results is proved:

Lemma 10 Let ¢ € H' (M, T ) be a harmonic form with respect to the C'Y metric
g. Let

- —k 0
Olo= ) dpde @5,
k=1
then . .
ORI =D 9% 91 = D91 05 = G
j=1 j=1

From Lemma 10 we conclude that

m=1

From (13) we get the following expression for Im(g,):

Im(g,) =+v—1 Z gkj(O)dzk ANdZt | +

1<k<I<n

V-1 ZN:T > (gmu))idz’mﬂ +

1<k<i<n

N
(YA Y (gkj(l)) dzk Ad2 | +0(2) (14)

i=1 1<k<I<n !

Let us define the (1,1) forms v; as follows:

bi=vV=1| Y (gk’z(l))i dzF A d2t (15)

1<k<i<n

14



We derive the following formula, by substituting in the expression (14) the
expression given by (15):

N N
Im(g,) =Im(go) + Y _ 7' + »_ mithi + O(r?) (16)
=1 =1

From the fact that the class of the cohomology of the imaginary part of the CY
metric is fixed, i.e.

[Im(g7)] = [Tm(go)] = L,

and (16) we deduce that each 1); is an exact form, i.e.
¥ = V=109 f;, (17)

where f; are globally defined functions on M. Our Theorem will follow if we
prove that ; = 0.

Lemma 11 ¢; = 0.
Proof: In [43] we proved that
det(gr) = A" Im(g,) = det(go) + O(2) (18)

in the flat coordinates (71,...,7"V). We deduce from the expressions (16) and
(17), by direct computations that:

N —
det(g,) = det(go) + \/leTZ Zgl’kﬁka(ﬁ) +

i=1 k,l

N
%ZF > g F0ai(fi) | +0(2). (19)

i=1 k.l

Combining (18) and (19) we obtain that for each i we have:
S gradufi) = Afi) =0,
k.l

where A is the Laplacian of the metric g. From the maximum principle, we
deduce that all f; are constants. Formula (17) implies that t¢; = 0. Lemma 11
is proved. W

Theorem 9 follows directly from Lemma 11. Theorem 9 is proved. B

Corollary 12 The imaginary part Img, of the CY metric is a constant sym-
plectic form on the moduli space My, (M), i.e.

d
 Tm(g,) = 0.
dTm(g) 0

15



Corollary 13 The following formulas are true:

0 0
3_7'1' (57) =0 and o

(0;)" = 0. (20)

Proof: We know from Kihler geometry that (9,)* = [A,,d,], where A, is
the contraction with (1,1) vector field:

V-1 - PRATIAY Nk *
k=1
on M, and (0L)* is (1,0) vector field on M, dual to the (1,0) form
N on i
0 = dz' + 3P (3 ()i T).
j=1 k=1

Cor. 12 implies that

On the other hand, @, depends antiholomorphically on 7, i.e. it depends on
T = (7'_17 7W)
So we deduce that:

o . B B
S (@)7) = (15 (00,01 + [Ars 5 -00)]) =0,

Exactly in the same way we prove that

G}
87'2'

(8,)" = 0.

Corollary 13 is proved. B

4 Hilbert Spaces and Trace Class Operators

4.1 Preliminary Material

Definition 14 We will denote by Laq(lm@*)) the Hilbert subspace in L*(M,Q(0:9))
which is the L? completion of 0% exact forms in C=(M,QOD) for ¢ > 0.
In the same manner we will denote by L3, 1(Im(d)) the Hilbert subspace in
L2(M,Q%2’q_l)) which is the L* competition of the 8 exact (1,q — 1) forms in
C®(MQN9=D)) for g > 0 . All the completions are with respect to the scalar
product on the bundles QP? defined by the CY metric g.

16



Let ¢(71,..,7 ) be the solution of the equation (2):

by Theorem 4. From Definition 2 of the Beltrami differential, we know that the
Beltrami differential ¢(7!,..,7"V ) defines a linear fibrewise map

QS(Tl, ...,TN) -0, 01,

So
o(rh, .., 7N) € (M, Hom(Q{;”, Q0Y). (22)

Definition 15 We define the following maps between vector bundles
¢ Nid: QLD 000

as

é(dz" A a) = p(dz) A

for each 1 < g < n. Clearly each fibre wise linear map ¢ Aidq—1 defines a natural
linear operator

F(q,¢) : L2(M, Q%D — L2(M,Q09)

between the Hilbert spaces. The restriction of the linear operator F(q,¢) on the
subspace

Im(9) c L*(M, Q{7 1))

to
Im(9) c L*(M, Q\09)

will be denoted by F'(q,p). The restriction of the linear operator F(q,¢) on the
subspace

Im(9*) c L2(M, Q5" Y))
to ., ©0.)
Im (a ) c L2(M, %)
will be denoted by F" (q,¢). Let ¢ and 1 be two Kodaira Spencer classes and let
9o : LA (M, Q") — L2(M, Q")

be fibrewise linea map given by

— - —a—-—7 _ 0
o] = [e) — ﬁ J—
douly = Y (boT)5d7 @ —. (23)

a,f=1

We define the fibrewise bundle maps

(po) Nidg—1 : QU — Q4 (24)

17



as follows:

n —

(6o0) nidy 1) @)= | Y (poD)FaT o= |w, (@9
a,f=1

where 1 means contraction of tensors and w is some global form of type (0, q)
on M. We will define for the linear operators

F (4,6 00) : L 4(Im(@)) — L3 ,(Im(d)) (26)
and . - B B
F(a.d0%): L ,(Im(9)") — L§ ,(Im(9)") (27)
as the restriction of the operators ((¢ o 1) Nidg—1) on Laq(lm@)) and L%yq(Im(E)*)

respectively.

Remark 16 It is a standard fact that we can choose globally O closed forms
w1, ...,wn of type (0,q) such that at each point z €M they span the fibre Qa/’[‘fz.

We can deduce directly from the definitions of the operators F'(q, ¢), F'(q,p00)
and F (q,v o ¢) and the existence of the forms wi,...,wn that the operators
F'(q,9),F (g, ¢ 09) and F (q,¢ o @) pointwise will be represented by matrices

of dimensions (Z), (Z) and n x (qfl).

4.2 Trace Class Operators (See [7].)

Let H be a Hilbert space with a orthonormal basis e;. An operator A is a
Hilbert-Schmidt operator if

2 2 2
1AI7s = D 1Aell” = [(Aei,e)|* < o0
i

j

is finite. The number ||A||?{S is called the Hilbert-Schmidt norm of A. If A is a
Hilbert-Schmid so is its adjoint A* and

2 2
HAHHS = ||A*||HS :

If U is a bounded operator on H and A is an Hilbert-Schmidt, then U o A and
Ao U are Hilbert-Schmidt operators and

|U o A”HS <[Ao U”HS .

In this paper we will consider the Hilbert spaces of the square integrable
sections of the bundles Q3¢ ® |AM|1/2 on M, where |Ay| is the trivial density
bundles generated by the volume form of the CY metric.

An operator K with square-integrable kernel

k(w,z) € Tpe (M x M, (Qggl ® [Au|2 RO ® |AM|1/2)>

18



is Hilbert-Schmidt, and

K= [ Tr(bw) bw.2). (28)

(w,z)eEMXM

Formula (28) follows from the definition of the Hilbert-Schmidt norm

2 2
1K |5 =D [(Keieg)|™
ij
An operator K is said to be trace class if it has the form A o B, where A and
B are Hilbert-Schmidt. For such operators, the sum

TrK = Z <K€i, €i>
i

is absolutely summable and Tr K is independent of the choice of the orthonormal
basis in H and is called the trace of K.

4.3 Heat Kernels and Traces

In this subsection we study the traces of operators which are compositions of the
heat kernel with operators induced by endomorphisms of some vector bundle.
We will use some of the results from [14] and will adopt them to our situation.

Let h be a metric on a vector bundle F over M. Let Ay be the Laplacian on
E. Tt is a well known fact that the operator exp(—tAp) can be represented by
an integral kernel:

kp(w, z,7) = Zexp (—tXj) ¢5(w) ® 5(2),

where A\; and ¢; are the eigen values and the eigen sections of the Laplace
operator Ay on some vector bundle E on M. k;(w, z,7) is an operator of trace
class. We know that the following formula holds for the short term asymptotic
expansion of Tr (ki(w, z,T))

o o
Tr (ky(w, 2, 7)) = tn" +.+ Tl +ap +O(t).

Let E be a holomorphic vector bundle over M, let ¢ € C°>°(M,Hom(E, E)). It

is easy to see that the operator exp(—Ap) o ¢ is of trace class and its trace has

an asymptotic expansion

B-n(9)

B-1(9)
tn * t

Tr (ke(w, 2,7) 0 ¢) = + . + Bo(9) + O(t) (29)
according to [7]. We will study the following problem in this section:

Problem 17 Find an explicit expression for Bo(¢).
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Definition 18 We define the function k%(w, z,t) in a neighborhood of the diag-
onal A in MxM as follows: Let p, be the injectivity radius on M,. Let d,(w, 2)
be the distance between the points w and z on M, with respect to CY metric
gr. We suppose that || < e. Let § be such that 6 > p,. Then we define the
function ki (w, 2z, t) as a C*° function on Mx M using partition of unity by using
the functions

J L exp (—dz(w’z)) if dr(w,z) <p
kf(w,z,7) = (4mt) 2 4t TAT T

(30)
0 if dr-(w,z) > 0.

defined on the opened balls around countable points (wg, zi) on MxM with in-
jectivity radius pr.

Let E be a holomorphic vector bundle on M with a Hermitian metric A on
it and let P, (w, z) be the parallel transport of the bundle E along the minimal
geodesic joining the point w and z with respect to natural connection on F
induced by the metric h on E. It was proved in [7] on page 87 that we can
represent the operator exp(—tAy) by an integral kernel k;(w, z, 7), where

ky(w,z,7) = kf(w,zn‘) (Pr(w, z) + O(1)) (31)
and

Ah = 52 05.

