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Abstract. We study the asymptotic expansion of solutions to the linearized compress-
ible Navier-Stokes equations with highly oscillatory forces in the half-plane with nonslip
boundary conditions for small viscosity. The wave length of oscillations is assumed to be
proportional to the square root of the viscosity. By means of asymptotic analysis, we deduce
that the zero-viscosity limit of solutions satisfies a linearized Euler system away from the
boundary, and oscillations are propagated in a way of linear geometric optics in free space.
In a small neighborhood of boundary, a boundary layer appears and satisfies a linearized
Prandtl system. There is an interaction between the boundary layer and highly oscillatory
waves near the boundary, which is described by an initial-boundary value problem for a
Poisson-Prandtl coupled system. Finally, by using the energy method and mode analysis,
we obtain the well-posedness of this Poisson-Prandtl coupled problem, and a rigorous theory
on the asymptotic analysis of the zero-viscosity limit.
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1 Introduction

Consider the following initial-boundary value problem for the two-dimensional isentropic
compressible Navier-Stokes equations with nonslip boundary conditions in {¢,z; > 0,22 €

R}:
Op+ (v-V)p+pV-v=f(t,x)

p(Ow + (v- V) +Vp=V-2uP + ALV -v) + g(t,x) 1)
1

Ulml:() =0

(0, v)]t=0 = (po,vo)(z)

where f and g represent the source and force terms, P = %{8%. ’Ui+a;1;i'Uj}i><j is a 2 X 2 matrix
with v = (v1,v2)T, p = p(p) is the equation of state, u and X denote the coefficient and the
second coefficient of viscosity respectively with p > 0 and ¢/ = g+ A > 0. Corresponding
to (1.1), the motion of an inviscid compressible fluid is governed by the following Euler
equations:
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Op+(v-V)p+pV-v=[f(tz)

p(Oww + (v-V)v)+ Vp = g(t,x)
| . (1.2)
Vl|z,=0 =

(p;v)|t=0 = (po,vo) ()

For simplicity, we assume that p and ' are proportional to a parameter, say € with
e>0.

One of the interesting problems is to study the asymptotic convergence of solutions to
the Navier-Stokes system (1.1) to the ones of the Euler system (1.2) in the limit of small
viscosity. It is expected that uniform convergence can take place only away from the physical
boundary {x; = 0} even for smooth solutions of (1.2) due to the disparity of the boundary
conditions in (1.1) and (1.2), and a thin region comes out near the boundary {z; = 0}
(the boundary layer) in which the values of the unknown functions change drastically in the
process of this limit.

It is a challenge problem to analyze rigorously this boundary layer phenomena displayed
by the actual Navier-Stokes solutions. For the problem of incompressible Navier-Stokes
equations, Prandtl carried out a formal analysis in his speech ([6]) in the International
Congress of Mathematicians in 1904, and derived a nonlinear degenerate parabolic-elliptic
coupled system for the velocity fields in the boundary layer, which is now called the Prandtl
system. Under the monotonic assumption on the velocity of the outflow, Oleinik and her
collaborators established the local existence of smooth solutions for the boundary value
problems of the Prandtl system in 1960’s, and their works were surveyed recently in the
monography [5]. The existence and uniqueness of global weak solutions to the Prandtl system
are recently established by Xin, Zhang [13] and Xin, Zhang and Zhao [14] respectively. In [7,
8], Sammartino and Caflisch obtained the local existence of analytic solutions to the Prandtl
system, and a rigorous theory on the boundary layer in incompressible fluids with analytic
data in the frame of the abstract Cauchy-Kowaleskaya theory. Grenier ([2, 3]) investigated
the stability of boundary layer type solutions to the Euler equations and the instability of
solutions to the incompressible Navier-Stokes equations. Till now, there exists no general
rigorous theory of viscous boundary layer in the case of nonslip boundary conditions. This is
reviewed in [1, 11]. The problem of the viscous boundary layer in the case of slip boundary
conditions was studied rigorously by Temam and Wang in [10].

To study the theory of the viscous boundary layer for compressible fluids with nonslip
boundary conditions, recently, Xin and Yanagisawa ([12]) obtained a rigorous justification of
the Prandtl boundary layer theory for the linearized compressible fluids when the viscosity
goes to zero.

The purpose of this paper is to study the asymptotic behaviour of solutions to the lin-
earized compressible Navier-Stokes equations in the half-plane with nonslip boundary condi-
tions perturbed by high frequency oscilllatory force terms, and to investigate the interaction
between the linearized boundary layer and rapidly oscillatory waves.

In the case that the oscillation of force terms is propagated along the tangential charac-
teristic field of the boundary with respect to the linearized Euler operator, see (2.6)-(2.9),
and the wave length is proportional to the square root of viscosities, we establish a rigorous
theory on the boundary layer and its oscillatory behaviour. Roughly speeking, it is shown
that the leading profile of solutions to the linearized compressible Navier-Stokes equations
can be divided into four terms: the first term is the outflow satisfying the linearized Euler
equations, the second term is an oscillatory wave in the whole half-plane, which is propagated
along the characteristic field tangential to the boundary associated with the linearized Euler
operator, and its amplitude satisfies a linear degenerate parabolic equation with the second



order term coming from the viscous term in the linearized Navier-Stokes equations, the third
term is the classical linearized Prandtl boundary layer supported in a thin neighborhood of
the boundary, and the fourth term has oscillations with the phase being the trace of the
oscillatory phase in the force terms, this fourth term together with its vorticity with resepect
to the normal variable and the fast variable satisfy an initial-boundary value problem for a
Poisson-Prandtl coupled system. This result shows that the zero-viscosity limit of solutions
to the linearized compressible Navier-Stokes equations with highly oscillatory forces satisfies
the linearized Euler equations away from the boundary, and oscillations are propagated in
a way of linear geometric optics in free space. The boundary layer is of the Prandtl type
as usual, but the novelties are that oscillations are propagated in the layer, and there is an
interaction between the boundary layer and highly oscillatory waves near the boundary. For
detail, see Theorem 4.1.

The nonlinear interaction between the boundary layer and high frequency oscillating
waves for the artificial viscosity problem of a semilinear hyperbolic system was studied by
Gues in [4], for which the leading profiles of solutions have three terms: the first one is
the outflow satisfying the hyperbolic problem, the second one is an oscillatory wave in the
whole half space, its amplitude satisfies an initial value problema for a degenerate parabolic
equation, and the third one describes the boundary layer, which satisfies an initial-boundary
value problem for a degenerate parabolic equation. Due to the nonlinearity of the system,
problems for these three profiles are coupled each other. Main differences between this paper
with Gues’ work [4] are that the profile of the boundary layer in the Navier-Stokes system
satisfies the Prandtl system even when the force terms without oscillations, and the phase
function of oscillations we will study is nonlinear in general, which gives rise to the above
fourth profile, describing the oscillations in the boundary layer, while the phase function of
the oscillatory waves considered by Gues in [4] is linear and vanishes at the boundary, which
implies that the above fourth term does not appear in that case (see Remark 2.1).

Another related work is that of Szepessy in [9], which gave a geometric optics expansion
for a linearized viscous shock profile perturbed by a highly oscillatory wave in two space
variables.

The remainder of this paper shall be arranged as follows: In §2, we carry out the formal
analysis to derive problems for each profile of the asymptotic expansion of the solution to
the linearized Navier-Stokes equations with respect to €, proportional to the square root of
viscosities, and observe the interesting phenomenon which we mentioned just above. The
problem for the Poisson-Prandtl coupled equations is not a classical one. To our knowledge,
there is not any literature devoted to this kind problem, so we shall establish the well-
posedness of this problem in §3. Finally, in §4, we rigorously justify the formal analysis of
§2 for the zero-viscosity limit of the solution to the linearized Navier-Stokes equations.

2 Asymptotic Analysis
Corresponding to the problem (1.1) for the compressible Navier-Stokes equations, let us

consider the following linearized problem at a state V' = (p/, v}, v5)T with high frequency
oscillatory force terms in the half-space {t,z; > 0,22 € IR}:

Ag(VNOVE+ AL(V')0y, VE+ As(V')8,,VE = B(e?, D)V + B(t, x; @)

01 0 (2.1)
+1/7¢e € __ _ .
MV—(OO 1>V—0, on x1=0
Veli=o = Vo()



where V¢ = (p¢,v§,v5)T, ®(¢,x;0) is periodic in § € T! = R/2nZ,

1 0 0 vy o 0 vy 0 o
A(Vh=10 o 0 |, 4V)=]| & pvi 0 , A (V=1 0 pvy 0
0 0 p 0 0 pv A 0 P

with ¢ = ,/%Z/) > 0 being the sound speed at V', and

B(€®, De* )V = *(B192, V  + B202 V* + B302 ,, V)
with D > 0 being a constant, and
0 0 0 0 0 0 0 0 0
Bi=|0 1+D 0], Bs=1| 0 1 0 , Bsy=1[ 0 0 D
0 0 1 0 0 1+D 0 D 0

where we assume that p = €2 and ' = De?.

For convenience we shall assume that the background state V' is smooth. The case of
finite regularity can be handled as below, but much more bookkeeping is needed.

