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Abstract. In this paper we obtain a new regularity criterion for weak solu-
tions to the 3-D Navier-Stokes equations. We show that if any one component of
the velocity field belongs to L*([0,T); L”(R?)) with 2 + % <1 6 <y <o, then
the weak solution actually is regular and unique.

Titre. Un nouveau critere de régularité pour les solutions faibles des équations
de Navier-Stokes

Resumé. Dans cet article, on obtient un nouveau critere de régularité pour les
solutions faibles des équations de Navier-Stokes en dimension 3. On démontre que
si une conposante quelconque du champ de vitesse appartient a L*([0, T]; L7 (R?))
avec % + % < %, 6 < v < 00, alors la solution faible est réguliere et unique.
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1 Introduction

We consider the following Cauchy problem for the incompressible Navier-Stokes

equations in R3 x (0,7)

%—l—u-Vu—i—Vp:Au,
divu = 0, (1.1)

u(z,0) = ug(x),

where u = (ui(x,t),us(x,t), us(x,t)) is the velocity field, p(x,t) is a scalar pres-
sure, and ug(z) with divuy = 0 in the sense of distribution is the initial velocity
field.

The study of the incompressible Navier-Stokes equations in three space dimen-
sions has a long history (see [8, 22]). In the pioneering work [14] and [11], Leray
and Hopf proved the existence of its weak solutions u(z,t) € L>(0,T; L*(R3)) N
L?(0,T; HY(R3)) for given ug(x) € L*(R?). But the uniqueness and regularity of
the Leray-Hopf weak solutions are still big open problems. In [17], Scheffer began
to study the partial regularity theory of the Navier-Stokes equations. Deeper
results were obtained by Caffarelli, Kohn and Nirenberg in [5]. Further results
can be found in [23] and references there in.

On the other hand, the regularity of a given weak solution u can be shown
under additional conditions. In 1962, Serrin [18] proved that if u is a Leray-Hopf
weak solution belonging to L*7 = L*(0,T; L?(R?)) with 2/a+3/y < 1,2 < a <
00,3 < v < o0, then the solution u(x,t) € C*°(R? x (0,T)) (recently, Beirao da
Veiga [3] add Serrin’s condition only on two components of the velocity field).
From then on, there are many criterion results added on w. In [24] and [9],
von Wahl and Giga showed that if u is a weak solution in C([0,T); L3(R?)),
then u(x,t) € C*(R? x (0,T)); Struwe [21] proved the same regularity of u in
L>=(0,T; L*(R?) provided supg_,.r |[u(z,t)||ps is sufficiently small and Kozono
and Sohr [12] obtained the regularity for the weak solution u(z,t) € C*°(R3 x
(0, 7)) provided u(z,t) is left continuous with respect to L3-norm for every t €
(0,7). Recently Kozono and Taniuchi [13] showed that if a Leray-Hopf weak
solution u(z,t) € L?(0,T; BMO), then u(z,t) actually is a strong solution of



(1.1) on (0,7"). L™" is defined by

t 1/a
(/ fu(.7)lgdr) " i1 <a < oo
0

[ul[on = )
ess sup |lu(., )|z~ if a = oo,
<7<t
where
Uy
(/ |u(x,7’)|”dx> if 1 <7< oo,
[l )l = B .
ess sup |u(x, 7] if v = 0.
z€ER3

The point is that ||uy|| e~ = ||u||zan holds for all A > 0 if and only if 2/a+3/y =
1, where uy(z,t) = Au(Az, \%t), pa(z,t) = XN2p(Az, A\*t) and if (u,p) solves the
Navier-Stokes equations, then so does (uy, py) for all A > 0. Usually we say that
the norm ||u||Le~ has the scaling dimension zero for 2/a+3/y =1 [5].

