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Abstract

In this paper, we study the large time asymptotic behavior of solutions to the
one-dimensional compressible Navier-Stokes system toward a contact discontinuity,
which is one of the basic wave patterns for the compressible Euler equations. It
is proved that such a weak contact discontinuity is a metastable wave pattern, in
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the sense introduced in [23], for the 1-D compressible Navier-Stokes system for
polytropic fluid by showing that a viscous contact wave, which approximates the
contact discontinuity on any finite time interval for small heat conduction and then
runs away from it for large time, is nonlinearly stable with a uniform convergence
rate provided that the initial excessive mass is zero. This result is proved by an
elaborate combination of elementary energy estimates with a weighted characteristic
energy estimate, which makes full use of the underlying structure of the viscous
contact wave.

1 Introduction and Main Results

We consider the 1-dimensional compressible Navier-Stokes equations in Lagrangian coor-
dinates:
vy — Uy =0,
uﬁpz—u(;)m (1.1)
0., Uy
)ZE?

u
e+ =)+ (pu), = (k— +
(et )+ (pu)e = (K-~ + p—
where z € R', t > 0, v(x,t) > 0, u(z,t), 0(z,t) > 0, e(z,t) > 0 and p(z,t) are the specific
volume, velocity, internal energy, temperature, and pressure respectively, while 1 > 0 and
x > 0 denote the viscosity and heat conduction coefficients respectively. Here we study
the perfect fluids so that p and e are given by

RO R
p=—, e=——0+ const. (1.2)
v v—1
where v > 1 is the adiabatic exponent and R > 0 is the gas constant.
In the ideal fluids, i.e., kK = p = 0, (1.1) becomes the well-known compressible Euler
system:

vy — Uy = 0,

+ P = 07
et Py (13
(e )t (), =0,

which is one of the most important nonlinear strictly hyperbolic system of conservation
laws. The basic waves for the system (1.3) are dilation invariant solutions: shock waves,
rarefaction waves (which are nonlinear waves), and contact discontinuities, [20], [2], and
the linear combinations of these basic waves, called Riemann solutions, govern both local
and large time asymptotic behavior of general solutions to the inviscid Euler system (1.3)
[11]. Since the inviscid system (1.3) is an idealization when the dissipative effects are
neglected, thus it is of great importance to study the large time asymptotic behavior of
solutions to the corresponding viscous systems, such as (1.1), toward the viscous versions
of these basic waves. Indeed, there have been great interests and intensive studies in
this respect in the development of theory of viscous conservation laws since 1985, started
with studies on the nonlinear stability of viscous shock profiles by Goodman [4] and
Matsumura-Nishihara [16]. Deeper understanding has been achieved on the asymptotic
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stability toward nonlinear waves, viscous shock profiles and viscous rarefaction waves,
which have been shown to be nonlinearly stable for quite general perturbation for the
compressible Navier-Stokes system (1.1) and more general system of viscous strictly hy-
perbolic conservation laws, and new phenomena have been discovered and new techniques,
such as weighted characteristic energy methods and uniform approximate Green’s func-
tions, have been developed based on the intrinsic properties of the underlying nonlinear
waves, see [9], [10], [13], [14], [21], [12] [22], [18], [19] and the references therein.

However, the problem of stability of contact discontinuities is more subtle and the
progress has been less satisfactory, except the studies in [6], [7], [8], [15], [23]. One of
the main reasons is the contact discontinuities are associated with linear degenerate fields
and are less stable compared with the nonlinear waves for the inviscid system (1.3), [11].
Thus the stabilizing effects around a contact discontinuity should come mainly from the
viscosity and heat conductivity in (1.1). A general perturbation of a contact wave may
introduces waves in the nonlinear sound wave families, and interactions of these waves
with the linear contact waves are some of the major difficulties to overcome, see [23]
and [15]. Another technique difficulty is that the viscosity matrix for the compressible
Navier-Stokes equations is only semi-positive definite.

The stability toward contact waves for solutions to systems of viscous conservation
laws was first studied by Xin in [23], where the metastability of a weak contact disconti-
nuity for the compressible Euler equations with uniform viscosity, was proved by showing
that although a contact discontinuity is not an asymptotic attractor for the viscous sys-
tem, yet a viscous wave, which approximates the contact discontinuity on any finite time
interval, is asymptotically nonlinear stable for small generic perturbations and the de-
tail asymptotic behavior can be determined a priorily by initial mass distribution. This
was later generalized by Liu-Xin in [15] to show the metastability of contact discontinu-
ities for a class of general systems of nonlinear conservation laws with uniform viscosity,
and obtain pointwise asymptotic behavior toward viscous contact wave by approximate
fundamental solutions, which also leads to the nonlinear stability of the viscous contact
wave in LP-norms for all p > 1. However, the theory in [15] and [23] does not apply
to the compressible Navier-Stokes system (1.1) since the viscosity matrix in (1.1) is only
semi-positive definite.

