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Abstract

We study the zero-dissipation problem in L? and L' spaces of the Keyfitz-Kranzer
system. When the solution of the inviscid problem is piecewise smooth and having finitely
many noninteracting shocks with finite strength, there exists unique solution to the vis-
cous problem which converges to the given inviscid solution away from shock discontinu-
ities. Convergence rates are given in terms of e the viscosity. The proof is given by a

matched asymptotic analysis and a weighted elementary energy method.
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1 Introduction

We consider the following two 2 x 2 systems

{ ug + (p(u,v)u), =0, (1)
v + (p(u,v)v), =0, t>0,z €R,

{ g + (D(u, 0)u)y = ety (1.2)

v+ (P(u, v)0) g = €Uy, t>0,zeR
The system (1.1) is a special form of the Temple class system (see [2]), with one contact field
and one line field. And the shock wave curves and rarefaction wave curves coincide. Such
systems arise in the fields of elasticity theory (see [3],enhanced oil recovery and magnetohy-
drodynamics (see [4] ), etc.

Let (r,0) be the polar coordinates,

r(u,v) = Vu?+v2, tanf =v/u.



In this paper we only consider the case when ¢(u,v) = ¢(r). The following assumption on ¢

are consistent with physical considerations:
o (A1) ¢(r) = +o0asr — 0 or r — 400,
b (AQ) ¢(7’) > 07

o (A3) ¢ > 0,209 5 o Z0d) 5

e (Ay) ¢ is convex.

Then the system is strictly hyperbolic with two eigenvalues

A = ¢, Ao =@+ r1d, = (10)r, (1.3)

where A; is linearly degenerate and Ao genuinely nonlinear; the corresponding eigenvectors

are
r1 =1y = (—sinf,cosf), ry =1z = (cosh,sind). (1.4)

The well-posedness of the system (1.1) in our case has been studied by G.Q. Chen in
[5],16],[7] and he obtained some properties which are similar to those in the scalar conservation
law. A very important approach to study the well-posedness of the hyperbolic system is the
viscosity method. Ever since Goodman and Xin [1] studied the rates of convergence of the
viscous approximate solutions for general strictly hyperbolic systems with weak shock initial
data, we are interested in knowing for what kinds of systems we can get convergence results
for bounded shock data, just like in the scalar case.

Our aim is to get the L' and L? convergence rates of the viscous solutions, given the
inviscid solution h(x,t) = (u,v)(x,t) which has finitely many noninteracting shocks of finite
strength. The method we use is mainly motivated by [1]. But in the stability analysis, we
use an initial weighted energy estimate. The result in the L! space is based on that in the
L? space.

The proof consists of main parts. In the first part, we use the weighted asymptotic
expansions to construct an approximate solution A¢(z,t) of (1.2) without requiring that the
shock is weak. The A(x,t) is close to the given solution h(z,t) for € = 0 away from the
shock. However, A¢(x,t) has a smoothed viscous shock profile of width € near the shock.
The detailed construction of the approximate solution, is also crucial for our method, since
we need to have estimates on the higher order correction. In the second part, we show a
priori estimate on the difference between A€ and the exact viscous solution h¢. The crucial

part is the estimate in an very thin initial layer 0 < ¢ < O(1)e obtained by using a weighted



energy estimate. Here we choose the weight to be ¢~3. Then the special feature of the two
eigenvalues allows us to get the a priori estimates. In the last section, we get the L' estimate.
Without loss of generality, we assume the given inviscid solution h(x,t) = (u,v)(z,t) is a

single-shock solution up to time 7', that is
1. h(z,t) is a distributional solution of the hyperbolic system (1.1) in the region R' x [0, T7;

2. There is a smooth curve, the shock, z = s(t), 0 < ¢t < T, so that h(x,t) is sufficiently
smooth at any point = # s(t).

3. The limits

On(s(t) —0,t) = lim O%h(x,t),  OFh(s(t)+0,t) = lim &*h(x,1),

xz—s(t)~ z—s(t)t

exist and are finite for t < T and k£ =0, 1,2, 3, 4.
4. The Lax geometrical entropy condition is satisfied at x = s(t), that is

A(h(s(t) —0,t)) < Az(h(s(t) — 0,1)), (1.5)
Ao (h(s(t) + 0,1)) < $(t) < Aa(h(s(t) — 0,1)). (1.6)

Here we assume the discontinuity is of the second family. Here and in the following, we always

use the notation $ = dsd(tt). We also assume that

ANo<s, and r(u,v) > 7, (1.7)
for some positive constant r,. Now we state our main theorem

Theorem 1. Suppose that (u,v)(x,t) is a single-shock solution of (1.1)up to time T > 0.
Under condition (1.7), if