Suppose that

V] |z, =0 = 0. (2.2)
For any fixed (&1,&2) # (0,0), denote by

= —(§1vy + &vy),  Taz = —(§1v] + Savy T ey /EF +E3) (2.3)

the eigenvalues of the symbol L(7,&;, &) associated with the linearized Euler operator at
Vv,
L(8:,0:) = Ag(V")Oy + A1 (V') Dy, + A2(V") Oy, (2.4)

which means that 75 are roots to the following characteristic equation:
det(TAo(V') + &A1 (V') 4 &242(V")) = 0.
Denote by {7 }3_, and {l_;;}i:l the associated right and left eigenvectors respectively,

(kAo (V') + &A1 (V') + & A2(V'))i = 0 o5
le(mrAo(V') + & AL (V') + &A5(V")) = 0 ’

with the normalization
1, ji=k

0, Jj#k’
From (2.2), we know that the boundary {2; = 0} is uniformly characteristic with respect
to the eigenvalue 71 = —(£§1v] + &v4) associated with the linearized Euler operator (2.4).
As in the classical theory of nonlinear geometric optics, we assume that the oscillation
phase ¢(t,x) in (2.1) satisfies the eikonal equation with respect to 71,

[ AoFi, = 01 = {

Oy + V10,0 + 150,50 = 0. (2.6)
In this paper, we shall assume

OOt z2) == @(t,0,25) # 0. (2.7)



Obviously, by using the assumption v]|,,—o = 0, we get
7 +v5(0)pp, =0 (2.8)

with v5(0) denoting v5(t,0, z2).
In this paper, we assume
02, ° = Oy Pler=0 # 0 (2.9)

at each point of {(t,z2) € R" x R}. If ¢¥ = 0, then from (2.8) we have ¢} = 0 as well,
which implies

©(t, 29) = const.
yielding no oscillation factor in the boundary layer. The problem in the general case of
@, e.g. p(t,0,25) degenerates in a subset of (t,15) € IR x IR is interesting, and shall be

investigated in the future. As we shall see, the case (t,0,2z2) = 0 is easier to handle.
In the case (2.6)—(2.9), we take the following ansatz for the solution of (2.1):

VE(t, x) = Vi (8, @) + Vig(t, ) (2.10)

where

{ Vi (t) = 32 10 € (a5(t, ) + ¢ (1, a5 220)) (2.11)

. . 0
Visa(t ) = ijo € (bj(t, wo; ) + dj(t, w23 2 M))

€’ €
where ¢;(t,z;6) and d;(t,x2; 2,0) are 2r—periodic in § with mean value vanishing, and
b;(t,x9; z) and d;(t, x9; z,0) are rapidly decreasing in z when z — +o0.

In the sequel, we shall always denote by C’;f (T}) the set of k—th order smooth functions
which are 2r—periodic in § € T', S(IR]) the set of smooth functions rapidly decreasing in
z when z — 400, and a§-k) (k=1,2,3) the k—th component of a; etc..

Taking the formal expansion as

(Ao(V)3, + Ar(V')s, + As(V')0,) Vi — B(E, DEWE, — (t,a: 22y = S o,

in €, we have

Fo=3 o 0u Ar(V)pco 2
Fo = L(01,0z)(ao + co) — (@3, B1 + 03, Ba + @u, 0, B3)0gco — B(t,2;0) + X1 _o 0y Au(V') 0o

Fj = L(04,85)(aj + ¢;) — (92, B1 + 02, By + 0w, 00, B3)0Z¢j + 5o ur Au(V/)pcji1 + f

(2.13)
for each j > 1, where ¢, = 05, ¢ with 2o =t, and
fj = _(90111131 + 90121232 + 90$1$2B3)690j*1 - (29011B1 + 30$2B3)6gmlcj*1
(202, B2 + a0, B3)03,, cj—1 — (B103, + B203, + B303 ) (a2 + ¢j—2)
with a_1 =C_1 = 0.
Letting z = =, and
(Ao(V")0r + AL(V')Ds, + As(V')02,)Vig — B(, DE¥)Vig = > €6, (2.14)

j>—1



then we have

G_1 = (£ A0(0) + ¢2,A42(0))dado + A1(0)9. (bo + do)

Go = Lbd(at, aajz)(bo + do) + Z((pgA{)(O) + <p22A’2(0))69d0 + ZAII (O)az(bo + do)
—B102by — (B10? + (9,)* B20; + ¢, B30%9)do
+(? Ao (0) + ©9, A2(0))dad1 + A1(0)D- (b1 + d1)

Gj = Lya(8y, 0r,) (bj + dj) + 2(0) A5 (0) + 9, A5(0))dgd; + 2A1(0)9-(b; + dy)
—(B102 + (¢Y,)?B20; + 2, B392y)d; — B192b,
+(pf Ao(0) + ©9, A42(0))0pd;j 11 + A1(0)D-(bj 41 + dj1) + gj

(2.15)

for any j > 1, where g; depends smoothly on {bg, dx }r<;—1 and their derivatives up to order
two, Ar(0) = Ax(V')|z1=0, A4(0) = 8, (Ar(V'))[z,=0, and

Lyq(0, 0z,) = Ao(0)0r + A2(0)0s, .

From the equations in (2.1) and the assumption that each term (b;, d;) in V5, is rapidly
decreasing in z when z — 400, it is natural to set

Fi=0 and G;=0 (2.16)

in (2.12) and (2.14) respectively for all j > —1.

The next step is to derive the governing problems for various order of profiles from (2.16)
and initial and boundary conditions given in (2.1).

Let {7:(V), l;(V@}i:l be the right and left eigenvectors given in (2.5) associated with

(517 52) = (9013119012)'
It follows from F_; = 0 that

co(t,x;0) = vo(t, z;0)71 (V) (2.17)

with vg (¢, x; 0) being a scalar function.
Acting the mean value operator

1 27
my(u) = g/@ u(0)do
on the equation Fy = 0, we deduce
L0, 02)ap = m(®) (2.18)

and the difference between (2.18) and Fy = 0 gives
2
L(atv aI)CO - ((,0926131 +90§2B2+30I1 901’233)8300 _<D+m9((1)) = Z prkAk(V,)aecl' (219)
k=0

Multiplying 11 (V) from the left of (2.19), and using (2.17), it follows that vy (t, z;6)
satisfies the following problem:

[(11A0F1)83+ (14 A171) 0y, + (11 A271)0s, Jvo + ll(Aoajf’l + A10y, 71 + A204,71)v0
—l1(3, By + 92, B2 + P, P, B3)M10500 = 11 (P — mp(2))
volt=0 =0
(2.20)
Noting that the vector field

(1L A0™)0; + (1 A1)y, + (1 AgF)) O,



is tangential to the boundary {z; = 0}, and

1
(02, +¢2,) >0

fl(wilBl + 2. Bo + Qu, 0, B3)T1 = ?

the problem (2.20) is the one for a linear degenerate parabolic equation, which can be easily
solved.

To solve ag from (2.18), we need to impose a boundary data for a((f) on {x; = 0}.

It follows from the ansatz (2.10) and (2.11) that for any j > 0, the 0(e/)—term of the
boundary condition M+V¢|,, o =0 in (2.1) gives

a'P t,x —|—c(-k) t,x;0 +b(k) t,xo9; 2 —|—d(-k) t,x9;2,0°) =0 2.21
j J J j

on {x1 = 0,2 = 0,0 = 0°} for k € {2,3}. Since cg»k) and d§k) are 2w —periodic in # and 4°,
with mean values vanishing respectively, the condition (2.21) is equivalent to

a(t,2) + 8 (t,2052) =0 on {ay =z =0}
(2.22)
cg.k)(t,x; 0) + d§-k)(t7x2; 2,00) =0 on{r; =2=0,0=0"

for k € {2, 3}.
Thus, we should first study b(()Z) to determine the boundary condition of a((f) on {z; = 0}.
Taking the mean value operator my on G_; = 0 leads to

A1(0)8,bg = 0. (2.23)
So, G_1 = 0 gives rise to
(07 A0(0) + 95, 42(0))dpdo + A1(0)d-do = 0. (2.24)
From (2.23), we obtain immediately that
8.0 =007 =0

which implies
b = b =0 (2.25)

by using by € S(IR]).
Thus, it follows from (2.18) and (2.22) that ag(¢, x) satisfies the following problem for
the linearized Euler equations:

(Ao(Vl)at + A1(VI)(9I1 + AQ(V’)@IQ)GQ = m9(¢)7 t,xr >0
0|50 =0 . (2.26)
aoli=o = Vo ()

To determine bé?’)(t, x9; 2), we take the mean value of Gy = 0 to deduce
Ly (s, 0z, )b + 2A%(0)0.bg + A1(0)0.by = B19?by (2.27)
and the difference between (2.27) and Gy = 0 gives rise to
Lua(9y, 0z, )do+2(07 A (0)+5, A5(0))Bpdo+2 A’ (0)D.do— (B1I2+ (03, ) > B20j +4, Bad2g)do

= —(pfAo(0) + 2, A2(0))0pdy — A1(0)0.d;. (2.28)



From the third component of (2.27), we conclude that bég)(t, x9; z) satisfies the following
problem:

(1 + 14(0)0 b5 + 2259 ) — =0, t 2>0

b(()S) |Z:0 = _a(()g) (ta 0; xZ) (229)
b5 i=0 = 0

where a(()?’) is given by (2.26) .

The problem (2.29) is the one for a linearized Prandtl equation, which has been solved
by Xin and Yanagisawa in [12].

Now, let us derive determine dq(t, x2; 2z, 0) from (2.24) and (2.28).

By using ¢ + v5(0)¢2, = 0, we know that

p'(0)(£2,09d™ + 9.d®)
(09 Ag(0) + ¢, A5(0))dpd + A1(0)0.d = 2(0)9,dM)
c2(0)20, DpdV
Thus, it follows from (2.24) that
2, 00dS" +0.d5 =0 (2.30)

and (1) _ (1)
<pl28d =0, 0.dy’ =

which implies

da” =o. (2.31)
To solve (dé2), d(()?’)), we define IE by
dM
Ela» | = myd !
G ) = \etand 0.0

for any d = (dV),d®,d®)T € CY(IRT x T}). It is easy to know that for any d(t, z2;z,0) €
Cp(Ty) N S(IRY) with my(d) = 0, we have

(127 A0(0) + 93, A2(0))Dpd + A1(0)0-d) = 0. (2.32)
Acting the operator IF on (2.28) and using (2.32), one gets
IE(left hand side of (2.28)) = 0. (2.33)

Denote by A and B the second and the third components of the left hand side of (2.28)
respectively. Then, by using (2.30) and (2.31), we deduce

A= p(0)((0r + vh(0)Dy,)dS? + 2220 Do.dP + z‘%? 00 9pd(?) — (02 + (£9,)202)dS”
B = p/(0)((; + v4(0)0,,)dS + agl—ﬁazdé” 8;35?) 00, 09dS)) — (92 + (£2,)202)dSY

From (2.33), we obtain
@) 9A—09.B=0



which can be explicitely written as

/ 9v1(0) dv3(0) 1 2 0 2492
(at + Vg (O)afrz)wo + Z( 61‘1 82’ + 61‘1 QDI269)LUO pl(O) (az + (SOZEQ) aO)W(]
dvy(0) dv3(0) o @) _
—( A, 0, + A ©5,00)dy” =0 (2.34)

where wy(t, 22; 2,0) = (,Dz2agd(2 8Zd(()3).

