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Abstract: In this paper we derive a decay rate of the L?-norm of the solution
to the 2-D dissipative quasi-geostrophic flows comparing with the correspond-
ing linear equation. We use a new, concise and direct method to avoid using
the Fourier splitting technique completely and make the paper be self-contained
without using any previous decay result.
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1 Introduction

In this paper, we consider the two-dimensional quasi-geostrophic equation in R2,

00 o
o U VO (=A) 0=,

0(x,0) = Oy(x),

(1.1)

where o € (0,1], 0(x,t) is the potential temperature, f is the force and it is

assumed to be zero in what follows just for simplicity, the fluid velocity u =



(u1,uz) € R? is determined from 6 by a stream function ¥,

oy (2020
Uy, Uz) = 81'2’81'1 9

while the function ¥ satisfies
(A2 = -4,
The operator (—A)7 (v > 0) is defined by [9]
(FA)HE) = 1eP

where f denotes the Fourier transform of f. As usual, we write (—A)Y2 as A.

By reduction to the special case of solutions with constant potential vorticity
in the interior and constant buoyancy frequency, the inviscid 2D quasi-geostrophic
equations can be derived from the general quasi-geostrophic equations. And (1.1)
is obtained if the dissipative mechanisms are incorporated into the inviscid 2D
quasi-geostrophic equations. From the mathematical view point, this model (1.1)
is striking similar to the 3D hydrodynamics equations, say the Navier-Stokes equa-
tions, although (1.1) is considerably simpler than the 3D Navier-Stokes equations.
Moreover (1.1) with o = 1/2 is analogous to the 3D Navier-Stokes equations di-
mensionally. It is proved that the weak solutions to (1.1) globally exist, but the
regularity and uniqueness are still big open problems, just as the situation for
3D Navier-Stokes equations [3]. In [4], the strong solution is unique and exists
locally, and it is unique among the weak solutions for a € (1/2,1). In other
words, the weak solutions must coincide with the strong solution occupied with
the same initial datum, as long as the strong solution exists.

This paper is concerned with the decay rate of the solutions to (1.1) in the

L*-norm. We consider the linear equation corresponding to (1.1)

00 20y
o TAT0=0, (1.2)

0(z,0) = by(x).
The solution of (1.2) can be represent by the fundamental solution as

O(t) = e 0y = Go(t) * by,



where G, is given from the Fourier transform as
Go(6,t) = 15,

In this paper, we give a decay rate of the L?>-norm of the solution in term of the
decay rate of the linear equation (1.2) and the fractional power index a in (1.1).

More precisely, it reads

Theorem 1.1 Let a € (1/2,1) and 6, € L*(R?). If the solution ¢ y(t) to the

linear equation (1.2) satisfies

etAMHOHLQ <C(+t)" t>o0, (1.3)

for some 3> 0. Then there exists a weak solution 0(t) to (1.1) such that
1
10|z < C(1+1t)77, with ”y:min{ﬂ,a}. (1.4)

Moreover, the solution 0(t) to (1.1) is asymptotic equivalent to the solution "6,
of (1.2) in the sense that

He(t) - etA“eOHLQ <CO(1+1t) s (1.5)

Remark 1.1 Theorem 1.1 is motivated mainly by an analogue result for the 3D
Navier-Stokes equations was proved by Wiegner in [6, 11]. The usual method to
prove the asymptotic behavior is the so called Fourier splitting method, which
was used first by Schonbek [5] on the decay of solutions for parabolic conservation
laws. Later on she used it to do several results for the Navier-Stokes equations,
c.f. [6, 7]. However, we will show Theorem 1.1 by a new, direct and much simpler
method, which completely avoids using the Fourier splitting technique. It is
testified that this strategy (see section 4) can be used widely. For example,
we [12] proved the result of Wiegner by this method very recently.

Remark 1.2 In [4], Constantin and Wu (page 940, Theorem 3.1) proved that

there exists a weak solution 6(z,t) such that
10®)l1z2 < C(1+1)72s, (1.6)

and in general, the decay rate —i is optimal in the sense that there exists some

initial datum such that the corresponding solution to (1.1) satisfies
16(1)]1z2 > C(1+ 1),
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However, it is easy to find that there are solutions to (1.2) have exponentially

decay. For example éo(f ) =0, for |{] < r with r > 0, then the solution satifies

plet
etA 90 )

2 o o
B / e 2 Gy |2(€)dg < 7|6y
L2 R2

So in this sense, (1.4) is a significant achievement for the decay rate of solutions
to (1.1) comparing with that of the linear equation (1.2).