Sohr [19] extended Serrin’s regularity criterion by introducing Lorentz space in
both time and spatial direction, u € L*"(0,T; L9*°) with 2/s+3/q = 1, here LP*
is Lorentz space, for weak solutions which satisfy the strong energy inequality.
Later on, Sohr [20] extended Serrin’s regularity class for weak solutions of the
Navier-Stokes equations replacing the Li-space by Sobolev spaces of negative
order, u € L5(0,T; H=*%) with 2/s+3/¢=1—a, for 0 < a < 1.

For the regularity criteria in terms of the gradient of velocity or the pressure,
we refer to [1, 2, 4, 6, 7, 26, 27, 28].

Very recently, He [10] added the regularity criterion only on one component
of the velocity field. He proved that if any one component of the velocity field of
a weak solution belongs to L>°(R? x (0,T)), then the weak solution actually is
strong.

In the present paper we improve He’s [10] result significantly as

Theorem 1.1 Suppose ug € HY(R?), and divug = 0 in the sense of distribution.
Assume that u(x,t) is a Leray-Hopf weak solution of (1.1) in (0,T). If any
component of u, say ug satisfies
2 3 1
ug € L% with —+ - < -, 4<a<oo, 6 <7v<o0,
a v 2

or uz € LY, then u(x,t) is a regular solution in [0,T).



Remark 1.1 After this work was finished, the author was informed that J.
Neustupa, A. Novotny and P. Penel [16] proved a result analogous to Theorem
1.1 for the suitable weak solution (see [5] for its definition). Moreover, in [16] they
asked whether their result is true for a weak solution. Here, our main theorem is
an affirmative answer to their question.
Remark 1.2 The main progress with respect to Serrin’s result is of course that
only one component of the velocity field is supposed to be “regular”, not all of
them. This definitely be useful for people who try to construct an example of a
nonsmooth solution (they should keep in mind that all three components of u have
to be “singular”). The price to pay is that the assumption uz € L*([0, T, L?(R?))
with % + % < % is stronger than Serrin’s condition and is not invariant under the
natural rescaling u(z,t) — Au(Ax, \*t). In the author’s opinion, it is a real
challenging problem to show regularity by adding Serrin’s condition only on one
component of the velocity field. We hope we can investigate this problem in the
near future.
Remark 1.3 Comparing with the previous regularity criterion [26] Vus € L*7
with % + % < %, establishing a priori estimates here are much more difficult than
those. Actually, it is not difficult to understand roughly, since Vugz involves more
information than ws.

Before going to proof, we recall the definition of Leray-Hopf weak solutions
(see [8, 22]).
Definition. A measurable vector u is called a Leray-Hopf weak solution to the
Navier-Stokes equations (1.1), if u satisfies the following properties
(i) u is weakly continuous from [0,T) to L*(R?).

(ii) u verifies (1.1) in the sense of distribution, i.e.,

/OT/Rs (%—F(U-V)@b)udxdt%—/m uogb(l‘,O)dx:/OT [ Vu:Vodrar

for all ¢ € Cg°(R? x [0,7)) with dive = 0, where A : B = 3" a;by;, A = (ay)

and B = (b;;) are 3 x 3 matrices, and

T
/ / u - Vodrdt =0
0 JRr3

for every ¢ € C5°(R? x [0,T)).



(iii) The energy inequality, i.e.,
t
lul., )1z + 2/ IVu(, s)l72ds < fluollz., 0<t<T.
0
By a strong solution we mean a weak solution u such that
u € L0, T; H) N L*(0,T; H?)

It is well-known that strong solutions are regular (say, classical) and unique in

the class of weak solutions.

2 A priori estimates on the smooth solution

First, we give a very simple interpolation lemma

Lemma 2.1 Assume that a measurable function u(x,t) € L°? and Vu € L*?
on [0,T), then u € LP? with 2/p+3/q > 3/2, p > 2,2 < q < 6. Moreover,

3_3

ulia < Callull 231V ul 22t (2.1)
where C1 = Cy(p,q,T). If% + 2 = %, then
lullzoa < Cr(@)llully 2l Vul 25t (2.2)
Proof:
ol = ([ Tt rltaar)”

IN

1/p
o) [ Tl 7))

Co(q) )| 22, || V|| Gt 5T a2/
< Co@ull IVl Gaa T2 = Cy(p, g, T) [l 2] Vul s

IN

where we use Gagliardo-Nirenberg inequality

1 1-46 1 1
—=—+4+0(=—= 2<qg<6 2.3

and Holder’s inequality provided Op < 2.

