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Abstract: In this paper, we study the local behavior of the solutions to the
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magnetic field in the regularity theory. As an immediately corollary we can
derive an estimates of Hausdorff dimension on the possible singular set of a
suitable weak solution as in the case of pure fluid. Various partial regularity

results are obtained as consequences of our blow-up estimates.

*He’s e-mail address: chenghe@amathl4.amt.ac.cn. ** Xin’s e-mail address: zpxin@ ims.cuhk.edu.hk



1 Introduction

We are concerned with the uniform gradient estimations and the partial regularity of weak

solutions to the three dimensional viscous incompressible magneto-hydrodynamics (MHD)

equations
ou 1 S
— - —A . —S(B-V)B Z1B)?) =
5 Re u+ (u-V)u—S(B-V) +V(p+2\ %) =0,
OB 1 (1.1)
— — —AB -V)B — (B - =
a R + (u- V) (B-V)u=0,

divu =0, divB=0
with the homogeneous boundary conditions and the following initial conditions

{ u(z,0) = up(x),
Bo(CC,O) = Bo(:ﬂ)

(1.2)

Here u, p, and B are nondimensional quantities corresponding to the velocity of the fluid,
its pressure, and the magnetic field. The nondimensional number Re is the Reynolds
number, Rm is the magnetic Reynolds number and S = M?/(ReRm) with M being the
Hartman number. For simplicity of writing, let Re = Rm = S = 1, and p denotes term
p+ S|BJ?/2.

There have been extensive mathematical studies on the solutions to MHD equations
(1.1). In particular, Duvaut and Lions [4] constructed a global weak solution and the local
strong solution to the initial boundary value problem, and properties of such solutions
have been examined by Sermange and Temam in [12]. Furthermore, some sufficient con-
ditions for smoothness were presented for the weak solutions to the MHD equations in
[3]. However, in the case that the spatial dimension is three, a large gap remains between
the regularity available in the existence results and additional regularity required in the
sufficient conditions to guarantee the smoothness of weak solutions. In the absence of the
magnetic fields, (1.1) is reduced to the three dimensional incompressible Navier-Stokes
equations, this gap has been narrowed by the works of Scheffer [11], Caffarelli, Kohn and
Nirenberg[1], Tian and Xin [15], see also [8], [2] and [13], and a deeper understanding has
been achieved. In particular, some local partial regularity results and Hausdorff dimension
estimates on the possible singular set have been obtained for a class of suitable weak so-
lutions defined and constructed in [1], and the local regularity theorems [15] showed that
there is an absolute constant € such that the following statement is true: for any suitable

weak solution u of Navier-Stokes equations, if one of the following conditions holds



1) Either r~* // |Vu|?dzdt or  sup r_l/ |u(z,t)|?dz is uniformly
r(o,to) Br(z0)

to—T2§t<t0

bounded and the scaled local energy sup r—> // lu(z, t)Pdrdt < e,
Qr(zo,t0)

r<ro
2) supr ! // |curl u|?dzdt < & or sup ! // \Vu|?dzdt < e,
r<ro Qr(wo,to) r<ro Qr(zo,to)
3) supr 2 lu(x,t)|>drdt < ¢,
r<ro Qr(wo,to)

for some 79 > 0, then u is regular in some neighborhood of point (zg, tg). Here B,(x¢) is a
ball with radius r and center at xg, while @, (z¢.tp) denotes the parabolic ball with radius
r and center at (zg,tp). These results imply that, for any suitable weak solutions, the pos-
sible singularity set has one-dimensional Hausdorff measure zero and the uniform gradient
estimations also yield the possible pattens of singularity if they exist. The principal tools
in this theory are the so-called generalized energy inequality and a scaling argument.
The main purpose of this paper is to study the effect of the presence of the magnetic
field and to establish a theory of partial regularity for the weak solutions to the three
dimensional incompressible magneto-hydrodynamic equations. The important character-
istic of the magneto-hydrodynamics is the induction effect, which brings about the strong
coupling of the magnetic field and velocity field. Therefore, the magneto-hydrodynamic
equations are not only much complex, but the main estimates depend strongly on each
other for the magnetic field and velocity field. This coupling has important effects in
our discussion later. However, in view of the sufficient conditions for the regularity ob-
tained in [3] and the numerical simulations in [10], the velocity field should play a more
prominent role in the regularity theory of the magneto-hydrodynamic equations than the
magnetic field. Some experiment also revealed this phenominon, see [7]. One of the main
objectives of this paper is to confirm this for the local theory of partial regularity, i.e.,
we don’t required the smallness of nondimensional quantities related to magnetic field for
the regularity of suitable weak solutions. One of the main difficulties lies in the estimates
about the nondimensional quantities involving the magnetic field. Due to technical diffi-
culties in our analysis, we were not able to establish the local theory of partial regularity,
for the weak solutions to the magneto-hydrodynamic equations, without any a priori as-
sumptions on the nondimensional quantities of magnetic field. However, we will establish
the local theory of partial regularity under much weaker conditions about the magnetic
field than that of velocity field. In fact, we obtain the local partial regularity results un-
der the assumption about the velocity field, which is same as that of the incompressible
Navier-Stokes equations in the absence of the magnetic field, and the boundedness as-
sumption of some scaled nondimensional quantities of magnetic field. As in the treatment

of the incompressible Navier-Stokes equations, the bases of our analysis is the generalized



energy inequality. To this end, one also needs the concept of suitable weak solutions.
So we first introduce and construct the suitable weak solutions to the incompressible
magneto-hydrodynamic equations. Then, by iteration, we derive some basic estimates on
the boundedness of some important scaled quantities involving both the velocity field and
the magnetic field, with the help of the various assumptions that some scaled quantities of
the velocity field are small and some scaled quantities of the magnetic field are bounded.
Further, we can get some dimensionless estimates on the pressure. Making using of these
estimates and the generalized energy inequality, we obtain the refined estimates that some
non-dimensional quantities involving the magnetic field are in fact small. These estimates,
together with the smallness assumptions on some scaled quantities of velocity field, yield
the local theory of partial regularity for the suitable weak solutions to the incompressible
magneto-hydrodynamic equations, by a similar discussion as that in [15]. It should be
noted that the iteration will be used many times, and some ideas and techniques will be
borrowed and generalized from [15].

Furthermore, we establish the further regularity results for solutions to the magneto-
hydrodynamic equations with additional hypothese on the given initial data, as doing for
the incompressible Navier-Stokes equations in [1]. Following the discussion in section 8
in [1], we show that the solution is regular in the region {(z,t) | |z|*¢ > Ni} with an
absolute constant /N7 as the initial data decaying sufficiently rapidly, in a sense, at oo, or
in the region {(z,t) | |z|*> < Nat} with an absolute constant N as the initial data is not
too singular, in some sense, at the origin. These results are the direct extensions of the
corresponding results on incompressible Navier-Stokes equations in [1] to the magneto-
hydrodynamic equations.

The rest of the paper is organized as follows. The main results are started in section
2. In section 3, we define and construct the suitable weak solutions to the magneto-
hydrodynamic equations. The estimates of some important scaled quantities will be given
in section 4. And the boundedness and smallness of some scaled quantities of the magnetic
field and the pressure will be obtained in section 5 and section 6 respectively. Then we
will prove our main theorems in section 7. Some extensions and consequences will be
presented in the last section.

We conclude this introduction by listing some notations used in the rest of the paper.

Let © be one of the following domains in R?,

(1) R,

(22) a bounded domain in R3,
(23)  a halfspace in R3,
(€4)

Q4) an exterior domain in R3.