T z=s(t) )
o 2
2. /0 </—<>0 +/:vs(t)) 19z (u, ) (@, D) dedt < oo, (1.8)

1<a<7
/Rl (1w, 9)a (@, 0)] + [(t; 0)sa(z, 0) ) < +o0, (1.9)

there exists positive constant €y, such that for any € € (0,¢p], there is a smooth solution

(uf,v°)(x,t) of (1.2), satisfying
(ug, vg) € C1([0,T], H?). (1.10)
Moreover, for any given 3 € (0,1),

sup / |(u — u, v — v)(z,t)]2dz < Cye?, (1.11)
0<t<T JR!



and

sup |(u — u, v® —v)(z,t)| < Cé, (1.12)
0<t<T,|x—s(t)|>eP
and
sup |(u® — u, v —v)(z,t)|dr < Cge, (1.13)
0<t<T JR!

where Cg, C' are positive constants independent of .

2 Approximate solutions

Suppose the exact solution to (1.2) is h(z,t) = (u, v)(z,t). Following Goodman-Xin, in [1],
we will use the formal Hilbert expansion and the shock expansion to construct an approximate
solution to h¢(z,t).

2.0.1 Outer expansion

Let ho(x,t) = (vo, uo)(x,t), hi(x,t) = (v, us)(x, t), 0 = 1,2, . In the domain away from

the shock, we expand h¢(z,t) formally in order of e.
Re(x,t) ~ ho(z,t) + ehy(z,t) + ha(2,t) + - - , x # s(t). (2.1)

Substituting (2.1) into (1.2) and comparing the coefficients of powers, we get, with f(h) =
f(u,v) = (¢(r)u, ¢(r)v)t ( where F* denotes the transport of F),

O(l) : hOt + f(hO)z = 07 ) (22>
0(1)6 : hit + (f,(ho)hl)l‘ = hozz, (2.3)
1
0(1)62 : hgt + (f,(ho)hQ)z = hlxw — §(f”(h0)(h1, hl))x (24)
etc.
The outer functions, hg, hy, - - are generally discontinuous at the shock, but smooth

up to the shock. The leading term, hg, is taken to be the single shock solution of (1.1),
(u,v)(z,t). Near the shock, h¢(z,t) will be represented by a shock layer expansion

H(x,t) ~ Ho(§,t) + eH1(§,t) + -+ : (2.5)

Where HZ — (U,L"/Z),’L = 07 1,27 N and

e= 2750 s o), (2.6)

€




and J(t, €) is the perturbation of the shock position to be determined later. We assume §(t, €)

has the form
5(t,€) = So(t) + edr(t) + 25a(t) + -+ . (2.7)

Substituting (2.5)-(2.6)-(2.7) into (1.2) to obtain

o) Hoge + $Ho — f(Ho)e = 0, (2.8)
0(1) : Hige + $Hig — (f'(Ho)H), = do(t)Hoe + Hot, (2.9)
O(1)e : Hoge + 5Hae — (f'(Ho)Ha), (2.10)

= 0o(t)Hyg + 01 (t)Hoe+Hyy + %(f”(Ho)(Hl, Hy))., (2.11)

etc.

The inner expansion is supposed to hold in a small zone of width O(e) around x =
s(t). The outer expansion and inner expansion are expected to agree with each other in the
"matching zone”, where |£| — +oo and |z —s(t)] is small. Using Taylor’s expansion to express

the outer solution in terms of £, we get the following "matching conditions” as £ — +oo:
Ho(&,t) = ho(s(t) £ 0,t) + o(1).
Hy(€,t) = ha(s(t) £0,¢) 4 (€ — do)Ozho(s(t) £ 0,t) + o(1) (2.12)
H3(&,t) = ha(s(t) £ 0,t) 4 (€ — 00)0zha(s(t) £0,1)
— S10uho(s(t) £ 0,1) + %(g — 80)202ho(s(£) + 0,£) + o(1).

etc. After we construct the various outer and inner functions, we can verify the algebraic

growth of H; as £ — Fo0.

2.1 Properties of the viscous shock profile

Since much of our construction depends on the properties of viscous shock profiles, we recall
them as follows. Viscous shock profiles are the travelling wave solutions of (1.2)on the whole
R! of the form

(uavx‘rvt) - (U7 V)(f) = H(é‘)a §= )

which satisfies
—oH' + f(H) = H", (2.13)
and (U, V)(£o00) = (vg, us), with

{aw+—u>=(mm@+—(mm@

o(vy —v_) = (¢(T)U)+ — (6(r))_, (2.14)



where ' = d/d¢, o denotes the shock speed.

