MULTIPLE CLUSTERED LAYER SOLUTIONS FOR SEMILINEAR
ELLIPTIC PROBLEMS ON S”

CATHERINE BANDLE AND JUNCHENG WEI

ABSTRACT. We consider the following superlinear elliptic equation on S™

e2Agnu—u+ f(u) =0 in D;
>0 in Dandu=0 on dD,

where D is a geodesic ball on S™ with geodesic radius #;, and Ag~ is the Laplace-
Beltrami operator on S". We prove that for any § € (7, 7) and for any positive integer
N > 1, there exist at least 2N + 1 solutions to the above problem for ¢ sufficiently small.
Moreover, the asymptotic behavior of such solutions is also characterized. We then apply
this result to the Brezis-Nirenberg problem and establish the existence of solutions which
are not minimizers of the associated energy.

1. INTRODUCTION

Let D be a geodesic ball in the n-dimensional sphere S™ = {z € R"*! : |z| = 1}, centered
at the North pole with geodesic radius 6; and let Ag~» be the Laplace-Beltrami operator
on S"”. We consider the following problem
(1.1) { e?Agnu —u+ f(u) =0,u >0 in D;
u=0 on dD,

where ¢ is a small parameter and f(¢) is positive for ¢ > 0 and vanishes for ¢t < 0. The
class of nonlinearities we are interested in, includes powers of the type f(u) = u?, p > 1
and more generally f(u) = u? + Zi‘:l a;ut 1 < g < p < oo.

Of particular interest is the case of 0, € (3, 7). (Note that when 6, = 7, this corresponds
to the upper half sphere; while when ¢, = 7, this is the full sphere.)

The analogous problem in R™ with power nonlinearity

2 _ j - : .
(1.2) {eAu u+uP =0,u>0 in

u=0 on 0,
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has attracted a lot of attention in recent years. For p < Z—J_rg, and e small, problem (1.2)
admits solutions with spike layers concentrating at (local or global) maximum points of

the distance function. See [10], [11], [18], [22], [24], and the references therein.

The aim of this paper is to prove the existence of solutions which concentrate on whole
spheres. For this purpose we have to assume that D contains the upper hemisphere that
is:

6, > /2.

Moreover we shall impose on f the following conditions:
(f1) f(t) =0for t <0, f(0) = f'(0) =0 and f € C'[0,00) N C*(0, 0),
(f2) the following ODE has a unique solution

(1.3) w' —w+ f(w) =0 inR,w(0) = meaﬂicw(y),w(y) — 0 as |y| — +o0.
v

Assumption (f2) implies that the only solution of the linearization of (1.3) at w
(1.4) V' —v+ ff(w)v =0 inR,u(y) — 0 for |y| — +o0

is a multiple of w’. In fact, problem v — v + f (w)v = 0 is a second order linear ODE
and admits two linearly independent solutions. Since w’ is a solution to (1.4), another
solution to v — v + f(w)v = 0 must grow exponentially as |y| — +oo. Notice that when

f(u) = wP, the function w(y) can be computed explicitely and has the form

2

wly) = (7 (o) T

We will show that problem (1.1) possesses three types of solutions:
(1) type I solutions with a boundary layer

(2) type II solutions with clustered layers on spheres near the equator
(3) type III solutions with clustered layers both on spheres near the equator and a

boundary layer.

Our main result in this paper is the following.

Theorem 1.1. Let N > 0 be a fixed positive integer. Then there exists ex > 0 such that
for alle < en, problem (1.1) admits three radially symmetric solution ul(6y),u?(61),u2(6;)

with the following properties
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(1) (Type I) ul concentrates at {6; = arccosr§} with

1 1
(1.5) ro+ R = 5\/1 —R2€10gg—|—0(8>

Y(arccosry) — w(0), where w(y) is the unique solution of

More precisely, we have u;

(1.8), and there exist two constants a and b such that
(1.6) ul(6y) < ae~leosti=ral/e,

(2) (Type 1) uZ(61) concentrates at N spheres {6y = arccosr5,j = 1,..., N} with
+1
2

. N ‘
(1.7) ri=0- Jep- +0(e),j =1,... N

where p. satisfies
(1.8) e P = Age?pe, pe > 1

where Ag is some generic constant to be given in (2.9).
(3) (Type III) u2(61) concentrates at (N + 1)-sphere {6, = arccosrs,j = 0,1,...,N}
with

1 1 . N+1 .
(1.9) rg+R= 5\/1 — R%logg +0(e), r5=(0— ) Jep. +O(g),5 =1,...,N.
More precisely, we have u2(arccosr5) — w(0), and there exist two constants a and b
such that
(110) U?(el) < ae_bminj:O ,,,,, N\cos&—r]ﬂ/a.