Then let LP(Q2),1 < p < +00, represent the usual Lesbegue space of scalar functions as
well as that of vector-valued functions with norm denoted by || - [|,. Let C§% (€2) denote the
set of all C'* real vector-valued functions ¢ = (¢1, 2, ¢3) with compact support in €, such
that diveg = 0. jp(Q), 1 < p < o0, is the closure of C§5, (£2) with respect to || - [|,. W*P(€2)
denotes the usual Sobolev Space. Finally, given a Banach space X with norm || - || x, we
denote by LP(0,T;X),1 < p < 400, the set of function f(¢) defined on (0,7) with values
in X such that fOT | f(#)][5dt < +o00. For z € Q, we set B,(z) = {y € Q, |y — x| < r}.
For point (x,t) € Q x RT, the parabolic ball centered at point (z,t¢) with radius r will
be denoted as Q,(x,t) = B.(z) x (t —r2,t). In the case of no confusion, we will skip the
center of the ball from the notation and simply write by B, or @,.. At last, by symbol C,
we denote a generic constant whose value is unessential to our analysis, and it may change

from line to line.

2 The Main Results

In this section, we present our main results in this paper. To the end, we first introduce
the definition of suitable weak solutions and the notations of some scaled dimensionless

quantities.

Definition. The triplet (u, B,p) is called a suitable weak solution of the magneto-
hydrodynamic equations (1.1) in an open set D C 2 x R™, if
1) pe L53(D) with // Ip(z,t)>2dzdt < Cy, and
D

/ ([u(z, )% + | Bz, 1)[2)dz < Co, // (IVulz, )% + [VB(z,t)[2)dedt < C3  (2.1)
Dy D

for almost every ¢ such that D, = DN {Q x {t}} # 0, where Cy, Cy and C3 are some
positive constants.

2) (u, B,p) satisfies (1.1) in the sense of distribution on D.

3) For each real-valued ¢ € C§°(D) with ¢ > 0, the following generalized energy

inequality is valid:
2//D(|Vu($,t)|2 + |VB(z, t)[2)gdzdt
< [ [ (a0 + 1B 0P 61l 0) + Aol 1) dads
+ //D(u(x,t) V) (Jul, )] + |Bla, )2 + 2p(a, ) dudt

2 //D(B V) (u- B)dud. (2.2)
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4) For any x € C§°(D), the equation

8BX _A(By) =

ox
B
ot e

5, ~ ) —2Vx- VB~ x(u-V)B +xB - Vu (2.3)

holds in the sense of distribution.
For a given solution (u, B, p) to the magneto-hydrodynamic equations, the scaled total
energy, the scaled vorticity and other scaled quantities, which will be used later, are defined

to be the following dimensionless quantities

1
E(r)= sup —/ lu(z, t)|*de,
to— T2<t<t0 B 330)
Ey(r) = = // u(z,t)|Pdxdt,
-p
r r(a?o,to (2.4)
E.(r)= —// |Vu(z, t)>dzdt,
r Qr(x07t0)
1
W(r) = - // |curlu(z, t)|2dzdt,
r Q'r(x07t0)
for the velocity field u and
1 2
F(r)= sup —/ |B(x,t)|"dx,
to— r2<t<to B (x0)
,1)[Pdxdt,
57 Ly P
r r(3307t0 (25)

Fu(r) = / / IV B(, t)2dxdt,
Qr(zo,to)

x,t)|[Pdxdt.
r5 5—2p //T(J/'Oyt()) ‘

for the magnetic field B and the pressure p. Here 2 < p < 10/3. Now the main results in

this paper can be stated as follows.

Theorem 2.1. There exists an absolute constant € with the following property. Let
(u, B,p) be a suitable weak solution to (1.1) and (1.2), suppose further that, for some
ro > 0,

1) Either sup (E(r)+ F(r)) < +ooor sup (E.(r)+ Fa(r)) < +oo,
0<r<ro 0<r<ro
2) E(r)<e forall 0<r<r,

then there exists a positive constant 1 with r; < rg such that

sup  (|Vu(z,t)| + |VB(z,t)]) < Cr—2 (2.6)
Qry2(z0,t0)

for all r < ryq.



Theorem 2.2. There exists an absolute constant ¢ with the following property. Let
(u, B,p) be a suitable weak solution to (1.1) and (1.2), suppose further that, for some
ro > 0, any one of the following three conditions is satisfied

1) For some p satisfying 3 < p < 10/3, sup Ep(r) <eand sup Fyy_1)(r) < +00,
0

0<r<rg <r<rg
2) For some p satisfying 5/2 <p <3, sup Ep(r) <eand sup F3(r) < 4oo,
0<r<rg 0<r<ro
3) For some p satisfying 5/2 <p <3, sup E,(r) <eand sup F(r) < +oo,
0<r<rg 0<r<rg
then
sup  (|Vu(z,t)| + |VB(z,t)|) < Cr2 (2.7)

Qry2(z0,t0)

for all » < ry; with r <.

Theorem 2.3. There exists an absolute constant € with the following property. Let
(u, B,p) be a suitable weak solution to (1.1) and (1.2), suppose further that, for some
ro > 0,

1) Eir)<e forall0<r<r,

2) sup Fy(r) < +oo,
0<r<rg
then, there is a r1 < rg, such that

sup  (|Vu(z,t)| + |[VB(z,t)|) < Cr2 (2.8)
Qry2(z0,t0)

for all » < rq.

Remarks:

1. For the incompressible Navier-Stokes equations, it has been shown that if there is
an absolute constant £ > 0, such that, for any suitable weak solution (u,p), if any one of
the following conditions holds, for all 0 < r < rg with some ro > 0: 1) E(r) < +o0 or
E.(r) < +o0 and Es(r) < e, 2) W(r) <e, 3) Es(r) <e, then u is regular on @Q,, for
some r; < ro. cf. [1], [15], [8]. Here our assumptions on velocity field are similar.

2. Similar to the discussion in [1], Theorem 2.3 implies that the one- dimension Haus-
dorff measure of the set of possible singular points of v and B is zero.

3. In Theorem 2.2, the restriction “p > 5/2” is due to the fact: in view of Lemma
4.2 later, p must be larger than 5/2, if one want to use E,(r) and E.(r) to control the
quantity Es5(r). Otherwise, the boundedness of E(r) or E,(r) is necessary for the same
purpose, as in the case when Fy(r) < e.

4. In view of the discussion in [15], the assumption on E,(r) can be replaced by the

same assumption on W(r).



5. In Theorem 2.1 - 2.3, the assumptions, which hold for all 0 < r < rg, can be
weakened by that the assumptions hold only for a sequences {r,,} satisfying: 1) 0 <
Tmt1 < Tm < €oTm+1 for each m € N with some positive constant ¢g, and 2) lim 7, = 0.

m—oQ

6. It should be clear from the statements in Theorem 2.1 - 2.3 that our partial regularity

theory requires much weaker conditions on the magnetic field.
If the solution decays sufficiently rapid at co, above results imply that

Theorem 2.4. Let uy and By belong to 7 2(R3). Then there is an absolute constant
Ny such that the suitable weak solutions is regular when t > No(||luoll3 + || Bol|3)%/%.
Moreover, if |z|/?ug and |z|'/2By belong to L?(R?), then the suitable weak solution is
regular in the region {(z,t) | |z|*t > N1} with absolute constant Ny depending only on
the initial data.