Combining (2.30) with (2.34), and using (2.22) one obtains that (dgg),wo)(t,xg;z,é?)
satisfy the following problem:

(02 + (2,)203)ds” = —.w0

(0; + v5(0)0,, )wo + 2(5’”1@) 8, + 0 22O gy, —

T2 Oy

m(az (02,)203 Jwo
(6U1 0, + 0 avZ(O)ag)d(()S):O

5132 Oz

d§” .0 = —c (t,0,22; ) (2.35)

(wo + 02457 =0 = =2, (Boct” ) (£, 0,2; )

(d5¥,wo) € S(RY)

wolt=0 =0

and de) (t,2z2; 2, 0) satisfies

(02 + (#2,)203)ds” = 02, Doy

AP .m0 = —cP(t,0,29:0) (2.36)
d? € S(RY)

where (c(() ), c(()g)) are given by (2.17)(2.20).
In summary, by formal analysis, we conclude:

- the leading terms ag(¢,x) and co(t, x; M) = wvo(t, z; @)ﬁ (Vo) of the inner so-
lution V£ (¢,x) satisfy the initial-boundary value problems for the linearized Euler
equations (2.26) and for the degenerate parabolic equation (2.20) respectively;

- the leading terms bo(t, z2; %) and do(t, x; =, M) of the boundary layer V5 (¢, z)

satisfy (2.25) and the problems for the Prandtl equation (2.29), the Poisson equation

(2.36) and the Poisson-Prandtl coupled equations (2.35) respectively.

The problems for high order terms in expansions of V5, (¢, )+ V5 (¢, ) can be formulated
in a similar way. For completeness, let us sketch the idea. Suppose that {a (¢, x), cx (¢, x; ),
bi(t, x2; 2), di(t, x2; 2, 0) }r<; are known already, we want to determine {a;11(t, ), ¢;41(t, ;0),
bj+1(t7 ZT2; Z), dj+1(t, T, Z, 9)}

It follows from (2.13) and the fact my(F;) = 0 that

L(y,05)a; = (B102, + B202, + B302 . )aj—2 (2.37)



and the difference between F; = 0 and (2.37) gives rise to

Z @rkAk 5'00]+1 fj (238)

where
fi= (2, Bi+¢2 Bo+ 0u, e, B3)02c; — L(04,02)¢; + (Payey Bi + Qg B2 + Quyaa B3)docj—1
+(2¢2, Br + 92, B3) 05y, ¢j—1 + (200, B2 + ¢, B3)03,, i1
+(B182, + B202, + B30z ., )ci—2

satisfies my(f;) = 0.

If we set
cjt1(t, x;0) ZUJH (t,z;0)7(V), (2.39)
then (2.38) yields
(¢t — Tk(vw))89vj+1 = (lk(V@ ’ fj)(tvx; 0), k=23 (2.40)
where 71, (V) are defined in (2.3). Due to the assumption (2.6), we obtain that (vﬁ)l, vﬁ)l)

can be uniquely determined by (2.40) with my (vﬁ)l, vﬁ)l) =0.

To solve Uj(-1+)1, acting I3 (V) from the left on the same equation as (2.38) with j being

(€))

replaced by j + 1, and using (2.39), one gets that v; ¢, satisfies the following problem:

(1 A7) De + (LA Dz, + (11 A271) D5, 08 + L (Agdy + A1y, 7y + Ay 7 )0l
—l1 (2, B+ ¢2, B> + sﬁxl%zB:S)FlagU;?l = hjt1
J+1|75 0=0
(2.41)
which is similar to the problem (2.20), where
thrl = fl[(spxlxl By + SOIQIQBQ + (lengS)aGCj + (2@11 By + S0z2B3)8g$10j
+(2¢2, By + ¢, B3)g,,¢j + (B1037, + B203, + B33, ,,)ci—1
—(L(B1,02) = (2, Br + ¢2, Bs + 9, 02, Bs)3) (033175 + 03, 7).

It follows from (2.22) that in order to determine a4, from the same equation as (2.37)
with j being replaced by j + 1, one should impose the boundary condition of a;41 as

2 2
) aymo =~ (1,223 0),
thus one needs to study b; _31 first.

Acting the averaging operator my on G; = 0 from (2.15), and using the assumption
my(di) = 0 for any k > 0, we get

Al(O)szj+1 = f]j (t, T2; Z) (242)

10



and the difference between G; = 0 and (2.42) gives rise to
(67 40(0) + ¢, 42(0))Ppdj 1 + A1(0)8.dj1 = g} (t,x2; 2,6) (2.43)
where
9;(t, 72 2) = B192b; — (Ao (0)0; + A2(0)0x,)bj — 247 (0)0:b; — my(g;)
g5 (t, w23 2,0) = (B102 + (3,)° B20j + 3, B302y)d; — (Ao(0)0; + A2(0)0y,)d;
—2(7 Ap(0) + ¢, 45(0))Dd; — 2A1(0)02d; — g; + my(g;)

From (2.42), we deduce immediately that (b;ljl, b§‘2+)1) solve the following problem:

( 0 p’<o>) R
20) 0 2.0, g, (2.44)
(b)), 65%)) € S(RT)

which implies

b\, (8, 2 2) = —2(0) [ G (1, 20 €)de

b2, (¢, 2a:2) = —(p/(0)) 7 [ G (8, a3 €)de

Therefore, from the same equation as (2.37) with j being replaced by j + 1, we know
that a;j41(¢, ) solves the following problem:

(2.45)

a2 Leimo = (/(O)) 7 f37 50 (¢ w2: ) (2.46)

ajt1lt=0 =0

L(@t, 3w)aj+1 = (Blf)gl + Bg(’“)zz + 3362112)00‘71

To determine bg-izl(t,xg;z), we act the averaging operator my on G;1 = 0 with G4
being given as in (2.15), and obtain

Lbd(at, 812)bj+1 + ZA/I (O)OijH — B1afbj+1 + Al(O)azijrQ + mg(ng) =0. (247)

The third component of (2.47) shows that bg?l solves the following initial-boundary value
problem for the linearized Prandtl equation:

2

(D + v5(0)02, )07, + 228905, — 192, = <)

_ (1) (3)
j+1 e 0:05 01 — 557020550 = — 50y O by p1 — me(g;75)

x2Y541 1

b, lomo = —a', (1,0,22), VY, € S(R}) (2.48)

J
bfglh:o =0

where aéi}l is the third component of a;;41 given in (2.46), and qugl is given already in
(2.45).

It remains to determine d;41(t, z2; 2,6). From (2.43), we get

0 (1) 1 *(3) (1) 1 *(2)
(pa: 80d 1 = 02 g 5 8zd 1 = 02 g
2 7+ (0)7J 7+ (0)7J (2.49)

d\), e S(RY)
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and

(2) @ _ 1
8Zd +1 + @1289dj+1 p/(O) g; . (250)

By using the fact (2.32) in (2.43), we know
E(g7) =0

which implies especially
9.9;% — 2,8597 = 0. (2.51)

Obviously, (2.51) is the compatibility condition for solving dﬁ}l from (2.49), and

& 2 oL@
d]+1 =—Cc (O)/ gj (ta x27§70)d€ (252)

Acting the operator IE on the same equations as in (2.43) with j being replaced by j+1,
it follows

IE(Lya (0, 0z, )dj1 + 2(97 AG(0) + 3, A5(0))0pd 41 + 2A5(0)0.d;j 41

—(B192 + (9,)? B20j + 9, B3025)d; 1 + gj+1 — mg(gj41)) = 0. (2.53)

Denote by A and B the second and the third components of the above term on which
IE acts. Due to (2.50), they can be expressed as:

A= p(0)((0r + v4(0)0,)d ), + (2520, + 220000 99)df),) — (92 + (¢9,)203)dS ),

+ 66 (O)a d 1) (2) (2) )

D *(1
o1 g1t 9511 m9(9g+1 929

2’ (0)

B= (O +h(00m)d3 + 2(F520. + 25200, 004 %) - (02 + (92,0

(000, + 225900 0’y + 98— mo(f) — 22 00}

We deduce from (2.53) that

Wi (t, 293 2,0) = 0, pdD, — 0., (2.54)
satisfies
v’ (0 vl,(0
(00 + 0(0)0 )z + (2000, 4 92O 0 5y @2 4 (0208w
0xq 0xq p( )
o, (0) oL (0)
—( alzl a9, + 821:1 @0 0)d m = Rjy (2.55)
where

1 dc3(0
Rjq1 = W[azgj‘ D —mo(0:91) — 02,0097 + (002, d3 + = (1) 0,00dS),] (2.56)

with d§+)1 being given in (2.52).
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Combining (2.50), (2.54), (2.55) and (2.22) for the (j+1)—case leads to that (dgi)l, dfgl,wjﬂ)
satisfy the following problems:

0
(92 + (¢5,)? 82)d§il = f”“ 599*-(1) — 0,wjt1

Bvl 0)

(D0 + 4(0)02,)wj1 + 2(Z5- 20, + 22O G0 dp)wy g1 — A5 (02 + (£9,)°03) w1

v’ ov

—(%500, + 220000, 39)d7), = Ry
) omo =~V (1,0, 22;0)

(W1 + 0:dSY )= = —92, (Dpcsy ) (1,0, 22; 0)

(A, wj11) € S(RY)

Wjttlt=0 =0

(2.57)
and @ 0
(92 + (Wgz)zaa)djﬂ = 0, 00wj 41 + Py (0)a 9j
AP oco =~ (8,0,22;6) (2.58)
), € S(RY)

which are similar to the problems (2.35) and (2.36).