As a consequence, for each N > 1, there exists at least 2N +1 solutions for € sufficiently

small.

Type II solutions are studied for the following singularly perturbed problem

e?Au—u+ f(u) =0,u>0in Q;
%:O on 0f)

where = B(0). See [1], [2], and [20]. In particular, we mention the results of [20]

which state that for any positive integer N > 1, there exists a layered solution u. to

(1.11)

(1.11) with the property that u. concentrates on N spheres 7§ > ... > r5 satisfying
1—rf{=clogl+O0(e),r5s | —ri =clogl +0(e),j =2,....,N.

Here the type II and type III solutions have clustered layers at an interior sphere.
Moreover type III solution is new in the sense it has a boundary layer and an interior

clustered layer.
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This study was motivated by the Brezis- Nirenberg problem
Agntt - u+un2 =0, u>0inD, wu=0ondD.

In contrast to the classical problem in R™ where no solutions exist for negative values of
A (cf. [6] and [19]), numerical computations showed that for large balls with 6, € (5, ),
there are more and more radially symmetric solutions as A — +o0, (cf. [3] and [23]). In
the last part of this paper we give a rigorous proof of such a phenomenon and improve

some recent results of Brezis and Peletier [7] for S3. It turns out that the appearance

n+2
n—2"

The results are true for any power nonlinearity f(u) = u? with p > 1 and any dimension
n > 2.

of more and more solutions as A decreases is not specific to the critical power p =

Our approach mainly relies upon a finite dimensional reduction procedure. Such a method
has been used successfully in many papers, see e.g. [1], [2], [12], [13], [14], [20]. In

particular, we shall follow the one used in [20].

In the rest of this section, we introduce some notation for later use.

Since we only consider radially symmetric solutions, i.e., solutions that only depend on
the geodesic distance 6, equation (1.1) can be written in a more convenient form (with
x =cosf and —R = cosf;, —R < 0 since ¢, > 7/2), namely
(1.12) { (1~ xé)—%‘?(u —2?)5uy), —u+ f(u) =0,u>0, —R<xz <1,

w (1) exists, u(—R)=0.
By the following scaling = = €z, problem (1.12) is reduced to the ODE

(1.13) Au—u+ flu) =0,z ¢ (—%,%),

' u.(1) exists, u(—%)=0, wu(z)>0.
where
(1.14) A = (1 -e*P)u.. — ne’zu..

We also define the operator
(1.15) S.u] = Au—u+ f(u) = (1 —e22)u,, —nezu, —u+ f(u).

From now on, we shall work with (1.13).
Throughout this paper, unless otherwise stated, the letter C' will always denote various
generic constants which are independent of ¢, for e sufficiently small. The notation A, =

0(B:.) means that |%§| < C, while A, = o(B.) means that lim._, igj = 0.
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2. APPROXIMATE SOLUTIONS

In this section we introduce a family of approximate solutions to (1.13) and derive some
useful estimates. Since the construction of type III is the most complicated, we shall focus
on the existence of u? only. The proof of existence of u!,u? can be modified accordingly.

Let w be the unique solution of (1.3), (see assumption (f2)), and let ¢t € (—R, 1). Using
ODE analysis, it is standard to see that

(2.1)  w(y) = Ape ™ +0>e” M) w/(y) = —Ape™ + 01T for y > 1,

where A,, > 0 is a fixed constant and o > 0 is given in (f1). For simplicity of notation, let
R 1
Ia = |:__7 _:| )
€' ¢

ez —1t
ev1—t2

We start with the approximation of a type II function concentrating at z = t/e.

and

(2.2) wy(z) == w( ), z € I..

For t € (—£,1), we define

404
ez —t
2.3 Wet(2) = W(—F—— €z), ze€l,
( ) 7t( ) <€m>n2( )
where
_J 1for — % <z < %;
(2.4) M (w) = { 0 for x > % or x < —%R.

The approximation of the type I solution with a boundary layer is more complicated.

For tg € (—R, —%), we have to define w.,, differently. First we set

_ _ez+R

—-R—1 /2
%), fo(z)=e VT zel.

e/ 1—13

(2.5) p-(to) = w(
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T R+t
(2.1) implies that for = >>1

__R+tg —(140) —R—tg
(2.6) pe(to) = Ape V6 4 O0(e VI,

A first ansatz for type I solutions is

I = —5z—t0 — z €z
w(Z)—(?v(gm) p=(t0)B:(2) | m(ez),

where 7; is a cutoff function

f1for —1<az< -5
(27) nl(x)—{ 0for — & <.

If we compute S.[w] first order terms in e remain (cf. Section 6.2, in particular (6.18)).