It was conjectured by Xin in [23] that the metastability of contact discontinuities
remains true for the Navier-Stokes system (1.1). Yet, it has remained open since then.
For a free boundary value problem for (1.1) with a particle path as free boundary, the
nonlinear stability of a viscous contact wave is proved in the super-norm by the elementary
energy estimate by Huang-Matsumura-Shi in [7], see also [8]. However, the approach can
not be applied here to study the asymptotic behavior toward contact waves for solutions
to Cauchy problems of (1.1) since the analysis in [7] depends crucially on the availability
of Poincaré type inequality, which can not be true for Cauchy problems.

The main purpose of this paper is to study the large time asymptotic behavior toward
contact discontinuities for solutions to initial value problems for the Navier-Stokes system
(1.1), and to show that the contact discontinuities are metastable wave patterns for the
compressible Navier-Stokes system (1.1) as conjectured in [23]. We will show that for a
weak contact discontinuity for the compressible Euler system (1.3), one can construct a
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viscous contact wave for the Navier-Stokes system (1.1), which is smooth, solves (1.1)
asymptotically, and approximates the given contact discontinuity on any finite time inter-
val, and such a viscous contact wave is nonlinearly stable under small initial perturbation
with zero mass condition. Here the stability is in super-norm and a rate of convergence can
also be obtained. The precise statement of our main results can be found with Theorem
1.1 below.

We now construct the contact wave (9,1, 0)(x,t) for the compressible N-S equations.
First, consider the corresponding Euler equations (1.3) with the Riemann initial data

(v,u,0)(2,0) = (v_,0,0_), if x <0,
{ (v,u,0)(x,0) = (vy,0,0,), if v >0, (1.4)

where vy and 64 are given positive constants. It is known (see [20]) that the Riemann
problem (1.3), (1.4) admits a contact discontinuity

o | (v-,0,602), z <0,
(V’ U’ @)(x’ t) B { (U-l—v 07 04—)7 r > 07 (15)
provided that
RO_ RO
v_ V4

Motivated by (1.5) and (1.6), we expect

__RY _
p=— =P+ u? << 1, (1.7)

sufficiently fast. Then the leading order of the energy equation (1.1)3 is

0
0 e = K(=),. 1.8
7_1t+p+u H(v) (1.8)

Plugging (1.7) into (1.8) and using the mass equation (1.1);, one has the following non-
linear diffusion equation,

0. -1
0; = a(g)x, a= % > 0. (1.9)

xT

From [1] and [3], the nonlinear equation (1.9) admits a unique self similarity solution
O(),¢ = iEE with the following boundary condition

O(—o0,t) =60_, O(+o0,t)=86,.

Furthermore, ©(&) is a monotone function, increasing if ¢, > 0_ and decreasing if 0, < 0_.
Let 6 = |0, — 6_|, then © satisfies

Gimg

0,] = 0(8)(1 4 t) 2 =0, as z — +oo. (1.10)



Contact Wave for Compressible N-S Equations 5)

We now define the contact wave (v,1,0) for the Naiver-Stokes equation as follows.
Suggested by (1.7), we set v = p—ﬁ@. Since there is no dissipation in the equation of mass
conservation, (1.1)1, so we require that the mass is conserved for the contact wave. Thus,

we set 4 = ;i—“@@x. To conserve the total energy, one sets = © — 72—;{1112. Thus,
R R - -1
i=10, a=-2@, §=06-1_"g (1.11)
D+ p+© 2R

It is straightforward to check that (v, ,6) has the following property
@V, i~ 0,8 -0)|w =0(s7)(1+1)%, p>1,

which means the contact wave (v,,6) for the Navier-Stokes system (1.1) approximates
the contact discontinuity (V,U, ©) to the Euler equation (1.3) in L? norm, p > 1 on any
finite time interval as & tends to zero. More importantly, the contact wave (o, @, #) solves
the Navier-Stokes system (1.1) time asymptotically, i.e.,

O~y =0,
Uy
- (=) + ng M (112)
€+ ) + (PR)e = K(Z )z + (ZUlls)o + Faa,
where
Ry = (’1(77}—% D — M)% +p—py=0(0)(1+ t)flef‘lz%i), as |x| — oo, (1.13)

r(y—1) U,
(=% 1)
which can be verified by a direct computation. It should be noted that in (1.12), the larger
error term in [?; is not integrable in time due to its rate of decay as O(l%rt) This is one
of the main technical difficulties to be overcome. One of key observations in this paper is
that the worst error term R; presents only in the equation of conservation of momentum,
so its effect can be controlled by the intrinsic dissipation in the nonlinear sound wave
families and the viscosity and the heat conductivity in the compressible Navier-Stokes
system, which will be sufficient for the super-norm stability for the contact wave (o, @, 0)
as we show later.

