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§1. Introduction and Main Results

We consider spherically symmetric solutions to the isentropic compressible Navier-

Stokes equations, which satisfy the following system

Oy p+ Oz (pu) + T 0,
(1.1) 2$ mou?
A (pu) + Ox(pu* + p(p)) +

= 0% u + pma, <%> ,

where m =n — 1 (for n = 2,3), p(p) = ap”, v > 1, a > 0, and p > 0 are given constant.
Here p, u, p denote the density, velocity and pressure respectively, and x is the radial

variable so x > 0. We impose the following initial-boundary conditions:

(1.2) { p(x,0) = po(z), x>0,

(1.3) w(0,t) =0, t>0.

Our main purpose is to study the properties of vacuum states in weak solutions to the
initial-boundary value problem (1.1) - (1.3).

As it is well-known, the formation and dynamics of the vacuum states are key issues
in the studies of the existence, regularity and long time behavior of strong and weak
solutions for both inviscid and viscous compressible fluids (see [1], [4], [9], [10], [5], [3],
[11]). This is particularly so for multi-dimensional problems. Indeed, the well-posedness
of and stability of strong solutions near a non-vacuum state have been well understood
(see [14], [1], [6] and the references therein). However, the situation becomes much more
complicated in the presence of vacuum and less is known except the existence of weak
solutions and long time dynamics for some special cases (see [6], [7], [10] and the references
therein). The uniqueness and regularity of weak solutions of compressible Navier-Stokes
system obtained in [10, 8] depend crucially on the understanding of the dynamics of
vacuum states in such weak solutions. In fact, it has been shown by Xin in [15, 16] any
smooth solutions to the compressible Navier-Stokes systems with compactly supported
initial densities will blow-up in finite time. This indicates that the dynamics of vacuum
states will play a key role in the theory of regularity of weak solutions of the compressible
Navier-Stokes system.

There have been a lot recent studies on the various topics involving vacuum states for

viscous compressible fluids, see [2, 3, 4, 10, 12, 13, 15, 16, 5, 9, 7], etc. for instances.
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In particular, in [5], Hoff and Smoller studied the dynamics of vacuum states for weak

solutions to the one-dimensional compressible Navier-Stokes equations:

Or(pu) + 0p(pu? + p(p))z = pUze + pf

and proved the important conclusion that if for any given open set £ C R!, it holds that

/ p(z,0)dx > 0,
E

then for any ¢ € [0, 7], and any open set £ C R, it holds that

/ p(z,t)dx >0,
B

provided (p,u) (x,t) is a suitable weak solution to (1.1)". For spherical symmetric Navier-
Stokes system (1.1) in the case that v = 1 and with bounded initial density definitely
away from vacuum states, in [2], Hoff has constructed a global weak solution with initial
data in the class of bounded total variations, and proved such solution contains no vacuum
state far way from the center of symmetry and pointed out there might appear vacuum
state near the center of the symmetry. These results have been generalized in [3].

One of the motivations of this paper is to generalize the one-dimensional results of
Hoff-Smoller in [5] to weak solutions to the initial-boundary value problem (1.1) - (1.3).
To state our main results, we first need a definition of weak solutions to the problem (1.1)
- (1.3).

Definition 1.1 (p,u) = (p(x,t),u(x,t)) is said to be a weak solution to the initial-
boundary value problem (1.1)-(1.3) on R} x [0,7) if
(1) p(z,t) >0 a.e. on (z,t) x RL x (0,T),
p,pu’ € L0, T; Ly (RL)),

Opu,— € L*(0,T; L2 (R)));
T

(2) for all 1 and ¢, such that 0 < t; <ty <T, p € C'(0,T;CH(RL)), it holds that

/ pox™dr
R

1
+

to

to
/ / (pOrp+ pudy p)x™dxdt =0,
t1 R}r

t1



and

/ pupr™

/ / pudy 4+ pu®d, o+ p(p) <8xw+w)}xmdxdt
RY x

= —u/ 6 u 0 )xmdxdt.
Rl
Set
(1.4) m(t) :/ p(z, t)x™ dz,
RL

1 2 a o m ! 2 U2 m

(1.5) E(t) = 3 7_1p (x,t)a™ dx + p . (O u)” + —5 | 2™ dx dr,
+ +
V3 a

1.6 E :/ ( 0 4 7) x)z™ dx.
(1.6) 0 Ry 200 7_lpo (x)

We will assume that the weak solutions satisfy the following conditions:

(1.7) m(t) =mgy = / po(x)x™dx, forall te (0,7T),
RY

and

(1.8) E(t) < Ey, forall te(0,7).

It should be noted that by following the analysis in [8], one can constructed weak
solutions to the problem (1.1)-(1.3) such that both (1.7) and (1.8) hold, see Theorem 1.4
below.

We now define for all t € (0,7,

(1.9) w(t) = sup {x ERi;/Oxp(y,t)ymdyZO}'

Then one of the main results in this paper is the following theorem:
Theorem 1.1 Let (p,u) be a weak solution to the problem (1.1) - (1.3) on the domain
R! x R! such that (1.7) and (1.8) hold. If for any given open set E C R!, it holds true
that

(1.10) / po(x)x™ dz >0,
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then for any ¢ € R] and any open set E with E C E C (w(t), 400), one has that

(1.11) / plx, t)z™ dz > 0.
E
Furthermore, it can be shown that
(1.12) w(t) < CHH"

for some uniform positive constant C'.

It should be noted that in Theorem 1.1, it is allowed that there are vacuum states on
a set of measure zero initially, which is different from the assumptions in [2,3]. It will also
be clear from the proof of the Theorem 1.1 that if the vacuum states appear on an open
interval initially, then the interval of vacuum states will persist in time. Then a natural
question arises: if the vacuum states appear on two or more open intervals initially, then
do these intervals of vacuum states emerge later on in time? Will they interact? Based
on the ideas of the proof of Theorem 1.1, one can derive the following definite answer to
such a question:

Theorem 1.2 Let (p,u) be a weak solution to the initial-boundary value problem (1.1)
- (1.3) satisfying (1.7) and (1.8) on [0,7) x R} with 7" < +oco. Assume that there exist
constants a; (i = 1,2,3,4) such that

O<a; <ag <as<ay <—+oo

(1.13) /az po(x)dx = /a4 po(x)dr =0,

al as
a2
(1.14) / po(x)dz >0, Vee(0,a),
ag+e€
(1.15) / po(x)dx >0, Vee (0, %M) :
as
(1.16) / po(z)dr >0, Vee (O, (GQQM) :
az—e
and
aq+e
(1.17) / po(z)dz >0, Vee (0,1).
as



Then there exist x; = x;(t) € C*[0,T] (i = 1,2, 3,4) such that

(118) .I'Z(O) = Qy, 1= 1, 2,3,4,

(119) 0< ZEl(t) < l‘g(t) < 1173(75) < l‘4(t) < +00, Vit e [O,T],

with the following properties: for all ¢ € [0, 77,

acg(t) :E4(t)
(1.20) / plz, t)de = / p(x,t)dx =0,
:E1(t) xg(t)
acg(t)
(1.21) / (. t)ds >0, Yee (0,2:(),
z1(t)—e
xQ(t t t
(1.22) / plz,t)dr >0, Vee (0, (IQ();x?’( ))),
1(¢)
24(?) t t
(1.23) / plz,t)dr >0, Vee (0, (22(t) + s ))),
3(t)— 2
and
(t)+e
(1.24) / p(z,)dr >0,  Vee(0,1).
:Eg(t)

In particular, it holds that

1 as v/ (v=1)
az
for all t € [0, 7], where C' is a positive constant depending only on my, Ey and 7.