The correction which takes care of these terms is described next.

Let Wy(y) be the unique solution of the problem
{ Uy — Uy + f (w)¥y = (—\/%)(Qywyy +nw,) — A,e”2 f (w)e Y,
Jr Yow (y)dy =0
where Ay and ¢; are defined by
-1 )2
Ay [p flw)evdy V1— R?
(Observe that by (2.9), the right hand of (2.8) is perpendicular to w'(y). Hence by the

assumption (f2) concerning (1.4), there exists a unique solution to (2.8).)

(2.8)

and e 21 =

Since Vg does not satisfy the Dirichlet boundary conditions we have to modify it as

follows: let

j il I N Sl YA

(2.10) Wo(z) = ‘I’o(g\/?t2 -8

The approximate solution of type I assumes now the form:

(2.11) We o (2) = <w( ezt

\/ﬁ) — pe(to)B(2) — 5‘1’0(2)>771(€2)>

where ¢y € (R, —%).

Note that for z > ﬁ, we have

(2.12) [we o (2)] + [l (2)] + [wlo(2)] < €7z
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Observe also that, by construction, w,; satisfies the Dirichlet boundary condition, i.e.,
w&t(—g) = 0. Furthermore, w.; depends smoothly on ¢ as a map with values in
2 R 1
c?([-4.2]).
Next we describe the approximate location of the concentration points ¢. Let tf be such
that

V1-—R? 1
(2.13) ty=—R+ Telog B + V1 — R%ce,

where ¢; is defined at (2.9).

To define ¢t < ... < t5,, we have to consider the auxiliary functional
N N

A it
(2.14) Ea(t):702t2+ze o

Then we have the following result, the proof of which is carried out in Section 6.1.

Lemma 2.1. The functional E.(t) has a unique minimizer t° in the set
{t = (tl, ...,tN)|tj — tj—l >e,5 =2, ,N}

Moreover, we have

(215) = G- e+ 0(e)
where p. is the unique solution of
(2.16) e P = Ape’p., pe > 1.

Furthermore, the smallest eigenvalue of the matrix

O’E
M= (atiatgj>

is greater than or equal to Ag. As a consequence, we have that
(2.17) M x| < Olx|.

Remark: Note that for any 0 < § < 1 there exists g > 0 such that.
1 1
(2.18) (2 —9)log— < p. <2log — for all ¢ < .
€ €
We introduce the following set

B B [to — 5| < e,
(219) A= {(tmt) —(t(btl)"-atN) |t]_t§| Sg’jzlj_“’N ’

where 0 < 79 < 7.
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For (to,t) € A, we define
N
(2.20) to = to +™to, tj = 15 + tj, Wepyi(r) = Z We (7).
=0

Then we have
(to,t1, .., tn) €A ff |t <1,7=0,1,...N

and
1
(2.21) pe(to) = O(\/2), t; =0(e|lne|),j=1,...,N, |t; — t;| > 2|i — jlelog -

The choice of the approximated location of the concentration points comes from the
computations carried out in the proof of formula (5.1).
Finally we state the following important lemma on the error estimates. The proof of it

is delayed to Section 6.2.

Lemma 2.2. Let (ty,t) € A and let € be sufficiently small. Then
(i) if ez = tg + /1 — tky, we have
2A . / o
2.22 S.[w. 2) = ———— Mt e (w)e Y + O(e1F2),
2.2 sl = ~ 2o e () 4 O )
where o is defined in the condition (f1).
(it) if ez =t; +e4/1 — t?y,j =1,...,N, we have
(2.23)
Sclweo](2) = —tie(2ywyy +nwy) +&* (ywy, —nyw,) + f (w(y)) (W, +wi,_,) + O(**3).
As a consequence, we obtain

(2:24) 1S [we o] | Lo (1) < Cettm.

3. AN AUXILIARY LINEAR PROBLEM

In this section we study a theory for linear operators which allows us to perform the
finite-dimensional reduction procedure.
Fix (tp,t) € A. We define two norms:

(3.1) (u,v)€:/

Ic

!

[(1—6222)3u vl+(1—5222)n22uv] dz, <wu,v >5:/(1—5222)n22uv.

I
Integration by parts implies that if u(—£) = 0 and if v'(1) exists then

£

(u,0)e = = <u, ANv—v>_.
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Define
ow, /
(32) Zet = g}ti’ ZE,t =A Zet — Rety
and

R 1
H = {(u,u)8 < 400 u(—g) =0, u’(g) exists and  (u, 2y, ). =0, j=0,.. .,N} .

Note that, integrating by parts, one has
ueH if and only if <y Zey, >e= —(U, 224,)e =0, j=0,1,...,N.