Remark 2.1: When ¢|,,—o = ¢°(t,z2) = 0, the terms d; disappear, similar to Gues
[4], the boundary conditions (2.21) become as

(0§ (t, ) + &S (£, 210) + b (¢, w25 2)) sy =s=0=0 = O

for any j > 0,k = 2, 3. In this case, we obtain that ag(t, ), co(t, z; 0) and by(¢, z2; 2)) satisfy
the same problems as (2.26), (2.17)-(2.20) and (2.25)-(2.29), but for j > 1, b, (¢, x2; 2) satisfies
different problems from (2.48) due to the disparity of the boundary conditions.

3 The Study of A Poisson-Prandtl Coupled System

It is clear from problems (2.35), (2.36) and (2.57), (2.58) that in order to determine (dg-z)7 d;g))
for any j > 0, we need to study the following initial-boundary value problem for a Poisson-
Prandtl coupled system in {t,z > 0,z € IR,0 € T'}:

(02 +a?03)u= f(t,x;2,0) — Dw

(0 + a102)w + 2(a20; + a3dp)w — a3 (0? + a?03)w — (a20, + azdg)u = g(t, x; z,0)
ulsmo = bo(t,;6), ue S(R;)

(w+ 0:u)|sm0 = bi(t,2;0), (u,w) € S(RY)

thzo =0

(3.1)
for the unknowns (u, w), where (f, g) are rapidly decreasing in z when z — 400, and periodic
inf € Tt = IR/2nZ as well as for (bg, by)(t, z;60) with mean values vanishing,

my(f) = my(g) = my(by) = myp(b1) = 0,

13



all coefficients in (3.1) are smooth functions of (¢,z), with a(t,z) > ag, as4(t,z) > ag for a
positive constant ag. For simplicity of presentation, we assume that (f, g, bg, b1) are smooth,
and any order compatibility conditions are satisfied for the problem (3.1).

The goals of this section are to study the solvability of the problem (3.1), and to look
for solutions (u,w) which are rapidly decreasing when z — +oc and periodic in § € T with
my(u, w) = 0, which constitutes the main part of the rigorous justification for the formal
analysis given in §2.

To this end, first, we derive a functional representation u = u(w) of u in terms of w from
the first and the third equations of (3.1), second, by substituting the relation v = u(w) into
the second and the fourth equations of (3.1), we can solve the unknown w = w(t, z; z, 9).

To derive the representation u = u(w), we first consider the following boundary value
problem:

(02 + a?03)u = F(t,x; 2,0)
{ 52

ul.—o = bo(t,2;0), ue S(RY)

where F is rapidly decreasing when z — 400, and (by, F) are periodic in § € T with mean
values vanishing.
Obviously, to solve the problem (3.2) is equivalent to study the following problem:

{ (02 4+ a?02)u = F(t,x;2,0)
(3.3)

ul—0 = bo(t,2;0), w.|.—0 = uo(t,z;0)

where ug, periodic in § € T' with mg(ug) = 0, will be determined by (bo(t, x;0), F(t,z; 2,0))
such that the problem (3.3) admits a unique solution u(t,z;z,60) € CZ(Ty) N S(IR}) with
my(u) = 0.
Denote by
F(t,x;2,0) = Zk?ﬂ) F®) (¢, z; 2)e*?

bo(t, 230) = 2,0 b5 (¢, 2)e*?

the Fourier expansions of (F,bg) with respect to § € T,

(3.4)

Lemma 3.1: The necessary and sufficient condition for the solution u(t,x; z,0) of (3.3)
to be rapidly decreasing when z — +00 is

uo(tw30) = — 350, (kabll + [37 e € PO (1, 2; €)dg) e
(3.5)
300 (kb — [7° R FOR) (¢ 5 €)dE ) etk
Proof: (1) First, we solve the following problem:
(02 +a?03)w = F(t,z;2,0)
(3.6)
w|z=0 =0, wz|z=0 :w0(tvx;9)-

We will find wg(t,x;0), periodic in § € T' with mgy(wy) = 0, such that the solution
w(t, z; z,0) to (3.6) is rapidly decreasing when z — +o0.

If we set .
w(t,x;2,0) =325 4 w®) (¢, 2; 2)ett?

. _ (3.7)
wo(t, 30) = > 420 w(() )(t,x)e”“’
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then the problem (3.6) is equivalent to the following one for w® (¢, x; 2):
(0?2 — K2a®)w® = FR)(t,x; 2)

(3.8)
wh 2o =0, w|.oo = wi(t,2;0)
for any k # 0.
Obviously, the solution to (3.8) can be expressed as
w® (t,z;2) = a1 (wg (k) (t,x)+ [y e k€ PR (¢, 1, €)dE)ele?
(3.9)
— s (Wi (b, 2) + [ FEFE) (8, 5 €)dE)e o,
When k > 0, the necessary condition for w®) € S(IR}) is
i, (o 10) 4 [P0 90E) = 0
z—+00 0
which implies
w (t, ) = / e R pR) (¢, 21 €)dE. (3.10)
0
Substituting (3.10) into (3.9) yields
wk(t,a;2) = —gpg [P ETOFW(t a5 )dE + 55 [oT e RO FE (1,2 €)dE 1)

_2]111 oz ka(§—2) (tax§£)d£~

Since F®) € S(IR}), we deduce

/ ek P (¢ 2 e)dg € S(RY)
0

and ©
/ HF=O p) (4 12 6)de € S(RT).

On the other hand, we have

L7 ghate—2) p(i d’ <l>‘ Y2 )i e RO B (1 e £)d
4 [ wme< 3 ( | e-gee (t.2:€)de

which is bounded for any I > 0 by using F*) € S(IR}). Thus, we also have
/ k&= ) (¢ g: €)de € S(IRT).
0

Therefore, the function w*) (¢, z; z) given in (3.11) is rapidly decreasing when z — +oo0.
Similarly, we deduce that when k < 0, the necessary and sufficient condition for w(*)
given in (3.9) belonging to S(IR]) is:

wlf(ta) = = [ FEFO0,mi ) (3.12)

and in this case, the solution to (3.8) can be expressed as:

Wt 52) = gk [T RO (1,0 )€ + gy [ RGO P® (1,5 €) e
(3.13)

— ot [T P EFD FW (¢ g ).
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Combining (3.10), (3.11), (3.12) with (3.13) shows that
wt,z;2,0) = 307 giglfy e FETOF® (1 2 6)dE — [ e kOB (1, 25 €)de
_fZOO eka(z—&)F(k)(t’x;g)dg]eikﬁ +Zl;?il Wla[foz eka(z—ﬁ)F(k)(t’x;g)dg
— fooo ke PR (¢ o €)dE + fzoo e k= ) (¢, g; £)dE]etR?

€ S(IR))
(3.14)
is the unique solution to

(02 +a203)w = F(t,z;2,0)
’LUlz:() = 0

wz|z:0 __ Z]:il fooo ek(z‘é—a{)F(k)(t7 T f)df _ El;il fooo ek(i9+a£)F(k) (t, T f)df
(3.15)
(2) Let v = u—w with u being the solution to (3.3). Then v solves the following problem:

(02 4+ a?d2)v =0
V| =0 = bo(t, z;0)

Vzlam0 = uo(t, 2;60) + > e 1f°° k(i0=a&) p(k) (¢, 25 €)dE + 5, °° 1foo ek0+a8) (k) (¢ 2 €)de

(3.16)
Denote by
v(t,x;2,0) = Zk;ﬁo” )(t, 3 2)et*?
uo(t, @;0) = 32520 o & (8, z)ett?
the Fourier expansions of (v,ug). Then, (3.16) yields
(0?2 — k2a®)v®) =0
M= = b7 (¢, 2)
3.17
ul (t,x) + [0 e E PR (¢, 2 6)de, k> 1 (47
(k)‘ b -
Vz "|z=0 =
ul (t,x) + [0 ek PR (¢ a5 €)dE, k< —1
It follows that
oO(tai2) = (307 + ghg (g + o e FEF Ot i dg) et 519
3.18
+[506 — gt (up” + i TR F B (1,25 €)de) ek
when k£ > 0, and
o (twsz) = (5067 + gy + Jo R F B (¢, a3 €)de) ek
(3.19)

HE65 = s (ug? + o5 ekt PO (1, @5 €)d) e Rox

when £ < 0.
From (3.18) and (3.19), we conclude that one should have the condition (3.5) to guarantee
v®) € S(IR]), and in this case we have

v(t,x; 2,0) Zb (t,x) _k(az o) 4 Z b(k) (t,x)e k(az+i0) (3.20)
k=—1
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Therefore, we have shown that the necessary and sufficient condition for the problem
(3.3) to have a unique solution u € S(IR}) is (3.5), and the solution is given by

u(t,wi2,0) = 330 b, w)e R0 4 570 b (¢, ) elastio)
+ 30 s Lo e MO R® (¢ 2 ) de — [ e RGO R (¢ 2 €)de
—f:O ek“(z_f)F(k)(t,x;f)df}e”w+Z,;§'ilﬁ[fz eka(z—ﬁ)F(k)(t7x;§)d§

_fOO ka(z+¢) p(k (t T 5 df+f e—ka(z—¢) p(k) (t T f)df] ik6
(3.21)
which is also the unique solution to the problem (3.2).

For the problem (3.1), let the Fourier expansion of w be

w(t, x; z,0) Zwk)tleke
k0

Using Lemma 3.1 and (3.21), we conclude

Proposition 3.2: For the problem (3.1), the solution u has the following representation
in term of w:

u(t,w;2,0) = 52, 0 (1 2)eh 0700 £ S0 b (1, )k 4e)
2 3T et (% —w® (¢, 2;€))d¢
[ ehal=) (LB 4 (0 (1 0 €))de
— [0 kel (LEWBO) () (4 s €))de Jeih? (3.22)
S BT e (L w1 6))de
— [ ekal==8) 7f(k),(€if‘£) +w® (t,2;€))dE
— [ kel (L0 (1, 25}

and

Dulm0 = Yoy kab{® (t, z)ekif — Yooy kab{® (t, z)ekif
= Jo o €O (F It 3 €) — Bgw ™ (8, 2;€))dg (3:23)
=2l Jo e (fI(t, 25€) — Dew M (¢, 23 €))dE.

