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Abstract

In this paper, we study the following problem proposed by Courant and Friedrichs in [6] on transonic
flow phenomena in a 3-dimensional nozzle: Given the appropriately large receiver pressure p,, if the
upstream flow is still supersonic behind the throat of the nozzle, then at a certain place in the diverging
part of the nozzle a shock front intervenes and the gas is compressed and slowed down to subsonic speed.
The position and the strength of the shock front are automatically adjusted so that the end pressure at
the exit becomes p,. The flow is assumed to be described by the inviscid steady potential equation. The
transonic shock is a free boundary dividing the hyperbolic region and the elliptic region in the nozzle. The
potential equation is hyperbolic upstream where the flow is supersonic, and elliptic in the downstream
subsonic region. Our results indicate that the conjecture of Courant and Friedrichs cannot be true for
the arbitrarily given and appropriately large pressure at the exit of a slowly-varying nozzle, namely, the
transonic shock problem is ill-posed for the general given pressure at the exit. Furthermore, we find a
class of pressures which are induced by the appropriate boundary conditions at the exit such that the
transonic shock problem is stable.

Keywords: Transonic flow, ill-posedness, well-posedness, potential equation, multidimensional shock
wave, nozzle
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§1. Introduction and the main results

This is a continuation of our study on the problem of the well-posedness of a multidimensional transonic
shock to the steady flow through a general curved nozzle [24]. Our focus is on transonic flows with shocks
in a general 3-dimensional nozzle, which is an important subject in gas dynamics ([2, 6, 7]). In particular,
we are concerned with the following transonic phenomena in a De Laval nozzle as conjectured by Courant
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and Friedrichs in [6]: Given the appropriately large receiver pressure p,, if the upstream flow is still
supersonic behind the throat of the nozzle, then at a certain place in the diverging part of the nozzle a
shock front intervenes and the gas is compressed and slowed down to subsonic speed. The position and
the strength of the shock front are automatically adjusted so that the end pressure at the exit becomes
pr. See Picture 1.
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Picture 1

In [24], we have established the well-posedness of the above-mentioned structure of the transonic flow
with shocks in a general 2-dimensional nozzle for a class of pressures which are induced by appropriate
boundary conditions at the exit of the nozzle. However, as indicated by Courant-Friedrichs (pages 377
in [6]), a flow through a duct should be considered as a steady, isentropic, irrotational flow with cylin-
drical symmetry and should be determined by solving the 3-D potential flow equations with appropriate
boundary conditions. Thus, one of the major goals of this paper is to treat the existence, stability and
well-posedness of such a transonic flow pattern with a multidimensional shock in a general 3-D nozzle
with slowly-varying sections. As to other discussions on transonic flows and transonic flows with shocks
and references on recent studies on multidimensional transonic shocks, we refer to [24] and the references
cited therein, see also [3, 4, 21, 22].

Suppose that there is a uniform supersonic flow (u1,u2,u3) = (go,0,0) with constant density py > 0
which comes from minus infinity, and the flow enters the nozzle from the entrance. In this paper, we
always assume that the nozzle wall is of a small perturbation of a cylindrical surface {z : 23 + 23 =
1,—1 < x; < 1}. Thus, the flow in the nozzle can be approximately assumed to be irrotational and
isentropic (see [1-2, 6, 17, 21-22] and so on).

Let ¢(x) be the potential of velocity, i.e. (91,020, d3¢) = (u1, u2, us), then the Bernoulli’s law implies

1 1
L[Vl + hip) = Co = 23 + hi(po). (1)
where h(p) is the specific enthalpy. For the given equation of state P = P(p) with P’(p) = ¢(p) > 0 for
2
p >0, then h/(p) = C—lgp).
Since h'(p) > 0, one then can define the inverse function of h(p) as H(s), namely,

1
p=H(Co— §|VSO|2)- (1.2)
Then the continuity equation becomes
3
> 0:(0ipH) =0, (1.3)
i=1



which can be rewritten as

3
> (0p)* = A)Fp+2 Y ipdipde = 0. (1.4)

i=1 1<i<j<3

It is easy to verify that (1.4) is strictly hyperbolic for |Vy| > ¢(p) and strictly elliptic for V| < ¢(p).
Suppose that the wall of the nozzle is given by

Vs +ad = fz), —1<a <1, (1.5)

IVo(f(z) —1)| <e for —1<x <1, la| < ko, (1.6)

here kg € N and kg > 7.
Without loss of generality and for the convenience to study, we assume that

such that

f(=1,z9,23) =1, f(l ze,23) =1, Voef(@)|g=—1 =0 for 1 < |a] < ko. (1.7)

When the uniform supersonic flow (go,0,0) enters the entry of the nozzle, then the potential ¢_(x)
in the nozzle will be determined by the following initial boundary value problem for a quasilinear wave

equation
3

Y (@ip- ) =2)p-+2 Y dip 050 05 =0,
i=1 1<i<j<3

P—|zi=—1 = —qo,

O1p—|z1=—1 = qo,

3
Ofonp+ Y (f =PI =0 on \[eE+a=f(a),
1=2

where c_ = c(p_) and p_ = H(Cy — £|Vp_|?).

It follows from Lemma 2.1 in §2 that (1.8) has a C® solution ¢_(z) in the nozzle {(z1,z2,23) : —1 <
z1 < 1,\/23 + 22 < f(x)}, moreover |V (p_(z) — gox1)| < Ce holds for |a] < 5.

Given an appropriately larger pressure Py (z2,x3) = P(py (2, 3)) at the exit 2; = 1 of the nozzle than

that in the entry, where pi (z2,23) € CH({(w2,z3) : /23 + 22 < f(1,22,23)}) is a small perturbation of
the constant density p4, more precisely,

(1.8)

IV ia,zs (P4 (22, 23) — pi)| < for 0<la] <3,

here the density p; and the constant velocity |Vy| = ¢4 satisfy the following relations

1
gfﬁ + h(p+) = Co, P+4+ = Podo and 4+ < c(p+)- (1.9)
Then it is expected that there appears a transonic shock ¥ : 21 = (22, z3) in the nozzle. To assure
uniqueness of the flow pattern (as in [4] and [24]), we also require that the shock ¥ goes through a
specified point, say, (0,0,0), namely
£(0,0) = 0. (1.10)
3



Denote by ¢4 (x) the velocity potential across the shock 3. Then the potential is continuous across
the shock ¥ [2, 6], i.e.,

oi(x) =_(x) on LAY (1.11)
and V¢ must satisfy the Rankine-Hugoniot condition
3
[O1pH] = > 0:[0ipH] =0  on 3. (1.12)
i=2

Furthermore, the following physical entropy condition should be satisfied:
1 2 1 2
H(Co — 5IVe-[7) <H(Co~5IVes[T)  on X (1.13)
On the exit of the nozzle, the given pressure is equivalent to
1 9 N
H(Cy — §|Vgo+| ) = py(z2, x3) on 1z =1. (1.14)
Finally, the no-flow boundary condition on the wall of the nozzle says

Ty

3
Oforer + Y (0if — 7)@% =0 on /a2 +al=f(x) (1.15)
=2

We will use the following notations

Q= {(xl,xg,xg) c—l<a <1y/zd+ 23 < f(a:)},
Q4 = {($1,$27$3) pE(w2,w3) < a1 < 1, \/x% + a3 < f(x)};

S = {(xg, x3) : (§(z2,x3), 22, 23) € E} which is the projection of the shock surface X

on the (z2,z3)—plane;

L =YnN {(ml,xg,xg) iy @3+ af = f(a:)},fg = {(1,:52,:53) iy X3+ af = f(l,xg,xg)};
|dg, | = dist(x,T1), LAY and (x2,x3) € 5,
|d| = min{dist(z,T1),dist(z,T2)} for x € Qy.

The first main result in this paper is on the uniqueness of the solution to the equation (1.4) with the
boundary conditions (1.10)-(1.15).

Theorem 1.1. (Uniqueness)

Suppose that (1.6), (1.7) and (1.9) hold. Then for suitably small € > 0, the equation (1.4) with
the boundary conditions (1.10)-(1.15) has no more than one pair of solution (py(x),&(x2,x3)) with the
following regularities:
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(i). For k=2,3 and (x2,23) € S,
Ce

g(fEQ,(E?,) c Cl,lftsl)(s') N CJ(S), ||£(5E2,5E3)||Cl,1—50(§) < CE, |V§2,x3§(x2,x3)| < W
(i1). @y (x) € CH1=% (0, )N C3(Qy) such that,
llos(x) — qrza]| a.) < Ce |VE (x)|<L for k=2,3; z €
P+ A+Z1||cr1-%0(Qy) = ) =P+ = |dx|k_2+50 — 4 +

Remark 1.1. [t follows from the regularity theory of the second order elliptic equations with the
cornered boundaries (one can see the references [14] and so on) that the assumptions on the regularities
of solution (¢4 (x),&(xe,x3)) in Theorem 1.1 are plausible. See also Theorem 1.3 below.

Remark 1.2. If the end pressure p(xa,x3) in (1.14) is given on a C3 smooth surface x1 = g(x2,x3)

with |Vg2,x3(g(x2,x3) —1)| <e for 0 <|a| <3 and (z2,23) € {(x2,23) : \/23 + 23 < f(1,22,23)}, then
by an analogous proof, we know that Theorem 1.1 still holds in this case.

Remark 1.3. For A; = (f(l‘%,$§),l‘%,l‘é),,Am = (g(xgn7x§n)7x5n,xgb) € X (m € N)7 we sup-
pose that V1,...,vm are any smooth curves which lie in \/x3 +x3 = f(x) and start from Ai, ..., Ay,
respectively. Denote by |do| = min{|dp |, dist(z, Ar), ..., dist(z, Am), /o3 + 23} for x € ¥ and |d| =
min{|d,|, dist(z, 1), ..., dist(z,ym), /23 + 23} for & € Q4. Then it follows from a similar procedure as
in §3 that the uniqueness result in Theorem 1.1 continues to hold if the solution (¢4 (z),&(x2,x3)) has
the following regularities and estimates:

(i). &(za,23) € CH17%(S) N C3(S), 1€ (22, 23) | cra-s0(5) < Ce and |V, , &(xa,x3)] < mo‘kcfiﬁo with
k=2,3 and (v2,73) € S.

(ii). oy(x) € CHI7%(Q)NC3(Qy) and |04 (x) — qrar|lcri-so@,y < Ce, [VEpy ()] < Wﬁigwo Jor
k=23 andz € Qy.

This remark will be useful in proving Theorem 1.2 below.

Next, we turn to the non-existence of solutions to the transonic shock problem with general given
pressure p4(z) at the exit of the nozzle.

Suppose that a nozzle wall is C®—regular for —1 < z; < 1 and it consists of two surfaces IT; and Ils,
here II; is the converging part of the nozzle, Il; is a cone surface in —% < z; <1 (i.e. the diverging
part of the nozzle), whose vertex is (9,0,0) with 2? < 0 sufficiently small. Moreover IT; and Ily are
very close to the cylindrical surface {x : x% + x§ =1,—1 < x; < 1}. More precisely, we assume that the
equation of Il is represented by 23 + 23 = (21 — 29)?*tg%ap(ap > 0), here tgag = 17—11,[1) (this condition
guarantees that Il is very near z3 + 23 = 1 in —% < 7 < 1 for sufficiently small 2{ < 0 since one has

042
3+ 13 = ((xll:x?))z ). Besides, the transonic shock is assumed to go through the origin, and suppose that

the supersonic coming flow is symmetric in —2§ — 1 <r < —29 with r = /(21 — 29)2 + 22 + 22 (namely,
the potential ¢_ () depends only on 7 for —a9 — % < r < —20) and is of a small perturbation of the
constant state (po, go,0,0). By the hyperbolicity, we can obtain a supersonic flow ¢_(x) in the global

nozzle, which is symmetric in —29 — % <7 < (1 —29)secap and very close to gox1. Furthermore, we let

the boundary condition (1.14) be replaced by

1
H(Co — §|V<p+|2) =py on r=(1-2a¥)secay. (1.14)
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Picture 2

where the constant density py is determined by (1.9). See Picture 2.
Then based on Theorem 1.1, Remark 1.2 and Remark 1.3, we can show the following ill-posedness
result.

Theorem 1.2. (Ill-posedness) If the nozzle wall consists of Iy and Ila, then the problem (1.4) with
(1.10)-(1.18), (1.14)" and (1.15) is ill-posed. More precisely, one can find the supersonic coming flows
which are of small perturbations of (po,qo,0,0) such that the problem (1.4) with (1.10)-(1.18), (1.14)’
and (1.15) has no transonic shock solution (w4 (x),&(x2, x3)) with the regularities and estimates as stated
in Theorem 1.1.

Remark 1.4. For the arbitrarily given and appropriately large pressure py(x) at the exit, Theorem 1.2
states that the transonic problem (1.4) in the nozzle with a shock can not occur, namely, the conjecture
of Courant and Friedrichs is not true for the general given pressure at the exit of a slowly-varying nozzle.
Similar conclusions hold for the 2-dimensional case, see §4 for details.

Remark 1.5. For the complete Euler equations, if the pressure at the exit of the nozzle is arbitrarily
given, it then can be proved that the transonic shock wave pattern as conjectured by Courant-Friedrich’s
in [6] cannot occur in a slowly-varying nozzle. The details can be found in [27].