Definition 19 We will define the kernel kf(w, z,T) as the matriz operator de-
fined as follows

Ef (w,z,7) = kKl (w, 2, 7) Py (w, 2). (32)
So we have the following formula
ki(w,2,7) = K (w,2,7) + &y (w, 2,7). (33)

Let us define

Ti(p,7) := /Tr ((kfj2(w, z, 7'))* ) (szjg(w, z,T)o qi))) 00l () - (34)

M

Proposition 20 We have

tli_r)%/Tr (e¢(w, 2,0) 0 @) vol(g)y = 0. (35)
M

Proof: The definition 19 of k¥ (w, 2,t) and the arguments from [14] on page
260 imply that eq(w, z,t) is bounded and tends to zero away from the diagonal,
as t tends to zero. From here we deduce that

lim [ Tr (c4(w, 2,0) 0 ) vol(g)u = 0

M

uniformly in z. Proposition 20 is proved. B
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Lemma 21 Let E be a holomorphic vector bundle over M, let ¢ € C*°(M,Hom(E,E)),
then
tlin%Tt(qS, T, %)

exists and
}%Tt(¢v T,Z) = TT(¢|Ez) (36)

Proof: We have:

}ii%'rt((b, 0,2) = }EI})/TT ((k‘f/;(w, z,7)>* o (kij(w, 2,T)o ¢)) vol(g)w =
M

/Tr (exp (—M> o Po(w, 2)* o Po(w, 2) o ¢) vol(g)w

lim =
t—0 \ (4rt)2 4t
M
(37)
Using the facts that
. 7 (w, 2)
}gr(l) exp (_T> =4(z —w), (38)
lim Py (w, z) = id (39)
and the explicit formula (37) for T¢(¢, 7, 2) we obtain that
hmTt (p,7,2) = /Tr o p)vol(g), = Tr(¢|s.). (40)
M

Lemma 21 is proved. B

Theorem 22 Let p € O (M7 (Q?\}[q) ® Q?\’f) then the operator exp(—tAp)od

fort >0 is of trace class and its trace is given by the formula;
Tr (exp(—tAp) o ¢) =
[xiom 2wl + a0, (41)

M

where the short term asymptotic of ®(t) is given by

o(t)= Y “E o). (42)

21



Proof: The proof of Theorem 22 is based on the facts that

exp(—tAp) o ¢ = exp (;Ah> O exp <;Ah o ¢> ) (43)

and the operators

exp (—%Ah> and exp (—%Ah o ¢)

can be represented by C* kernels ki (z,w,t) and kg(z, w,t).

As we pointed out the operators defined by the kernels k1 (z, w, t) and kg (2, w, t)
are Hilbert-Schmidt operators. Thus since the operator exp(—tAy)o¢ is a prod-
uct of two Hilbert-Schmidt operators it is of trace class. On the other hand the
definition of the trace of the operator exp(—tAy) o ¢ implies that

T'r (exp(—tAp) o @) = <6XP (_%Ah) * , €Xp (—%Ah) o ¢> =

/ Tr ((k1(z,w,t))" 0 ky(z,w,t)). (44)
(z,w)eMxM

From the definitions of the function Y¢(¢, 7, 2) and the operator &;(w, z,7) we
deduce that

Tr (exp(—tAp) o ¢) =

/ / (kja(w, 2,7))" 0 (ke 2w, 2, 7) 0 8) vol(g)w | vol(g)s =

M M

/ T, (6,7, 2)vol(g)-+
M

/ (M/Tr ((st/z(w, 2, 7—))* o kf;2(w, z,T)o QS) vol(g). | vol(g).+

M
/ (M/Tr (k‘z%(w, 2,T)0gyya(w,2,7) 0 qﬁ) vol(g)w | vol(g).. (45)
M

Lemma 23 Let

Dy (t) := / /TT ((Et/g(w, ,z77-))* o kZ%(w, z,T)o qb) vol(g)w | vol(g).

M

and

wa(t)i= [ | [1r (Kl zim) 02w zir) 0 6) vollg), | wollg). (40
M M

22



then we have

No>0 b Ny >OC
—k —k
i)=Y — T O(t) and ®5(t) = > - +O0(). (47)
k=1 k=1
Proof: Let
REy (w, 2)
—k )
Ky (w,2,7) = ) — 5 +Bo(w,2) + > Bi(w, 2)t* (48)
k=1 k=1
be the short term asymptotic expansion of the operator k;fjg (w, z, 7). We know
that
2lgin(l)et(w, z,7)=0 (49)

away from the diagonal A CMxM. Combining (48) and (49) with the definitions
of operators kfj2(w7 2,T) 0 gga(w, 2,7) 0 ¢ and (Et/g(’w7 Z, T))* o kt’%(w, z,T)o¢
we obtain that

kﬁz(w,zm) ocyp(w,2,7)0 =

Nop>0

B_i(w,z)oero(w, z,7) 0 ¢
Z k( ) 222( ) +Bo(w,z) Oat/g(wyzaT) O¢+O(t) (50)
k=1

and
(et/2(w,z,7))" 0 k:f;z(m z,T)o¢d =

Np>0 *

ero(w,2,7)) o B_i(w, z *
S ol T) 0B M0D) (o w,2m) o Ba(wz) +00). (51)
k=1

Combining (50), (51) with (49) we get that
limBo(w, 2) 0 &2, 2,7) 0.6 = lim (12w, 2,7))" 0 Bo(uw, ) = 0

away from the diagonal. From here we we obtain that

lim | Tr (Bo(w, z)o &/2(10, 2,T)o ¢) vol(g) =0

t—o0o

M
and
lim [Tr ((5t/2(w, z,T))* o By (w, z)) vol(g) = 0.

t—o0
M
Lemma 23 is proved. B

Theorem 22 follows directly from Lemma 23 and (45). W
Theorem 24 We have the following expression for By(¢) from (29):

Bo(6) = lim [ X4(6, 7, z)vol(g). = / Tr(g)vol(g). (52)

t—0
M M

Proof: Theorem 24 follows directly from Theorem 22, Lemma 21 and the
definition of T¢(¢,7,2). B
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4.4 Explicit Formulas
Theorem 25 Let F (¢, po 1) be given by the formula (26). Then fort > 0 and
q¢> 1 the following equality of the traces of the respective operators holds
—1 .
T (exp ((<t,-1) 08 0 F (g,000)09)) =
Tr (exp (<t2,) o (F (¢.909))) (53)

Proof: From Proposition 2.45 on page 96 in [7] it follows directly that the
operators

exp(—tA]_)od o F (¢,60%)0d, exp(—tA,)oF (¢,¢0 )

are of trace class since the operators exp(—tA’;fl) have smooth kernels for ¢ > 1.
We know from Proposition 2.45 in [7] that we have the following formula:

Tr(DK) = Tr(DA) (54)

where D is a differential operator and A is an operator with a smooth kernel. By
using 54 and the fact that the operators A, and 0 commute we derive Theorem
25. Theorem 25 is proved.

Remark 26 From Definition 15 of the operator .7-",(q7 @; o qﬁ_j) and Remark 16
we know that it can be represented pointwise by a matriz which we will denote
by F (q, (¢i0 ;). Since k¥ (z,w,0) is also a matriz of the same dimension as
the operator F (¢, ¢; o ¢;) we get that the operator k¥ (z,w,0) 0 F (¢, ¢; o @;)
will be represented pointwise by the product of finite dimensional matrices. So
the integral

/Tr ((kf;z(z,mo))* o kf;2(z,w,0) oF (g, ¢ 0¢_j)) vol(g)
M

makes sense for t > 0.
Theorem 27 Let

1 (1 000 5)) -

%ﬁod’_ﬂ')Jr...JrMJrﬂo(@W_j)JrO@ (55)

be the short term asymptotic. Then the following limit

lim /Tr ((kfj2(z,w, O)>* o kf;Q(z,w, 0)o F (g, ¢; 0 qﬁ_j) vol(g)w | vol(g)

t—0
M M
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exists and

Bo(¢i 0 ¢5) =

lim ( [ ((Kae0.0) o by 0) 0 F (0.6:05)) voz<g>w) vol(g) =
M

M

/Tr (.7:/ (g, o¢_j)) vol(g) < oo. (56)

M

Proof: Formulas (41) and (42) in Theorem 22 imply that
Bo(@i 0 6;) = lim / T(F (¢, 61035) .7, 2)vol(g)-
M

Theorem 24 imply that

Bo(¢i o pj) = tlijrg)/Tt(f/ (q,0i0¢;),7,2)vol(g): =
M

T (F (g, 61067)) |- (57)
Formula (57) implies formula (56) . Theorem 27 is proved. B

5 The Variational Formulas

5.1 Preliminary Formulas

Lemma 28 The following formulas are true for 1 < q¢ < n:

0 —
] (07) [r=0 = —F(g,¢:) 0 0 (58)
and 5
= (0r) |r=0 = —F((LE) 0. (59)
ot

Proof: From the expression of 0, given in Definition 5:

7 5 EN En k m 2
o= 927 - m=1 (k—l<¢m)] 0 k) rom
we conclude that
i (8_) lr=0 = — EN (¢)Ei (60)
ort N = REGP

Formula (59) is proved in the same way as formula (60). Lemma 28 follows
directly from Definition 15 of the linear operators F (¢, ¢) and F" (g, ¢). B
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Corollary 29 The following formulas are true for 1 < q¢ < n:

O /s — .
or ((67 ° 87) |Imi*> [r=0 = =8¢ ,000  ©F(q,:) o b,
3 . o
ort ((8‘/‘ © 87') |Ima*) |7'=0 = _AO,q © 8O © F(Qv qbl) 00
and
o /- . L o
o (AW) reo = — Dy g 005 0 F (g +1,6:) 0 Dy, (61)

Proof: From the standard facts of Kéahler geometry we obtain that on Im 9
in Q%7 we have

o= beobe =T, N
We know from (58) and (59) that
0 , P 5
W (aT) |T:0 =-F (q + 1’¢j) °© a’ % (AT) ‘T:O = % (87') |‘r:0 =0. (63)

Combining (63), (62) and the fact that

0 (377*) lr—0 =0

ari
we obtain:
o - e
o (Am) o= 55 (aT 0 aT) limo =30 o F (q+1,0;) 08y  (64)
Thus on Im & we have i .
or = A, 00, . (65)

Substituting (65) in (64) we get
0

ari

((Arg)) lrmo = =070 87 "o F'(q+1,65) 0 0.