On the other hand, if the solution is not too singular, the above results imply that

Theorem 2.5. Let ug and By belong to 7 2(R%), and |x|~'/?ug and |z|~'/2By belong
to L2(R?). Then there exists an absolute constant Lo, if

Il =" 2uo 13 + [l */*Bol3 = L < Lo

then the suitable weak solution is regular in the region {(z,t) | |z|?> < t(Lo — L)}.

Remarks:

1. For the incompressible Navier-Stokes equations, the same results were obtained
by Caffarelli, Kohn and Nirenberg [1] for cauchy problem, and by Maremonti [9] for the
exterior problem.

2.  Theorem 2.4 and 2.5 are valid for the exterior domain by similar discussion given
in [9].

3  Suitable Weak Solutions

In this section, we first define the suitable weak solution to the MHD equations (1.1), then
sketch the construction of the suitable weak solutions.

Duvaut and Lions[4] constructed a class of global weak solutions and local strong
solutions to the initial boundary value of the three-dimensional incompressible magneto-
hydrodynamic equations. General speaking, we call a problem “strong”, if it lies in a
space in which the solution of (1.1) and (1.2) is known to be unique. Otherwise, we call
a solution “weak”. There are many different choices for the function spaces in which to

construct the solution of the initial boundary value problem. The global weak solutions,



which are similar to the Leray-Hopf weak solutions to the Navier-Stokes equations, are
very important. In fact, the class of weak solutions satisfy: u, B € L*(0,T;L*(Q)) N
L%(0,T; HY(2)) for any T > 0,

t
lu()II3 + 1 B3 +2/0 (IVu() |3 + IVB(s)[3)ds < [luoll3 + 1Boll3,  (3.1)

and (u, B) satisfy the equation (1.1) in the sense of distribution. In order to develop a
local theory of partial regularity, we need the localized form of the energy inequality (3.1),
which is satisfied by a class of suitable weak solutions.

But it is not clear whether the known weak solutions are suitable weak solutions. So in
the following, we show the existence of a class of suitable weak solutions to the magneto-
hydrodynamic equations. Since the procedure is similar to one for the incompressible

Navier-Stokes system, we only sketch the proof.

Theorem 3.1 Let ug, By eJ 2(Q) and ug € W*55/3(Q). Then there exists a suitable
weak solution (u, B,p) to the magneto-hydrodynamic equations in Q x R, such that

u, B € L®(0,400: T X)), Vu, VB € L0, +oo; L2(Q)), (3.2)
u, B € L'3(0, 400; L'3(Q)),  p e L¥3(0, +00; L*/3(Q)/R), (3.3)
Further,
lu()I3 + B3+ /0 (1@ + IVB6))ds < 4(Juol3 + 1Bol3), (3.4
[l sy + 1B o + P35 o < CIu0llwrssray, 1Bolla).- (3.5)

u(t) and B(t) converge weakly to ug and By in L?(Q) respectively, as t — 0. Moreover,
for ¢ € C§°(Q x RT) with ¢ > 0, it holds that, for 0 < t < +o0,

/(\u(x,t)\2+ |B(m,t)\2)q§(m,t)dm+2/t/(|Vu(a:,s)\2+ IV B(z, 5)%)(x, s)dads
Q 0 JQ
< | (uo(@) + Bo(e) (e, 0)dr
t 2 2
+ [ [ (e + 1B, ) (0l 0)+ Ao 1)) dodt
+/ /(u(x,t)-v¢(x,t))(\u(x,t)|2+|B(m,t)|2+2p(x,t))dxdt
0 JQ

t
=2 [ [ (Bw.t) - Voo, 0)(ule 1) - Blo,)dudt,
0 JQ
(3.6)
and (2.3) is valid for any y € C§°(Q x R™) in the sense of distribution.



Proof. Since the proof of Theorem 3.1 is similar to that of Navier-Stokes equations,
here we only sketch the construction of the approximate solutions and the deducement of

the main estimates. For this purpose, we select uf and Bf in (55, (), such that
lim ||’LL]S - u0”2 = lim ||B§ - B0”2 =0
k—o0 k—o0

and

lubllyarssrs () < 2luollwarssssy,  I1Boll2 < 2I|Boll2. (3.7)

Now we linearize the magneto-hydrodynamic equations (1.1) to constructe the approxi-

mate solutions as follows:

) 0
a—ut—Au0+Vp0:0,
BO
af)—t —ABY =0,
divu® =0, divB® =0, (3.8)

ul(x,t) = B%z,t) =0, on 09

(u®(x,0), B%(x,0)) = (ug(), By(x))

and for any k£ > 1

k
aﬁit — AuP 4 (WP V)b — (BRFL. V) BE + vpk =0,
aBk k k—1 k k—1 k k
divik =0,  divB* =0, (3.9)

ub(z,t) = B¥(x,t) =0, on 0N

(uF (=, 0), B*(x,0)) = (uf(x), Bj(«)).

It is obvious that (u*, B¥, p*) are well defined for all k£ > 0, and (u*, B¥, p*) are sufficiently
smooth. We multiply the first and the second equation of (3.9) by u® and B* respectively,
and add the resulting equations to obtain, by the integration by parts, that

t
[ O3 + 1B O +2 [ [ (V0 + (VB )dads
< [lug 3 + 1B§ 113 < 4(lluoll3 + [l Boll3)- (3.10)
By the Gagliardo-Nirenberg inequality,

2/5 3/5 2/5 3/5
¥ lloss < ClluF |3 IVab 15, |1 B¥|loys < CIBH|3° IV BF|3°.

10



By (3.10), it follows that

& 10/3 10/3
/0 (lu¥ 003 + 1 BE(13073)ds < C(luoll3 + || Bol13)*/*. (3.11)

In order to estimate the pressure, we observe that Theorem 3.1 in [6] implies that the

pressure pF can be chosen such that

| [ @ 0P deat < Cluallwsssgon. [1Bollo): (312)

By the Rellich compactness theorem and the Lions-Aubin Lemma, it is routine to show
that

/ /qu-gbdxdt—>0, as k — 00
0 Q

for any ¢ € C§°(2 x RT), and there exists (u, B,p), which is a suitable weak solution to
(1.1) in © x RT. By the lower semicontinuity of weak convergence, (3.4) and (3.5) are
valid due to estimates (3.10), (3.11) and (3.12). In order to deduce the generalized energy
inequality (3.6), we muitiply the first equation of (3.9) by u*¢, the second equation of
(3.9) by B¥¢ for ¢ € C°(2 x RY) with ¢ > 0, then take the limit as k — oo, after
adding the resulting two equations. The rest can be done in exactly way and in [1]. Once

we omit the details. =

4 Some Dimensionless Estimates

In this section, we intend to derive some estimates of scaled dimensionless quantities that
are needed in the analysis later. By the invariance of (1.1) under translation, we may
always shift the center of ball to the point g = 0 and tg = 0. As for the Navier-Stokes
equations, the generalized energy inequality (3.6) will be one of the prinsipal tool in our
discussion. In order to make use of the generalized energy inequality effectively, we must
estimate every terms at the right hand side of (3.6). We start with the terms related to
velocity field.