Let us consider the following linear problem: for given h € L*°(1;) find ¢ € H such that

(¢7 1/)>6_ < f/(wa,to,t)¢7 ¢ >.=< h, w >c, VQ/} cH.

This equation can be rewritten as a differential equation

(3 3) { L5[¢] (1 Z )¢zz —ne z¢z ¢ + f/(ws,to,t)¢ =h + Zjvzo CjZE,tj;
' ¢-(1) exists, ( BY=0; <¢,Zy, >=0, j=0,1,..,N,

for some constants ¢;,7 = 0,1, ..., N or in an abstract form as

(3.4) 6+S(@)=h  inH,

where h is defined by duality and S : H — H is a linear compact operator. Using
Fredholm’s alternative, showing that equation (3.4) has a unique solution for each h, is
equivalent to showing that the equation has a unique solution for h = 0. Next it will be
shown that this is the case when ¢ is sufficiently small.

In order to derive an a priori bound for ¢ in terms of A we need the asymptotic behaviour

of z.+ and Z.; in €. By elementary computations we obtain, setting y = af/%

(35) o= — A (5 n(e2) + w (52 ) (S (1 — 2) y(ez) =
— W' (y)n(ez) + Ri(y)
where R;(y) is bounded and integrable over R.
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Moreover we have, keeping in mind that w” — w’ + f'(w)w’ =0

225 t
(3.6)  Z.y= (1—e222) L2 — 2, + Ro(y)

_ fww(1-622) | w/(222 1)

c(1—12)5/2 n+ a(l—t2)3§2 n+ R3(y)

_ %\/%(y)n(sz) + Ru(y),

where R;(y) ¢ = 2,3,4 are bounded and integrable over R .

Let us define the norm

(3.7) [6ll« = sup [o(2)].

re(—£&,1

g'e

We have the following result.

Proposition 3.1. Let ¢ satisfy (3.3). Then for e sufficiently small, we have
(3.8) 0]l < Cl|All.

where C' is a positive constant independent of € and (to,t) € A.

Proof. The proof of this proposition is similar to that of Proposition 3.1 of [20]. For the
sake of completeness, we include it here.

Arguing by contradiction, assume that

(3.9) el =1; |2l = o(1).
We multiply (3.3) by (1 — 5222)%2257% and integrate over I, to obtain
N
Zci < Ze,tmza,tj > = —< h7 Ret; >e
=0
(3.10) t < AG = Ot [ (Wetg 1) Zety e -

From the exponential decay of w one finds

< hy ey, >e= / (1—&22%)"F haey, = O(||h]e7Y).

Ie
Moreover, integrating by parts, using (3.5) and (3.6) we deduce
< AI - (b + f,(ws,to,t)¢7 Zs,tj >5:< Zs,tj + f,<w€,to,t)zs,tja (b >€:
< (f/(w€,t0,t) - f/(wtj))zs,tj + R57 ¢ >E
= o(e7|#]l.)-
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In the last statement we have used the integrability of R5 and the property that f'(w. 4 +)—

f'(we,) = o(1) as € — 0. This observation becomes clear if we introduce the new variable

y = % and notice that for i # j, w.,, = w(y + m)” — 0 as e — 0, for all

The same argument together with (3.5) and (3.6), implies that

(311) < Zsyti7z‘€’tj >e= — ( ij / f ( )) )

where 0;; denotes the Kronecker symbol. Note that, using the equation w” —w'+ f'(w)w' =

0 we find
[y = [ @+ w? o
R R
This shows that in the left hand side of the equation (3.10) the terms with ¢ = j dominate,
and hence by (3.9) we have

(3.12) ¢ = O(e|hll.) + oel|gll.) = o),  i=0,1,...,N.

Also, since we are assuming that [|2|. = o(1) and since ||Z.,[|. = O (%), there holds

N
(3.13) 1+ ¢ Zeg, ]l = o(1).
j=1

Thus (3.3) yields

(3.14) NG =6+ f(wesoe)d = o(1);

' ¢'(1) exists, ¢(—L&)=0; < ¢, Zy, >.=0, j=0,1,..,N,
We show that (3.14) is incompatible with our assumption ||¢|. = 1. First we claim that,
for arbitrary, fixed Ry > 0, there holds

N
t; t;
(3.15) |¢| =0 on yEU(—]—Ro,—J—i—Ro) as € — 0.
N €
Indeed, assuming the contrary, there exist 69 > 0, j € {0,1,..., N} and sequences
Eks Oy Yk € (;—i — Ry, z—i + R[)) such that ¢y satisfies (3.3) and
(3.16) |0k (yk)| = do.