The advantage of taking ¢(u,v) = ¢(r) is that the behavior of the 2-waves of (1.1) can
be studied independently. Across the 1-wave, the value of r is unchanged; across the 2-wave,
the value of 6 is constant. Therefore, the behavior of r and hence the behavior of 2-waves,

can be described by the scalar conservation law
re+ (ro(r)), = 0. (2.15)

This can be justified because the jump condition and entropy conditions for (1.1) are consis-
tent with that for (2.18), i.e. o(r— —ry) = (ré(r))_ — (r¢(r))+.
Then the behavior of the viscous shock profile of the 2-wave is like that in the scalar

equation
re+ (ro(r), = €ree, r—ri, as £ — £oo, (2.16)
and r(z,t) = R(€), O(x,t) = 6 = 0, = constant. Integrate (2.16) once to give
Re = (R$(R)) — (ré(r)) _ — o(R—r-). (2.17)

Consequently, we get the following results adopted from that in the scalar case ,without

requirements on the shock strength,
1. O¢d2(R) < 0, for all &,

2. |0¢R| < |r— — 14,

3. asf—>—oo, R(E,T’_,U)—T_:O(1>‘7”_—7’+‘67a|£‘7
OR OR
= —alf| b —alf|
5 —1=0M)e ™, = =0(1)e
4. as§—>+oo, R(f,’f’_,o’)—’r’_;'_:O(l)‘r_—r_,'_’e*am"
OR Oy _ —alg)  OR_Or— _ —alé]
o or. O(L)e™ ™", % 9o O(1)e 5l

We remark here that these estimates can be proved by estimating the linear systems of

ordinary differential equations obtained by differentiating the equation (2.25) .



2.2 Constructions of the outer and inner solutions

We need to construct the outer and inner solutions order by order simultaneously, making
use of the matching conditions. The leading order of outer solutions, hg, is exactly the single
shock solution given in Theorem 1. For any fixed ¢ (viewed as a parameter), the leading
order of inner solutions, Hy(&,t) determined by (2.9) is just the viscous shock profile with
end states h— = (u—_(t),v_(t)) = ho(s(t) —0,t), and h4 = (us(t),v+(t)) = ho(s(t)+0,t), and
the shock speed o = $(t). So we take

Ho(&,t) = (R,0)(& h-(1),5(2)),

Since the shift can be absorbed by (¢, €), we can take it to be zero. The next order terms

hi, Hy and do(t) are determined together. Integrating the two equations of (2.9) over [0,€),

we have
) . 0H, 0Hy ..
ngg + Sng — (f/(Hg)Hl) = 50( )Hog + Oh + _08. (2.18)
§ Oh_ 05
Set Hy = F| + D1, where D is smooth and
dyho(s(t) — 0,1), ~1,
p [ @l 0.0, €< .19
£0xho(s(t) +0,t), &> 1.
Now using the identity
- d
he 4= %h(’( s(t) £0,t) = ($I — f'(ho(s(t) £ 0,t))hox(s(t) £0,1), (2.20)
we compute that
Fige + $Fie — (f'(Ho)F1) = do(t)Hog + g(&, 1), (2.21)
where |g(&,t)| < ce=®El for large |¢]. Then defining G(&, ) fo t)dn, we get
Fig = (f'(Ho) — $I)Fy + doHo + G + (1), (2.22)

for some constants of integration ¢(¢) in R2, to be defined later. Now we are to determine Fy, dy
and c¢(t). First we express F} in terms of the basis r1(Hp), ro(Hp) of the right eigenvectors
of f'(Hyp), where r1 = (—sinf,cosf), ra = (cos,sinf), § = 6(Hy). We also note that
O(ho(s(t) £0,t) = 0(Ho(&,t)) , hence we can express hy(s(t) £ o,t), 0zho(s(t) £0,t) at r1,ra

too. Now we write

Fy =a1(57t>1‘1+a2(§,t)1‘2,
hi(s(t) £0,t) = Bie(t)r1 + Bax(t)r2, (2.23)
8xh0(s(t) + 0, t) = ’yli(t)rl + Y2+ (t)r2



Taking the matching condition into account, we have
a;(€,t) = Bj+(t) — doyj+ +o(1), as & — Foo, for j=1,2. (2.24)
So it can be easily seen that

aie + (8 — Mi(Hp))ag =r1G +ric(t),

, . (2.25)
Qe + (8 — )\Q(HD))OZQ = 50T(H0) +roG + rzc(t),

And we can solve the above equations and get unique solutions, as stated in the following

lemma.