04 2
Ry = + (P —pe)u=0(5)(1+ t)_3/2€_4‘f1+t>, as |z| — oo, (1.14)

We are now ready to state our main results. Let (v, u, #) be the solutions to the Cauchy
problem for the compressible Navier-Stokes equations (1.1) with the initial data

(v,u,0)(x,t =0) = (vg, ug, bo) (). (1.15)

Denote by (¢,1,()(x,t) the derivation of the solution (v,u,6) from the contact wave
(v,u,0), ie.,

(6,90,0) (2, t) = (v —0,u—u,0 — 0)(z,1). (1.16)
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In order to make using of the structure of the underlying contact wave, exploit the in-
trinsic dissipation in the compressible Navier-Stokes system, and overcome the strong
nonlinearity, we introduce the anti-derivative variables:

(®, 0, W)(x,t) = /x (p, 7, e+ g —e— @)(y,t)dy, (1.17)

as is motivated by the theory of viscous shock waves [9]. Due to the conservative structure
of both the Navier-Stokes system (1.1) and the approximate system (1.12), it is expected
that (&, ¥, W)(-,t) € L*(R") for all t > 0 provided that the initial excessive mass is zero,
ie.,

oo
(@, 0, W)(+00,0) = / (vo(x) — (x,0), up(z) — u(x,0), Ey(x) — E(x,0))dz = (0,0,0),
(1.18)

where F = e + % is the total energy. Then our main results can be stated as follows:

Theorem 1.1. Let (9,@,0)(z,t) be the contact wave defined in (1.11) with strength
d = |04 —0_] <4 for some small positive constant dyg. Then there exists a small positive
constant €, such that if the initial data (v, uo, 6p) satisfies

(2, @, W)llz2 + [[(6, ¥, Ol < e, (1.19)

then the system (1.1) admits a unique global solution (v, u, 0)(x,t) satisfying

(@, T, W) € C(0, +oo; H?), (1.20)
¢ € L*(0,+o0; HY), (1.21)
(¥,¢) € L*(0, +-00; H?), (1.22)

where the perturbation (®, ¥, W) and (¢, v, () are defined in (1.17) and (1.16). Further-
more, the perturbation (®, ¥, W) and (¢, %, ¢) have the following decay rate,

(@, 0, W] < Ce+ 0)(1+t) 5C0V0 (1.23)

(v —0,u—@,60 — 0|z < Cle+57)(1+t)1, (1.24)

where Cj is a positive constant independent of time.

A few remarks are in order:

Remark 1.2. Theorem 1.1 shows not only that the viscous contact wave (o,,6) is
nonlinear stable in super-norm with initial perturbations satisfying (1.18), but also a
uniform rate of convergence (1.24), is obtained. This is somewhat surprising given that
the convergence rate to either the viscous shock wave or viscous rarefaction wave has not
been achieved yet for the compressible Navier-Stokes system, see [9], [14], [19]. Moreover,
the rate of decay in (1.24) may not be optimal. Motivated by the pointwise behavior
toward viscous contact waves for solutions to the Euler system with uniform viscosity
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(see [23] and [15]), one would conjecture that its decay rate in (1.24) should be improved
to (1+t)~2. However, this will be left for future.

Remark 1.3. The major assumption in our stability theory is the initial zero excessive
mass condition, (1.18) (or (1.19)), which excludes the possible presence of diffusion waves
in the sound wave families. As it is shown in [23] and [15] for the compressible Euler
equations with uniform viscosity, a generic perturbation of a viscous contact wave intro-
duces not only a shift with center of the viscous contact wave, but also nonlinear and
linear diffusion waves. Although, it is expected that the same phenomena holds true for
the compressible Navier-Stokes system (1.1), yet the fine accurate asymptotic ansatz as
in [23] and [15] may not be necessary for the stability theory toward contact waves in the
super-norm. Indeed, one of key ideas in this paper is that though it is necessary for point-
wise behavior and L? stability (for 1 < p < co) to have more accurate asymptotic ansatz
as in [23] and [15], yet the asymptotic behavior toward contact waves in the super-norm
can be obtained without the detailed construction of accurate ansatz. This approach
seems to work even for generic initial perturbations (i.e., without the zero excessive mass
condition (1.18)). However, this will be reported in a forthcoming paper.

Finally, we comment on some of the main difficulties and techniques involved in study-
ing the problem of asymptotic behavior toward the contact waves of solutions to the
Cauchy problem for the compressible Navier-Stokes equations, which has been open for
quite a while. In contrast to the stability theory of shock profiles [9] and viscous rarefac-
tion waves [14], where the strict monotonicity of the corresponding characteristic speed
along the underlying wave play the leading role for the stability analysis, the characteristic
speed along the contact wave is constant, and the spatial derivative of the velocity changes
sign for the contact waves. These are some of the main difficulties to overcome here. To
this end, we will employ the following strategy. First, as it is first observed by Xin in [23]
(see also [15]), the characteristic speeds of the sound wave families are strictly monotone
across the contact wave which can yield an intrinsic dissipation besides the physical vis-
cosity and heat conductivity in (1.1) by a careful weighted characteristic-energy method.
As shown in section 3, see also [23], this intrinsic dissipation yields control on

//|@xl(b§+b§)dxdt. (1.25)