Also in [4] (page 944, Theorem 4.3), it was proved that the difference 6(t) —
O©(t) between a weak solution 6(t) of the quasi-geostrophic equation (1.1) and
solution ©(t) of the linear quasi-geostrophic equation (1.2) with the same data
0o € L*(R?) N L*(R?) satisfies

16() — O(t) |12 < C(1+1)7 5.

Comparing with their result, first Theorem 1.1 holds for any 6y € L*(R?). Sec-

ondly the decay rate —% is much better than that of theirs, % — é

Remark 1.3 In section 3, under the restriction of o € (2/3, 1), a rough estimate
for [|[VO(t)||L2 is shown by a direct and simple method (energy method) instead of
using the so called Fourier splitting method. Another advantage of this method is
making this paper be self-contained and without using any other previous decay

results. On the other hand, in the appendix, we show that the solution satisfies
IVO(t)] 2 < C(1+t) 3, (1.7)

by using the known decay result (1.6) and inequality (5.1).

2 Preliminaries

We denote the Riesz transform in R?* by R;, j = 1,2 as

The operator R* is defined by
le = (_a:ngilfa _a:ElAilf) - (_RQfa le) )
so the relation between v and 6 is given by u = R16. Moreover, we have
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Lemma 2.1 There exists a constant C(p) depending only on p such that
IA%u][, < Cp) [|A%0]] (2.1)
foralld > 0,1 <p<oo. If p=2, the inequality (2.1) actually is an identity.

The proof can be finished by following from the boundedness of the Riesz trans-
forms in L?, c.f. [9].
The next lemma is concerned with an embedding for the fractional Sobolev

spaces.

Lemma 2.2 Let2 < p <ooandd =1— 127’ then there exists a constant C(p)
such that

I flle < Clp) |A°F|| 2 » (2.2)
forall feS8'.
Since f = [£]791€)° f , from the inverse Fourier transform,
f=1(F),

where I° is the Riesz potential of order §. Hence (2.2) follows from the bounded-
ness of 1° form L?(R?) to LP(R?), with 2 =1 — 4, c.f. [9].

By Parseval’s equality, it follows from Lemma 2.2 that

. 1/2
clasl,.=c (/R 1512%”2(5)015)

R R 1/2
_ c( / f“(&)\&\%fm“)(&)d&)
R2

A%f]

fllze

IN

< Clifllz

1—a
2’

where we used Holder’s inequality. So we have the following fractional type

Gagliardo-Nirenberg inequality

1 lze < ClIFIG2 1A% FII" (2.3)
with
1 1
]—):a——i—(l—&) (5—%), 0<a<1



3 A rough decay estimate for |[|[VO(t)]|;2

Direct computation yields
N ~ 2
0l = [l ende = [ Jedo)] s = ool

which implies that ||VO(t)|| .2 is equivalent to ||Ad]| 2. The goal of this section is
to give a rough decay estimate for || VO(t)|| .2 based on delicate LP — H*® estimates.
Assume that the solution is smooth in what follows in this section, i.e., we do

the formal computation first. Multiplying A%0 on both sides , we have

T, / |AG|*dx +/ }AQHQ} dr < (u - VO)A*dz| . (3.1)
Due to the divergence free of the velocity field u, we have
/ (u-VOAOdw| = / div(uf)A*dx
R2 R2
< [ 16 |adule) + aduo) )| ¢
R2
1y.q 2 lyo g,
< Ljarsgl, + LA, 32

Using the product estimate [10], we have
1A% @u)][ 2 < C (lullor [A726]| , + 16112 [[A*u]] )

with 3 = % + %. Submitting this inequality to (3.2) and using Lemma 2.1, (3.1)

is reduced to
d 2 a+1p]l2 2 2—ap||?
SAIABIG + (A 6][3, < ClolR, [[a*we]f5, (3.3)

Taking p = mi—l and ¢ = ﬁ, then by the embedding lemma (Lemma 2.2) and

the fractional type Gagliardo-Nirenberg inequality (2.3), we get

101 2

L2(x

B S e et T el P 0 (3.4)

LT—a

provided that 2 < a < 1. Putting (3.4) into (3.3), we obtain

d
SN < (ClOlLE A5 = 1) [|A+6] . (3.5)



Similarly, we can get a differential inequality for ||A*0||;.,

SN+ A2, < 5 A0+ IO A0 (36)
Hence, using the Gagliardo-Nirenberg inequality (2.3) and rewriting (3.6), we

have

d
Sl < (Clols 1Al —1) A%, (3.7)

On the other hand, multiplying the equation (1.1) by 6, and integrating for both

space and time, then
t
10C, )32 + 2/ |A“0(., S)Hi2 ds = ||6]|32, for all t > 0.
0