As mentioned at the beginning of this section, to solve the problem (3.1), one needs the
compatibility conditions satisfied. Now, we can state the compatibility conditions precisely
as follows:

(1) The zero-th order compatibility condition for the problem (3.1).

From the initial data w|;—¢g = 0, we have 0,w|;—¢ = 0. Thus, from the first and third
equations of (3.1), the datum wug(z, z,0) = u|t=o should satisfy the problem:

{ (ag + agag)uo = f(07.’L‘;Z,9)

(3.24)
UO‘Z:O = bO(O7I79)7 Ug € S(Rj)
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where ag(z) = a(0, x).
If we denote by

F0,252,0) = ¥y £3 (@, )€™
bo(0,230) = 3 40 b ()e™™?
the Fourier expansions, then by using (3.21) we obtain
wo(w, 2,0) = 232, bl (@)e M 4 T b (1, w)ek e+
+ T gl e MO S (e — [ e RO £ (€
= [ RO 10, gl + T ol e O 9w, e

_ fooo eka(erS)fék)(x’ f)df + fZOO efka(zfé)fék) (% f)dﬂei’“’
(3.25)
Therefore, from the fourth equation in (3.1), we conclude the following zero-th order
compatibility condition for (3.1):

61(0,1,0) = 8zu0|z:0 (326)
where ug(z, z, 0) is given by (3.25).

(2) The k—th order compatibility condition for the problem (3.1) for any fixed integer
k>1.

As above, in the discussion of compatibility conditions of (3.1) up to order k — 1, one
should have the data u;(x, 2, 0) = dlu|i—¢ and w;(x, z,0) = Olw|;— for any integer [ < k —1
in terms of (f, g, bo, b1). From the second equation in (3.1), we immediately obtain the data
wy (7, 2,0) = OFw|;—o in terms of {u;, w; };<k—1. By differentiating the first equation of (3.1)
k—times with respect to t, and applying Lemma 3.1 to solve the problem:

{ (02 + ad03)ur, = Fi(z,2,0)
uk|z=0 = (atkbo)(oaxaa)a up € S(Rj)

with Fy(z,z,0) = (0F f—0F (a*03u)+a?030F u—0,0Fw) |i—o being given in terms of {u; }1<x—1
and {w; }1<k, we determine the data uy(z,z,0) = OFul—o.

In this way, we get formulae of {ug,wy} in terms of (f,g,bg,b1). From the boundary
condition of (3.1), it follows that the k—th order compatibility condition should be

(wi, 4+ Ooup)|2—0 = (8Fb1)(0, 3 6) (3.27)
which can be explicitly formulated in terms of (f, g, bg, b1).

It follows from Proposition 3.2 that to solve the problem (3.1), it suffices to use (3.22)
and (3.23) to study the following problem for w:

(O + a102)w + 2(a20; + azdp)w — a3(0? + a?03)w — (a20, + azdp)u = g
wl.—o = by (t,2;0) — d,u(t,x;0,0), we S(R)) (3.28)
’w‘t:o =0.

The compatibility conditions for the problem (3.28) follow immediately from those for
the problem (3.1) given as above.

18



Denote by
w(t,x;2,0) =35 4 w®) (¢, 2; 2)ett?

gt 7:2,0) = Yy 9P (5 2) e (3.20)

bi(t,230) = ) 4o 07 (t, )™

the Fourier expansions with respect to 6 € T'*.
It follows from (3.28) that w*) (¢, 2; ) satisfies the following problem:

(01 + a10,)w®) + 2(a20, + ikaz)w* — a2(0? — k2a?)w® + aguw®
+5(iag — aaz) [, e RGO (w®) (¢, 25 €) — %)dﬁ
T e ka0 () (1 2 €) 4+ L0y ge)
—E(aaz + iag) [T ko0 (wk) (¢, 2y €) — L) ge (3.30)
= gW(t,212) — k(aas + iag)by e ko2
Dm0 = b + kabg” + [ e R (FB) (1,2:6) - Dew® (1,25 €))de
Mli—o =0, w® € S(RY)

for any £ > 1, and

(0 + a10:)w®) + 2(a90, + ikaz)w™ — a2(0? — k2a®)w®) + ayw®)
+5 (aay + ag) [y eFo O () (1, 2; €) + LL2E ) de
5 RGO (i (1, 23 €) — L) g
+ (aay — iag) [ e (M (1, 2:€) + LoLE0 ) g (3.31)
= g®)(t, x5 2) + k(aag + iag)bék)ekaz

w®amg = 01 = kabg? + [ (S0 1,25 6) — Dew® (1,5 €)) e
w]i—g =0, w® € S(RY)

for any k < —1.

The boundary conditions of w® (¢, 2;z) at {z = 0} given in (3.30) and (3.31) can be
expressed as:

JoF e hag (FR) — kaw®)) (¢, 2 €)de + 0 (¢, ) + kbl (t,2) =0, Ek>1
(3.32)
JoF o k€ (F0) 4 kaw®) (¢, 2; €)de + b (1, x) — kab? (t,2) =0, k<1

In terms of the transformation:
ST ke 0u® 1,z 6)de, k> 1

Y B (25 2) = (3.33)
S ek e D) (1, a5 €)dE, k< -1,
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problems (3.30), (3.31) and (3.32) can be reformulated as

(0 + a10,)Y®) —a2(0? — k2a®)Y®) + 2(a20, + ikaz)Y *)
+kas f;oo er ==Y W) (¢, 2 ) dE + kag [ X E2Y R (¢, 2 €)dE
=GW(t,z;2) (3.34)

YR | _o =W (t2), Y e S(RY)

Y(k)|t:0 -0
for any £ > 1, and
(01 4+ a10,)Y®) —a2(0? — k2a®)Y ) + 2(ap0, + ikaz)Y *)
thas [ PE=Y W) (¢, 01 €)dE + kag [} POV P (¢, 5€)de
= G®(t,2;2) (3.35)

YO _o =Wt 2), Y® e SR

Y®) g =0
for any k < —1, where

ak) — fZ+OO eka(z—¢€) k)(t T f)df + aafkaéag (fOJroo efka(eri)f(k)(t’m;g)df

+ [0 RO R (¢, 2 ) de + [ eRe€ D) FR) (¢, 2 €)de)

aas+ia oo a(z— aas—ias  —kazy(k
_ 2;; @ [ (f,z)ek( E)f(k)(t,l’;f)derWG k b(l )(t,x)

Wo(k)(tal') _ b(()k) 1 b(k) + L f 7ka§f(k) (t,x; €)d¢
for any k£ > 1,
G = [0 ehal€2 g (1, 25 €)de — “gisa (f" ko9 F0) (¢, 25 €)de

+ [ ekl fR) (¢, 3 ) dE + [ ebal==8) fR (¢ a5 £)d)
—aaz—iag [90(¢ _ pyeka(€=2) f(k) (¢ g €)dg — Gaatias ghazp(®) (¢ o)

2a " 2ka?

Wo (t2) = b — gobi™ — g f)7 et f B (¢, €)de
for any k£ < —1, and

as = at + 16, + ‘m"‘zﬂ, ag = —%(aaz +iaz), k=>1
as = —(at + ara, + aazﬁ)’ ag = %(aag + iag), k< -1 ’

The compatibility conditions for problems (3.34) and (3.35) can be easily formulated in
a classical way. For example, the zero-th order compatibility condition for (3.34) is

WM (0,2) =0

and the first order one is
G®(0,2;0) = (8, W*)(0, z).
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It is not difficult to verify that the compatibility conditions for problems (3.34) and (3.35)
are implied directly by those for the problem (3.1).

Now, we study the problem (3.34) under the assumption that any order compatibility
condition of (3.34) is satisfied, and the problem (3.35) can be studied in the same way. The
problem (3.34) shall be solved in the following steps:

STEP 1: Let x(z) € C§°(IR) be an arbitrary smooth function with compact support and
x(0) = 1. Then, the function

Y (t, 23 2) = x(2)WeP (8, 2)

satisfies the initial and boundary conditions given in (3.34) due to the compatibility condi-
tions.

Use the transformation Y*) =y (*) — Yo(k) if necessary. It suffices to study the problem
(3.34) in the special case Y(k)|Z:0 = 0, which will be assumed in the sequel.

STEP 2: Construct an approximate solution sequence {Y}Sk)}nzl of (3.34) by solving the
following problem for each n > 1:

(O + a10,) VP — a2(92 — K2a2)Y,\P) + 2(a20. + ikag)Vi\¥ — Lo2y;, (P
thas [ oGOV, (1,0:€)de + kag [§ eIV (4,2 €)de = GE (1,23 2)

V.o =0, V" e SR

Yo = 0
(3.36)
where Yo(k) (t,z,z) =0.
It remains to study the properties of the sequence {Yék)}nzl. Most of this part will follow
the idea of Xin and Yanagisawa in §4 of [12] for studying the linearized Prandtl system.
In the sequel, for any j € IN, we shall denote by C; a constant depending only upon the
bounds of derivatives of coefficients appeared in the equation in (3.36) up to order j.

(1) The boundedness in L?— norm.

