Arnold diffusion in Hamiltonian Systems

1: a prior: Unstable Case

Chong-Qing CHENG!? & Jun YAN3

ABSTRACT. By using variational method and under generic conditions we show that
Arnold diffusion exists in a priori unstable and time-periodic Hamiltonian systems with
multiple degrees of freedom.

1, Introduction

In this paper we consider a priori unstable and time-periodic Hamiltonian systems
with arbitrary n + 1 degrees of freedom. The Hamiltonian has the form

H(u,v,t) = h1(p) + ha(z,y) + P(u,v,t) (1.1)

where u = (q,z), v = (p,y), (p,q) € RXT, (z,y) € T" x R™, P is a time-1-periodic
small perturbation. H € C™ (r > 3) is assumed to satisfy the following hypothesis:

H1, hq + hs is a convex function in v, i.e., Hessian matrix 92, (hy + ho) is positive
definite. It is finite everywhere and has superlinear growth in v, i.e., (h1 + hs)/||v]| —
oo as ||v]| — oo.

H2, it is a priori unstable in the sense that the Hamiltonian flow q)’;u deter-
mined by hs has a non-degenerate hyperbolic fixed point (z,y) = (0,0), the function
ho(z,0) : T" — R attains its strict maximum at z = 0 mod 27. We set h2(0,0) = 0.

Here, we do not assume the condition that the hyperbolic fixed point (z,y) = (0,0)
is connected to itself by its stable manifold and unstable manifold, i.e., W*(0,0) =
W*(0,0). Such condition appears not natural when n > 1.

Let B, x denote a ball in the function space C"({(u,v,t) € T x R**1 x T :
Ilv]| < K} — R), centered at the origin with radius of e. Now we can state the
our main result of this paper, which is a higher dimensional version of the theorem
formulated by Arnold in [Arl] where it was assumed that n = 1.

Theorem 1.1. Let A < B be two arbitrarily given numbers and assume H satisfies
the above two conditions. There exist a small number € > 0, a large number K > 0
and a residual set in S k C Be x such that for each P € S¢ i there exists an orbit of
the Hamiltonian flow which connects the region with p < A to the region with p > B.
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In his celebrated paper [Arl], Arnold constructed an example of nearly integrable
Hamiltonian system with two and half degrees of freedom, in which there are some
unstable orbits in the sense that the action along these orbits undergoes substantial
variation. Such orbits are usually called diffusion orbits. Although this example does
not have generic property, Arnold still asked whether there is such a phenomenon for
a “typical” small perturbation (cf. [Ar2,Ar3]).

Variational method has its advantage in the study of Arnold diffusion problem,
it needs less geometrical structure information of the system. In our previous paper
[CY], by using variational arguments, we have shown that the diffusion orbits exist in
generic a priori unstable Hamiltonian systems with two and half degrees of freedom.
Mather has announced ([Ma5]) that, under so-called cusp residual condition, Arnold
diffusion exists in a prior: stable systems with two degrees of freedom in time-periodic
case, or with three degrees of freedom in autonomous case. Some announcement
was also made in [Xi] earlier. Using geometrical method, some demonstration was
provided in [DLS] as well as in [Tr] to show that diffusion orbits exist in some types of
a priori unstable and time-periodic Hamiltonian systems with two degrees of freedom.

In this paper we still use variational arguments to construct diffusion orbits. In
order to use variational method, we put the problem of consideration into Lagrangian
formalism. Using Legendre transformation £* : H — L we obtain the Lagrangian

L(u,u,t) = mgxx{(v,a) — H(u,v,t)}. (1.2)

Here @ = u(u,v,t) is implicitly determined by @ = %—Ij. We denote by L : (u,v,t) —
(u,,t) the coordinate transformation determined by the Hamiltonian H.

Roughly speaking, we construct diffusion orbits by connecting different Mané sets,
along which the Lagrange action attains its local minimum. To construct local con-
necting orbits between different Mané sets, we introduce so-called pseudo connecting
orbit sets. These sets contain the minimal configurations of some modified Lagrangian
which do not necessarily generate orbits determined by the Lagrangian L. Based on
the upper semi-continuity of the set functions, from Lagrangian to Mané set and to
pseudo connecting orbit set, and on the understanding of these sets with respect to
the configuration manifold and its finite covering, we show that each configuration
in the pseudo connecting orbit set generates a real orbit of the Lagrangian L which
connects some Mané set to another Mané set nearby if this Mané set has some kind of
topological triviality. Such construction does not need the manifold structure of the
Mather sets, and is applicable to systems with arbitrary degrees of freedom. Thus,
some global connecting orbits can be constructed if some so-called generalized tran-
sition chain is established. Such a chain does exist in the system we study in this

paper.
In the Lagrangian formalism, the Hamiltonian equation (1.1) is equivalent to the

Lagrange equation
d (0L oL
~ (=)= <o, L.

dt <8u) ou 0 (13)



This equation corresponds to the critical point of the functional

Aulr) = / (L — n0) (. . ),

where 7, is a closed 1-form whose de-Rham cohomology [n.] = ¢ € H'(M,R). L and
1. can be thought as the function defined on TM x T.

To apply the Mather theory on positive definite Lagrangian systems we introduce
a modified Lagrangian

in which Lg(u) is strictly convex in @ and has super-linear growth in [|a||; p(4) = 1
when ||4]| > 2K, p(i) = 0 when ||u|| < K. We choose sufficiently large K so that the
diffusion orbits we search for remain in the region {||%|| < K}. Clearly, we can choose
some p(u) so that L is convex in % also. This system is integrable near infinity, so
each solution is defined for all t € R. Therefore we can assume that the Lagrangian
L satisfies the conditions suggested by Mather [Ma3]:

Positive definiteness. For each (u,t) € M x T, the Lagrangian function is strictly
convex in velocity: the Hessian L, is positive definite;

Super-linear growth. We suppose that L has fiber-wise super-linear growth: for
each (u,t) € M x T, we have L/||u] — oo as ||| — oo.

Completeness. All solutions of the Lagrangian equations are well defined for all
teR.

Let I = [a,b] be a compact interval of time. A curve v € C1(I, M) is called a
c-minimizer or a c-minimal curve if it minimizes the action among all curves £ €
C(I, M) which satisfy the same boundary conditions:

b
A(7) = min / (L — no)(dE(t), t)dt.
§(a):’y(a) a
E(b)=~(b)

If J is a non compact interval, the curve v € C*(J, M) is said a c-minimizer if | is c-
minimal for any compact interval I C J. An orbit X (¢) of ®* is called c-minimizing if
the curve mo X is c-minimizing, where the operator 7 is the standard projection from
tangent bundle to the underling manifold along the fibers, a point (z,s) € TM x R
is c-minimizing if its orbit ®'(z,s) is c-minimizing. We use G(¢) € TM x R to
denote the set of minimal orbits of L — 7. (the c-minimal orbits of L). We shall
drop the subscript L when it is clear which Lagrangian is under consideration. It is
not necessary to assume the periodicity of L in ¢ for the definition of G. When it is
periodic in ¢, G (¢) C TM x R is a nonempty compact subset of TM x T, invariant
for the Euler-Lagrange flow ¢t .



The definition of action along a Cl-curve can be extended to the action on a
probability measure. Let )t be the set of Borel probability measures on T'M x T.
For each v € 91, the action A.(v) is defined as the following:

A) = [ (L= no)a

Mather has proved [Ma3] that for each first de Rham cohomology class ¢ there is a
probability measure p which minimizes the actions over 9t

Ac(p) = inf /(L —ne)dv.

This p is invariant to the Euler-Lagrange flow. We use M(c) to denote the support
of the measure and call it Mather set. We use —a(c) = A.(p) to denote the min-
imum c-action, it defines a function a: H'(M,R) — R, usually called a-function.
Its Legendre transformation §: H;(M,R) — R is usually called g-function. Both
functions are convex, finite everywhere and have super-linear growth [Ma3].

To define Aubry set and Mané set we let

t/
helm,t), (') = min [ (L= d(s),s)ds + (¢~ a),
’yECl([t,t/],M) t
(&) =moy (&)=
F.((m,s),(m',s")) = . imfd ) he((myt), (m',t"))
t’;ilnrfod 1
t'—t>1

hgo((m7 3)7 (mlv Sl)) = _ltlm igf2 hc((ma t)? (m,v t/))v
ot mod o
t'—t—o00
he(m,m') = he((m,0), (m', k),
het (m,m’) = he®((m, 0), (m', 0)),
Fe(m, m/) = Fe((m, s), (m,v 8/))
d.(m,m') = h(m,m') + h3(m', m).
It was showed in [Mad]| that d. is a pseudo-metric on the set {x € M : he°(z, x) = 0}.
A curve v € CH(R, M) is called c-semi-static if
Ac(Vlap) + ale)(b — a) = Fe(v(a),y(b),amod 1,bmod 1)
for each [a,b] C R. A curve v € C1(R, M) is called c-static if, in addition
Ac(7’[a,b]) + a(c)(b - a) = _Fc(’Y(b)a 7(@), bmod 1, amod 1)

for each [a,b] C R. An orbit X (¢) = (dv(t),tmod 1) is called c-static (semi-static) if
~ is c-static (semi-static). We call the Mafié set A/(c) the union of global c-semi-static
orbits, the set A(c) is defined as the union of global c-static orbits, we call it Aubry
set. We can also define corresponding Aubry sets and Mané sets for some covering
manifold M respectively. Obviously, the c-static (semi-static) orbits for M is not
necessarily c-static (semi-static) for M.
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~ We use M(c), A(c), N(c) and G(c) to denote the standard projection of M(e),
A(e), N(c) and G(c) from TM x T to M x T respectively. We have the following
inclusions ([Be])

M(c) € A(c) CN(e) € G(o).

It was showed in [Mad] that the inverse of the projection is Lipschitz when it is
restricted to A(c) and M(c).

In the following we use the symbol N (c) = N(c)|—s to denote the time section
of a Mané set, and so on. We use ®;, @y to denote the Hamiltonian flow generated
by H and its time-1-map, and ¢}, ¢, to denote the Lagrangian flow generated by L
and its time-1-map respectively.

This paper is organized as follows. In the section 2 we introduce so-called pseudo
connecting orbit set and establish the upper semi-continuity of these sets. Such
property shall be used to show the existence of local minimal orbits connecting some
Mané set to another Mané set nearby. In the section 3, we investigate the topological
structure of the Mané sets and the pseudo connecting orbit sets, they correspond to
those cohomology classes through which the diffusion orbits shall be constructed. The
Mané set becomes larger if we consider a finite covering of the manifold. In the section
4, by making use of the upper semi-continuity of Mané sets, the existence of local
connecting orbits is established if the Mané set has some kind of triviality. The section
5 is devoted to the construction of diffusion orbits if there is a so-called generalized
transition chain along the corresponding path in the first de-Rham cohomology space.
To show the generic condition we establish some Holder continuity of the barrier
functions in the section 6, with which the generic property is proved in the last
section.

