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Abstract

In this paper, we establish the global existence and stability of a multidimensional conic shock wave
for three dimensional steady supersonic flow past an infinite cone. The flow is assumed to be hypersonic
and described by a steady potential flow equation. Under an appropriate boundary condition on the
curved cone, we show that a pointed shock attached at the vertex of the cone will exist globally in the
whole space.
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§1. Introduction

In this paper we are concerned with the inviscid and isentropic steady supersonic gas flow in three
space dimensions. The steady flow is defined by a motion in which flow velocity, pressure and density
remain unchanged in time. It is described by the following compressible Euler equations:

3
Zaj(puj) =0,
=1

- (1.1)
Z (%-(puiuj) +0;P =0, 1=1,2,3,

j=1

where p, u = (u1, u2,us) and P stand for the density, the velocity and the pressure respectively. For the
polytropic gas, P(p) = Ap” with the constants A > 0 and 1 < v < 2, here ~ is the adiabatic exponent
(especially, v ~ 1.4 with respect to the air).
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The system (1.1) is multidimensional quasilinear hyperbolic for the supersonic flow (namely, |u| =
Vui +u3 +u3 > c(p) = /P'(p)). In the general case, it can contain the shock waves, the rarefaction
waves, the contact discontinuities and even more complicated singularities (see [1-2], [6], [15-16], [21-25],
[30-35] and the references therein). So the global existence results of weak solutions with the explicit
structures are very rare for the multidimensional conservation law system (1.1). In this paper, we are
interested in the global existence and stability of a conic shock wave, which is formed by the supersonic
flow past a sharp curved cone. As it is described in the book [6], if a supersonic flow hits a circular cone
with an axis being parallel to the velocity of the upstream flow and the vertex angle being less than a
critical value, then there appears a circular conical shock attached at the tip of the cone, moreover the
flow field between the shock front and the surface of the cone can be determined by solving a second
order ordinary differential equation with two boundary conditions. If the infinite cone is symmetrically
curved, in [5] we have proved the global existence and stability of a shock attached at the tip of the
cone. In addition, W.C.Lien and T.P.Liu in [19] obtained the global existence of a weak solution and
long distance asymptotic behavior in the symmetric cone case under suitable conditions on the Mach
number, the vertex angle and the shock strength by using Glimm’s scheme. In this paper, under an
appropriate boundary condition on the cone surface, we focus on establishing the global existence of a
multidimensional conic shock as observed in physical experiments and numerical computations. This
boundary condition on the cone surface is plausible from the physical point of view for the permeable
(porous or perforated) surface of the airfoil (one can see the more explanations in [17-18] for the physical
senses with respect to some boundary conditions).

We will restrict ourselves to the irrotational and isentropic case for (1.1). In this case, by introducing
a velocity potential one can reduce (1.1) to a second order quasilinear equation, which has been used and
strongly recommended in many bibliographies (see [21-25] and so on).

Set u; = 0;¢. Then from the second equation in (1.1) we have
1 2
SOH(Vapl?) + 0ih(p) =0, (12)
where h(p) is the specific enthalpy satisfying h'(p) = Pllgp) > 0 for p > 0. For the polytropic gas,
2 Ay v—1
P(p) = Ap”,v > 1,h(p) = o1 (1.3)
Hence, it holds the Bernoulli’s law
1 2
- x = O. .
5| Vael” +hlp) = G (1.4)
here Cy is the Bernoulli constant of fluid.
Let H(q) be the inverse function of h(p). Then
_ 1
p=hH(Co — 5|Ve) = H(Vp). (1.5)

Substituting (1.5) into the first equation in (1.1), one can get

(H(V)djip) = 0. (1.6)
1

3
j=
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More precisely, for the smooth solution ¢, (1.6) is equivalent to the following second order quasilinear
equation

((039)% — )50 + ((019)* — )7 + ((9200) — ¢*) D3 + 201002005,
+ 2819083g08123<p + 282@83¢8§3g0 =0, (1.7)

2 —_ p/ _ H(VQO)
where ¢*(p) = P'(p) = (Vo)

It is easy to verify that (1.6) or (1.7) is strictly hyperbolic with respect to zz—direction if 93¢ > ¢(p),
which means that the third component us of velocity u is supersonic.

Suppose that there is a uniform supersonic flow (u1,us2,us) = (0,0, qo) with constant density py > 0
which comes from minus infinity. The flow hits a circular cone, whose surface is denoted by /2% + 23 =
boxs for 3 > 0. When the vertex angle 6y = arctgby is less than a given value 8*, which is determined by
the parameters of the coming flow, then there will be a conic shock /2?2 + 22 = sox3 (s0 > bo) attached at
the tip of the cone, moreover the solution of (1.1) is self-similar. Under the cylindrical coordinates (r, 8, z)
with r = /2% + 23,0 = arctgg® and a3 = z, the potential function ¢(z) has such a form: ¢(z) = 2¢(s),
here s = Z. In addition, by the equation (1.7), the Rankine-Hugoniot condition on the shock s = so and
the fixed boundary condition on s = by, one can arrive at

02((1 + 52)wss + %ws) - ((1+ 82)% - Sw)Qwss =0, bo < s < so,
(14 82)ths — st)H + spogo = 0 on s = 50,

h=q on  s=s,

(14 b3)s —sp =0 on s = bo.

And Lax’s geometric entropy condition on s = sg implies

__clp) (1.9)

{ )\1 (80) < 8§ < )\2(80)
<
vV ag—<*(po) %0

Or 00z pFc\/(0r3)2+(029)2 —c?
where A1 2(s) = e )

It follows from [6] (or [14] for more details) that the equation (1.8) with (1.9) can be uniquely solved
for the supersonic shock by use of the apple curve. In this paper, we will call this solution @¢(z) as the
background solution.

Our main purpose is to study the case that the supersonic flow (0,0, o) with density po > 0 hits the
three-dimensional curved cone with the surface \/22? + x3 = b(x), here b(z) € C* and satisfies

b(x) > boxs, b(x) — boxs € C'(I)CO (w) and |[V¥(b(x) — boz3)| < e

with w = {z : by < \/2? + % < 3bo, 1 < w3 < 2}, ko a suitably large positive integer and 0 < |a| < k.
Under the cylindrical coordinates (r, 6, z), the cone surface can be rewritten as r = b1 (0, z) satisfying

b1(0, z) > boz, b1(0,2) — boz € C¥ (@) and |Vg ,(b1(0,2) — boz)| <¢, 0<|a| <ko. (1.10)

with w = {(r,0,2) : bg <71 < 3by,0 < 0 < 27,1 < z < 2}.
3



Suppose that the equation of possible shock attached at the curved cone is denoted by r = x(0, z)
with x(6,0) = 0. For b1(0, z) <r < x(0, z), the equation (1.7) can be written as

B 2
((0:9) = )20 + 28%&(&@3& + %fafw) +((0rp)* = )00 + 5 0ripOop0} o0

(Bpp)?

+

orp ((Opp)? 2
o+ 22(DLh ) - Zopong? =0, s <r<x(6.2) (L)

In addition, it follows from the Rankine-Hugoniot condition and the continuity condition of the po-
tential on the shock that

[H(V0)0,] ~ [H(V)0.610x = 5 [H(Ve)dueldox, on 7= x(6,7) (112)

and
©0(x(0,2),0,2) = qoz. (1.13)

Finally, on the fixed boundary, we impose the following Dirichlet boundary condition for the potential
=0+ ¢, z) on r="b.(0,z) (1.14)

with
$(0,2) € C*, $(0,2) =0 for z <1, and [(1+2)1T2051022¢(0, 2))| < e, (1.15)

here 0 < |a| = a1 + a2 < ko.