Second, to make use of the intrinsic dissipation and control the nonlinear term, we
introduce the anti-derivative of the perturbation (¢, v, ) as dependent variables and work
with the integrated error system. Then the standard classical energy method involves the
estimates of RV and terms with u,. Note that the estimate of R;V is nontrivial since it
is equivalent to %H\I/ due to the structure of the contact wave. Fortunately, the term R,V
will be estimated by making use of the control on (1.25) from the intrinsic dissipation
in section 3. To overcome the difficulty that u, may change sign, we simply bound it
by C6(1 +¢)~! in the estimate, where § is the strength of the contact wave and C is a

uniform constant. With these ideas in mind, we can obtain the energy estimates of the
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form

ft+/\@x\(b§+b§)dx+ggC\/S(Ht)1(f+\/5), (1.26)

hy < CO(141) "' g+ Co(1+1)7%, (1.27)

where f > 0 contains the square of the L? norm of (®, ¥, W) and ¢ and h are positive
and contain the square of the L? norm of (®,, ¥,, W,). One of key observations in this
paper is that the square of the L? norm of (®, ¥, W) may grow in time in the order of
(1+ t)C‘/g, which is slow if the strength of the contact wave, 4, is small, the estimate
(1.27) will enable us to obtain the higher order decay in time for the L*-norms of higher
order derivatives. This, in turns, will lead to the desired L*-stability estimates in (1.23)
and (1.24). It should be noted that the smallness assumption on the wave strength is
essential here.

The rest of the paper will be arranged as follows. In Section 2, the compressible
Navier-Stokes equations is reformulated to an integrated system. And the Section 3 is
devoted to the lower order estimate, while the Section 4 is for the derivative estimate.
The stability and convergence rate of the contact discontinuity will be given in Section 5.

2 Reformulated system

To prove the main theorem, we derive the system for the perturbation (9,1, ) around
the contact wave (v, u, ). Set

p=v—0v,Yv=u—ul=0-0, (2.1)
and
/ P(y,t)dy, ¥ w(y,t)dy,
2 o2 (2:2)
W—/_(Jw%—-—%)( 1)dy

As mentioned in the introduction, we impose ®(00,0) = ¥(c0,0) = W (o0, 0) = 0 so that
the quantities ®, ¥ and W can be defined in some Sobolev space. Naturally, we have
(0,¢) = (®, V), and L5+ 30, [P + a¥, = W,.
Subtracting (1.12) from the equation (1.1) and _integrating the resulting system yield
the following integrated error equations for (¢, v, W):

d, -V, =0,
o .
Uitp—p=—u, — —u, — Ry, (2.3)
- v U 1 "
M/t+pu_]§a:_ex_fex—i__uuac_faax_RQ‘
v v v v

Instead of the variable W, which is the anti-derivative of the total energy, it is more
convenient to introduce another variable related to the temperature,
-1

W= %(VV —al). (2.4)
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It follows that 11
(=W, -V, with Y = %(5%3 — @, ). (2.5)

In terms of the new variable W, we can rewrite the system (2.3) as

;

&, — W, =0,
R R
v v v v v 26)
R ) .
v—1 . U v v
+ﬂR1 - _YZE = 5Wxx +Q27

where
_ 5 R _

J= P o= Pt DR = (0 0) = 0@+ W2+ Y - falh),  (27)
Ty = (p4 — p)Ws = O(1)(Q + U5 + W + Y7 +[a]"), (2.8)

R
Q= (H — g)uerJlthY—Rl, (2.9)

v v v
Q, = (g - g)ex + %\px — Ry — U+ Ry + Jy — ng. (2.10)

In the next section, we will focus on the Cauchy problem for the reformulated system
(2.6). Since the local existence is well known, we omit it here for brevity. To prove the
global existence, we only need to close the following a priori estimate:

N(T) = sup (@0 W) + 10,6, + 16nva B} S8 (211

where ¢ is positive small constant depending on the initial data and the strength of the
contact wave.

3 Lower order estimate

This section is devoted to the lower order estimates. We start with the elementary energy
estimates. Multiplying (2.6); by p.®, (2.6)2 by v¥, (2.6)3 by ﬁW respectively and
adding all the resulting equations, we have

2

U R
(Beg? 4 " W2 4 20, 4 02 + 2
12 2(y - 1)p4R 2 R Dp+v (3.1)
K
= 5,0 + 0QV — (—=) WW, + —WQs + (- ),
2 b+v D+

here and in the sequel the notation (- - -), represents the term in the conservative form so
that it vanishes after integration. Since it has no effect on the energy estimates, we do
not write them out in details for simplicity.
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Note that the term 9Q¥ contains (1 + ¢)~'¥ which can not be controlled by the
dissipation from the viscosity and heat conductivity. As is explained in Section 1, we
will control vQ)1 ¥ by exploiting an intrinsic dissipation associated with the contact wave:
the strict monotonicity of the characteristic speeds in the sound wave families. This is
achieved by a weighted characteristic energy method as in [23]. To this end, We define