In this paper, the only assumption on hs is the existence of a non-degenerate
minimal fixed point with respect to the Lagrangian flow E((IJ’;Q). Thus, the main
result and the method developed in this paper can be applied to study the diffusion
in a priori stable Hamiltonian systems with arbitrary n degrees of freedom. We shall
present it in our next paper.

2, Upper semi-continuity

The construction of diffusion orbits depends on the upper semi-continuity of some
set functions.

Lemma 2.1. We assume L € C"(T'M x R,R) (r > 2) satisfies the positive definite,
superlinear-growth and completeness conditions, where M is a compact, connected
Riemanian manifold. Considered as the function of t, L is assumed periodic for
t € (—00,0] and for t € [1,00). Then the map L — G, C TM x R is upper
semi-continuous. As an immediate consequence, G(c) 15 a non-emply compact set in
TM x T and the map ¢ — QN(C) s upper semi-continuous if L is periodic in t.

The proof of this lemma was provided in [Be2,CY]. We can consider ¢ is defined
on (TV[0,1] VT)/ ~, where ~ is defined by identifying {0} € [0, 1] with some point
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on one circle and identifying {1} € [0,1] with some point on another circle. Let
Ue ={(¢,q,t) : (¢,t) e M x (TV[0,1]VT)/ ~, |[C]| <k, }, U Uy =TM x R. Let
L; € C"(TM x T,R). We say L; converges to L if for each ¢ > 0 and each Uy there
exists ig such that |L — L;||y, < e€if i > ip.

In the application, the set G (c) seems too big to be used for the construction of
connecting orbits in interesting problems. Mané sets seem good candidates. In the
time-periodic case, Mané set can be a proper subset of G(c), N'(¢) € G(c). It is closely
related to the problem whether the Lax-Oleinik semi-group converges or not, some
example can be found in [FM]. To establish some connection between two Mafié sets
we consider a modified Lagrangian

Ln,u,w:L_n_N_w

where 7 is a closed 1-form on M such that [n] = ¢, p is a 1-form depending on ¢
in the way that the restriction of p on {¢ < 0} is 0, the restriction on {t > 1} is a
closed 1-form g on M with [@] = ¢ —¢. 9 is a function on M x R and ¢ = 0 in
(—00,0] U [1,00). Let m,m' € M, we define

7]7#71/’ ’}/(—T()):m

T

WIS (') = inf L/ Loy pus (dy (1), )t + Too() + Tha(c').
—40

(T1)=m'

Clearly 3 m* € M and some constants C,, ,,, Cy, .4, independent of Ty, T7, such that

hTo,Tl (m’ m/) S h:cro (m’ m*) _|_ hZ:Q (m*’ m,) “I‘ C’frhu

UNTRY
S C"%Mﬂ/"
Thus its limit infimum is bounded

o0 N . . T(),Tl /
o (M) = TIOH%IEEO hn,wp(ma m') < Cy -

Let {Tg}iem and {Tf}iez+ be the sequence of positive integers such that Tj — 00
(j =0,1) as i — oo and the following limit exists

. T T
Jim By mym') = B, ().

Let v;(t,m,m'): [-T¢,T{] — M be a minimizer connecting m and m/

UNR

M“Wmm0=/ Ly o (dyi(1), )t + Toa(e) + Tie(c).
— Té

It is not difficult to see that for any compact interval [a, b] there is some I € Z, such
that the set {~; };>s is pre-compact in C*([a, b], M).



Lemma 2.2. Lety: R — M be an accumulation point of {~v;}. If s > 1 then

Ap, ., (s, 7)) = inf /T1 Ly (dy*(t), t)dt + (11 — T)a(c); (2.1a)

T1I—TEL,T1>S
¥ (8)=7(s)
¥ (r1)=(7)

if T <0 then

Ar, ... (s, 7)) = inf /T Ly, o (dy*(8),t)dt — (s1 — s)a(c); (2.1b)

S$1—S€7Z,51<T s1
" (s1)=7(s)
¥ (T)=(7)

if s <0 and T >1 then

T1
Apy, Ol =t Ly @), 0de
s1<0,m>1

7" (s1)=7(s)
v (T1)=7(7)

— (81— s)a(c) — (11 — T)a(d). (2.1c)

Proof: To show that let us suppose the contrary, for instance, (2.15b) does not hold.
Thus there would exist A >0, s <7 <0, 51 <7 <0, 81— € Z and a curve v*:
[s1,7] — M with v*(s1) = v(s), v*(7) = v(7) such that

Aty Ollss7) 2 [ Lyl 0.0t = (51 = s)a(e) + .

S1

Let e = ;A. By the definition of limit infimum there exist 7| " >0 and T° > 0 such
that

h%ﬂ?ﬁ;g(mmml) 2 h;?uﬂﬁ(mmml) -6 v TO > TOiO7 T1 2 Tlio’ (22)

there exist subsequences T;’“ (j=0,1, k=0,1,2,---) such that for all £ >0

To —Ti° > 5 — 51, (2.3)

1

ik ik
| T,F,T
TR

(mo, m1)=hy", (mo,m1)| <e. (2.4)
By taking a further subsequence we can assume <;, — <. In this case, we can
choose sufficiently large k such that ~;, (s) and 7;,(7) are so close to v(s) and (1)

respectively that we can construct a curve v/ : [s1,7] — M which has the same
endpoints as v;,: 75 (s1) = vi(s), 7 (1) = vi(7) and satisfies the following

Aty Culs7) 2 [ Lyl (0.0 = 51— 9)ale) + 38, (25)

S1



Let T} = T¢* + (s — s1), if we extend v, to R — M such that

Vi, (t — 51+ 8), t < sy,
Vi, = Vi (1) sp<t<T,
%k (t> t Z T;

then we obtain from (2.4) and (2.5) that

T! Tk * i i
R (moymi) <Ap, (v |[=T5, T*]) — Ti*alc’) — Tha(e)
SALn,u,w (’YikH_TOvalk]) - lea(cl) - TOkOé(C) - ZA
<h;%u.(mo,m1) — 2e.

but this contradicts (2.2) since Ty > T3° and T}* > Ti°, guaranteed by (2.3). (2.1a)
and (2.1c) can be proved in the same way. [

With this lemma it is natural to define
Copw =4{dy €Gr, ., ¢ (2.1a) (2.1b) and (2.1¢) hold }.

Although the elements in this set are not necessarily the orbits of the Lagrangian
flow determined by L, the a-limit set of each element in this set is contained in N(c),
the w-limit set is contained in NV(¢/). Due to this reason, we call it pseudo connecting
orbit set. Obviously C,7 0,0 = =N (c). For convenience we may drop the subscript ¢ in
the symbol when it is equal to zero, i.e. Cy . = Cy u0-

Lemma 2.3. The map (n,pu,v) — (fn,,“p is upper semi-continuous. C~,77070 = N(c)
if [n] = ¢. Consequently, the map ¢ — N(c) is upper semi-continuous.

Proof: Let n; — n, pu; — pandy; — ¢ letv; € Cm it and let v be an accumulation

point of the set {y; € Cp, ;. Yiczt- Clearly, v € Cp oy I v & Cyy 1 there would
be two point v(s),y(7) € M such that one of the following three possible cases

*

takes place. Either v(s) and (7) € M can be connected by another curve ~*:
[s +n, 7] — M with smaller action

Ar, o (lsiT]) < Ap, ., (Y*|ls +n,7]) — na(c)
in the case 7 < 0; or there would a curve v*: [s,7 +n| — M such that
ALn,p,w (/y, [57 T]) < ALn,u,’d; (’y* | [57 T + n]) - nOK(C/)
in the case s > 1, or when s < 0 and 7 > 1 there would be a curve v*: [s+nq, 7+ns] —
M such that
ALn,u,w (IY| [87 T]) < AL'r],p,,w (’Y*H:S + nl? T + n2]) - nla(c) - nQOé(C/)

where s +n; < 0, 7+ ny > 1. Since 7 is an accumulation point of ~;, for any small
€ > 0, there would be sufficiently large i such that ||y — v;||c1(s4 < €, it follows that

Yi & Cp, i, but that is absurd.



Let us consider the case that y = 0 and ¢ = 0. In this case, L — 7 is periodic in ¢.
If some orbit v € C;)0,0: R — M is not semi-static, then there exist s <7 € R, n € Z,
A > 0 and a curve v*: [s,7 +n| — M such that v*(s) = ~(s), v*(7r +n) = v(7) and

ALn,o,o (’Vl[sa T]) > ALn,o,o(’V*‘[‘g? T+ ?”L]) - TLO&(C) + A.

We can extend v* to [s1, 71 +n| — M such that s; < min{s,0}, min{r,n +n} > 1,
71 > 7 and
’Y(t)a S1 S t S S,
=4 v, s<t<rtinm,
Y(t—n), T+n<t<Tm+n.

Since L — n is periodic in ¢, we would have
AL, o0(ls1, 1)) = AL, o0 (T |[51, 71 + 1)) — nale) + A

but this contradicts to (2.1c). O

The upper semi-continuity of the map (1, u, ) — CNWL?#, will be fully exploited
to construct connecting orbits between two different Mané sets if they are closed to
each other.

3, Structure of some ./\7(0) and CN,,’W;,

It is natural to study the topological structure of the relevant Mané sets if we want
to construct the connecting orbits between them.

Let L be the Lagrangian obtained from H in (1.1) by the Legendre transformation,
it has the form as follows:

L(mﬂ,t) = El (q) + KQ(I,,'I;) + Ll(u,ﬂ, t), (31)

here ¢; = L*(h;) for i = 1,2, L; is a small perturbation. The perturbation term of
the Lagrangian L; and the perturbation term of the Hamiltonian P is related by an
operator AL* induced by the Legendre transformation Ly = AL*(P) = L*(hy +ho +
P) — L£*(hy + hy). We denote by B. i the ball in C7({(u,1,t) € TF" x RF+? x T :
|u|| < K} — R), centered at the origin with radius of e. Obviously, when € < 1,
there exists ¢ > 0 such that

AL* (BE’QK) C Bgﬁ,K.

Let ¢ = (cq,c;) denote a cohomology class in H!(T**" R) where ¢, € R* and
¢, € R™. To obtain the result of this paper we choose k = 1, but the demonstration
in the following 3, 4 and 5 sections applies for arbitrary k.

Lemma 3.1. Given some large number K > 0 and a small number § > 0. There
exists a small number € = €(0) > 0, if ¢, € {maxi<;<k|cy| < K} and if P €
Be 2k, then there exists an n-dimensional convex set D(cq) which contains {c; =
constant, ||c,|| < Cp} with small Cy, > 0 such that
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1, for each c € {||ca|| < Cy}, the Manié set N(c) C {||z|| < 6};
2, for each ¢ € int(D(c,)), the Mather set M(c) C {||z| < 6}, for each ¢ € {c, =

constant }\D(c,) and each c-minimal measure p, py(p) 7 0;

3, if M(c) is uniquely ergodic for each ¢ € int(D(c,)), then N(¢) C {||z|| < &} for
each ¢ € int(D(cy)).