Generally speaking, we do not derive from (1.14) that (01, 02, 03¢p) - (G- — O1b, 2 — O2b, —03b) =0
holds on /2% + 23 = b(z). Namely, there are inflows or outflows through the surface. Therefore, from the
physical viewpoint, the condition (1.14) means that the fixed boundary is permeable (in the engineering
design, this is often done). For more related explanations, one can see the references [17-18] and so on.

Our main results in this paper can be stated as:

Theorem 1.1. Suppose that a supersonic polytropic gas flow parallel to the z-axis comes from
1

minus infinity with velocity (0,0, qo), density po > 0 satisfying gy > ¢o = \/A_'yp;T and it hits a three-
dimensional curved cone with the surface r = b1(6, z). When by > 0 is suitably small and the assumptions
(1.10) and (1.15) hold, then for the large go and sufficiently small £ depending on o, po, bo and =, the
problem (1.11)-(1.14) admits a global weak entropy solution with a pointed shock front attached at the
origin.

Remark 1.1. It should be emphasized that there are no other discontinuities in our solution besides
the main curved shock. This is in consistent with the result for the supersonic flow past a symmetrically
curved cone in [5]. The condition (1.15) especially gives a restriction on the perturbed potential function
¢(0, z) for small z and large z. Since the perturbation is sufficiently small and the corresponding tangent
velocity on the fixed boundary is controlled, any possible compression of the flow will be absorbed by the
main shock. This is the mechanism to prevent the formation of any new shock inside the flow field (if
there is no the main shock, then in the general case, the new shocks or other complicated singularities can
be formed. For instance, one can see [1-2], [10], [12-13], [27-28], [32-33], [35] and the references therein).
Thus our result demonstrates that the self-similar shock solution with an appropriate boundary condition
on the fixed boundary is multidimensional structurally stable in a global sense.

Remark 1.2. If the Dirichlet boundary condition (1.14) is replaced by the Neumann boundary
condition: (019, B2, B3¢) - (5 — O1b, B2 — 92b, —3b) = 0 on /x? + 23 = b(x), i.e., the boundary is not
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perforated, then the lifespan on the existence of a multidimensional shock is discussed in [34]. But so far
it is not known whether the global shock exists or not for the Neumann type boundary condition. On
the other hand, it follows from the proof procedure on Theorem 1.1 that the global shock exists for the
Neumann boundary condition when the disturbed tangent velocity on the fixed boundary is sufficiently
small and decayed with an appropriate decay rate for large z.

Remark 1.3. Since BV spaces fail for the multidimensional hyperbolic system as shown in [26], then
the method (i.e., the Glimm scheme) in [19] can not be used to treat our multidimensional problem in
this paper.

Remark 1.4. Under the appropriate compatibility conditions, near the vertex of the curved cone, the
compact support properties on b(x) — boxs and ¢(6, z) can be removed. Besides, the compact support
property for large z can be substituted by the appropriate decay for large z.

Remark 1.5. Since the velocity qp is large enough, then the coming flow is hypersonic. The famous
independence principle on the high Mach numbers (that is, there exists a stable limit state for the
hypersonic gas) will be implied in linearizing the equation (1.11), namely, the coefficients of the resulted
linear equation are almost constants for large gg. With respect to more properties on the hypersonic flow,
one can see [3], [7], [29] and the references therein.

In order to prove the global existence of solution in Theorem 1.1, we intend to use the continuity
method and establish some global uniform estimates. To achieve this goal, we need to derive some global
uniform weighted energy estimates for the corresponding linearized problem to (1.11)-(1.14). This can
be done by looking for appropriate multipliers as in [5] or [9]. But compared to the analysis in [9], we
need to give more elaborate estimates because our background solution depends crucially on the position
of boundary of the cone and the Mach number, however, the background solution in [9] is created and
the fixed boundary is artificially chosen so that the shock and the fixed boundary is arbitrarily close
meanwhile the background solution is invariable. It should be noted that the arbitrary closeness of the
boundaries plays a key role in the analysis of [9], which is not the case for our problem. In addition, in
this paper the procedure to search the multipliers is also more delicate than that in [5] for 1 < v < 2
because the symmetric property of the solution and the related domain is lost. Thanks to the special
properties on the background solution, we can overcome the difficulties to find the needed multipliers.

The rest of the paper is organized as follows. In §2, we reformulate the problem (1.11)-(1.14) by
decomposing its solution as a sum of the background solution and a small perturbation so that its
linearization can be studied further. In §3, we establish the weighted energy estimate for the linearized
problem, where the appropriate multipliers are given. Based on this energy estimate, Theorem 1.1 is
proved in §4 in the special case when the body is a standard circular cone. Finally, in §5, we show that
Theorem 1.1 holds for the general curved cone with some minor modifications in §4.

In what follows, we will use the following conventions:

O(b?) (j > 1) means that there exists a generic constant My such that |O(b))| < Mob},, where M,
depends only on ~.

O(qy”) (v > 0) denotes a bounded quantity, which admits the bound |O(gy")| < Miqy ", where the
generic constant My depends only on by and ~.

O(e) denotes a generic quantity, which is bounded by Mse with My depending only on by, go and ~.

§2. The reformulation of the main problem (1.11)-(1.14)

In this section, we reformulate the problem (1.11)-(1.14) so that we can derive a linearized equation
and the corresponding linearized boundary conditions on the fixed boundary and the shock wave. To
this end, we first recall some detailed properties on the background solution of (1.8) with (1.9) when the
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Mach number is sufficiently large. These properties can be summarized in the following two lemmas. For
their proofs, the readers are referred to the reference [5].

Lemma 2.1. If ¢ is large, that is, the Mach number of the incoming flow is large, and 1 < v < 2,
O<bo<\/§—1,then

) __2_

(). so=bo+O(gy "),

3
1

(ii). 0 < sw(s) — (1+ s2)/(s) < O(gy "),

(). /(s) = 28 1 O(g "),
i __2_
(iv). (p(s)) = BEHE(1+0(L) + Olay 7).
(V). Aa(s) > so.
Lemma 2.2. Under the assumptions of Lemma 2.1, we have
(i). M(s) <s

3
1

(i) ¥/(s) = — sz + O(£) + Olgg ),

(ii). [¢'(5)] < C.
where C' is a constant independent of gg.

By using of the assumptions (1.10) and (1.15) and the finite propagation speed property for the wave
equation, for large go we know that ¢(r, 0, 2) = @(r, z) = 2¢(Z) and x (6, z) = sz for z < % Thus we can
study the global existence by solving an initial boundary value problem with initial data on z = % The
initial data on z = % can be regarded as the background solution. Moreover, the initial data also satisfy
the compatibility conditions on the intersection curve of z = i with the shock front and the surface

2
r=byz.

As in [5], we can extend the potential @(r, z), the function ¥ (s) and the density p(s) in [bo, so] to the

interval [bo, sg + 1] for small 7y satisfying 0 < o < q0 (so —bp). Later on we will denote the extension
of ¢, 1 and p(s) in the domain {(r,z): 2 > %,bgz <7 < (s9 4+ n0)z} by @, ¥ and p respectively.