Let ¢ = dp(y — —) Then using (3.14) and ||@|], = 1, as e, — 0 ¢, converges weakly in
H? _(R) and strongly in C}!

e (R) to a bounded function ¢y which satisfies

¢o — o+ f(w)po =0 in R.
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Hence ¢y must tend to zero at infinity and so, by (1.4), ¢9 = cw’ for some c. Since
bp L Z4, in ‘H, we conclude that [, ¢of'(w)w'(y) = 0, which yields ¢ = 0. Hence ¢y = 0
and ¢y, — 0 in Byz(0). This contradicts (3.16), so (3.15) holds true.

Given 0 > 0, the decay of w and (3.15) (with Ry sufficiently large) imply

1

(3.17) 1 (we o)l < 0+ 5|9
Using (3.14) and the Maximum Principle one finds

N

ol < N (weto)dlle + Y lesll1 Zeg, |l + 1A
j=1
1
< 25+ 51l
and hence
ol <46 <1

if we choose d < 1. This contradicts (3.9). O

The main result of this section can now be summarized in

Lemma 3.2. There exists g > 0 such that for any € < €y the following property holds

true. Given h € L*>(1.), there exists a unique pair (p, co, 1, ...,cn) such that

N
(3.18) L@ = h+ ) ¢ 24,
=0
1 , R .
(3.19) o (g) exists, d)(—g) =0, <¢,Z.4,>=0, j=0,1,..,N.

Moreover we have
(3.20) o[l < C[[A]].

for some positive constant C.

In the following we set for the unique solution ¢ given in Lemma 3.2,
(3.21) ¢ = A.(h).
Note that (3.20) implies

(3.22) IA(R)]l < ClA].
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4. FINITE-DIMENSIONAL REDUCTION

In this section we reduce problem (1.13) to a finite-dimensional one. This amounts to
finding a function ¢ such that for some constants c;, 7 = 0,1, ..., N, the following equation
holds true

(4 1) A’ (wa,to,t + ¢) - (ws,to,t + ¢) + f(ws,to,t + §b) = Z;V:() CjZE,t]' n 967
' ¢/(%) eXiStS’ (b(_g) = O, < ¢7 ZE,tj >s: 0,] - 0, 1, 7]\/'

The first equation in (4.1) can be written as

N
A/¢ — ¢+ [ (We o 1) = (=Sclwe o 8]) + Ne[d] + Z CiZe s
j=1

where

(4.2) Ne[¢] = — [f (Weyto,6 + @) — f(Weror) = [/(Wero,)0 |-

Lemma 4.1. For (ty,t) € A and & sufficiently small, we have for ||¢||.+]|o1]|«+ | b2+ < 1,
(4.3) N[ < Cllol

(4.4) [INe[d1] — Ne[@a]lls < Cllonll7 + [[2012) 1o — o]l

where o is defined in (f1).

Proof. Inequality (4.3) follows from the mean-value theorem. In fact, for every point in
[—E 1] there holds

fWetor + ) = f(Wegor) = f(wepor +00)p, 6 €0,1].
Since f’ is Holder continuous with exponent o, we deduce
|f(we,to,t + ) — f(ws,to,t) - f,(wa,to,t)¢| < C|¢|1+U,

which implies (4.3). The proof of (4.4) goes along the same way. O

Proposition 4.2. For (ty,t) € A and € sufficiently small, there ezists a unique (¢, c) =
(Getots C=(to, t)) such that (4.1) holds. Moreover, the map (to,t) — (Petyt, Ce(to,t)) is of

class C°, and we have

(4.5) 1< g0t ll < C™.
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Proof. Let A, be as defined in (3.21). Then (4.1) can be written as

(4.6) 6= A,

(_Sa[we,t]) + Ne [¢]] .

Let r be a positive (large) number, and set
Fo={oeH, |¢l.<re"™}.

Define now the map B, : F, — 'H as

Bs<¢) = As

(=Selwe o.8]) + Ns[¢]] .

Solving (4.1) is equivalent to finding a fixed point for B.. By Lemma 4.1, for ¢ sufficiently

small and r large we have

1B:[9]ll. < CllSc[we to,6]ll« + ClIN[]]l-

< rettm.

1
HB€[¢1] - BE[¢2]H* S CHNE[¢1] - Ns[¢2]H* < §H¢1 - ¢2H*7

which shows that B. is a contraction mapping on F,. Hence there exists a unique ¢ € F,
such that (4.1) holds.
The continuity of ¢. 4, + follows from the uniqueness.

This concludes the proof of Proposition 4.2.

5. PROOF OF THEOREM 1.1

From (4.1), we see that, to prove the existence of Type III solutions of Theorem 1.1, it
is enough to find a zero of the vector c.(ty,t) = (coc(to,t), c1(to, t), ..., cne(to, t)).