— 3 _3 i i 243 3
From (2.3), . e obtain the relation between p and g, St If

>



]% + % = 32, then obviously Ci(p,q,T) = Cs(¢q) = Ci(q) and 2 —3=1-
finishes the proof. O

In order to prove Theorem 1.1, we give a priori estimate on ws first, where

w = curlu = (wy,wq, w3).

Lemma 2.2 Suppose ug € H'(R?) with divug = 0. Assume that (u,p) is a
smooth solution in R3 x (0,T), which satisfies the energy inequality, with Vu €
L2 and Au € L*?. If ug € L*7(R3 x (0,T)) with 2 —1—% < 35,6 <7y <00, or
ug € LY, then for0 <t <T

t
fonCo s+ [ V(e m) e
0

4/a 6 .
_ { o8I+ Callalon VUS| AUEL i 6< <00
lw5lIZ2 + Clluollz2) luslZace IVl ooz if (0, 7) = (4, 00),
where C3 = C3(, v, T, ||uol|z2) and w°(x) is the initial datum for w.
Proof: Vorticity w = curlu satisfies
(O
a—j—l—(u-V)w: (w-V)u+ Aw,

curlu = w,

w(z,0) = ().

\

Multiplying the first equation of (2.5) by ws, and integrating on R? x (0, t), after

suitable integration by parts, we obtain
1 2 ' 2
sl Bl + [ 19,
0

t
1
< [l Fugyugldadr + 5312
0 R3 2

IN

1 [t 1 /[t 1
—1/]Hh@@Tﬂﬁxh+——/m/mw%@@ﬂ7+—ﬂ@ﬂ§
2 0 2 0 R?’ 2

1 [t t 1
g—/wV%@ﬂmmrﬁ//ﬁmmwmmm+—w%;
2 0 0 R3 2



where we use the inequality |w|? < 2|Vu|?. Now we give an estimate of the second

term on the right hand side of the above inequality

t
[ [ wlvupasir < [ a9l vl

s | Ze. w||VUHqu||VUHi(§59)

N

where p, ¢ and 6 satisfy

(2.6)
+ 29 - ( =1
Additional condition added on p and ¢, due to Lemma 2.1, is
2 3 3
42z 2.7
PR (2.7)
(2.6) and (2.7) can be solved easily with
6’:%%—%, if 6 <y < o0; 8:%, if v = o0;
pzw,if6<ﬁy<oo;p:oo,if’y:oo; (2.8)
q:%, if6<vy<oo;, gq=2,if yvy=o0.

Then (2.4) follows from Lemma 2.1 and energy inequality for the Leray-Hopf

weak solution. O

The main result of this section is the following a priori estimate on the veloc-
ity field.

Theorem 2.3 Under the same assumption of Lemma 2.2, we have

T
sup [|Vu(., 1)]I7: +/ 1Au(., 7)|[72dr < Cy (2.9)
0

0<t<T

where Cy depends on T, «, 7, ||Vug|lrz, ||wollrz and ||us||Lan.

Remark 2.1 Not only we use Theorem 2.3 to prove the main theorem, but
Theorem 2.3 itself is also very interesting and useful.

Proof: We can rewrite the first equation of the Navier-Stokes equations (1.1) as

0 1
a—?—i—w xu+§V|u|2+Vp:Au. (2.10)



Multiply the equation (2.10) by Au and integrate on R3 x (0,t), after suitable

integration by parts, one obtains

1 ¢ ¢ 1
SVl + [ dutnlEadr = [ [ (wxu)- Audsdr + 5| Vuol
2 0 0o JRr3 2

(2.11)

let

t
I = //(wxu)~AudwdT
0 JRr3
t

t t
< / |WQU3AU1|dIdT+/ |w3u2Au1|dxdT+/ |wsug Aug|dzdr
0 0

0
// |w1u3Au2|dxdT+’/ / w1u2Au3dxdT—/ / woty Ausdxdr
R3 R3 R3

= Il+[2+l3+]—4+‘15+[6

We will estimate the terms one by one.