Despite the non-existence results in Theorem 1.2, we can find a class of pressures (although we do not
give the pressure directly at the exit ) which are induced by the following oblique derivative boundary
conditions (1.14)"” such that the transonic shock problem (1.4) is stable and satisfies the given boundary
conditions

Opy +ba(2)02p1 + b3(2) 0304 + 1) =g(x)  on  m =1 (1.14)"

here b;(z ) € C3(Q)(i = 1,2,3),g9(x) € C3(Q) and A < by(1,72,23) < A for (z2,73) € {(z2,73) :
Va3 + 23 = f(1,22,23)}, here A and X are two positive constants. Besides, |V*(g(z)— (14b1(x)x1)q+)|+
|Veba(x)| +|Vebs(x)| < e for 0 < |a| < 3 and x € Q holds. With the same notations as for Theorem 1.1,
the main existence results can be stated as follows:
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Theorem 1.3. Let the assumptions (1.6), (1.7) and (1.9) hold. Then for suitably small € > 0, there
exists a unique transonic pair (p(x),&(xa,x3)) such that ¢(x) is piecewise smooth, i.e.,

(z) = { o_(x), for x1 < &(z2,x3)
v o1 (), for @1 > E(wa,ws)

and (p(x),&(x2,x3)) solves the problem (1.4), (1.11)-(1.13), (1.14)" and (1.15).
Moreover, for a given constant 0 < §y < %, there exists a constant C independent of € with the following
properties:

(i). (Regularity of supersonic flow) ¢_(z) € C5() solves the initial-boundary value problem (1.8)
in Q. Furthermore,
() = qoz1]lcs () < Ce

(ii). (Regularity of the shock surface)
§(w,m3) € CH172(8) N C3(S), and

Ce
||§(x2,x3)||01,1_50(§) < C€, |V§27x3§(x2,x3)| < |d~|k7_2+50 fOT k= 2,3, (l’g,xg) es.
I

(ii). (Regularity of the subsonic flow)
oy (x) € CH1=%(Q,) N C3(Q4) admits the following estimates:

Ce
o4 (@) = gra1llcra-so(q,) < C, [Vap(2)] < [ F 2t for k=23 T ey

(iv).(Entropy condition) The physical entropy condition (1.13) holds on the shock 3.

Remark 1.6. It should be noted that the transonic shock in theorem is perpendicular to the wall of
the nozzle. This fact follows easily from the boundary conditions (1.11) and (1.15), and the ones on the
nozzle wall for o_(x) in (1.8).

Remark 1.7. It will follow from the proof of Theorem 1.3 that one can also establish the structural
stability of the transonic shock solution (p(x),&(x2,x3)) with respect to small perturbation of the initial
state at the entrance. More precisely, for ko > 7 and 0 < o < ko, if Vg, .. (p—(—1,22,23) + qo)| < € and

Ve, 25 (10— (=1,22,73) — qo)| < € hold, then there exists a unique solution (¢4 (), &(z2,3)) to (1.4)
with the corresponding perturbed boundary conditions such that

o+ (x) — qulecl,l—ao(a) < Ce, ||£(x27x3)||01>1’50(§) < Ce

where Q4 = {(z1, 22, 23) : é(xg,xg) < < 1,\/z3+23 < f(2)}, S is the open projection set of the
corresponding shock surface 3 onto the (x2,x3)—plane. Besides, the constant C is independent of €.

Remark 1.8. It should be noted that the main assumption in Theorem 1.1-1.83 is that the wall of the
nozzle is a small perturbation of a straight cylinder, (1.6). This is in general necessary for the existence of
such a transonic shock wave pattern as conjectured by Courant-Friedrichs and mentioned at the beginning
of this section. Since for the nozzle of large deviation from a flat cylinder, there may be supersonic shocks
in the supersonic region, or supersonic bubbles surrounded by subsonic flow, see [2, 6].
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Remark 1.9. Some ideas developed in this paper can be used to study the problem of existence,
uniqueness, well-posedness and structural stability or instability of a transonic shock for the supersonic
flow past a three-dimensional wedge. This is reported in [25].

Remark 1.10. If, instead of the no-flow boundary condition (1.15), the wall of the nozzle is assumed
to be porous ( perforated) or curved appropriately large, then the corresponding transonic shock problem
can be shown to be well-posed for the arbitrarily given and appropriately large pressure py(x) on x1 = 1.
This will be reported in a forth coming paper [26].

Obviously, combining Theorem 1.1 with Theorem 1.3 yields the following result on the existence and
uniqueness for a class of pressures at the exit of the nozzle.

Theorem 1.4. (Stability for a class of pressures at the exit)

If py(x2,x3) in (1.14) and a specified point in (1.10) are determined by Theorem 1.3, then the transonic
shock solution to the problem (1.4) with (1.10)-(1.15) exists uniquely.

We now comment on the proof of the main results. Some of the main difficulties are that (1.4) is
a mixed-type quasilinear equation and the shock surface is a free boundary with nonlinear boundary
condition (1.12). In order to prove Theorem 1.1, the main strategy of the analysis comes from our
treatment on the 2-D problem in [24]. First, we introduce a new partial hodograph transformation
which maps the domain 0 into the fixed domain Q; = {(X1,X2,X3) : 0 < X; < 1,X2 + X2 < 1}
as in [24], see also [5, 18, 20]. Under this transformation, the quasilinear potential equation (1.4),
whose coeflicients contain only the first order derivative of ¢(x), becomes a new second order nonlinear
equation with coefficients and source term containing the unknown function V(X)) and its first order
derivative VxV(X). Correspondingly, the boundary conditions (1.12)-(1.15) are also changed into new
nonlinear boundary conditions containing V(X)) and VxV(X). It is crucial in our analysis that we can
choose the partial-hodograph transformation so that the coefficients of V' (X) and VxV (X) in the second
order elliptic equation and the coefficients of V(X) in the boundary conditions are all suitably small
in appropriately weighted space, and thus avoid the possibility of negative eigenvalue of the resulted
linear equation on v(X) in Theorem 1.1. One of key elements in the proof on Theorem 1.1 is to derive
[lo(X)||z2 = 0 to the solution v(X) by the multiplier method instead of establishing ||v||z= = 0 by the
maximum principle, since it seems difficult to obtain ||v|| e by the maximum principle in [13] due to the
structures of the equation and boundary conditions on v(X). In order to prove Theorem 1.3, we will use
the Schauder fixed point theorem to solve the corresponding nonlinear elliptic equation on @ which is
resulted by the generalized hodograph transformation in §2. Weighted Holder spaces will be used to treat
the possible singularities due to the corners of the domain under discussion [3,8,13-15,24]. In addition, one
can use the maximum principle to derive the uniform L° —estimate by use of (1.14)”. Although the main
strategy to prove Theorem 1.1 and Theorem 1.3 is similar to our approach used for 2-dimensional case
[24], much more delicate a priori estimates are needed to overcome some main difficulties occurred in the
3-dimensional case. In particular, more complicated and careful analysis are needed for the estimates near
shock and fixed boundaries. Finally, based on Theorem 1.1, making full use of the symmetry of nozzle
wall IT5, the supersonic coming flow in the diverging part for —% <z < % and the end pressure condition,
we can show that the pressure at the exit should be uniquely determined by the supersonic coming flow
for the transonic solution with a shock. The main approach is that we can derive an ordinary differential
equation by the symmetry of the nonlinear equation, the nozzle wall and the boundary conditions if we
assume that the transonic shock is well-posed with respect to any appropriately large pressure at the
exit for any slowly-varying nozzle or any part of the nozzle which is bounded by the nozzle wall and two
planes through the x;—axis (these assumptions are plausible physically if the transonic problem with one
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shock is indeed well-posed in the nozzle with the end pressure).

Next, we note that there have been many studies on the transonic problems as we mentioned in [24]. See
also [1, 3, 4] and the references therein. Here we mention only the study on the existence and uniqueness
of axially symmetric compressible subsonic flows of jets and cavities by Alt-Caffarelli-Friedman [1], where
they use a variational approach to solve such a free boundary problem. However, we were not able to
adapt their analysis due to different conditions on both free and fixed boundaries and our problem is
truly 3-dimensional.

The rest of the paper is outlined as follows. In Sect.2, we introduce a generalized partial hodograph
transformation and reformulate the original problem (1.4) with the boundary conditions (1.11)-(1.15) in
terms of the new variables. Besides, some basic estimates on the coeflicients of this resulted problem are
carried out too. In Sect.3, the H?—norm estimates for the solution v(X) to the linear problem induced
in §2 are derived. This directly yields v(X) = 0, namely, we complete the proof on Theorem 1.1. In
Sect.4, based on Theorem 1.1, we show the ill-posedness result in Theorem 1.2. In addition, we list two
ill-posedness results on the 2-D transonic shock problem and only give a sketch on the proof. Finally, the
proof on Theorem 1.3 is given in Sect.5.

(From now on, the following convention will be used in this paper:

O(e) and O(Me) mean that there exists a generic constant C' such that |O(e)| < Ce and |O(Me)| <
CMe respectively, where C' is independent of M and e.

§2. The reformulation on Theorem 1.1 and the generalized hodograph transformation

With the help of ¢_(x) determined by solving the initial-boundary value problem (1.8), the nonlinear
mixed-type equation (1.4) with (1.8)-(1.15) can be reduced to a boundary value problem for a second order
quasilinear elliptic equation with a free boundary (the transonic shock). In this section, we reduce this
free boundary value problem on Q4 to a boundary value problem on a fixed domain Q4 = {(X1, X2, X3) :
0 < X; < 1,X3+ X3 < 1} by introducing a generalized hodograph transformation and a coordinate
transformation. First, we estimate the potential ¢_(z) for the supersonic flow.

Lemma 2.1. Assume that (1.6) and (1.7) hold. Then (1.8) has a unique C°(Q) solution ¢_(z) such
that

lo—(z) — QO$1||05(Q) < Ce.
holds for small € > 0, where C is independent of €.

Proof. Note that ¢(z) = p_(x) — gox; satisfies

3 3

((q0 + 01 9)? = )G+ 2(q0 + 019) > 0:ig0rio+ Y (8:i)” — )} @ + 20550560555 = 0,
1=2 1=2

F(@)|e1=—1 =0,

8155(1")'961:— =0,

3
O fong+ > (0if — %)a@ = —qdf on  \Jai+ad=f(a),
1=2

(2.1)
where c_ = ¢(H(Co — 3(|qo + 013> + |028]* + [055]2))).
It follows from (1.7) that the initial-boundary values in (2.1) satisfy the compatibility conditions up
to (ko — 1)—th order.
9



Since go > ¢(po), then (2.1) is strictly hyperbolic with respect to xz1—direction for the small pertur-
bations of constant solution. By the standard energy estimate on the linear wave equation with the
initial-boundary conditions and the Picard iteration (for example, see [11]), then for small ¢ > 0, (2.1)
has a unique solution @(z) € N¥ C¥([~1,1], H*~(Q)) and there exists a constant C' independent of &
such that

—1),Hko—i(@)) < Ce

Hence the Sobolev’s imbedding theorem implies that Lemma 2.1 holds.

We now reduce the free boundary value problem (1.4) with (1.9)-(1.15) to a fixed boundary value
problem. Rescaling if necessary, we will assume gp — ¢+ = 1 in the rest of the paper unless otherwise
stated. Define new independent variables as

1 11—z
X1 =1l - e (2.2)
Xi=1w 1523

It is expected that |0 (¢4 () — grx1)| < Ce for 0 < |a| < 1. Consequently, one has that 9y (p_(x) —
o+ (x)) = d1(p—(x) — qox1) — O1(p4(x) — q4@1) + qo — g4 > 3 for small £ and all € Q. This implies
o_(x) > ¢4 (x) when x1 > £(x2,23). It follows that (2.2) is an invertible transformation from the domain
Q+ to

= {(X1,X9,X3):0< X; <1,X54 X3 <1}

Furthermore, the boundaries z; = &(x2,23), ©1 = 1 and /2% + 2% = f(x) are transformed into
X1 =0, X; =1 and X2 + X2 = 1 respectively. Besides, the origin (z1,22,23) = (0,0,0) becomes the
new origin O = (0,0,0) in the coordinates X = (X1, X5, X3).