Remark 1.1 It follows from Theorem 1.2 that initially neighboring open intervals of

vacuum states are always separated dynamically.

We now turn to another important question: for a given weak solution to (1.1) - (1.3)
satisfying (1.7), (1.8) and (1.10), can the vacuum states appear on an open interval near

the center x = 07 i.e., when do we have

(1.26) wt)=0  Vtel[0,T]?



It seems that the answer to this question depends on the further regularity of the weak
solution. A sufficient condition to ensure that there will be no open interval near x = 0

on which vacuum states appear is the following:

o 1 [T 2
(1.27) limg_, o+ —/ / g(lec dt’ < 00,
5 0 5 A
or
o 1 [T 2
(1.28) limgs_ o+ —/ / Uy dxdt’ < 0.
0 Jo Js

Indeed, we have
Theorem 1.3 Let (p,u) be a weak solution to the initial-boundary value problem (1.1)
- (1.3) such that (1.7), (1.8), and (1.10) hold. If either (1.27) or (1.28) holds true, then

(1.29) / p(z,t)x™ dz >0

holds for all t € (0,T) and arbitrary open set in R}.

It should be pointed out that in the Theorems 1.1 - 1.3 above, we have assumed that
the mass is conserved and the total energy is finite, i.e., (1.7) and (1.8) hold. In fact, the
existence of such weak solutions to the initial-boundary value problem can be proved by

following the analysis in [19]. Indeed, we have

Theorem 1.4 Assume that the initial data, (1.2), are given such that both mq and Ej
are finite. Then there exists a weak solution (p,u) to the initial-boundary value problem
(1.1) - (1.3) such that (1.7) and (1.8) hold.

The rest of the paper is organized as follows: we start with some basic lemmas in
§2. Since the interfaces between vacuum states and non-vacuum states are governed by
particle paths, so the basic lemmas concern the time-integrability of the velocity and the
estimates on the progation of the interfaces as in [5], see Lemmas 2.2 and 2.3. In §3, we
show that there are no vacuum states far away from the center under the assumptions of
Theorem 1.1, see Theorem 3.1. The main part of the proof of Theorem 1.1 is given in
84, where we will show the non-formation of vacuum states in some intermediate region.
This is achieved by studying the evolution of an open interval of vacuum state. Through
careful estimate of the interfaces separating vacuum and non-vacuum states, we can prove
Theorem 1.1 by generalizing some of ideas in [5]. Based on the ideas in the analysis in
84, the Theorems 1.2, 1.3 and 1.4 are proved in §5, §6 and §7 respectively.



§2. Some Preliminary Lemmas

In this section, we list some elementary facts which are simple but useful for our later
on analysis.

First, we will use the following simple fact often.

Lemma 2.1 For any A € (0,400) and any k € (0, +00), it holds that
e < Oy (K, \)

for all x € [0, +00), where C1(k, \) is some positive constant depending only on &k and A.

Next, we estimate the time-integrability of the velocity field for a weak solution.

Lemma 2.2 Let (p,u) be a weak solution to (1.1) - (1.3). Then
t
/ |U(, /\)|L°°(R,2R) dA < Cg(t — 8)1/2 R(2_n)/2, V 0<s< t,
for all R € (0,400), where C is a positive constant depending only on FEj.

Proof We compute

t t
(2.1) /‘U(',)\)’Loo(R,QR)d)\:/ ess sup [Er(z)u(x, N)|pe(r2r) dA,

z€(R,2R)

where {r € C§°(R) such that

0<&r<1, [€rl < CRT,
fR: 1 on (R,QR)
Er=0 on R\ (R/2,3R).

Note that for almost all A € (0,7,

€SS SUP R« <oRr (Er(z)u(z, N)]|

0
= ess sup / a—[fR(y)U(ya)\)]dy'
R<z<2R |JR/2 OY
O 2R 2R
< 5[ luNds s [ e
R R/2 R/2



Hence, by the regularity assumptions on a weak solution,

t
JRCR P
—// x)\\dxd)\—i-// |y (2, A)|dz dA

1/2 1/
{// -xmdxd)\} {// medxd)\}
R/2 72 s JR/2
1/2 t 2R 1/2
—i—{// uixmdajd)\} {// xmdxd)\}
s JR/2 s JR/2

< CEé/QR(lfm)/Q(t — )12,

IN

2

IN

Thus the proof is completed.

As an immediate consequence, one has
Corollary 2.1 For 0 < s <t and r > 0, it holds that

t
/ ‘u(’ A)’LOO(T,R) d)\ S CQ(]f — 8)1/2 T(Q*Tl)/Q
for all R € (r,400), where C' is a positive constant depending only on Ej.

Proof For R € (r,4+o00) with r > 0, there exists a positive integer k such that R €
(2519 2% ). Tt then follows from Lemma 2.2 that

t
/ |u(7 /\)|Loo(2j_1 201 dX < Cy(t — 8)1/2 (2]—1T)(2—n)/2 < 02(2(2—71)/2)]—1 (t . 8)1/2 P(2-n)/2
for j = 1,2, -, k. Therefore, we get
t
Uy N)| oo rairy AX < Colt — )2 pE7/2,
| ( Loo(r,2Fr)
So the proof is completed.
Next lemma gives an estimate on the evolution of an open interval of vacuum states.

Lemma 2.3 Let ¢y € (0,7 and suppose that

p(tg) =0 a. e (a,b)



with 0 < a < b < +00. Let

fo b—a
t; = inf {t € [0,¢o] : / [t (-, A)|Loo(ap) A < 5 }
t

K b—a
tg = sup {t € [to,T] . / |U(, )\)|L°°(a,b) dX\ < 9 } .

Then t; < tg < to, and for any ¢ € (t,t2), p(-,t) =0 a. e. on

( N[ dAD

Proof Lemma 2.2 shows that

and

A)| L) d)\' b—

1 <ty < ts.

Now suppose that t > t;. The proof for ¢ < ¢y is similar. We prove Lemma 2.3 by
studying the approximate particle pathes.