Lemma 1. There exists a smooth solution, (a1, a2)(&,t), to equations (2.1), with the following

property:
(€1) = (5= A(h)) 'msle(t) + G-+ mdr ]+ O(1)e 0kl ¢ — —oo, (2.26)
DT (- alhe) Mralelt) + G+ dey) + O(De ol g oo,
forj=1,2,m =0,m2 =1,G1 = limg_.400 G(§, 1), and o is a positive constant.
We omit the proof.
Taking (2.24) and (2.2) together, we have
ri(G_ +c(t)] = (61— —do(t)1-) (s — A1),
507"_ + 1o [G_ =+ C(t)] = (ﬁg_ — 50(t)")/2_) (S — )\2_), (2 27)
r1[Gy +c(t)] = (Bt —do(t)v1+) (5 — A1),
dor+ +12[G +c(t)] = (B2t — do(t)y2+) (3 — Aay)

So we can solve d¢(t), ric(t), rac(t), f1— in terms of B4, foy, fo— from the above equations.

And in view of the linear initial-boundary problem (2.3) for hy(z,t), , and after taking up
suitable initial values of hj(x,t) around x = s(0), we can solve , by the theory of first order
linear hyperbolic systems, hi(x,t) uniquely and furthermore have the following regularity

assertion (see [8],[9]). Here we make use of the condition (1.7).
Proposition 1. hi(z,t), Hi(£,t) and &g can be determined such that

e hi(z,t) and its derivatives are uniformly continuous up to x = s(t) and

> / /w 0% h (, t)[Pdadt < +oo. (2.28)

‘Oc|<5 #s(t)

o Hi(&,t) is smooth and for some co > 0,

Hy(§,t) = ha(s(t) £ 0,2) + (€ — 00)Ixho(s(t) £0,t) + O(1) exp{—co[¢]},

as & — +oo0. (2.29)

It is clear that the above procedure can be carried out similarly to any order. In particular,

we can construct ho, Ho, h3, H3,d1 and d9 and similar estimates hold for them.



2.3 Construction of the Approximate solution

Now we can construct a smooth approximate solution to (1.1) by patching the truncated

outer and inner solutions in the previous discussion as in [1].

Set
2 x — s(t) 2
I(x,t) = (H0+6H1+6 Hg)( + 0p + €01 + € (52,t), (2.30)
and

O(z,t) = (ho + €h1 + €ha)(x, 1), x # s(t). (2.31)

Let m(y) € C§°(R!) such that 0 < m(y) <1 and

1, lyl <1

= 2.32
" { 0 wiz2 (232

Choose v € (%, 1) as a constant. Then we define the approximate solutions as

i _;(t))l(x,t) +(1- m(x _;(t)

A(z,t) =m(

))O(z,t) + d(z,t), (2.33)

where d(z,t) = (di, d2) is a higher order correction to be determined later. Using the structure
of various orders of outer and inner solutions, and the estimates in Proposition 1 , we can

choose a suitable d(x,t) such that
Af + f(AY)e — €Al = (FAY) — f(A) —d)), (2.34)

and d(x,0) = 0. In the following we give the estimates on d(x,t) but omit the proof which is
exactly as that in [1].

Lemma 2. We can find a smooth d(x,t) satisfies (2.34), and the following estimates

10Ld(-, )|, < O(1)eB-br=1/2 for 1=0,1,2,3.
()| pry < O(1)eN—1/2 for ae€(0,1/2), (2.35)
l 3—1+1/2)y—1/2 _
) L = =1, 2.
10Ld (-, )l py(rry < O(1)e =12 for 1=1,2

Lemma 2 implies the following estimates on A€(x,t).

Lemma 3. Let A°(x,t) be defined as in (2.33). Then

A1) = ho(z,t) + O(1)e zf |z —s(t)| > €7, (2.36)
Ho(&,t) +O0(1)eY  if |z —s(t)] <267,

For e small, there exists positive constant ry. such that

T(A) > r. (2.37)



And taking the coordinate transformation y = (a: - s(t))/e, T =t/e, we have

0A° 0A°
= H 1 = 1). 2.
9y mOeHy + €O(1), 57 €O(1) (2.38)
To be exact, we set
R = R(A%), 0=0(A°), (2.39)
then
oR a0 5 J(R,0)
oy mOoeR(Hy) + €O(1), 9y e“0(1), 5 = eO(1). (2.40)
Proof: By construction, we have
O+d for |z —s(t)] > 2€7,
Az, t) =< O+m(I—0)+d for € <|z—s(t)| <2,
I+d for |z —s(t)| < €.

We also have O(z,t) = ho+ O(1)e on |z — s(t)| > €, I(x,t) = Hy+ O(1)€” on |x — s(t)| < €7
which can be obtained by using (2.29) , and for [ = 0,1,2, oL(I — O)(x,t) = O(1)eB~Y7 on
{(z,t) : € < |z —s(t)] < 2€,t € [0,T]} which is verified by using the matching conditions
with O(1) = O(1)e~ 0|, These, together with (2.35);, yield (2.36). And (2.37) is the direct
consequence of (2.36). Similarly, one can show (2.38). Moreover, again by construction we
have 9,0(Hp) = 0 which gives that 9,0(A€) = O(1)€e%. This completes the proof. O

This finishes the construction of the formal approximation solution to (1.2).