Now, as in [24], we define the new unknown function as

VX) =121 + o (2) — o1 (). (2.3)

One would expect that V(X) = 1+ O(e) and VxV(X) = O(e). These properties are important in
our later analysis. It now follows from (2.2) and (2.3) that

{ r =1+ (X1 - )V(X), (2.4)

x; =z, (1+ (X1 — 1)V(X), Xo, X3), 1=2,3,

here x;(1 + (X1 — 1)V, X2, X3) € C*(i = 1,2) on X and V, which follows from the smoothness of f(x)
and the assumption (1.7). By direct calculations, one has

3
8., X1 = D(X,V, VV)< — (X, —1) Zaxivaxjxi), j =23,

(2.5)
aiji :f72(f5ij _xzasz) :6ij+0(€)7 i =2,3; J=12.3,
and
;cack Zb a?(inV"'b(%kv Jk=1,2,3,
=1 [ (2.6)
a% xk 3 = f (6z]azkf + 6zkaxjf + xz xj ;ckf) + 2f73xiafl’jfamkf

20(6), 122735 ]ak_152735
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where

D(Xv Vvvvv) = (V + (Xl - 1)8X1V)717
b =0 (X,V,VV) = 3D(X,V,VV)(1 — X1)(0s, X104, X; + 0y, Xi02, X1),

bi* =6 (X, V,VV) = —D(X,V,VV) <2axkxlaxjxl + 0y X20y, X1 + 0y, X200, X1 (2.7)

+(X1 — 1)8219%X2 + 8IJX38”X1 + aka?,aijl + (X1 — 1)82 Xg) VxV.

x TjT

It should be noted that for suitably small e, all the functions D(X,V,VV), bglk(X, V,VV) and

bgk(X, V,VV) are smooth functions of X,V and VxV.
In terms of the new variables (2.2) and (2.3), the equation (1.4) becomes

3
D ai(X, V. VxV)OX x,V + Fo(X, V. VxV) =0, (2.8)
ij=1
where .
aij(X,V,VxV) = = > an(4) (0, XiOu, X; + bJ10x, V),
k=1
3 4 3
Fo(X,V,VxV)= — ain(o) (b@’“&XlV +) ox, V&iizkxj) (2.9)
ik=1 =2
3
+ (aik (o) — ir(0-))02 ., o,
ik=1
here the matrix (a;x) is defined by
~ (Oz, 50)2 - CQ(VQO) Oz, p0r, Oy P05
(aij(sp)) - 8581 508582410 (8962 90)2 —-C? (VSO) 8:82 508:1634,0
Oy pOss Oy P05 (Ozs 90)2 - C2(V<p)

with sound speed C(Vy) = ¢(H(Co — 3|V¢|?)). In the derivation of (2.8) from (1.4), we have used the
equations (1.8). It is important to note that the quasilinear equation (2.8) is uniformly elliptic on Q4 in
the region we are interested provided that ¢ is suitably small.
This and other important properties of a;;(X,V,VxV) and Fy(X,V,VxV) are listed in Lemma 2.4.
Next, we transform the boundary conditions in terms of the new variables. First, it follows from (1.11)
that the Rankine-Hugoniot condition (1.12) is equivalent to

3
Z[aiSOH]ai(<P+ —p-)=0 on z1 = ¢(22,23),

i=1
which takes the form in the new coordinates as

G(X,V,VxV)=0 on X, =0, (2.10)
11



where

3
G(X,V,VxV)=H(Cy— %((1 0,V = 019)2 + ) (02,V — Dip-)?)) <(5‘1<,0 — 05,V = 1)(140,,V)

1=2

3 3
1
+> (O — ax,,,V>axiV) — (O (1+ 02, V) + ) 0ip-02,V)H(Co — 5|V [).

i=2 i=2

Analogously, (1.14) and (1.15) are transformed respectively as follows

3

H(Co — %((1 400,V =19 )+ (00,V = Bip_)?)) = ps (x) on X, =1,
i=2 (2.11)
3 3
Z(Z(? ~onP alfg—fj)axjv — (1 - )
j=1 Ni=2 @
3
+ Z(% —0,f)0ip-  on X3+ X5=1, (2.12)

here the variable x = (z1, 22, x3) is a function of X = (X1, Xa, X3) and V(X). It will be clear that (2.10)
and (2.11) represent nonlinear uniform oblique derivative boundary conditions for (2.8).
Finally, it follows from (1.10) and the transformation (2.2) that

V(0,0,0) = 1. (2.13)

Hence our major problem is reduced to study the quasilinear equation (2.8) on the domain Q4 with
nonlinear boundary conditions (2.10)-(2.13).

By the assumptions in Theorem 1.1, we derive that V(X) € C1'=%(Q,)NC3(Q, \ U?_,T;) holds and
satisfies the following estimates:

Ce

IV(X) = 1llgra-s0(g,) < Ce,  [VEV(X)| < [Rx 245

k=23, (2.14)

where
I'y = {(O,XQ,Xg) : X22 -I—Xg = ].},
F2 = {(15X27X3) : X22 +X'§ = 1}) (215)
Rx =X1(1—-X1)+ 1 — (X3 +X3)

Next we analyze the nonlinear boundary conditions (2.10)-(2.12) so that one can treat the uniqueness
result in Theorem 1.1.

Let us consider the boundary condition for V on X; = 0 first. Note that the boundary condition (2.10)
can be rewritten as

3
Z Bii(X,V,VxV)ax,V + Bi(X,V,VxV)(V —1) = -G(X,1,0,0,0) on  X; =0, (2.16)

i=1

12



with
1
Bli(X,V,VXV):/ Dox vG(X.6(V —1)+1,6VxV)db,  i=1,23,
0
1
Bl(X,V,VXV):/ OvGIX,0(V — 1) + 1,0V < V)db.
0

The following estimates hold true for the coefficients of (2.16).

Lemma 2.2. In terms of (2.14), then one has

3
> IVAG(X,1,0,0,0)| < Ce, (2.17)
k=0

_ 2 9
Bu(X,V.VxV) = LI 28 o, 218)
+

Bh‘(X, V, va) 20(6), 1= 2,3, (2.19)
Bi(X,V,VxV) = 0(e), (2.20)

2

9

D IVEBU(X, V. VX V)| + VX Bi(X, V, Vx V)| = O(g=ivas ) k=1,2. 1)
i=1 .

Proof. We start with the proof of (2.17). By definition, one has

3
G(X.1.0.0,0) = (H(Co = 5((1 = yp-)* + 3 @i Ore- — 1) = H(Co - 5[V Iorp- )@

with & = (Z1, T2, T3) given by

{ Xo = Zo(f(2)) 71,
Making use of Lemma 2.1 and the assumption gy — g+ = 1, one can compute to get

2
= (H<Co - %(QO - 1)2) (0 —1)— H<Co - %qg)%> +0(e)
= (p+4+ — pogo) + O(e) = O(e)

6(x,1.0.0.0) = (# (o= Fa =17 +06) ) (1~ 1+09) ~ (o~ 6 + 0 an +0) ) @)

13



where we have used the fact that p1q+ = pogo (see (1.9)). Thus
IG(X,1,0,0,0)| < Ce

Similarly, noting also (1.6), one has
ZW G(X,1,0,0,0)| < Ce.

Thus (2.17) is proved.
Next, we verify the rest of the lemma, i.e., (2.18)-(2.21). Direct calculations based on (2.4)-(2.5) show:

90 = X -1,
9o — (X1 — 1)0x, f(1— (Xgauf + X30,,f)) ' Xi, i=2,3
00y, V .o
8((6 LV)) (X VaXv) az ’ 17]:152735
2.22
8(0 <P Zaﬁ]w ax] ;= 17 2’ 37 ( )
3(ip4) _ 2 8x] 8 8X i —1.9
oV ;<8” p_(z )8V Ox; 3V(8x1) , i=1,2,3.
3
Define G(Vy,Vp_) Z 0jpH|0;(p+ — ¢—). Then G(X,V,VxV) = G(Vy,Ve_) and one can
Jj=1
compute
3
- 0X;
=-VD(X —
aBXiVG Vv ( ava va)z::aBktp+G8xka
3
~0(9kp+) ~0(9kp-)
oG = 19) G————++490 G————=
v ;( ooy T ey )
(2.23)
Do, G = Z( OypH10 + (Hy 8y = a0y H) O~ 0j¢-) ). i=1.2.3
B 3
g G = =3 (1050H15, + (H-05 ~ Oyp-Oup H )0y~ 030) ). i= 1,23
j=1
One can obtain from (2.5) and (2.14) that
{ 8;5,;X1 2511'4-0(5), 1= 1,2,3 (2 24)
aszi:(sij—"O(E)ﬂ i:273a ]:172a3 .
and it follows from (2.22), (2.24) and Lemma 2.1 that
(PG V) =0@), =123
(PHFNXV)=0(),  i=123 (2.25)

Q

(TP X V. VXV) =0 +0(e),  ij=1,2,3,
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Note that

A (a+—a0)(*(p+)—a})
Oy, G = L)) () 4 O(c),

38“0,@ _ _P+(Q+_(IO)(02(P+)_(I-2¢_) (1 + 0(8)), (226)

c2(p+)

09,0, G = O(e), i=2,3.

Indeed, recall that we have assumed that g1 —qo = 1, then it follows from V(X)) = 1—z1+¢_(z)—p4 (x)
that 0,4 = 0jo— — 915 — vag—ii. So one can derive from Lemma 2.1 and (2.24) that

dip— = qo+ O(e),
Iy =gy +0(e), (2.27)
Oivx = O(e), 1=2,3

On the other hand, the Bernoulli’s law, (1.1) and (1.2) imply that ¢*(p) = Z. Hence, one obtains
from (2.23) and (2.27) that

3
90,0, G = [O1pH| + <H+(3130+ — i) = > (9501 Ovp H, ) (D504 — 3;‘@—))
j=1
/

H
— OupiHy = O Ho) + Hy Brps — 01 (1 (g5 ) + 00
+

_ p+(qy — (JOQ)(CZ(/”) — i) (14 O(e)).
c(p+)

The other estimates in (2.26) can be estimated similarly.
Substituting the computations above into expressions for By; and B, we obtain that

2

p+(q+ - QO)(C (p+) — qi) (1 + 0(5))5

2(p+)
BM(X,V,VXV):O(E), i:2,3,

Bi(X,V,VxV)(W —1) = O(e).

B (X,V,VxV) = —

o

These prove (2.18)-(2.20). the other property (2.21) can be verified similarly. Hence the proof of Lemma
2.2 is completed.

It follows from g4 < ¢(p+), g+ < go and (2.18) in Lemma 2.2 that By1(X,V,VxV) # 0 for small €.
Thus one can rewrite (2.16) as

3
Ox,V+Y_ Bi(X,V,VxV)ox,V + Bi(X,V,VxV)(V-1)=0 on  X;=0, (2.28)

i=2
where the coeflicients satisfy the estimates
Bi(X,V,VxV)=0(), i=23,
Bi(X,V,VxV) = 0(e),
VA BL(X,V,VxV) = O( 555 ), k=1,2, =23,
VI;(Bl(Xv‘/;VXV):O(ﬁ)) k:1a27
15
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which follow from Lemma 2.2.
Next we determine the boundary condition for V(X) on X; = 1.
Set

3 12

G(X,V,VxV) = H(Co — %((1 F0uV — 0 )+ Y0V — i) — H(Co — 502,

1=2

It follows from H(Cy — 3¢3) = p4 that (2.11) becomes

G(X, V, VXV) = ﬁ+(l‘) — P+ on X1 =1.

which may be written as
3 ~
> Bai(X,V,VxV)x,V + Ba(X,V,VxV)(V = 1) = G(X,1,0,0,0) on  X;=1,

i=1

where
1 ~
Bas(X, V. VxV) = / Dox vG(X,6(V — 1) + 1,0V V)do,
0

1
By(X,V,VxV) :/ v G(X,0(V —1)+1,0VxV)do,
0

3
G(X.1.0.0) = (H(Co— (1= 0o P+ 3 (000 1)~ H(Co - 32) ) @)

i=2
As for (2.28), a direct computation yields

3
Ox,V 4+ Bo(X,V,VxV)x,V + Bo(X,V,VxV)(V = 1) = py(x) —py on  Xi=1,
=2

where ~
Boi(X,V,VxV) =O0(e), i=2,3,
By(X,V,VxV) = 0(e),
VA By(X,V,VxV) = O(5wss), k=12  i=23,
VI)C(BQ(Xv‘/;vXV):O(ﬁ)a k=1,2.

Similarly, we can obtain the boundary condition for V/(X) on X2 + X2 = 1 as follows

3
> Byi(X,V,VxV)ox,V+ Bs(X,V)(V-1)=0 on Xj+Xj=1
i=1

(2.30)

(2.31)

(2.32)

The properties of Bs; and B; can be described by the following lemma whose proof will be omitted.
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Lemma 2.3. Under the assumptions in (2.14), it holds that

Bs3i(X,V,VxV) =0(e),

Bsi(X,V,VxV) — X; = O(e), i=2,3,
€

Vk Bs1 (X, V,VxV) = O(W), k=12,
~ 13 .
VA (Bsi(X,V,VxV) - X;) = O(W), k=1,2; i=2,3,
vk B3(X,V) = 0(e), k=0,1,
~ £
Vi B3(X,V) = Olmr=ars ) k=23

In addition, we need more information on a;; (X, V,VxV) and Fy(X,V, Vx V). In the following lemma,
we list some important estimates on a;; and Fy which will be used later.

Lemma 2.4. It follows from (2.14) that
an (X, V,VxV) = —(¢} — 1)1+ 0(e)),
Qij X,V,va):O(E), 1<i<y <3,
ai(X,V,VxV)=-c1(1+0(g), i=2,3,
FO(Xa Va VXV) 20(6),

9
Vhaij(X,V,VxV) = Olgs) k=12

S
v])C(FO(Xv‘/vVXV):O(Rk_l_,_gO )7 k=1,2

Proof. We will only sketch the proof since it mostly involves tedious computations. By (2.9), one has

3

(X V. VxV) == Y- (00 = ) (0. X0% 4 tht0x,V )
k=1
- Z akSDJral(er (aIleaIle + blfllaxl V)
k£l

Taking into account of (2.24), (2.27), (2.5) and (2.14), one can get from above that
a1 (X,V,VxV) = =(¢} — 1)1+ O(e)). (2.33)

Similarly, for i = 2,3,
3
a;i(X,V,VxV)==>" ((ak¢+)2 - c2+> <(akai)2 + 0¥ 0, V)
k=1
— > Ok 0p 1 (00, X0, X + b} Ox, V)
k£l

— (55 o) =&+ o) (2.34)
17




and for ¢ # j,

3

aij(X,‘/,VXV) = —Z((ak(p+) — C+) (&ckX 8gckX +b 8}(1 )
k=1
= k0104 (0, XiOa, X + 010X, V)
k#l
=0(e) (2.35)

Next, noting (2.5)-(2.7), (2.24) and (2.14), one can estimate bl as
b (X, V,Vx V)| = O(e).

This, together with (2.9) and Lemma 2.1, leads to
[Fo(X,V,VxV)| =O(e).

The rest of Lemma 2.4 follows from similar argument and direct computations. This proves the lemma.