Fix 0 > 0 satisfying
b—a

6
For small € > 0, let u° denote the usual spatial regularization of u. Then for a. e.

t € [to, T], we have

0<d<

(5 D)oo atab-0) < |ulss 1) Loo(an)-
Define a smooth function w®(-,t) by

b
a+ _s

[uc(-,t) ‘L°°(a+5,b76), if <

w€6($,t) _
¢ a+b
_’“ (Vt)‘L‘x’(aJré,bfé), if z> T +4

a+b a—l—b+5)‘

and w* is decreasing on ( 5~ 0, 5

Next, set
V() = 1, if a+20<x<b—20
]l o0, if x<a4+d or z>b—3,
and ¢° is increasing on (a + 6, a + 26), and decreasing on (b — 23,b — §).
Let ¢ be the solution to the problem

¢r + w9, =0, t>t
¢‘t:to = W
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Consider the curves

2t = a5(t)
defined by
dz i
s =w", t>1
Tli—y =1, T € [0,+00).
Set
Vi={(z,t): 0 <z <zl s(t),t€ [to.T]},
Vo= {(2,1) t a54(t) < < ahyp5(t),t € [to, T]},
Vi = {(x,t) P T ias(t) < T < wh_os(t),t € [thT]} )
Vi={(z.1) 2} _5(t) <z < _5(t), 1 € [to, T]},
Vs = {(z,t) : 7j_4(t) <z < 4o00,t € [to, T]}.
Then,
N W
and f
i
¢;6(I’t){ Zg if Eigié
Denote

T = sup {t € [to, T) : T 05(s) < +9, Vse [to,t]} :

Without loss of generality, we may assume that

b
a+ _s

Tt 25 (Teé) =
Then,

T66
IZ+25(T€5) - $Z+25(t0) = / we dt,

to

which yields

a + b TetS
2 — 5 — ((l+26) S |u('7)\)|L°°(a,b) d)\
to

Therefore,

b—a

Ted
(25) / |U(, )‘)|L°°(a,b) d\ Z — 30.

to

11



Define

k) t b_a
T’ =supqte€to,T]: | |u(-,A)|re, :
to 2

It then follows from the definition and (2.5) that
T >1T°.

By the definition of weak solution, one may obtain that for t € (¢, T°),

/ p O ™ dx

0 to
t proo t proo

= // p(u—ue)gbffxmdxdT—l—// put — w®)p?L 2™ da dr
to”/ 0 to/ 0

< // u) gL 2™ dx dr
to

t

which implies that

b—9
/ p ¢ mdx<// p(u —u) oL x™ da dr.
a+d

Consequently, it follows from the definition of the particle path that

b—6
(2.6) / p(z, t)x™ dx<// u)p? 2™ da dr,
Is(¢)

where

t t
Ig(t) = (CL + 20 + / |u(, /\)|L°°(a,b) d/\, b—20 — / |u(, )\)|L°°(a,b) d)\) .
to to

Letting € — 07 in (2.6) yields

/ plx, t)z™ dx <0
I5(t)

and therefore,

p(,t) =0 a.e. on Ist).

On the other hand, for ¢ € (1, ;) we have

/ u(,2)

12



There exists a 0y € (O, b—Ta) such that if 0 € (0,0p) then

/ u(-, 3

Therefore we have

t<T°
and then
p(Vt)::O
for a. e. x € I5(t). Letting 6 — 0 we get
p67® =0

a. €. on

M| zoo(ap) dA|, b—

(a+

Thus the proof is completed.

M) Loe(ab) d)\') .

Finally, we also need the following lemma.

Lemma 2.4 Let (p,u) be a weak solution to (1.1) - (1.3). Then it holds that
T
/ ess sup |™2u(x,t))?dt < Cs
0 O<x<1

for all T € (0, +00), where Cj is a positive constant depending only on Ej.

Proof In a similar way as in the Proof of Lemma 2.2, one can show that
T
/ ess sup |z™%u(z,t)? t<C// (Juy(y, ))* + y* u*(y, t)) y™ dy dt,
0 R<z<1 R/2

which implies that
T
/ ess sup |z™2u(x,t)|?dt < C E,
0

R<z<1

for all R € (0,1). Letting R — 0% yields the desired estimate. Thus the proof is complete.
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§3. Non-formation of Vacuum near z = 400

In this section, we will show that if there is no vacuum initially, there will be no

formation of vacuum state near infinity. More precisely,

Theorem 3.1 Let (p,u) be a global weak solution of (1.1) - (1.3) satisfying (1.7) and

(1.8). If
(3.1) / po(x)dz >0
E
for every open set E C (0,400), then for any ¢ € (0, +00), it holds that
2R
(3.2) / p(z,t)dz >0
R

for all R € (R*(t), +00), where

(3.3) R*(t) = Cyt'/™,

and Cf is a positive constant depending only on Ej.

Proof of Theorem 3.1 It follows from Lemma 2.2 that

(3.4) / t (-, N)| Lo (riar) AN < Cy t'/? RE—™/2
0

for all ¢ € (0, +00) and all R € (0,400), where Cy is defined in Lemma 2.2.
Define

(3.5) R*(t) = (4Cy)*/™ '/,
Then
(3.6) Cor (e = 0

for all ¢ € (0, +00).
We claim that for any ¢ € (0, +00),

(3.7) /2R p(z,t)dz >0

R

for all R € (R*(t), +o00) with R*(t) defined by (3.5).
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In fact, if (3.7) is not true for some ¢, € (0, 4+00) and some Ry € (R*(tp), +00) then
(3.8) plx,to) =0
for a. e. © € (Ry,2Ry). Then Lemma 2.3 implies that
(3.9) p(-,t) =0
a. e. on

to to
(Ro+/ |[u(+, A)| oo (Ro.2R0) AA, QRO—/ [u(+, A)| oo (Ro.2R0) d/\)
t t

for all t € [t.,to], where

to R
(310) ty = inf {t € [O,to] : / |U(, A)|L°°(Ro,2Ro) dX\ < ZO} .
t

It follows from (3.4) and (3.6) that
fo 1/2 »2-n)/2 _ Ro
(311) / |U(, A)|L°°(RO,QR0) d\ < Cy tO RO " < Z
0
for all R € (R*(to), +00). Combining (3.10) - (3.11) with (3.9) one may conclude that

po(x) = p(x,0) =0

fora. e. x € (Ro+ R/4,2Ry — Ry/4). This contradicts to the assumption (3.1). Thus the

proof is completed.

84. Vacuum at the Interior

Next, we turn to the Proof of Theorem 1.1. We assume that

(4.1) p(,t)) =0 a.e. on (a,b)
with
(4.2) w(ty) < a<b< +oo,

15



and

(4.3) y(t):inf{x:p(-,t):0 a.e. on (x“;b)}
(4.4) z@):sup{x;ppj)::o a e on (Q;b,%>},
and

(4.5) y(to) = a,  =(ty) = b

Then Theorem 3.1 implies
(4.6) b < +oo.

We start with some elementary estimates on the curves z = y(t) and = = 2(t).

Lemma 4.1 There exists a constant hy = ho(a,b) > 0 such that y(t) and z(t) are

absolutely continuous functions on [tg — hg, o], and

b_
Sy) Sa+ T <b— == <2(0) <a

for some positive constant ag depending only on a, b, Ey and t,.