In the same way we prove the rest of the formulas. Corollary 29 is proved. B

5.2 The Computation of the Antiholomorphic Derivative
Of C’r,q—l(s)

First we will compute the antiholomorphic derivative of CTq(s)

Theorem 30 The following formula is true for t > 0:
0
ort

1
s

I'(s)

0

26
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Proof: For the proof of Theorem 30 we will need the following Lemma:

Lemma 31 The following formula is true fort >0 and 0 < g <n:

5‘ (Tr(exp <—tA;1q)) lr=0 =

or?
tTr (exp (—tﬁqu) o A;q 00 ' oF (q+1,4:)0 5) l-=o0- (66)

Proof: Direct computations based on Proposition 9.38. on page 304 of the
book [14] show that:

ai (Tr(exp (ftA;,q)> lr=0 = —t <exp (ftA;7q> o % (A;q)> lr=0. (67)

See also [7] page 98 Theorem 2.48. Formulas (58) and (59) in Lemma 28 imply

that _
0

_(0,)=—F (¢+1,¢:(1)) 00 (68)
ort
and on Im 9" we have
0 0 — 0 — 0 ,—
or) = - (Ao d;) = =A Or + A - (9;) = 0. 69
aﬂ‘( ) 871( ° ) (87'1)0 OE)TZ( ) (69)

The last equality follows from Cor. 28 and 13. On Kahler manifolds we know
that I
0"00+000"=0 00+000 .
So we deduce that
A‘r',q = (a;k ° 87’ + aT o a;k) |Ima* = a;k ° aT|ImI*'

Thus from formulas (68) and (69) it follows:

) . ) , _
— (AW> - (a: 0 (@)) = 9 o F (q+1,6:(1)0d.  (70)

By substituting in (67) the expression from (70) we obtain:

O (rr(exp (~t27,)) lrmo =

ort

tTr (exp (ftA;) 00 o F (q+1,¢;) 0 6_0) . (71)

The operator 9= is well defined on the space of C* (0,q) forms on M. So the
following formula is true on Im 5i:

0 = (Dy )0 (0:)7" (72)
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Substituting the expression for 97 in formula (72) in (71), we deduce formula

(66) :

% (Tr(exp (—tA;T)) lr=0 =

tTr (exp (—tA:)’q) o A;’),q 0 Yo F (q+1,%) 05) .

Lemma 31 is proved. B

The end of the proof of Theorem 30: The definition of the zeta function

implies that

% (Cary () brmo =
5_ L DOTr ex (ft(A;q) tsldt) o e
or? (F(s)o/ < P 7 > 0

Substituting in (73) the expression for

D (rr eor(-4(857,)
in (66) we obtain:
2 (ca, ) om0 =
1 OOT e e 91 F’ 1.9 0d) t5d
ﬂ/ T((eXp(_t( 0.9)) © (Dog) 007 0 F (g+1,¢;)0 )t £,

0
Theorem 30 is proved. W

5.3 The Computation of the Hessian of C;q(s)
Theorem 32 The following formula holds:

37-?% (qu(8)> lr=0 =

% 7Tr ((exp(*t(Ag7q)) o F (q+1,6;0 E)) -
0

2

7% 7TT <<eXP(t(A;,q)> oF (q+ 1,650 E)) 514t
0

28
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Proof: The facts that the operators

0

50 (87) = (=i +O(1)) 0 8o

depend holomorphically on 7 and the operator 9-! depends antiholomorphically
imply that the operator

07 o Fl(q+1,81) 0 0
depends antiholomorphically on the coordinates 7 = (71, ...,7"V). By using the

explicit formula (74) for the antiholomorphic derivative of ¢, 4(8) and

0 (8;10F'(q+1%)oa*o) =0

ori

we derive

82

ATioT

1 7 B ) . B / NN
e /Tr ((—aﬂ, exp(—1 (AT,QD o (8rg) 007 0 Flg+1,80) 0 ao> t°dt+
0

(Cra(s)) =

17 . P o o
m /Tr ((exp(_t(AT,q)) o 57 (AT’Q o 0, Lo F (g+1,0;)0 &)) £ dt.
0

(76)
Lemma 33 We have the following expression:

% /DoTr <(887J (exp(—t (AT,J)) o (ATQ) 0d; o F/(q +1,%) 03—0> St —

0

»

ﬁ 7T7" ((exp(—tﬁg,q> o % (A;yq) o 8;1 oF (q+ 17E) ° 5_0) t5dt. (77)
0

Proof: Direct computations show that

r(ls) (7% ((% (exp(—t (&g))) o (A;q> 00 o F (g+1,8) oa_0> Mt) o =
0
i (G (5 (et (20)) ) leoo s o F la 1,50 0 ) )

(78)
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By integrating by parts the right hand side of formula (78) we deduce that:

i | (e (3 (o (02)) oo 1300 -
0

% 7Tr <(88Tj (exp(ft (ATq))> lrm00 05 0 F'(q+1,8;) 0 6_0) =t

(79)
Direct computations of the right hand side of (79) show that:

$ 9 ! —1 ! TN T\ s g
) /Tr <(% (exp(—tAT,q)) lr=000y o F (g+1,¢;) 080>t dt =

s [ 0 ” 1 — ) s
() /TT ((exp(—tAqu) 53 (AT’q) lr=000y o F (¢g+1,¢;) 0 8()) todt.
0

Formula (77) is proved. B
Substituting in (76) the expression

ﬁ 7Tr <<% (exp(—t (Aw))) ° (A;?q) 00 o F(g+1,0:) 0 a_0> #5dt
0

from (77) we get:

0? ”
%87'7’ (qul,T(S)) ‘T:O —
17 . 9, . o N

ol <((6XP“%) °ori (Am)> =000 0 F (g +1, 1) 0 ao) dt+

0
—8 7 » 8 N . , o B )
@ /Tr <(exp(t (Aﬁq>) o 5.7 (Aﬂq) l;=000y o F (g+1,¢;)0 30> £5dt.

0

(80)

7 ((exnt-t(820)) 0 5 (Bea) a0 05 0 F ta+ 130 03 ) ot =

S/TT ((exp(—t (A;q)) l7=0 © (3_0)*1 o F (g+1,0; o &) 03_0) 5= ldt. (81)

0
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Proof: Substituting the expression of (61)

0 , , =\ — ’ =
ari (AT,Q) lr=0 = =g 40 (80> ‘oF (¢+1,05) 00

in the expression of

/OOTT <(exp(t (A;q)) o % (Am]) l;—00 0y o F,(q +1,¢;) 08_0> todt
0

we obtain:

/OOTT ((exp(—t (A;’,q)) © % (A;,q) =008t o F'(g+1,) 08_0) todt =
0

o0

_/Tr (<6Xp(—t (A;ﬁq>) OA;JI 0861 OF/(q—i— 1, é) OF/(q—Q— 1,9;) 08_0) Sdt —
0

oo

e (G (vt (20,)) 0 @) o (0 Loy oot a2
0

By integrating by parts the right hand side of (82) we obtain formula (81).
Lemma 34 is proved. B

Substituting the expression of (81) in the expression (80) we get the following
equality:
0? .
e ~(8)) |r=0 =
oTiort (Cq’ ( )) =0

,Fi/Tr exp(—t A“ )) 08_0_10]:/(q+1 o oa)oa_o) t* L dt+

0
%/ (exp(—t(20,)) 080 "0 F g+ 1,65 080 08) £t (83)
0

Applying Theorem 25 we deduce Theorem 32. B

5.4 The Computations of the Hessian of logdet A, ,
Theorem 35 The following formula is true:
2

0 »
oo (logdet A_ ) |r—0 =

iy (/w(m 2exp( do(jl‘;z))op*opof’(q+1,¢io¢_j))voz<g>w) vol(g). =
M
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f/Tr (.7:/ (g+1, (¢ ozj)_])))) vol(g).

M

Proof: (; (s) is obtained from the meromorphic continuation of

oo

1
W/Tr exp(— )) t5dt
0

and it is a meromorphic function on C well defined at 0. Thus we get that

”

Grq(8) = o(7) + 1 (7)s + O(s?)

and

orJor? oriot?

(84)

2 2 2
; (C;,q(s)) lr=0 = _8 ~p0(7) =0 + <T Tﬂl(ﬂ) lr=08 +O(52) =

o + a5+ O(s%).
Thus from the definition of the regularized determinant

» d »
logdet(A, ) = (% (—Cﬂq(s))> ls=0

we see that

_82 (logdetA q) lr=0 = 4 <_82 ((=C.0(8)) |r= o) ls=0 = —ai1.
orior ds \9rigri "1

Combining formula (75)

37—?(; (Cﬂz(s)) lr=0 =

Tr exp A67q)) o F (g+1,9;0 E)) 5 Ldt 4

S

_m/TT ((eXp( (A;Lq)) o F (g+1,0; oqbi)) =Lt
0

with the short term expansion:

Tr ((exp(—t(AL)’q)> Of/(‘l"‘ L, ¢; OE)) = 21:

k=—n

" +vo +Y(t)
where

1

() =Tr ((exp(~#(L0,) ) o F (g + 1,608 ) = 30 2+

k=—n
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we obtain:

8—2 (er(3)> lr=0 =

orioTi
L 1 1 1
S Vi o— . .
I(s) / ( Z t_k> 5 1dt + Vo/t Lat 4+ /w(t)t Lt |+
0 \k=—n 5 J
s K , oY
) 1/Tr ((exp( t(Ao,q)) oF (q¢+1, @; 0 (/51)) 571t
2 1 1 1 1
— s & s—1 s—1 o1 B
I(s) /(k_Z tk>t dt+uo/t dt—l—/w(t)t dt
0 =-n 5 J

5 (7Tr ((eXp(—t(A;Lq)) of/(q +1,6; O@)) =g | (88)

1
By using formula (88) we will prove the following Lemma:

Lemma 36 We have the following formula:

2

dridTi

(logdet A7 ) -0 = */T?"f'(q +1, ¢ 0 ¢j)vol(g) = —on.
M

Proof: Lemma 9.34 on page 300 of [7] or direct computations show that
for |s| < & we have the following identity:

r<15> / Tr ((exp(~t(20,)) o F (a-+ 1,6 00) ) ¢ dt =
0
P 1 1 1

ﬁ O/(,q;%) ts_ld”Voo/ts‘ldtJrO/w(t)ts—ldt +

? + R+ 0(s). (89)
Combining the expression in (89) with the following standard fact

S _ 2 &
T(s) +0(s”)
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we obtain from formulas (88) and (89) that for |s| < e

T (¢4(®) o = v0s + O(s?) (90)
aTjW .q S =0 = VoS S7).
Thus according to (86) and (90)
d( & /-
% (5555 (6a(®)) oo ) Lcca =0 = . (o1)

Applying Theorem 24 to formula (91) we deduce that

a1 == [Tr (F (44 1.6:03;) ) vol(g).
M
Lemma 36 is proved. B
Lemma 36 implies directly Theorem 35. B
5.5 Some Applications of the Variational Formulas
On CY manifold we have the following duality:
0,9 ~ 0:n—
w: QO

induced by the Hodge star operator * of a CY metric. Using this duality direct
check shows that on CY manifolds we have

% : Im 9, = Im (m*) and * : Im (8_q*) ~Im (9,—g) - (92)
Theorem 37 The following identity holds
dde (log det A,.) = dd® (1og det AL, det ALJ) = —Im W.P.
Proof: The proof of Theorem 37 is based on the following Lemma:

Lemma 38 We have the following relations between the operators on a CY
manifold

»

F (Lgiog;)=F (n—1,¢;00;) and F (1,¢;0¢;) = F (n—1,¢io§)>
93
by identifying the Hilbert spaces ITmd CL2(M,Q?\}[1) and Im 0* CL? (M, Q?\f)

with Tm 8* CL? (M, Q?\}[n_l) and Im & C I? (M7 Qg/’["_l) by using (92) .