So far we have outlined the linearization of the equation (2.8) and the boundary conditions (2.10)-
(2.12) and derived some estimates on the corresponding coefficients. In the subsequent section, we will
focus on the solvability of (2.8) with (2.28), (2.30), (2.32) and (2.13).

§3. The proof of Uniqueness

Based on the preparations in §2, we start to prove Theorem 1.1. Suppose that there are two solutions
(@} (), (22, 23)) and (92 (z), (22, x3)) to the equation (1.4) with (1.10)-(1.15), which satisfy the cor-
responding regularity conditions in Theorem 1.1. Through the general partial hodograph transformation
(2.2), then one gets two corresponding solutions V3 (X) and V2(X) to the equation (2.8) with the boundary
conditions (2.28), (2.30), (2.32) and (2.13). Moreover, V;(X) € C11=%(Q )N C3(Q4 \ U2 T)(j = 1,2)
and satisfy the estimates in (2.14). Our aim in this section is to prove V3 (X) = Va(X) in Q.

Set v(X) = V1(X) — Va(X), then it follows from the equation (2.8) with (2.28), (2.30), (2.32) and
(2.13) that

3 3
Z (X, VA, V)0, x,v + > bi(X)dx,0 + e(X)v =0, X eqQ.,
j=1 =1
3
8X1U+Z’711 8Xv—|—d1( )’UZO on X1 =0,
=2
(3.1)
axlv+zm Oxv+da(X)v=0 on X;=1,
=2
3
Z’}/gi(X)ain—f—d;;(X)U =0 on X22+X§ = 1,
i=1
v(0) = 0,

18



With respect to the regularities and the estimates of b;(X), ¢(X) and 7;;(X), d;(X), in terms of (2.14),
Lemma 2.1- 2.4 and the assumption on g4 (z) we have

Lemma 3.1. bi(X), C(X) S Cl(Q+\U,L2:1Fi) and ’yij(X), dz(X), dz(X) S Cl(Q+\U%:1Fi)mcl_6o (Q+)

Moreover, these coefficients satisfy the following estimates

Ce
Z'vX |+|VXC( )|SW7 k=01,

3
> lllcr-so + 3 ldsller-so < Ce, =12,
i i=1

3 3
Z 735 — Xjller-s0 + Z [v31llcr-s0 < Ce,

=2 i=1

Ce )
E |VX71]|+ E |v d |§ RF—1160° 1=1,2; k:172a
J J=1

3
Ce
Z|V§((’yg]’—Xj)|+|V§(’}/31| < RE—1+30” k=1,2.

As commented in [24], it seems to be difficult to apply the maximum principle directly to derive v = 0.
We intend to establish [|v][g2(g,) = 0 to obtain v = 0. To this end, we first need an inequality with
Poincare’s type.

Lemma 3.2. If u(X) € H*(Q+) and u(0) = 0, then there exists a constant C independent of u such
that

/ lulPdX < C [ (|Vul* + |VZul?)dX. (3.2)
Q+ Q+

Proof. We use the techniques in [19] to prove (3.2).
If (3.2) does not hold, then for each m € N, there exists a function u,, € H?(Q; ) with u,,(0) = 0 such
that

/ |t |2dX >m/ (|Vum|* + [V, [?)dX
Q+ Q+

Let v, = —=—— then v,, has the following properties
||um||L2(Q+)

(i). ||UMHL2(Q+) =1

(ii). vm(0) = 0.
(iii). vm € H*(Q+).
(iv). fQ (IVum|* + V20, [?)dX < =

By (i) and (iv) one knows easily that there exist a subsequence {vy,;} C {v,} and a function v €
H?(Q) such that
Um; =, H*(Qy).

It follows from (iv) that v = C,a.e.X € Q. In addition, v,,, — v, H?(Q) implies Um; — v in C(Q4).
Thus v(0) = 0 and v = 0. But this is contradictory with [[v||z2(g,) = 1. Hence Lemma 3.2 is proved.
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Lemma 3.3. For the problem (3.1), if v has the regularities and estimates in (2.14), then for suitably
small € we have

Proof. This proof procedure will be divided into three steps.
Step 1. Estimate on ||Vv|z2¢q,)-
Multiplying v on two sides of (3.1) and integrating on ()4 by parts, we have

3 5
/ — Z aij&v(‘)jvdX = 215, (33)
Q+ i=1

ij=1

where

3
I =/ Z d;a;;0;vvd X,
Qt 1

'J—l

I / a1;05vvdS,
2 — o 0 Z 1j
3

/ Zaljé‘jvvds,
X;=1

J=1
3

Iy = /XZ+X2 12 Za”a v0) X, dS,

=2 j=1

/(Zb )orw + n)wx.

I;(i=1,...,5) will be treated respectively.
(i). Estimate on I;.
For a small constant § > 0, there exists a constant Cs > 0 such that

3 3
1) Biaiido0] <OIVo*+C5 > [Vag *uf.

i,j=1 i,j=1
Hence by Lemma 2.4, Sobolev’s imbedding theorem and Lemma 3.2, one has

2|,U|2

sy X

|| <4 |Vv|2dX+Ca/
Q+

< 5/ |Vo2dX + Cje? (/ lv[*dX)z
Q+ Q+

<5 |Vv|2dX+C(;5/ (Jo]? + [Vo[2)dx
Q@+ Q+

< |Vv|2dX+C(;5/ Vol + [V20P)dX
Q+ Q4
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(ii). Estimate on Iy and I3.
We only estimate I; the estimate on I3 is completely parallel.
We rewrite I as

Iz = Iz1 + Iao,

where

I21 = / aualvvdS,
X1=0

3
19 :/ a1;0;vvdS.
XI:OZ 15¢3

Jj=2

By the boundary conditions in (3.1), the trace theorem and Lemma 3.2, one has

|I51] < Ce/ (Jv]* + |Vv|?)dS
X1=0
< Ce/ (|Vo]* + |V20|*)dX.
Q+
Similarly, it follows from Lemma 2.4 that the same estimate holds for Is5. Thus
L] < Ce/ (Vo2 + [V20[2)dX.
Q+

(iil). Estimate on Iy.
It follows from the boundary conditions in (3.1), Lemma 2.3 and Lemma 2.4 that

Ls] S/ | X (Z agjﬁjv) +X; (Z agjajv)||v|ds
X3+X3=1

J#£2 J#3

+ / |(ag22 + ci)Xgagv + (ass + ci)X383v||v|dS
X2+X2=1

+cd / (32 — X2)020 + (733 — X3)0s0|[v]dS + & / |ys101v + dsvl|v]dS
X2+X2=1 X2

X2+X2=1

< Ce/ (Jv* + |Vv|?)dS.
X3 +X3=1
Hence by the trace theorem and Lemma 3.2, one gets
|I4] < ca/ (Vo2 + |V20]?)dX.
Q+

(iv). Estimate on I5

(IVol + [v])]v]

Is| < Ce
| 5| - Q+ Rbo

X < Ce/ (IVol? + [V20])dX.
o1 Q+



Substituting all the above estimates on I;(1 < ¢ < 5) into (3.3), then for small § > 0 and € > 0 we
obtain

/ |Vo[2dX < Ce/ |V2v|2dX. (3.4)
Q+ Q+

Step 2. Estimate on ||[VO1v|12(0,)-
Set w; = d;v(i =1,2,3). Then w; satisfies

3 3 3
Z aijﬁfjwl + Z 81aij8iwj + 81 (Z bz(X)8X7’U + C(X)’U) == ()7
4,j=1 1,j=1 i=1
3
w1+Z'Yliwi+d1U:0 on X; =0,
=2
3 (3.5)
w1+272iwi+d2v:0 on X, =1,
=2
3 3
ngi&wl + Z 8173iwi + d3w1 + 816[3’() =0 on X22 + X?? =1.

i=1 i=1

Multiplying w; on two sides of (3.5) and integrating by parts in Q, we get

/ Z a;j ;w1 05wy dX = Z i, (3.6)
Q+ =1

where

J1 = / Z 0;a;;0;wirwidX — / Z O1a;;0wijwidX,
Q+1j 1 Q+ i,j=1

J. :/ a1;0;wi w1 dS,
2 e OZ 15 1W1
3
J3: / 1j8 wlwldS
=155

Ju

3
/ g g a;;0;wrw1) X, dS,
+X2=1 :

1=2 j=

J5:—/ 81<Zb )Ox, v—l—c(X)v)wldX.
Q+

i=1

Now we treat J;(i = 1,...,5) separately.
(i). Estimate on J;.
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By Lemma 2.4, Sobolev’s imbedding theorem and dg < %, one can get

2|w1|2
|| <6 Z|ij| dX + Cjs I
Q+ j=1

) Z |Vw;[2dX + Cse? / (Jwr > + |Vw: |*)dX
Q+

Q+ j=1

Substituting (3.4) into the above expression, we get

|J1] < C(6e + 0552)/ |V2v|?dX. (3.7)
Q+
(ii). Estimate on Jy and Js.
We decompose J; as
J2 = Jo1 + Ja2

with

3
J21 - / Za1j8jw1’w1d5',
X1=0

=2

JQQ = / a1181w1w1d5.
X1=0

We treat the term Joq first.
Integrating by parts leads to

2Jo1 = / Za aljwldS—k/ Zale widl,
X1=0 ]

here L ={X : X; =0,X2+ X2 =1}.
The first term on the right hand side above can be treated by Lemma 2.4 and Sobolev’s imbedding

theorem as
8 a1 w2dS <C
|/X1 OZ 7% |

It is a bit more difficult to treat the second term in 2.J5; because one can not use the trace theorem to
control [, |wy[?dl directly by Jo. (Jw1|* + [Vwi |*)dX . To overcome this difficulty, we will use [, |9gv|?dl
to control fL |w1|?dl since fL |0gv|%dl can be estimated by the trace theorem, here 9y = X203 — X30.

Indeed, it follows from the trace theorem that

Ew% 2 2
mdS’ < Ce (|lw1]® + |[Vw1]*)dX

X1=0 Q4

100l < olslngy <€ [ (ol 4+ 1907 5 [90)ax. (35)
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Additionally, by the boundary conditions in (3.1) and the expression of dyv, one gets on L

3
wy + Z'Yliwi +div =0,

i=2
3 (3.9)
> ysiw; + dzv =0,
i=1
X2w3 - X3w2 = 891).
By Lemma 2.2 and Lemma 2.3, we obtain that on the curve L
w; = Cy1 (X)dlv + Cio (X)dg’l) + Cig(X)ae’U, 1=1,2,3, (3.10)
here |C;;(X)| < C.
It follows from (3.10), (3.8), Lemma 3.2 and (3.4) that
3
|/ S an Xjwldl] < cg/ lon [2d1 < Ca/(|8gv|2 o)l
LS5 L L
< 05/ |V20|?dX.
Q+
Hence
|Ja1| < Ca/ |V2u2dX. (3.11)
Q4

We now treat the term Jos.
(From the equation (3.1), we derive that

3 3 3
1
Orwy = T ( E aij0jwy + E ai;Ow; + E bi(X)0x,v + c(X)v).
11 \% ;
j=2 =1

i =2
Then 5
s < o] + || + ‘/ (Z bs(X)0x,v + c(X)v) wldS‘
X1=0

i=1

3
with JéQ = — fX1=O Z aijaiijldS.
i,j=2
Substituting the boundary condition in (3.1) into Jj, yields

3 3
Ty = / Z aijaiwj(z YWy + div)dS.
X1=0; k=2

i,j=2

Noting diw;jwi = 5[0 (wjwy) — O (wsw;) + 8;(wswy)], then analogous to the treatment on Jo1, we
obtain

| J5o| < CE/Q |V2u2dX. (3.12)
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Thus

|Jo| < Ca/ |V2u|?dX. (3.13)
Q+
(iii). Estimate on Jy.
Set
Jy=Jn + Jao
with
3
J41:—/ X;a;101wiw1dS
4 x2m1 ; 101w
and
3
J42 = —/ Xiai-c“)»wlwldS.
X24X2=1 ”z:; o
Since
1 & 1 >
Ju = ——/ 81( X‘a‘1w2)ds + —/ O (X a4 ’deS,
D) X22+X§=1 ; [AS2% 1 2 X22+X32=1 ; ( 1t ) 1
then one has
A cg/ |w1|2dl+C’e(/ [y [*dS)? < Ce/ IV20[2dX.
L X2+4+X2=1 Q4
Next we estimate Jyo.
In terms of the cylindrical coordinates
Xy = X,
X5 =rcosb, (3.14)
X3 =rsinb,

one has
2
Jyo = —/ / [(agg00529+a335in29+a235in29)8rw1w1+(a2300529+(a33
o Jo

It follows from the third boundary condition in (3.5) that

Orwy = D11(X)81w1 + Dqo (X)89w1 + Z D§3(X)wi =+ D14(X)’U

=1
where
|D11(X)] + [D12(X)| < Ce,
Ce
|VD11(X)|+|VD12( )< T
C
Ce
1D1a(X)] < 757

25
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By Lemma 2.4, integration by parts and (3.8), we get

2
|Ja2| < C’e(/ (Jwi]? + |[Vw: |*)dX +/ |39v|2dl+/ |U2|5 )
Q4+ L r R0

< Ce/ V2|2 dX.
Q+

Hence one has

|Jy] < Ca/ |V2u|?dX. (3.15)
Q+
(iv). Estimate on Js.
Vol? 2 V2|V
5] < ca(/ Sl +lof ﬁlféo'“' dX+/ R~ ;L'O i >
Q@+ Q+
Since H'(Q1) C L5(Q4) and H2(Q4) C L3(Q4 ), noting 0 < dy < %, then we have
2 ax % %
/ Wli'é dX < (/ ﬁ> (/ |Vv|6dX) <C <|W|2 + |V2v|2>dX
Rt Q+ Ra(1+00) Q+ Q+

o2 !
X < c(/ |v|6dX) < c/ (Jv]2 + |Vo[2)dx
/Q+ R0 Q+ Q+

2 2
/ wczx g/ |V2v|2dX—|—/ W;;' dx gc/ (IVo? + |V20|?)dX
Q+ R Q+ Q+ R=0o Q+

It follows that

15| < Ce/ IV20[2dX. (3.16)
Q+
Finally, substituting the all estimates on J;(1 < i < 5) into (3.6) yields
/ |Vov|?dX < Ce—:/ |V2v|?dX. (3.17)
Q+ Q+

3
Step 3. Estimate on Z IVOrvl 1200,
k=2
Since wy, = Jpv(k = 2, 3) satisfies

S apun+ S Ouadus + 00 (Zb o, + (X ) _o,
4,J=1 i,j=1
3 3
01wy, + Z%i@iwk ++ Z Iey1iw; + O (div) =0 on X, =0,
5 Y (3.18)
O wyi, + Z’)Qiaﬂwc + + Z Okg2iw; + Ok (dav) =0 on X, =1,
1=2 =2
3
Z’YBiwri-dgv:O on X7+ XZ=1,
i=1

26



then multiplying wy, on two sides of (3.18) and integrating by parts in Q4, we get

/ Z Z ai; 0w 0jwrdX = ZK
Q+

k=2i,j=1
where
3 3 3

K :/ Z 0ia;;0jwpwrdX — / Z Z Ok ai; O;wjwidX,

Q+k=2i,] 1 Qi = 24,5=1

3 3

K2 :/ ZZaljajwkwde,

X1=0 p—9 j=1

3

3 -
KgI—/ B ZZ 1j8jwkwkd5,

3

Ky= /X ZZ(Z aij0; wkwk)X ds,

3HX3=1 0

/ Z&k<2b 8Xv+c(X)v)wkdX.