(NN

Proof Lemma 2.3 shows

(ot

for t € [t1, o], where

(4.7) (-, t) =

p =
t
/thMww
to

0 a. e o

t
o) )
to

fo b—a
(48) tl = inf {t € [O,to] : / |u(, )\)|Loo(a’b) d\ < 9 } .
t

11
(-5 M| Loo(a)

Then (4.7) and (4.8) lead to

(4.9) mw<a+jff

for all ¢t € [t1,tp]. Similarly, one can show that

b—a_b+a

2(t) > b— 5 5

16



Combining (4.9) with Theorem 3.1 one concludes that

b—a

(4.10) 2(t) < Qmax{b - ,R*(to)}

for all ¢t € [ty, ], where R*(to) is defined by (3.3). It follows from (4.9), (4.10) and (4.7)
that

a+b

(4.11) 0<y(t) < 5 < 2(t) < ag
for all ¢ € [ty — hy, to], where
b—a _,
(4.12) ap =2max<a+ 5 R*(ty) ¢,
(413) hl - to - tl > 0
Then Corollary 2.1 shows that
to
(414) / |u(, )\) |Loo(a/2,(a+b)/2) d)\ S Ch1/2 (CL/Q)(2_”)/2
to—h

for all h € (0,hy), where C is a positive constant depending only on Ey. Choose hy €
(0, hy) such that

Ch'?(a/2)? /2 < min {%, b—Ta}

so that

fo . [a b—a
(4.15) |u(, A)|Loo(a/27(a+b)/2) dA S mms§ —, ——
to—ho 4 8

Then we claim that
(4.16) y(t) >
for all t € [tg — ho, to).

In fact, if (4.16) fails then
for some t, € [to — h,ty). Due to (4.11), one gets that

p(z,t.) =0

17



for a. e. x € (a/2,(a+b)/2). Applying Lemma 2.3 we obtain p(-,t) =0 a. e. on

a t a-+b ¢
<§+/ [u(s Ao (a/2,(a+8)/2) 5 —/ |u (s M| Lo (a/2,(atb)/2) d)‘)
t* t*

for all ¢t € (t,,t"), where

i ¢ b—a
t" = sup {t € [t*,T] : / |u(, )\)|Loo(a/2’(a+b)/2) d\ < 1 } .
[

Using (4.15) we have p(-,t) =0 a. e. on

g_i_g b+a_b—a
2 47 2 8 ’

This contradicts to (4.3) and (4.5). Therefore, (4.16) holds and then (4.11) gives

(4.17) 5 <y(t) < z(t) < ag

for all t € [ty — ho, to].
Next, we prove that y and z are absolutely continuous functions on [tg — hq, to].
Let s and ¢ be such that
to —ho <s<t<t.

It follows from Lemma 2.3 and Corollary 2.1 that p(-,s) =0 a. e. on

( / [u(-y N) | £os (a/2,00) AN, 2(t / Ju, |L°°(a/2ao)d)‘)

since p(-,t) =0 a. e. on (y(t), 2(t)). So that

(418) / |U |L°o (a/2,a0)
Similarly, if p(-,s) = 0 a. e. on (y(s), 2(s)) then
(4.19) / [u(-, A)| Lo (a/2,a0)

Hence (4.18) and (4.19) give, for tg — hy < s < t < t,

(4.20) 206 = 2(5)) < [N 20 0

Then the absolute continuity of z(t) follows from this and
T
(4.21) | Nz < €
0
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where C' is a positive constant depending only on a and T, which follows from Corollary
2.1.
Similarly, y is also a absolutely continuous function. Thus the proof is completed.

Let S be defined as the set of all £ > 0 such that there exists extensions of y and z to
[t, o] with the following three properties:

(i) y and z are absolutely continuous on [t, %y];
(il) y < z on [t, to];

(iii)
p(x s)dr >0, Vee (0,y(s)), Vs€ltto,

=0, Vs €|t to).

z(s+e
/ p(x,s)dx >0, Ve >0, Vs et to),
[, e

It follows from Lemma 4.1 that [ty — ho,to] C S and so,

S # 0.
Thus one can set
(4.22) 7 =inf S.
Lemma 4.2 It holds that
(4.23) 0<a, <y(t) < z(t) <b. <+o0
for all ¢ € (7, o], where
1 e 2/
a, = 5/0 plx, to)x™ dx] :
- 2
C
b* - oo )
/ plx,to)e 2™ dx
LJb
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where C' is a positive constant depending only on mg, Ey, a, b and t,.

Proof Note that (4.2), (4.5) and (1.9) shows that

/ p(x,to)z™ dz >0
0

for a > w(ty). So we have
a, > 0.

On the other hand, b = z(ty) < +oc implies that

+oo
/ p(z,to)e “a™ dx > 0.
b

And so,
b* < +00.

For s € (7,t0], y = y(t) and z = z(t) are absolutely continuous functions on [s, ¢], and

y(t) < 2(t)
for all ¢ € [s, ). Then we have
(1.24) d=d(s) = inf |2(t) ~ y(0)] > 0.
Set
(4.25) R(1) = 5 (1) + =(1).

Therefore, for any t € [s,ty — ho/2|, one can find a small positive constant h(t) > 0
such that

(4.26) (1) = y(0)] + 2(12) — =(0)] <

for all t, € [t — h(t),t + h(t)]. Thus

Qt) CV,
where B p p
Q) = |R(t) — 7 R(t) + 1l % [t — h(t),t+ h(t)],
Vo= {(z,t):ylt) <z < z(t), 7 <t <tp}.

20



Clearly,
[s,to — ho] C U (t = h(t), t+ h(t)).
tE[S,to—ho/?]

Therefore there exist {t;}7_; and {h;}}_, such that

ty >ty > >ty,

[s,t0 — ho) C UL, (t; — hy, tj + h;),
S € (tN — hN,tN + hN),

to— ho/2 € (t1 — hy,t1 + ),

and
(427) U;-Vzlﬁj cV, Qj N Qj+1 #* @,
where
d d
(4.28) Q= |Bj— 3 By + | <[ty = hysty + Iy,
with
Denote by
h—
(430) Q() = {a%—%,b— a:| X [to—ho,to].
Choose ¢ € C=(R) such that
0<¢’<1,
(431) ¢0 =0 on [O, (_L]
=1 on {b—b;&,—i-oo)

where

C_L:%|:<a+%>+(b—b;a):|.

It follows from Definition 1.1 that

00 to to 00
/ p® ™ dx —/ / (pd? + pugl)x™dxdt =0
0 t t 0
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for ¢t € [to - ho, to] Thus

/O " o) () e — /O e ()

which implies that

(4.32) / p(z, t)x™ dx :/ p(x, to)x™ dx
z(t) b

for all t € [to - ho, to]

In addition, we claim that
(4.33) / plx, t)x™ de = / p(z,to)x™ dx
z(t) b

for all ¢ € [s,to] C UJLy1;, where

Io = (to — ho,to), Ij = (t; — hj,t; +hj), j=1,2,--- N.

For j =1, it follows from (4.32), and ty — hg/2 € I; that

(4.34) / p(x,t)xmdx:/ p(x, to)x™ dx
z(t) b

fort = tl + hl.
Define ¢' € C*°(R) by

0<¢' <1,
le =0 on [O,Rl]
=1 on [Ry+d/4,+00).