The interior of D(c,) is in the sense that we think D(c,) as a set in R™. We denote
the rotation vector of p by p(u) = (pg(1), p=(1t))-
Proof: Note ming (L — (¢, u)) = —hi(cq) — ho(z,¢z) — P(u,c,t). Given 0 < A < 1,

by the assumption (H2) we find that there exist E{ > 0 and C/ > 0 such that if
llegll < K le|| < CL, if € < BjA262 and if P € Be 2k, then

L —{c,i)+hi(cq) =3¢,V (u,,t) € {|lz]] > A},

1
L—(e;i)+hleg) 2, ¥ (uit) € {Jlall < 570, & = 0,]|e] < K.

This implies that for each c-minimal measure p we have

/ dp =0
TMXT\{||z|| <A}

Thus, for each c-semi static curve v : R — M there exist two sequences iijj-E — 00 as
j — o0 so that 7(—75;),7(17) € {|lz|| < Ad}.

To continue the proof, let us consider the Lagrangian /5 first. To each absolutely
continuous curve 7, : [to, t1] — T™ with v, (t0), v (t1) € {||z]| = Ad} we can associate
an element [y;] € Hy(T", {||z]| < A0}, Z) = Z". Let |[vo]| = >°i_; [[yalil- If 7a(t) ¢
{l|z]| < A6} for all t € (tg,t1) and there is some t* € (tg,t1) such that v, (t*) ¢
{||z]| < 0}, then there exist Ey, F3 > 0 such that

/tt2 Uo(drye (t))dt > EyN?6°(t1 — to) + Ea(8° + |[v2]])- (3.2)

Here, we have made use of the super-linear growth in & and the the hypothesis (H2).
Let &, : [to,t1] — T™ (t1 —tp > 1) be a minimal curve of {5 joining two points in
{||z|| £ Aé}. Since {x = & = 0} is hyperbolic, we see that [(,] = 0 and there exists

E3 > 0 such that
[2)

lo(dé,(1))dt < EsA?62. (3.3)

t1

We choose

E E E| E
A< 2—E23 C,ngin{c;,?;}, e<mm{ Ql 41})\252 (3.4)
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If § is suitably small, if P € Be o and if v = (74, 7.) : R — T x T" is a c-semi static
curve for L such that y(to),v(t1) € {||z|] <}, v(t) € {||z]| <} and [y,] # 0 we find
t; —to > 1. In this case, we construct a curve £ = (£,,£;) : R — T* x T" such that

&q (t) = Yq (t),

Va (1) t < to,
§o(t) = &(t) to <t <t,
’Ym(t) t>1.

In this case we obtain from (3.2), (3.3) and (3.4) that

| (p@r@.0 - Lag(o.0) - (eite) - €0 )

to

> / (eald (1)) — £a(da (1)) )t — 20C ]| — 2e(t1 — to)

to

1
Z§(E1A252(t1 — to) + E2(52> > 0,

but this contradicts the fact that ~ is c-semi static. This proves the first part of the
lemma.

To continue the proof, we define

D(cq) = {c € H(T* x T™,R) : ¢, = constant,
3 c-minimal measure p such that p,(u) = 0}.
Obviously, it is an n-dimensional convex disk and contains {¢, = constant, ||c,| <

Cz}. In fact, if p is a c-minimal measure for some ¢ € int(D(c,)) then it is also a
(¢q,0)-minimal measure. To see it, let us note a fact:

Proposition 3.2. Let ¢/,c* € H'(M,R), u' and pu* be the corresponding minimal
measures respectively. If (¢ — c*, p(p')) = (' — c¢*, p(u*)) =0, then a(c') = a(c*).

Proof: By the definition of the a-function we find that
~a(e) = [~

_ /(L — Nex)dp* + (cF =, p(p))

> — afc").

In the same way, we have —a(c*) > —a(d). O
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It follows from this proposition that a(c) = constant for all ¢ € D(c¢,). For each
c € int(D(cy)) if there was a c-minimal measure g such that p,(p1) # 0, then
3¢ = (eq, ) € int(D(ey)) such that (¢, — c, pz(p1)) < 0. Thus

—a(c) =Acr (1)
=Ac () + {ew — ¢, p(pn))
> — a(d).
On the other hand, from the definition of D(c,) and from the proposition 3.2 we
obtain that a(c¢’) = a(c*). The contradiction implies that p,(u) = 0 for each c-
minimal measure when ¢ € int(D(¢,)). Consequently, for each c-minimal measure
!

/(L —ne)dp = /(L — Ney )M,

here, 0 = (1)e,,Me,) 18 any closed 1-form such that [n.] = (¢q,¢,) € H'(T*, R).
Therefore, supp(p) C {||z|| < d}. This proves the second part of the lemma.

Finally, let us consider the case that the c-minimal measure p. is always uniquely
ergodic for each ¢ € int(D(c,)). It is easy to see that 3 p such that y = p. for
all ¢ € int(D(c,)). Let dy € N(c). Note N(c) = A(c) in this case. For each
& € Mo(ce), if kij — oo (i = 1,2) as j — oo are the two sequences such that
dy(—k1;),dy(kej) — 7 1(£), then we claim that

ka;
lim A, (D)dt =0, V1<i<n. (3.5)
i—00 J _py,
In fact, for any £ € My(c) there exist two sequences k;; — 0o as j — oo (i = 1,2)
such that dy(—ki;) — 7= 1(€) and dy(kq;) — 7~ 1(€) as j — oo. Since 7 is c-static,
it follows that
BE (9(—kag), 7(0)) + B2 (3(0), 7 (Fay)) — 0.

If (3.5) does not hold, by choosing a subsequence again (we use the same symbol)
there would be some 1 < ¢ < n such that

k2j
lim / 5o (1)t

J=00 ) _kyj

> 27 > 0.

In this case, let us consider the barrier function B}, where all other components of
¢ € RFt™ are the same as those of ¢ except for the component for xj. Since ¢ — ¢ =
0,---,0,¢4, —¢,,0,--+,0), we obtain from the proposition 3.2 that a(c’) = a(c), so

koj
wawgmm/ (LA (1), £) — (2 4(0)) + alc)) dt

J—oo S gy

< liminf / T LAy, 1) — (e 5(8) + alc)) dt

=0 )k,
kzj
+ (Cmi - C/x) lim ﬂ}/mz(t)dt

1 j—>oo _klj

< - 2|Cm - C;i|7T <0
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as we can choose ¢, > ¢ or ¢;; < ¢, accordingly. But this is absurd since barrier
function is non-negative.

Let us derive from (3.5) that there is no c-semi-static orbit that is not contained
in {||z|| < 0}. In fact, we find that dy € N'((¢cq,0)). To see that, we obtain from (3.5)
that the term (c;,7,) has no contribution to the action along the curve ¥|(_x,; k.,

ko k2;
/k '(L — (g5 Yq) — (Ca, V) )dt — L .(L — (g, Yq))dt, (3.6)

as j — oo. Note kij — oo as j — oo (i = 1,2). If dy ¢ N((c1,0)), there would
exist j/ € Z*, k' € Z, E > 0 and a curve ¢: [—ky;,ko; + k'] — M such that
C(=k1jr) = v(=kj), C(k2jr + k') = (ko)

ko
/ (L), ) — {cqria) + alc))dt

—ky
k2j/+k’/ .
z/k (L(AC(E), 1) — (cq:Ca) + a(0))dt + B
>Fe,0)(Y(=Fkujr),y(kojr)) + E (3.7)
and
k‘2j/+l€/ .
—kyjr

The second condition (3.8) follows from the facts that N ((eq,0)) C 3 and Y(—kij) —
§ € Mo((cg,0)) = Mo(c). Let j — j' be sufficiently large, we construct a curve ¢':
[—k1j, koj + k'] — M such that
V(t)a t e [_klj, _klj’];
C/(t) = C(t)a t e [—]{?1]'/, k}gj/ + ]{;/];
7(t - kl), te [k?2j’ + k?/, kgj —+ k/]

It follows from (3.5~8) that

koj+k' . k2
/ (M@W%ﬂ—@d»ﬁ</)(MM@%%%mmﬁ—E

—kij —kij

< [ w0~ a3,

but this contradicts to the property that dy € N(c). O

Remark: The first part of the lemma can be proved by using the upper-semi conti-
nuity of Mané set on Lagrangian functions. But the dependence on € is not so clear
as here (cf (3.4)) if we prove it in that way.
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From the proof of the first part of the lemma 3.1 we can see

Lemma 3.3. Let ¢ € {|lc,|| < Cr} and b —a > 1. For small number d > 0 there
exits € > 0 and § > 0, such that if |Li| < € and if v: [a,b] — T**" is a c-minimizer
connecting points y(a),v(b) € {||z|| < 6}, then ||y (t)|| < d for all t € [a,b].

The structure of Mané set and pseudo connecting orbit set depends on what con-
figuration manifold we choose for our consideration. In the following, when neces-
sary, we use N (¢, M), Cp, ..,(M) to specify the manifold on which these sets are
defined. We shall omit M in that symbol when it is clearly defined. We do not
intend to consider the general case. Instead, let us consider some special case which
is sufficient for the purpose of this paper. According to the lemma 3.1, for a co-
homology class ¢ = (c4,0), the support of the c-minimal measure is contained in
N;s = {]|z]| < &}, a d-neighborhood of the lower dimensional torus. To each curve
v: (a,b) — M such that vy(a) € Ny and (b) € Ns we can associate an element
vl = (V)1 Y2, -+, [Y]n) € Hi(M, Ns,Z). Here, a can be a finite number or —oo, b
can be a finite number or oco. From the proof in [Bel| we can see that there exists
a homoclinic orbit dv such that the first component of its relative homology is not

zero: [v]; # 0.

Lemma 3.4. Let ¢ = (c,0), M = T* x (2T) x T*"'. Ifv: R — M is a minimal
homoclinic curve such that

lim inf { / " (L — 1) (dy(t), t)dt + (Tp + Tl)a(c)}

Tz Mem
T
=liminf min {/ L —n.)(d&(t), t)dt + (1o + T ac},
To—oco &(~Th)eNs _TO( ne)(d€(t), t)dt + (To + Th)ex(c)
Ti—00 ¢(T1)ENs

[€]1#0
then {dy(t),t} € N(c, M).

Proof: If we think M as the configuration manifold, the minimal measure has at
least two ergodic components. The lift of a homoclinic orbit to TM is an orbit joining
the different lift of the support of the minimal measure. Recall the definition of the
barrier function introduced by Mather in [Ma4]

Bi(m) = min{h*(§,m) + h*(m, ¢) — hF(€,¢) 1 V €, ¢ € Mo(c)},
we obtain the result immediately. [

Manié announced in [Me] that there should be a transition chain of semi-static or-
bits among different ergodic components of the minimal measure, it has been partially
proved in [CP].