Q+ =2 i=1

(3.19)

The terms K;(i = 1,2,3,5) can be treated analogously as for J;(¢ = 1,2,3,5) in Step 2. Namely, one

has
|K1 |+ [J| + | K5 + [ /] SCe/ |V20[?dX.

Q+

(3.20)

However, one can not expect to control |Ky| in terms of Ce fQ+ |V2v|?dX since it contains a term

— Jxzax221
that

K, —/ a2|0gv|*dS > —Ce/ |V20|?dX,
X2+X2=1 Q+

which, together (3.19)-(3.20), yields the derived estimate.
We now verify (3.21). First we decompose K4 as

Ky = Ky + Ky
with

3 3
K41 = / Z(Z aﬂalwkka >dS
X2+X2=1

k=2 “i=

w

3
Ky = —/ Z a;; Xi0jwrwidS.
XZ+X§_1k 21

J=2

In a similar way as for Jy1, one can show

1
2
|Ky1| < Ce—:/ |wk|2dl+Ce</ |wk|4d5) < Ce—:/ |V2v|?dX.
L X2+X2=1 Q4
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Next we estimate Kyo.
Using the cylindrical coordinate transformation (3.14), one has

Ky = Ky + Kl (3.23)

with
Ky = —/ agg((?fvarv + 8391)891) — (89v)2)d5,
X24+X2=1

KZQ = / <E11 (X)@fv + Fio (X)@fev + Fi3 (X)@ﬁv + F14 (X)&nv + Fi5 (X)agv) (Hl (9)8,«’()
X2+X2=1
+ H2(9)89v> ds.

where

5
> Bl < Ce,

i=1

5
Ce
z; IVE,(X)| < o0

and H;(0)(: = 1,2) are smooth functions on 6.
JFrom the equation (3.1), we have on X3 + X2 =1

831) = E21(X)8fv + Eggagv + Eos (X)E)frv + Foy (X)é)fgv + FEos (X)E)‘Qav

i

+ Fog (X)aa’l) + E970,v + Foag (X)U, (324)

here

|Ea1| + |E22| < C,
e

|VE91 |+ |VEa| < I

5

Z |E2j| + |E28| < CE,
=3

5

Ce
2 IVEy| < 75
=3

Ce
Rl-‘réo :

e

| B26| + Bz + | Ens| < 75

|V Eag| + |V Eyr| + |VEog| <
Additionally, it follows from the boundary condition in (3.1) that

Ov = F31(X)01v + E32(X)0v + E33(X)v  on X2+ X2 =1, (3.25)
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here

|Es1| + | Es2| + |Ess| < Ce,

Ce
|VE31| + |VE32| + |VE33| < %.
Substituting (3.24) and (3.25) into K}, yields
Ky = / a22(9v)2dS + | G (01v, 0%v, Bgv, O3v, 82,v)dS|
X24+X2=1 X24+X2=1

with

G (010,070, 0gv, Oav, 029v) = Es51(X)03v01v + Esz(X)0?v0v + Es3(X)03vv
+ Exy (X)agvé‘ev + Es5 (X)E)f(,vc?lv + Exg (X)E)f(,vc?ev + E57(X)(81’U)2 + Esg (X)alvé)gv
+ E59(X)((99’U)2 + Nl(X)é)fvv + NQ(X)ag’UU + N3(X)81vv + N4(X)89’UU + N5(X)’U2,

where

6 6
Ce
Z |Esicx)| < Ce, Z |VEs;x)| < o

=1 1=1
9 9
; | Esicxy| < %7 z_; |V Esx)| < %7
N+ IN(X)| < Ce, [TM0]+ [P (X)) €
NGO+ N+ NS < s [T+ VNG| + VN3 (X)) < e

Similar to the treatment on Jyo in Step 2, we have

2 2
<CE(/ wds
X2+X2=1 R

Vol? + [vo]?)di ol
+ [vop+pt)a+ [ i

§05</ |v%|2dx+(/ |v|6dl)é)
Q+ L

< Cs/ |V2u2dX. (3.26)
Q+

‘/ G (01v, 03v, Bgv, Djv, Biyv)dS
X2+X2=1

By the same method, we can conclude that

|Kl| < Ce / |V2u2dX. (3.27)
Q
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Thus, it follows from (3.19)-(3.21) that

3
/ Z|Vwk|2dX+/ |Bpv|?dS < cg/ |V20|2dX. (3.28)
Q+ k=2 X3+X3=1 Q+

Summing up (3.17) and (3.28), we obtain

/ |V2v|2dX+/ |89v|2dS§CE/ |V2v[2dX.
Q+ X3+XE=1 Q+

Hence if we choose € such that Ce < %, then
/ |VZu2dX = 0. (3.29)
Q+
In light of Lemma 3.2, we obtain
/ (o2 + [Vo]2 + [V20[2)dX = 0.
Q+

Thus v = 0 and the proof of Lemma 3.3 is completed.

Proof of Theorem 1.1. Based on Lemma 3.3, it follows from the transformation (2.2) and the
definition of V(X) in (2.3) that the uniqueness of solution (¢4 (x),&(z2,z3)) in Theorem 1.1 holds.

Remark 3.1. It follows from the proof of Theorem 1.1 that the same uniqueness still holds true under
the weaker assumptions on the regularities of the shock front ¥ and the potential ¢4 (x) as stated in
Remark 1.3. Indeed, it can be checked easily that the key ingredients in the proof of the uniqueness are
the uniform ellipticity of the equation (1.4) and the appropriate integrability of V*¢ and VFp, (k = 2,3)
on S and Q4 respectively. Thus, the Remark 1.3 holds true. This observation will be useful in the
non-existence analysis given in the next section.

§4. On the non-existence

In this section, we study the non-existence of transonic shock waves patterns conjectured by Courant-
Friedrich’s as mentioned in the introduction for a class of nozzles. In particular, we will prove the Theorem
1.2. This will be done by contradiction. Thus, we assume that for a supersonic incoming flow, which is of
small perturbation of the uniform flow (pg, qo, 0,0), passing through a nozzle, a transonic shock pattern
as in Theorem 1.1 always exists for any appropriately large pressure (which is a small perturbation of
p+ = p(p+)) given at the exist of the nozzle for any slowly-varying nozzle. To analyze the nozzle given
in the Theorem 1.2, we introduce the following spherical coordinate transformation:

xr1 = a:(l) + 7 cos «,
Zo =rsinacosd, (4.1)

T3 = rsinasinf

with —ap < a < ag and 0 < 0 < 27.
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In terms of the spherical coordinates (4.1), the equation (1.4) on ¢ can be written as
()L 0,(20,04) + 5O (sin 000y ) + ———— 02
+)) 729 P+ P2sinol® af+ 72 sin o 6P+

1 1 1
= 5| 0rp40r + —— 00109 + QaaSDJraa (|V50+|2) =0 (4.2)
2 72 sin” o r

r2sin?

with Hy = H<Co — 3((0r01)? + = (B001)* + 72 (Oapy)?)

Suppose that the equation of the shock surface X : #1 = £(wq, x3) is expressed by 7 = 7(6, ) — 2§ with
0 <60 <27rand —ag < a < ap, moreover X goes through the origin, namely,

r(6,0) = 0. (4.3)
In addition, the corresponding boundary conditions are described as follows
Py = on X, (4.4)

1 1
<3r</?+3r + 55 0sp+0p + —2(9a</>+3a) (p+ —p-)Hy
reSsim- « T

1 1
- (&ﬂ@—ar + 2.72804,0—89 + —23a80—8a) (py —p-)H- =0 on %, (4-5)
r4s8in” « T
1 9 1
H(Co— S0y + 55—
(4.6)
Oap+ =0 on Iy 4.7

Let two planes Zg, : x3 = xaotgth and Zp, : x3 = xatghy (0 < 0 < 03 < T), which go through the
x1—axis, be the fixed solid boundaries. Then the appropriate boundary conditions are

O2pp41g0; — O3p+ =0 on Zo;, 1=1,2,

ie.,
Oppy =0 on Zo,, i1=1,2, (4.8)

Let Q be the domain bounded by IT; UIly, 1 = —1 and r = (1 — x(l)) sec ag. The following notations
will be used:

991’92 = Qﬁ{x 101 <0< 92};

Q;rhez =Qg, 9, N {x cr(0,0) =2 <r < (1-aY) secao};

So, .0, = {(xg, x3) 1 (&(z2, z3), 2, 23) € E} N{z:6, <0 <0} which is the projection of the shock

surface ¥ N {xz: 0; <0 < 6} on the (z2, x3) — plane;
I‘él,% =YXNILhN{z:6, <0 <0}, I‘gh% =Ton{z:r=1—-2%secap}N{z:0; <0 <b);
Ty, = XN Ey,, T =Zg,N{z:r=(1—-12)secap}, 79, =I2NZp, i=12;
P =T} o, NT), ij=12 M;=T] 0T j=12
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It follows by similar arguments as in §3 that one can obtain following uniqueness result on any part
of the nozzle which is bounded by the slowly-varying nozzle wall and two planes through the x, —axis for
any appropriately large pressure at the exit.

Proposition 4.1. Suppose that (1.6) and (1.9) hold. Then for suitably small € > 0, if the equation
(4.2) with the boundary conditions (4.3)-(4.8) has a pair of solution (¢4 (x),&(xe,x3)) with the following
reqularities and estimates

(i)- &(x2,3) € Lip(Sp,.0,) N CH10(Sp, 0, \ Py, U Py, U M) N C3(Sp, 0,)-
For x € ¥ and (x2,x3) € Sp, 0,, define
|do| = min{dist(z, Py,),dist(z, Py.), dist(x, My)}; |di| = min{dist(z, T, ), dist(z,Ty,),dist(z, T} o)}

Then, near the points Pel1 , Pal2 and My,

Ce
IV, a2, 23)] < T k=1,2,3;
Away from the points Py , P, and M,
Ce
1§ (2, 23)||c11-30 < Ce, VE, os€(w2,m3)| < PAGEE

(ii). For xz € Q;’hez, set

|d.| = min{dist(z, P} ),i,j = 1,2; dist(z, M;),j = 1,2};

|d73| = mzn{dZSt(x’ Fél,eg)’ dZSt(x7 1—‘51,92)7 dZSt(x’ Tg,)’ Z?J = ]‘) 27 dZSt(xﬂ 701)7Z = ]‘) 27 x% + q’%})

then ¢4 (z) € Lip(Qg'heQ) nChi=% (93_1,92 \ UTaji UMg)nc? (Q;’h%) admits the following estimates:

Near the points P and M,

Ce
fo, X S —_, k= ]., 2, 3,
Ve @] < (s
Away from the points Pgﬁ and My,
Ce
o+ (x) = g1l cra-s0 < Ce, VEpi(z)| < [ F2ve

Then the corresponding solution (¢4 (x),&(xe,x3)) is unique. Furthermore, a corresponding general-
ization of Remark 1.3 is available in this case also.