m= (9,0, W), (3.2)

where (-, -,-)" means the transpose of the vector (-, -, ), then from (2.6), we have

m: + 141771m = Ame:v + Ag, (33)
where
0 -1 0 0 0 0
A= -0 B, A= 0% 0 , (3.4)
0 Fpy 0 00 "G
-1
Ay = (0,Q1, Q)" (3.5)
A direct computation shows that the eigenvalues of the matrix A; are A\,0, A\3. Here
A3 = —A1 = /225 The corresponding normalized left and right eigenvectors can be
chosen as
1 R -1 R 1 R
=)o (-1, -, 20, b=/ 1—(1,0, s = /o—(-1,5,5), (3.6)
2y A3 D+ g (v = Dps 27 A3 D+
1 v—1 v—1 Dy 1 v—1
=4/—(=1,=X\ t =4/—(1,0 t =/ —(=1, 3, ——p.)*
1 2,‘)/( ) 39 R p+)7 ) v ( y YUy R)a T3 2,‘)/( s N3y R p+)7
(3.7)
so that,
A 0 0
lﬂ"]’ = 51‘]’7 Z,j = 1, 2, 3, LAlR =A= 0 0 O s (38)
0 0 X3
where
L= (l17l27l3)t7 R = (7“1,7"2,7“3).
Let
B=Lm= (bl, bg, bg), (39)

then multiplying the equations (3.3) by the matrix L yields that
B, + AB, = LAsRByy + 2LAsR, By + (L + AL,)R + LAy R,p)B + LA;.  (3.10)

We compute
bir bz D13
LAQR = A4 = b12 bQQ b12 s (311)
biz b1z bn
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with
_ po, (=1 T—1(y=1k
byy= -+ ——~ by = 3.12
v =3 + 7R V012 7 R (3.12)
_ poo =D (v =D~
bis=—=+-—-F-— byy = ———. 3.13
V013 5 + R V022 R ( )

A direct but tedious computation shows that the determinant of the matrix Ay — AI is
=% (2b11 4 boa)A? + (207, — 2b11ban — bfy + Ui) A + (b) — bi3)baz + 2675 (bis — i),

or more precisely

p k(y—1)
L ]
This implies that the symmetric matrix A, is nonnegative and its eigenvalues are 0, %, %.
An L?-estimate on B will be derived from (3.10) by a weighted energy method based on
the intrinsic dissipation. For definiteness, we assume that ©, > 0. The case when ©, < 0
can be discussed similarly. Let vy = ©/60,, then |v; — 1| < C§. Multiplying (3.10) by
B = (vby, by, vy "b3) with a large positive integer n which will be chosen later, we have

—n
Y1

2
(n)\gle - 01)\390)53 + ( ’ )x

vl 1 v " i
(315% + ng + —12 b3)e — (é)tb% —(
n—1 —n—1
v v
(n)\lle + Ul)\lx)b% + S

(3.14)

= 2BLA3R, B, + B[L,R + LAyR,,|B + BAL,RB + BLA;.

Let
E, = /(&CDQ + LWQ + g\Ifz)drz: + /(ﬁb2 + i ﬂzﬁ)dx (3.15)
! 2 2(y — 1)ps 2 2 LTt g '
o LR oo
K= [ (pV2 + —W?+ B,A4B,)dx. (3.16)
pyv
Note that

\/(B—B)xA4Bxdx\ < C(S/]BIIdejLC(S/]B\Ql@x\de
(3.17)
<O§(1+t) B+ CSK, + 05/ |, |*dx.

Similarly, the terms v, ¥2, (%)xWWx, BA%BJJ,_BLAQR@,BQC and B[L R+ LAy R,,)B satisfy
the same estimate. The integrals involving BAL,RB and BLAj3 are more difficult and
will be studied in more details. By the choice of the characteristic matrix L and R, we

have
—1
0 1, (3.18)

1 1
AL, R = 5)\3x 0
1 -1

o O O
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L y-1 7 @1
il Qs — (/=2
2y py 2 )3
LA; = T—1Q: . (3.19)
T P+
/1 ~v—1
_7 Q2 + 1%
27 p+ 2
Thus,
_ 1
BAL;ERB = 5)\3@(1)?()% + Ul_nblbg - U?blbg - Ul_nbg), (320)
BLA3 = qlv?bl + QQbQ + q?,Ul_nbg, (321)
where
1 y—-1 7@ 110, 1 y-1 7@
N _ L=t — Xz = ./ — ——. (3.22
T A S vl e W

Combining (3.1), (3.14), (3.17), (3.20-3.21) and using the Cauchy inequality, we have by
choosing n sufficiently large,

1
By + 5K +2 / O, (b} + b3)de < C6(1 +t)' By 4+ COK,
(3.23)

—|—C(5/<I>§,dx+ I,

where

R
I = /’l_)Ql\Ifd.CE + / p—WQQdJZ' + /(qlv?bl + q2b2 + q;ﬂ);nbg)di[. (324)
Jr
Here we have used the fact that, for n large enough,

1 1 _
—51)?71(71)\1?)11 + Ul)\lx) =+ 51}{"*1(71)\31)190 — ’Ul)\gx) — BALIRB > 2@x(b% + bg), (325)
and v} and v; " are closed to 1.