The next Proposition computes the asymptotic formula for c. (o, t):

Proposition 5.1. For ¢ sufficiently small, we have the following asymptotic expansion
1
/ !/ 007
ezt [o(f (w)(w')?) ™

1
e? Jo(f (w)(w')?)

(5.1) (to, t) = doto + Boc(to, t),

(52) Cj,s(t(),t) = dJ(ME)J + ﬁj,s(fg,,t\),j = 1, ceey N
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where dj # 0,7 = 0,1,..., N are positive constants, and ﬁj,s(fo,f),j =0,1,....,N are

continuous functions in (ty,t) with

(53) ﬁj,s(t()ut) = 0(67—0 + |2§0|2 + |£|2)7.] = 07 XD N.

We delay the proof of the proposition at the end of the section. Let us now use it to
prove Theorem 1.1.
Proof of Theorem 1.1: To find a zero of c.(to,t), it is enough to solve the following

systems of equations

(5.4) doto + Boc(to, t) =0, dj(ME); + Bj.(to,t) = 0,5 =1,..., N.
By Lemma 2.1, the matrix M is invertible with uniform bound, (5.4) is equivalent to
(5.5) (fo, ) = B.(fo, £)
where (.(f, ) is a continuous function in (fy, t) satisfying
(5.6) Be(to, £) = O(e™ + 15 + [¥*).

Let B = {(fo, t)| |(fo,t)| < €% }. Then Brouwer’s fixed point theorem gives a solution

in B, called (5,t°), to (5.5), which in turn, gives a solution

ul = We o +em0 5, t+ete T ¢a,t0+em£g, tg+ete
to equation (1.12). Tt is easy to see that u? satisfies all the properties listed in Theorem
1.1.
O
Now we are ready to prove (5.1).
Proof of (5.1):
Multiplying equation (4.1) by (1 _5222)”7_2;;6@, we obtain, using Lemma 2.2 and Propo-

sition 4.2,

N
(57) Z Cl,a(t[)a t) < Za,tla Ze,tj >e= / [(1 - 5222>%]Se[wa,to,t + gbe,to,t]za,tj

1=0 Ie
n—2 —2

:/[(1—5222)2]S€[w€,to,t]z€,tj+/ [(1—5222>7122][15[@255715071;]25715].4—/ (1—&?222)%N[¢5’t07t]z€,tj
I I

Ie

= / [(1 — 5222)%72]88['(1]57,5071;}257% + / (1 — 5222)%72L5[257t]~]¢5,t0,t + O(€1+TO)
Ic

IE
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_ / S.[wepyi)zon, + / (1= £222)"5 — 1JS.[wesn]es, + O(E™)
1. I
(5.8) = Se [we,to,t]ze,tj + O<51+TO)~
Ie

For j =0,1,..., N, we make use of (3.5) and deduce that

(59) S [wsto t]zst S weto t]w +O( 1+TO>

Ie : o " a \/@ Is t
For j = 0, we have, using (2.22),
24,
1— R?

'Ss [ws,to,t]zs,t]- -

e™tge 2 / f(wyw'e™dy + O(e?)
R

Ia,to
(5.10) = dpe™ty + O(°™)

where

24, 2¢1 ! ! - 24, 2¢1 -
do = 1_—R2€ /Rf (w)w e Y = —1_—R2€ /Rf<w)€ Y 7é 0.
For j =1,2,..., N, we have, using (5.9) and (2.23),

1 / ’
/ Se[We tg,t] 221,42 = 1 /(Qywyy+nwy)wy — g/f (w(y))(wy,,, +we,_Jw +O(e*™)
It R R
th/(n—l __/f [ Sy [y 4 O(el+m)
R
R

ti— 1 t]| 1 7‘tj+17tj
— 5

_ A, /R Flw)e™

1
= BQ Aot — —€7|
€

|] + O(€1+TO>

where

So we have for j =1,..., N,

/ So[We o t)2e.dz = BOaE;@) + O(g't™)

o ot

B2k (M(t - tf)) L O@E™)
o1, ].
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(5.11) :dﬁCMQ + O(e't™)
J
where d; = By,j =1, ..., N.
Since
(5.12) < Zepys Zeyt; >e= t2 (04 / f O(e))

we derive Proposition 5.1 from (5.7), (5 8), (5.10) and (5.11). (The fact that all the error
terms are continuous in (,t) follows from the continuity of @. ¢ in (o, t).)