Set ¢ = ¢ — ¢. Then by a direct computation the equation, (1.11) can be changed into:

0+ 2P1<§>83,«¢+P2<f>a,«¢+ Po(5)(820 + 5B0) + Po(r, 2)0:6 + Palr, )0,

bi(0,2) < < x(6,2)

l\:JIr—\

= Z fij(a; Vx@)azﬂH‘ fo( ngo) 2>
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where f;;(6,5,0,0,0) =0, fo(6,s,0,0,0) = V,fo(0,s,q1,¢2,93)|q=0 = 0. Moreover
Pu(s) = (P(s) = s¢' ()P (s)

(th(s) — SZZJ’(S))Q —&(s)’
Pyt = )

2 —e(s)’
~ S)
(U(s) = s1/(3))* = 2(s)’
1

Ps(r, z) = = = —2(&(8)é' (s D (d(s) — st (s (s) — s’ (5)) 52
(1, 2) r«w(s)_squ)p_@(s))( (6()2(5) + 1) (H(5) — s ()(() — s(5))

)
(¥ ()—sw’()
(
(

+28(5)& (5)(P(s) = 59/ ()0 ()5 + 28(s)2 () (1 (s) — 59’ ()" (5) — 25%’(5)1&”(5)) = % Py(s),

1 h n N ~ ~
Py(r,2) = z = —25%¢(8)¢ ()Y (s s) — s'(s)) + 2s(1 4+ &(s)é (s))' (s)Y" (s
4(r,2) T((w(s)—sw’(s))Q—éQ(s))( (5)¢' (5)Y"(5)((s) V() + 2s(1 + ¢(s)E () ()Y (s)

2 6)  22006) — 53 ()i ()) = LFaC).

with

é(s) =c(p(s)),  &(s) =& (p(s))p'(s)-
On the boundary r = b1(0, z), we have

® =0, 2). (2.2)
On the free boundary r = x(, z), by use of the continuity condition (1.13), we can rewrite (1.12) as
H(Ve) ((5‘1%0)2 +(020)” + (0:0)* + QOazsa) —pogod0 =0 on T =x(0,2). (2.3)
Using ¢ = ¢ + ¢, and introducing the notation

€0, ) = )((9,2)—5027

which describes the perturbation of the slope of the shock front, one can rewrite (2.3) as

B10y¢ + B20:¢ + Bs§ = k0(§, Vap)  on 1 =x(0,2) (2.4)

z

where

p(s)
2(p(

1= —

- (<w'>2<s> T (W(s) — 50/ ())? + o w(s) — s (s) — qo>)w'<s> n 2p<s>w’<s>}

_ P() N2(g s) — s (s))2 s) — s/ (s) — s) — sih'(s :
By — {Cg(p(S» <<w> (5) + ((s) — 5'(5))% + qolth(s) — 59(5) qo)><w( )~ s9/(s))
- 2p()(1b(s) — 51 (s) — o) + (pls) — po>qo}

S$=S80

By = {p(S) (21#'(8)@/3"(8) +2(4(s) — 59/ () ($(s) — 59'(5)) + qo((s) - 81/3'(8))') +7'(s) <(1//)2(8)

+(1(s) = 59'(5))* + qo(eh(s) — s9'(s) — qO)> — podo(t(s) - 81/3'(8))'}
7
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and

ko(€, V@) < C(I(E, Va)[?)

Later on the function (¢, V,¢) will be used to denote any quantity dominated by C|(¢, V,¢)|?, here
the generic constant C does not depend on e.

By using Lemma 2.1 and Lemma 2.2, as in [5], we have the following estimates for large qo.

Lemma 2.3

200 ( (y—1bg \7T 2 =
B = T (1 "
R <2A7(1+b3) a0 (140 ),
1— b2 (v — 1)b2 T a1 2
By — 0 0 ~N—1 1 ~F—1
T <2A7(1+b3)) a0 (1400 "),
b w—n%)fI%T .
By — — T4+ 0(gy
3 1+ 52)2 (2147(1 B a0 ( (0% "))

Dividing (2.4) by B; yields

ar¢+ﬂlazsb+ﬂ2f = ”l(favaﬁb) on r= X(@,Z), (25)
where
1 b3 ~5%
p1 = W(l‘FO(QO ));
o o
p2 = 2(1+b%>(1+0(qo )
In addition, (1.13) implies 9,x(0, z) = —gi—g on r = x(0, z), it follows from Taylor’s expansion that
1 ; , .
82 (Zg) + m ((8Z¢)(X(97 Z)7 97 Z) + 80(8T<)0)(X(05 Z)a 0) Z)> = '%2(57 VSO)

Since

82(3270((97 Z)? g, Z)) - (8z§0)(X(9a Z)a 0, Z) + 82X(97 Z)(({)T(P)(X(ev Z)? 9, Z)
= (8Z¢)(X(9a Z)a 0, Z) + 80(8T¢)(X(9a Z)a 0, Z) + H3(§a VQO)7

then by substituting it into the above equation we arrive at

@G&% ¢u@@ﬁ@>—m@vm> (2.6)

1
¥’ (s0)
(2.5) and (2.6) are the new forms of the Rankine-Hugoniot condition (1.12) and the continuity condition
(1.13) on the shock front.

After such a reformulation on the problem (1.12)-(1.14), to prove the main theorem we only need to
solve the problem (2.1), (2.2), (2.5) and (2.6) with the initial data ¢(r, 0, 2)|._1 =0, 0:¢(r,0,2)|._1 =0,
€(0,2)[.—1 = 0 in the domain {(r,0,z): z > 1.0 €[0,2m),b1(0,2) <7 < x(0,2)}.
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When the surface of the cone is curved, then it is convenient to change the boundary into a straight
one by the following coordinates transformation:

_ bi1(8,2)
=2,

0, (2.7)

St oW
Il

Under the transformation (2.7), we use the notations @, ¢ and Y instead of ¢, and x. By a direct
computation, for Z > % and bpZ < 7 < x(0, 2), the equation (2.1) can be rewritten as:

)(076 + 32255) + P3(7,2)0:¢ + Py(7, 2)0:¢

IS 3 !

a~¢-%2fﬁ(%)6§ ¢—%fb(%)8~¢-+f6(

3 ~

4,j=1 4,j=1

Opb1 < ab ab
+ arl Z F5(Vap, —— - ,0b1)0, 34P+f1( = , Opb1) 020107

0:b d3b 8b d:b o1, 2
+ 530, 2 0gb) 055 + - £3(Vap, S 0ubi) (1= )0+ o6, 5, V),

(2.8)

|

where Py, Py, Py, P3, Py, fi; and fo are the same as in (2.1), ” and fF are smooth on its arguments.

Set £(0,%) = m. Then the boundary conditions (2.5), (2.6) and (2.2) take the forms

) . ~ ~ . ~ ~ 3 b 3zb ~ ~ ~ azb a”b
0rp + m10:4 + p2€ = K5(E, V) + f1(€, Vip, =, Opb1)(1 — b01)+ 2(€, Vi, bol,aabﬂeTl
on  F=x(0,2), (2.9)
oz 1~ s : I BN R
82 (Zf + w,(SO)gO(X(e, Z)7 ,Z)) - Hﬁ(ga VQ@(X(H, Z)7 9) Z)) on r= X(ea Z)7 (2 10)
¢ =d0,3%), on F=boz, (2.11)
here ¢(6, Z) has the same property as (6, z) in (1.15).
In addition, <p and 5 have the following initial data
P(F,0,2):20 =0, 9:4(7,0,2):21 =0, £(6,2)]:1 =0. (2.12)

In next section, we will focus on the uniform estimates on the solution ¢ to the equation (2.8) with
the boundary conditions (2.9)-(2.11) and the initial data (2.12).

§3. Uniform estimate on the linearized operator

Now we derive an energy estimate for the linear parts in the equation (2.8) with the initial-boundary
conditions (2.9)-(2.12). For simplicity in presentation, we neglect all the notations “~” in (2.8)-(2.12)
9



except P in (2.8). The following conclusion plays the key role to derive the decay estimate of ¢ with
respect to large z.