Then Definition 1.1 shows:

) t1+h t1+h1 )
/ p ot 2™ dx —/ / (pot +puol)a™dxdt =0
0 t t 0

for t € [t — hq,t; 4+ hy]. This implies that

/000 plx,t)¢ (z)2™ dx = /000 pla,ty + h)o' (z)z™ do

and so,

/ p(z, t)x™ de = / p(x,ty + hy)z™ dx
Z(t) Z(t1+h1)
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for all t € [t; — hy,t; + hy]. This, together with (4.34), shows that (4.33) holds for ¢t € I;.
Repeating the above process shows that

/ plx, t)x™ de = / p(x, to)x™ dx

z(t) b

for all t € [s, ] with s € (7,%p]. Therefore,

(4.35) / plx, t)x™ de = / p(z,to)x™ dx
z(t) b

for all t € (7,%y] . Note that

/ p(x,t)xmdx:/ p(x,to)z™ dz
0 0

for all t € (0,400) due to (1.7). One gets from (4.35) that

y() a
(4.36) / plx, t)z™ dx = / plx, to)x™ dx
0 0

for all t € (7, ).
On the other hand, it follows from (1.5) and (1.8) that

y()
/ pz, )™ de < Cy™ =Y (1),
0

where C' is a positive constant depending only on Ej. This, together with (4.36), shows

a

Cy"I=1 (1) 2/ px, to)z™ du.
0

So that
1 e v/In(y=1)]
y(t) > (—/ p(x,to)xmdx) = a,.
C Jo

for all ¢ € (7, o).

Next, we prove that
(4.37) z(t) < by

for all ¢ € (7, o).
Set
[=2z(t") = sup z(t)

tE[S,to}
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for s € (7,tp]. Without loss of generality we may assume that [ > 1.
Assume that t* € I, for some k € {0,1,2,---,N}. For A € (0,1), it follows from
Definition 1.1 that

/ p @’ e g™ dx / / " e ), + pu(¢®e ), )™ da dt = 0,
0
where ¢° is defined in (4.31). Thus,

e’} 0 to e’}
/ plx, t)e ™ 2™ dr = / p(z,to)e ™™ 2™ dx + A / / pue 2™ dx ds
z(t) b t Jz(s)

for all t € [tg — ho, to]. In particular, since t; + hy = to, it holds that

[e'e) [e'e) to [e'e)
/ pla, ty + hy)e ™ 2™ dx = / plx,to)e ™ 2™ dx + X / / pue N z™ dx ds.
b t1+h1 (s

Z(t1+h1)

Repeating the above process we conclude that

/ p(z,ty + hy)e ™ 2™ da
Z(t2+h2)

t1+h1 o0
plx,ty + hy)e ’\xxmdl‘—i-/\/ / pue ™ dx ds

(t1+h1) tot+ha 2(s)

/.
/

[e.9]

plx,ty, + hy)e ™ 2™ da

z2(tx+hi)
0o te+hy
= / pla, tp_y + hp_1)e 2™ dx + X / pue ™ dx ds
(tke—1+he—1) th—1thg—1 J2(s
and
00 0o trp+hi 0o
/ pla, t)e ™ 2™ dx = / plax, tpt+hy)e ™ 2™ dx—i-/\/ / pue 2™ drds.
z(t*) z(tx+hg) t* z(s)
Consequently,
0 0 to roo
/ plx, t*)e ™ 2™ dox = / p(,to)e™ 2™ dx + \ / / pue 2™ drds
2(t%) b t* Jz(s)
ie.,

[e'¢] [e'e] to poo
(4.38) / plz,t,)e ™ 2™ do = / p(z,to)e ™ 2™ dx + A / / pue ™ dx ds.
l b t* Jz(s)
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By (1.7) and the lower bounds on y(t), one gets

to proo
/ / pue ™ dx ds
t* Jz(s)
to [e'e]
< / ‘u(a 8)‘L°°(a*,+oo) (/ p(l', S)xm d.ﬁ[) ds
t* Qx

to
< mo/ [u(-, 8)| Lo (ar,400)dS-
t

*

Then Corollary 2.1 implies

to poo
/ / pue ™ dxds
t* Jz(s)

consequently,
to proo
/ / pue ™ dx ds
t* Jz(s)

On the other hand, direct computations show that

< my &gfn)/z(to . t*)1/2 < my ag*")/Qt(l)/Q,

(4.39) @-m)/2y1/2.

<mgpa

/ plx, t)e ™ 2™ dx
!

o0 L/ 00 1-1/y
(/ p(z, t)z™ dx) (/ (e~ A=)/ (=1 gm dx)
! !

1 oo 1_1/7
C (V / e/ (1) ym dy)
Al

< O N~ O0=1/7 =2 0=1)/7

IN

IN

Y

where we have used Lemma 2.1.
It follows from this and (4.38) that

(4.40) / p(x,to)e™ x™ dx < Amyg af_”)ﬂtéﬂ + C AT/ =Dy
b

which implies that
* C
pla, t))e ™ z™de < —
J 7
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for A =172 < 1, where C is a positive constant depending only on myg, Ey, v and to. So
that

o C
plr,tg)e " 2™ de < —
/b (@ o) Vi

and then )
C
sup 2(t) =1< 5 = b,
te(s,to) / p(x,to)e_“” 2" dx
b
Therefore we obtain
2(t) < by

for all ¢ € (7,tp]. Thus the Proof of Lemma 4.2 is completed.
Next, we describe the qualitative of the velocity field on the interval of vacuum.

Lemma 4.3 It holds that
u(z,t) =z~ "2 a(t) + B(t)]

for all z € (y(t), 2(t)) and a. e. t € (7,1, where a € L2 (7,to] and 8 € L2 (7, to].

loc loc

The proof is similar to [5], so we omit details.
Based on Lemma 4.2 and Lemma 4.3, the growth of z = y(t) and = = z(¢) can be

estimated more precisely as follows:
Lemma 4.4 It holds that

T < a0 + ()

and

— >y " (O)(alt)y™ T (t) + (1))

for almost all ¢ € (7, to].

Proof We will only prove

— <) (a(t)2mH () + B(E)

for almost all ¢ € (7, to].
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For any t; € (7,1to), we shall prove

dz
(4.41) = S 2Ot (1) + B(1))
for almost all ¢ € [ty, to].
By Lemma 4.2 and Lemma 4.3, for any t € [t1, fo], there exists a positive number h(t)

such that

t+h(t) a
/ 27™(s)(a(s)2™ T (s) + B(s))ds| < g*
t—h(t)

Clearly, we have

ti.to) € | (t— h(t),t+ h(t)).

te(t1,to]

There exist ¢7(j = 1,2,---,n) such that
[t1,t0] C L_J(t;k — hj, 5 + hy),
j=1
where h; = h(t}) for j =1,2,---,n. In particular, it holds that

/tj "2 () a(s)2 N s) + B(s))ds| < &

i7hi 8

for j = 1,2,---,n. Therefore, we only prove that (4.41) holds a. e. in (tj — hy,t; + hy)

forj=1,2,---,n.