We can also define the Mané set N (c, M ) from another point of view. Let ¢ =
(cq,0), £ € Ns, ¢ € Ns, we define

k
B (60 = int [ (L= n(dr(®)0)dt + ka(o)
' ¥(0)=¢ Jo

v(k)=¢

[v]1#0
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k2
padeem = nt [ (=m0t + (ko)
Y(=k1)=¢ ) _k,
A(O)=m
v(k2)=¢
[v]1#£0

hie, (€,0) =liminf he,, (€,0),
c 61 (67 m C) - hkm lnf h’(lf,el (f, m, <)7

B: el( ) lnf{hc e1 (€7m7C) - cel (5 C) E?C € MO(C)}

Let m: M — M be the standard projection. Clearly, we have
Lemma 3.5. Assume L has the form of (3.1), ¢ = (¢cq,0), then

7T1N0(C M) - {Bcel _O}U{B: :0}7
WlNo(C,M)\No(C,M) #* 9.

Recall we have introduced a modified Lagrangian L, ,, , = L—n—pu—1. Let Ty € Z,
T\ € Z, we define

T
ey (M0, 1) 25(_}%f:mo/T Luy, i (d€(2), 1) + Toa(e) + Tra(c’).
&(T)=m1 "
[£]1#£0

Let us study C, .. (M):

Lemma 3.6. Let c = (cy,0), ¢ = (c,0), [n] = c and [i] = ¢’ —c. If ¢ is suitably
small, then

chn,MW(M)\Cn,u,w (M) # 2.

Proof: For mg, m; € N, positive integers T¢, T} € Zy, we let ~;(t,mg, m1,e1):
[—T13,T7] — M be a minimal curve joining mg and m4 such that [y;]1 # 0 and

D ey mamn) = [ Ly (.00 + Tha(e) + Tha(e),

0
Let {T¢}iez, and {T}}icz, be the sequence of positive integers such that T} — oo

(j =0,1) as i — oo and the following limit exists

T Ty, T
07 0,41 _ o0
}EE}O hn iyer (M0, 1) = %}%Eﬁo P i e (100, m1) = el 4, (Mo, ma ).

Let #; be the lift of 4; in the covering space M, it is a M-minimal curve. Clearly, the
set of accumulation points of the set {v;} contains a curve v: R — M with [y]; # 0.
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On the other hand, if |¢| is suitably small and mg, m; € N, the hyperbolic
structure of ¢5 guarantees that

oo

h?f’u,w (mo, m1) < hmuﬂ/),el

(mg, my).

In other words, these M-minimal curves {7;} are not M-minimal curve. Conse-
quently, v is not a M-minimal curve. This completes the proof. O

4, Existence of local connecting orbits

To begin with, let us consider the construction of diffusion orbits in Arnold’s ex-
ample from the variational point of view. There, each Mané set under consideration
properly contains the corresponding Mather set if we study the problem in a covering
manifold M = T x 2T. Under the small perturbation the stable manifold of each
invariant circle transversally intersects the unstable manifold of the same invariant
circle. It implies that the set mNy(c, M)\ (Mo(c, M) +6) is non-empty but topolog-
ically trivial for each ¢ under consideration. The main goal of this section is to show
that if a system has such a property for some ¢, then for all ¢’ sufficiently close to ¢,
/\7} can be connected with ./\7C by some local minimal orbits.

Definition 4.1. Let ¢ = (c;,0), ¢ = (c;,0), Ns = {|lz|| < §}. We assume that
N(c) C int(Ns) and N(¢) C int(N;). Let v: R — M be an absolutely continuous
curve such that y(t) € Ns when |t| > T, a sufficiently large number, and such that
[V]1 # 0. We say dv is a local minimal orbit of L that connects N'(¢) and N'(¢') if

1, dv(t) is the solution of the Euler-Lagrange equation (1.3), the a- and w-limit
sets of dvy are in N(c) and N (') respectively.

2 There exist two open and connected sets Vo and Vi such that Vy C Ns\Mo(c),
Vi € Ns\Mo(c), v(=Tb) and v(T1) are in the interior of Vo and Vi respectively,
where Ty € Zy and Ty € Z. For any (mg,my) € 0(Vy x V1), we have

min {h?,?fi(moamh@l) + he (& mo) + e (ma, €) -

§ € Mo(e) N (a(d)li=0), ¢ € Mo(¢)) N m(w(dy)li=o) |

7
_lim inf/ (L —n— ji— ) (dy (), )t — Tha(c) — Tla(d)
Ty—o00 T}
Tll—>oo

>0, (4.1)

where 1 is a non-negative function M x R — R* such that 1» = 0 when t < 0 or
when t > 1; p is a 1-form on M x R such that y = 0 when t < 0, u = i is closed
when t > 1, [a] = ¢ — ¢, n is a closed 1-form on M with [n] = c.

Since w(w(dy)) € N(¢) € Ns and 7(a(dy)) € N(e) C Ns, [¥|lr<t<oo] and
(Y|~ co<t<—T,] are well defined. Indeed, recall the lemma 3.3, we can see [V|1, <t<oo] =
0 and [y|—co<t<—1,] = 0. That is why we use h2°(£,mg) and A3’ (m, () in this def-
inition. We do not intend to discuss local minimal curves in the most general case,
the above definition is introduced for the special purpose of this paper.
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Obviously, (4.1) is equivalent to that
Il (mo, ma, e1) + b (€,mo) + h (my, )

7,4,
—/;(L—n—u—wﬂhﬁhwﬁ—ﬂwﬁf—ﬂaW)
B2 (E,y(—To)) — B3 (4(T1), )
> 0, (4.17)

holds for each £ € Mg(c) N w(a(dy)|t=o) and each ¢ € My(c¢') N w(w(dy)|i=0)-

Lemma 4.2. We assume that |L1| < € so that Lemma 3.3 holds. Given a co-
homology class ¢ = (cg,0), we assume that mNy(c, M)\Nj is totally disconnected,
then there exists e > 0 such that for each ¢’ = (c;,0) with ||c;, — c4l| < €1, there
exists an orbit dy of the Fuler-Lagrange equation determined by L which connecting
N, with Ny . ~v: R — M is a local minimal curve for L in the sense of the definition

J.1.

Proof: Since mNy(c, M )\ Ns is totally disconnected, there is an open, connected
and homotopically trivial set O and a small positive number ¢35 > 0 such that

on 7T1N(C, M)|O§t§to\N5 7é J, 00N 7T1N(C, M)|0§t§t0 = .
Clearly, we can define a non-negative function f € C"(M,R) such that

=0 (¢,2) € Ns U (mN (e, M)|o<i<-\O),
f(qa I’) =1 (qvx) € O;
<1 elsewhere.

We choose a C"-function p : R — [0,1] such that p = 0 on t € (—o0,0] U [tg, ),
0O<p<lonte(0,ty). Let A >0 be a positive number,
U(g,z,t) = Ap(t) f (g, @),
By the upper semi-continuity of the set-valued function (1, i1, ¢) — Cy, 4, (M) we see
that Cp 0,4 (M)|o<t<t, N 00 = @ if A > 0 is suitably small. By the choice of ¢, we
have C,, 0,4 (M) = N(c, M). Consequently, we obtain from the lemma 3.6 that
& # {mCy0.0(M)\Cro.0(M) } co.

0<t<to

Since O is homotopically trivial, there exists a closed 1-form i such that [p] = ¢ — ¢
and supp(p) NO = @. Let p; € C"(R, [0, 1]) such that py =0 on (—00,0],0 < p; <1
on (0,t9) and p; = 1 on [tg, ), let = A1p1(t)i and set

Lyyyp=L—n—p—1.
By using the upper semi-continuity and the lemma 3.6 again we find that

& # {m1Couw(MD\Cpp(M)} __ CO

0<t<to

if A\; > 0 is suitably small. Let v € m1Cyy .0 (M)\Cp0po(M). Note that f = 1 in
O, supp(pp) N O = @, dy: TM — R is obviously a solution of the Euler-Lagrange
equation, a(dy) C N(c) and w(dy) C N ().
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Since we have assumed that m1Co(c, M)\Nj is totally disconnected, by the upper
semi-continuity, there obviously are two open and connected sets Vy and V; such that

Vo C Ns\Mo(c), Vi C Ns\Mo(c') and (4.1) holds. [

Let us compare 71Cy 0.5(M)\Cp.0.4(M) with mN (e, M)\N(c, M). If ~(t) is a
minimal curve in m N (¢, M)\N (¢, M), then its time k translation v(t + k) is also a
minimal curve for each k € Z. By the choice of the open set O and the function
¥, we see that each orbit dy in N (¢, M)\N (¢, M) may still an orbit of the Euler-
Lagrange equation determined by L — 1, but only those curves remain to be minimal

if they pass through O when t € [0, to].

5, Construction of global connecting orbits

The goal of this section is to construct some orbits which connect NV (c) with (<)
if c and ¢ are connected by a generalized transition chain in H!(T* x T" R).

Definition 5.1. Let M be a finite covering of a compact manifold M and let c,
¢ be two cohomolgy classes in H(M,R). We say that c is joined with ¢’ by a
generalized transition chain if there is a continuous curve I': [0,1] — HY(M,R) such
that T'(0) = ¢, I'(1) = ¢ and for each T € [0,1] at least one of the following cases
takes place:

(I), No(T'(7), M) is topologically trivial; and
(IT), T No(D(7), MO\(No(D(7), M) + 6) is totally disconnected.

In this paper, we do not intend to establish a theorem of the existence of connecting
orbits between two cohomology classes in the most general case when they are joined
by a generalized transition chain. Instead, we restrict ourselves to the special case:

Theorem 5.2. Let M = T* x T™, M = T* x 2T x T" 1, the Lagrangian L be given
by (3.1). We assume that two first cohomology classes ¢ = (cq,0) and ¢’ = (c,0) are
joined by a generalized transition chain T': [0,1] — H'(M,R) N {c, = 0}. Moreover,
TN (D (1), M)\(No(L'(7), M) + 6) is totally disconnected, we assume M(T(1), M)
18 uniquely ergodic. There exist a large positive numbers K > 0 and small positive
number € > 0 such that if L1 € BQK, then there exists an orbit of the Euler-Lagrange
equation (1.3) dy: R — TM that has the property: a(dy) C N(¢) andw(dy) c N ().

Remark: We feel that the uniquely ergodic condition here is not necessary, but this
condition is automatically satisfied if £k = 1 as we shall see later.

Proof: Since the map ¢ — N (¢, M) has upper semi-continuity, there are finite open
intervals {I; }o<i<k such that

1, ul; O [0, 1], I;N Ii—i—l 7é @ and I;NIi4o = g

2, each I; is defined in this way: if for all ¢ € I; the case (I) happens, then for all
t € I,_1 U1 the case (II) happens.
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Without of losing generality and for the simplification of notation, we study the
case that I; U I, U I3 D [0, 1], the case (II) takes place for each t € I1 U I3 while the
case (I) takes place for each t € I5. The general case can be treated in the same way.