Theorem 3.1. Set Dy = {(x1,22,2) : % <z<T,0<60<2mbyz <r<x(0z)} forany T > %

Let T = {(21,22,2) : 4 <2< T,0< 6 < 2m,r =x(0,2)} and By = {(21,22,2) : 4 <2 <T,0<6 <
27,7 = boz} be the lateral boundaries of Dp. If ¢ € C°(Dr) satisfies the initial- boundary conditions
(2.9)-(2.12), moreover, [£(0, z)|+|20.£(z, 0)|+|99&(2,0)| < Ce holds in (6, 2) € [0, 2m; £, T] for sufficiently
small €. Then there exists a multiplier My = ra(Z)0.¢ + 2b(£)0,¢ + E(Z )¢, such that

< Vool T)Pieadss + G [ ([ 749420 daads
\/T boT<r<x(0,T) Dr

+ C3 // 27 7|0¢|2dS + Cy // z_%(|8ng|2++|ai—w|2)d5§/// 273 LoMpdridzadz
Br Tr Dt

+Cs // 273 (Bo)2dS + Cge?, (3.1)
I'r
where

=02p+ 2P1(£)3zrs0 + Pz( 5)02¢ + Pz( (D76 + 059) + P3(r, 2)0.¢ + Pa(r, z)0r 2,
BOSb = (87“ + Nlaz)QO

and C;(1 < i < 6) are positive constants independent of T, gp and e.
Remark 3.1. Although the estimate on the integral ffFT 278 |0,¢|%dS is not given in (3.1) directly,

it can be estimated when [, 27218.¢[% and I, 272 (Byp)2dS are known. Indeed, one has

// 27200,¢2dS < C(13 // z_%|8rgb|2d5+// 275 (Bop)?dS.
't I'r I'r

Remark 3.2. It follows from (3.1) that we can obtain the all weighted L? estimates (including the
interior of the domain D and boundaries) on V¢ in terms of the equation (2.8) itself and the boundary
condition on the shock. Thus, roughly speaking, the hyperbolic equation (2.8) has some analogous
properties as does a second order elliptic equation in the domain D which is formed by the shock surface
and the fixed boundary.

Proof. Let A = A(r,z) and B = B(r, z) be determined later. Setting My = A(r, 2)0.¢+ B(r, 2)0r o+
E(Z)¢, we have through integration by parts that

/// z 2£go./\/lgodx1dx2dz = ///
DT DT

+ (82410)2) + (% + %E/)azwsp - (&"((PQ + PQ)E) + 2(8Z(P1E) -

tvlt.«

{ )2 + K1 (0h)? + Kad.0, + Ka((010)°

PE P+ P)E
12)+(2+r 2) )w

x <p}dm1d:c2dz +T3 // Ku(z1, @2, T)dz1ds + // P (b0K4 ~ DRy - 2 Kg)dS
boT<r<x(6,T) Br r r

// P ( — — c0s00yx) K5 + (— — sinf0yx)Ke — 8zxK4> ds. (3.2)
I'r
10



where

0.A 0O,B B PA 3A
Ko=-—-+—F -0:(PA)+ -~ ——+PA+ —-E,
1 1 ~ PB 3
- P,E,

- PA 3B
Ky =—0.B —0,((Po+ P)A) — 27 + BB+ PiA+ o~ — 2P B,

1, - 1, - PB 3 - ~
Ky =50:(PA) + 50:(PB) - — — = P A- PF,
A o PA o 0 PA L .
Ky = 35(0:¢)* + BO-¢0r¢ + (P1B — 27)(8r<p)2 - 27((81@2 +(020)°)

+ E3z5050 + 2P1E87"§b¢7
! B N2 Tl P 1 N2 E in
KS - 7(P1A - 5)(8,280) + 7P2A82<,08,,g0 + Z—TPQB(&&,O) + P2A819082g0
~ . . T ~ . . x ~ .. T2 ~ ..
+ PyBOy O — 2—7{1323((81@2 + (829)?) + 71(132 + P)Ed, ¢ — T—;PgEaggogo,
B -
Ko = Z2(PLA= 2)(0:0) + S PA0. 60,0 + SEPaB(09)” + PrADp0.¢

~ . . To ~ . . x ~ .. T ~ ..
+ PQB@Q(,O@TQD - z—iPQB((aND)Q + (3290)2) + 72(P2 + PQ)E@TQO(,O + T—;PQE(%QDQD.

Our purpose is to choose suitable coefficients A(r,z), B(r, z) and E(Z) so that all integrals on Dr,
Bp and t = T in the right hand side of (3.2) are definitely positive and the integral on I'p gives an
appropriate control on 9,¢, a—i‘ﬁ and Bpp. We will derive some sufficient conditions for A(r, z), B(r, z)
and E(Z) in the process of studying each integral. Assume A(r,z) = ra(%) and B(r,z) = 2b(%Z) with
a(s) > 0 and b(s) > 0. Then a(s), b(s) and E(s) will be determined by the following six steps. In what
follows, we will denote by C a generic positive constant independent of gy and ¢, it may take different
value in different places.

Step 1. Estimate on ffBT 22 (ho Ky — LLK5 — 22 Kg)dS.

Since

b B i
bo Ky — %Kg, - %Kﬁ - <5°A (P A- 5)) (0.9)2 + (boB (P + PQ)A) 8,00,¢

P+ ]52)14
2

- Lt B > (0.0 + 22

r

+ <b0(PlB _ ¢ (B = boA) (D)

+ bOEaszSb + <2bOP1 - (PQ + ]52)) EaerQba

then using the boundary condition (2.11) on r = byz, one has

T T . b2 Py + P5)(b
bQK4 — 71K5 — 72K6 = Z(@MO)Q (Pl(bo)bo — 50 - (2722)(0))(1)0)0) - bga(bo) - 50)

2
0@y + 120,
11



here dp > 0 is an appropriate small constant.
By the expressions of P;(bg), P2(bo) and Pa(bo), one then can obtain

b3 (P+ Pa)(bo) (1+b5)c*(p(bo))
Brlbo)o = T S e) — ot () — )

Hence by assuming that
b(bo) > bga(bo), (3.3)

one has

T X9 N2 2 |¢|2
bo Ky — 7K5 - 7K6 > Cz(0,9)" — C(|0ad|” + 7)-

This implies

// Z_%(bofﬁ - Ef(5 - EKG)d‘S’ Z C// z—%((‘)rgb)QdS - Ce. (3'4)
B r r Br

In fact, (3.3) gives the first constraint for a(s) and b(s).

Step 2. Estimate on ffboTSV"SX(97T) T*%K4(x1, 2o, T)dz1dxs.
On z =T, we have

Kiar,ea,T) = (2520007 + 000005 + (Puvs) - LTt 0,097)

Psa(s)
2r

(099)* + ED.pp + 2P B0 .

To ensure the positivity of quadratic terms on (9,4, 9,%, 9g¢) in K4, one requires that the coefficient
of (9p¢)? is positive and the discriminant of the quadratic form on 9,¢ and 9,¢ should be negative,

namely, R
{ —Pea(s) > 0,

A= b2(5)(1 —-2P S;((;)) + (P + ]52)(5,;1(?)))2) < 0.

Since —P; > 0, then —Pya(s) > 0 is obvious for a(s) > 0.
Let }
D, =P — P, — P,.