Case 1. uz € L™, with %—l—% < %, for 6 < v < o0.

t
I, = / |waus Auy |dxdr
0o Jrs

t
< / HugHmeQHLﬂ2 | Ay 2dr (Hb'lder’s inequality)
0 o
t =3 7+3
< ¢ [ fuslerlloal 3 180l dr
0
<Gagliardo—Nirenberg inequality and Calderén-Zygmund inequality )
1 ! 2
< ﬂHAuH%gz + C’é/ | Vul3s|lus|| 35 % dr <Young inequality)
0
1 2y 1-(2/a+3/7)
< llAulBae + G sup [ Vul, 7)|Zaflusllalt o
24 0<r<t
<Hb’lder’s inequality for % < 04)
Hence

HAUHL22 +O5Hvu||L°°2||u3||Laﬂ (2.12)



where C5 = Cs(a, v, T).

1 t
B gilAulfa+6 [l losltudr
24 ;
5lder’ - o111
(Holder s and Young inequality - + ;3 = 5)

1 1 .
< ﬂHAUH%H + 6|z s l|ws |00 (Holder s inequality }D + % = %)

Now we want to apply Lemma 2.1 on ||ws|| 40, S0 a, b, p and ¢ satisfies

1 1 1 1 1 1 2 3 3
4= 4= ZLZ_Z= 2.13
a+b 2’ p+q 2’ q+b 2 (2.13)

(2.13) can be solved as

g s g 37
p=oo a (2.14)
q=2, b=6
Then Lemma 2.2 tells us
2 2 4 s
|wsl|Z26 < Colluslzen VUl o | Aul| 2. + Cr, (2.15)

where Cg depends on «a,y, T' and ||ug||z2, while C;7 depends on |[w||z2 only.
On the other hand,

luallfoes < Nullfos < lJullpeeluflz=s

< Cs||Vul|p=2 (Energy inequality and Sobolev inequality)
Therefore I, can be estimated as
1 a
I < ol Aulfae + CollVull 22 1 Aully2: s o + Croll Vullpsez,  (2.16)

where Cy depends on «, 7, T and ||ug||z2, while Cjp depends on |Jug|[zz and

Il 2

13 is similar to I,

1 o
I < gal|Aullfas + Col| Vull Z | Aul 2l fusll o + Croll Vallzma (2.17)

and [, is similar to Iy,

1 2y
I4 S —||AUH%2,2 +O5 sup ||VU(,T)H%2HU3||Z;%Y (218)
24 0<r<t

9



t
I, = //(wlug)AugdxdT
0 JRr3
t t
— //(62u3)u2Au3dxdT—//(83u2)u2Au3dxdTEI§+I§
0 JR3 0 JR3

t 1 t
3| < 3/ / u%(82u3)2dxd7'+—/ / (Aus)*dzdr (2.19)
0 R3 12 0 R3

¢ ¢
/ / u%((%u?,)?dxdT = — </ / (8§u3)u3u3 + ug(Oauz)0s (u%)dde)
0 JR3 0o JRr3

t t
/ |(O5us)usus|dzdT + / |[uz(Dyus3) 0o (u3)|dadr
0 R3 0 R3

151,1 X 151,2

IN

t
. / N(@Busyusidldrdr < | Aullzalugllzes sl (220
0 R

where

1+1+2 1 d1+1+2 1
—+—+—=1and -+—-—+-=1.
2 a 2 v UV

Actually @’ and b are constants determined by « and v respectively with

, 4o 4y

And ||ugl| ;o' can be controlled as

= P 1 e e

< CHHVUHLoo,Q, (221)

where we have used Lemma 2.1 on || 2. 3, since
[ a—2’7=3

2 L 3 9 (2 . 3) S 3

2a T3y AT\ TS ) =5
o S a )2

and C1; is a constants which depends on «, 7, T and ||Jugl|z2 only.