Lemma 4.1 For r > 0, there is a constant C' independent of r, such that
Ey(r) < CE=212() (B () BI04 () + By () (4.1)

with pe[2,10/3].
Proof. By the Sobolev inequality,

6—p)/4 3(p—2)/4
/ lu[Pd < C(/ ’u‘de)( »)/ </ ,dew) (p—2)/
B, B, Br
OS2 / uPd)””. (4.2)
B

T

11



Integrating in time, we obtain, by the Holder inequality, that

// |u|Pdzdt
Qr

—2 2 10-3 4 3
< C max (/ |u|2dx)(p / // |u|2dfvdt (o=se)/ // |Vu|2dxdt> (p
—r2<t<0 B,

2)/
+Or30=2)/2 ax (/ |ul|? d;,; - // |u|dxdt
—r2<t<0 -

< CrO-PEE=212() (B (r) EX ‘p D) + Ba(r)),
which implies (4.1). 0

Lemma 4.2 If any » > 0, and 5/2 < p < 3, then

Eg(?“) < C’E(Qp—3)/2p(r) (E;/P(T)EE/QP(T) + E;L()G—p)/lo2 (T)E£2p—3)/2p(r)

+E;>(p—1)/p2 (T)Ei?»—p)/p(r) i E}gp+3)/p2 (r))

for some positive constant C' independent of r.

Proof. Applying the interpolation and Sobolev inequalities, we get

( /B )’ < o /B T udz) /B ,« Vupdz) "

—l—Cr*(Sfp)/p(/ \u\pda:) l/p.

T

It follows from (4.2) and (4.4) that

(2p—3) (6—
< P /pH H —p)/p

HUHLS (By) [u ”L3(BT

L3(Br)
< C(H HL22:DB3)/pHV ||(2p 3)/p+r—(2p—3)/pHu||2(22p—:;)/p)
(Wl IVl E Y + 76Ol ),

Thus,
// ufPdedt < C(I + o + T + ).
Qr

—2)/4

(4.4)

(4.5)

where the terms at the right hand side of (4.5) are defined and can be estimated as follows:

2p—3)/
b= [ R Pl e IVl ds
< 7“275/7’_%1%)20 |u||L2§Bg/p // ]u\pdazdt /p // |Vul|? da:dt

= TQE(QP_?’)/QP(T)E;/P(@ 5:)/213(”7

12



I, = 7»*(3710)(6710)/10/ l[u Hng?;/pH H /p”v I (2p—3)/p ;¢

L2(By)
—(30—14p+p? (2 3/ -p)/p?
< ng@%mwap//wwﬁ
3)/2
X(// |Vu|? d:cdt (Gp=3)/2p
Qr
P2 B2P=3)/2p )]5;(6—10)/172 (T)E£2p73)/2p(r)’
2(2p—3) (3
o= I [l ) s
—(2p— (2p—3) (2p—3)
< e ST [ Il o IV s
—r<<t<0
— (2p—3) 3 1) 2(3
< orien %gﬂwﬁ&”/|w£&”wn;;w@
5-39/2p+15/p? (2p—3) /p » p—1)/p?
< r 112a<a§(<0|]uHL2 B // [ul dxdt

x(// |Vu)? dmdt o
Qr

— C’TQEQP*S)/ZP( )}53(1071)/102(74)]5923—10)/10(74)7

I, = r*3(p2*4p+6)/p/ (2p 3/10” HG p/Pd

2253

3(p—6)/2p? 2p—3)/p (p+3)/p
< Or s Il [ Il

< Crm /B e &I ( / / ufdadt) "

—r2<t<0

= Cr?E®3/()E I()p+3)/p (r).

Substituting above estimates into (4.5), we get (4.3). 0
Next we turn to the estimates of the terms involving the pressure function. First, we

have

Lemma 4.3 For 1 < ¢ <5/3 and pu < p/2, then there exists a positive constant C
independent of u and p, such that

Py(p) < CO)™ 2 (Baglp) + Fao(p)) + C(2 PPy (p). (4.6)

Proof. We observe that the pressure satisfies the equation

_Ap = Z JW(UZ% — BZ‘B])

1,7=1 J
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from which one can obtain the following representation for pressure

p(z,t) = . DTz —y): (u®u— B® B)(y)dy + |u(z,t)|> — | Bz, t)|> + H(z,t) (4.7)

for all (z,t) € Q,, where I'(x) is the normalized fundamental solution of Laplace’s equa-
tions, and H is harmonic on B, for each fixed t € (—p*0). And the integral is in the

sense of the Cauchy principal value. Let
= [ DI@—y): wou=-Be B
P
Then, by the Calderén-Zygmund theory on singular integrals, one can get

lpoll zacs,) < C(@)([ullZ2a(s,) + 1Bl 720(5,))- (4.8)
(Bp) (Bp

Employing the mean value property of harmonic functions, one has, for Vx € B, that
C
H ol < 55 [ |H@ bl
p° JB,
< ¢ t t t)? +|B(x,t))?)d
< 3 Ip(z, )] + |po(z, )| + |u(z, )" + [B(x,1)[" ) da.
pP° JB,

Thus,
1
15,y < CCY4(Ipllnca) + [l + 1Bl s, ) (4.9)

It follows from (4.7)-(4.9) that

e < Ipollza, + ul3zus,) + 1BI2qs,) + 1HI Loz,
I
< O plian, + C(lulias,) + 1B,

Integrating in time over (—u2,0), we get (4.6). 0

Lemma 4.4 Let p < p/2, then, for any 2 < p <10/3 and 1 < ¢ < 5/3, one has

= / / lulp|dadt
Qu

< C{((%)Q/q‘l i (5)1/2—3(17—2)(!1—1)/211)El/?—p(‘]—l)/?q(p)EI()q—l)/q(p)qu/q(p)

+(£)5/p72 (El/z(p)Ei/z(p) +F1/2(P)F*1/2(p))E;/P(p)

+(§)7/4E;/2(67p) (p) (E(1473p)/4(67p) (p)E£24—5p)/4(6—p) (p)Eép—2)/4(6—p) (p)
4+ F(14-3p)/4(6—p) (,O)F*I/Q (p)E§(4—P)/4(6—P) (p)FQ(P—Q)/‘l(G—P) (p)) }

(4.10)

14



if 1/p+1/q>1; and

i [ / llpldadt < C{((4)1=20 4 (Ey143/a=500) BLfo(p) P11 3(p)
<;>5/p (B (p)E i”( )+ P20 (0) ) EYP ()
+(£)7/4E;/2(6—p) (p) (E(14—3p)/4(6—p) (p)E£24—5p)/4(6—p) (p)Eép—Q)M(G—p) (p)

7
| F(14-3p)/4(6-p) (p)F3/2(p)Ef(4fp)/4(6fp) (p)F2(p72)/4(67p) (p)) } (4.11)

if 1/p+1/q < 1. Here the positive constant C' is independent of x4 and p.
Proof. Let f. denote the average of f on the ball B, i.e., f, = ﬁ fBT fdz. Thus,

// ]qu\dwdtg// \u—apHp|d:):dt+// [, | [pldadt. (4.12)
Qu Qu Qu

Now the last term at the right hand side of (4.12) can be estimated as
g = // (@, | pldedt
Qu
5-3/q ("
< O [l oline, s
0 1-1/q
3-3/q = 1a/(g—1)
< Cu (/_M2 |, | dS) Ipllza@,)
< Cpp3la,-9/2+3/at3n(a 1)/2(]7,522?@“1&“21)((1 )/qHUHIi(qup/qHPHLq (@Qu)
= By a1 g 2epa 20 ) plaD/a(p) pLa( )
p

if1/p+1/q > 1; and

J1

IA

- 0 ~ _ 1-1/q
([ 1l 0ds) ™ ol g

IN

Cp 3PP =519=21P || 1o,y 1Pl Lo,
nq_
Crt() 2 E P (o) Py )

IN

if1/p+1/g<1.
In order to estimate the first term at the right hand side of (4.12), we use another

representation for the pressure

pla,t) = | Val(a—y)- (u-Vu—B-VB)(y)dy+ Ho(w,t) = pi(x,t) + Ho(x,t) (4.13)
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for z € B, and t € (—u?,0). Here Hy is a harmonic function in z € B, for each fixed

€ (=p?%,0). Then
// |u—ﬂp||p1|dxdt+// lu — || Ho|dxdt
Qu Qu

[ tu=allpldsat
Qu
([ 1u=aslppldodt+ [ [ u— il dudt
Qu Qu
+// fu— 1yl |pa|dedt).
Qu

Here we used the mean value property of harmonic functions. In the following, we estimate

IN

IN

the right terms of the last inequality.