Then the second inequality above leads to

sa(s) - P —vDy 1 1
b(s) Po+P,  Pi+vDi o Xa(s)

Therefore, [f, rc,<y(o.1) T Ky(x1, 22, T)dx1dze > CffboTS?"SX(a,T)(|le’m2¢|2 — E?|¢|?)dx1dxy as
long as a(s) and b(s) are chosen to satisfy

b(s)

sa(s)
12

0<

< Aa(s). (3.5)



In this case, we have

C
// T_%K4(a?1,x27T)d$1d$2 2 —= // V@I da iy
boT<r<x(6,T) VT Jwrsrsxom
C .
-y // || dr1dacs. 30
T> boT<r<x(,T)

Step 3. Positivity of the integral on Dr.
We will choose a(s), b(s) and E(s) such that

Ko(0:0)° + Kr(0,9)° + 20000 + K((010)° + (020)%) 2 C((0:0)° + (B19)° + (220)%) — C| 22

In fact, the constant C' will be explicitly computed as in the Lemma A.9 of Appendix in [5].
The above estimate holds if the coefficients Ky, K1 and Ko satisfy

Ko > 0,K3 — 4Ko(K, 4+ K3) < 0, K3 > 0. (3.7)

Substituting a(s) and b(s) into the expressions of Ky, K71, K2 and K3 yields

Ko = (% — Pis)a’(s) + b/és) — Plsa(s) = 2Pra(s) + Psa(s) + i a(s) + % - E(s),
K2 — 4Ky (K, + K3) = (—(P2 + Py)sd(s) + sb'(s) — (Po + P2)a(s) — (P + Py)'sa(s) — Pea(s) + @

52 b'(s)

+ %b(s) + Pya(s) — 2P1E(s)> — 4((? — Pis)d’(s) + 5 P}sa(s) — 2Pya(s) + Psa(s)

+ 3sa(s)+ 28 E(s)> <—¥52a'(s) +(ps— 22 ;L P2)b’(s) + Plsb(s)

PP
2s

b(s) +

2 2 / D
= S Bl (s) + 20 (s) — S Blals) + 2b(s) — S Bysals) — L2o(s) — P
Ks = 5 Pya'(s) + 5 b'(s) 5 sa(s) + 5 b(s) 4P28a( s) 55 b(s) — P2E(s).

Denote by Qo, Q1 and Q2 the terms which involve only a(s) and b(s), but not their derivatives in
Ky, K1 + K3 and K, namely,

Qof( s—Pls—2P1+P3) (s)+ 9,
Q1 = P{sb(s) — $(P2 + Py)'s%a(s) — (Pa + P2)'b(s) — Z25P2p(s) + 218Le)
~3(Py + Py)sa(s) + Zb(s),

Qs = —(Po + Py)a(s) — (P2+152>15§(> Pra(s) + L2b(s) + Pya(s) + 22

als



Then

2 /
K — koK + ) = (~(Pact Posa () +30/6)) —4(( — sty + 12

x (_PQ‘QFPQ 2d/(s) + (Prs — PQ;PQ)b’(s)> + QQQ(_(PQ + By)sd(s) + sb’(s))
+ 10, <P2 T2 - (ps— 22 : P2)b’(5)> 40, ((% _ Pis)d(s)
+ %‘”) + Q3 —4QuQ1 + 4(P? — P, — P)E?(s) + 4E(s) <Q1 —PiQ2+ (P2 + Pz)Qo) :

The right hand side is a quadratic form of a'(s), v/(s) and E(s). Denoting the coefficients of a/(s) and
b'(s) by 2a1(s) and 2az(s) respectively, then

{ a1 = —(Py + P2)Q2s + (P2 + P2)Qos” — Qu(s” — 2P1s), (58)
ay = Q25 — Qu(2P1s — P, — P) — Q1. '
Thus we have
K2 —4Ko(K| + K3) = (Py + P, + s> — 2Py s) ((Pg + Py)sa’(s)? — 2Py sa’ (s)b'(s) + b'(s)2>
+ 2a1a'(s) + 2a9b'(s) + Q2 — 4QoQ1 + 4(P? — Py — P2)E?(s) + 4E(s) <Q1 — PQ»
+ (P2 + 152)@0)- (3.9)

The coefficient P+ Py + s> —2P; s, which will be denoted by — A, is equal to —(Aa(s) —5)(s—A1(s)) < 0
in [bg, So + 7o) due to Lemma 2.1 and Lemma 2.2.
To transform (3.9) to a standard quadratic form, we introduce

Yl — a’(s) 4 alfrazpls,

A82D1
_ / / _ as
Yy = —Psa'(s) +b'(s) — %,
b= E(S) + Ql—P1Q22+D(1P2+P2)Q0

Substituting them into the expressions of Ky and K5 — 4K (K1 + K3) yields

_ (s=P1)(a1t+azPys) + Q1—P1Q2+(Pa+P2)Qo
2AsD; 2Dy ’

) N
Ky = =12 _2P13Y1+%—E+Q0+%

K3 — 4Ko(Ky + K3) = As®D1 Y2 — AYF + A(P} — Py — P))E? + Q% — 4QoQ:1 + %

_(111450«21318)2  (Q1—P1Qa+(P2+P5)Q0)?
As2D, D ’

K3 = —P18582 ]52Y1 + %YQ - ]52E + ]52 <—(5P1;f§;;fzpls) + % + Qlfple;D(lszer)Qo

+ 2 (b(s) — s%a(s)) — Sals) - ?)
14



A key observation is the fact:

as _ (s—P1)(ai+azPis) Q1—P1Q2+(Pa+P2)Qo _
Qo+ 3% 245D, + 2D; =0,

2 2 +asP1s)?  (Q1—P1Qa+(Pa+P)Q0)?
Q2_4QOQ1+%_ (a1A;122D18) _ (@i—P 2D(12 2)Q0) = 0.

Hence Ky > 0, K22 —4Ky(K;1 + K3) < 0 and K35 > 0 are equivalent to

(s> — P1s)Y; + Yy — 2E > 0,
As>D Y? — AY} + 4D E? < 0, (3.10)
(Prs —s2)Y, + Yy — 2E +2Q < 0,

where 2Q = —Qo + %ﬁaﬁls) + j—ﬁi(b(s) —s%a(s)) — 3a(s) — %'

Step 4. Construction of a(s), b(s) and E(s).
To solve the system (3.10), we require to study the solvability of the following equation system:

(Pis — s2)Y] — Yy + 2E = —d,
As?’D Y2 — AY} + 4D, E? = —4, (3.11)
(Prs — s2)Y1 + Yz — 2E = —2Q — &,

with dg > 0 an appropriate constant to be determined, which is only dependent on by and ~ for large ¢

and small bg.
It follows from (3.11) that

Y, — _ Qultde
LT P (3.12)
Yo =2F — Q(S),

here F satisfies 5
AD1(Q + 60)?

—_ A ~2 A 5
4(Dy — A)E® + 4AQF + P — 92

+80— AQ* =0. (3.13)
In order to solve (3.13), one requires that the discriminant A satisfies

AD1Q2 ~ ADl QADIQ

_ 122 A 2
A= 16<A Q@+ (A= D p ottt s 5)2)5°)> >0, (3.14)

Next we choose the constant dy such that (3.14) holds.
By Lemma 2.1 and Lemma 2.2 (or see Lemma A.1 and Lemma A.3 in [5]), we can obtain

7 (v =1)b3(1 +bp)? o s
A= 2—(7—10)6(2)(14(—)()(2)) +O0(q ") +O0(q07),
2 N201 Ll 1\n2 ,
Dy = ('Y - 1)b0(1 + bO) (1 2('7 1)b0) T O(qo—ﬁ) i O(q(;Q).

2(1 = 5(y = 1)b3(1 + b3))?

Thus ( )Qbﬁ( b2)2
i _ v —1)%bg(1 + bf -2 .
BRI DR Olao ™) + 0ty ).




Now we start to analyze the troublesome term Q.
In fact, it follows from Lemma 2.1 and Lemma 2.2 that (or see the Appendix in [5])
P = b +0(gy ™)+ Oar?)

T - R+ 6Y) |

5 0o(1—5(y = 1)1 +b))

P+ Py = 2

A T Vo I

LV bo(1+bo)(\/ —( —1)52)+\/ L 75

A

+0(qy " ")+ 0(ap %),

~ _ b2 b2
Py = 2 E’Y(’y i)l())[()%(—:_‘_ol))z) +0(qp "~ 1) +0(g0 %),

o (= 1)bE( +bF) N —2

1 (1+ 3(y — 1)b3(1 + b3))b3 N _
Pl =— — 2 +0(qy ") +O(g52).
! T+ =2y =D +b2) (1 —3(y—1)b3(1+b3))(1 + b3) 0 0
|pl<cC, |Pj<C,

2(v—2) 2(v—2)

|Ps| < Cqy" ", |Py| < Cqy 7"

Set R
b(s) = s2b(s).