Return to (2.20) and use Young inequality, then we obtain

1
I < mHAUH%m + Cralus||Zen [Vl Loz (2.22)

10



t
I;° = /1 |3 (Dyus) O (up)|ddr < 2[us|| o |V ull Lo an 2]l por.or (2.23)
0 JR3

where

1 2 1

—+—+—=1

(2.24)
Ly2ii—1

a; and by are required satisfies

2 3 3
— 4+ —2>= 2.25
PR (2.25)
(2.24) and (2.25) can be solved as
2c 3y
=4 =3 = by = ——. 2.26
D1 s @ ;a1 a_2 ~—3 ( )
It follows from (2.23) and (2.26) that

I* < OlSHU:SHLMHVUHLOOZHAUHL“

< Al + sl |Vl (2.27)

where C}4 depends on «, v, T and ||ugl|2 only.
Combining (2.22) and (2.27) together and substituting into (2.19), then

1
15 < gHAUHim + Cuslusl|Zen [Vl o2, (2.28)

where C}5 depends on «, vy, T" and ||ug||z2 only.
One can see that I2 is a difficult term, so we want to deal with it later. Now

we pay our attention to I,

t

Ie = —/ / wot Ausdxdr
0 JR3
t t
= / (Oyusz)us Auzdrdr — / (Oguy )uy Ausdrdr = I} + I2
0 JR3 0 JR3
I} can be treated similarly as I},
1
Il < llAuliez + Crsflus|| Lo | VullZe.a. (2.29)
The remaining term which has to be treated is
t
152 + 162 = —/ ((83u2)u2 + (83u1)u1)Au3dxdT. (230)
0 JR3

11



Since we have no additional conditions on the components u; and ug, I? + I?
is more difficult to handle. Fortunately, we can circumvent the difficult by the

following identity.
I 1
= / O (u] + u3) Auydzdr + = / Do (u] + u3) Augdzdr
2 0 R3 2 0 R3
1 [7 1 [
+§/ / 05 (ui + u3)Ausdrdr = 5/ V(u? +u3) - Audrdr = 0
0 JR3 0 JR3
Therefore from (2.30),
1 [ 1 [7
2+ 15| = ‘— / O (uf + u3) Aurdrdr + = / Do (u + U%)AUQCZZECZT‘
2 0 JR3 2 0o JRr3
1 t 3 t
E/o /RS(Au)dedT + Z/o /RB (01 (uf + ug))2 + (Oa(uf + ug))mxdT

1 /[ 1
— Au)? - 2.31
12/0 /]12{3( u) dxdT+4R (2.31)

By integration by parts,

IN

t t
R < 6/ / ui ((Oowr)? + (31u1)2)d3:d7'+6/ / uj((O1u2)? + (Oous)?)dadr
0 JR3 0 JR3
t t
= 2/ / ul (—0fuy — 3uy)dadT + 2/ / us(—0fug — d3uy)dadr
0 JR3 0 JR3

Note that w3 = 0jus — deuq and divu = 0, the following identity is obtained by

direct computation.

820)3 = 8182UQ — 822114 = —8%u1 — 8§u1 — 8183u3 (232)

81w3 = 8%2@ — 8281114 = anQ + 831@ + 8283U3 (233)

Using (2.32) and (2.33), we obtain

R

IN

t t
2 / / U?(agw;g -+ 3183u3)d3:d7' + 2 / / u%(—@lwg + 8283u3)d3:d7'
0 JR3 0o JRr3
= R+ Ry (2.34)