From (3.22), the estimate for I is equivalent to the one for

and

/ Qb (3.27)

v = \/;Ag(bg —by). (3.28)

Although ()7 contains the term R; with the decay rate %th’ the terms in (3.26) involving (),

can be estimated by the intrinsic dissipation on b; and b3 as shown later. Note that there
is no intrinsic dissipation on by. Fortunately, there is no @ in (3.27) and (), contains

because
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the term R, which has a better decay rate (1 +¢)~3/2. For brevity, we only estimate
[1@Q1]]b1]dz and [ |Qa]|b2|dx as follows for illustration.

Estimation on [ |Q]|b;|dz:

It follows from (2.9) that
R
/|Q1|\b1|dx< /| B By byt Y|\b1|dx+/|R1|\b1|dx_ L+ (329
Since
/ |J1]|b1]dz < Ceo(]| P, H2 + K)+Co5(1+1t)” B+ Co(1+1t)” % (3.30)
and

|(% — H)ux||b1|dx - / V[bildz < CeoK1 + C(6 + €0)|| P *
Ol + CS(1 4 1) B,

(3.31)

we obtain
I < C(6 4 £0)(|®, 1> + K1) + CO(1 + t) "By + Ceolltha||> + C5(1 + 1) 2. (3.32)

On the other hand, (1.13) and the Cauchy inequality give
I = / |Ry|by|da < (Jé/@xbfdx +C5(1+1)71, (3.33)
which, together with (3.32), yields

/|Q1|\b1|dx < Oé/@xbfderOé(lth)l(El +1)

(3.34)
+C(0 + o) (122 |* + K1) + Ceoll .
Estimation on [ |Qs||bs|dx:
Note that
K K Uy _ K
[1Qullldr < [ 15 =56+ 0w, — @+ g, — 2, ol
(% v (% v (335)

+/|’1_LR1 — R2Hb2|dl',
due to (2.10). The Cauchy inequality yields
/]YbengﬂRl—RgHbgldx < C(64+20) (Ky+ [ D)+ CO(+8) B+ C(1+6)~F, (3.36)
K JTETe

A 1 2
/(U )0, + W balde < OO0+ Bt OO+ )1 0IP 4 Ky 0

+050||(¢7 77Z)7 C) ||2
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Notice that the estimate for [ |.J5||bs|dz is the same with the one for [ |Ji]]bi|dz. Thus,
combining (3.30), (3.36) and (3.37) and using the Cauchy inequality, we have

/|Q2||b2|dx< C(6 + o) (B2 + Ko + [[(6, 8,02
+OO(1+6) " By + C5(1 + )73,

(3.38)

Collecting the estimates (3.23), (3.34) and (3.38), we arrive at our first inequality as
follows:

E1t+%+/ O, (b+b5)dz < Co(1+1) 7' (E1+1)+C(0+20) (| PolI*+ (6, 2, O)all*)- (3.39)

Note that the norm ||®, || is not included in K. To complete the lower order inequality,
we need to estimate ®,. From (2.6)q, we have

R
Lo, —w,+Zo, = Zw, - Q. (3.40)
v v v
Multiplying (3.40) by ®, yields
H 52 Hoy 32 Prge_ I
(= — P, U, + =P = (=W, — D, 41
(2 ¢ )t (25)tq)x (I)x ¢+ 7 ° (1—)Wx Ql) T (3 )
Since
we obtain
/—c1>2 o, Wdzr) t+/ LPldr < (J/ (U2 + W2 dx+(]/Q1dx (3.43)

On the other hand, (2.9) and the Cauchy inequality yield that
/Q%dm < Ceo(Ky + || ®u]|?) + CO(1 + )72 + Ceolltba . (3.44)
Plugging (3.44) into (3.33) yields

( (I)2 (I) \I/dl' t+ / ]&(I)le' < ClKl + 015(1 + t) 3/2 + 01€0waH2 (345)

20

We now choose large constant C; > 1 so that
B+ [ 202 — 0, wde > 201 B+ [ Lo2dr, S0 S (3.46)
207 °F — 2 4o ° 8
Hence, by multiplying (3.39) by C1, we have
Eo + Ko + / 0,07 +b3)dr < CS(1+) " (Ey+ 1) + C(§ + o) || (9,0, O)all?,  (3.47)

where

B, = C\E, +/§q>§ — 0, Vdz, K= —K1 +/ (3.48)
v
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4 Derivative estimate

To obtain the estimate for the first order derivative of (®,, V,, W,). We shall use an
energy estimate based on the convex entropy for the Navier-Stokes equations. From (1.1)
and (1.12), we have