Bo= [l alpldadt
Qu

0
< Ot [ Wl [ o wldodt
3/q q 1/‘1 / / e a/(q=1) | \1-1/q
// |p|?dz dt ( 2( 5, lu up|dx) dt)
1/q P
Cp_3/q // |p]qdajdt / / lu — t,|dx
Qp < 7!142 ( B/,L P )

y (/B u— ap|dx)q/(q—1)—pdt)1—1/q

w

~3/q,,3/2+3(p-2)(4-1)/2q o, \1/2pla—1)/2a
Co Vi e, ([, o)

// ]p|qudt /q // |u|pdxdt b

— C,u2(£)1/2 3(p=2)(a=1)/2a g1/2—pla— 1)/2‘1(,0)EI(,‘1 D/a(p )pl/q( )

IN

IN

IN

=

if1/p+1/q>1; and

cp—z/q(//Qp |p,qudt)”q(/_ou2 (/B u— )" )

cp3lay, 5—5/P‘2/‘IIIU||LP(Q,))||pHL‘Z(Qp)
ot )1+3/q 5/pE1/P( )qu/q(P)
P

Jo

IN

IN

IN

if1/p+1/q<1.
By the Young inequality and formula (4.13), one has that

Js = [ u ol o

Cp~ / (Il 25, IVullz2(s,) + | Bllz2(,) IV Bll2(5,)) /B [u — 1, |dzdt
—H Iz

IN

16



IN

0
Cugfg’/ppﬂ/ , (HUHLQ(BP)HVU||L2(B,,) + HBHL?(B,,)HVBHL?(BP))HUHLP(Bp)dt
—K

IA

—p2<t<0

. ) 0 1/2
Cut 5/Pp 2( max Hu||L2(Bp)</ ) ||Vu”%2(3p)dt)
—p

—p2<t<0

0 1/2
o 1Bl ( [ IVBlizwds) ) Iuliviayy

= C/f(g)f’/ﬂ(El/Q(p)Ei/z(p)+F1/2(p)F3/2(p))E§/”(p),

Jy = // |u — w,||p1|dzdt
Qu

0
<cf =l Il
1a [°
< [ (Il Vullizs,
12
2(6 3(4—p)/2(6—
+1Bll 2, HVBan(Bp))nuH’zé B,,” Hv I3 P2O g
1/4 = 2 ( ) ( 510))
2(6—p) p) 4(6—p 46 P
< Cu { 11213§<:<OHU||L2 (B,) // |ul dwdt // |Vu|? d:L'dt
(14—3p) 3(4—p)
+ max [|BI| A7) // b2 dadr) i p> // (Vuf?dadr) o
—p2<t<0
1 2(6—
// IV B|dx dt // fufPdadt [2670)
< (5)7/4]5;/2(6*27)(,0)(]5(14 Jp)/4(6 p)(p)E£24 517)/4(6 p)(mE;p 2)/4(6~ p)(p>
P16 () 112 ) ESA-PIAGD) () plo-2/10-8) )
Substituting above estimates into (4.12), one derives (4.10) and (4.11). 0O

5 The Boundedness of Some Scaled Quantities

In this section, we derive the boundedness of some scaled quantities related to the magnetic
field and pressure function, which are essential for the deducement of the smallness of
some scaled quantities of magnetic field. For this purpose, we will make fully use of the
generalized energy inequality (3.6). Let ¢(z,t) be a smooth function with the property
that 0 < ¢ <1,¢9=1o0n Q,, » =0 away from Q,, with r, = 2r, such that

C

C
Vol <O and 19241920 <

> (5.1)
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Using ¢? instead of ¢ in (3.6), it follows that

/B (Iu(:c,t)|2 + |B(m’t)\2)¢2(:v,t)dx

Tx

+2/_trg /BT* (|Vu(a:,s)\2 + |VB(3:,3)\2)¢2($, s)dxds

= /12 /Br (|u(w,t)|2 + ’B(x7t)|2>((¢2)t($,t) + Ad)Q(.CE,t))d:L'dt
+/_trg/ : (u(,t) - V& () (Ju(@, )P + | Bz, )| + 2p(a, 1) ) dwdt
-2 /rf /Br* (B(:U,t) . V¢2(ac,t)) (u(aj’t) . B(x,t))dxdt
<

t t
92/ / (luf* + [BJ?) dzds + Q/ / |uldads
r _7'3 By, r _7”3 T

c rt c rt
+—/ / \B|2|u|dwds+—/ / Ip||u|dzds. (5.2)
T —7‘3 BT* r —7‘3 Br*

Employing the generalized energy inequality (5.2), one can show that

Proposition 5.1 There exist two absolute constants ¢ and M such that, for some
ro > 0,
i) Es(r) <eforall 0 <r <y,
ii) E(r) <M forall 0 <r <y,
iii) F(r) < M for all 0 < r < r,
then, there is some r; < g, such that, for any 0 < r <r; and 3 < p < 10/3,
A

Ay(r) 2 B(r) + F(r) + Bu(r) + Fu(r) + Pyyalr) < My (5.3
with absolute constant M; depending only on C; and M.
Proof. By (3.4) and (3.5), there are two absolute constants ro and M, such that
Ap(rg) S M(). (54)

Without lost of generality, we assume that ro < ro. Let 0 < 2r = r, < p < 1rg. Then, from
(5.2), it follows that

Ap(r) < C{Ea(r.) + Fa(r) + Es(r.)

2 //Q |B|?|u|dzdt + r? //Q ‘p|]u|d$dt} + Ppa(r). (5.5)

In the following, we estimate each term at the right hand side of (5.5). First, let p =r
and ¢ = p/2 in (4.6). Then, by the Holder inequality, one has that
Pr5— e
Popalr) £ COPP(Bylp) + Fylp)) + O Fypalp)

18



IN

C(E)2Pya(p) + (27 (Es(p) + By(p))
V2 Pya(p) + CE) P Ey ()

+C(§)5—pE(P—2)/2 (p) (E£10—3P)/4 (p)Ef(p_z)M(p) + By (p)) )

IN
DI

C(

Here estimate (4.1) has been used. By Lemma 4.1,

IN

CEPTE(p) <l (o) (B () X o) + Fo(p)

< C(g)5pr(p+2)/4Ag(p72)/4(p)
< % Ay(p) + C(§)4(s—p>/(1o—3p> A7 (+2)/(10-3p)
Hence
Pypa(r) £ OO Fypalp) + C(L)P P (MOP MO0 4 c12) 4, )
% A (o) + C(§)4<s—p>/(1o—3p> 2 (P +2)/(10-3p) (5.6)
Clearly,
Ba(ry) + Fy(r) < M + F(r,) < 2M. (5.7)

Next, it follows from (4.1) and the assumptions that
By(r.) < CEV3(r)(By(r) B () + Ex(r)
< c(g) (M1 4 172) Ay (). (5.8)