Then it follows from the expressions of ()1 and Q2 and the computations above that

Qi =bOlgy ™)+ O() +O0(gy ™7) + O(a ),
2(v—2)

Q2= O(by) +0(qy" " )+ O(qy )+O( 2)

and
a1 = O() + 0 ) + Olg; 77) + 0(g32),

2(v=2)

a2 = O(bB3) + boOlgy"* )+ 0y ™) + Olgz?)

This leads to

P, 2 5 b(s) 2 0= e —2
P2( () = s%a(s)) = gals) = 5=+ O0(B5) +b00(gp " ) +Olgg ") +Olgg ")
~/82 N 2(v—2)

2 (5) —a(s) + O03) +0lay ) +0(a; ™) +0(a5?)

=~ %a(s) = bl + S5-(6(6) ~ ale)) + OUF) + Olay™ ) 400, T+ O™ (315)

2Q =

= (2P, + P/s — gs)a(s) — sb(s) +

In addition, a direct computation yields

N AD, 2AD:Q
A =16(A— Dl)éo((Pl — 5)250 + e + 1).
16




Thus, in order to ensure that A > 0, we need

AD, 2AD;Q

s T oo T (3.16)
We now assume that
b5) = als) + 001 + Olay ™). als) =2+ 0lap ), (3.17)
and
do = bg. (3.18)

Then for small by and large qg, (3.16) is equivalent to
Q+b5<0. (3.19)

It follows from (3.15) and (3.17) that
5 2
Q= _Zbo + O(bp), (3.20)

which implies (3.19).

Finally, we determine a(s), b(s) and E(s) such that (3.3), (3.5) and (3.17) hold.

Set

a(bo) =2,  b(bo) =2+ 2.

Then it follows from (3.10) that

E(bg) can be determined. Subsequently, Y (bo) and Ya(bg) are also known.

By use of the expressions of Y7, Ys, E and b’ (by) = - (b’ (bo) — 2bob(bo)), we can determine a’(bg), ¥ (bo)
and E(bp).

Therefore, define

oo-wl =

a(s) =2+ d (bo)(s — bo), b(s) = s2(2+ b2 + b’ (bo) (s — bo)), E(s) = E(bo).

Then they satisfy the all requirements above. Consequently, we arrive at

E
/// 4 {Ko(ang)Q FEO9) + Ka.p0:0 + Ko(O19) + (029)7) + (= + 13 B0
Dr
. P.E P, + P)E
—(87"((P2+P2)E)+2(8Z(P1E)— ! )+( 2+ 1) )&gbgb}da:lda:gdz

z T
> C(/// z*%|ng|2dx1dx2dz - /// z%|gb|2dx1dx2dz>. (3.21)
DT DT

Step 5. The estimate on ‘[‘[FT 273 ((”T—l — c0s00px) K5 + (22 — sinfdyx) K¢ — 8zxK4> ds.
17



2
By the assumptions on £(z,6) in Theorem 3.1 and 19 < g, *~ ' (so — bo), it follows from the expressions
of K4, K5 and Kg that,

(% — cos00px) K5 + (x_: — sinf0gx ) K — 0, x K4 = <P1A - g - ('Lxg) (5‘ng)2

P+ P (Py + P,)A

+ ((PQ + pQ)A - azXB)arsoazSO + ( B — azX(PlB - )) (87’90)2

P
2 9.2
—% 1 .12 8050 2 . ..
+ (O(e) + O(qq )); V20" + ITI +10-pp| + 10 90]

P )
212 *spa(so)

P+ P
r

(B 8ZXA) (8‘9@) ( - 282XP1)E8T¢¢ — E0.x0.¢¢

(

- m(so>{ (60@@2 0 0. + a0 - so><ae¢>2>

+2((06)+009) + Oy )Vt + 1222 + 10,501 + 021 ) |
= zboa(so)(I + I). (3.22)

here

b(SQ) 50
2s0a(s0)
b(s0)

B1 = (P2 + P2)(s0) — a(s0)’

(P2 + Po)(s0)b(s0) . <P1(80)b(80) (7 +152)(80))
250a(sg) 0 '

Bo = Pi(so) —

2 )

P =

soa(so) 2

Noting 0,,¢ = By — 110, one has

I={B0— 11+ 13B2}(0:9)* + {51 — 211 82}0.9Bop + B2 (Bop)? —

i (ot = o) 0092, (329

A direct computation yields

Bo = O(b3) + O(gq o )+ 0(g0 %),

B =21+ 003) +0lay ™) + Oag?),

'y+1

fo=— b+ O(3) + Olay ™) + Olag ),

—152<M—50> :MJFO(bSHO( 1)+ 0a5?).

soa(so) 4

Thus, one has

Bo — 1B + 2B = bo +03) +O(qy 7~ 1) + O(qp?), (3.24)

Bi = 2p 82 = O(by) + 0( ) +0(q?). (3.25)
18



Using 9.¢Bo¢ > —3(bo(Bop)? + %(82327)2) and then substituting (3.24) and (3.25) into (3.23), we get
vy + 1

I>( bo + O(B) + Olay ™) + Olag ) (0:)°

'y+1

—( 3+ 008 +0lgy ") + 0(ay™) (Bog)’

(—)bo
8

+ FOW) +0lay ™) + Olag )| 2P (3.26)

1b0 // z 2
I'r

Consequently, we have

// =3 < — —cosB0gx) K5 + (— — sinfdyx) Ko — aZXK4) dS >
I

— 1)k} 300820 200+1) 3// IFUUI
+T//FTZ |T| dsS — 3 bO FTZ (BQQO) ds

+((0() + OBR) + Oy 7 1) / / (10, 00| + 10-9])dS. (3.27)

Step 6. The estimates on TL% ffbngrgx(e,T) |p(x1, @, T)Pdydas, [ 273 (10, 09| + 10.0¢])dS and
o, = glda.

We estimate only ffb0T<r<X(0 ) |o(z1, 22, T)|?dz1drs, the other integrals can be treated similarly.

Since .
B(r,0,2) = (6, 2) + / Orp(r,0, 2)dr,
boT
then .
F2(r,0,T) gz(qb?(e,T)HnM/ r|8,«gb(r,9,T)|2dr)
bol Jpor
and

©n X(0,7) x@.1)
[ rermoir < cocen - gy (ee.n)+ w0 [T 0g00.1)Pr ).

OT OT
Thus
2
1 T y-1
= (a1, 22, T)Pdrday < C<(O(E) O ") i 10, (a1, 29, T)PdS
T3 JJbor<r<xo.m) VT boT<r<x(0,T)
+52). (3.28)

Analogously, using the boundary value of ¢ on Br as above (or see Lemma 1 in [9]), one can obtain
2

from Lemma 2.1 and sg + 19 — bg < C’qo_ﬁ that

//F 23 (10,9] + |0.0¢)dS < c{(O@ 0> 7)) <//F Vs
+///DT Z%|V¢|2dx> +€2}’ (3.29)
///DT 272l dr < C((O(E) + 0% ) ///DT 23 |VyPdr + 52>. (3.30)
19



Substituting (3.4), (3.6), (3.21) and (3.27)-(3.30) into (3.2) yields

ﬂ// |ng|2dS+C2/// z*%|v¢|2dx+cg// z’%|V¢|2dS+C4// 273 |V|2dS

\/T bQTS’I"SX(G,T) DT FT BT

g/// z*%LapMapdx—i—Cg,// =~} (Bop)2dS + Cye? (3.31)
DT I—‘T

where the constants C;(1 < 4 < 6) are independent of ¢o and e (but depends on by) thanks to the
appropriate choices of a(s) and b(s). Therefore Theorem 3.1 is proved.

§4. The proof of Theorem 1.1 for the case b1(6,z) = bpz

In order to prove Theorem 1.1 for the case bi(6,z) = bz, we first derive the following higher order
energy estimates so that one can derive the decay properties of V¢ and ¢ for large z.

