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Abstract

In the book [8] of Courant and Friedrichs, the following transonic phenomena in a nozzle is illustrated:
Given the appropriately large receiver pressure p;., if the upstream flow is still supersonic behind the throat
of the nozzle, then at a certain place in the diverging part of the nozzle a shock front intervenes and the
gas is compressed and slowed down to subsonic speed. The position and the strength of the shock front
are automatically adjusted so that the end pressure at the exit becomes p,.. Motivated by this conjecture,
we will study the well-posedness problem on the transonic shock for the steady compressible Euler flow
through a two-dimensional slowly-varying nozzle when the pressure at the exit is appropriately given.
The transonic shock is a free boundary dividing two regions of C? flow in the nozzle. The full Euler
system is nonlinear hyperbolic upstream where the flow is supersonic, and coupled hyperbolic-elliptic in
the downstream region 24 of the nozzle when the flow is subsonic. Based on the Bernoulli’s law, in Q4
we can reformulate the 3 x 3 full Euler system into a weakly coupled second order elliptic equation on the
density p with the mixed boundary conditions, a 2 x 2 first order system on uy with a value at a point and
an algebraic equation on (p, u1,us) along the streamline. With respect to the reformulated problem, we
can show that the transonic shock solution is unique if it exists and satisfies some regularity assumptions.
Based on this uniqueness result, we derive that the conjecture of Courant-Friedrichs [8] on the transonic
shock in a very slowly-varying nozzle cannot hold for the C? subsonic solution and the arbitrarily given
large pressure p, at the exit, namely, the transonic shock problem is ill-posed with respect to the general
given pressure at the exit for the slowly-varying nozzle. Finally, for the large curved nozzle walls, if
the diverging part of the nozzle walls are straight and the corresponding supersonic coming flow in the
diverging part is symmetric, then we can give an example to illustrate that the conjecture of Courant-
Friedrichs is right for the complete Euler equations. More precisely, there exist two constant pressures
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P, and P, with P, < P, which depend only on the incoming flow and the shape of the nozzle, such that
if the end pressure P. € (Py, P»), then the transonic shock exists, moreover the position and the strength
of the shock is uniquely determined by P..
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§1. Introduction and the main results

In this paper we are concerned with the problem on the well-posedness of a transonic shock to the
steady compressible Euler flow through a 2-D slowly variable nozzle with an appropriate end pressure. In
[21-22], under the assumptions that the flow is isentropic and irrotational, we use the potential equation
to study the existence, uniqueness and well-posedness or ill-posedness of a transonic shock to the steady
flow through a general 2-D or 3-D slowly-varying nozzle. Especially, for the slowly-varying nozzle, we
establish that the transonic shock problem is ill-posed for the general given pressure at the exit for the
irrotational and isentropic steady flow. However, when the strength of the shock is large (for example,
if the flow is highly supersonic upstream and becomes subsonic across a shock, then the strength of the
shock is rather large), the flow behind the shock is not irrotational and isentropic, thus it is more plausible
to use the full Euler system to study the movement of the inviscid steady flow in the nozzle.

The compressible Euler system of steady flow in two dimensional spaces is

A (pur) + 02(puz) =0
01 (P + pu?) + 02 (puruz) =0 (1.1)
O1(puruz) + O02(P + pu3) =0

where u = (u1,usz), P and p represent the velocity, pressure and density respectively. Moreover, P = P(p)
is a smooth function of p and c¢*(p) = P'(p) > 0 for p > 0. For the polytropic gas, P(p) = Ap”, here
A>0and 1<~ < 3 are constants.

Suppose that there is a uniform supersonic flow (u1,u2) = (qo,0) with constant density pg > 0 which
comes from negative infinity, and the flow enters the 2 — D nozzle from the entrance. In most of the
paper, we assume that the two nozzle walls are of a small perturbation of two straight line segments
o = —1 and 9 = 1 with —1 <z < 1.

For simplicity, we assume that the walls of the nozzle are given by

T2 = fi(z1) and r2 = fa(z1) (1.2)
satisfying
d* d*
(@) + D[ <e and |- (fo(e) - 1)[<e for —1<a <LE<4, keNU{0} (13)
{E1 xl

with € > 0 suitably small.