Proof: We will need the following Proposition to prove Lemma 38:
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Proposition 39 Let
$i 0§y Nidp_y : O (M, QY1) — C=(M, Q%)

be the operator defined by (25). Then fibrewise we have the equality of the ma-
trices

Gi0dj Nidp—1 = ¢j 0 ¢ Nidy—_1 (94)
of the operators ¢; o (;Tj Aid,_1 and (;T] o ¢; Nidn—1 given in the orthonormal
basis with respect to the C'Y metric.

Proof: Let {w;} be an orthonormal basis at 1. Then the operators

. 0L0 0,1
@it Q7 — Q)

in the basises {w;} and {@;} are given by symmetric matrices by Lemma 10.
From here (94) follows directly. Indeed from the relations qﬁ% = ¢>§ we obtain

(6:i065)5 = Zl% Zdﬁ . Zl%ebf,ﬁ: (Grodi);.  (95)
H= p=

Formula (94) follows directly from (95) and the definitions of the operators
¢1’ o (b_] A idn,1 and ¢_j o ¢z AN ’L‘dnfl. [ |
Let us define
(¢5 0 j Nidn—1)” : Qi — Ot

as follows:

(6105 idn 1) (s5) = * (60 85) @) - (96)

Corollary 40 The matriz of the operator ((;5Z 0 A idn_l)* in the orthonormal
basis wi; A ... A\w;, . can be identified withe the matriz of the opemtorgb_jod)i of
the bundle Q) written in the orthonormal basis {w;} .

Proof: From the definition of the operator ((;Si o d; A idn,l)* given by (96)
we get:

(6i 065 Nidn1)" (+@k) = * ((¢1 0 &5) ( ADNC @) | =
k=1
Z wl/\ NG NG A .. Ny (97)
k,l=1

Combining (95) and (97) we get

n
(¢i 0 @ Nidn_1)” (+5) Z $i);, (TTA e ATTT ATIFT A - AT) =
k=1
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n n

3 (@0, Gwmr) = > (65 081); w. (98)

k=1 k=1

We can identify Q""" with Q}; by using Hodge star operator * and complex
conjugation. From here and (98) we conclude Cor. 40. B

Combining Cor. 40 with (92) and the identification Qy;? with Q% by com-
plex conjugation we derive (93). Lemma 38 is proved. B

From (93) we deduce that

F (L,giod;) +F (1,6106;) =ImW.P. (99)
Combining (99) with Theorem 35 we deduce that
dd* (log det A1) = dd“log (A7, x A, ;) =~ Im W.P. (100)

Theorem 37 is proved. W

6 Moduli of CY Manifolds

6.1 Basic Construction

Definition 41 We will define the Teichmiller space T (M) of a CY manifold

M as follows:
T(M) :=Z(M)/Dif fo(M),

where
Z(M) := {all integrable complex structures on M}

and Diffy (M) is the group of diffeomorphisms isotopic to identity. The action
of the group Diff(My) is defined as follows; Let ¢ €Diffo(M) then ¢ acts on
integrable complex structures on M by pull back, i.e. if

Ie€C®(M Hom(T(M), T(M)),
then we define ¢(I;) = ¢*(I,).

We will call a pair (M; 71, ...,7, ) & marked CY manifold where M is a CY
manifold and {71, ...,7, } is a basis of H,(M,Z)/Tor.

Remark 42 Let K be the Kuranishi space. It is easy to see that if we choose a
basis of Hy, (M,Z)/Tor in one of the fibres of the Kuranishi family M — K then
all the fibres will be marked, since as a C*° manifold Xic =MxK.

In [31] the following Theorem was proved:
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Theorem 43 There exists a family of marked polarized C'Y manifolds
Z,—T(M), (101)

which possesses the following properties: a) It is effectively parametrized, b)
For any marked CY manifold M of fized topological type for which the polariza-
tion class L defines an imbedding into a projective space CPY | there exists an
isomorphism of it (as a marked CY manifold) with a fibre My of the family Z,.
¢) The base has dimension h" =11y, ) a marked CY manifold where M is a CY
manifold and {y1,..., v, } is a basis of H, (M,Z)/Tor.

Corollary 44 Let Y — X be any family of marked polarized CY manifolds, then
there exists a unique holomorphic map

¢: X — T(M)
up to a biholomorphic map v of M which induces the identity map on Hy,(M,Z).

From now on we will denote by 7(M) the irreducible component of the
Teichmiiller space that contains our fixed CY manifold M.

Definition 45 We will define the mapping class group T'1(M) of any compact

C>* manifold M as follows: T'1 (M) = Dif f1(M)/Dif fo(M), where Dif f+ (M) is
the group of diffeomorphisms of M preserving the orientation of M and Dif fo(M)

s the group of diffeomorphisms isotopic to identity.

Definition 46 Let L € H?(M,Z) be the imaginary part of a Kdihler metric.
Let

[y :={¢ e Th(M)|¢(L) = L}.

It is a well know fact that the moduli space of polarized algebraic manifolds
Mg (M) =T(M)/Ts. In [31] the following fact was established:

Theorem 47 There exists a subgroup of finite index I'y, of T's such that T'f,
acts freely on T (M) and T\T (M)= My, (M) is a non-singular quasi-projective
variety. Over My, (M) there exists a family of polarized CY manifolds

M — My (M).

Remark 48 Theorem 47 implies that we constructed a family of non-singular
CY manifolds
T X =M (M)

over a quasi-projective non-singular variety My (M). Moreover it is easy to see
that

X cCPN x M (M).

So X s also quasi-projective. From mnow on we will work only with this family.
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6.2 Metrics on Vector Bundles with Logarithmic Growth

In Theorem 47 we constructed the moduli space My, (M) of CY manifolds. From
the results in [45] and Theorem 47 we know that 9ty (M) is a quasi-projective
non-singular variety. Using Hironaka’s resolution theorem, we may find a com-
pactification 2y, (M) of My (M) such that

Mr(M) oM, (M) =2

is a divisor with normal crossings. We need now to show how we will extend the

determinant line bundle £ to a line bundle £ to 9ty (M). For this reason we
are going to recall the following definitions and results from [35]. We will look
at polycylinders DV € 9ty (M), where D is the unit disk, N = dim 97 (M) and
such that

DV N, = {union of hyperplanes; ¢* =0, ...,¢" = 0}.
Hence,
DY N9 (M) = (D*)F x DV,

where D* =D&0. On D* we have the Poincare metric

2

2 _ |d(I|
ST =75 2
lq|” (logq])

and on D we have the simple metric |dq\27 giving us a product metric on
(D*)*xDN~F which we call w®).

A complex-valued C* p-form 7 on My, (M) is said to have Poincare growth
on My (M) © M (M) if there is a set of if polycylinders

U, C gﬁL(M)

covering
M (M) © M (M)

such that in each U, an estimate of the following type holds:

7 (e d™)| < Cawiy (@4, q0)ccawty, (4N V).

@

This property is independent of the covering U, of My (M), (M) but depends
on the compactification My (M). If ; and 72 both have Poincare growth on

M (M) e M (M),
then so does 11 Anz. An important property of Poincare growth is the following:

Theorem 49 A p-form n with a Poincare growth on

M (M)e ML (M) =2
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has the property that for every C> (r — p) form v on M (M) we have:

/ [n A | < oo.
My (M), (M)

Hence, n defines a current [n] on My (M).

Proof:For the proof see [35]. B

Definition 50 A complex valued C* p-form n on My (M) will be called ”good”
on M if both n and dn have Poincare growth. Let £ be a vector bundle on
My (M) with a Hermitian metric h. We will call b a good metric on Mg (M) if
the following holds:

1. If for all ze M (M) &M (M), there exist sections e1, ..., ey of € which
form a basis of € |Dre(Drn@

OC).

2. In a neighborhood D" of x€ M (M)eM (M) in which Mg (M) M (M)
is given by ghl x ... x ¢N = 0. The metric h;z =h(e;, e;) has the following
properties: a.

k 2m k 2
<C (Z log ‘q”) . (det (h) ' <C <Z log ’qﬂ)
i=1 i=1

for some C > 0, m > 0. b. The 1-forms ((dh) h™') are good forms on
M, (M) N DV.

m

hiz

It is easy to prove that there exists a unique extension £ of & on M (M),

i.e. £ is defined locally as holomorphic sections of £& which have a finite norm
in h.

Theorem 51 Let (€,h) be a vector bundle with a good metric on M (M), then
the Chern classes ¢ (€,h) are good forms on My, (M) and the currents [ci (E,h)]
represent the cohomology classes

cx(E,h) € H*(ML(M),Z).

Proof: For the proof see [35]. B

6.3 Applications of Mumford’s Results to the Moduli of
CY

We are going to prove the following result:

Theorem 52 Let
T X =M (M)

39



be the flat family of non-singular C'Y manifolds. Then on m, (UJX/QJ{L(]\J)) we
have a natural L? metric defined as follows:

h=lw|? = (—1)"F (¢__1)"/ wy A @5 (102)

M

Then h is a good metric.

Proof: Let gy € ® = My (M) & M (M). Let ¢o € (D)V be a polydisk in

My, (M) which intersects ©. We will assume without loss of generality that
(D)™ M (M),
where N is the dimension of M, (M). Over (D*)" we have a family
s\ IV

of CY manifolds. The local parameters on (D*)™ will be ¢ = exp(2my/—17%),
t=1,..., N and 7 will be the coordinate in the upper half plane f. Let

Xog,0n = Dag,on (104)
be the restriction of the family (103) on
Dag,ar C (D*)N € 2, (M),
where
Dyyoy ={t€eCl0<|t|] <land 0 <oy < argt < ag < 27}

We will assume that the closure of Dy, o, contains a point koo €D and ko €

D C ML (M).

Lemma 53 There exists a global section

ng €l (DahamwXM,QQ/Dal,aQ)
such that for the classes of cohomology [n.] the limit

i [ng] = [7x..] (105)

T— Koo

exists.