Theorem 4.1. Assume that ¢ € C*(Dg) and £(0,z) € C*([0,2m; 1,T] with kg > 6 is a so-
lution of (2.1) with (2.2), (2.5) and (2.6). In addition7 [£(6, 2)| + |20:£(0, 2)| + |0p&(0, z)] < Ce and

Z 2V e(r, 2)| < Ce hold for (6,z) € [0,7; %, T]. Then for sufficiently small e, we have
o<i<[f)+1

// ST TRV, 0,T) dS+// 23V 2dy
boT<r<x(6,T) 0<I<ko—1 D

T O<l<k0 1
/‘/FT 0<I<ko

2177|Vl+180|2d5+// 2177|vl+1¢|2ds
B
< oe, (4.1)

T 0<i<ko—1

here and below C' > 0 denotes a generic constant depending on qg, by and +.

Next, we turn to the main arguments for the proof of Theorem 4.1. As in [8-9] or [15-16], we will use
the vector fields which are tangent to the surface of the cone and nearly tangential to the shock front so
that we can raise the order of the energy estimate by the standard commutation argument. The difference
from the usual commutation argument is that the vector field is only nearly tangential to the shock front
boundary, and thus there will appear some error terms caused by the perturbation of the shock front to
be treated. We first state an elementary estimate.

Lemma 4.2. Assume that ¢ is a C* solution, then there is a constant C' independent of ¢ and T', so
that

Yo Avitlgl<c Y |vS'¢| in D, (4.2)

0<i<ko—1 0<i<ko—1

where S = 20, + r0, or 0Op.

Proof. This lemma can be found in [9] and [16]. So we omit the proof here.

Return to the proof of Theorem 4.1. Since the vector field S is tangent to the boundary r = byz, then
S™p = 8™¢ on r = byz in view of the boundary condition (2.2). Thus one can apply Theorem 3.1 and

the Remark 3.1 to S™p(0 < m < ko — 1) (at this moment, one can contemporarily neglect the concrete
20



expressions of the constants in (3.1)) to obtain

7l > et /// R
VS8™o(r,0,T)|7dS + z72 VS p|“dx
\/T boT<r<x(6,T) 0<m<ko | ( )| Dr | |

0<m<ko—1
+// E Y |[vSTyl dS+// 3 IVS™p[2dS
Ir 0<m<ko—1 O<m<k0 1
< C(q0,b0,7) (/// Py ﬁSmgb./\/lSmgbdx—i—/ Y (305m¢)2d5+62>
Dr 0<m<ko—1 I'r 0<m<ko—1 (4.3)

To estimate the first term in the right hand Slde of (4.3), we need an explicit representation of £S5™p.
Thanks to SP(Z) = SPy(%) =0 and S(1) = or S(1) =0, we have LS¢ = SLp — 2Lp. Tt follows
from the equation (2.1) that

3 1\t
-y ¥ cl{ 3 cmz< (Fi)3%5 + %Sb(fo))}, (4.4
ij=10<i<m hitla<l

where f; ; and fo are the functions appeared in (2.1). By the properties of f;; and fo and the assumptions
in Theorem 4.1, one can show that for m < kg — 1

ISt fgl<C > IVSTelL IS (f)l < C D> VST (4.5)

m§k0—1 m§k0—1
We will treat fffDT 272 80 (f33)025%2p MS™pda only, because the other terms can be disposed simi-

larly. This is divided into two cases:
If I <m —1, from Lemma 4.2 and assumptions in Theorem 4.1, as in [9] or [16], one can get

|51 (f33)02SpMS™ P < Ce > VST, (4.6)

m<ko—1

If I = 0,1y = m, then
. m - m . m -« 1 m - 1 m.
S" (f33)025"pMS™ ) = 0.(f33 BO-S™ $0n ™) — 5 Afsn(0:5"9)%) — 50, (53 B(D:8™¢)?)
1 . m . m :
+ 5O (fs3B) = 0:(f33.4))(0:5™)" — 0-(f33B)0:5™ $0,™p. (47)

Hence by the integration by parts we get

/// Y zstS%dx<Ce(// 272 IVS™p[2dS
Dr

0<m<ko~—1 O<m<k0 1
-3 m .2 m - 2
+/// D W ] drc+— IVS™p(r, 0, T)[2dS
Dr 0<m<ko—1 boT<r<x(8,T) m<k .
+// Yy |vsm¢|2ds) +Ce”. (4.8)
Br 0<m<ko—1
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Next, we estimate the second term on the right hand side of (4.3), that is ffFT 22 Z(BOSmgb)QdS,

m
which is a major term, because it involves the boundary of shock front. Write

BoS™H = [Bo, S| + (S™ — SE)Bop + S Bo,
we estimate each term separately. The first term has the form

Bo,S™¢ =Y CiS'Bog. (4.9)

0<I<m—1

To estimate other two terms, we notice that from the equation (2.6)

> mlomopze <o Y ZMVTTgllE)  on = x(0.2). (4.10)

0<m=mi+ma<ko—1 0<m<ko—2

Hence by the assumptions in Theorem 4.1, we have

> Mooy < Ce. (4.11)

0<m<[50]4+1
In addition, the equation (2.5) yields
SE'Bop + p2St'E = St k1 (&, Vizp)  on = (6, 2), (4.12)
where St = 20, + 20,x(2)0, or 0y + Jpx 0y are tangent to the shock surface r = x (6, z). It should be

noted that |uo| is a large constant with the same order as qo.
Using (4.11) and (4.12), for m < ko — 1 we have the following estimate:

ISEBog| < Clao Y, 2M[0Rogel+¢ Y 2V, (4.13)

0<i<m 0<i<m

As in the Lemma 10 in [9], one can prove that

(5™ = S™)Bog| < Ceo( Y 2VIHg| +[¢)). (4.14)

0<i<m

Now collecting (4.9), (4.13) and (4.14) and using (4.10) and Lemma 4.2 one can get that

// Z T217§|vl+1 (r 0, T | dS+/// 217%|Vl+1gb|2da:
boT<r<x(0.T) g<|<po—1 D

T 0<l<k0 1

// 2172|Vl+180|2d5+// 2172|Vl+1¢|2ds
't g<i<ko B

T 0<i<ko—1

< C(qo, bo,y <// 2l"|vl+1 | dS+// Pl dS+e) (4.15)
Pt g<i<k,
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In particular, for kg = 1, due to the estimate (3.1) and the equation (2.5) and the inequality (4.8),
then (4. 15 becomes

// |V<p(r9T|2dS+Cz/// z 2|Vgo| dS+C3// z 2|Vga| ds
boT<r<x(0,T) Dr Tr

+C'4// 273 |V dS<C5qO// 273 |¢2dS + Cge. (4.16)
Br

Here C;(1 < i < 6) are generic constants independent of g and .

It follows from (4.15) and the inductive argument that the crucial step to prove (4.1) is to estimate
the first term in the right hand side of (4.16). Note that the first term in the right side of (4.16) has a
large factor g3. We will try to absorb this term into the left hand side of (4.16).