12



Using integration by parts and Young inequality, one has
t
R1 = 2/ / u?(ﬁgwg + 8183U3)dl‘d7'
0o Jrs
t t
= 6/ / w3 ((Oowr)? + (O1wr)?)dadr = —6/ / uiwsOpuydrdr
0 JR3 0 JR3

t t
+12 / / ulugﬁgulﬁluldl’dr + 6 / / u%ugaﬁguldm(h
0 JR3 0 JR3

t t
S 12/ |U1U383U181U1|dl'd7'+6/ / |u%u38183u1|dxd7'
0 JR3 o JRr3
t t
+3/ / u%(agul)dedT—l—ZS/ / ujwidrdr
0 JR3 0 JR3
t t
< 12/ ’U1U363U161U1’d$d7+6/ ’U%Ug@lagulyd]?dT
R3 0

RS

0
¢ 1
+3 / wiwidrdr + §R1
0o JRrs
Then

t
Rl S / / 6U%W§ -+ 24’U1U363U1(91U1‘ + 12‘U%U36133U1‘d$d7' (235)
0 JR3

The terms in (2.35) are similar to the terms which have been treated in I, I,
and [ 51 ! respectively. We would like to write down the estimates directly instead

of the detailed computation.

Ri < Col| Va2 | Aw 8% us) 2

1
+ollAulzez + 1205 us|| o [ VullZez + Cro Vull gz (2:36)
Ry can be treated similarly, so we get the estimate of |12 4+ I3| with

1
I3+ 15 < EHAUHim+4015!|U3H%MI|VUH%00,2

1 “ 1
+5Coll Vull L [Aul 2k fusll e + 5Crol Vullzwe (237)

13



Combine (2.12), (2.16), (2.17), (2.18), (2.28), (2.29) and (2.37) together and
substitute into (2.11), then we obtain

1
SIVuC, 5 + |1 Au]72
< Sl Aulia + 205 Vulfsflusl 2%
5 1+4/a 6
+5.Coll Vull " | Aul 2 sl

5 1
+8Ch5||usl|Fan | VUl Foen + 5010HVU||L°<%2 + §||VU0||%2 (2.38)

We will consider the case that 2/a + 3/ = 1/2 first. Using Young inequality on
the right hand side of (2.38), we obtain

1 1 1
IVl Ol + 18wl < (Culluallon +8Culualion + 5 ) IVulls
25 1
+5Clo + 51 Vuollz:, (2.39)

where Cjg depends on «, vy, T and ||ugl|z2 only.

Now we choose 0 < ¢ty < T', such that

to 1/0‘
oty e = ( / Hugc,ﬂuw)
0

satisfies
Crolluslfec + 8Crslluslies < ¢ on (0,10). (2.40)
Putting (2.40) into (2.39), we obtain that
sup V(. )72 + /Oto [Au(., 7)|[72d7m < 50CT, + 2| Vuol|7» (2.41)
<t<to

Then we can repeat the above process from t, with wu(to) as its initial data for
the problem (1.1) and get for to <t < T

1 I
IV Ol + 5 [ Au(Dladr
1
< (Cullalon + 8Culluallor + 5 ) 1Vl
1
+Chr + SVl o) 72,

14



where C}; depends on |lws(.,to)||z2 which is bounded by ||Vu(., )|z, while the

norm ||usl| e~ is given by

t 1/a
sl = [ T mlar)
to

Then for t; — t sufficiently small, t5 < ¢; < T, the following inequality holds

Ciollusl|Far + 8Cisllus/|7an < =, on (to,t1)

co| —

and consequently

t1
sup [[Vul, Dl + [ au(r)ladr < 4CH + 2 Tu(. )]

to<7T<t1 to

< C(o,, T, [Jugl| 2, [[Vuo|| £2).