3 Stability Analysis

Having the approximate solution A¢(z,t) at hand, we now show that there exists an exact

solution h¢(z,t) to (1.2) that is close to A¢(z,t). Here we let
h¢(z,0) = A%(x,0), for each . (3.1)
Set
w(zx,t) = h(x,t) — A%(x, 1), (3.2)

w = (@, 0), then w(x,t) satisfies the error equation

Wy + (f/(A)D) 4+ Q(AS, D)y = ethge + (f(A° — d) — f(A9)),.
w(zx,0) =0,

10



where Q(AS, @) = f(h¢) — f(A°) — f'(A)w satisfying |Q| < O(1)|w|? for small @w. To exploit
the fact that a shock satisfying the entropy condition is compressive, we need to integrate

system (3.3) once. Thus we use the coordinate transformation

x — s(t) t
e €
and set
W(x,t) = ewy, = w,, for (z,t)€Rx[0,T]. (3.4)

So w(y, 7) satisfies
wy — $wy + f/(A)wy = wyy + q(A%, d) — Q(A, wy),
w(y,0) =0,
where ¢(A,d) = f(A® —d) — f(A) and |q] < O(1)|f'(A)d| < O(1)|d|. Our purpose is to

show that for e suitably small, (3.5) has a unique ”small” smooth solution up to time 7. This

(3.5)

will follow from the following three lemmas.

Lemma 4. (Local estimate) For each €, the initial value problem (3.5) has a unique solution
w € Cl([O,TO] : HZ(Rl)) for some 19 < 1/N , with N sufficiently large and independent of e,

and
70
N ollpy €yl s < e, (3.6)
where v and « are defined in Section 2.5.
Lemma 5. (A priori estimate) Suppose that the Cauchy problem (3.5) has a solution w €
C'([0, 7] : H?(RY)) for some T € (0,T], and

sup ||w (-, 7)||ro, < ce (3.7)
[0771]
for some constant ¢ independent of € and 7. There exist positive constants €1, u1 and C,

which are independent of ¢ and 11, such that if

€€ (0’ 61)7 sup ||w("7—)”H2 < M1, (38)
[O,Tl]
then
T1
o w52 + / [lwy (- 7)|[F2dr < CeTa, (3.9)
0,71 0

Remark : The discovery of Lemma 4 is very important in the energy proof. Having
the lemma, we need not impose restriction on the shock strength. In what follows, we use
H'(1 > 1) to denote the usual Sobolev’s space with the norm || - ||; and || - || = || - ||o denotes
the usual La-norm. We also use ¢ to denote any positive constant which is independent of

e,y and 7 and use O(1) to denote any positive bounded function.

11



3.1 Proof of Lemma 3.1

Since (3.5) is an initial-value problem for a uniformly parabolic system, the existence theory
(local in time) and the uniqueness theory in the space C*([0, 7o}; H*(R")) is standard. Thus
we can declare that the smooth solution w satisfies

sup w(, 7)< po, (3.10)
0,70

where po is small.
Step 1: Multiplying both sides of (3.5) by e ¥7w and integrating over R!, we obtain
after integration by parts that

S N, IR + €Ny DI+ Ne N, 72
=e N7 /R1 { — ["(AYwwy + q(AS, d)w — Q(AS, wy)w}dy. (3.11)
Each term on the right hand side above will be estimated separately. First,
[Py < gl (R + el (3.12)
Next,
/Rl g(AYwdy < cllw(, 7)|I* + ceH]d(- en)|* < callw(, T[] + ce O, (3.13)
where we make use of Lemma 2. The third term,
[ Quatwuay < [ ey < el )l (3.14)

Now choose N sufficiently large to insure that

1 1
c1+co <N, and 3 + 3o < 3 (3.15)

Collecting all the above estimates and integrating the resulting inequality with respect to 7,

we have
T 1
VNl P+ [Ny )l ds < el (3.16)
0

Step 2: Now we are to get higher order estimates. Applying 816 to (3.5) for [ = 1,2,
multiplying both sides of the resulting equation by e Tﬁéw and integrating over R!, we

compute that

1d
576 oyl I + eV 0y w(, 7)[F 4+ Nem N[0y w (-, 7))

=T / w0 = f(AYwy + q(A, dyw — QA wy) by (3.17)

12



In the case | = 1, we have by the Cauchy inequality that the right hand side (3.17) can be

estimated as
[ Rt = (A, + a4 d) - QA% iy
< 5r|a§w<-m>||2 e [ (P + 1wy + oy ) dy
< %H@Sw(w DI+ c(1 + [Jwy|[Z ) wy (-, ) + ce7 72,
where ||wy||r., is bounded because of (3.10) we use Lemma 2 . It follows that