Let =7y, p =2 and ¢ = p/2, one has, from (4.10), that

r? // |u||p|dxdt
Q’l‘*

T _ 1% _ _
Sc{<(;)4/p 1+(;)1/2)E2/p 1/2(p)E§p 2)/p(P)Pp2//5(P)

HEP (B0 BV () + PV () F(0)
+EY(E (0B (p) + V() P (0) B () 5 (0) |
< C’{ ((f)4/p—1 + (8)1/2)M4/p—3/25(p—2)/p

= p
p p
_,_(;)1/251/2 + (;)7/4M3/851/8}Ap(p). (5.9)

Finally, we need to estimate the term 7,2 [ Jo.. |1B |2|u|dzdt. By the interpolation and

Sobolev inequalities, one has

1/2 3/2 _
1B2us,., < CIBIE , IVBIZZ, |+ Cr2|Blas, ),

19



Then,

Bl Zacs,, ydt

[[ eetdasar < [ e,

< C ;nax HBHL2 (Br.) glax HuHL2 (Br.)
7*

x(/ el ydt) // |VB\2dxdt

+C max |1B|zzs,.) // juf2dedt)’ // 1B2dwdt)”
—r2<t<0 *
< crz(Fl/‘*(r*) EX (r) BV (r) By ) + F1/2<7«*>F;/2m)E;/?(m)-

Therefore,
P2 //Q IBPuldzdt < (L) (MY 1 212) 4y p). (5.10)

Let r = Ap with A < 1/2. Substituting estimates (5.6) - (5.10) into (5.5), one gets that
1 _
Ap(00) < S Ap(p) + CN Ay () + (A ) Ap(p) + C(M, ). (5.11)

First fix a A € (0,1/2), such that C4\P~2 < 1/8. Then, let € small enough such that
g(A,e) < 1/4. Thus, one has, at last, that

Ay00) < 5 Ay(p) + s, (5.12)

Iterating the inequality (5.12) k times yields
Ap(N0) < () Ay(p) + G5 (145 4+ (5)F)
v =gl T A 2’ )

Next, we choose an integer K such that

1 1 _
(5)% 4p(ro) < (5)" max{rg',rg""FH(C + 1+ Cy + C5) < 2Cs.
Define r = A0, For any 0 < r < rq, there exists a k > kg, such that \¥T1lrg < r < Mer.
Thus,

1
Ap(r) < (2)kA (ro) < (5 ) 0 Ap(ro) < C(Cs + Cs) 2 vy,
which gives the desired. O

Proposition 5.2 There exist absolute constants € and M, such that, for all0 < r < rg
with some r¢ > 0,

i) Eq(r)<e

i) E.(r) < M;
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iii) Fa(r) < M.
Then, there is a 0 < r1 < rg, such that

Agss(r) & E(r) + F(r) + Eu(r) + Fu(r) + Pys(r) < My (5.13)

for every 0 < r < rq with an absolute constant Mj.

Proof. This proof is similar to that of Proposition 5.1. Here we only point out the
differences. As above, we need to estimate the each term at the right hand side of (5.5).
But, except the last two terms at the right hand side of (5.5), the estimates of others are
same. In order to estimate the last term at the right hand side of (5.5), we use the Lemma
4.4 with p = 3 and ¢ = 4/3, and bound the term FE3(p) by Lemma 4.2. Then, after some

manipulations, one can obtain the desired estimate. Next, we need to estimate the term

2 // | B|?|u|dzdt.
Q'f*

By the Holder interpolation and Sobolev inequalities, one has that

2 // | B|?|u|dxdt

< / 1BI2ess s, Il s, e

_ 5/4 3/4 —3 4
<Cr? /_ , (1B, , IV B (s,., + 1Bl )
< (lfull o, IVl oty + 7o il s, )t

< CP2(r) (BB )P + F21/2(r*)) (B S EX () + B(0)). (5.14)

By assumptions,
o2 // BPJuldzdt < O((2)4 4+ (2)2) (M35 1 212) Ag5(p)

Due to above estimates, one can deduce an inequality similar to (5.12). Thus, we get

desired result by same iterating procedure as that in the proof of Proposition 5.1. 0

Proposition 5.3 There exist absolute constants € and M, such that, for every 0 <
r < ry with some r1 < rg,

i) E.(r) <¢

ii) Fy(r) < M.

Then, there is an absolute constant Mj, such that

Agyz(r) < M (5.15)
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for every 0 < r < rq with some r; < rg.
Proof. By the Proposition 2.2 in [15], the condition i) implies that, for any ; > 0,

there is some r( < 7, such that

sup FEs(r) <ej. (5.16)
0<r<r|

Thus, Proposition 5.3 follows from (5.16) and Proposition 5.2. 0

Proposition 5.4 There exist two absolute constants € and M, such that, for some
ro >0 and 3 < p <10/3,

i) sup Ep(r) <g
0<r<ro
ii) sup Foy/p_1)(r) < M.
0<r<ro
Then there is some 71 < rg and an absolute constant M7, such that

A?p/(p—l)(r) é Ml (517)

for every 0 < r < ry.

Proof. By the Hoélder inequality, it is obvious that

w22 [ lpldadt < o2l el

IN

_ P (3p— —
B B ) < DB F ),

and

P2 //QT |B|?|u|dzdt < E})/p(T*)F;;cEI/)(;?{?(T*)'

We use Lemma 4.3 to treat the term P,,,_1)(r) as before. It remains to estimate
Esp/p—1)(p). If 3 < p <10/3, then 2p/(p — 1) < p. By the Holder inequality, one has

Eop/p-1)(p) < CEp(p).

By the iterating proceduce similar to the proof of Proposition 5.1, we can obtain the

desired result. Here we omit the details. 0

Proposition 5.5 There exist absolute constants € and M, such that, for some ry > 0
and 5/2 < p < 3,

i) sup E,(r) <e;
0<r<ro

i) sup Fi(r) < M.
0<r<rog
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Then there is some 71 < rg and an absolute constant M7, such that
As(r) < My (5.18)

for every 0 < r < ry.

Proof. By the Holder inequality, one has
_ P 1/3 2/3
w22 [ lulpldadt < 02 E 0P o)

and
i | /Q (BPuldzdt < C(22BEY ()5 (r.).

Term E3(p) can be estimated by Lemma 4.2 as follows:

Es(p) < CE@=3)/6p(p) (E;/?)p(p)Ei/?P(p) + E]()ﬁ—p)/3p2 (p)EiQP—?))/Gp(p)
—1)/p? (3—p)/3p +-3) /3p?
BP0 B (p) 4+ B (p)).
Then, our result follows as before. O
Similarly, one can show that:

Proposition 5.6 There exist absolute constants € and M, such that, for some o > 0
and 5/2 < p < 10/3,

i) sup Ep(r) <¢g
0<r<ro
ii) sup F(r) <M.
0<r<ro
Then there exist some r; < rg and an absolute constant My, such that

Azp/(p_l)(r) S M1 (519)

for every 0 < r < ry.
Finally,

Proposition 5.7 If there exists an absolute constant M7 such that
B(r) 2 E(r) + F(r) + Ey(r) + F.(r) < M, (5.20)
for every 0 < r < ry with some r1 > 0, then, for 2 < p < 10/3,
E,(r) 4+ Fy(r) < M, (5.21)

for every 0 < r < r1, with an absolute constant M. Furthermore, there is ro < 71, such
that, for 2 < ¢ < 10/3,
Pq/Q(T) < M3 (522)
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for any 0 < r < ro with an absolute constant Ms.