Proof: Since D, o, is a contractible sector in the punctured disk D* we
conclude that we can construct a section

’[’Iq (S F (Dahaz?w-)(al,aQ/Dalv“Q)

such that for each ¢ € Dy, q, 17; # 0. From local Torelli theorem we may assume
that Dy, 0, C P(H™(M,C)). From Lemma 53 follows directly. H

We have two possibilities for the for the class of cohomology [n,.__] established
by Lemma 53.
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Lemma 54 Suppose that
([Mkoc)s Mk ]) > 0. (106)

Then the metric h is good around ke € My (M).

Proof: If (106) holds for [, ] then the function

h(q,q) = ([n4], [n4])

is bounded in (D)N C My, (M). Thus obviously we have:

k 2m
h(g,q) <C (Z log Iqi|> 7

k 2m
ht< Gy (Zlog!qio

i=1

and A ,
_ dlogq’ A dlogqt
0(log(h)) AND(log(h)) = — N =< Cyy ————>—

h ; (log |¢7])*

in (D*)Y c M, (M). Thus we proved Lemma 54. B
The second possibility is that

<["7K/oo]7 [nnoob =0. (107)

Assuming this let
7 (U)N = (DY c mp (M)

be the universal cover of (D*)N . We will assume that U; is the universal cover
of D} and it is the unit disk with a local parameter t*. The point 0; € D; = D*
corresponds to a boundary point % € U;. Let ¢* be the local parameter on D;.
Let us consider

(Dal,ag)N C 9:),tL(lv[)

and the family v
XN,Oél,OQ - (DahaZ) (108)

which is the restriction of the family (103) on

Dy, oy X oo X Dy oy C (M),

N

Let 70 € (Do a0 )N C M (M). Let wy be the family of forms constructed in The-
orem 7 in a polydisk which contained the point 7y and is contained in(Dy, as "W,
Then we have:
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Lemma 55 The function
h(q,q) = <wqawq>

is real analytic function which can be analytically continued to (D)~ C ML (M)
maybe after we shrink the disks D; and

Ma, Dl onpyy = 0.
N

Proof: Repeating the arguments of Lemma 53 we can construct on (Dm’o@)N -
My, (M) a global section

N
ng €l ((Dmm) 7WXN,QI,Q2/(D(¥1=(X2)N>

such that
[Mq] = [M(kL_,....e8)]

lim
q=(q*;--,qV) = (Kl R ) ED

exists and by assumption (107)

The relations between the forms [n,] and [w,] constructed in Theorem 7 are
given by the formula

[14] = v(q)[wql, (109)

where ¢(q) is a holomorphic function on the product (D) of small discs con-
taining the point 79 and contained in (Dal’az)N C M (M). According to The-
orem 7

([wyl, [wg]) < ([wao ], [wgo]) (110)

Notice that the functions ([n], [n4]) and ([wg], [w,]) are real analytic. Combining
this fact with (109), (110) and (104) we deduce that the function

a4, @) = ([wgl, [wg])

can be analytically continued to a function on D X ... x D C M, (M) since the
————

N
function ([n,], [n4]) is well defined on D x ... x D and so

N

q:(qH.-,qN)Er(I;écw-ﬁéVo)E’D[WQ] B [W(H‘;’m’ﬁg")]
exists and
(Wi ]s [wro]) ‘@m(D)N = (g, 9)|onp)y =0.
Lemma 55 is proved. B '
The local coordinate ¢* in the disk U; which is the universal cover of D}
satisfies

ti_TlJ'_"{éo
T i
T Kl
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Lemma 56 On each of the components U; of the universal cover
m: (U)N — (DN c My (M)
of (D*)N we have the following expression of the restriction of (wyi,wsi)

(Wt wp) = 1— [ + (') and lim 9 (t') = 0. (111)
tr'—RL,

Proof: (111) follows directly from the expression for
h(t, 1) = ([wil, [wi]) =
1= (woudi,woady) 1 + > (woa (@i A di) ,wou (65 A dy)) tEEHH + O(¢°)
.7 4,7

given by formula (7) of Theorem 7 when restricted to the unit disc U;. Lemma
56 is proved. W

Lemma 57 On v
(D)" Cc My (M)

the function h(q,q) = (wq,wq) satisfies the inequality

k 2m
h(wg, wq) < C <Z log |Q1|> :

i=1

Proof: We know from the theory of Hodge structures that if {~1,..., 1, } is
a basis of H™(M,Z)/Tor, then the functions:

for 0 < |¢| < 1 and 0 < arg(q) < 27 are solutions of a differential equation
with regular singularities. From the fact that the solutions of any differential
equation with regular singularities have logarithmic growth and

h(wy, wy) = <L wq,...> (v, 75)) (A w—q,...>t,

we deduce that
k 2m
h(wg,wq) < C <Z log |(Iz|> ‘
i=1

Lemma 57 is proved. B
Next we will prove that on (D*) c 9t (M) we have

k 2m
_ 1
Bl .- ) <C (Zlog|qi|) (112)
b T i=1
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and

k
d dg; dl dlog ¢;

9 (log(h)) A 0 (log(h)) C’Z 2%/\ e —C’Zw (113)
|Qz| IOg |q | i=1 (log |Qz‘)

We will work on each of the components U; of the universal cover 7 : (U)" —
(D)™ c ML (M) of (D*)
Proof of (112) : From the relations between the coordinates ¢, 7 and ¢

=1 + Koo and g = exp (27r\/71t)
T — Koo

we deduce that on
(DN c (M)

the function h(g,q) on each D; will be given by

ha. @), = |al* (log|gl?) + é(a:),

where

lim¢(q) = (114)

q—0
Formula (112) follows directly from formula (114). Thus (112) is proved. B
Proof of (113) : From the explicit formula (7) for the family [w;] and the
definition of the function h we obtain:
2

+(th)

%

h(t,t)u, = ([we], [w]) =1 - i

where (%) is C*° and
lim w(t%) =

t— Koo

Thus we obtain that

oh Oh (= Zae)[? dtl/\dtl
(7 A 7) D, = 2 (115)
Since the function .
0 ti
—h(t tt
i (1) =~ ()

is bounded and the formula (111) we obtain from (115):

dh  Oh V=1 dt' Adt
- _|U <Crr s (116)
h 21—t

Notice that (116) is equivalent to (111) since the upper half plane is conformally
equivalent to the unit disk and by the conformal transformation the Poincare

metric _
—v=1 dg; Ndg;
2 g2 (log lg:])”
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on the upper half plane transforms to

—/—1 dtt Adti

2 (1-|ER)*

Thus relation (111) is proved. W
Theorem 52 is proved. B

Theorem 58 The Weil-Petersson volume of the moduli space of polarized CY
manifolds is finite and it is a rational number.

Proof: Theorem 52 implies that the metric on the relative dualizing sheaf
wx/m, M) defined by (102) is a good metric. This implies that the Chern
form of any good metric defines a class of cohomology in H?(9M (M), Z) N
HYL(M (M), Z). See Theorem 51. We know from [43] that the Chern form of
the metric h is equal to minus the imaginary part of the Weil-Petersson metric.
So the imaginary part of the Weil-Petersson metric is a good form in the sense
of Mumford. This implies that

/ /\dilnc ‘.UIL(M) C]_(h/) e Z

Mz (M)

since M (M) is a smooth manifold. Since My (M) is a finite over the moduli
space M (M)then the Weil-Petersson volume of My (M) will be a rational
number. Theorem 58 is proved. W

In the paper [33] the authors proved that the Weil-Petersson volumes of the
moduli space of CY manifolds are finite.

7 The Theory of Determinant Line Bundles and
the Quillen Metric

7.1 Geometric Data

In order to construct the determinant line bundle, we need the following data:

1. A smooth fibration of manifolds 7 : X =9, (M). In our case it will be
the smooth fibration of the family of CY manifolds over the moduli space
as defined in Theorem 47. Let n=dim¢cM.

2. A metric along the fibres, that is, a metric g(7) on the relative tangent
bundle 7 (X /9, (M)). In this paper the metric will be the families of CY
metrics g(7) such that the class of cohomology [Im(g(7))] = L is fixed.

From this data we will construct the determinant line bundle L_ over the
moduli space of CY manifolds 97, (M). We will consider the relative 0x o, (ar)
complex:

5O,X/sz(M)

= . , 01, x/omp (M)
0 — kerdxjm, () — C=(X) =" Q% 0 B
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)
0.n—1 n—1,X/Mp (M) ~0.n
Q¥ () - Q%) () — 0.

For each 7 € M (M) and k, we will define D to be:

O1,x/omp (M)
—

Dy, = Ok xejm, () + (Okxjom, (an)

and B o,
Dyr:=Dylm, = ks + (Orr) -

Definition 59 We will call the above complex the relative Dolbault complez.

Let us define
(HF) = L? (M., Q2F).

Furthermore, as 7 varies over 9, (M), the spaces (H¥) fit together to form
continuous Hilbert bundles H* over M7 (M).2. Thus we can view gkwx/mL(M)

as bundle maps: B
8k,X/EmL(M) : Hk i HkJrl.

The Hilbert bundles H* carry L? metrics by definition.

Now we are ready to construct the Determinant line bundle £ of the operator
Ox om; () We will recall some basic consequences of the ellipticity of D,. Each
fibre H* of the Hilbert bundles H* decomposes into direct sums of eigen spaces
of non-negative Laplacians D} Dy, and D} Dy,. The spectrums of these operators
are discrete, and the nonzero eigen values { Ay ;} of Di Dy, and Dy Dj; agree and
Dy, defines a canonical isomorphisms between the corresponding eigen spaces.

Definition 60 1. Let
Uy : {7 € M (M)|a ¢ Spec(Dy,Dy)

for 0 <k <mn and any a > 0}. (U, are open sets in M (M) and they form an
open covering of Mr (M) since the spectrum of DED, is discrete.) 2. Let the
fibres of HX be the vector subspaces in Hﬁa spanned by eigen vectors with eigen
values less than a over U,. Then we can define the complex:

50,2(/93114(1»1)

0 — T (U, Oy,) — H°

On—1,x/9m [ (M)
L HET ST

H? — ker(Dy—1 0 D)) — 0.

If b > a we set H’;}b = Hf/Hfj. The spaces HY form smooth finite dimensional
C bundles over an open set U* C M, (M). For the proof of this fact see [1].

2These bundles are not smooth since the composition L2 x C° — L? is not a differentiable
map.
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7.2 Construction of the Generating Sections det(D,) over
U

Definition 61 Let
k k k k k k
Wi, --awmkvwla "7’(/}Nk7¢1a ) ¢Mk

be an orthonormal basis in the trivial vector bundle HE over U,, where

Dywl =0, 9,0r0%) = Nk, 91,(0,0%) = Mgk, oF € Tm Byt x jom, ()

and .
7/15 € Im(ak,X/SﬁL(ﬂ\/I))
for 1<i <k and 0 < X\j <a for I<j < N. Let

det (gk,a) =

5 - = — (-1)*
WA Awp, NOr— 1,2 jom, (i T ) AA (D=1, o, (N, ) A (S A A By, ) .