Without loss of generality we may assume that
Qs
(1) < =
o(1)] <

for all t € [t1, o], where

Define
h(fu t) - p(ZL‘, t)
v(&,t) = u(z, t) +0'(t)
§E=x+0(t)

Then



in the sense of distribution due to (1.1).

Note that
o0 _ o
o6 Oz
and
to
/ [0Cs )| (a. fa, )t
t1
to to
< / ess sup |u(x,t)|dt—|—/ ess sup |6'(t)|dt
t1 ax [4—0(t)<z<R—0(t) t1 ax/4—0(t)<x<R—(t)
to to
o A e ] CUE R DR O
t1 t1

to to 1/2
< / [u(s )| 2 (au /8, Rt a8y dt + C {/ [?(t) + ﬁQ(t)]dt}

t1 t1

for all R > a, /4, where C'is a positive constant depending only on a, and b,. In addition,

we also have

to R Rta./8
/ / (&, t)f dfdt</ / a“”> da di
t1 ax /4 ax /8
for all R > a,/4.
Clearly,
h(g,t) =
for a. e. & € (ye(t), 2e(t)) with t € (7,], where
ye(t) = y(t) +0(t)
and
ze(t) = z(t) + 0(1).
It holds that
-0t > o0 f e (a/4,+00)
o<
-8
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for all t € [ty, to], and then for any ¢ € C*(0,T'; Cj(a./4,+00)) we also have

/ e 0t h(E t)0(E e — [ (€ — Bt h(E, t)H(E, ta)de

«/4 ax /4

/ ts/a*M (_+ a—@ (§ = 6(s))™ dE ds

for t1 <ty <tz <ty
Now, arguing in a similar way as in the Proof of Lemma 2.3, one can show that if
there exists sg € (¢1,1) such that

h(-,;s0)=0 a.e. on (a,b)

where
a= yg(So), b= 25(80)7
then for any t € (sy, s2), it holds that

(4.42) h(-,t) =0
a. e. on
( / |U |L°°ab A b_ / |U |L°°(ab d)\')
where
. 50 b—a
s1 = inf {t € [0, sq] : / [0(+, A)| Lo (apydA < 5 }
t
¢ b—a
So = sup {t € [So,to] : / ‘v('a)\)‘L"O(a,b)d)\ < 5 }
S0
Define
Ve = {(&,1) tye(t) <€ < 2(2), t € (7,t0]}.
Set also

A = {t € [t1,10] @(-,t) ¢ L*[a./8,b. + a. + 1]},

9¢
B = {teltto]: (z,t) € Ve,v(&, 1) # (§ — 0(8)7™[(€ — 0(1))"au(t) + ()] + 0 (1)},
C = {te€[ti,to] : ze = z(t) is not differentiable at ¢},
D = UFy.

Fj. = {t € [t1,to] : t is not a Lebesgue point of [v(-,t)|r~(B,,)},
1

Bjk = {.T:‘.T—Tk‘ < —_}, j,k:LQ,"'
J
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where {ry} is the set of rational numbers.
It follows from Lemma 4.3 that

meas (AU BUCUD) =0.

For any t € [to — h,to] \ (AU BUC U D) we now show that (4.41) holds. By the
definition of z(t), we need only to prove

dze(t)
dt

(4.43) <0,

since p (t) p (t)
25 _ z ,
pr o + 6 (t)

In fact, if there exists ¢ € [t1,t0] \ (AU B U C U D) such that (4.43) is not true, then
there exits € > 0, for any n, there exists a t,, such that 0 < |t — ¢,,| < 1/n and

Zeltn) =%
th, —ty
where
2& = Zé({)
We may assume that
_ _ 1
F<t,<f+—, n=12---,
n
and then,
(4.44) 2e(tn) 2 Z + €(tn — 1)
forn=1,2,---.

. . . 1
Since v(-,t) is in H,, ,

we can find § > 0 such that if | — Z| <9,
(4.45) (& D] = (&, 1) —v(Z, 1)| < %
due to t € [t1,t] \ (AUBUC U D) so that v(Z,t) = 0, and
ye(t) < ze — 0.
Then choose Bj, such that

25 € Bjk C [2& —(5,2&4*5].
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Let Bj; = (c,d) and choose e such that
Ze—o0<c<e<Z<d<Z+o.

We can find N; > 1 such that

and

Then if |t — ] < 1/N;
h(-,t) =0

a. e. on (ye(t), z(t)) D (c,e). By (4.42), there exists a Ny > 1 such that

h(-,s) =0
a. €. on
t t
(c+ / [0(+; A)| oo e,z (1) AA| 5 2e(F) — / [0(+; A)| Lo (a,2¢ (1)) d)\),
if
s~ —F < —
s Ny N

Thus for these s and t,

t
A"
St
/ |U(', )‘)|L°°(B]k)d)" .

%(s) 2 z(t) -

> 2(t) —

_ _ 1 _
Let s = t. Then for |t, — ] < N with N = Ny + Ny, t,, > t, one gets
tn
(2 2t) ~ [ oA oA
G
It follows from this and (4.44) that

tn
febelta =D <zt [ 106N o
t

So that

1 fn
e AP [Pt
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which contradicts to (4.44) since Bjj, C [Ze — 6, Z¢ + 6]. Thus the proof is completed.

Lemma 4.5 It holds that .
0
/ oz()\)d)\' <C
t

for all t € (7, 1], where C' is a positive constant depending only on Fjy, a, and b,.

Proof Fix a s € (7,tp). Define § € C*(R) such that

0<6<1
0=0 on [0,a./2]U][2b,,+0)
0=1 on [ay, by,

and
w(z, t) = 27" (af ()™ 4 5(1))0(),

where a(t) and 3¢(t) are regularizations of a(t) and (3(t),respectively.

We consider

¢; + w(z,t)d;, =0
¢€|t:t0 = ¢7

where ¢ € C3°(R) such that

0<¢<1
=0 on [0,r,]
=1 on [Ry +00),
and .
)
re. = r+-(R—r)
3
2
R* = T‘f‘g(R—T)
1

r = a—l—g(b—a)

2
R = a—l—g(b—a).

\

Using Lemma 4.2 and Lemma 4.3, one can define r(t) and R(t) such that

0<a, <y(t)<r(t) <R(t) <z2(t) <b. <400
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for a. e. t € (7,1]. Indeed, we can define r(¢) and R(t) to be the solutions of the following

problems respectively:

dr(t) A (g

(4.46) g =TT 0al) + 6]
()=, = 1,

and
dR—(t): —-m m+1 C(

(4.47) = ETOET(at) + 60)]

R(t) |t:t0 =R,

The regularized problems associated with (4.46) and (4.47) are given respectively as

dri(t) = [ré]—m re m+1&e €
Ti(t)|t:to =Ty,
and
AR o et 6
(4.49) o = BT OlR] (t) + B(t)]

RS (t)] 1=ty = R..