Note that us € L*7 on [0,7), and the coefficients involving ||us||ze~ in (2.39),
C15, C16, depend only on T, «, v, ||ugl|z2, therefore the above process only can

be done for finite times. More precisely, we can get

T
sup HVU(.,t)H%Q —I—/ ||Au(.,7’)]|%gd7' <Oy (2.42)
0

0<t<T

where Cy depends on T, «, 7, ||Vuol|z2, ||uollzz and ||usl|pe-

Actually, the above process is a standard bootstrap argument. If one sets

1 1 [
70 = SIVul+ 5 [ NAu)lEads
what (2.39) really shows is that there exist A > 0, k < 1 and C' > 0 such that
ft+7) < f(t)+ K sup f(t+s)+C,
0<s<7

whenever 0 < ¢ <t+7<7T and 7 < h. It follows that

1
su t+7) <
OSTghf( )S 1

(f(t) +C),

hence by induction

f(t)+%§( ! )H;(f(owg), 0<t<T.

11—k




The expression in the right-hand side depends explicitly on A, which is taken so
that

t+h
sup [ Jus(s) 5
t

0<t<T—h
is sufficiently small, which can be achieved by the integrability of ug in the space
Lo([0,T], L7(R3)).

The case with 2/a+ 3/v < 1/2 can be treated similarly, since the sum of the
power index on the norm ||Vu| g~z and ||Au||p22 is less than or equiv to 2, the
bounds of the left hand side of (2.9) can be obtained.

Case 2. ug € L*>.
Actually, this case can be treated as a limit case for « = 4 and v = co. Letting

a = 4 and taking limit as v — oo in (2.38), one has the following estimate
1 2 1 2
IVl Ol + Sl Aullza
1
< Oullus|[Face | Vull7ez + Cro| V| ooz + §’|VU0H%2

1 1
< (Cultalfon + ) IVulfs + Ch 5 IVunlls (283

where Cig is an absolute constant, while Chg depends on ||ug||z2 and ||Vug||Lz
only.

Then just as the argument of case 1, by the integrability of ||us||z~ with
respect to time variable, (2.9) can be obtained, and where C; depends only on
[uollz2, [[Vuollz2 and |[us|za.ce.

The proof is complete. U

3 Proof of Theorem 1.1

After we establish the key estimate in section 2, the proof of Theorem 1.1 is
straightforward.

It is well known [25] that there is a unique strong solution @ € L*°(0, Tp; H'(R?))N
u € L*(0,Ty; H*(R?)) to (1.1),for some 0 < Ty, for any given uy € H'(R?) with
divug = 0. Since u is a Leray-Hopf weak solution which satisfies the energy in-

equality, we have according to the uniqueness result, v = @ on [0,7;). By the
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a priori estimate (2.9) in Theorem 2.3 and standard continuation argument, the
local strong solution u can be extended to time 7. So we have proved u actually
is a strong solution on [0, 7). This completes the proof for Theorem 1.1.

The following corollary follows from Theorem 1.1 directly.

Corollary 3.1 Supposeug € H'(R?), and div ug = 0 in the sense of distribution.
Assume that u(x,t) is a Leray-Hopf weak solution of (1.1) in (0,T). If Vus € LP1
with 2/p +3/q < 3/2, for 2 < q < 3, then u(x,t) is a strong solution on [0,T).

Proof: By Gagliardo-Nirenberg inequality

[us| Lo < Cozlus|| 1251 Vus|| 9o (3.1)
where
1 1—-0 1 1 1 1—60 6
- o(= — = d - = —. 3.2
oty e L1 32

From (3.2), one obtains

2 3 2
42 (1= z
a+7 ( @%

+%+0@+§—n. (3.3)

Since 2/a + 3/y < 1/2 and 2/a + 3/b > 3/2, it follows from (3.3) that

50—1 2 3
2 > — 4+ —. 3.4
0 " p q (3.4)

5g_
When 6 = 1, the function 209 !

have a restriction on ¢ with ¢ < 3. In this case, (3.1) reduced to

obtains its maximal value % But when 0 =1, we

.2 3 3
HugﬂLP’;’qu < CZSHVUBHLP’% with 5 + 5 < 5, for 2 < qg < 3. (35)
Thanks to (3.5), Corollary 2.4 follows from Theorem 1.1 directly. The proof is
complete. O
Remark 3.1 In [26], the author proves the regularity criterion for Vug € L4
with 2/p +3/q = 2, for all ¢ > 3.
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