Remark 4.1. By the regularity theory for second order elliptic equations with cornered boundaries (see
the references in [23]), we know that the assumptions on the regularities of solution (o4 (x),&(x2,x3)) in
Proposition 4.1 are plausible.
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Choose 1 = 0 and #; = T in Proposition 4.1 and denote the corresponding solution by (¢1(r,6, @),

r1(0, «)) in the spherical coordinates (4.1). We then extend this solution as

4101(7‘7970[)7 OSQS g7
- ( 901(7”77( gva)v %Sgéﬂa
xTr) =
7 ) 901(7”79 ’/Tva)v 7T§0§ :%Tv
o1(r,2m — 6, ), 37” <6 < 2m;
and -
7“1(9,04), 0<0< 23
7‘1(77_9)05)) ggegﬂ-7
71(0,a) = 3
ri(0 —m a), T <0< S
r1(2m — 0, a), 3 <0 < 2m

Return to the z—coordinates and denote by z; = & (xy,x3) instead of r = 7(6, ) — 2¥. Then by the
symmetry of ¢_(x) near the shock and the equation (4.2) with (4.3)-(4.7), one can verify that (¢1,&1)

’

is a solution of (1.4) with (1.10)-(1.13), (1.14) and (1.15), moreover (¢1(x),&1(z2,23)) has the following

regularity properties ~ -
(i). & (w2, 23) € Lip(S) N CH1=%(S\ UPL U M;)NC3(S) with 1 =0,1,2,3.
2

Near the points P., and M,
2

~ Ce
V5, eséi(za,23)| < [T k=1,2,3;

Away from the points P}, and M,
2

x x Ce
161 (w2, 23) | 1100 < Ce,|VE, . &1 (w2, 23)] < T k=23
here |dy| = min{dist(z, PL.),l = 0,1,2,3;dist(x, M)} and |d}| = min{dist(z, T ),l = 0,1,2,3; dist(x,
2 2

F(1) 271')}'
(ii). @1(x) € Lip(QT) N CHi=%0(QF \ UP% U M;) N C3(Q7F) admits the following estimates:

Near the points Pi and M; with 1 =0,1,2,3and j =1,2,
2

Ce

[Vh@ ()] < W7 k=1,2,3;
Away from the points Pé and Mj,
2
- . Ce
[$1(x) — qrx1|lcra-s0 < Ce, Vi@ (z)| < [aLF2va

here |ng£| = min{dist(m,Pé),l =0,1,2,3;j = 1,2;dist(x, M;),j = 1,2}, |[d}| = min{dist(m,f‘%_ﬂ (41)m )
2

. 2
dist(z, T2 11).),0 =0,1,2;dist(z, T}, ), dist(z,v12),1=0,1,2,3;j = 1,2, Vi + 23}
2 2 2
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It follows from the uniqueness results in Proposition 4.1 with #; = 0 and 6 = 2, in particular the
results corresponding to Remark 3.1 that (¢1(z), &1 (22, 23)) = (¢4 (x), &(x2,23)). Therefore, we have
shown the assertion that

(¢+(r,0,0),7(0,0)) is symmetric with respect to § = 2,7, 3. (4.9)
Next, choosing 61 = 0 and 62 = 7 in Proposition 4.1, then one denotes the corresponding solution by
(902(73 97 a)v T2 (97 a)) in Q(J)r’% .
st (r,0, ) 0<0<
w1, v, ), SU s 1,
30271(7“, 0, 04) = { P ™ ! ™
4102(7‘75_9704)7 ZS0§§;
and 0,a) 0<6<
r , &), >~ > Ey
7“2,1(9,04)2{ ’ 4
7"2(%_9,0()7 %Segg7

then we obtain a solution (¢2,1,72,1) in the domain Qar?% to (4.2) with (4.3)-(4.8). As in the previous
step, one can get a solution (Pa(x), ég(xg, x3)) in Q4 with the following properties
(i). Ex(za,x3) € Lip(S) N CH1=0(S\ UPL U M;) N C3(S) with I =0,1,...,7.
4
Near the points P} and Mj,
4

z Ce
|v§’2,x3§2(3727$3)| < W, k=1,2,3;

Away from the points P}, and M,
4

~ ~ Ce
162(w2, z3)[|cra-s0 < Ce, |V, , Ea(2,23)] < BT k=23

here |d3| = min{dist(z, PL),l = 0,1,...,7;dist(x, M1)} and |d3| = min{dist(z,T
4

= )l = 0,1,..,7;
dist(2,T} 5,)}-

sy

(il). Pa(x) € Lip(Q+) N CH1=%(Q+ \ UPL, U M;) N C3(Qt) admits the following estimates:
. 4

Near the points P/, and M; with 1 =0,1,...,7 and j = 1,2,
4

Ce
k> _ .
Vi@ S e k=123
Away from the points Pi and M;,
2
- - Ce
[@a(2) = grarllcra-so < Ce,  |[Viga(w)| < PRz
x

here |d2| = min{dist(m,Pé),l =0,1,..,7;j = 1,2y dist(z, M;), j = 1,2}, |d2| = min{dist(z, T} ;). ),

) T2
dist(z, T2 11).),0 =0,1,...,6;dist(x, T, ), dist(z,712),1 =0,1,... 735 = 1,2, Vi + 23}
2 2 2
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Thus, one can applying Proposition 4.1 again to conclude that (@o(x), ég(arg, x3)) = (pi(x),&(x2,23)),
and so

(¢4 (r,0,a),r(0,)) is symmetric with respect to§ = 2,2 3% 7 51 31 Tr (4.10)
Repeating this procedure shows that
(p4(r,0,a),7(0, ) is symmetric with respect to 6 = 5—”, k=1,2,..,2"—1,m e N. (4.11)
By the continuity of (¢4 (r,0,a),r(0,a)) , we conclude that
(p4(r,0,a),7(0,a)) is independent of the invariable 6. (4.12)

From now on, we will use the notations (¢4 (r, ), r(«)) instead of (py(r,8,a),r(0,a)).
Now, the equation (4.4) with (4.3)-(4.8) can be simplified as follows:

() (£0,070001) + iz Ousinadupy) ) = 3(9r010, + 40,010, ) (Vs ?) =0,(413)
oy =p_ on ¥, (4.14)
r(0) = 0, (4.15)
(&w& + %8a<p+0a> (p+ —p-)Hy — <8rs08r + %zaawaa) (p+ —p-)H_=0o0nX, (4.16)
H(C’O — 2((Orp4) + r—lg((‘)a<p+)2)) = pt on r = (1 —a9)sec ap, (4.17)
Oatpy =0 on 11, (4.18)

with £, = 1o = 10007 + H(0ups)?))
To study the problem (4.13)-(4.18), we introduce the following notations: for oy, as € [—ag, ),

Qoyor =2N{z 01 <a<aslk;

1,002

Qf —Qal,azﬂ{x:r(a)—x(1)<r<(1—x(1))seca0};

Sursas = {(xz,x?») : (€(aa, 33), w2, 3) € E} N {z:o1<a<ak

. 1
H(2)(1,O(2 = {iL' : |£C§ +(E§ = (xl - x(l))2tgaia 1= 172a _5 <r < ]-},
I‘(lyl,a2 =¥N Hil,aw and Fil,w = H(thw N{z:r=>1- x(l)) sec ay }

Then, in a similar way as for the proof of Theorem 1.1, one can show the uniqueness result on the
transonic problem in half a nozzle.

Proposition 4.2. Suppose that (1.6) and (1.9) hold. Then for suitably small € > 0, if the equation
(4.13)-(4.18) with the boundary conditions Oapy = 0 on o = 0 and a = 1 has a pair of solution
(o4 (), &(x2, x3)) with the following regularities and estimates

(i). &(wa,23) € CH17%(Sy 4,) N C3(So.as), 1§ (22, 23)l|c1.1-50 (5, o) < CE, [VE, i€ (22, 23)]
< 7|d1|kq€2+50, here k = 2,3; (x2,23) € So,0, and |d1| = dist(x,lj(l)’al) for x € ¥ and (x2,23) € So,04-
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(ii). @4 (x) € CH1=% (Qaal) NC3(Qd ) admits the following estimates:

0,0{1

Ce
le+(2) = gra1llgri-so(qy ) < Cc [Vips ()] < TG for k=23 2e€Qg,,

here |d,| = min{dist(z,T ), dist(z,I3 , )} for € Qf

0,041 :

Then the corresponding solution (¢4 (x),&(x2,x3)) is unique. Furthermore, a corresponding general-
ization of Remark 1.3 holds true in this case.

We choose a1 = ag in Proposition 4.2 and denote the corresponding solution by (¢1(r, «), Ri(a)) in
the spherical coordinates (4.1).

Set
N ¢1(7’,Oé), Oﬁaﬁao;
¢1(z) =
(bl(ra —Oé), —Qp S (07 S 0
and R 0<a<
RM:{ @), 0<a<ay
Ri(—a), —ap<a<0

Denote by z1 = &; (w2, r3) instead of r = Ri(a) — 2. Then one can verify that (¢1,£;) is a solution
of (4.13)-(4.18), moreover (¢1(x), &1 (z2, x3)) has the following regularity and satisfies the estimates

(i). & (22, 23) € CL17%(S)N 03_(3), €1 (22, 23) | cr1-s50(5) < Ce, |VE, L &1 (22, 23)| < m‘zecfewsoa
here k = 2,3; (z2,23) € S and |di| = min{dist(z,T§ ), dist(z,T§ _,, )} for z € ¥ and (g, 23) € S.

0,a0

(ii). ¢1(z) € CH1=9%(Q,) N C3(Q4) admits the following estimates:

= = Ce
l[¢1(x) — Q+$1||Clv1—5o((l+) < Ck, |V§q§1 (@)] < W for k=2,3; ey

here |d}| = min{dist(x, T} _,, ), dist(x, T ) :i=1,2}.

0,—0’0 — —
It follows from a similar uniqueness results as in Theorem 1.1 and Remark 1.3 that (¢1(x), &1 (22, 23)) =

(p4(x),&(z2,23)) and thus

(p4(r,a),r(a)) is symmetric with respect to a = 0. (4.19)
Next, choosing a; = %* in Proposition 4.2, and denoting the corresponding solution in Q(‘)" g by
’ 2
(¢2(r, @), Ra(x)), we may extend it as follow
> Ga(ra)  0<a<y
2\T, &), Saxs 5,
P2,1(r, @) = { o
QSQ(T',CVO—CV), 53 SOCSOCO;
and Ra(0) 0< o<
2(&), Sos 5,
s () = { N
Ry(ap —a), % <a<ag,

Then (¢2,1, R2,1) is defined on the domain OF

— — 0,a0°
solution (¢o2(x),&2(x2,x3)) in 24 with the following regularities and estimates

(1) &2(2,23) € CH17%2(S) N C3(S), [[€2(w2, 23)llor-50(5) < Cc, |V, 1 E2(w2,23)] < 175wy
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here k = 2, 3; (z2,23) € S and

mz’n{dz’st(m,Féhw), (a1, a2) = (0, %), (%, ), (=%, 0), (—ao, —%)} for x € 3 and (xg,z3) € S.

(ii). ¢a(z) € CH1=9%(Q,) N C3(Q4) admits the following estimates:

Ce

H(EQ(J?) - q+$1|‘cl,1—60(§2+) S CE, |VI;(EQ(Z‘)| S WTJF&) for k= 273, T E Q+

here |d2| zmin{dist(m,f‘;hw); 1=1,2, (a1, a2) = (0, %), (%, ), (=52, 0), (—ag, —%2)}.

It follows from a similar argument as in the proof in §3, one can show that (¢a(x),&2(z2,73)) =
(p1(x),&(x2,x3)). Thus
(o4 (r,a),r(a)) is symmetric with respect to o = 0, =3¢. (4.20)

Continue this procedure repeatedly to get that

(p4(r,a),r(0,«)) is symmetric with respect to a = :I:’“Q‘f,? k=0,1,2,...,2m —1,meN. (4.21)

By the continuity of (¢4 (r, a),r(a)), we conclude that

(p4(r,a),r(e)) is independent of the invariable a. (4.22)

Subsequently, we will use the notations (¢4 (r),0) instead of (¢4 (r,a),r(a)). Then the equation
(4.13)-(4.18) can be rewritten as

(H1)0, (1 0,04) — 5 0,040 (0,04 2) = 0, (4.23)
oL =p_ on b)) (4.24)
OrprHy —0rp_H_ =0 on 3, (4.25)
H(Co — 1(0r¢1)?) = py on = (1-219)seca, (4.26)

with Hy = H(Co — 5(9r¢+)?).

Since 1(8,¢4(r))? 4+ h(p4(r)) = Co, then it follows from (4.23)-(4.26) that

(2C0 = o 0D) = (041) ) 2up 1) + 42522(Co o1 (1)) = 0,28 < 7 < (1 = o) sccas,

P2 (r)(Co — h(p4(r)) = p2.(r)(Co — h(p—(r))) ~ on  r=—af,

p+(r) = py on r = (1—a9)secap.

(4.27)
Let p_(—29) = po. Then we obtain py(—z9) = p; in terms of the Rankine-Hugoniot condition in
(4.27). Thus the problem (4.27) can be reduced as follows

(20 = B D) = (041) ) 2rps (1) + 4252(Co o 1)) =0,

p+(—29) = py,
p+((1—a})secao) = py

(4.28)
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Obviously, it follows from the first equation in (4.28) that 9,p4(r) > 0 holds for the subsonic flow in
the domain {r : —z¢ <r < (1 — 29)secag}. Hence the problem (4.28) has no solution.

Proof of Theorem 1.2. If we choose II; UTIl; as the nozzle wall, and the supersonic coming flow is
determined by solving the following hyperbolic equation

3

S (Gip-) =)fp-+2 Y dip-90 05 =0,
i=1 1<i<j<3

<‘0_| (z1—29)2+a34x3=—af =0

87“50—' /($1—$?)2+x§+x§_:_x? =4qo

O forp— + Z (0if — =)0ip— =0 on 1T U Tl.

f

here \/a3 + x3 = f(x) represents the equation of H1 Ull,.

Then for any glven constant pressure p, # p° (here p! is determined by the first two equations in
(4.28)), by (4.28) we have shown that the problem (1.4) with (1.10)-(1.15) has no transonic shock solution
(o4 (), &(z2,x3)) with the regularities and estimates as stated in Theorem 1.1. Thus we complete the
proof on Theorem 1.2.