Without loss of generality and for the convenience to write, we assume that

A =A0) =1 (-1 =L1) =1 [P(-1)=0 for i=1,21<k<4 (14
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When the uniform supersonic flow with the velocity (go,0) enters the entry of the nozzle, then the
supersonic flow field (p~,u7, u5 ) in the nozzle will be determined by the following quasilinear hyperbolic
system with the initial-boundary value conditions

O(p uy)+02(p7uy) =0

N (P(p~) +p (up)?) +da(p uyuy) =0

O1(p~uguy ) + 0a(P(p~) +p~ (uz )?) =0,

P ler=—1=po (1.5)
Uy oy =—1 = qo,

u2_|961:71 =0,

uy = fl(x1)uy on xo = fi(z1), 1=1,2.

It follows from Lemma 2.1 in §2 that (1.5) has a C? supersonic solution (p~(z),u; (z),u; (z)) in
the whole nozzle Q = {(x1,22) : =1 < 21 < 1, fi(z1) < 22 < f2(z1)}, moreover |V (p~(x) — po)| +
IV (uy () — qo)] + |VSusy (z)| < Ce holds for |a] <3 and z € Q.

Let an appropriate large pressure Py (z3) = P(j,(z2)) be given at the exit of the nozzle. More
concretely, i (x2) € C2[f1(1), f2(1)] N C3(f1(1), f2(1)) satisfies |%(ﬁ+(x2) —p4)] <efor0 <k <2
here the constant p; and the related constant velocity (g4, 0) satisfy the following relations

Poqo = P+q+; pods + Plpo) = P+(1.2|r + P(p+); pPo < P+ and 4+ < c(p+)- (1.6)

In fact, (1.6) follows from the Rankine-Hugoniot conditions and the physical entropy condition for the
system (1.1) when the transonic shock is straight and ug = 0.

In light of statements in the book of [8], one expects that there will appear a transonic shock ¥ : 1 =

&(z2) in the nozzle. For the definiteness (as in [5-7]), we assume that the shock X goes through a fixed

point (x1,x3) with 23 = fi(x1), i.e.,

§(w3) = 1. (1.7)

As indicated in [8](pages 372), it is a question of great importance to know under what circumstances
a steady flow involving shocks is uniquely determined by the boundary conditions and by the conditions
at the entrance, and when further conditions at the exit are appropriate.

Across the shock X, we denote the flow field by (p* (), u] (),u] (z)). Then the Rankine-Hugoniot
conditions on ¥ become
[pur] = &' (w2)[pus] = 0,

[P(p) + pui] — &' (x2)[puruz] = 0, (1.8)
[purug] — &' (22)[P(p) + pu3] = 0.

In addition, p*(z) should satisfy the physical entropy condition (see [8]):
pH@) > (@) on i =£a). (1.9)
On the exit of the nozzle, one poses the following boundary condition

ot (x) = py(a2) on xp = 1. (1.10)
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Finally, since the velocity of the flow is tangent to the nozzle walls zo = f;(x1)(i = 1,2), then we have
ui = fl(x1)uf on  xe = fi(x1). (1.11)

The first main result in this paper is on the uniqueness of the solution to the equation (1.1) with the
boundary conditions (1.7)-(1.11).

Theorem 1.1 (uniqueness) Under the assumptions (1.2) - (1.4) and (1.6), for small € > 0, the
equation (1.1) with the boundary conditions (1.7) - (1.11) has no more than one pair of solutions
(pt(x),uf (), ud (x);€(22)) with the following regularities and estimates

(i). &(z2) € C3[xl, 23], here (2%, 2%) with 24 = f;(z%)(i = 1,2) stands for the intersection point of
x1 = &(x2) with x2 = fi(x1). Moreover

1§ (2) = 21l aa,ag) < Ce

(ii). Denote by Qi = {(x1,22) : £(z2) < z1 < 1, fi(z1) < 2 < folw1)}. Assume f/'(z%) = 0 and
F1(1) = F2(1) = By (fi(1) = 0, then (p* (@), ui ()3 () € C2(Q4) NCH(S2s) satisfies

1p* (z) — P+lle2@,) + [[ui () — a+lle2 @y + ||U§($)||c2(ﬁ+) <Ce.