¢t - wx = 07 " 1
K K ~
gt +pu:v - ﬁaa: - (_eac - fezv)ac + Q37
v—1 v v
where o 1
Ully, _ o
Qs = D2 — (M), — Ry, + S(AP): + P, (4.2)
v v 2
Multiplying (4.1)2 by ¢, we have
1
(§¢2)t - (p _ﬁ)¢x + (%uac - %ax)¢x = _Rlacqu) + ( ' )LU (43)
Since p—p=RO(: — 1) + %, we get
L o sl 1 R Moo B
o — RO(- — = - (Vg - — 7 T )UgWy = — g ) 4.4
(2¢ )t (v T))d)t v<¢ +vw” (v E)U (0 Rz +(--) (4.4)
Let )
O(s) =s—1—Ins. (4.5)

It is easy to check that ®'(1) = 0 and ®(s) is strictly convex around s = 1. Moreover,

v _ v 1 1
{RQCID(g)}t = Retcb(%) + RQ(_; + 5)@
_ 1 _ 1 1
+R0(_% + =)o+ RQ(—; + 5)171: (4.6)
_ 1 A U ~ U
= RQ(_; + 5)@ - ]3‘1’(5)171: + 77]51:(1’(5)7
where )
U(s)=s5"'—1+1ns. (4.7)

Substituting (4.6) into (4.4) yields

1, ) A UL R T
(?ﬁ + Reé(g))t +P‘I’(5)Ut — ;C% + ;%

; (4.8)
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and
R 0
T _
0 0, 0,
= (1= )+ pi + (25 = 22, 4 Q)
R ¢, _ _ ¢ /i@ K0, ¢
- _ggqﬁx"i_g(p_ )x_(a)x(vg U)+C0Q3—;( )0 C
_ _ K P, K K
= _;€¢x+5(p_ Pty ——C 200 0, + 02( p =)+ 5@34‘("')%
(4.10)
Substituting (4.9) and (4.10) into (4.8) gives
Koo, K 9
( * + ROD(- )+7—9¢’( =)t +;¢x+w@
:—p\I/( )Ut+vpt¢)( )_(H_H)ax¢x Rlxqu)—i_%(ﬁ_p)aac (411)
/-i{x . (O, /4,9 K0, ¢ R .0 -
o e 5 T )t g e R (o
Let 1 R 9
_ [ 22 Rred(YY £ 2 gdh(2
E3—/21/) +R0@(E)+7—18q>(9—)dx (4.12)
and
_ [ Hoa Koo
Kg—/vwijUerdx. (4.13)

Note that d)(s) is strictly convex around s = 1 so that there exist positive constants c;
and co,

¢’ < ci’(%) < 0g?, al®< q’(g—) < el (4.14)
U(s) is also convex around s = 1 and this leads to
/|\If Ut |dx + / [0 ( 5_ )8,|dx < CO(1+ )" Ky + C5(1 +1)73, (4.15)
where we have used (¢,v) = (®,,V,), and ( =W, — Y.
On the other hand, the Cauchy inequality yields,
/[Rlxw]dx < CO(1+6)} +C5(1+ 1)Ko, (4.16)

/|£(]§—p)ﬂx “gx 2 lde < CO(1+ 1) Ky + OO G2+ C5(1+6)%,  (4.17)

6. kb, K, .
/|< (" )y < 6 + )Gl + €0+ 1) Fy + OO+ 0)7E (419)

mm

/| Qsldz < Coollu|2 + C3(1+ ) Ky + CO(1 + )3 (4.19)
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Integrating (4.11) with respect to x and using the Cauchy inequality, we get
1
By + 5Ky < Co(1+ )7 Ky + Co(1+ £, (4.20)

Since the norm ||¢,|| in not included in K3, to complete the first derivative estimate,
we follow the same way to estimate ®, in the previous section. We rewrite the equation

(41)2 as

E b=t = (p =Bl = =5t = [E = Dyu], + Bus, (4.21)

by using the equation of conservation of the mass (4.1). Multiplying (4.21) by ¢, we get

1 1 _
(%Qﬁ)t - (%)tﬁbi - ¢t¢x - (p - p)ac¢ac

[ 1P, (4.22)
We compute
_ D R p P R R
—(p— = =@, — — —— 2y, — (—— — 4.2
(p=P)e==0s = =G+ (= Z)va = (- = =)0a, (4.23)
and
Integrating (4.22) with respect to x and using the Cauchy inequality, we get
B0 P 2
— s — d —¢2d
(] o = ool / T (4.25)
< CoK3+ Cod(1+ 1) Ky + Cod(14+1)72 + 0250/¢§xdx.
Here we have used
/\(g = SYupuldr < O3 +20) 6] + Co(1+ ) Ko+ O5(1+1)75, (4.26)
pP, 2 -1
|(m—ty) 2Oz |dx < C(5 + €0)||0||” + COH(L + 1) Ko
vv (4.27)

Ol + OBl ll? + C / 02|l

and

/ G2l aldz < Clloal Pl asll? < Cloall2I0all Ndall® + 10asll®) 4 o)