Remark. 4.2. [t follows from the equation (4.28), we know that the pressure Py(x) at the exit of
the nozzle cannot be given arbitrarily, otherwise the problem is over-determined. FEven if we adjust the
position of the shock at the diverging part in —% < x1 < 1, the corresponding transonic shock problem
on the potential equation is still ill-posed for the arbitrarily given pressure at the exit of a slowly-varying
nozzle.

In the rest of this section, we will present some non-existence results for the transonic shock problem
in a 2-D nozzle.

Suppose that there is a uniform supersonic flow (u1,uz2) = (go,0) with constant density pg > 0 which
comes from negative infinity, and the flow enters the 2 — D nozzle from the entrance. We assume that
the two nozzle walls are a small perturbation of two straight line segments zo = —1 and zo = 1 with
—1 < x7 <1 respectively. The flow in the nozzle is assumed to be irrotational and isentropic.

Let ¢(z) be the potential of velocity, i.e. (01, d2¢p) = (u1,uz), then it follows from the Bernoulli’s
law and mass conservation that

((019)? — ) I p + 20100290750 + ((D29)? — )3 =0 (4.29)

with ¢ = ¢(p) and p = H(Co — 3|Ve|?).
Suppose that the two walls of the nozzle are given respectively by

= fa(z1)  and  z2 = fi(z1) (4.30)
where f;(z1)(i = 1,2) satisfies
d* d*
|—(fo(z1) = 1) <&,  [——(filzr)+1)[<e  for  —1<a <1,k<4,keNU{0} (4.31)
dxl dxl
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Without loss of generality and for the convenience to write, it will be assumed that

AED=A0) =1,  fLE)=hHp1)=1, fPr1)=0 for i=1,2% 1<k<4
(4.32)

When the uniform supersonic flow (go,0) enters the entry of the nozzle, then the potential ¢_(x) in
the nozzle will be determined by the equation (4.29) with the corresponding initial-boundary conditions.
One can show that ¢_(z) € C* holds in the whole nozzle {(z1,72) : =1 < z1 < 1, fi(71) < 22 < fo(z1)},
moreover |V%(¢o_(z) — goz1)| < Ce holds for |a] < 4.

Given an appropriate pressure Py (z2) = P(j(x2)) at the exit #; = 1 of the nozzle, where j (z3) is
a small perturbation of the constant density p .

For the definiteness, we assume that the shock x1 = {(z2) goes through the point (0, 0),

£(0)=0 (4.33)

Across the shock z1 = £(z2), we denote the potential by ¢ (). Then
pr(@) = (&) on @ =E(x) (4.34)

and the derivative of ¢ (z) must satisfy the Rankine-Hugoniot condition
[O1p4+ H] — &' (22)[02p1 H =0 on  z1 =¢(x2) (4.35)

In addition, ¢4 should satisfy the physical entropy condition (see [6]):
1 2 1 2
H(Co— Vo) < H(Ch—5[Ves’)  on o =) (4.36)
At the exit of the nozzle, the density p(z) is given by
1 9 -
H(Co~ 5IVeil) = pr(z2)  on 21 =1 (4.37)

Finally, the velocity of the flow is tangent to the nozzle walls, hence

Dot = [j(@1)01py  on  xa= fi(wr), i=1,2 (4.38)
Completely similar to Theorem 1.2, we have

Theorem 4.3.(Ill-posedness)

(i). If the walls of the nozzle are straight, namely, fi(xz1) = —1 and fa(x1) = 1. Let py(x2) = pt
in (4.38), then for the constant supersonic coming flow (po,Go,0) with (po,do) # (po,qo), the problem
(4.29) with (4.33)-(4.38) has no transonic shock solution (¢4 (x),&(x2)) such that (o1 (x),&(x2)) have
the following reqularities

(I). Denote by P; = (z, xé)(i~= 1,2) the intersection points of x1 = &(x2) with 2 = fi(x1) and define
|de,| = min{dist(z, P\),dist(z, Py)} with x = (&(22),22). Then for k = 2,3 and x5 € (23, 22)

dkﬁ(xg) Ce

E(w2) € CV0 [z, a3 N CP(ag,23),  |l€@a)lloraso < Cey |72 € Tara -
de |d12| ©
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here and below &y € (0,1) is any fived constant.

(II). Denote by Q4 = {(z1,22) : {(22) < z1 < 1, fi(z1) < 22 < falz1)}. For @ € Qy, write
|ds| = 1@}24{6[2'375(%,3)} with Py = (1,1) and Py = (1,—1). We assume that o (z) € CH17%(Q,) N

C3(Q, \ UL, P)) satisfies

Ce
lo+(2) — grx1lcra-50 < Ce, |V§<P+(9U)| < W for k=2,3; ey

(ii). If a diverging exhaust section of the nozzle is a two-dimensional angular section, then for the
given pressure p, at the exit , which is appropriately larger than that in the entry and is of a small
perturbation of p4, then the problem (4.29) with (4.33)-(4.38) is ill-posed. More concretely, one can
find the supersonic coming flows which are of small perturbations of (po, qo) such that the problem (4.29)
with (4.33)-(4.38) has no transonic shock solution (p(x),&(x2)) with the corresponding regularities and
estimates as stated in (i).

Sketch of Proof:

(i). Asin Theorem 1.1, if a pair of solution (¢4 (z),£(x2)) of (4.29) with (4.33)-(4.38) has the regular-
ities and estimates stated in (i), then such a solution (@4 (x),&(z2)) is unique. Based on this uniqueness
result, we can arrive at

(D)1 (o4 (x),&(x2)) is symmetric with respect to x2 = 0.

(I)2. (¢4 (2),&(x2)) is symmetric with respect to xp = 0,41,

More generally, for any m > 2 and m € N one has

(D)m- (o4 (2),&(22)) is symmetric with respect to zg = 5, k=0,1,..,2m —1.

Thus we get

pr(x) = pi(z1),  &(x2) =0.

It follows from (4.29) with (4.33)-(4.38) that

oy =0, x>0
8130+H+ = ﬁo(jo on 1 =0 (439)
H, =py on 1 =1

The first and the second equations in (4.39) imply that
ooy =4y,  Hy=p4

here the constants p; and ¢4 are determined by

L L 1. . 1. N - .
P+4+ = pPoqo, 5qi + h(py) = 5‘13 + h(po), 44+ < c(p+).
Since (po, do) # (po, o), then gy # p4. This is contradictory with the third equation in (4.39).

(ii). Its proof is completely similar to that for (4.13)-(4.18) (even much simpler), thus we omit it here.

Remark 4.3. For the complete steady compressible Euler system, the non-existence result still holds
for the general given pressure condition at the exit of a slowly-varying nozzle. See [27] for details.
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Furthermore, for the case of 3-D standard cylindrical surface, the ill-posedness problem for the transonic
shock with a given pressure at the exit will also be treated in [27]. But if the fixed boundaries of the nozzle
are porous( perforated) or curved appropriately large, then we can show that the transonic shock problem
for the full Euler system is well-posed for the arbitrarily given and appropriately large pressure ]5+ (z) at
the exit, the details see [26].

§5. The proof on Theorem 1.3

In this section, we will prove the existence results, i.e. Theorem 1.3. We will use the notations
introduced in §2. Under the transformation (2.2), it follows from the equation (1.4) and the boundary
conditions (1.11)-(1.12), (1.13), (1.14)" and (1.15) that the unknown function V(X) defined in (2.3)
satisfies the following second order equation with the corresponding nonlinear boundary conditions

3
D a(X,V,Vx V)%, x,V + Fo(X,V,VxV) =0 n QL
ij=1
G(Xv‘/vVXV)ZO on X1:O,
3 3
i 0X; o0X.:
Z Z(x_ - 5‘if)a—] - 5‘1f_9)5~XJV =01 f(1—01p_)
i—1 =2 f x’i 81}1
j 3 (5.1)
"’Z(% —0if)0ip— on  X24X2-=1,
i=2
3 8Xk 3 3 8Xk
; o2, ox,V + lz:; ;bl(x)—axl Ox, V +b1(x)V = =1+ d1¢_ + ba(2)0a0_

For the problem (5.1), we will establish the following existence, uniqueness and regularity results:

Theorem 5.1. Let & € (0,3) be a given constant. Assume that (1.6)-(1.9) hold. Then there exist
positive constants g and C depending only on p4,q+ and oo such that for any € € (0,e0), the problem
(5.1) has a unique solution V(X) € CH1=%(Q )N C3%(Q, \ UL, T;) with the following estimates:

V(X)) = 1]|gr1-s < Ck, W&wXﬂgﬁm%ﬁ%, k=23,
k k
1426, | VIV(X) = VEV(Y)) (5.2)
sup E |dx y | 2% XV < Ck,

X, YeQ\UZ T —3

and
106V (X)llcr1-50 < Ce, [VZ0V(X)| < 7555 k=2,3,
kOpV (X) — VFOV (Y 5.3
sup D ldxy [ Vo (|X)— Yv|ao dite < Ct, 5:3)

X, YeQ\UZ T j—2
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where ) )
Fl = {(07X2,X3) 1X2 +X3 = 1},

Ty ={(1, X2, X3) : X2+ X2 =1},

Rx = X1(1 - X1)+1— (X3 +X3), (5.4)
dX,y = min{Rx,Ry},

Op = X203 — X30,.

Once Theorem 5.1 is proved, then Theorem 1.3 can be deduced easily from Theorem 5.1 and the
generalized partial hodograph transformation (2.2) and (2.3). It thus remains to prove Theorem 5.1.

The basic strategy for the proof of Theorem 5.1 is to generalize the one for the 2-dimensional case [24].
We will use the following Schauder fixed point theorem.

Theorem 5.2.(Theorem 11.1 in [9]) Let K be a compact, convex subset of a Banach space B, and
let J be a continuous mapping from K into itself. Then J has a fized point in K.

To prove Theorem 5.1, we choose the Banach space to be the following weighted Hélder space B

B = {W(X) € CH(Q) N C*M(Qr \ULAT) : [Wlloraz <C, sup|[Rx[ ™ VAW < C,

2 5 RV (X) = VEV(Y
sup [ Rx|" " [VE W[ < €, sup 3 Jdxy [P0+ V) = VVY)]

~ 1
S ) < CLdp < 9o < 5}
X,YeQ\Ui_iTi j—3 (X - Y]z

B is equipped with the norm

3
Wls = IWllcri-s + ZSI)J{P |Rx[* =200 VE W
k=2

s 5 |[VFV(X) = VRV (Y
+ sup Z|dX,Y|1+5O+2O| ( ) - ( )|
X, Y€Q4\U_ T —3 X -Y[=

It can be shown that B is a Banach space ([8]). The role of Rx in B is to measure the loss of regularity
of W(X) near the circles I'1 and I's. Sometimes we neglect the subscript X in Rx for convenience.
Next we define a subset K of B as

K= {W(X) € Ct'7%(Qs) NC**(Qs \ Uiy Ta) : [IW = Ul graos < Me,  [[06W | a5, < M,

3
sg(pZ (R0 VAW < Me, sup |RI™ VX0, W| < Me,

k=2
k X)) — Vk Y
n Z|dX,Y|250|V 89V(X) Yvéoagv( < e
X Y€eQ\Ui_ T | a |

VFV(X) = VRV (Y
_sup Z |dX,Y|1+260 | (X)_ % 5 ( )| < ME}
X,YEQ+\U?:1F73 k=3 | |

where M > 1 is a constant to be determined later.
It is clear that K is a convex subset of B, and furthermore, K is also compact in B (see [8]).
We now define a continuous mapping J, which maps K into itself, by solving an appropriate boundary
value problem for some second order linear elliptic equation on a fixed domain with linear boundary
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conditions, which is an appropriate linearization of the nonlinear problem of (5.1). More precisely, for
any W € K, we define J : K — K by

JW =V +1 (5.5)
here V is required to solve the equation
3 ~
> ai (X, W, VxW)ox, x,V + Fo(X,W,VxW) =0 in Q. (5.6)
i,j=1

Motivated by (2.16) in §2, V is required to satisfy the following linear boundary condition on X; = 0:

3
> Bu(X, W, VxW)ax,V + Bi(X, W, VxW)(W — 1) = G(X, 1,0,0,0). (5.7)

i=1
Since B11 (X, W, VxW) # 0 for small . And so (5.7) can be rewritten as

3
ox,V + Z Bii(X,W,VxW)dx,V 4+ Bi(X,W,VxW)=0 on X; =0, (5.8)

i=2
with the coeflicients satisfying
Bi(X,W,VxW) =0(Me), i=2,3
Bl(Xa VV7 VXW) = 0(5)7
VABL(X, W, VxW) = O(+7%), k=1,2 =273
VABI(X, W, VxW) =O0(z=s). k=12,

kB1i(X) — V*By(Y
sup zjldx,yll“"s‘)Iv () V(S O ore), =23,
X, YeQ\U2_ T |X — Y| 0

dx7y|1+260 |VkBl (X) - VkBl (Y)|

|X—Y|50 = O(E)

sup g |
X, YeQ\Vi T o

which follow from Lemma 2.2. Here we emphasize that the fact Bl(X, W,VxW) = O(e) will be critical
to determine the constant M in K.