There exists a ¢y > 0 such that

(4.50) r(t) < rilt) < Ri(t) < R(t)
for all t € [s, o], and 0 < € < €.
Set
Dy = {(z,t): 0<z<r(t),s <t <t}
(4.51) Dy = {(z,t):r(t) <z < R(t),s <t <t}
Ds = {(z,t) x> R(t),s <t <t}
It follows from the definition that
if tye D
(4.52) Sty =g O 0D
1, if (x,t) € Ds,
with
(4.53) 0<¢(x,t) <1



for all (z,t) € Dy. Using 7™ 6 as a test function in Definition 1.1 and noting that
p00, ¢ =0, one gets

to

/ pu(z™"p0)x"dx
0

S

B / ) / " (pula 0, + pud (e 0),)e™ d
s 0

+ /:O /OOO P(p) [(I—mgbfe)x + M ™ dx dt

T

(4.54)

to 0
= —u / / (™), (™™ ¢ 0)dx dt
S 0
Direct estimate shows that

/000 pud(z,t)0(x)dx

< [ plute o

/2

- 1/2 3p* 1/2
< (/ pu2(x,t)xmdx> (/ px_mdx) < C,
ax/2 ax /2

/00 pu(z,t)(z""¢p0)x™dx
0

and so,

(4.55) <C

for all ¢t € [s,to], where C' is a constant depending only on mg, Ey, a, b, a, and b,. In
addition,

to [e'e)
/ / (pu(z™™¢0), + pu (™" ¢%0), ) 2™ da dt‘
s 0
to oo to [e'e)
= / / pub(u—w)e, dr dt+/ / pu?(x7"0),0 2™ dx dt‘
s 0 s 0

to 2b.
/ / pu(z7™0), 2™ dx dt'
s ax/2

t() 2b*
< |(xm0)ac|L°°(a*/2,2b*)/ / pulz™dxdt < C,
s ax/2

IN

which implies that

(4.56) /to /Ooo(pu(x_m¢€9)t + pu? (27" ¢%0),)a™ dx dt| < C.
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In addition,

[ oot + M) mdmdt‘
(=8¢ mdxdtJr/ / { m9)1¢6+M} xmdxdt'

X

< / / Ja" dedt < C.
ax /2
Therefore,
—m 50
(4.57) p) {(x—%ee)x + w] xmdxdt‘ < C.
Finally,

/to /00 (™ u) (2™ - x’m#@)x} dx dt
(4.58) / / (2™ u ¢69dxdt+/ / (™ )0, dz dt
- (m—l—l)/ d>\+/ / (™ 1)o 0, da dt

2b,
(™) 0, dxdt' / / W)y ||0z|dx dt < C
ax/2

and

(4.59)

Now the conclusion of the lemma follows from (4.55) - (4.59) and (4.54).
Thus the proof is completed.

Lemma 4.6 y =y(t) and z = z(t) are uniformly continuous on the interval (7, ]
Proof Let € > 0 be given. Choose ¢ > 0 such that if 0 < s <t <T ||s —t| <, then

t
/ [u (-, A)| oo (ay j2,20,)dA < €.

By Lemma 2.3, there exists h = h(t) > 0 with 2 < J, such that p(-,s) =0 a. e. on

( / (-, A)| Lo (. /2,20, )dN, 2(t / u (s A)| oo (. /2,20, )d)‘)

if |t — s| < h.
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So that .
Aﬁzdn—/thmwwmww.

Similarly, if p(-,s) = 0 a.e. on (y(s), z(s)) then p(-,t) = 0 a.e. on
t t
(5060 + [ e Nt a0, 566) = [ Tl Wl A

if [t — s| < h.
So that .
szdﬁ—/thmﬂwmww.

Therefore, we get
t
(4.60) () — 2(s)] < / (e, M) e 2200

if [t — s| < h.
Now, fix s < t with |s —¢| < § and s,t € (7,1o],then the interval [s,t] is covered by

U{_1 B, 2(sk), where s; < 59 < -+ < 54, and

, I
si+ =L >s0— L2 hj<é, j=1,2,--,q.
2 2
Then

8541 — 4] < < max{h;, hj} <0.

Thus by (4.60),
8541
o) = syl < [ Tl lita
For some j and k ,
5 € By, j2(sk), t € By,als)).

we have
12(8) — 2(s)
< Jals) — 2(s5)] + 2(55) — sy-1)| 4+ + |=(s0) — 2(2)]
< [ e i panadr o+ [ e ) oA
gl/m@»m%w%ﬂAgs
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Thus the proof is completed.

Proof of Theorem 1.1 Assume that (1.13) is not true, then

p('7t0) =0

a. e. on (a,b) with w(ty) < a < b < 400. Then we have y(7) = 2z(7) if 7 > 0. Then in
this case, by (4.46) and (4.47) we have

d(Rm+1(t)dt_ ) (m + Da(t)(R™H(t) — r™ (1))

N R™L(#) — 1™ (1) = (R — r)exp (— /t ’ a(s)ds) |

to
lim a(s)ds = 400

t—T1 ¢

which contradicts to Lemma 4.5. Therefore, the only possibility is

Thus,

y(r) < z(r), 7=0,

which contradicts to (1.10). Therefore, (1.13) holds true. Thus the Proof of Theorem 1.1
is completed.

85. Proof of Theorem 1.2

It follows from the Proof of Theorem 1.1 that

(5.1) 0 < x1(t) < z2(t) < 23(t) < 24(t) < 400
and
xg(t) a3
(5.2) / plx, t)x™ de = / po(x)x™ dz.
:Eg(t) a2
Since

2(t) 2(t)
C (w3(t) — 22(t)) ™

acg(t) :E3(t) 1/7 :E3(t) 171/7
/ plx, t)x™de < / pl(z,t)x™ dx / x™dx
x2(t) T T

IN
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This, together with (5.1) and (5.2), implies

w3(t) — wa(t) > % ( / :3 ()" dx) =1/

for all ¢ € (0, +00). Thus the Proof of Theorem 1.2 is completed.

86. Proof of Theorem 1.3

In this section we shall prove Theorem 1.3.

We assume that
(6.1) p(to) =0
a. e. on (0,a) with a > 0, and
a=sup{zr >0: /Oxp(y,to)dy =0} > 0.

It follows from Lemma 2.3 that there exists a positive number hy = ho(a) > 0 such
that

(6.2) p(-t) =0

a. e. on (a/4,a/2) and all t € (ty — hg, tp). Similar to the proof of (4.35) one has

/ p(x,t)xmdx:/ p(x, to)x™dx

/2
for all t € [tg — ho,to]. On the other hand it follows from (1.7) that

/ plx, t)x™dr = / p(x, to)x™dx
0 0
for all t € [tg — ho, to]. Therefore, we conclude that

a/2

/ plx, t)z™dr =0

0
for all t € [tg — ho, to]. Thus
(6.3) o) = 0
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a. e. on (0,a/2) and all t € (to — ho, to).
Denote .
z(t) = sup{z > 0: / ply,t)dy =0} >0
0

and assume that z(ty) = a. Similarly to the proof of Lemma 4.1 we can show that
(6.4) z = z(t)

is a absolutely continuous functions in [ty — ho, o).
Let S be defines as the set of all ¢ > 0 such that there are extensions of z to [t, ty] such
that the following three properties hold:

(i) z is a absolutely continuous on [¢, to];
(ii) 2> 0 on [t,t];

(iii) For all s € [t, ], we have

2(s)
/ plz,t)de =0
0

and
(s)+e
/ plz,t)de >0 Ve > 0.
0

By (6.3) and (6.4), S # 0. So
(6.5) 7 =1inf S

is well-defined.