O

6. PROOF OF TWO LEMMAS

6.1. Proof of Lemma 2.1. It is easy to see that a global minimizer of E.(t) exists
since E.(t) is convex. Let us denote it by t° = (¢],...,t5) which is unique. Setting

te = e(j — M) pe + es5, where p. satisfies
A062p6 = e—ﬂe’

then sj satisfies

N 1 > £ € £
(6.13) Ao(j — T+) + Agess +e (75 — e =0, j =1, N

which admits a unique solution s° = (s7, ..., s3) = O(1).
Let M = (862;?5?)). We show that the smallest eigenvalue of M is uniformly bounded
108
from below. In fact, let n = (11, ...,nx)T and we compute

|t5 tE 1\

(6.14) ZMz'j??mg AOZU] + = Z —1j-1)° > Ao|nf®
1,3

which implies that the smallest eigenvalue of M, denoted by A;, satisfies
(6.15) A1 > Ag > 0.
Now we consider
(MTI? =0 M7 < ATl
which proves (2.17).
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6.2. Proof of Lemma 2.2. Using (1.3) it is easy to see that

N
SS [wé‘,to,t] - Ss [we’:‘,to] + S{:‘ [Z we’:‘,t]-] + 0(6_é>

J=1

N N N
= Scfwe ] + ZSE[we,tj] + f(z Weyp;) — Z flwey,) + O(e_é)
Jj=1 j=1 =1

7j=1

N N
(6.16) = S.fwe] + S 1%A+f§:u% — 3" flwy,) + O(e™).
7j=1

Let us compute each term in the right hand side of (6.16): to this end, we first compute

1—e%z g
Aw, = (1 — 222w, —netaw, = gwﬁ e

1—¢? \/1—t2w

Let ez =t +ev1 — t?y. We have

1

(1 — 2w, —nezuw,

et
= W _—
vy /—1—t2

For j = 0, we have as before, letting ez =ty + e+/1 — t2y,

+ % (YPwyy — nyw,).

[2ywyy + nw,

&WMZ-—gLJM%WHmy+O@)
V-t
and
(1—&2%)3. —nezp. — b.
= lll_%tg + nszz\/%t% — 1] B = O(e)f.
and hence

‘Ss [wto - ps(to)ﬁs] = f(w - ps(%)ﬁe) - f(w)
£ to )

ia

_ _Rittg

/142 _ e R a
= —p:(to)e o f (w)e™ — ﬁ@ywyy + nw,) + O<51+2)

_2(R+tg) c R

= e RS0 =

w\w

+O(e

[2ywyy + nw,

(2ywy, + nwy) + O(EH%)
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Since
_ 2(B+tg) _ 2(R+t5) 270y 270y

e V1-R2 — ¢ V1-R2p V1-R2 256_2016 V1-R2

Y

we deduce that

A 24,
(6.17) Ss[ws,to] = S [wy, — pe(to)fe — Vo] = —

Vi-R

81+To£0€f2c1 f’ (,w)efy + O(glJr%)

which is just (2.22).
Next we have for ez =t; +e,/1 —ty,j =1,..,N

€tj

/ 2

On the other hand, the interaction terms can be estimated as follows: for ez = ¢; +

ey/1 =y, [l —j] > 2

(618) Sa[wt].] = — + 52(y2wyy _ nywy) — O((Et + 52)6‘62_“).

[2ywyy + nw,

_ltjftlff\/qy‘
wy(z) =0 V"1 ) =0 ne)

Therefore
N

(6.19) FO wy) = flwy) = fwy) > w, +0E).

j=1 I=j—1,j+1
Combining (6.18) and (6.19), we obtain (2.23). (2.24) follows from (2.22) and (2.23).
0J

7. THE BREZIS-NIRENBERG PROBLEM
The Brezis-Nirenberg problem in S™ is of the form
(7.1) ASnU—)\U‘l‘u%:O, u>0inD CS",u=0o0ndD.

As in the previous sections we shall assume that D is a geodesic ball, centered at the
North pole with geodesic radius 0. It is well-known (cf. [3], [5]) that there exists an
interval (A\*, A1), A\; being the first Dirichlet eigenvalue of Agn in D, such that (7.1) has

a solution for any A € (A", A;). This solution is a minimizer of the variational problem

(72)  S\(D) = inf/ |Vo|&ndp — )\/ v2du, where v € W, *(D) and / lv|* dp = 1.
v D D D
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Here dp stands for the volume element and |Vu|. for the first Beltrami operator in S”,
and 2* := Z—fg is the critical Sobolev exponent. Moreover from Pohozaev type arguments
it follows that if A & (A*, A1) no solution of (7.2) exists. The value of \* is given by

N % if n =3,
—@ if n > 3.

Brock and Prajapat [8] have shown by means of the moving plane method that for A >
—@ all solutions of (7.1) are radial in the sense that they depend only on the geodesic
distance to the origin. It was observed in [23] that the uniqueness criterion of Kwong and
Li [16] applies to (7.2), which implies that for A > —% problem (7.1) has at most one

solution.