Denote by < z >= (1+22)2, and Q = IR% = {(v,2) € IR?| z > 0}. For any fixed integer

I € IN, multiplying the equation of (3.36) by < z >2 ?,(f), and integrating the resulting
equation over {2, one gets

4 [<z> |Y,§k)|2dxdz — [ 0nar < 2 >% |Y,§k)|2dxdz
+2k? [ a*af < z >* |Y7§k)|2dxdz + 4R [y a3z < z > Yn(k)azYLk)dxdz
+2 [ a3 <z > |8ZY,§k)|2dxdz +2 [, <z>% |3xY,§k)|2dxdz + 2kA

=2R [, <z >% G(k)?ik)dxdz

(3.37)

where R(-) denotes the real part of the related functions, and
Ag= R [, <z>% ?ff)(ag, fjoo ek“(Z’E)Y,SE)l(t, x; €)dE (338
3.38

+a6 foz eka(g—Z)Y;E)l (t7m,§)d£)d$d2
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A simple computation leads to

o< 2> [T [z ekate-2y®) (1 2 €)de|dad

AN

Lo do <232 eIt 2s2)? 4+ [V (¢ 25 )P dgdadz (3.39)
< b)) < 2> (VP2 4 |y, 8 2) dadz

where ¢(l, ag) is a constant depending only upon ! € IN and aq satisfying 0 < ag < a(t, ).
Similarly, we have

Joy <252 [T [0 chal=Oy P (¢ 30 €)de|dud

(3.40)
< <o) [ <2 S ()2 4 Y2 dedz.
Substituting (3.39) and (3.40) into (3.38) shows that
Co 20 (v (k) |2 (k) 2
|[4o| < - | <> (Y12 + |V, 2 1P dadz. (3.41)
)

Combining (3.41) and (3.37), we get
d 21 1y (k)2 21 (k)2 2 21 1y (k)2
o o <z > YR Pdedz + [ < 2 >210.Yn U Pdudz + k2 [, < 2 > YRV Pdedz

< Co fo <232 (VR + v 1) dadz + [, < 2 >2 |G®) 2dzds.

(3.42)
which implies that
T
max / <22 |Yn(k)\2da:dz+/ / <252 (|0, Y PP 4 2|V 2 dodzdt
0<t<T Jo 0 JQ
T
§/ /e2CO(T_t) <z >2 |GV 2 dedzdt (3.43)
0 Jo

holds for any T > 0 and n € IN by using the following result.

Lemma 3.3: Given nonnegative functions f € CY[0,), b, € C°[0,00), a, € C[0,00)
satisfying a,(0) < a for a constant a for any n € IN, if we have

ay, () + by (t) < Colan(t) + an-1(t)) + f(t), Vn>1

for a constant Cy > 0 independent of n, then the estimate

t t
an(t) —|—/ eCot=3)p (s)ds < ae*ot —|—/ e2C0t=9) f(5)ds
0 0

holds for anyn € IN.
This Gronwall type estimate can be obtained by induction on n.

(2) Estimates of spatial tangential derivatives Yé’f} = 6;;}/,5’“).
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For any o € IN, set Y,S’ZZ = B;XYyEk), and act 9% on the problem of (3.36). Then ngkg
solves the following problem:

(01 + a10,)YAd — a3 (02 — K2a®)YA + 2(a0: + ikas) Vi — L2V,
tkas [ RGOV (L €)dE + kag [f FEDYT) (1, €)dE + Ry = 02GW

Yo =0, 8 e S(R)

Yo =0
(3.44)

where
Ry = (09,010, — a3(9? — k%a®) + 2(a20, + ikag)]Yék)

o
k> 0<i<a ( .
J
+dlag [ 09I (eka(E- Z)Y L(-,€))dE)

) (@as [ 92 (ero==0Y, M) (-, €))de

thag [[02, kGO E) (8,25 €)dE + kag [ 02, FEDY D) (1, a; €)de

Similar to (3.42), by multiplying the equation in (3.44) by < z > ?Sﬁl for any fixed
l € IN, and integrating the resulting equation over {2, we obtain

4 <22 V) Rdadz + [, < 2 2 (10.YA0]? + K2 YA ?)dad>
< Cofy < 2> (VAR + Y, PV dadz + [, < 2 > [02GP) 2dedz
—2R [, <z >2 Ra?gf)adxdz.

(3.45)
On the other hand, we have

| Jo <z>% Ra?:fldxdd
21 1y (k)2 21 (k)2 21y (k)2
< Cy [ < 2> |Yaal?dedz + efQ <z > (|0, Yn,a|* + k*|Yna|?)dzdz
+ Yocica 2 Jo <232 (10Y0 12+ RV P+ < 252 (V)2 dadz

+ Y 0cica Ci fo < 2> (< 2>210.Y, Py, L Pdade
(3.46)

for any € > 0.
Substituting (3.46) into (3.45), and letting € be small, we obtain

4 <252 VR 2dedz + [, < 2 >2 (|05 2 + K2V 12) dedz
< Co [, <2> (P + v, a|2)dxdz + [iy < 2 >2|00GW 2dedz
+20<j<a fﬂ <z >2(l+1 (|8 na ]|2 +| na ]| )dxdz

k k
2 0c 20 Ci Jo < 2> (1Y) 012+ 12V, 512 dadz)
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which implies

maxoci<r fo < 2 >2 [ Pdadz + [ [, < 2 >2 (|02 + k2|8 2)dedzdt

(3.47)
<O X5y fy fo < 2 >20=D) |9IG®) 2dudzdt

by using Lemma 3.3 and induction on o € IN.
(3) Estimates of derivatives 8%5@5’6) for any o € IN?.

For any fixed integer j > 0, set VTEZ) = 65Y7§k).
It follows from (3.36) that V") solves the following problem:

n,l

(O + alax)v(’? —a%(9? — k‘2a2)V,Eﬁ) + 2(a20, + ikag)Véﬁ) - %@%Véﬁ)

n,
+oo ka(z—&)y, (k) /. z _ka(e—z)y/ (k) (. _ (k)
+kas fz e anl,l( ’§)d§+ka’6 f() e anl,l( 7£)d§+Ql = 0,G

v ._o=0, V¥ e S(RH)

n)

VB limo = V¥ o(x, 2)

" (3.48)
where V,Eﬁ{o = G™(0,z;2), and
Q1= [01,a10, — a2(0? — k%a?) + 2(a20, + ikas)]V;")
Fhdas [ kaG=OY®) (1 a5 €)dE + kdrag [ e EAYE) (4,25 €)de
thas [0y, kGO, D) (1,25 €)dE + kag [7[0r, ek EDNY W (8, 25 €)de.

Multiplying the equation in (3.48) by < z > V;ki for any fixed | € IV, and integrating

the resulting equation over 2, we deduce
4 [ < 2> [V Pdwdz + [, < 2 > (10.V )2+ 2 VE1?)dedz
<Co [y <z (VP + VP P)dedz + [, < 2 > 8,G®) Pdwdz
—2R [, <z >? legada:dz.
(3.49)
It is not difficult to have
2 . 7"
| Jq <2>% @1V, dxdz|
210 117 (k)2 21 (k)2 2177(k) |2
< Co Jo < 2> VY Pdedz 4 € [, < 2 > ([0.V, 7 [? + K|V, | |?)dxdz
+4 [ <252 (102 + k2P 2 dedz
+ [y < 2 >200) (|9, v, P 2 4 v, 12)dad
+Cy [, < 252 (10,72 + k2712 4 v ) 12 dad 2

for any € > 0.
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Thus, from (3.49) we obtain
4 <22 [V Rdedz + [ < 252 10V + K2V Y)2) dedz
dt JQ n,l 9] z¥n,l n,l
< Co fy <2 > (VP + [V, P)dedz + [, < 2 > 8,GF) 2dxdz
+C1 ([ < 2 >2 (10: V012 + B2V 2 4 |V, 2 dad s

+ [y < 2200 (10, v, P12 4 v, 12) dadz)
(3.50)

which implies

maxoci<r [y <z > [V Pdwdz + [, < 2 > (10.V5 P + 2V, 2 dedzdt

(3.51)
T) fo Jo < 2> (10,GP)2 +10,GP 2+ |GP)?)dzdzdt

due to Lemma 3.3 and (3.47).

For any 5 € IN, Vn(,j) satisfies the following problem:
(0 + a10,)VY) — a3(02 — K2V + 2(az0, + ikas) V") — L2y ")
thas [ RGOV, (. €)dg + kag [y et AVE, (- €)dg +Q; = ]GV

V(’“)\z 0=0, vV es(rh

nj ‘ =0 = Vrfkj)o(x Z)
(3.52)

where

Q; = 10],010, — a3(8? — k*a®) + 2(ax0, —l—zkag)]Y(k)

J ,
2o ( ) (@Oas [ 97~ (ke C=OYE) (1, 2: €))de
m
O ag [ 0] (ke E YD) (15 €))dE)
thag [0, kGO B (125 €)dE + kag [10], e EDY, B, (¢, €)de

and
vk A'GW) — (410, — a3 (0% — k2a?) + 2(a20, + ikag) — 1 62) ’J 10

n,7,0 =

—kas f+oo halz= §)V(k)l j—1,008 — kag Jo eka(gfz)vﬁ)l,j—mdf - Qj—1|t:(0
3.53)

is defined by induction on j with V = G®(0,2,2).

Multiplying the equation in (3. 52) by <z > Vi ;, and integrating the resulting equation

over (), one gets
4 [ <252 VI Rdedz + [, < 2> (10.V )2 + k2 V52 dedz

< Co fr, < 2> (VP 11V PYdedz + [, < 2 >8] GP)|Pdedz

—2R [, <z >2 ijgﬁdxdz.
(3.54)
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On the other hand, we have

| [y < 2> QV) dudz|

<Gy fy <z>2 |V7f’]3-)|2dxdz +ef, <z>% (|8zV,§k-)|2 + k;ﬂVé?P)dxdz

+ SCoemss L Jo <2 XM 0V + BV

n,j—m n,j— m|

+<z>?2 [VE R v®, P dedz

n,j—m

+ 2 0<m<; Cn(fy <z2>%(<2>210, V,SkJ) l? +10s V,Ekj) |7 dzdz
(3.55)
for any € > 0.
Substituting (3.55) into (3.54), and letting € be small, we obtain

4 [y < 2> [V Rdrdz + [, <z > (10.V, 2 + B2V, P)dadz
< Co fry <232 (VP v ,|2)dxdz + [y < 2 >218]GW 2dad>

+20<m<] fQ <z >2(l+1) (|8 ng m|2 +| n,j— m| )dde

+Jo <2 WP + RV P + 1005 ) ded).
(3.56)
Thus, to complete the estimate on Vég), we should study amv,fﬁ) first.