Therefore, there exists a time ¢, such that

6a—4 o 4—4a o 4—4a 1
10(to)ll IAB(t)IE < oll s [AB(t)lIE < ok
where C' is the bigger constant of these in (3.5) and (3.7).
From this equation (3.7) and the choice of t;, we have
d
7 |A%0]|,> <0, forall t >t (3.8)
Combining (3.5) and (3.8), one has
d
p |AG]|;2 <0, forallt>t. (3.9)

Then we want to obtain the integrability for ||Af]| ;2. Multiplying (1.1) by A2~2%,

similar computation yields

A+ 18012 < S IO + OOl E (A% AGE, . (310

th

Now we assume that
4—4o 6a— 1
6 1AB()],2 " < lollye A8, < 5=, for some t; > to
2C
Then integrating (3.10) with respect to time on [t,t], t > ti,

t
HA4a9@>H;2+./f 1A6(s)|% ds

t 6a—4 4—4a
wawm@+qAW@M;wwwm;HM@MMs@ﬂ>
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From (3.9) and (3.11), by the choice of ¢, we obtain
(t=t)A0(D)]7- < /tt |A8(s)[72ds < 2[|A*260(t:) .
1
So we get a rough decay estimate as
IAO(t)|| 2 = |[VO(t)]| 2 < C(1+1t)~Y2, forall t > 0. (3.12)
Remark 3.1 In [8], a faster decay rate
Vo) 2 < C(1+ )10

was proved by using Fourier splitting method and the known result (1.6). But

here (3.12) is enough for our purpose.

4 Proof of the main theorem

The first part of the proof is formal, that is, we assume the solution is smooth.
Actually, it is somehow enough, since we can give a rigorous proof by applying the
first part to a sequence of ‘retarded mollification’, just as what done in [1, 4, 8|.

We present the solution by the fundamental solution of (1.2) as

0(t) = N0 — /0 "l (u-VO)(s)ds. (4.1)

Note that
u -Vl = div(6u) — Odivu = div(ub),

so the solution has another form

o(t) = """y — /t TN div(ub) (s)ds. (4.2)

0

So directly, form (4.1) and (4.2), we have

10)[]z> <

s)ds. (4.3)

L2(

t
R

/
L 0

and

16()]| 2 < =98 div (uh)

tAQa
(& 00 ’

(s)ds. (4.4)

L2



By Parseval’s equality, it follows that
2

N (6)de

R2
—=2|? —2/¢|2ot 2 T oeay
< HUVHH e d¢ < Cllu- Vo7, e " trdr
L> Jr2 0

w- Vo

N (1 - V)

<l Vol [~ e rar
0
< CtV0]3: V672 (4.5)
Similarly,
2a 2 2o —|?
etA d1v(u9) ) < /e‘2|§| t|§|2 u@’ (g)df
L R2

< Huﬁ” / e 2P t\ﬁ\QdﬁgCHuﬁﬂil/ e~ By
Lo R2 0
< C||u||%2||6’||izt_2/a/ =2 3 gy
0
< Ot 9))1.. (4.6)

Combining (3.12), (4.3) and (4.5), it follows that
10)]|z2 < C(1+1)77 + C/Ot(t — 8)7 2 (1 + 8)"2|16(s) | r2ds. (4.7)
Then, from (4.7), we have
T+0)%0@0)|: < C+CA+1)7Q(t) /Ot(t —5) 2 (14 5) 72 Pds

t/2 1
_ C+C+0%QW) / (t— )% (14 5)" /2 0ds
0

+C(1+1)°Q(t) /t (t—s)"2(14s) > Pds  (4.8)

t/2

with

Q(t) = max {(1 + s)ﬁHH(s)HLz} )

0<s<t
By direct computation,
o 1 1 1 if 1/2+8>1,
/ (t—s) 2 (1+5) "2 Pds < Ct72a { In(e + 1) if 1/2+ 5 =1,
" (1+4)7120 i 1/24 6 < 1,



and

t
/ (t— )3 (1 4 5)"Y2Bds < C(1 +£)-P-1/2 55"
t)2

Hence, if § < i, then
t 1
C(1+ t)ﬁ/ (t—s) 20 (1+5)"?Fds -0, as t — oo.
0

So there exists a ¢ sufficiently large such that

C(1+1t)° /Ot(t —5) 2 (14 5) 72 Pds < %, for any t > t,.
Then from (4.8), we have
(1+ D7 10(0)]| < C + %Q(t), for t > to. (4.9)
Let

Q(t) = max {(1+5)%]16(s)l|.2},

to<s<t

then (4.9) can be reduced to
1 1
(1+8)°)0(t)||2 < C + 5Q(to) + 5Q(t), for t > t,. (4.10)

Now taking maximum for ¢ € [ty, 7] on both sides of (4.10), we obtain

~

O(T) < C + %Q(to) +10(1), for T > 4.