We will define the line bundle £ restricted on U, as follows:

(D
L= Ly, = ®}_ (/\dl‘“HﬁH’;) .

Definition 62 The generator det(9,) of L* := L|y. is defined as follows:

det(d,) := %} det(Or.q).-

We will define how we patch together £¢ and £’ over U® NU*3. On that
intersection we have:
Eb — Lo ® Ea,b

where X
L0 .= @ (det Hlj’b)“l) '

on U*NU°. We can identify £%,b over U* NU" with the line bundle spanned
by the section
det(Da ) = @ det(Dya0) ",

where _
det(Bk’a,b) =

= (D1, 2/ M)PE ) A A (5k71,X/mL(M)¢§€v;1) ANBEA AR
¢F € Im Oyt 2y, an)> 5 € I (D e jom, ()
Apgy = Ajoy, Au(@(wf™h)) = A0 ™)
and a < A\F < b.

3We may suppose that b > a.
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Remark 63 We can view det(0,) as a section of the line bundle L** over
U NUL. Tt defines canonical smooth isomorphisms over U NUP

LY — L L% = L%(s — s @ det(Dap)
for all 0 < a <D.

We define the determinant line bundle £ by patching the trivial line bundles
LY over U* by using the canonical isomorphism defined in Remark 63.

7.3 The Description of the Quillen Metric on the Deter-
minant Line Bundle

We now proceed to describe the Quillen metric on £. Fix a > 0. Then the sub-
bundles H* of the Hilbert bundles H* on U, inherit metrics from H*. According
to standard facts from linear algebra, metrics are induced on determinants, du-
als, and tensor products. So the £% inherits a natural metric. We will denote
by g% the L? norm of the section det(d,). Clearly,

n

a (_l)k
g =TT (e )

k=0

and AF are all nonzero eigen values of the operators 8,8y_; which are less than
a.

If b > a, then under the isomorphism defined in Remark 63, we have two
metrics on £ and their ratio is a real number equal to the L? norm of the

section”det(ga,b) H2 The definition of the section det(d, ;) implies that we have
the following formula:

_ n 211 (i a2\ (D"
oo~ T Tt T (19wt 17) " -

k=01i=1

—k— (7 )k n — d
= LTI TT (Bt ™ = TL 0
i=1 Jj=1 k=1

where )\éC are all the non-zero eigen values of the operators 5251@71 such that
a < \¥ < b. In other words, on U* NU®

(—n*
=9 II ).
a<Ak<b
To correct this discrepancy, we define
7% = ¢°det(d ) rsa »

where
n

det(@') v = [ (det(@0x \m))(*” :

k=1
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— d
det(x0k-1[x>a) = — exp(=—-Ci(s)ls=0),

and
oo

Giis) =Y ().

Ai>a
The crucial property of this regularization is that it behaves properly with re-
spect to the finite number of eigen values, i.e.

N
det(525k71 ‘)\>b) = det(é:gkfl ‘)\>a) H )\;€

a<i<b

on the intersection U N U°. From the last remark we deduce that g* and g°
agree on U* NU®. Thus §* and g° patch together to a Hermitian metric g on
L. The metric g© will be called the Quillen metric on L.

Definition 64 We will define the holomorphic Ray Singer analytic torsion
I(M) for CY manifold M as follows:

n

I(M) :=log <H(det(A;)(1)q> .

qg=1
See [39].

Remark 65 It is easy to see that if M is a CY manifold and dimc M=2n, then
logI(M)=0. We know that for odd dimensional CY manifolds I(M) # 0. So from
now on we will consider only odd dimensional C'Y manifolds.

We will need the following result from [5] on p. 55:

Theorem 66 The Quillen norm of the C* section det(0,) onU, of L is equal
to exp(I(M)).

Proof:It follows from Definition 61 of the section det(9) |y« of £ and the
definition of the Quillen metric that at each point 7 € My (M) the following
formula is true:

14e6(3) a4« |7, = expIM-)) e,

where ||det () [ye ||2Q means the Quillen norm of the section det(9); |« . The-
orem 66 is proved. B

8 Construction of a C* Non-Vanishing Section
of the Determinant Line Bundle £ for Odd
Dimensional CY Manifolds

8.1 Some Preliminary Results

Let us denote by

0
Tx (WX/me(M)) = T (QT/\Lf/QﬂL(M))
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the relative dualizing sheaf. The local sections of 7, (w X /9 ( M)) are families of
holomorphic n-forms w, on M.

Theorem 67 If the dimension of the C'Y manifold is even, then L is isomor-
phic to the dual of the line bundle m, (w;(/gmL(M)) . If the dimension of the C'Y
manifold is odd, then L is isomorphic to the line bundle T, (w;(/gmL(M)) over

M (M).

Proof: The definition of CY states that:

. 1 g=0org=n
q —
dim¢ HY(M, Oy ) = { 0 forg#0orn (117)
(117) and the definition of CY manifolds imply that
Rir, 0y = (wxpmean) a=n 118
M { OD:HL(M) for q 7é n ( )

From the definition of £ it follows that

L= ﬁ (—=1)?det (R, Oyy) .

q=0
Combining (117) and (118) we directly deduce Theorem 67. B

Corollary 68 Let M be a CY manifold of odd dimension n = 2m + 1. Then
the index of the operator O on the complex defined in Definition 59 is zero.

8.2 Construction of a C* Section of the Determinant Line
Bundle £ with Quillen Norm Ray-Singer Analytic Tor-
sion

Definition 69 Let
H, = %LQ (M, Q?\f’“) ,
0,2k+1
H_ = eEL2 (MQM * )
and _ _
D = dx o, + Oxjom, (m)-

Theorem 70 Let M be an odd dimensional CY manifold. Then the (1,1) form
dd°I(M.) is a good form on My (M) in the sense of Mumford.

Proof: The definition of the Ray Singer analytic torsion together with The-
orem 35 imply that

2n
ddI(M,) = > (~1)7'ddlogdet A, , =
q=0
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§2n:( 1)a+L V_1§ /T (r’(+1¢ ¢)) I(g) | dri A dri
_ y—o oD
2 5 2. r g+ 1,¢;0¢;) ) vol(g) | dr* Ndr
(119)
Let us define the (1,1) forms §,(1,1) on My (M) as follows:

2 N
B,(1,1) \/_Z (83&1 — log(det(A] )))) dri A dri. (120)

From Theorem 35 and (120) we deduce that we have the following equality:
8,(1,1) = _ZTr( (g+1,6i0 ¢_j)) dri Adr. (121)
Lemma 71 Pointwise on Mg (M) we have

2
B,(1,1) < ( ”1) Im W.P. . (122)
q-—
Proof: We need the following Proposition:

Proposition 72 Let F be a linear map of a vector space V of dimension n.
Then the linear operator FAid as defined by (23) acting on N1V has a trace
given by the formula:

Proof: The proof of Proposition 72 is an exercise in linear algebra. B
From Proposition 72, the definition Tr (]-"; (q, @i o gf)—J)) and the fact that

Tr (.7:; (q, i o¢_j)) +Tr <fT (q, o; o qﬁ_j)) = /Tr((qﬁl ) gb_]) Nidg_1)vol(g) =

M
2 _
= (q nl)l\[Tr (qbi o ¢j A idq,l) vol(g).

we can conclude that pointwise on 9tz (M)

Ty (j:' (¢, 0 qu_j)) <Tr(F(g,.0i09;)) = (q2—nl> Im W.P.. (123)

From (123) we deduce (122). Lemma 71 is proved. W

According to Theorem 52 Im W.P. is a good form and so Lemma 71 implies
that G,(1,1) will be good forms. From here we deduce that dd°I(M,) will be a
good form. Theorem 70 is proved. B

o1



Corollary 73 Let L be the extended line bundle of the relative dualizing sheaf
on My (M) with respect to the good metric b as defined by 102. Then dd°I(M;)
represents the Chern class of the extended line bundle L. (For the fact that h is
a good metric see Theorem 52.)

Corollary 74 The determinant line bundle L is trivial as a C™ bundle.

Proof: We know that exp(I(M;)) is a globally defined function on 9ty (M)
which is non zero. It defines a metric on the determinant line bundle which we
proved that is isomorphic to £ := m.wx jm, (my. Thus dd®(I(M)) defines a good
form by Theorem 70 and is the first Chern class of m.wx /an, (m)-Thus the first
Chern class of the line bundle m.wx /on, (M) is zero and Cor. 74 is proved. B
Theorem 75 There exists a global C> section det(9) of the determinant line
bundle

L =M (M)

which has no zeroes on My (M) and whose Quillen norm is the exponential of
the Ray Singer Analytic Torsion when M is an odd dimensional.

Proof: The proof of Theorem 75 is based on the following Lemma:

Lemma 76 There exists a nonvanishing global section det(9) of the determi-
nant line bundle £ such that the Quillen norm of det(9) is exp(I(M)).

Proof: From Corollary 74 we can conclude the existence of a global C'*°
section w, of the line bundle

which has no zeroes on M, (M) and which for each 7 € 97 (M) has L? norms 1,
i.e. we have |jw,||> = 1. Since M, is an odd dimensional CY manifold we know
from Theorem 67 that L is isomorphic to m.(wx /o, m)). The nonvanishing
section w; of the determinant line bundle £ can be interpreted as a family of
(2n+1,0) forms w, which generate the kernel of

D* TH_ HH_A,_.

The kernel of
D: H+ — H_

is generated by the constant 1. This follows directly from the definition of the
CY manifold.

From Definition 61 of the section det(d,) on the open set U, in My, (M), the
existence of a global C* family of antiholomorphic forms w, with L? norm 1,
which trivializes R?"*17,(Ox ) over 9, (M), and the definition of the transition
functions {0, } of £ with respect to the covering {U, }, we deduce that for b > a
we have on U, NU,

det@b) = det(éb) (Ua,b) .
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This fact and Theorem 66 imply that we have constructed a global C* section
det(0) of £ whose Quillen norm is exp(I(M)). So the determinant line bundle
L is a trivial C*° line bundle. Theorem 75 is proved. l

In [5] a canonical smooth isomorphism is constructed between the holomor-
phic determinant of the Grothendieck-Knudsen-Mumford and Quillen determi-

nant bundle. More precisely, the following theorem is proved:

Theorem 77 Let
m: X —IML(M)

be a holomorphic fibration with smooth fibres. Suppose X admits a closed (1,1)
form 4 which restricts to a Kdhler metric on each fibre. Let € — X be a
holomorphic Hermitian bundle with its Hermitian connection. Then the deter-
minant line bundle L —My (M) of the relative & complex (coupled to € ) admits
a holomorphic structure. The canonical connection (constructed in [3]) on L is
the Hermitian connection for the Quillen metric. Finally, if the index of 0 is
zero, the section det( Og) of L is holomorphic.