It follows from (3.52) that oy = opo! V" satisfies the following problem:

x nj
(0 + a10, — a2(9? — k?a?) + 2(a90, + ikag) — L 32)3;?‘/75?

thas [ ka0 ) de 4 kag [ ek Doy, de 1+ Q;, = O] GW

vt =0, v e SR

RV im0 = IRV (@, 2)

T n,)

(3.57)

where VTE ])0( z) is given in (3.53), and

Qip= OQ;+[02,a:10, — a3(0? — k?a®) + 2(a20; + ikaz)|V,")

p
5 g cmep < ) (a5 [ opm(eke-OV®) (¢, a56))de
m
O ag [ 08 (e V) (4, 2;€))dE)
thas [F10R, 0GOS, (1 21€)de + kag [7[08, FE VD (t 25 de

with @; being given in (3.52).
Multiplying the equation in (3.57) by < z > GPVEL;, and integrating the resulting
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equation over 2, one gets

4 [ < 2> oV Pdede + f, < 2 > 10,00V 52 4+ k2100V ) 2 dadz

n,j

k k j
< Co fry <232 (10vIP +1oev | Pdedz + [, < 2 > |028] GP)Pdadz

“OR [, < 2 > Q; 00V ) ddz.

(3.58)
A direct computation shows

| Jo < 2 > Q00 dads]
< Co fyy < 2> |02V Pdedz + € [, < 2 > (10.00V. )12 + k2|02 2 dad

Y pemeggzy S [ < 2 >2000 (j9,00v )12+ 1oav )| 12)dwdz

€ n,j— n,j—m

Coim k
+k? E(ngj’qu dm [ <z >2 |8§V,£,j)7m|2dxdz

+ ey S o < 2> (10.00V, )2 + K202V, ) [2) ddz
+ 30y Ca fo < 2 3% (< 2 >2 10,00V 1? + 103V, 2V ded
+ Y 1cqep Ca Jo < 2 >2 |09V, Pdadz + g e O fy < 2 > 1000V 2dad
+Zq§p70<m§j Cosm [o <2 >2 |8§V7£§)1’j7m|2dxdz.
Thus, (3.58) yields that
a <252 v Pdedz + [, < 2 > (10.00V )2 + k2|0pv ) ?) dedz

< Co [y < 2> (lv P2+ jov

2)dzdz + [, < z >2 |00} GP)|2dxdz

+Chp Y emejacp o < 2 >2ED 1000V, 12+ 02V ) 2 dadz

n,j—m ' n,j—m

+ [y <z > k2oav ) 124 jgav ™) 2y ded

n,j—m n—1,7—m
k k k
F ey Jo < 2> (< 2 >2 10,00V 1 k2|00v, 12 4 03V, %) dedz

+ 2 0<m<; Jo <2 >% |3§+1V(k») |2dxdz.

n,j—m
(3.59)
By using (3.47) and (3.51) in (3.59) for the case j = 1 and p = 1, and using Lemma 3.3,

we get that 83;\/75? = at&cYn(k) satisfies:
maxo<i<r fo, < 2 >2 [0, V) Pddz + [) [, < 2 > (10,0, V)12 + k210, V) 12)dardzdt
<O (g fy fo < 2 204270 |91GV) P dwd zdt
+ o Jo fo < 2 >20D |910,GW) 2dxdzdt).

(3.60)
It follows from (3.60), (3.47) and (3.51) in (3.56) for the case j = 2, and Lemma 3.3 that
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Vn(,k2) = Bfngk) satisfies:
maxo<i<r Jiy < 2 >2 VI Pdedz + [ [, < 2 >2 (10.V,5) ]2 + K2V 2)dwdzdt

k T —|a leY
<O ([ < 2 >2 [V o Pdudz + Y, <o [y Jy < 2 >20F2710D |0 GO 2dwdzdt).
(3.61)
Similarly, to estimate V*® one needs to study 8an(,kQ) first, which can be bounded if

n,3

V™ can be stimated due to (3.59). However, we can deduce from (3.59) that

xVn,1
a0 <2 S22V Pdedz + [, < 2> (10.02VE 2 + k2|02 2 ded=
< Co [y < 2> (102VE 2+ 102V | P)dadz + [, < 2 > [820,GP) 2dudz
+O{Y ea(fy < 2 20D (10,007 V 12 + |02V, 2) dadz
+ Jo < 2> (R210777 2 + (027,02 dadz)
t+Jo <2 >2 (10 V8 2+ RV 410V, 112 + [V ) ded:
+ [oy < 2 > O3 Pdwdz + [, < 2 >20) 18,0, V.Y Pdedz + 0.V, |?) dedz)
which implies
maxo<i<r fiy < 2 >2 02V Pdedz + [ [, < 2 > (10.02V.8) 2+ k2102V, 8 12 dadzdt
< CT)(TEy fo fyy < 2 >20379) 916G 2dwdzdt
+322 0 [y < 2 320270 910,60 P dwdzdt)

(3.62)
by using Lemma 3.3, (3.47) and (3.60).

It follows from (3.62) in (3.59) for the case j = 2 and p = 1 that 9,V,y = 979,Y\"
satisfies:
d 21 (k) 2 21 (k) |2 2 (k) |2
L [o <z >0,V 5Pdedz + [, < 2 > (|10:0,V 5> + k2|0 V) 5 |* ) dadz

) ) )

< Co fyy < 232 (10, VY2 + 10,V 2 dadz + [, < 2 > |0,02GP) 2 dwd=
AL Joy < 2 2D (10.09V, ) 2 + |02V, Y2 + 0,097 2 + |02V |?)dwdz
+ Ym0 Jo < 2 > (R2102V,1 2 + k21029 2 + 109V, |2 + (09,5 ) dadz
+ o <232 102V 2 + BV P+ 1027012+ [V, L2 dwde
+ [, < 2 >20 19, V") 2dedz)
which implies
maxo<i<r fo < 2 >2 |0,V Pdedz + [ [, < 2 > (10.0,V5) 2 + k[0, V.5 [2)dwdzdt
<O X0y fy < 2 >0 83V, 8)  Pdadz
+ St genpen Jo Jo < 2 >8P0 910 GO Pdadzdt). (3.63)
3.63
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by using Lemma 3.3, (3.60), (3.51), (3.61) and (3.62).
Now, (3.56) for the case j = 3 shows

4 <252 [V Rdedz + [, < 2 >2 (10.V5) 2+ K2V 1?)dadz
< Cofy < 2> (VE P+ VP dedz + [, < 2 > |93GW 2dadz
+C3{> o< j<3( Jo <z >2041) (19, V, n3 J|2 +| n3 J| Ydxdz
+fo <232 (VP P+ RV P dade
+ [y < 232 (10 V2 + 10,V 2+ 10, Y 2)dwd)
which implies
maxoci<r fy < 2 > [V Pdedz + [ [, < 2 > (10.V,5) 1 + K2V, ?)dedzdt
<OT)([f < z>% |V7§k3)0|2dxdz + Z] “oJo <z >2H=D |8JV(k)O|2dxdz
+ 2 0<al<3 I fo < 2 >203=lel) |90 G0 2dzdzdt).

(3.64)

By induction on |a| € IN, we deduce the following bound on 857‘3:}/(]“)'

maxoci<r Ju, < 2 >2 |00, VAP Pdwdz + [ [, < 2 > (1000, VAP 2 + k2|00, VAP [2)dwdzdt
o(T )(Zla\ \al J f < z >2(+|al—j-m) |8m83Y(k)(t = 0)[2dzd=

+2181<lal fo Jo <z >2UHlel=I8D |3£xG(k)\2dzdzdt)

(3.65)
for any o € IN?,
(4) Estimates of normal derivatives Wrsk;] 2107, Y, ) for any j € IN and a =
(0[1, 042) € N2.
Note that

t
21921002y, F) (¢, 1, 2) :a;aflagzyg“(o,x,zwr/ Ao T2y (R (s 2 2)ds
0

which implies the following estimate:
maxo<i<r o < 2 >% 10,001 002 Y,\F) |2dwdz < Jo <z>% 10,001 022V, P (¢ = 0)|2dwdz
( )(ZWH‘l Z|a|+1 J f < 2 >20+|al+1—j—m) |8;nagyn€k)(t — O)|2dxdz
T altl
+Z|ﬂ|§|a\+1 fO fQ <z >2(l<H I+1-181) |85xG(k)|2d$dZdt)

(3.66)
by using (3.65).
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If follows from the equation in (3.57) that
[y <z > 82001002 Y\P 2dad
< Cof fy, < 2 >20D (0,001 022 VP 2 + k2|00 022V 12) dwd 2
+ [ < 2 > (jR a0 Y M2 4 o goa 1y, )2 4 o geat2y, ()2
FEY02 022,12 4 901 022, ) 2 4 1080022 G2 4 Q0 )dadz)
(3.67)
On the other hand, (3.57) yields
Jo <2>%|Qay 0, Pdzdz
i amy (k i amy/ (k j amy (k
< O jcar—tumzan Jo <2 > (020000Y" 2 + k0] 0 Y™ 2 + 1007V, ) ded:
" i om (K
Y scostmeas Jo < 2 >0 (10,0700 F )2 4 k210] 0 Y 12 dadz
+ [ < 2> (1081 0y VP 4 0 o 1 100022 YY) dad
+ Yncant Jo < 2 > (10200200 YP 2 4 k407 0 Va2 + |07 0 Y, P dardz
Y ot Jo < 2 >0 (10,0000 Y2 k2|08 oY |2 dad)
(3.68)
Substituting (3.68) into (3.67) shows
Jo < z>% |(’“)§8?18§2Yn(k)|2dmdz
k k
< O{S pen fo < 2 >200D (1007, Y.V 12 + 12107, Y. P1?)dad
k k k
t+Jo < 2> (Cpea W00 Ya P 4+ 100, Y0 2) 4+ g 10207, Y 2
+Zj§a1 |(9g3§2+1Y7§k)|2 + |3?15§‘2+2Y75k)\2
Hop g v |2 4 |05 922 GO [2) dardz )

(3.69)
where the notations # < o and 8 < a for , € IN? mean that 3, < ai,8: < as and
B1 < ou, P2 < ag, B1 + B2 < a1 + ap respectively.