Proof. Note that (5.21) follows from Lemma 4.1 and (5.20). In order to deduce (5.22),
we apply Lemma 4.3 with p < r;. By the Hélder inequality,

Pyal) < CO(Bp) + Eylp)) + O 2Fypalp)
< )T 2Ryalp) + O "M

Let = Ap, then fix A such that CA9~2 < 1/2. One obtains that
1

Now (5.22) follows from (5.23) by iteration in the same way as in the proof of proposition
5.1. 0
Summing up the above results, we conclude that if the conditions in any one of Propo-
sition 5.1 - 5.6 are satisfied, then
A4(r) < My (5.24)

for 0 <r <ry and 2 < g < 10/3 with an absolute constant M.

6 The Smallness of Some Scaled Qualities of Magnetic Field

In this section, we deduce the smallness of some scaled quantities related to the magnetic
field by making use of the smallness of certain quantities of the velocity field and the
boundedness of some quantities related to the velocity field and the magnetic field, which

are obtained in last section. First, one has that

Proposition 6.1 For any €1 > 0, there exist absolute constants 1, r1 and M; such

that sup (E(r)+ E(r)) < Mj, and one of the following two conditions holds, for some
0<r<ry
ro > 0,

i) sup FEs(r) <e <dy;
0<r<ra
ii) sup E.(r) <e <.
0<r<reg
Then

Es(r)<e; forany 0<r <ro. (6.1)
Proposition 6.1 follows directly from Lemma 4.1.
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Proposition 6.2 For any g2 > 0, there exists an absolute constant o such that, for
some 19 > 0,

i) sup Ej3(r) <e <y
0<r<ra
ii) sup (Fa(r)+ Fi(r)) < M; with an absolute constant Mj.
0<r<rg
Then, there exists a positive constant r3 < ro, such that

Fy(r) <eg forall 0<r <rs. (6.2)

Proof. Let ¥(z,t) be a smooth cut-off function with properties that 0 < i (z,t) < 1,
Y(z,t) = 1in Qypss, ¥(z,t) = 0 away from @, such that

C 8¢($7t) 2 c
< — _ < —. .
Vip(z,t)| < P and |—— |+ |Vz9(z,t)] < pE (6.3)
Set x(z,t) = ¥(z,t) in (2.3) to get that
ag%w _A(BY) = B(%if CAY) -2V VB - (u-V)B+$(B-VIu.  (6.4)
Then, for any (z,t) € Q4,/3, the solution B1) can be represented as
t I
Bip(z,t) = / / Gz —y,t —s)(B(5 — AY) - 2V¢ - VB)dyds
_p2 Bp at
t
—/ G(x —y,t — s)pu - VBdyds
—p? /B,
t
+/ G(r —y,t — s)YB - Vudyds. (6.5)
—-p* /B,

Here G(z,t) is the normalized fundamentmental solution of the heat equation. By inte-

gration by part, one has that
t t
[ ] Ga—vi—9ve-vBayas| < [ [ 196 -y, - 5)|Tel Bldyds
—p*>JBy —p*>JBy
t
+[ ] Ga—yt—9)IV20lIBldyds
—p* /By
and
t t
[ Ga—yt—swn-Vudyis| < [ [ 196G~y )|[0l1Bluldyds
_p2 Bp _p2 Bp
t
+ [ [ 6=yt —9)IVulBlluldyds
—-p* /B,

t
+/ G(x —y,t — s) |||V B||u|dyds.
—p? /B,
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Thus, (6.5) implies that, for (z,t) € Q4,/s,

<[], {6 —nt=a(BI0G +a1v50)

+2|VG(x — y,t — )| V|| B| }dyds
t
+2 [ [ Gl—yt— 9)lyllullVBldyds
— B,
t
[ ] NG = ot = 9)l[l|Buldyds
—p2 /B,
t
+ [ [ Gyt )IVullBluldyds
-p* /B,

St Is+ I + I (6.6)

Note the fact that
| | +IVY[ =0 in Qg UQ,. (6.7)
Then, for any (z,t) € Q, Wlth < 2p/5, one has

I, <Cp / / §)|dyds
< Cp=o/2 // s)] dde) Y2 oo B ).

Thus 12
(//Q |I5]2dxdt) < C2|I5| < Cp?2p L FY (). (6.8)
i

Next,
t
116 + I7llL2(B,) < C‘/_p2 (t— 3)71/2(”BHL6(BP) + HVBHLZ(BP)) [ullL3(s,)ds.
Using the Sobolev inequality

|Bllzos,) < C(IVBlz2,) + o7 I1Bli2(s,));

one has
! -1/2( -1
s+ Tl <€ [ 0= 972 (0 1Bl + VBl ) luliscs, ds

By the Calderéln -Zygmund theorem on singular integrals and the Holder inequality, we
deduce that

0 1/3
16 + I7ll2(q,) < Cﬂl/g(/_,ﬂ 146 + I7HL2(BH)dS)
< CutBullig, (IVB I, + p I1Blia,)

< O3 OBy o) (B (0) + (). (6.9)
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Next, taking into account of the fact (6.7), one has that
1580l 2@, < O™ 1Bl llulliz, < CH™p™ By (0)By*(p). (6.10)
Therefore it follows from (6.6) and (6.8) - (6.10) that
() < OB (o) (1+ B (0) + B (o) (B () + 2(0)).
i.e.,

Fa(h) < Co( )P Fap) (1+ Bal0) + COP B () (Fao) + Bofp). - (6.11)
Let = Ap and fix X such that CoA? < 1/4. Then one has

1
() (1 +e1) + O M
1

< SFa(p) + CAT3 3. (6.12)

Fy(\p)

IN

Here we assume that 1 < 1. So our result follows from (6.12) by iteration in the same

way as in the proof of Proposition 5.1. Also see the proof of Proposition 2.2 in [15]. 0

Remark: Similar to the derivation of (6.11), one can show that

Fya(p) < O (B 0) + B (0B () + CON R (o) (B3 ) + B2 (),
(6.13)

Fopa() < PR () (14 Bl js(0)) + CCO 2B (o) (B (o) + 2 () (6:14)

Thus, if Eyg/3(7) < e and Fo(r)+Fi(r) < M for 0 <r <, or Ei(r) < e and Fig/3(r) < M
for 0 <7 < 72, we can obtain the smallness of F5/y(r) for any 0 < r < rg with r3 < 79, by

same discussion as above.

Proposition 6.3 For any 3 > 0, there exists an absolute constant d3 such that if

i) sup F(r) <ep <03
0<r<ra
ii) sup E3(r) <e; < d3; and
0<r<rg
iii) sup As(r) < My,
0<r<rg
then, there is a positive constant r4 < ro such that

As(r) <es for every 0 <r <ry. (6.15)

Moreover
F5(r) <es forevery 0<r <ry. (6.16)
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Proof.  First, we apply inequality (5.5) with 2r = r, < p < ro. By the Holder

inequality,
A3(r) < Pyja(r) + C(Ba(r) + Fa(r) + Bs(r) + 3 * () By (r) + B3P () Pyl3 (1))
(6.17)
It follows from Lemma 4.3 that
r P\3
Papp{r) £ CC)Pyyalp) + CC) (Ealp) + Fa(p)). (6.18)

Noting that F3(p) can be estimated by Lemma 4.1 with p = 3, one may conclude that

As(r) < C(C)Aa(p) + "M+ CL+ (D)o + OO+ Myl (6.19)
By iteration in the same way as in the proof of Proposition 5.1, (6.15) results from (6.19).
And (6.16) follows directly from Lemma 4.1 and (6.15). 0