From now on we will consider the family of CY manifolds X —9t; (M) as
defined in Remark 48 together with the trivial line bundle £ over M (M). It
is easy to see that the family X —91; (M) fulfills the conditions of Theorem 77.
So we get the following Corollary:

Corollary 78 The determinant line bundle as a holomorphic bundle is flat over

M (M).

9 The Regularized Determinant det A, ; are Bounded

9.1 Invariants of the Short Term Asymptotic Expansion
of the Heat Kernel

Theorem 79 Suppose that M is a three dimensional C'Y manifold and g is a CY
metric. Then the coefficients agy, for k = 3,2,1 and 0 in the expression (124) for
the short term assymptotic expansion of Tr(exp(—tA, 1)) are constants which
depend only on the C'Y manifolds and the fized class of cohomology of the C'Y
metric.

Proof: We know that the Heat kernel has the following asymptotic expan-
sion:

Tr(exp(—tAr 1)) = a*t”n(g) - a’;;i(lg) + a’;ﬁgg) +.+ag(g)+h(t,T,7). (124)

(See [38].) We will apply (124) for three dimensional CY manifolds. In [18] on
page 118 one can find the following formulas for a_5(g),a—_2(g) and a_1(g) :

— [ k(g)vol(g)
- M

247

vol(g)

a-3(g9) = p ; a—2(9)
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and

—12 <“£ Ag(k(g))wl(g)> +5||Ric(g)||* - 2||R(9)|?
a-1(9) = 14407

(125)

where k(g) is the scalar curvature of the metric g, ||Ric(g)|” is the L2 norm of
the Ricei tensor of g and ||R(g)||? is the L2 norm of the curvature of the metric
g. Using the fact that g is a Calabi-Yau metric, i.e. Ric(g) = k(g) = 0, we

obtain: )
vol(g) _ — Rl

a_3(g) = I a—2(g) =0 and ag(g) = o0n (126)

In [11] Calabi proved on page 264 the following Proposition:

Proposition 80 The following formula holds on a complex Kdhler manifold M
with a fized cohomology class L of the imaginary part of a Kdahler metric:

2| Ric(g)|” — | R(g)II* /k(g)%ol(g) = */@(M) Awg™?, (127)

M M

where ca(M) is the second Chern class of M.

Applying formula (127) to a CY metric, we obtain that on a three dimen-
sional CY manifold with a Calabi Yau metric g we have:

1 n _ _ 1 n—2
= E/L , a_2(9) =0and a_1(g) = o0 /CQ(M) ANL™=0 (128)

M M

a_3(g)

Theorem 79 follows directly from (128) since (128) implies that a_3(g),a—2(g)
and a_1(g) are topological invariants. We need to prove that ag(g) is a constant
in order to deduce Theorem 79.

Lemma 81 Let

Tr(exp(—tA; 1) = gon 4 Gon-t

+ ...+ ap + O(¥)

be the asymptotic expansion of Tr(exp(—tA, 1) with respect to a CY metric with
a fized class of cohomology of its imaginary part. Then the coefficient ag is a
constant, i.e.

aop(7,7) = 0.

aor
Proof: According to [7] the following equality is true:
C‘nl(o) = aO(T)7 (129)

where ag is a real valued function on the moduli space of polarized CY manifolds.
Since

Cra(8) = Crog(8) + Crgra (5)
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it will be enouph to prove
0 , »
— 0)) =0 130
(G 0) (130)
then Lemma 81 will follow directly from (130).
From Lemma 30 we know that

o ,.»
W (Cq,'r (S)) =

FL /OOTT (exp ) o A; ) (ET)*l o F'(% %QXT)) o 30) St —
0
ﬁ O/TT (jt (exp(—t2,)) o (0-) "o F(a, %fb(r)) oao) t°dt.  (131)

By integrating by parts the expressions in (131), we obtain:
0 , »
% (C‘r,q(s)) =

/Tr (exp( tA 4)© (87)_1 o F (g, %qﬁ(ﬂ) o 8()) 5 1dt. (132)

“\

We can rewrite the integral in the right hand side of (132) as follows:

oo

S ” — —1 ’ a s
G /Tr (exp(—tAqu) 0 (d;) oF (g, %¢(7)) o 60> =1 —
0
/ 0
/TT <exp ) o (57)71 oF (q, %MT)) o 80> tLdt+
0
i/Tr exp(ftA )T o (3 )_1 oF/(q igi)(T)) 0y | t571dt.  (133)
(s) 4 T " ort
1
From the short term asymptotic expansion of the heat kernel
71 (exp(-t28,,)T0 @) "0 F (0. 55 0(r) 000 =
C”tsl Dt 7(5 ") 4 co(r) + 0(8) (134)

we deduce on the basis of Lemma 9.34 on page 300 of [7] that

S

. _ .0 B
B Tr (exp(—tAT’q) o (9;) 'oF (q, %QS(T)) o (’%) 57 dt =
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/1 <c,;glr) .t @ + cO(T)) 5=Lat 4 71/1(t)t51dt _
0

1

5 (eol) o .
F(s)( S + do(7) + O( )), (135)

where

cn(T ci (T
ti )+...+—1§ )+co

-1

W(t) = Tr (exp(—m;q) 0 (9:) o F(q, %aﬁ(ﬂ) ° c’%) -

From (135) and the fact that

we get that

e (G 0) = 5 (7 200+ 09)) = ca(r)s 0l + o

From the last formula we obtain that

0 .
ﬁ ((CT»‘J) (s)) |s:0 =0.

Lemma 81 is proved. B
Lemma 81 implies Theorem 79. B

9.2 The Regularized Deeterminant is Bounded

Theorem 82 For CY threefolds the reqularized determinants of the Laplacians
Ao of the Calabi Yau metrics g(7,7) with a fived cohomology class L are
bounded as function on the moduli space, i.e. we have:

0 <det(A;1) <C.

Proof: The bound of det(A ;1) is based on the following expression for the
zeta function of the Laplacian acting on functions:

1 oo
= ﬁ /Tr (exp( tATyl)ts_ldt =by+ b1s+ 0(32).
s)
0

From the definition of det(A 1) it follows that
det(Ar1) = exp(—by(7)). (136)
So if the function b, (7) is bounded from bellow, i.e.

C1 S bl(T) (137)
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then Theorem 82 will be proved. The bound of b; is based on several facts.
The first fact that we will use is the following explicit formula for b, as stated
in [1]:

7a0+z— + U1+ ¢, (138)

where v is the Euler constant, v is given by the formula

! 3
wtr) = [ (Mexp(—mﬂ» S 7) &
0

k=0

and 1o by

oo

Yo (t, 7,T) :/Tr(exp( tArq1))—

1

dt
t’

The second fact is Theorem 79 which implies that the expression:
*la
Yao + Z %k
k=1
in (138) is a constant. Clearly

1/)2(15,7',?) > 0.

The third fact is that
7/)1 (ta T, F) Z o,

where ¢g is a constant. Combining all these facts we get (137). Combining (137)
with the explicit formula (138) for the det(A, ;)we will obtain that

0 <det(A;1) <C < 0.
So we need to prove the following Lemma:
Lemma 83 The following inequality holds:
V1(t, 7,T) > co.
Proof: Let

3
h(t,7,7) = Tr(exp(—tLrq)) Z—,f (139)
k=0

We also know that h(t,7,7) = thi(t,7,7). According to Theorem 79, the ex-

pression
3
2 —’“
tk



is a function which does not depend on 7 and 7. We also know that Tr(exp(—tAr0))
is a strictly positive function for ¢ > 0 which depends on t,7 and 7. These two
facts imply that for each ¢ > 0, infh(t, 7,7) exists. Let ¢(t) := infh(t, 7,7) for

T T
fixed t. On the other hand, we know that at ¢t = 0,

h(0,7,7) = 0.

So in the interval 0 < ¢ < 1, ¢(t) is a well defined function. It is an easy exercise
to prove that ¢(t) is a continuous function in [0, 1]. Let ¢y = Or<nti£11¢(t). So we

have

1
/ (t,7,T) — co)dt > 0.
0

On the other hand, we have

1 1
/ (t,7,T) — co)d /htTTdt—co 1(t, 7,7) —co > 0.
0 0

So ¥1(t,7,7) > ¢o. Lemma 83 is proved. B
Theorem 82 is proved. W

Theorem 84 Let M be an odd dimensional CY manifold, then
det A;,l det A’;’l =det A

defines a good metric in the sense of Mumford. For C'Y manifold M there exists a
global holomorphic section o_of the dual of the extended determinant line bundle
L on My (M) such that HUHiQ =det A, 1. If M is three dimensional then

lo|72 = det Ay < C4. (140)

The extension L of the determinant line bundle £ on My (M) with respect to the
good metric det A, 1 is the same as the extension to the good metric h defined
by (102).

Proof: The proof of Theorem 84 is based on Theorem 37. In [43] we proved
that
ddlog (wr,w;) = —ImW.P. (141)

From Theorem 37 and formula (141) we deduce that on any open set U C
M (M) we have

det A,y = (det AL x det A;J) o = (wrywr) [ ful?, (142)

where fy is a holomorphic function on U. Thus from 142 we can conclude
that the holomorphic functions fy define a global section ¢ of the dual line

58



bundle of the determinant line bundle on 9ty (M ) Theorems 82 and 70 imply
that the function det A;; = det A 1 X det A, 1 is bounded on 9z (M) and
it defines a good metric. So we can conclude that the holomorphic section
o is globally defined and has a L? norms equal to det A; ;. From Theorem
37 and formula (141) we deduce that the Chern classes of the extended line
bundles obtained from the determinant line bundle, with respect to the to the
good metrics det A; 1 and h defined by (102) have the same Chern classes on
M, (M). So from here we conclude that the extension £ of the determinant line
bundle £ on 9ty (M) with respect to the good metric det A, is the same as
the extension to the good metric h. Theorem 84 is proved. B

10 The Dedekind Eta Function for CY Mani-
folds

10.1 Construction of the Dedekind 7 Function

In this paragraph we will construct a holomorphic section N of some power of
the dual of the determinant line bundle for any odd dimensional CY manifold.
The construction of the Dedekind eta function is based on the following Theorem
of Kazhdan:

Theorem 85 For any arithmetic groups T of rank > 2 the abelian group T' /[T, T]
is finite. See [10].