By the assumptions, there exists a finite sequence {s; }o<i<i, such that s; € I for
each integer ¢ € [0,141], s; € Iz for each integer i € [i1,i2] and s; € I3 for each integer
i € [ia,13]. For each integer i € [0,41] U [i2, i3]:

1, there exists an orbit dv;: R — T'M of the Euler-Lagrange equation determined
by L such that a(dy) C N(¢;) and w(dy) C N(ciz1), where ¢; = T'(s;);

2, there is a non-negative function ;(q,z,t) < \;, a small number, such that
1; = 0when t < 0 or when t > ty. For each fixed ¢, 1 = constant when it is restricted
in an open, connected and homotopically trivial set O; which has the properties:

O; NN (ci, M)|o<i<t,\Ns # @, 00; NN (¢, M)|o<i<t, = @,

7i(t)o<t<t, € int(O0;);

3, there exist a closed 1-forms 7; with [1;] = ¢; and a 1-form p; depending on ¢
in the way that the restriction of p; on {t < 0} is 0, the restriction on {t > 7} is a
closed 1-form fi; on M such that [i;] = ¢;41 — ¢;. The support of p; is disjoint with
O; x [0,7]. 7: R — M is a local minimal curve of L, , , = L — 1 —n — p in the
sense of the definition 4.1. Consequently, there exist two open (k + n)-dimensional
topological disks V;* and V7, with V;" € Ns\Mo(c;), Vi3, C Ns\Mo(cit1), two
positive integers TZQ, fil and a positive small number €; > 0 such that

70T}
Niski,Pi,e1

min{hgf(f,mo)—l—h (mo,m1)+h2f+1(m1,é) :

(mo,m1) € DV, x V7,

: 70 i
2 min {hgf (5’ mo) T hﬁ;lﬁi%,el (mo’ ml) + hg?+1 (ml’ C) :

(mo,m1) € Vi x Vi, |+ 5el, (5.1)

where £ € Mg(c;),( € Mo(ciy1). Note (5.1) is independent of the choice of £ and ¢
since ergodicity of M (¢;) is assumed for each i.

For each integer i € [i1,1i2], there exist two closed 1-forms n;, i defined on M, a
1-form p; defined on (u,t) € M x R and an open set U; C M such that [n;] = ¢;,
[fii] = civ1—ciy g = 0 when t <0, u; = ji; when t > tg > 0, p; is closed on U; x [0, o]
and

CT]ini (t) + 0, C U, when t € [O,to] (52)

where 9; > 0 is a small number. The possibility of choosing p; and U; in this way
is the consequence of the following argument. By the assumption on I, for each
7 € I, there is an open neighborhood U, of Ny(I'(7)) in the configuration manifold
M such that such that the inclusion map H;(U,,Z) — Hi(M,Z) is the zero map,
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thus for each ¢’ € H'(M,R) there exists a closed 1-form i such that [ig] = ¢’ — I'(7)
and supp(r) N U, = @. Let p € C"(R,[0,1]) such that p =0 on (—00,0], 0 < p <1
on (0,t9) and p = 1 on [tp,00), let p = Ap(t)iz. The upper semi-continuity of the
map (1, ) — C, , guarantees that C, ,(t) C U, if X is sufficiently small.

By the compactness of the manifold M, for a small X > 0 there exists (10, T}) =
S )(€e) € , such that
70, T1)(er) € (Z*,Z+) such th

TO 7T1

Nis i (m07 ml) > hz?,m (m(), ml) - 6:7 (5.3)

holds for all Ty > TP, Ty > T} and for all (mg,m;) € M x M. Obviously, given
(mg, my) there are infinitely many To > TP and Ty > T}' such that

|h§?7’l£1 (mo,m1) — hy? . (mo,m1)| < €. (5.4)
Let ~;(t,mo,my,To,T1) : [=To,T1] — M be the minimizer of hgo[{l (mg, my), it

follows from the lemma 2.2 that if ¥ > 0 is sufficiently small, Ty > T° and T,T} are
chosen sufficiently large so that (5.4) holds, then

d’yi(t,mo,ml,To,Tl) - Cm’,ui (t) + (SZ‘, V0 <t <1 (55)

From the Lipschitze property of hgfﬁ:_l (mg, my) in (mg, my) there exist T ]Q(e;k) >
TO(e) and le(e;‘) > Tl(e) so that for each (mg,m;) there are T; = T;(mo,m1)

with 77 (er) < Tj < T/(ef) (j = 0,1) such that (5.4) and (5.5) hold. Note that for
different (mg, m1) we may need different T; > TZJ (j=0,1).

Before we go back to consider those ¢ with 0 <17 < i1 or 15 < i < 13, let us observe
some facts. We can define the set of forward and backward semi-static curves:

NF(e)={(z,5) e TM xT: wo ¢} (2, 5)|[0,4-00) 18 c-semi-static},

N7(c)={(z,5) e TM xT: wo ¢} (2, 5)|(=o0,0] I8 c-semi-static}.

Proposition 5.3. If M(c) is uniquely ergodic, u € Ao(c), then there exists a unique
v € T,M such that (u,v) € N5 (c) (or Ny (c)). Moreover, (u,v) € Ag(c).

Proof: Let us suppose the contrary. Then there would exist (u,v) € Ag(c) and a
forward c-semi-static curve 74 (t) with v4(0) = v and 44+ (0) # v. In this case, for
any u; € Mo(c) there exist two sequences k;, k} — oo such that 7w o ¢ (u,v) —
u1, v+ (k) — up and

k;
=) = tim_ [ (L = 1)@ 0), )t + il
k;
= lim (L —ne)(dy4(t), t)dt + k;a(c).

kl—oo Jo
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Thus, we obtain that

h(mo ¢y (u,v),u)
:Fc(ﬂ- © ¢Zl<u7 U)J u) + hgo(ua 'U,1)
:FC(Tr © szl(u? U)a u) + lim (L - UC)(d’VJr (t)v t)dt

>h2(mo ¢ (u,v),ur)

where the last inequality follows from the facts that 4, (0) # v and the minimizer
must be a C'-curve. But this is absurd. O

Proposition 5.4. Assume M(c) is uniquely ergodic, then for all ( € M(c) and all
mo,my1 € M, we have

het(mo, Q) + he® (€, ma) = ke (mo, ma).

Proof: By definition,
he? (mo, €) + heo(C,ma) > ke (mo, ma).

for all mg,m1,{ € M. Let yp: [0,T] — M be a c-minimal curve connecting mg with
my. As M(c) is uniquely ergodic, for any € > 0, there exists positive integer T'(¢) such
that for each integer T' > T'(¢) there is T1 < T with the property v7(11) € M(c) +e.
Let T, =T — T;. In this case, we have

hl (mo,m1) = bl (mo, yr(T1)) + h22 (vr(T1),m1)

We claim that 77 — oo and T'— T} — oo as € — 0. Indeed, if T7 is bounded by some
finite number, then there would be a point u € My(c) and a vector v € T;, M such
that ¢'(u,v) is a forward c-semi-static orbit as t — oo with (u,v) ¢ A(c). But this
contradicts to the proposition 5.3. Clearly, there exist ( € M(c) and a subsequence
{T;} such that vz, (Th) — ¢ as T; — oco. It implies that

hes (mo, €) + heo (¢, ma) < ke (mo, ma).
As M(c) is uniquely ergodic, for any £ € A(c)|i=o

he (mo, §) + hes (& ma)
:hgo(m(h C) + hSO(C7m1)

This completes the proof. [
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Let mg,my € M, let yp: [0,7] — M be a c-minimizer connecting mg with m;.
For each integer i € [0,i1] U [ig, i3], by the similar reason to obtain (5.3) and (5.4),
there exists 7;(ef) > 0, independent of mgy and mq, such that

he,(mo,ma) > b (mo, Q) + hs (¢ma) —¢f, VT > Ti(e)), (€ M(e)  (5.6)

there exists Tj(e}) > T;(e*) such that for each (mg,my) the following holds for some
integer T such that T;(ef) < T < T;(ef) and

e, (mo, m1) — hs (mo, ¢) — hZ (¢, ma)| < €,V ¢ € M(e). (5.7)

We define 7; inductively for 0 < 7 < i3. We let 79 = 0, for 0 < 7 < 47 and for
19 < 1 < 13 we choose 7; such that

Ti+Th +T) <7 —7iog < Ty + THy + T (5.8)
for i1 < i < iy we choose those 7; such that
max{T?, T} | +1} <7 —7_1 < max{T°, T} , +1}. (5.9)

To consider the case that ¢ = 77 we note that both Til and TZOI can be taken large
enough such that for any mg,m; € M there exist T'(mog,m1), To(mo,m1) with

max{T;,, T2} < T(mo,m1), To(mo, m1) < max{T;, T2} such that (5.4) holds if we

set Ty = Tp(mo, m1) there; (5.7) holds if we set T" = T'(mg, m1) there; (5.3) holds for
each Ty > Ty(mg, m1) and (5.6) holds for each T' > T'(mg, m1). Thus, we choose

T'11—1 + max{j-‘il?TiOl} < T —Ti—1 < T!

: L+ max{T;,, TP} (5.10)

For the same reason, we cam choose large enough 7;, and Til2 and set the range for
Tiqg-

max{T},_1, Tp,} + TJ) < iy — i1 < max{Tj,_,, T, } + T, (5.11)
We define an index set for 7= (79,72, , Tis—2, Tig—1):

A= {? e Zis=l. (58~ 11) hold}.

Consider 7 as the time translation (¢, x,t) — (¢, z,t+7) on M x R, let ¢; = 0 for
11 <1 < iz, we define a modified Lagrangian

i3—1

L=L—no— Y (=7)" (1 + ).

=0
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/ (o o ot T +
For (m,m’) € M x M, Z = (20,21 ;21 , 12} 1,255 Zis Ziya1s """ » Zig—10 %i5) €

Vor X Vi X x VT X ViExo x VI x Vo =V owe let

K K/ K/+Ti3—1+Ti13_1+Ti3 -

K™ (m,m/, Z,7) = inf / L(d~(t),t)dt

pal T (@(2).1
Y(K")=m'

Y(ri—T))=2]
V(Ti+Ti1):z;+1
[v]tes;]117£0
i€l

ig—1

+ Z(Tz —7i_1)a(e;) + Kalc) + K'a(e,)

where J; = [r; = T9, 7+ T} and 1= {1,2,--- ,iy — 1,ig + 1,---i3 — 1}.