7 The Proofs of the Theorem 2.1 - 2.3

In this section, we will give the spatial gradient estimates on suitable weak solutions of
the incompressible magnetohydrodynamic equations provided that some scaled quantities
is suitably small for the velocity field and magnetic field. Then we can indicate the proofs
of Theorem 2.1 - 2.3. First, one has

Proposition 7.1 There exists an absolute constant 4 > 0, such that, for any suitable
weak solution (u, B,p)(z,t) to the magnetohydrodynamic equations satisfying (3.4) and
(3.5), if there is a 4 > 0, such that one of the following three conditions holds

i) Either sup (E(r)+ F(r)) < +oo or sup (E.(r)+ Fi(r)) < +oo and

0<r<ry 0<r<ry

Es(r) + Fa(r) < ey4 forall 0 <7 <y,

11) sup (E* (’I“) + F*(T)> < €4,
0<r<ry

ili) sup (Ep(r)+ Fp(r)) < e4 for some 5/2 < p <10/3,
0<r<ry

then, there is some r5 < r4, such that

sup (|Vu| + |VB|) <Cr % for0<r<rs

/2

with an absolute constant C.
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This Proposition is only direct extension to the magnetohydrodynamic equations of
the corresponding results of incompressible Navier-Stokes equations in [15]. So the proof
is exactly same as that of Theorem 3.1 in [15]. Thus we omit the details.

It should be noted that the results in Theorem 2.1 - 2.3 follow directly from Proposition
5.1-5.7, Proposition 6.1 - 6.3 and Proposition 7.1. Thus we complete the proof of Theorem
2.1-2.3.

8 The Proofs of Theorem 2.4 and 2.5

In this section, we will establish the further regularity for solutions to the magneto-
hydrodynamic equations, by making use of the results obtained in conjunction with extra
hypotheses on the given initial data, as for the incompressible Navier-Stokes equations.
In this section, we study the case = R3. The ideas and techniques in this section are
borrowed from [1]. Firstly, we show that (u, B) is regular for ¢ > C' with an absolute

constant C. More precisely, we have

Proposition 8.1. Let (u, B, p) be a suitable weak solution to the magneto-hydrodynamic

equations. There exists an absolute constant €5 > 0, such that, if

t
/ / ul?(y, s)dyds < est, (8.1)
0 Jijz—y|<t
and

!
// |B*(y, s)dyds < Ciot (8.2)
0 J]z—y|<t

for some constant Cig, then |Vu| 4+ |V B]| is uniformly bounded in some neighborhood of
(z,t). In particular, |Vu|4 |V B] is locally uniformlly bounded as t > No(||uol|34 || Bo||3)%/?

with an absolute constant Nj.

Proof. Let r = v/t. Then, (8.1) and (8.2) imply that

r2 // lu|>dyds < e,
QT‘($1t)

r2 // \B|3dyds < Cho.
r(z,t)

Thus, the first results follows from Theorem 2.2.
In the following, we prove the second result. By the interpolation and Sobolev inequal-
ities and (3.4), one has that

t
[ Gl + 1Bt < o8 ol + | Bol)2
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Therefore .
// ([uf® + |B*)dwdt < est
0 JR3

provided that t > No(||uo||3 + || Bol|3)?/? with some absolute constant Ny. So the desired
result follows from Theorem 2.2 again. 0

Next, we turn to the proof of Theorem 2.4. First, we need,

Lemma 8.2. Let ug, By eJ 2(R3) and |z|Y?ug, |z|"/2By € L*(R?). Then the weak
solution satisfies that

1 2 2 ! 2 2

lu(z, t)|* + |B(z,t)|* )|z|dxdt + |Vul® + |VB|*)|z|dzedt < F(t)  (8.3)

2 Jr3 0 JR3
for almost every t > 0 with F(t) = |||z ?uo||3 + |||z|"/?Bo||3 + C(|luol3 + || Boll3)t*/? +
C(lluoll3 + [|Bol|3)*/2t1/%.

Proof. Let x(r) be the smooth cut-off function on r > 0, such that 0 < x <1, y =1

for r <1 and x =0 for » > 2. For constants 0 < ¢ < A < 1, we set

1
o) = SO + |21 2x((/A) =)
n (2.2). Then (8.3) follows by the discussion similar to the proof of Lemma 8.2 in [1]. 0

Proof of Theorem 2.4. We follow the discussion in [1]. By the first order interpolation
inequality with weight and (8.3), one has that

10/3 4/3
a2l 15/3 < Cllal2ulls*lla]/2Vul3

10/3 4/3
a2l 1973 < Cllal2ully? 2] V2V ul3.

Therefore, one obtains that

t
[ el 2y ds < cPe
0

10/3

t
/ 2] /2ull9/3ds < CF (1), (8.4)

0

Let 7 = v/t. Then the Proposition 8.1 implies that, if (z,¢) is a singular point, then
// lu[3dxdt > est  or // |B]3dxdt > Cyot (8.5)
v (2,t) r(zt)
and

t < No([luol3 + [ Bol[3)**. (8.6)

Now let R = |z|. If R > 2r, by the Holder inequality, (8.4) and (8.5),

est < Cr'2 |3y s < Cr'PRTPPE () < CHVARTH?,
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or
Ciot < Cr'?||B|[3y 5 < Cr'PR3PF ()53 < Ct'/4R37,

in which the fact (8.6) has been used. Thus,
|z|?t = R*t < Cq1.
If R < 2r, then
|z|?t < 482,

Therefore,
|zt < Ny = max{Ci1,4N§([[uoll3 + [ Boll3)*},

which shows that Theorem 2.4 is valid. 0

To prove Theorem 2.5, we need an a priori estimate,

o
Lemma 8.3. Let ug, By €J 2(R®) and |z|~"/?ug, |z|""/2By € L*(R?). Then there is
an absolute constant Lo > 0, such that, if |||z|~"/2uol3 + |||=|~Y/?Bo||3 = L < Lo, then the

inequality

[uf> +|BP » |Vu12 +|VBP
S A g+ o L iRl s S et} o < Lo (87)

holds for every ¢ € R3 and t > 0 with |¢]*t < Lo — L.

The proof is similar to that of Lemma 8.3 in [1]. Here we omit the details.

The Proof of Theorem 2.5. We follow the discussion in [1]. We want to show that
|Vu| 4+ |VB] is is bounded at (zg,to) whenever

lzo|? < to(Lo — L). (8.8)

To this end, setting & = t5 'z in (8.7), one gets that

t ‘VU|2
dwdt < .
/[)/RS|x_t£| vdt < 400 (8.9)

only if
Lo—L
<22 =
e

And (8.8) shows that (8.9) is valid for some ¢ > to. For any (z,t) € Q,(zo,to), then
o — t€] < o — to€| + |t — toll€] < v+ r?[¢].

If r|¢| <1, then

B 2
max ril/ |B|*dz <2 max / 5] dx < 2Ly, (8.10)
to—r2<t<to Br(o,to) to—r2<t<to Jr3 |x — t&|
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and

2
'r_l// \Vu|?dzdt < 2// VP .
Qr(zo,t0) »(zo,to) ’37 - tf‘

From the property of the absolute continuity of the integral and (8.9), one can conclude
that

1
lim —// |Vu|*dzdt = 0. (8.11)
T(:Eo,to)

r—0t T

Therefore, from (8.10) and (8.11), Theorem 2.3 implies the result.

Corollary. Let ug, By 65 2(R3). If, for some R > 0,
/ (IVuol? + [V Bo|? ) da < +os,
|z|>R

then, |Vu| + |VB| is bounded in the region {|z| > R’} for some R’ > R.
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