Analogously, we require V to satisfy the following boundary conditions on X; = 1 and X2+ X2=1
respectively

3
Ox,V + Y Boi(X,W,VxW)0x,V + Bo(X, W)V + Bo(X,W,VxW)=0 on X;=1, (5.9)
=2
and
3 ~ ~ ~
Z Bsi(X,W,VxW)dx,V 4+ B3(X,W,VxW)=0 on XZ+X2=1, (5.10)
=1
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\Yhere Bgi(X7 W,VxW) and BQ(X,VV,VXW) have the same estimates as for Bli(X,VV,VXW) and
B1(X, W, VxW) respectively, and
3 < Bo(X,W) < 2A,
VxBo(X,W) = O(Me), V4 Bo(X, W) = O(&2),
VFB (X)) = VFB (Y
sup Z|dX,Y|26O| 1(X) Y [% 1(¥)
X,YEQ+\U$=1F73 k=2 | - |

= O0(Me)

In addition,

Bs1 (X, W, VxW) = O(Me)

Bsi(X,W,VxW) — X; = O(Mce), i=2,3

VA B3y (X, W, VxW) = O(52%5 ). k=1,2

VA (Bsi (X, W, VxW) — X;) = O35+ ). k=1,2;, i=2,3
VEk B3(X, W) =0(), k=01

VAB3(X, W) = O(%ss), k=23

S |y 1420 |V*B3i(X) — V¥ By (V)

" —O(Ms), =123
XY €eQ\ULLiTi ;= | X — Y%
kBs(X) — VEBs(Y
up 3 dy e RO o)
X, YeQ\Uz_ i3 | X — Y|
Since By (X, W) > 3, then by the maximal principle we arrive at
VI< Cos (5.11)

here the constant Cp > 0 is independent of M and e.
With the basic L* estimate on V' in (5.11), we now can derive the required higher order estimates for
V in order to define the mapping J in (5.5). The desired estimates are stated in the following proposition.

Lemma 5.3. Assume that W € K. If V(X) € CY1=%(Q4) N C3%(Q \ UL T}) is a solution of
(5.6) with the boundary conditions (5.8)-(5.10), then for small € > 0, there exists a constant Cy > 0
independent of M and € such that

IV llgra-s0 < Coe
sup RF=2+9% | VA V| < Cye, k=2,3
X

gy 1425 TV 0~ PV ()

sup < Cye,
X,YeQi\U2_ T4 |X — Y%
and
||89‘7||01,1—50 < Cope,
sup R%|V3%9pV| < Coe, k=23,
X
20V (X) — V20V (Y
sup Z'dX,Y|26O [V20V(X) — V5V () < Coe.

XYeQ\U2_ Ty |X — Yo
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Proof. Without loss of generality and for simplicity, we assume
a1 = -1+ 0O(Me), age = —1+ O(Me), ass = —1+ O(Me),

Otherwise, we can make a transformation X| = —=1_ X} = f—f, X5 = f—j such that the coeflicients of
3 —q
raad

the resulting equation satisfy the above requirements.

Denote by ¥1 = {X : X1 =0, X2+ X2 <1}, 5 ={X:0< X; < 1, X2+ X2 =1}, %3 ={X:
X1 =1,X2+ X3 <1}. Then Q4 = U_,%,;. Consider a subdomain @ of Q4 with the property that
0Q1 N 0@ lies in the interior of dQ .. Then by the classical Schauder estimates on the second order
elliptic equation with the uniform oblique derivative boundary conditions (see [12] or [15]), there exists
a constant C(|| Brillg1a-s0(@,)s 1 Bsjllora-s0(g,))(k = 1,254 = 2,3;j = 1,2,3) such that

IVlic21-50G1) < CUIBrillcri-soGuys 1B3illcri-s0 @) IV =@y + 1 Follci-s0 oy
3
+ Z [ Billr1-50 (@) (5.12)

i=1

Thus our main task is to estimate the derivatives of V near the circles I’y and I's. To this end, without
loss of generality we only consider the problem in a small neighborhood G(rg) = {X : |X — Py| < ro} of
Py = (0,1,0).

We will use the cylindrical coordinates (3.14) and denote by Z3 = X1,Z> = r and Z3 = 6. Then in
the domain G'(r9) = G(ro) N{Z : Z1 > 0,1 =6 < Z3 < 1,—ry < Z3 < r¢}, the equation (5.6) and the
boundary conditions (5.8), (5.10) can be rewritten as
3

> A ()8ZZV+ZM V02,V = F(Z),

ij=1 i=1
(5.13)
8ZIV+ZNM V02,V =G1(Z) on  Zy =0,
=2
({922‘74-N21(Z)821V+N23(Z)az3‘7: GQ(Z) on Joy = 1,
where
3 3 2
> 1Ai5(Z) + 63| < Clro + M), Z Z)| <C(+Me), Y |Gi(2)|+|F(Z)| < Ce,
ij=1 i=1 i=1
|N12(Z)| + [N13(2)] + [N21(Z)| + |N23(Z)| < CMe,
2 Ce
Z|V§Gi(z)| +|VEF(Z)| < ETTa k=1,2,
i=1 Z
CM
IVEAG (D) + 3 IVENG(D)| < - k=12,

Rk 1+60

A; ko, (2 kM(Z) = NEM (2
sp 3 ldzz |1+250(|V i(Z) - V/é i ( )|+|V (%) V/é (Z')]
2,2'€G' (r0) 1y |Z — Z'|% |Z — Z'|%
|VFNi;(Z) = VFNy(Z')]
Z — Z]%

) < CMse
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with Ry = \/Z? 4+ (Z2 — 1)2, dz,z = min(Rz, Rz/) and a generic constant C' > 0 independent of M, e
and 9.
Define a C'* function x(Z) as

<
=)

) 1, VIZ12+ 12 — 112+ |Z5]2 <
X =
0, VIZ12+ 12 — 112 + Z3]2 >

Wi

Let V1(Z) = x(Z)V. Then it follows from (5.13) that Vi(Z) satisfies the following elliptic equation
and the boundary conditions

3
> Ay(z )8ZZV1+ZM )02V = F'(Z),
ij=1

=1
0z, Vi + ZN“ )02, Vi = G(Z) on Z1 =0, (5.14)
=2
822‘71 + Ngl(Z)azl‘N/l + N23(2)8Z3‘71 = GIQ(Z) on Zy =1,
=0 o VIAFFZ 1P TIZE = .

Combining with the Schauder interior estimate (5.12), one easily knows that F'(Z) and G%(Z) have the
same properties as F(Z) and G;(Z).

By use of (5.11) and Lemma 3.1 (3.4) in [14] (more concretely, we choose § =1 — g, @ = 1 — o in
(3.4) of [14]. Noting that the angle between Z; = 0 and Z» = 1 is 7, by a careful check on the proof
procedure in Lemma 3.1 of [14], then one can know that Lemma 3.1 still holds for this case, or one can
see the details in [24]), for small 9 and Me we obtain

> IV’“%(Z)—V’“%(Z’)I
Villgri-so + sup RY|VLV; sup d < Coe, (515
[Villgra-so o VzVi(2)| + s k§2| 2,2 17— 7% 0 (5.15)

with Cy a uniform constant. .

Next we improve the estimates on the tangential derivatives of V.

Set U = 03V;. Tt follows from (5.14), (5.15) and the assumption on the tangent regularities of W (X)
that

3 3
> A(2)0%,, U+ Mi(2)02,U = Fi(Z),
ij=1 i=1
3
02U+ Nu(2)07,U=Hi(Z) on  Z =0, (5.16)
=2
8ZQU+N21(Z)821U+ N23(Z)823U = HQ(Z) on Zy =1,
U=0 o VAPFIZ - IPFTZE =,
here
Ce
1£1(Z)|g1-50 < Ce, IVFi(Z)] < R

[H1(Z)llcr-s0 + [[H2(Z)|c1-50 < Ce.
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By (5.15) and Lemma 3.1 in [14], we obtain

VU (Z) - VFU(Z')|
Ullcii-so0 + sup RY|V2ZU(2)| + sup E dz.z < Ce.
1Tllcr-ao Z€G (ro) Z1vzU(2) 2,2/ €G! (r0) b= 2| | |Z — Z'|t~%

(From [8], it is easy to derive from (5.17) that

U Uz
wp S g VUL VU
Z,2'€G'(r0) y—9 |Z — 2%
Additionally, in light of (5.17) and the equation (5.13) one has
2
ZA” )05, 2, Vi + Y Mi(2)02, Vi = Fa(Z),
4,j=1 i=1
0z, Vi + N12(2)02,Vi =Q1(Z)  on  Z; =0,
0z,Vi + No1(2)02,Vi = Q2(Z)  on Zy=1,
V=0 on P+ 2~ 1P+ 1ZF =ro
with
ZHQz Ner-s0 + [[1F2(Z)[ cr-20 < Ce,
Ce
Z IVzQi(Z2)| +|VzF2(Z)] < Ry
25, ( [VF2(Z2) — VE(Z VQi(Z) - VQi(Z ')|)
sup dz z 0( < Ce.
Z,Z/eG/(r0)| | |Z Z/|6o Z |Z Z/|6o
Analogous to the treatment on 2-D problem in [24], we get
3
IVi(Z1, Za, M cra-s0 + >, sup Ry ZFOIVE L Vi(Z1, Za,)]
o 2eG (o)
"Wi(Zy1, Za, ) — V*VI(Z], 2, -
+ sup |dZ’Z/|1+250|v 1( 1,42, /) v 1,( ;7 2 )| é Ce.
(21,22,25),(Z],2},2)€G" (r0) }—5 ((Z1 = 21, Z2 — Z3)|%

Combining (5.15), (5.18) with (5.19) shows that Lemma 5.3 holds.

(5.17)

(5.18)

(5.19)

Based on (5.11) and Lemma 5.3, and by the continuity method as given in [9] (see also [23] or Lemma
2.3 in [14]), the linear equation (5.6) with the boundary conditions (5.8)-(5.10) is solvable in the space
K. Furthermore, (5.11) and Lemma 5.3 imply that we can choose the constant Cy as the constant M in

K. Hence the mapping J which is defined in (5.5) maps from K into K. Moreover we have
Lemma 5.4. J is a continuous mapping from K — K.

Proof. To prove Lemma 5.4, we need to verify the assertion:
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If W (X)), Wy(X) € Kand Wi (X) — Wp(X) in K as I — oo, then the corresponding solutions V;(X) —
Vo(X) in B, (5.20)

At first, it follows from Lemma 5.3 that {V;(X)}?°, and V(X)) are uniformly bounded in K. To prove
(5.20), we need only to show that [[Vi(X) — Vo(X)[cq,) — 0 and [|0p(Vi(X) — Vo(X))llcg,) — O by
the interpolation inequality on the weighted Holder space (see [8]).

Set V; = V(X)) — Vo(X), then it satisfies

3 3
Z (X0, Wi, Vx W)k, x, Vi+ D F (X)dx, (Wi — Wo) + F(X) (Wi = W) =0,
j=1 =1
3 3
Ox,Vi+ ) Bu(X, Wi, VxWi)Ox, Vi + Y Bjy(X)dx, (Wi = Wo) + Bjy (X) (Wi — Wp) =0,
=2 =2
on X1=0
3 3 (5.21)
Ix, Vi + ZBzz (X, W, VxW))ox, Vi + ZBM YOx, (Wi — W) + BY(X) (W), — W) =0,
=2 =2
on X1 = 1,
3 3
Y Bai(X, Wi, VxWi)dx, Vi + Y Bib(X)ox, (Wi = Wo) + Biy(X) (Wi — Wo) =0,
i=1 =1
on X2+ X3 =1,

where

Zax . Vo/ (D) (X1, 0W, + (1 — 0)Wo, 0V, + (1 — 0)VIVy)do

1
+/ (O, Fo) (X, 0W; + (1 — 0)Wo, VW, + (1 — )VWo)dd,  i=0,1,2,3,
0
1
Bi,(X) = 8XJ.V0/ (O, Biy) (X, OW, + (1 — ) Wo, 6V W, + (1 — 6)VIW,)do
0
1
+/ (O, By) (X, 0, + (1 — 0)Wo, 0V Wi + (1 — )V IWy)db,
0

here we use the notations (Wy, Wy, Wa, W3) = (W(X), 0x, W, dx, W, Ox, W) for convenience.
.From the expressions of F}(X) and Blij (X), one has the following estimates

i CMe

i CMe
IVXE/(X)| < oy
A

2
|B;(X)| < CMe,  (i,§) #(0,3),

CMe

R%
48

< B(X) < 2A,

VxBj;(X)] <




By the Aleksandrov’s maximal principle (see [13]), we arrive at
Vi(X) = Vo(X) o,y < ClIWe—=Wollera-so g,y

Namely,
[Vi(X) = Vo(X)lleg,) — 0 as [ — oo.

In a similar way, one can derive

[06(Vi(X) = Vo(X))llc(gy =0 as 1 — o0
Hence, the proof on Lemma 5.4 is completed.

Proof for Theorem 5.1.

It follows from Lemma 5.3 and Lemma 5.4 that the mapping J satisfies the all requirements of Theorem
5.2. By the choice of J, the existence of solution in Theorem 5.1 follows. The similar argument as the
proof of Lemma 5.4 shows the uniqueness in Theorem 5.1. Finally, we give the proof on Theorem 1.3.

Proof of Theorem 1.3.

(i) in Theorem 1.3 follows from Lemma 2.1 directly.

By the regularity and uniqueness of V' (X) in Theorem 5.1, we conclude that the inverse transformation
(2.2) has the following properties:

21(X), 22(X), 23(X) € CV170(Q1) N C*(Qy)

Since the shock ¥: 1 = &(2, x3) corresponds to X; = 0in Q, then &(xq, z3) € CH17%(S)NC3% (9),
where S represents the open projection set of 3 onto the (z2, z3)—plane. Besides, it is easy to verify the
other conclusions, (ii), (iii) and (iv) in Theorem 1.3, by the properties of V(X) in Theorem 5.1. Thus
the proof of Theorem 1.3 is completed.
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