-N -N -N
e Ty (12 4 e Gw (e, TP+ Nem T [fwy (-, )12
< o1+ eV (-, 7|2 + cetTre2e T,
Integrating this inequality with respect to 7, we obtain, by virtue of (3.16), that
T
1
Nl [ )]s < e
0

Similarly, for [ = 2, we can estimate the right hand side (3.16) as follows

/ G {(~ F(AYw,), + q(A% )y — QA w,), }dy

| /\

1
SOyl + (U + [Jwyl[7. ) ([[wy[* + [105w]]*) + C/(\d!2 +|dy|*)dy

Using Lemma 2 again, one gets

d

——e NT[0Fw (-, )| * 4+ e V|| Gjuw (-, )2

dr Y

< e N+ [Jwy ( DIP + 105w (-, 7)|P) + e(€77072 4 7)),
provided ||wy||2 is bounded. Then it follows from (3.16) and (3.20) that
T 1
—N7||52 2 —Ns||a3 2 6y+a—2
e [0y w(-, 7)]| —I—/O e ||9yw (-, s)||"ds Scﬁe g .

Combining (3.16), (3.20) and (3.21), we complete the proof of Lemma 4.

Remark: The above proof is valid only when 7 is very small.

3.2 Proof of Lemma 5

§|Ié’§’(-ﬁ)|\2 + C/ (fwy* + 105w]® + [y |* + [wy 2105w + |d” + |dy[*)dy

(3.18)

(3.19)

(3.20)

(3.21)

First we diagonalize the system (3.5). We take L = (11,12)!(A¢), where 1;(A¢) = (—sin 6, cos ),

1o(A€) = (cosf,sinf) , 0 = 6(A), and define

Lw:=| " A= Ar(A9)
. w9 ’ AQ(AE) .
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Then we have

(Lw)r = 3(Law)y + A(Law)y — (Lw)yy

= (L, + AL, — L)w — 2Lyw, — $Lyw + Lq(A°, d) + LQ(A*, wy). (3.23)
Notice that
LT = LQQT, —]_2 9
Ly = . Lgg=-L, L, = L0%+Lyb,,, 3.24
L, = Lyb,, o < 1 ) 09 vy y T HO0Vyy (3.24)
Lywy = Low,0,, and Lowy = (Lyw), — Lggwb,, (3.25)

so (3.21) can be rewritten as

( wir + ()\1 - é)wly — Wiyy )

war + ()\2 - é)w2y — Wayy

_ —wabr + (3 - Al)wQQy + 2711192 + w29yy + 2w2y9y
w10- — (8 — Ao)w16y + 2w20; — w16y, — 2w1,0,

) +L- (g(A%,d) + Q(A%, w,)).
(3.26)

Step 1: (Basic estimate) Taking the inner product of both sides above with (w1, ws)! and

integrating over R', we get after integration by parts that

1d 1

Qal\(wuwz)ll2 + [ (wr, w2)yl| ~ 3 / (OyArwi + dyhowsd)dy
— / {(A2 = A wiwaby + 2(wi + w3)6; + 2(wiwey — wowiy )by + whq + wLQ}dy. (3.27)

Since 0r(A1, A2) > 0 by our assumption on ¢(r), and d,R(Hp) < 0 by our construction, one
gets

By (A1, A2) (A) = 8, (A1, Ag) (m(e'7y)dy R(Ho) + O(1)e). (3.28)
Notice that dy0 = O(1)e ( see (2.2)), so we have
/ {2 = M)wrwaby + 2(wi + w%)OZ + 2(wiwzy — wawiy)fy pdy
< el wn, wa)| 2 + el (wn, w)y 12
Now
[ Lo iy < eljwr,uz) P+ o [ ey +80-+ edr,en)dy

< el (wr, w2)|* + ce7?|d(-, er)|?

< el [ (wr, wa) (-, 7| + e,
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Finally,

/ WLQ(A,wy)dy < ¢ / wlw?|dy < cellwy (7)1

which is by the assumption that ||w||r, < ce. Collecting all the estimates we have obtained

thus far, we get

17 I”

D w2 + [y ()

dr
< —C/mayR(Ho)!IUQdy +celfw(, 7)1 + cellwy (-, TP + e T,
Choosing € suitably small, we have
%Ilw('ﬁ)ll2 + [Jwy (-, 7)I]? < —C/mlayR(Ho)lwzdy +eellw (-, )P + e (3.29)
Applying a classical Gronwall-type inequality to (3.29) yields
[|w(-, )| + /OT [wy (-, 8)|[?ds < ce® T forall 7€ [0, 7). (3.30)
Here we used the fact that