By using (3.66) and (3.65) in (3.69), we get
maxo<i<r [o < Z >2 |8§8§fz}ﬁfk)|2dxdz
< O Tpcalf < 2 27100107 ¥ (¢ = 0) Pdedz
+f0TfQ < z >2Hlal=18D) |8EIG(k)\2dxdzdt)
_ k
+ Y pi<tala Uy < 2 >20FH27100 97 v (¢ = 0)[2dzdz
+f0TfQ < z >2Hlal+2-18) |8£ZG(k)\2dxdzdt)
+ Y pen fo < 2 >200 10,07,V (t = 0)Pdudz

+ Zﬁ<a fOTfQ <z>* ‘836£wyvgk)|2d$dzdt}
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and by induction on o € IN?,
maxo<t<T fQ <z>2 |8§8§mYék)\2dxdz
< CDR Y pealfy < 2 >20H17190 197 ¥, (1 = 0)Pded:

+f0 Jo < 7 >2(Flal=18D |8ﬁ (&) |2dxdzdt) &10)
al+2— k '
+ X i<tale Uy < 2 >20F1+27180 197 v (¢ = 0)[2dzdz

+ [ [y < 2 >20HalR2=18D) |97 G012 dadzdt)
+ Y e Jo < 2 3200 10,07 v,V (¢ = 0)2dwdz}.

Differentiating (3.57) with respect to z and by induction on j € IN, one can obtain

maxo<¢<T fQ <z > |836? Y(k)|2d$cdz
j m al+j—2m— k
< CIZRE B Siattari-amU < 2 >2H0972m 200107 P (6 = 0)Pdad
+ [ fy < 2 >20Helt—2m8) |98 G 24z dzdt)
+ Y Bi<lal 1 am Jo < 2 >20FAlHI1=2018D 19,90 P (¢ = 0)[2dwdz

Fmaxoci<r Yy fo < 2 S22 g GW)|2dzdzdt).
(3.71)
In summary, we conclude

Proposition 3.4: Under the assumption that any order compatibility condition of the

problem (3.34) is satisfied, the approximate solution sequence {Yé’”}nzl constructed by

(3.86) is bounded in WH*>°([0,T], H*(Q)) for any fized k,s € IN; moreover, {nyk)}nzl
satisfies the estimates (3.47), (3.65) and (3.71).

STEP 3: The convergence of the approximate solution sequence {Yn(k)}nzl.

As usual, based on the high order norm boundedness estimate (3.71) of {Yrgk)}nzl, it
suffices to consider the convergence of {Y(k)}n>1 in the L?—norm.
Let W,iF) = ( ) —v,{¥) 1t follows from (3.36) that W solves the following problem

(0 + a10:) B _ a3 (0? — k?a?) AL z(a20, + ikas) (k) n_1~_182 )

thas [F ke G-OWWD, (- €)dg + kag [} ek E WD, (- €)de = — L5020

Wlco =0, W e S(RY)

Wr(Lk)‘tzo =0
(3.72)
In a way similar to (3.43), we deduce that for all n > 1,
4 <22 WP Rdadz + [, < 2 >2 (j0.W 2 + B2IWP12)dad 2
(3.73)

< Co fo <232 (WP + (W, P dadz + S
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by using the boundedness of {ngk)}nzl- Applying Lemma 3.3 in (3.73) yields immediately
that

Proposition 3.5: For any fited T > 0 and l € IN, it holds that
max / <z > \Yn(f_)l — Y ¥ 2dedz — 0 (3.74)
0<i<T Jo

when n goes to infinite.

Collecting all the results in Step 1 to Step 3, we deduce the existence of a smooth solution
Y *) to (3.34) and (3.35). The uniqueness of this solution is obvious. Combinning this result
with the transformation (3.33), Proposition 3.2, we establish the existence and uniqueness
of solutions (u,w) to the Poisson-Prandtl coupled problem (3.1).

4 Rigorous Justification of The Zero-Viscosity Limit

In this section, we shall rigorously justify the formal analysis gwen in §2.

From §3, we know that the problems (2.35)-(2.36) of ( (3)), and (2.57)-(2.58) of
{(dgl_l), dg’ +1))}]>0 can be solved under the assumption that certaln order compatibility
conditions for these problems are satisfied. It thus follows from §2 that each order smooth

profile {(a;,c¢;,bj,d;)}j>0 in the formal expansions of solutions

V)~ 3y e D) 0, T s T, ET)

, €
j=>0
can be uniquely determined provided that

(H1) all compatibility conditions for the problems (2.26), (2.29), (2.35), (2.46), (2.48) and
(2.57) are satisfied.

For any fixed J € IN, denote by

J
Vilt.a) =) ¢ (‘LJ‘(W) et 20T b0 ™) 4 (1 x“”(””))

, € € €
J=0

the J—th order approximate solution to the problem (2.1), and V¢ the exact solution to
(2.1) under the assumption

(H2) all compatibility conditions for the problem (2.1) are satisfied.

Then, from the discussion in §2, it is easy to see that W5 = V¢ — V7 solves the following
problem

Ag(VHYOWS + A1 (V)0 W5 + Aa(V")0,, WS = B(e?, D2 )WS + R

M+Wj:(8 (1) ?)Wj:(), on z; =0 (4.2)
Wilt=0 =0
where R (t, x) satisfies
JllLee(j0,1],L2(R2 ) = B )
A )y <O (4.3)
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for any 7' > 0 and a constant C' > 0.
By using the classical theory of the linearized Navier-Stokes equations in the problem
(4.2), we immediately conclude

IV = Villpee (o), 02(m2)) < Cre’ ! (4.4)
which implies
IV = Villpe o, r2(m2)) < Coe’t! (4.5)

for any J € IN with the constant C5 depending only upon 7" and J.
In particular, we obtain:

Theorem 4.1: Under the assumptions (H1) and (H2), the solution V¢ = (p¢,v$,v5) of
(2.1) has the following asymptotics

o(t, x) x

)+ do(t, w2 M) +O(e) (4.6)

]
€ €

Ve(t, z) = ao(t,x) + co(t, z; )+ bo(t, x2;

€
in L>=([0,T), L3(IRY)) for any T > 0, where ao(t,x) satisfies the problem for the lin-
earized Euler equations (2.26), co = vo(t, x; ‘p(tf))ﬁ (V) with vy satisfying the degenerate
parabolic equation (2.20), (bél),b62)) = 0 and bé?’) (t,x9;2) satisfies the linearized Prandtl
equation (2.29), d(()l) =0, and (d(()2)7 dés))(t7 x2; 2, 0) together with its vorticity with respect to
(z,0)—variables satisfy the Poisson-Prandtl coupled system (2.35) and the Poisson equation
(2.86) respectively.

Remark 4.2: Both the estimate (4.5) and asymptotic relation (4.6) hold true in high
order Sobolev spaces with weighted norms due to the high frequency of oscillations in
{¢;,d;};>0 and the multiple scales in boundary layers {b;, d;};>0, e.g. in L=([0, T], H:(IR?))
with the norm of H?(IR?) being defined as

1
lullee = (32 € 08ulZa s ).
o <s
Finally, for completeness, let us investigate the assumptions (H1) and (H2).

(I) The compatibility condition for the problem of linearized Navier-Stokes equations
(2.1) can be formulated in the classical way as follows.
(I1) The zero-th order compatibility condition is:
v =v® =0 on {z =0} (4.7)

(I2) The j—th order compatibility condition (j > 1).
Set ®¢(t,x) = @(t,x;@). For any fixed j € IN with j > 1, it follows from the
equations in (2.1) that

V= (Ao(V")) YB(2, De?)3 Vet o —[0) T Ag (V)0 +A1 (V') D, + A2 (V)0 |V}

by induction on j. By using the initial data V|;—¢ = Vo(x), we know that V(z) = V|0
is a linear function of {9Vy}|a|<2; and {0F02®<(t = 0) Then, the j—th
order compatibility condition for the problem (2.1) is

010
( ) Vi=0 on {z; =0}. (4.8)
0 0 1

bhgil2lprmgore
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Next, we study the assumption (H1).

(I') The compatibility condition for the problem of linearized Euler equations (2.26).
(I'1) The zero-th order compatibility condition is:

VO(Q) =0 on {z; =0} (4.9)

which is a direct consequence of the zero-th order compatibility condition (4.7) for the
problem (2.1).

(I2) The j—th order compatibility condition (j > 1).

Set @(t,x) = my(P). As in (I1), for any fixed j € IN with j > 1, the equation in (2.26)
shows that , o

dag = (Ao(V") {0/ "'®
=107 Ao(V)0, + AL(V!)Ds, + A2(V')Ds,)a0)}

by induction on j. Since agli—o = Vo(z), so that Vo ;(z) = & agli=o is a linear function

of {99V} ai<; and {9703 ®(t = 0)}k<j—1,ja|+k=j—1. Then, the j—th order compatibility
condition for the problem (2.26) is

Vo(j-) =0 on {x; =0} (4.10)

(I) The compatibility condition for the problem of linearized Prandtl equation (2.29).
(I1) The zero-th order compatibility condition is:

ag?’) =0 on {t=uz; =0}, (4.11)

which is a simple consequence of the zero-th order compatibility condition (4.7) by noting
agli=0 = Vo(z) in (2.26).

(I[2) The j—th order compatibility condition (j > 1).

It follows from the equation and the initial data in (2.29) that

b o = 0.
So, the j—th order compatibility condition for the problem (2.29) is
8ga83) =0 on {t==xz =0}, (4.12)
where a(()?’)(t, x) is determined by the problem (2.26).

The compatibility conditions for the problems (2.46) and (2.48) can be obtained in the
same ways as those for the problems (2.26) and (2.29) given in (I) and (II') respectively.

Both of problems (2.35) and (2.57) are the special cases of the problem (3.1), so their
compatibility conditions can be stated in the same way as that for the problem (3.1) given
in §3.

Finally, we should note that in general the compatibility conditions for the problems of
profiles {a;,c;,b;,d;};>0 could not be implied by those for the original linearized Navier-
Stokes equations (2.1). The simplest case to guarantee all compatibility conditions given as
above valid is that

OFOYD(t, 1;0) = 0, on {t =z, =0}
{8§‘V0(x) =0, on {z; = 0}

hold for any k € IN and o € IN?.
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