K,K' c e K,K' — . -
Let hz"" (m,m’) be the minimizer of hz "™ (m,m', Z,7) over V and A in z and 7
respectively:
KK’ : KK’
h=" (m,m’) = min A2 (
L FEA,2€V

—»
Y

m,m’, Z,T)
let K;, K j’ — 00 be the subsequence such that

lim A5 (m,m’) = liminf hK (m, m),
K;,K/—00 K—oo L
K'—oo
and let (t; K, K7, m,m’) be the minimal curve, we claim that dy(t; K, K}, m,m’)
is a solution of the Euler-Lagrange equation determined by L if K; and K ]’ are
sufficiently large. Indeed,

1, for each 7; <11 < iy, we have
(=73)"v(t; Kj, K}) € Cy, 0, (t) + 05 C U, when 7; <t <7 +1. (5.12)

In fact, let us choose m; = (71 + 1), m; = y(7i41). Since y(t; K, K}, m,m’) is the

minimizer of hlg’K/(m, m', Z,T) over A, thus
Ap (7)™

T
—  inf / (L — s — ) (dE(), )t + Toa(es) + Tra(cisr),
&(=To)=m; J_,
E(T1)=m;
TO<To<TY
T} <\ <T}

L)+ (= Tmimr+ Dade) + (Tipr — ) e(cigr)

from which and (5.2), (5.5) as well as (5.9) it follows that (5.12) holds. Conse-
quently, y(t; Kj, K})|r,<t<r,+1 falls into the region where (—7;)*s; is closed. Thus,
dy(t; K, K7}) is the solution of the Euler-Lagrange equation determined by L when
T <t<T+1
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2, for 0 < i < 77 and is < 1 < 13, tl~1ere is a local minimal curve connecting
m; € Vf and m;yq € Vz:Ll with the time Ti0 + Til, so, it is easy to see that

(=7:)"v()]o<t<r € int(O;)

if both V;© and Vi, are chosen suitably small. That also implies that dv(t; Kj, K})
is the solution of the Euler-Lagrange equation determined by L when 7; <t <7, +1
for0<i<iy andi2§i<i3;

3, We claim that the curve 7 does not touch the boundary of Vf at the time
t = 7, — T? and does not touch the boundary of Vii, at the time ¢t = 7 + T} for
each 0 < i < iy and for each iy < i < iz. If (y(1; — T?),v(7 + T})) = (m;,m;) €
O(V;" x V3 ;) for some i, let m}_; = y(7i_1 + T} ) and miyq = y(Tis1 _Tz+1) from
(5.1) we can see that there exist (m;,m}) € V;" x V;7; such that for £ € Mo(c;),
¢ € Mo(ciyr):

hT ( mi_1, ml) + hnz,;hlq/)z (mmm ) + h?ﬁf (mzvmz—i-l)

>heS (€ mi) + o, (mi,mi e +hé’°+1( ¢)

Nisti i
+ het(mi_y, &) + hgf+1(C7mz+1

1)
) —
1)
)

>h (&, m;) + h%%w (mi, m,,e1) + h§°+1(m;, )

+ hf:)? (mi—lag) + hs?+1 (C7 Miq1) + 36

T/ — ) — [3 *
>hel (mi_q,m;) + hnZ,uz,w (g, m, e1) + hcljll (m,mir1) + €

but this contradicts to the fact that + is a minimal curve of L on V and A. In above
argument, (5.6) and (5.7) are used to obtain the first and the third inequality, (5.1)
is used to obtain the second inequality.

Let Kj, K} — o0, let 70t R — M be an accumulation point of {(t, K;, K})}.
Obviously, a(dyss) € N(¢;) and w(dyss) C N (cig1).

6, Holder continuity

The task in this section is to build up some Hoélder continuous dependence of h2°
on some parameters if we set k = 1. These properties will be used to show that there
is a generic set for perturbation where the conditions for the theorem are satisfied.

Let ®%; be the Hamiltonian flow determined by H, it is a small perturbation of
@}, i p,- Let @y and @y, 11, be their time-1-maps. As the cylinder T x R x {(z,y) =
(0,0)} = X is the normally hyperbolic invariant manifold for ®y,, 15, and the a priori
unstable condition is assumed, it follows from the fundamental theorem of normally
hyperbolic invariant manifold (cf. [HPS]) that there is € = ¢(A4, B) > 0 such that
if |P|lc- < € on the region {||(p,y)|| < max(|A|,|B|) + 1} the map ®5* (k € Z)
also has a C"~! invariant manifold ¥(s) C R*"*! x T"*! provided that r > 2. This
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manifold is a small deformation of the manifold Yo |{|p|<max(|4|,|B|)+1}, and is also
normally hyperbolic and time-1-periodic. Let ¥ = ¥(0), it can be considered as the
image of a map ¢: Xy — R" x T", ¥ = {p,q¢,z(p,q),y(p,q)}. This map induces a

2-form ¥*w on X
- a(xi, yi)
UV'w= 1|1+ ——= | dp N dq.
( ; 9(p. q)

Since the second de Rham co-homology group of ¥ is trivial, by using Moser’s
argument on the isotopy of symplectic forms [Mo], we find that there exists a diffeo-
morphism Wy on Xg|{|p|<max(|A],|B|)+1} such that

(P oWy)*w=dpAdg.

Since X is invariant for @z and ®%;w = w, we have
((\If o W)l oo (Vo xpl)> dp A dg = dp A dg

ie. (WoW;)~todyo(VoW;) preserves the standard area. Clearly, it is exact and
twist since it is a small perturbation of ®;,. In this sense, we say that the restriction
of @z on X is obviously area-preserving and twist. If » > 4 there are many invariant
homotopically non-trivial curves, including many KAM curves. All these curves are
Lipschitz. Given p € R there is an Aubry-Mather set with rotation number p, which
is either an invariant circle, or a Denjoy set if p € R\Q, or periodic orbits if p € Q.
Under the generic condition we can assume there is no homotopically non-trivial
invariant curves with rational rotation number for ® |y, there is only one minimal
periodic orbit on X for each rational rotation number.

Let us consider the Legendre transformation £. By abuse of terminology we
continue to denote Y(s) and its image under the Legendre transformation by the
same symbol. Let

seT

which has the normal hyperbolicity as well. Under the Legendre transformation those
Aubry-Mather sets (invariant curves, Denjoy sets or minimal periodic orbits) on X
correspond to the support of some c-minimal measures. Recall H'(M,R) = R"*1,
So we have

Lemma 3.1 (k=1). Given some large number K > 0 and a small number § > 0
there exists a small number € = €(8), if L1 € Be x and if |cq| < K then there exists
an n-dimensional convex set D(c,) which contains a neighborhood of (¢q,0)NR™ such
that for each ¢ € int(D(c,)) the Manié set N(c) C ¥, the Mather set Mo(c) is the
Aubry-Mather set for the twist map. If the rotation number is irrational, then M/(c)
s uniquely ergodic.

Proof: We have shown that M(c) C Ns. The normal hyperbolicity guarantees that
the invariant set in Ny must be in the invariant cylinder. The time 1 map restricted
on the cylinder is then an area-preserving twist map. [J
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Consider a cohomology class ¢ = (¢,,0) € H'(M,R) such that it corresponds
to an invariant circle I' in ¥ with irrational rotation number. In the Hamiltonian
formalism, ' = {(p,q,z,y) € R*™' x T = (p,z,y) = (p,2,y)(q),q € T}. Based
on each point on this circle, there is a C"~!-stable fiber as well as a C"~!-unstable
fiber. These stable (unstable) fibers C"~2-depends on the base point and make up
the local stable (unstable) manifold of that circle which are the graph of a Lipschitz
function in a small neighborhood of the circle, i.e.

Wige (L) = {(q, z, (p,y)"*(q,%)) : (¢, 2) € N5 C T”“}
where (p,y)(q, x) is a Lipschitz function of (g, x).

Lemma 6.1. There exists a C1'1 function S*%: {||z||} — R and a constant vector
c € R such that W, (T') = {(q,x),dS*%*(q,z) + c: (¢,z) € Ns}.

loc

We use C*“ to denote those functions whose k-th derivative is of a-Hélder.

Proof: Let us consider the stable manifold. By the condition there is a Lipschitz
function (p,y): Ns — R such that W2 _(I') = {(¢,z, (p,v)°(q,z)) : (¢,x) € Ns}.
Let o be an 2-dimensional disk in W} . Since o is in the stable manifold, ®% (o)
approaches uniformly to T, i.e. @’}{(80) is such a closed curve going from a point to
another point and returning back along almost the same path when k is sufficiently
large. As ®p is a symplectic diffeomorphism we have

// (dp Adg+ ) dy; Ada;) = j{ (pdg+ > yidz;)
o do

141 141

= (pdg + ) yidw;)
%b’;i(aa) z—&—zl
=0.

Note the function (p,y)®(q,x) is Lipschitz, it is differentiable almost everywhere in
Ns. As o is arbitrarily chosen, for almost (¢, z) € Ns the following holds:

dp _ Oy Oyi _ Oy;
ox; 8(] ’ 8.'L'j Ox; ’
Consequently, there exists a C11-function S% and ¢ = (¢;,0) € R™™! such that
(p,y)® = dS$ + c. In the same way, we obtain a C'!-function S¢ and ¢’ = (¢},0) €

R™1 such that (p,y)* = dS* + . Since W} intersects W _ on the whole I, ¢ = c.
0

V1<ij<n. (6.1)

Indeed, for almost all initial points (q, z, (p, y)*(q,z)) € W*, (p,y)® is differentiable
at all ®%(q,z, (p,y)*(¢q,z)) for all k € Z*. To see that, let O C N; be an open set,
for each k there is a full Lebesgue measure set O C 7(®% {0, (p,y)*(0)}) where
(p,y)?® is differentiable. Since ® is a diffeomorphism, the set

O* = ﬁ W(‘I>;Ik{0k, (p, y)s(ok)}>

k=0
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is a full Lebesgue measure subset of O. For any point (¢, z) € O*, (p,y)® is differen-
tiable at the points m(®%{(q,z), (p,y)*(q,z)} for all k € Z+.

Let us consider the Hamiltonian flow. The local stable (unstable) manifold is a
graph of some function

Wloc ={(q,z,t), (p,y)*"“(q,2,t) : (q,z,t) € Ns x T}.
Obviously, we have ((p,y)*",t)*Q =0in M x T, where Q =} dx; A dy; + dg N dp —
dH A dt. Thus, in the covering space R"*2 there exists a C1:!-function S$%(q,x,t)

such that dS$" = (p,y)*>%(q,z,t) — H((p,y)**(q,x,t),q, z,t)dt. Consequently, there
exists a function S%%(g,x,t) € CH1(Ns x T,R) and ¢ = (c4,0) such that

LS,U = L — Cq((j —|— 8(155’”) - <axsg,u,x> - at‘s’g7u

attains its minimum at LW$* as the function of (¢, ). Note L?{fi) — Og,) S is
Lipschitz, dLy;";/dt and L") exist almost everywhere. Since LIW*" is a mani-
fold made up by the traJectorles of the Euler-Lagrange flow, it follows from Euler-
Lagrange equation dLg,;/dt = Lq, and (6.1) that Ly o[ e = 0 almost everywhere.
s S a function of ¢ alone. So, by
loe —a(c).