.
e/ lw(-,7)||?dr < ce T forall T < .
0

Therefore, we have derived the desired Lo energy estimate on w.
Step 2: To complete the proof of Lemma 5 , we need the higher order Lo estimates on w.
But the procedures are exactly the same as that Step2 in the proof of Lemma 4. So we omit

the proof here. In this section, we prove that
0,0 DI+ [ 19y, < et (3.31)
for 7 € [0, 7] and ¢ is independent of 75 and . O
3.3 Proof of Theorem 1
To combine Lemma 4 and Lemma 5, we choose -y, a such that
6y+a—4>2,
then from Lemma 4, one has Sobolev’s inequality that

0]z < (][ - [feoy] [/

< ce_J\[T%e(G“’"ra‘_Z)/2 <ce? <ce forall T€[0,1/N].
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So (3.7) is satisfied. Furthermore, when Lemma 5 is valid, again by Sobolev’s inequality, one

gets

lJw]| Lo < [Jw][*? - [Jwy|['/? < ce@FaD/2 < e

therefore, Lemma 5 can be carried out till 7'/e. We conclude that

Proposition 2. There exist positive constants €y and cy, independent of €, such that if
0 < € < €9, then the Cauchy problem (3.5) has a unique smooth solution w € C*([0,T/€]) :
HQ(Rl)). And the following inequality holds:

T/e
sup Hw('»T)H%Jr/ [l (-, 7)[[3dT < coe 7, (3.32)
[0,T/¢] 0

Consequently, we have from (3.2,(3.4)and(3.32) that

sup [|(h° — A) (-, 1)[]* = € sup [Jwy (-, 7)|* < coe” T < coe’. (3.33)
[0,7] [0,T/¢]

Next , using Sobolev’s inequality, we have

(A€ = S) (s8]0 = [[wy (7)1
< O)[Jwy (-, 7|2 ||wyy (-, 7)I|2

< Ce6rta=D/2 < e

which together with (2.36) gives (1.12).

Finally , we are to get the L' estimate. For this aim, we need several lemmas.
Lemma 6. For the given single-shock solution h(x,t) = (u,v)(x,t) to (1.1), we have
S F o+ 1 0)a0 (@, )] dadt < e, (3.34)
for some constant c.

Proof: For simplicity of presentation, we take the polar coordinates (r,6). Then the

behavior of h(z,t) can be described by

Tt + (T(;S(T))z = 07

0, + ¢(r)0, = 0. (3.35)

Denote by (r9,0p)(z) the initial value. By definition, there is no discontinuity on 6, no
spontaneous shock on r, and only one initial shock on r for each t , 0 <t < T. Therefore,

for each (x,t) with x # s(t), we can trace two characteristic lines backward to t = 0:

w(t) =&+ Xa(ro(€))t,  z(t) = & +/O ¢(r(z(s)))ds, (3.36)
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where Ay = (rgb(r))r and

ro(&1) =r(x), 0Oo(&) =0(z). (3.37)

Differentiating the two equations in (3.36) with respect to & and & respectively , one has

6_51 =1+ d£1 Ao (ro(&1))t, 3—52 =1+ f 0 96 o(r(z(s)))ds. (3.38)

Since there is no other discontinuity,
¢

O0<e < 1+£)\2(T’0(§1))t<62, O<ez3 <14+ 8fg¢( ( ( )))dS<C4. (3.39)

Differentiating once again the two equations in (3.38) with respect to &; and & respectively,

we have

6290 2 82 8 6‘9@2

By the definition of single shock solution, ¢, and¢,, are bounded. This together with (3.39)
yields that

fou o
Sl<e 15g<e (3.41)

for some constant c.

Differentiating both equations of (3.37) once with respect to &1, &2 respectively, we have

oz ox
T0§1 = T'Ia—gl, (9052 = Hxa—& (342)

Continuing, differentiate the above two equations once again with respect to &1, &2, respec-

tively, to give

ox ox | — 0%r  Or . _
TT He e - — == , 4
regg ~ e (gg) - —ren €7 (%) (343)
ox ox 0%z , 0z
Opz— =10 — Ope, —= (=— 3.44
85 08282 (ag ) 0&2 8{% (852) ( )
Thus
le 7z (@, t)|de = le \ng—éld&
-2
< S lroe [ (22) 7 dr + [ Iroe, 25 85 5(5E) "dé (3.45)
<eg,
le ‘Hacx(x7t)|dx = le |9w:vaa_£x2|d€2 ) )
r \ — 2:17 z \ —
< S boese | (55) ™ dé2 + [ lfoe 55| (55) ™ déz (3.46)
<c,
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where we have made use of the assumption (1.9). Hence

f(;r le |(Txx’9xa:)(xat)’dxdt <eg, (347)

which is (3.34). O

In the polar coordinates, equations (1.2) can be written as

re+ (ro(r)), = eree — erd?, (3.48)
1
O+ ¢(r)0y = €0y — 26;’/“1933. (3.49)