Lemma 6.1 It holds true that
u(z,t) = xa(t)

for all z € (0,2(¢)) and a. e. t € (7,1t

Proof It follows from Lemma 4.3 that

u(w,t) = 27" a(t) + B(1)]

for all x € (0,2(t)) and a. e. t € (7,to]. Note that

// Mz dt = /to alt) — ma GO 2 de db
> / / m? a2 32(t) dxdt—/ / )z dx dt,
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which implies that

1 to 1 to 1 to 1
5 / / m?a™™ 2 32 (t)dx dt < / / o?(t)z™ dx dt + / / u? ™ dz dt.
s 0 s 0 s 0

Therefore we conclude that
Bt)=0

for a. e. t € [s,to] with s € (7,to]. Thus Lemma 6.1 is proved.

Lemma 6.2 It holds that
dz < za(t)
dt —

for almost all ¢ € (7, to].

The proof is similarly to Lemma 4.4. Therefore the details are omitted.

We are now ready to show Theorem 1.3.

Proof of Theorem 1.3 Assume that the conclusion of Theorem 1.3 is not true. Then
p(,t)) =0 ae. on (0,a)

for some a € (0,400) and some t, € (0,00). By (6.3) we define z(ty) = a and

+(t) = sup {x -0 /Oxp(y,t)dy - 0} |

Define
V={(z,t): 0<x<2(s),7<s<tp}

where 7 is defined by (6.5).
Denote by

lim;_,+2(t) =2z, lim, +z(t) =z

If z> 0 and 7 > 0, then there exists a small § € (0, 1) such that
2(t) > 2z/2>0
for all t € [r, 7 + d]. Therefore we get
pla,7) =0
for a. e. € (0,2/2).By Lemma 2.3 there exists a positive h, > 0 such that
plz,t) =0
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for a. e. x € (0,2/4), for all t € [T — h,, T + hy]. By the proof of Lemma 4.6, 2(t) is

uniformly continuous on [T — h,, T + h,]. In particular,

z=z=Ilimz(t)=2(1) >0

t—T1

then 7 is not minimal. Therefore, we conclude that either

(6.6) 2=0
or
(6.7) z>0,7=0.

The case (6.7) is impossible due to the assumption (1.10). We now show that (6.6) is
also impossible. Then it follows from (1.12) or (1.13) that

/T * a(s)ds

Choose R € (0,a) and define R(t) such that

(6.8) < +o00.

dR(t) _ _
= = R()a(t), Rlto) = R

R(t) = Rexp (— /t ! a(s)ds) .

0 < R(t) < 2(t), Vte(rt.

Rexp (— /t ! a(s)ds) < (1),

Letting ¢ — 7 and using (6.8), we get

to
z > Rexp (—/ a(s)ds) >0
t

which contradicts to (6.6). Thus the Proof of Theorem 1.3 is completed.

Then

On the other hand,

Therefore
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87. Proof of Theorem 1.4

We consider the approximate solutions (p., u.) defined to be solutions of the following

equations

M Pelle 0

pet + (pe ue)x + T
(7.1)

2
mpe u;

Ue
(p5u5>t+(p5u§+p(p€>)w+ :,uuex:t‘i_:um(;)

with initial conditions

(7.2) { pe(,t)|i=0 = p§(z)

pel; tuc(, t)|i—o = m(x)
and the boundary conditions
(7.3) Ue(x,t)]z=e = 0,1 > 0,

where p§(z) and m{(x) are defined by [8].
Choose &g € C*°(0,400) such that

0<&r<1
(7.4) ¢e=1 on (0,R)
Er=0 on (2R, +o0)

for R € (1,+00), and |£g| < CR™'. By (7.1) we have

00 00 t 00
(7.5) / & pe(x, t)a™ dv — / £ ps(x)x™ dr = — / / 28R &R peuc ™ dx ds.
€ € 0 Je

It has been shown in [8] that

(7.6) /oo Ye(pe(z, t))a™ dx + /OO peul(x, t)x™ dr < Cy

for all t > 0, where Cj is a positive constant depending only on mg and Fy, and

ApY A 1p

7_1— - — A p+ A€

Ve(p) =
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It follows from (7.5) and (7.6) that

/ & pe(z, t)z™ dv — / & ph ()™ da

t 0
— ’_/ / 28R &R peuc 2™ dx ds
0 €

(7.7)

IN

Ct1/2 t o]
7 (1 —l—/o /6 f?{pexmdl‘ds) :
On the other hand we compute
5
/ pl ™ dx dt

—1 {9 ap)z™
= 7 /“pﬁx da di
a e v—1

t 00 1/2 t 00 1/2
(/ / peuZ ™ dx ds) (/ / 43 |ER P pe ™ da ds)
0 Je 0 Je

-1 4 s =1y,
= 7 {/ Ye(pe(z,t))a™ do —I—/ (ae f +ae’ ! p. — aﬁ) ™ dx}
a € € Y-

s 1/y s 1=1/y
< C{/ pZ(x,t)xmdx} {/ xmdrlr} +C,

which implies that

5
(7.8) / pla"drdt < C

for all 6 € (¢, 1), where C is a positive constant depending only on Cj.
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By (7.7) and (7.8), we can estimate that

—+oc0 —+o0
| Gotntimar- [ Galaan do
4 é

+oo
< l (o, 1) — pele,t))a™ da
+oo
+A & (po(x) — i (a))a™ da
+ /;OO & pe(z, t)z™ drlr—/;m & ph(x)a™ du
+oo
< l (ol 1) — pele,t))a™ da
+oo
+A €2 (pol) — p(a))a™ de
+Ct1/2 (1—|—/ / é‘Rpe z, 7)™ d:z:d7'+1)
/prExt mdx /prO mdx
< A E(p(a,t) — pela, £))a™ da
+oo
+£ E(po(x) — pi(a))a™ da
"‘CZ/Z (1+// & pelw, 7)™ dxdT—}-/ / & pelw, 7)™ dIdT)
xtx dx| + mdx
< l E(p(a,1) - pela, ))a™ da

+o00
+A €2 (po(x) — piy())2™ di

Ctl/? b
+ 7 (1 + / / & pex, 7)™ dx dr + 05"(11/”)
0 Js

é é
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Letting € — 0 and using (3.1) in [8], we get
+00 +oo
/ ¢hp(x,t)a™ do — / $hpo(2)a™ do
5 5
Ot1/2 t o]
7 (1 + / / & p(x, 7)™ dx dr + 05"(11/”)
0 Js

5
+C(5”(1_1/V)+/ €2 po(x)a™ dx
0

Letting R — +00 and § — 0+ in the above estimate, we get

/ plx, t)z™ dx :/ po(x)x™ dx
0 0

which is (1.7). Similarly, (1.8) follows from letting e — 07 in (7.6).
Thus the proof is completed.
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