Lemma 6.2. Let ¢ = (¢4,0). If I is an invariant circle in the cylinder, the Aubry-
Mather set is uniquely ergodic, then for each & € ©(I') and each m € Ns, we have

he?(§,m) =S¢ (m) = S¢(€),  h(m, &) = 52(§) — 52 (m). (6.2)

Proof: Since there are the local stable manifold W*(I') and the unstable manifold
WH(T') to the invariant circle I, for each point m € N;s there is a unique c-minimal
orbit v**(t) such that v**(0) = m and v*"(k) — n(I') as Z > k — +o00. Let £ €
Mo(c), there is an integer subsequence k" — +o00 as i — oo such that v (k™) — &
as ¢ — 0o. It means that

lim bt (m, (k) = b (m,€), lim he™ (3" (k). m) = hZ (€, m).

Since L** + a(c) = 0 on W**, we have

0
[ (L) = (e 32 ED) +a0)) dt =5 (2(0) - S (R (),

u
3

ke
| (B = 32000 +al0))de =5°(22(0)) = 522 0))

That implies that (6.2) holds for each m € Ns and each € € My(c). To see that (6.2)
holds for each £ € m(T"), let us recall that, for a twist map, the sufficient and necessary
condition for the existence of an invariant circle is that the Peierl’s barrier function
is identically equal to zero. Consequently, passing each ¢ € 7(I") there is a regular
c-minimal configuration (--- ,m;,--+) such that { = mg. Since we have assumed the

unique ergodicity of the minimal measure, d.(¢,£) = 0 for each ¢ € #(T") and each
¢ € Mo(c). Thus, (6.2) holds for any { € n(I"). O
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We now consider the local stable and unstable manifolds of all invariant circles.
Different invariant circle determines different stable and unstable manifolds, i.e. we
have a family of these local stable and unstable manifolds. We claim that this family
of local stable (unstable) manifolds can be parameterized by some parameter o so
that both S and S¢ have %—Hélder continuity in o. Indeed we choose one circle and
denote it I'y and parameterize another circle I', by the algebraic area between I',
and F(),

o= / (T'(q) - Tolq))dg.

This integration is in the sense that we pull it back to the standard cylinder by
Vo ¥, € diff(¥p,¥). In this way we obtain an one-parameter family curves I':
T xS — ¥ in which S C [A’, B'] is a closed set. Usually, S is a Cantor with positive
Lebesgue measure. A" and B’ correspond to the curves where the action p < A and
p > B respectively. Clearly, for each o € S, there is only one ¢, = ¢,(0) such that
T, = My(c) for ¢ = (¢,0) € H'(M,R) when the rotation number is irrational.
Clearly, ¢, is continuous in o on S. We can think I', as a map to function space C°
equipped with supremum norm I': S — C°(T,R),

[Toy — Loy || = max [I'(g, 01) — I'(g, 02)|.
q€eT

Straight-forward calculation shows

1 2
o=l 5, (e - Taon)

where (Y, is the Lipschitz constant for the twist map, it follows that
1
HF0'1 - F0'2|| < C’8‘0'1 - 02’2

where Cy = /2C},. Since the stable (unstable) fibers have C"~2-smoothness on their
base points on X, 7 > 3, (p,y)5™ is also 3-Holder continuous in o. Let S5 = SEEZ),
we have

Lemma 6.3. Restricted in Nj the functions Si(m), S%(m) are 5-Hélder continuous
in o €S.

Next, let us consider the dependence of the barrier function on o and ¢,(o) when
o € S. For each ¢ = (¢g4,0), each m € M\N; and each & € Mg(c) there exist
m*,m™ € N5 and kT, k= € ZT such that

B (€ m) = h2(&mY) +hE (mT,m),  h(m, &) = hE (m,m™) + b (m,¢).

Clearly, there exists a uniform upper bound K € Z such that for each ¢ = (¢4,0),
each m € M\ N;s and each £ € M(c) we have kT < K, k~ < K.
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Fix m € M\Ns, different o determines different m™, m~ € Ns. For each o € S,
each m € M\Nj can be covered by both ®& (W (T',)) and &% (W (T,)) in the
sense that m € 7(®K (W (T,))), m € n(®5 (W .(T,))). Let u be the coordinate
of m € M and let z = (u,v) € TM be the initial value such that ¢* (z): [0,00) — TM
is a forward c-semi-static orbit, assuming m € M\Nj. Clearly, z € L(®5"(W§ (T5)))
Consider another invariant circle I',/ close to I',. By the %—Hélder continuity there

exists a point 2’ = (v/,v') € L(®L (W .(To))) with |2/ — 2| < C1+/]o — o’]. We
claim that 3 d; > 0 such that if C74/|oc — ¢’/| < dy then
167,(2') = oL () < 2l12" —=2|l,  Vte[0,kT]. (6.3)
To see that, we write the Lagrange equation into the form of first order ODE:
s (PLN (L 2L 0L
-~ \ 0wz oudu  Oudt  Ou )’

U= v. (6.4)

Since the convexity of L is assumed this equation is well-posed. If we write (6.4) in
the form
z=F(z,1t)

its variational equation along an orbit dv, as follows
Az = DF(dv, (1), )Mz + f(dv(t), 1, Az)

where f(dy(t),t,Az) = O(||Az]|?) as Az — 0. Let E(t, o) be the fundamental matrix
solution of the linearized variational equation. Since the orbits dy: [0,00) — T'M
concerned has the property that w(dy,) C N(c) while we are only interested in
those co-homology classes {¢ € H'(M,R) : ¢ = (c4(0),0),|c,| < max{|A|,|B|} +
1}, there exists a large but bounded constant Cy; = Cs(A, B) such that Cy >
maX{Eij(t,a),Eigl(t,a) : 1 <4,5<n,0<t<K,0€ S} where E;;, Eigl de-
note the (i,j)-entry of E and its inverse respectively. Since f is the higher order
term of Az, there exists a small constant d; > 0 such that

1 .
[ f(dv(t),t, Az)]| < WTO%“AZ”’ if |Az|| < 2d;.

Since Az is the solution of the integral equation:
t
As(t) = Aa(0) + (1) [ BT 6)1(dr ()5 Ax()is,
0

we have ||Az(t)]| < 2||Az(0)] for all ¢ € [0, K] if ||Az(0)]| < d;.



30

Let 2z € L(®5" (W (T,))) so that ¢} (2): [0,00) — M is a forward c-semi-static
orbit. Let ¢ = (c4(0’),0). By the 3-Holder continuity of W (T';) in o, there
is a point 2/ = (v,v') € L(PL (W .(T,))) with the property that u' = (o)
%—continuously depending on o', ¢! (2'): [0,00) — M is a forward /-semi static
orbit and (6.3) holds. Since the stable manifold may multi-fold, there might be no
2" = (u,v’) such that ¢t (z) is a ¢/-semi static orbit and ||z’ — z|| = O(v/o — o’). Let
Up+ = 7r(qz$'2+ (2)), upy = W(qﬁlf (z')), we can write

hg?a,)(u, &) = E1(0’) + Ex(a’) + E3(0) + c;E4(a’) + E5(C;(O'))
where

El (OJ) :hg?o—/)(% E) - hg?a’) (Ul7 6)7
Es(0") =heipn (uj - §),
kt

Es(o') = /O L(dv'(8), dt,

Ey(0") =79,(k) = 7,(0),
Es(d’) =kTa(d),

v (t) = m(¢h (2')), ¥ is the lift of 4 to the universal covering R"™!. By the Lipschitz
property of h2°(m,m’) in m,m’ and the choice of v/ = wu(o) we can see that E;
(1=1,2,3,4) has %—H(’jlder continuity in ¢’. Recall that the 3 function for a twist map
has no flat piece, and is differentiable at irrational numbers, Fs is Lipschitz in ¢. Thus,
we can formally define a function hS, = E1(0) + Ea(0) + E3(0) + cqEa(0) + Es(cy)
regardless of the dependence of ¢, on 0. So we obtain

Lemma 6.4. Assume that m € M\Ns, |c,| < max{|A|, |B|}+1. Let ¢ = (cq,0) and
£ € Mo(c), then we can extend the function hgfa), defined on {A—1 <o < B+1}, toa
Junction hZ, (u,€) defined in a neighborhood of the continuous curve {0, cq(0)} C R?
such that he( ) = heS, (u, &), =c, (o) and

|heo (§m) = he 5. (§,m)| < Cs(V|o = 0’| + |eq(o) — cq(0”)]),

|he (m, §) = he 1 (m, §)] < Cs(V|o — 0’| + |eq (o) — cq(0”)]).

Remark: We do not know whether the function ¢ — ¢4(0) has some Hélder conti-
nuity in o.

7, Generic property

In this section we also assume that k£ = 1. The task in this section is to show that
there is a residual set in B, i such that if P is in this set then there is a generalized
transition chain {¢ € H'(M,R) : ¢, = 0,A < ¢, < B}.
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Let us consider this issue from the Hamiltonian dynamics point of view. Since the
system is positive definite in action variable v = (p,y), it has a generating function

Gu, ') (u= (g, 7))

1
Gluu')=  inf / L(v(s),4(s), )ds,
7601([071]71\4) 0

7(0)=u,y(1)=u’
where (u,u’) is in the universal covering space M x M = R"t! x Rt Clearly,
G(u+ 2km, v’ + 2kn) = G(u, ) for each k € Z""1. The map ®y: (u,v) — (u/,v') is
given by
v = 0y G(u,u), v=—0,G(u,u).
Let 5 be the standard projection from R**! — T"*+! let ¢ € R**! and
Ge(u,u') = Gu,u') — (c,u’ — u)
then
he(m,m') = gnﬁn Ge(u,u') + a(c).
mTolU)=m
ma(u')=m'
We consider the change of the function hZ° when the generating function is subject
to a small perturbation G — G + G1. Let m € M\Ns, £ € Mo(c), ¢ = (¢q,0). Let
{k;} be a subsequence such that
lim A (&,m) = lim inf hE (€, m).
Let {uy,us,- -+ ,ux, = m} be the minimal configuration, we claim that there exists
b > 0 such that u; ¢ By(m), the ball centered at m with radius b, for each 1 < i <
ki — 1. In fact, h¥(m,m) > 2A > 0 for each ¢ = (c,,0) € H'(M,R) and for each
k € Z". If not, there exists a subsequence k; such that
klim hFi(m,m) = 0.
It implies that m € Ag(c), which contradicts the lemma 3.1. Since h¥(m,m’) is
Lipschitz in m,m/, there exists b > 0 such that if m’ € By(m) then h¥(m,m) > A
for each k € Z*. If there is u; € By(m) for some i € {k;}, let m’ be an accumulation
point of {u;} then there exists some k € Z* such that

he(&,m) = h(&,m') + hE(m',m).
Consequently,
he(§,m') < h(§,m) — A
On the other hand, from the Lipschitz property we obtain that
he(§,m") = he(§,m) — Cpllm —m’|].
It leads a contradiction if m’ is sufficiently close to m. The contradiction verifies
our claim. Consequently, if the generating function subjects to a small perturbation