In contrast to the case of balls in the Euclidean space where all solutions of (7.1)
are minimizers of (7.2), it was conjectured in [3] that for large balls in S containing the
hemisphere (6; > 7/2), non-minimizing solutions might exist for A < —%. This conjecture
was supported by numerical computations in [23] which indicate that there is a strong

evidence that the result should be true in arbitrary dimensions provided A < —#.

In two recent papers Chen and Wei [9] and Brezis and Peletier [7] establish the existence

of non-minimizing solutions in S3.

Numerical computations carried out in [23] yield the following solution diagrams s.
Figure 1 for a fixed ball of radius ¢; > 7/2. The horizontal axis denotes the values of A
and the vertical axis corresponds to the value at the center of the ball uy = u(0), or in

the second picture to I = %IB(Gl) u? du.

If we set A = —e 2 and u = |A|"7 u. then (7.1) assumes the form
n+2
(7.3) 2 Agntte — U +ul 2 =0,u. > 01in D, u. = 0 on 0D,

which is just a special case of (1.1). The function w(y) in (£2) is

N—-2

N =
wly) = ((N — 2) cosh? N2—2> '

2
From our main theorem in Section 1 it follows that, for any fixed ball of radius ¢ > 7/2
and sufficiently small negative A or equivalently for small € > 0, there exist solutions of

type (I)-(III). In terms of the variable z = cos 6 they are of the form
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FIGURE 1. n =3

(7.4) ul(@) = wegy (D) + ), 61 = O()

solution with boundary layer
N-—2
wi(z) =¢ 2

’ {Zw57ti(§) + qb?} ) ¢2 = 0(5) :

solutions with clustered layers near the equator

_N-2 X
u(r) =€ {wa,to,t(g) +d3}, @3 =0(e):
solutions with clustered layers near the equator and boundary layer ,
where w,,; is defined in (2.3) and (2.11). The radii of the spheres where those solutions

have clustered layers are 6; = arccost;, i = 0,..., N where t; is given in (2.19). Observe

that near the boundary there is at most one such sphere whereas near the equator there
can be arbitrarily many.

Let us now relate the above solutions with those of diagram Fig.1 with those in Fig.2 .

. . _N-2
is below the constant solution u, = ¢~ 2

From the construction it follows that for small , the value of u’, i = 1,2,3 at the origin

= |/\|ﬁ Consequently they belong to the
solution branches By, k =1,2,3,....

For fixed A(¢) denote by u; 4 the solution on the lower part of By, and by s, the one on
the upper part. They both satisfy (7.1). The following argument shows that the number

of peaks of the solutions on By, is constant and equal to k. Indeed suppose that u; x(6; ug)
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has k peaks and u; (0;u3) has k + 1 peaks for some value ug > uj. Then by continuity
there exists a value uj < iy < uj where a local minimum and a local maximum collide.
This can only happen at wuy x(0; 1) = |>\|ﬁ By the uniqueness theorem we must have
uy x(0;09) = \)\]ﬁ everywhere.

This observation together with the comparison of the values at the origin or the values

of the L?-norms implies for small values of \:

Uy = u! and U1 = u?: 1- layer solutions on B

Uy = u? and U = u?: k -layer solutions on By, .

0.5 1 1.5 2 2.5 3 0.5 1 1.5 2 2.5 3

A=—-16.7

U3, 1
0.5 1 1.5 2 2.5 3 0.5 1 1.5 2 2.5 3

FIGURE 2. Solutions uyy; € Byy with j = 1,2 de-

picted in terms of the #-variable for ; = 3 and n = 3,
scaled with |\|~1/(2"=2)



MULTI-CLUSTERED SOLUTIONS 23

Remarks
1. Let
2% du

= /|Vu|sndu /u
D

be the energy associated to (7.3) and

Iw] :—/Rw&dx—/ de—

be the energy associated to (1.4). Then foru € By, k = 1,... we have J[u] = w,_1 Nel|w]+

o(e) ase — 0.

2. The Morse index of the solutions constructed in Theorem 1.1 can be computed
explicitely. We state the following Theorem, whose proof is similar to the proof of (3) of
Theorem 1.1 of [21] and will therefore be omitted.

Theorem 7.1. Let f(u) = uP, p > 1. Then the type I solution constructed in Theorem
1.1 has Morse index one, the type II of Theorem 1.1 have Morse index 2N, and the type
111 solutions of Theorem 1.1 have Morse index 2N + 1.

3. In a forthcoming paper we shall construct non-radial layered solutions for (1.1).

Open question An analytic proof for the existence of the branches B_;, k =1,... is

still missing.
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