According to Sullivan the subgroup T' of the mapping class group I'(M)
defined in Section 7.1 is an arithmetic group of rank > 2

Theorem 86 Let M be an odd dimensional CY manifold. Let N = #I't,/[T',T'].
Then L£LON is a trivial complex analytic line bundle over My (M).

Proof: According to Theorem 67
L= RO’IT*(WX/WL(M)),

where dim¢ M = 2n + 1. Therefore, £ is a subbundle of the flat vector bundle
R?n+1r, C, where C is the locally constant sheaf on X, and

7w X =ML (M)

is the versal family of CY manifolds over 2tz (M). We know from Theorem 47
that
M (M) =T(M)/T'z,

where 7 (M) is the Teichmiiller space and T'y, is a subgroup of finite index in
the subgroup the mapping class group of M that preserve the polarization class.
According to [41], 'z, is an arithmetic group.
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If we lift the flat bundle R"m.C on 7 (M), then R*"*1x,C will be the trivial
bundle, i.e.
R*Flr C =T (M) x H* (M, C).

Let us denote by

the natural projection map. Clearly o*(£) will be a flat complex analytic sub-
bundle of the trivial bundle 7 (M) x H?"*1(M,, C).

Proposition 87 Let N be a quasi-projective variety, £ = C"xN be a trivial
bundle and L be a flat line bundle over N such that the dual L* of L satisfies

L*CE,
then L is also trivial.

Proof: The proof of Proposition 87 is obvious.
Proposition 87 implies we that o*(£) will be a trivial line bundle. So we get
that
L=CxT(M)/Ty,

where I';, acts in a natural way on the Teichmiiller space and it acts by a
character
x € Hom(I'r,,CY) = Hom(T'r, /[T, T'L], CT)

of the group I';, on the fibre C. For CY manifolds I';, is an arithmetic group of
rank > 2 according to [41]. From here and Theorem 85 we deduce that £V will
be a trivial bundle on 9ty (M), where

N =#Tp/[TL,TL]. (143)
Theorem 86 is proved. l

Definition 88 We will define ©, as follows; Let

D =M (M) © M (M)

be the discriminant locus then a point To, 15 in Do if around To we can find a
disk D such that
Too €D, DO Too CIM(M)

and over D 67 the family of polarized CY manifolds has a monodromy group
of infinite order in H,(M;,Q).

Theorem 89 Let M be a three dimensional CY. There exists a holomorphic
section n™V of (E*)®N such that it can be prolonged to a holomorphic section

N of the line bundle (§)®N such that for each point m € Mp (M) n™ (m) # 0,

i.e. the support of the zero set ofn_N is contained in the support of the divisor
D or it is equal to it.
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Proof: Let ® = J D; be the decomposition of the divisor ® on irreducible
i

components. Theorem 86 implies that the line bundle (E*)®N is holomorphic

trivial bundle on MMy (M). N is defined as in (143). So we can conclude that

()" = Osiran(O_ ki Dj), (144)
J

where D; are the components of ©. We will prove that the multiplicities k; are
non negative integers. Indeed we know from Theorem 52 that the metric defined
by formula (102) on the line bundle £ is a good one in the sense of Mumford.
So the Chern form c¢;(£*h) of the good metric h defined by (102) is a positive
current on My, (M). The Poincare dual of the cohomology of the current

[e1(£*,h)] € H*(OM (M), Z)

P ([er (L7, h)]) = ij [D;] € Hop_2(Mp (M), Z). (145)

where the coefficients k; are defined as in (144). The positivity of the current
c1(L*, h) implies that its Poincare dual current

Z k;[D;]

is positive. From here we can conclude that the coefficients k; are positive
integers. Indeed, let [wp,] € H**~2(M,Z) be such classes of cohomology that:

[wn = (146)

D;

Since the current ij [D;] is positive (146) implies
J

<ij [D;], [wDi]> =k; > 0. (147)

From (147) Theorem 89 follows. W

Remark 90 It is not difficult to prove that in the case of odd dimensional C'Y
manifolds the points T in M (M) around which we can find one parameter fam-
ily of polarized CY manifolds whose monodromy operator acting on the middle
homology is of finite order form a complex analytic submanifold of codimension
greater or equal to 2 and are contained in M (M).
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Theorem 91 Let M be a three dimensional CY manifold and let
N =#T./[TL,TL].

Then the holomorphic section n™N of the line bundle (E*)®N constructed in The-
orem 89 is the same up to a non zero constant as the section o constructed in
Theorem 84. The zero set of N is a non zero effective divisor whose support
contains or is equal to the support of ® , where D is defined in Definition 88
and

™[5, = (det A, )Y,

Proof: According to Theorem 84 the extensions of £ with respect to the

good metrics det A, ; and h defined by (102) are the same on 9, (M). Let n™v
be the holomorphic section constructed in Theorem 89. The sections ¢V and

nN of £ are defined on M (M) and do not vanish on 9ty (M). From here we

conclude that
oN — nN

after multiplying " by a suitable constant. Thus we can conclude that
2 N
1™ [J72 = (det Ary)™

From here and Theorem 82 we deduce that for each point 7 € M, (M) and an
open set U, such that 7 € U, we have

det Ay = V|1 o = (wrywr) [fu (PP < O, (148)
where fi; (7) is a holomorphic function in U .
Proposition 92 Let us choose U such that UND o, # 0. Let
Too € Do NU.

Let fy(7) be the holomorphic function defined by (148) in U SUND . Then fy
is well defined at the point

Too € Doo = M (M) © M (M)
and fiy(700) = 0.

Proof: Indeed, we proved in Theorem 52 that (w,,w,) have a logarithmic
growth around 7., € ®o. Combining this fact with (148) we conclude that

Tim fi(ma0) = 0 (149)

From (149) we deduce that fi; can be continued analytically around any point

Too €D =M (M) &M (M).

Proposition 92 is proved. B
Theorem 91 follows directly from Proposition 92. B
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11 Open Problems

It is natural to ask if the generic point of the discriminant locus of an odd
dimensional CY manifold corresponds to a manifold with conic singularity. This
is not true. Let us take double covers of CP? ramified over eight planes in a
general position. After the resolution of the singularities we will get a CY
threefold. The discriminant locus corresponds to a double covering which is
ramified over eight planes three of them meeting in one point. So the generic
point of the discriminant locus does not correspond to a threefolds with conic
singularities since the monodromy group around these points is finite. The
monodromy group of a conic singularity is infinite.

Problem 1. Show that the moduli space of CY threefolds that are double
cover of CP® ramified over eight planes in a general position is a locally sym-
metric space associated with SU(3, 3)/S(U(3) x U(3)). If the moduli space of CY
manifolds that are double covers of CP" ramified over 2n + 2 planes is a locally
symmetric space then it should be SU(n,n)/S(U(n) x U(n)).

One can show that the moduli space of a CY threefold is a locally symmet-
ric space of rank greater or equal to two if and only if the Yukawa coupling
has no quantum corrections. It is a well known fact that any moduli space
of CY manifolds that is one dimensional is a locally symmetric space and the
famous example of Candelas and coauthors shows that there exists a CY mani-
folds whose moduli space is one dimensional locally symmetric space and there
are quantum corrections. In the Candelas example the action of the mapping
class group on the upper half plane is not arithmetic. It will be interesting to
construct CY manifolds whose moduli space is one dimensional and action of
the mapping class group is arithmetic on the upper half plane. I do not know
how arithmeticity is related to the existence of quantum corrections to Yukawa
coupling.

Problem 1 was also discussed in [8]. It was stated that I. Dolgachev con-
jectured that the moduli space of CY manifolds that are double covers of CP"
ramified over 2n+2 planes is the tube domain S,,(C)++/—15;(C), where S,,(C)
is the space of n x n Hermitian matrices and S, (C) is the space of positive Her-
mitian matrices.

The basis of proposing Problem 1 is the following Lemma:

Lemma 93 Let C*" be equipped with a Hermitian metric (u,u)with signature
(n,n). Let

C=VaV,
where (u,u) when restricted to V is positive and on 'V is negative. Then A"(V @
V) is a variation of Hodge Structures of weight n with dimc H™® = 1. This
variation of Hodge structures is parametrized by SU(n,n)/S(U(n) x U(n)).

Problem 2. Suppose that M is a CY manifold whose moduli space is
not a locally symmetric space. Is it true in this case that the generic point
of the discriminant locus corresponds to a CY manifold with a conic singular-
ity? Characterize all CY three folds whose moduli spaces are locally symmetric
spaces.
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B. Gross in [21] classified all the symmetric domains that are also tube
domains and over them one can cocntsruct a variations of Hodge structure of
weight three with dim H3° = 1. It is an open problem posed by B. Gross can one
find a geometric realization of the variations of the Hodge structure described
in [21]7

Problem 2 is closely related to Miles Ried’s conjecture that the moduli spaces
of all CY threefolds are connected. So one can ask the following question:

Problem 3. Is it true that a CY threefold such that its moduli space is
a locally symmetric space and the moduli space is contained in the discrim-
inant locus of the moduli space a CY manifold and the generic point of the
discriminant locus corresponds to a manifold with a conic singularity?

Let 7 € 9t (M). Then we know that 7 correponds to a CY threefold M. Let
us denote by w, a non zero holomorphic three form on M,. Let 8 € H3(M,Z),

then we will denote by
(r,B) = / Wr-

B

Problem 4. Can one find a product formula for the analogue of the
Dedekind eta function of CY threefolds

T]N = exp (27'('\/__1 <77 7—>) X H (]— — €xp 277\/__1 <7_7 ﬂz>) )

around points of maximal degenerations, which would mean that around such
points the monodromy operator has an index of unipotency n + 1, §; are the
vanishing invariant cycles of the monodromy operators of infinite order and
7 =(71,...,7V) are the flat local coordinates? For a discussion of the product
formulas for automorphic forms see [9].

Problem 4 is closely related to paper [2] and more precisely to the counting
problem of elliptic curves on the CY threefold. For discussion of the

Problem 5. Prove that det A;; is bounded on the moduli space My (M)
of any CY manifold M.

This problem will follow directly if one can prove that the coefficients ay, for
k = —n,...,1 of the short term asymptotic expansion

1

Tr(exp (—tA;q1)) = Z (Z—: +ag+ ...
k=—n
are constants. We prove that ag is a constant if M is a CY. The solution of
Problem 4 will show that the analogue of the Dedekind eta function ™ vanishes
on the discriminant locus. This will imply that the section 7V constructed in
this paper will be related to the algebraic discriminant as defined by Gelfand,
Kapranov and Zelevinsky.
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