In fact, by the assumption on £(6, z), we have

) 2 27 T .
J[ =g pas = avoudy + o 0l T [ w0 [ a0 P )
I'r 0 2

In addition, by the Hardy inequality (see [11]) the term flT 272|€(6, 2)|2dz can be treated as follows
2

T 1 T 5
2160, 2) dz—/ 232600, 2)Pd=

2

N‘H\

T T
1 5, 1
<2 [ 2 Hag00) + grota@ 2 2P +2 [ gx(6,2),0,2) P
3 Us 3 Us
=I1+11. (4.18)

Here and below we will use the inequality (z + y)? < 222 + 2y? repeatedly.
By the Hardy type inequality again, the equation (2.6) and the assumptions in Theorem 4.1, as in [5],
we have

T
1 1
1] < c/ 2H0.(26(0,2) + 1 ¢(x(6,2),6,2))Pdz
1 +

T
< 0(5077)52[ 22 (€00, 2)1” + [V(x(6, 2),0,2) ). (4.19)

2
Now we dominate I1 by II; + Il> so that II can be bounded by some integrals on r = bgz and the
interior of D, where

4

T
I == / 273 (x(8, 2), 6, 2) — (boz, 6, 2)|*dz,
Uz 1

4 (T s
I, = —2/ 272 |p(boz, 0, 2)|*dz.
Ui Js

I1; can be treated as follows

b o T x(0,z) 2
11| < C(#g’wu + O(q, W71))/ 2z~ (/b &gb(r,@,z)dr) dz

<oy ) [ ([T st opar MO0

q() 0Z

o

-

1 _ 2 .
< <(0()+ 0, ”‘W//D =210,5(r, 0, 2) 2drdz. (4.20)
0 T
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Using the boundary condition (2.2), we have
|[112] < C(bo,v)e™. (4.21)

Substituting (4.21), (4.20), (4.19) into (4.18), (4.17) and (4.16), for the fixed by and qio which are very
small but qio is much smaller than by, for sufficiently small e, we have

%// |V(r,0,T)|>dS + Cy /// z*%|v¢|2dx+cg// 273 |V|2dS
T J JbeT<r<x(0,T) Dr I'p

+ Cy // |V (boz, 0, 2)|2dS < C(bo, v)e>. (4.22)
Br

Where C;(1 < i < 4) depend only on by and ~.

Hence we obtain (4.1) for kg = 1.

Furthermore, (4.15) shows that the higher order derivatives of ¢ can be dominated by its lower order
derivatives, then by inductive argument we obtain (4.1). This completes the proof of Theorem 4.1.

The proof of Theorem 1.1

Based on the the energy estimate of higher order we can easily prove the global existence of the
shock wave by using the local existence theorem and the standard continuity extension method. The
local existence of the solution of (1.11) with (1.12)-(1.14) can be achieved as in [20], while for any given
zo > 1, the solution of (1.11) with the initial data given on z = 2 and the boundary conditions (1.12)-
(1.14) in [z, 20 + 1o] for some 19 > 0 can be obtained ( see [8] ), provided that the initial data is smooth
and satisfies the compatibility conditions. Moreover, if the perturbation of the initial data given on z = zj
is small as O(¢), the lifespan of the solution is at least as large as Ce~! with C' > 0. Therefore, as long
as we can establish that the maximum norm of ¢, ¢ and their derivatives decays with a rate in z, then
the solution can be extended continuously to the whole domain. That is, by using the local existence
theorem and the property of decay of the solution we can obtain the uniform bound of ¢, and their
derivatives, and then extend the solution continuously from zp < z < 21 to zg < z < z1 + 1 with 7 being
independent of z;. Hence the key point to prove Theorem 1.1 is to give the decay rate of the maximum
norm of ¢, £ and their derivatives.

It follows from the Sobolev’s imbedding theorem (or see Lemma 14 in [9]) and the assumptions of
Theorem 4.1 that for boz < r < x(6, z) and % < z < T, one has

> VI < czfl// > VT (r, 0, 2)%dS. (4.22)
boz<r<x(0,2) g<j<ko—1

0<1<ko—2

On the other hand, (4.1) shows that

// ST VG0, 2))%dS < Ce?et (4.23)
boz<r<x(0,2) g<j<ko—1

Hence Z |lel+1gb|2 <0222 for boz <r < x(0, z) and % <z<T.
0<1<ko—2
For kg > 6, one has

S Vg < Ceri (4.24)

I<[52)+1
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In addition, due to ko — 2 > [5] + 1, the equations (2.5) and (2.6) yield

€00, 2)| + 20.€(0, 2)| + |9pE(0, 2)] < Cez™7. (4.25)

. . . 1 .
(4.24) and (4.25) imply that the assumptions on ¢ and ¢ hold for any 7' > 5. Thus, noting that

the constant C' is independent of 7" in Theorem 4.1, we complete the proof on Theorem 1.1 under the
additional assumption by (6, z) = byz.

§5. The general boundary case

In this section, we discuss the equation (2.8) with (2.9)-(2.12). In order to prove Theorem 1.1 for
general boundary, as in [5], we have to analyze the contributions of the perturbed boundary. It turns out
that we can modify the arguments in the proof of Theorem 4.1 slightly to deal this general case. As in

(4.3), we first estimate the term [[f}, 3 Z LS™GMS™Gdz, where S = 705 + 20; or 0.
0<m<ko—1
Note that the first four terms on the right side of (2.8) have been estimated in §4. Without loss
of generality, we only estimate [[[,, F7E8m((1 — M)f§3(v¢, M , Dpb1)02: @) MS™di and
fffD —38m(f3(Ve, Ehllz) bl 8.2) 95 501)02b1 (0, 2)0:3) MS™pdz, the other terms can be analyzed similarly.

To estimate the 1ntegrals, as in [5], we use the following decomposition:

8.b1 (0 8.b1 (0
1- M)J{%( % 99b1)0%p = I + I, + I11,
0
fl( W 89()1)83[)1(9,2)85@ZIQ—FIIQ—FIIIQ,
0
where
8., (0, .b1 (0 8.b1(0 .
n= (1= 2005 (3,95, 2002 ) - w5, 200 a0 o
0 0 0
.b1 (0 8.b )
1L = ( M)fs?,( %ﬂebl)aﬁw,
1= (1~ %)&(W, ODO2) )2
0 0
8.b1 (6, o D.b(0, )
o = 020000, 2) 2V, 50 o) — v, EUE), o,
.b1 (0
I = 02b,(0, 2) (Vg % Bpb1)0=p
IIT, = 9%b1(,2) f3(V, %{f’”,a@bl)aﬁz

Note also that [b1(6,z) — bpz| < e and |z(z@z)k18§2 (0:01(0,2) —bo)| < e for 0 < k < ky — 1 with
ka > ko + 1 due to (1.10), here ko is the number appeared in Theorem 4.1. Additionally, d7¢ and 9:¢
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are positively homogeneous of degree 0. Hence we have the following estimates for m < kg — 1
STLMS™E < Y VS
Tz I<m T’Z 7

By .. C .
ST ILMS™ ) < = 37 V5254,

I<m

I

“m Zm Ce o _alx2
|SmEMS™E < — 3 (Vi 5GP,
I<m

|S™ILMS™ 3| < ce D Vr:S'dl

=7z T,Z ’
I<m
“m S Ce Sl ~12
|STIILME™ G| < — 3 V7816

I<m

In addition, the term S™IT1; MS™@ can be treated similarly as in (4.5), (4.6) and (4.7) of §4. Using

the inequality <|g| < nlg|* + C (77)2—2, here > 0 is an appropriate small constant, then these estimates
and the integration by parts lead to

wleo

> LSMEMS™GdE < Ofe)

L 1 /
5 1
///DT 0<mTho1 <\/T boT<r<%(6,T) mgzk;_l

+/// Y |v§m¢|2daz+// 72 Y |v8mgPds
DT 1 FT

0<m<ko— 0<m<ko—1

. o 1 5 .
+// 3732 vsm~2ds+g) +7/// 372 VS p|2dz,
. > VST Tt ), > VST

0<m<ko—1 0<m<ko—1

|VS™&(r, 0, T)|?dS

Njw

here C(qo, bo,7) is the constant in (4.3).

Secondly, as in §4 we need to estimate the term ffFT 32 Z |30§m<,2|2d5. Since the equations
0<m<ko—1
(2.9) and (2.10) are very similar to (2.5) and (2.6) respectively, then this term can be estimated by the
same method in §4.
Therefore, Theorem 1.1 is proved in the general case.
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