1
2
Therefore,

(401000l 2 < 2C + masx {(1+ )°)10(s) 12} < oo,

due to the energy inequality.

Now, we assume 3 > % Since
(6%

o +1 1
1+6) P <1+ %, and = < —
(1407 < (L7, and 5 < -
it follows from the above step that
16(t)]] 22 < C(1+1)~5 (4.11)
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Thanks to (4.5) and (4.6), we obtain that

t/2 )
100l < C+i) P +C / (t— 5) 5 0(s)[Zds

t
+C [ (t—5)72 (1+8)"72||6(s)|| p2ds (4.12)
t/2

Then by the rough estimate (4.11), it follows that

t/2 1 t/2 1 atl 1
/ (£ — 5)=& [u(s)|Zads < c/ (t— s) (14 ) %2ds < Ct+.
0 0

So (4.12) reduces to

10 ||z < C(1+t)77 + C/ (t— s)_%(l + 5)7Y2)|0(s) || 2 ds, (4.13)

t/2
where v = min {3, 1 }.
Multiplying (1 + ¢)” on the both sides of (4.13), we have

L+D)0D) 2 < CH+CA+1)Q(1) //2(75 — 3)‘%(1 + 5)_1/2—Wd8

< CHOQU)(L+) Pt s,

with Q(f) = maxo<e<i{(1 + 5)7[|0(s)| .2}

Therefore
(U 0100022 < msx {2, g (145710060 o} | <

where t, satisfies C(1 + 15())_1/2_“Y75(1]/4 <1/2.
Let 6(t) be the solution to (1.1) and w = 0(t) — X6y, then w(t) satisfies

ow

g A A2a —

5 +u -V + A w = 0, (4.14)
w(z,0) = 0.

So the solution w(t) to (4.16) can be write as
¢
w(t) = / (=90 (1) 76) (5)ds. (4.15)
0

Comparing with (4.1), there is no linear term e****f; in the presentation of w(t).

By the above argument, it is easy to see that (1.5) follows from (4.15) directly.
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The formal proof is complete.
To make the proof rigorous, we apply the formal proof on the approximate

sequence, which are smooth solutions to

% + Uy - VO, + (=)0, = 0. (4.16)

In (4.16), u,, = Vs, (6,) is obtained from 6,, by
s (6,) = / B(rYR 0, (t — 5,7)dr,
0

where the function v is smooth and has support in the interval [1, 2], and fooo U(s)
ds = 1, (see the similar construction for the 3D Navier-Stokes equations in [1]).
For each n, it is easy to find that the values of u,, depend only on the values of
0, in [t — 20,,t — 0], so the equation is (4.16) is linear. As stated in [4], the 6,

converges to a weak solution 6 strongly in L? for almost every ¢. Hence
102 < [6n(t) = O(E)][L2 + [[6n(B)]| L2 < C(1+1)77,

with v = min{3, £ }.

5 Appendix
Let us recall an maximum principle inequality for (1.1)
10(t)|| e < ||6o]|La, for any g > 2. (5.1)

For the proof we refer the reader to [2].
Multiplying the equation (1.1) by A%0 and integrating in R?, we obtain

1d
2dt

L2a—1 3—2a

1 1
18015 + [[AT00 ], < 2 A0, + 5160, ey 4700,
< Lo, + oo, 5:2)

where we used (2.2) and (5.1).
Now we use Fourier splitting method. Let Br = {¢ : || < R}. Then

A2, = 310/2(6)d 316/2(6)d
Il = [ ror@ [ o
< RY6]2. + CR2 || Alted)|, (5.3)
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and

Altag 22 24201412 (£)d R 21012(¢)d
P B e UG = NN GT:

R2\Bg

_ RQa 2é2 d 2é2 d
([ eriories [ 1eraren)
> RIS — R 0] (5.0

Putting (5.3) and (5.4) into (5.2) and letting R large enough such that C R'72* <

1

7, we have

d :
IAOZe + R*[AG7. < CRZZ (1 +1) ", (5.5)

due to the decay rate (1.6).
Then (5.5) implies (1.7). Indeed, multiplying e®*"* on (5.5) and integrating

with respect to ¢, we obtained
t
|A6]7: < e ™ AG|[7: + OB / B9 (1 4 5)~%ds
0

< e AGo||2s + CRP (1 +t) W,
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