To derive the L' estimate, we construct another approximate solution h%(z,t) as

ha(xat) = h(.TU,t) +H0<y;h—7t) - J(y;h—yh—i-) (350)
where y = x_TS(t) and J is the so-called Heaviside function defined by
h+ if Y > O)
J(y; h_0,hy) = 3.51
W +) {h_ if y<0. (35
. Then h%(z,t) is continuous . Define
7(z,t) = r(x,t) — r(z,t) = r(h°) — r(h?), 3.52)
é(:ﬁ, t) = 05(1,’ t) - 9a($’ t) = Q(he) - H(ha)a (3 53)
then for x # s(t), the error equations are
T + (7’6¢(r6) — rqb(r))x = €Ty + €Tpy — erfﬁf, (3.54)
_ _ _ 1
O; + O(r)0, + (¢(r€) — ¢(r))01 = €0y + €040 — 26;7";0;. (3.55)
Lemma 7.
sup [| (% — A(-,1)|[* < e, (3.56)
(0,71
for some constant c.
Proof:
h(xz,t) — A(z,t) = (Hog — J) + m(Ho — h) — e(mHy + (1 —m)hq) (3.57)
+ e2(mHy 4 (1 — m)hy) — d (3.58)

Note that in our case, the viscous travelling wave of the second family is actually like that in
the scalar conservation laws with convex flux function. So we can apply the result obtained

in [10], that

[Ho(y; hy hy) = J(yi hey by )| < (e — g e @ mrellvl/2, (3.59)
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where a = min{(r¢(r)),»} > 0. Thus

/ |H0(y; h*7t) - J(y; h,, h+)|2dl‘ < ce.

On the other hand, since h(z,t) is left and right continuous at x = s(t) for each t < T, 3 €3
such that if € < e3, then

|h(z,t) — h_|, |h(z,t) — hy| < €77/2, forall |z —s(t)| < 2€. (3.60)

Consequently, we have

[ m(Hol,) bz t)) P (361)

_ /m\ (Ho(y, ) — J(ys hey hy)) + (J (s he his) — h(z, £)) [Pde < ce. (3.62)

Then by the estimates on the functions Hy, Ha, hy he, d and (3.57), the inequality (3.56)

follows. O
Lemma 8.

[sou% / |h(x,t) — h%(z,t)|dz < ce. (3.63)

Proof: Multiplying both sides of (3.54) with sign(7) and integrating it over R', we obtain
after integrating by parts that

d [ . _ .
7 / |7|dz = €(a;Tz(pjt1 — 0,t) — ajia(p; + 0,1)) (3.64)
+e/rfe;2da;+e/|rm|dx, (3.65)

where a; is the sign of 7, in (pj,pj+1). Since 7(p;,t) = 7(pj+1,t) = 0 and a;7 > 0 for
x € (pj,pj+1), we have a;7,(p; +0,t) > 0 and a;72(pj+1 — 0,t) < 0. By (2.37) , (3.32) and
choosing € small enough, ¢ > r* > 0 for some constant r*. Then f(;[ [62dxdt < c. Using
Lemma 6, we integrate (3.64) over [0,7] to get

Sup/|f(x,t)|dx < ce. (3.66)
(0,7]

Continuing, we multiply both sides of (3.55) with sign(f) and integrate the resultant equation
over R! to get , after integrating by parts , that

% / (. )| da (3.67)

< /¢(r€)x|§|dl‘+c/\f| : |9x|dx—|—e/|c9m|dm+ec/(r;2+9;2)d:1:. (3.68)
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Now the first term on the right of (3.67) is estimated as

[ o(r
< [olr )) 0° = O(A) + 0(A) = 0(h®)|dz + [ (R)al0|dz
< [(¢ g (R))_|0(A°) — 6(h®)|dz + [ ¢'(R)(tmR(Ho)y + c)|6ldx + c||d(-, 1)}
<c [0z !d:v+c|!w<,t)H%+cHA€—h“H2

where R = r(A€), w = h¢ — A°. Note that 6(h*), is bounded. By (3.66),t he second term on

the right is estimated as

669 = ot < .

Collecting all the above estimates and using Lemma 6, one has

d [ - s
%/|0(x,t)|d:c < c/|9(a;,t)|dx+c(||w(.,t)||§)+ce (3.69)
Applying Gronwall-type inequality, one obtains

sup/\@ x,t)|dx < ce. (3.70)
[0,T]

Finally, by (3.59), one easily has that
/ Iz, t) — ho(z, )|z < ce. (3.71)

This together with Lemmas 7 and 8, leads to (1.13). This completes the proof.
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