G(u,u') — G(u,u’') + G1(u'), where supp(G1) C By(m), he® will also undergo the
small perturbation:

he(§m) — hZ(&m') + Gi(m'),  Vm' € By(m), £ € Mo(c);

while h2°(m’, &) remains the unchanged.
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Choose &,¢ € Mo(c), m € M\Ns. The change of h2, (§,m,() is a little bit
complicated when the generating function undergoes the same small perturbation as
above. Let {k;} be a subsequence such that

lim A, (€,m,¢) =lim

1— 00 k—

g.}f hlg,el (57 m? C)'

Let {up = & uy, -+ ,u, =m,--- ,ug, = ¢} be the minimal configuration that realizes
the minimal action A}, (£,m,(), denote by v;: [0, k;] — M the corresponding mini-

mal curve. We claim that there exists b > 0 such that there is at most one u;, € By(m)
for some 1 < j; < k;, j; # l; when k; is sufficiently large. To a curve 7: [0,k] — M
with v(0),v(k) € By(m) we can associate an element [y] € Hy(M,By(m),Z). 1f
there were two other points w;,, uj € By(m) (without losing of generality we assume
Ji < ji <l;), then we would have two alternatives:

1, either h/l[ji,j;]]m =0, or [7‘[j§,li}]w1 = 0, or both;
2, both [[(j, jnler # 0 and [yl 1,1]z, # 0.

In the first case, we can cut off a piece 7|, j7) from the minimal curve and define
a curve v': [0,k; — ji + j;] — M such that

V(t) te [07.]2]7
Y'(t) =4 n(t) t € i, gi + 1],
Yt —ji+ji+1)  telji+ 1k — 5+ jil,

where n: [j;, ji + 1] — M is a minimal curve joining ~(j;) with v(j; + 1). Clearly,
[v']z, # 0. Since (j;) is close to v(j;), by the Lipschitz property of h.(m,m’) in
m,m’, we have

ki—ji+7i
[ nar @ nae+ - g+ e < W €m0 -4 (@)
0

To see the absurdity of (7.1), let us observe a simple fact: if some u; € By(m),
then k; —j — oo, j — 00 as @ — oo. It implies that k; — j/ 4+ j; — oo. So (7.1)
contradicts the definition of h2° if we choose k; — oo being such a subsequence that
limg, 00 h’g;‘el(g,m,g) = hgS,,(§,m, (). For the second alternative, by cutting off

one piece 7|, jq or both 7|, ;1 and 7|(;s ;) we can construct a curve 4 such that
(7], # 0. In the same way we can show this is also impossible. Thus, we have

Lemma 7.1. Assume that generating function is subject to a small perturbation
G(u,u') — G(u,u') + Gy1(v'), where supp(G1) C By(m), m € M\Ns. There exists
b > 0 such that for each ¢ = (cq,0) with |c,| < max{|A|, |B|}+1, the barrier function
undergoes a small perturbation:

B, (u) — B, (u) + jGi(u) 4+ a small constant j=1, or 2.

c,eq c,eq
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The next step is to show that the density of the set {P € C" : {u € M\N;s :
B} (u,e1) = min, B¥(u,e1)} is totally disconnected}. Let Ry = {u € M : |¢ — ¢*| <
d,|x; —xf| <d,V1<i<n}CBy(u*), Seo = B! )+ G'1, we define

c(o

Z(o) = Ry: S., = min S.,}.
(0) ={u € Rq o = min o)

We say a connected set V' is non-trivial for Ry if either II,(V N Ry) = {¢* —d < ¢ <
¢ +dtorIL(VNRy) = {zf —d < z; <af +d} for some 1 < i <mn. Here I, is
the standard projection from T"*! to its i-th component. Let My, = {u: S(u) =
min,e g, u+) S}, we define a set in the function space §(d, u*) = C*(Rq(u*),R),

3(d,u*) = {S € §(d,u") : Mg ,~(S)contains a set non-trivial for Rd(u*)}.
For convenience of notation, we set xg = ¢ and define 3; (i =0,1,--- ,n):

30={S€3(du) : 0,(Myu-(9) ={q" —d < g < q" +d} },

3i = {5 €3(du") : Mi(Maye (5)) = o} — d < 0 <2} +d} }.

Clearly:
3(d,u") =3
i=0

Our first task is to show for each generating function G € C"(M x M,R) and each
e > 0, there is an open and dense set $(d,u*) of B.(0) C C"(Rq(u*),R), for each
G1 € $(d,u*), the image of S, from [A’, B’] to § has no intersection with the set
di-

Obviously, the set 3; is a closed set and has infinite co-dimension in the following
sense, there exists O, an infinite dimensional subspace of §, such that (S + F) ¢ 3;
for all S € 3; and F' € 9\{0}. In fact, for each non constant function F(z;) €
C°[zf — d,zf +d],R) with F(z}) = 0 and each S+ F ¢ 3;. Thus, we can choose
N = C[zF — d,xF + d],R)/R, which we think as the subspace of C(Ry4(u*),R)
consisting of those continuous functions independent of other coordinate components
zj (j #14).

On the other hand, since Sc,: [A, B] x [4’, B'] — § has 1-Holder continuity, the
image of the continuous curve {o,c(0)} C [A, B] x [A’, B’] is compact and its box
dimension is not bigger than 4,

Dp(Fs) <4,

where F, = {Sc(s),0 : 0 € [A’, B']}. Clearly, this set is determined by the generating
function G.
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Lemma 7.2. There is an open and dense set X" C WM such that for all F' € D*

(Fo+F)N3=0. (7.2)

Proof: The open property is obvious. If there was no density property, for any k € 7Z,
there would be a k-dimensional e-ball B, C 9t for some € > 0, for each F' € B,, there
would exist S € §, such that F'4+ .5 € 3;. For each S € &, there is only one F' € B,
such that S + F € 3;, otherwise, there would be F’ # F such that S + F’ € 3,.
Since we can write F'+S = F' — F+ F+ S where S+ F € 3; and F' — F € 0M\{0},
this contradicts to the definition of 9. Given F' € B, there might be more than
one element in & = {S € F, : S+ F € J;}. Given any two Fy, Fy € B, for any
S1 € Sp, and any Se € Sp, we have

d(Sl,SQ) = max

S1(u) — S2(u)|

u€ER (u*)
> max | min Si(u)— min Sy(u)]
|zi—af|<d " |z;—zj|<d |z —27|<d
J#i J#1
= Fi(z;) — Fa(z;
max [Fy(o:) - Fala)
= d(Ih, Fr) (7.3)

where d(-,-) denotes the C%-metric. It follows from (7.3) and the definition of box
dimension that
Dg(85) > Dp(Be) =k,

but this is absurd if we choose k£ > 4. O

We use symbol 29T = {F : 1 F € 9t}. (291) NN is clearly open and dense. As C"
is dense in CY, an open and dense set $(d,u*) C C"(Ry4(u*),R) clearly exists such
that for each perturbation of generating function G € $(d, u*), we have

FoN3(d,u*) =2, Voes,

where by abuse of terminology we continue to denote S, and its restriction to Rg(u*)
by the same symbol.

Let U = M\Ns, My (S) ={u: S(u) = min,ey S} and
3= {S c C°(U,R) : My(S) is totally disconnected }

Given d; > 0, there are finitely many w;; such that U;Rg, (u;;) 2 U. Thus there
exists a sequence d; — 0 and a countable set {u;;} such that

ﬂ H(di, uij) ﬂ3 = g.
ij=1

Recall the lemma 3.5, we have the following
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Lemma 7.3. There ezists a residual set S¢ C B. C C"(U,R), for each Gy € S

miNo(e(o), M)\(No(c(a), M) + §) = {is totally disconnected}.

Note we can write G; = ), G1j, so that each G1j has simply connected support.

The perturbation to the generating function G can be achieved by perturbing
the Hamiltonian function H — H' = H + dH. To do that, let us introduce a
differentiable function xk: M — R such that 0 < k(u —u') < 1, kK(u —u') = 1 if
lu—u'| < K and k(u —u') = 0if Ju —v'| > K + 1. We choose sufficiently large
K so that {||v]] < max(|A[,|B]|) + 1} is contained in the set where |u — /| < K.
Let ®" be the map determined by the generating function G + xkG1, the symplectic
diffeomorphism ¥ = &' o &~ ! is closed to identity. We choose a smooth function
p(s) with p(0) = 0 and p(1) = 1, let &, be the symplectic map determined by
G + p(8)kGig, let U, = ®. o d~1. Clearly, ¥, defines a symplectic isotopy between
identity map and W. Thus, there is a unique family of symplectic vector field Xj:

T*M — TT*M such that
d

£\If5 = Xs0W,.

By the choice of perturbation, there is a simply connected and compact domain Dy
such that W,|p-ynp, = id. It follows that there is a hamiltonian H;(u,v,s) such
that dH1(Y) = dv A du(X,,Y) holds for any vector field Y. Re-parameterizing s by
t we can make H; smoothly and periodically depend on t. To see that dH; is also
small, let us mention a theorem of Weinstain [W]. A neighborhood of the identity
map in the symplectic diffeomorphism group of a compact symplectic manifold M
can be identified with a neighborhood of the zero in the vector space of closed 1-forms
on M. Since Hamiltomorphism is a subgroup of symplectic diffeomorphism, there is
a function H', sufficiently close to H, such that ®p, o &y = <I>’}{, le=1.

The perturbation made to H does not change the dynamics around the cylinder,
it means that the set of invariant circles remains unchanged if H is subject to the
perturbation constructed this way.

In the case of twist map, each co-homology class corresponds to a unique rotation
number. Obviously, for each rotation number p/q € Q, there is an open and dense set
in the space of area-preserving twist maps such that there is only one minimal (p, q)-
periodic orbit without homoclinic loop. Take the intersection of countably open dense
sets it is a generic property that there is only one minimal (p, ¢)-periodic orbit without
homoclinic loop for all p,q € Z. Recall that the minimal measure is always uniquely
ergodic when the rotation number is irrational, there is a residual set in B, g, if L is
in this set, then there is a generalized transition chain I': [0,1] — H*(M,R)N{c, = 0}
which connects {¢, < A} with {¢, > B}. For each ¢ in a transition piece, M(c) is
uniquely ergodic, thus the conditions of the theorem 5.2 are satisfied.

Therefore, the proof of the theorem 1.1 is completed.
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Remark: Since the time for each orbit drifts from {p < A} to {p > B} is finite, the
smooth dependence of solutions of ODE’s on parameters implies that the theorem
still holds if the generic condition is replaced by the open and dense condition for
perturbation.
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