We now derive the higher order estimates. Multiplying (4.1)s by —t,, and (4.1)3 by
—(sz, We have
(2 o) 4 B2, 5 = (= Buts + s+ (

97w 2(7_1)xt v P o xYxx 02 z¥xx

KUy k®, -

p®y
VU

(4.29)
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The Cauchy inequality gives

/|(p—ﬁ)x%x|df < O(K3+!|¢m||2)+/8—‘;w§xdx+05(1+t)‘1K2+05<1+t>‘3, (4.30)

/’M—?wﬂbm’dz < CH([leha|I” + WMHQ)+C/\d)wawam\dx, (4.31)

/ |(pug — DUy ) Cpa|dr < / —(Cdr+CKz+C5(1+1) 'Ky + Co(1 + t)’g (4.32)

and

[ 1@kt £ € [ 2l + €l + CB(1+ 1) (4.3)
On the other hand,

/!%H%me!dl’ < Cllbal2 el < Coollltone® + 2 ])- (4.34)

The term [ 9?|(ysldz can be estimated similarly. Thus, integrating (4.29) and using
(4.30)-(4.34), we have

2 d / Qd / 2d
(fGur+ Jawko+ [ Ly do+ [ Lo (435)
<03K3+H¢xH)+03 (1+1) 1K2+Cg51+t

We choose large constants Cy > 1, C3 > 1 so that

02E3 + 03/( QZS — stiﬁ)dl' > 02E3 + —/ QZ5 dzx, (436)
and
162 — 6_1302 - Cg > 162 ég/£¢2d£l? - 03H¢ H2 > ég/£¢2d£l? (437)
2 47 207 v 4o 7"
Let | R
_ A A Hoa L2 2
Es =CsF5 + 03/(20% ¢0)dxr + /(2@/)95 + 2 — 1)Cx)dx, (4.38)
and
— —02K3+03/ —¢2dx +/ —p2 d:z:—i—/f(ﬁxdx. (4.39)
v
Then combining (4.20), (4.25) and (4.35) gives
Ey+ Ky <C8(1+1t)""Ky+ Co(1+1)2. (4.40)

We observe that the derivative estimate (4.40) is independent of the lower order one
(3.48) except the term C4(1 +t)~'K,. This kind of derivative estimate is crucial for the
stability and convergence rate of the contact wave in this paper.
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5 Stability and convergence rate

This section is devoted to the stability and convergence rate in the super-norm for the
contact wave. Combining (3.48) and (4.40), we have, if § and ¢, are small,

(By+ Ey)y+ Ky + Ky < CoVo(1 + )" (Ey + E; + V9). (5.1)

Let
E5 - EQ + E4, K5 = KQ + K4, (52)

then the Granwall’s inequality yields
t
Es < C(E5(0) + V8)(1 4 t)%Y?, / Ksdt < C(E5(0) +Vo)(1 4 )%V°. (5.3)
0

Since Fs5 > c3]|(®, ¥, W)||? for some positive constant cs, we have
(@, 9, W)|[* < C(E5(0) + Vo) (1 + 5", (5.4)

Note that the estimate for the lower order term in (5.4) is not desirable since it may
grow in time. However, the growth rate of the L? norm of (®, ¥, W) is of order Cyv/§
relying on the strength of the contact wave. Hence, if the L? norm of the derivative for
the variable (®, W, W) decreases with a decay rate independent of the small parameter 0.
Then the Sobolev inequality gives the L> norm decay of the perturbation (¢, ¥, 1W). In
fact, multiply (4.40) by (1 +t), we have

[(1+t)Ey)y < COKy + Ey+ CO(1+1) "2 < K5 + Co(1 +1) 2. (5.5)
Integrating (5.5) with respect to ¢ and using (5.3) imply
By < C(B5(0) + Vo) (14)2, (5.6)

where we have used the fact that

Ey < Cl[(6,, O3 < CUN®, @, W)l +11(6, %, C)all?) + CO(1 + 1)~
< CKs+ Co(1+1)2.

Furthermore, since

_3
Ey > C4||(¢7 Y, C)H?{l > 04(”(@7 v, W)£EH2 + ||(¢7 Y, C):EHQ) - 046(1 + t) 2,
for some positive constant ¢4, from (5.4) and (5.6), we have the decay rate for (&, ¥, W),

(5
(2,0, W)= < CI(D, 0, W)|Z][(Da, Wi, W) [|2
< C(BE5(0) + V0)2 (1 4 t)~s+i0V3,

If the strength of the contact wave d is small, then the L norm [|(®, ¥, W || 1 is uniformly
bounded. Since W = LL(W — @¥), we also have

(@, 9, W)|lee < C(E5(0) + V)2 (1 +) 5N < Ce +5%)(1+4) 5+, (5.8)
where Cy = $C. The decay rate for ||(¢, ¢, ()| 1~ is straightforward by (5.6) as follows:

(5.7)

16, Ol < EZ < Cle+ 601+, (5.9)

Therefore the a priori assumption (2.11) is verified and the proof of Theorem 1.1 is
completed.
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