Remark 1.1 f/(z}) = 0 means that the compatibility condition holds at the intersection point
(2%, fi(z4))(i = 1,2) for the Rankine-Hugoniot conditions (1.8) and the fixed boundary conditions (1.11)
(see Lemma 3.3 for more details). f/(1) = f/'(1) = 92p4+(f:(1)) = 0 imply the compatibility conditions
on the corner points P; = (1, f;(1))(i = 1,2). It follows from the proof of Theorem 1.1 and the regularity
theory of the second order elliptic equations with the cornered boundaries (one can see [2-3], [15-16], [20]
and so on) that the assumptions on the regularities of solution (p* (), u] (z),us (x); £(z2)) are plausible.
See §3 for more details. In addition, if the walls of the nozzle are composed by the straight lines, then it

is obvious that f/’(z%) = 0 holds.

Remark 1.2 Our method in this paper can be used to treat the well-posedness or ill-posedness problems
on the transonic shock for the supersonic flow past a two-dimensional wedge for the full Euler systems
when the pressure condition is given at the downstream subsonic domain. This will be treated in a
forthcoming paper [23].

Remark 1.3 If the end pressure j (z2) in (1.10) is given on a smooth curve z1 = g(x2) € C3[f1(1), f2(1)]
with |%(g(x2) —1)] <€ 0 <k < 3 for suitably small ¢, moreover, z; = g(z2) is perpendicular to
x2 = fi(x1) at the point (1, f;(1)) and the compatibility condition holds at (1, f;(1)) for py(x2) and
boundary conditions (1.11), then the unique results as in Theorem 1.1 still holds by a similar analysis.

Remark 1.4 The regularity assumptions on (p*,u]",u3) in Theorem 1.1 can be replaced by

(p" (@), uf (x),u3 (x)) € H;;(?;;él)(9+, PLUPRUQIUQ2)

satisfying
—(2-5 —(2-8 —(2-5
1% @) = prlls 5% + et (@) — a4 155, + llud (@155, < ¢,
here H;jg;él)(Q% PLUP,UQ1UQ>) is a weighted Sobolev space with P; = (1, f;(1)), Q; = (2%, z}) and
0 < 01 < 09 < 1, which is defined as follows:
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v E H?;(?O_(Sl)(Q_H PLUP,UQ1UQ2) means that Hv||:;(%0_61) = sup ,ulf(‘sof‘sl) |v|c2,1_50(91) < 00 holds, here
n>0

|dz| = min{dist(x, P\),dist(x, Py),dist(x,Q1), dist(x,Q2)} for x € Qy, and O = {x € Qy : [dy| > p}.
For more properties on this weighted Hélder space, one can see [5], [11-12], [20] and so on.

Remark 1.5 Theorem 1.1 also applies to the nonisentropic compressible Euler system

O (pur) + O2(puz) =0,

O1(puf + P) + d2(puruz) = 0,

O1(puruz) + d2(pu3 + P) =0,

01((pe + gplul® + P)ur) + d2((pe + zplul* + P)us) = 0

where u = (u1,u2) is the velocity, p the density, P the pressure, e the internal energy and S the specific
entropy. Moreover, the pressure function P = P(p,S) and the internal energy function e = e(p, S) are
smooth in their arguments. Furthermore, we assume that 9,P(p, S) > 0 and dge(p, S) > 0 for p > 0.

In this case, the Bernoulli’s law takes the form
1 P
(u101 + u20,) <§|u|2 +e+ ;) =0.

Similar to the proof of Theorem 1.1, in the subsonic region, we can obtain a second order elliptic
equation on P, a 2 x 2 first order system on us, a first order partial differential equation on S and an
algebraic equation %|u|2 +e+ % = (C along the streamline. Thus, if the end pressure is given, as in
Theorem 1.1, we can get the uniqueness of a transonic shock solution in the regularity can similar to that
Theorem 1.1.

Based on Theorem 1.1, we can show the non-existence results for the transonic shock problem in a
2-D nozzle with two straight walls.

Theorem 1.2 (Ill-posedness) If the walls of the nozzle are straight, namely, f1(x1) = —1 and fa(x1) =
1, then for the constant supersonic coming flow (po,qo,0) with (po,qo) # (po,qo) and the end pressure
p+(x2) = py, the problem (1.1) with the boundary conditions (1.7)-(1.11) has no transonic shock solu-
tion (p*(x),uf (x),ud (x); &(x2)) such that (p*(x),u (x),ud (x); E(x2)) has the following regularities and
estimates

(i). £&(x2) € C3[—1,1], and
[€(z2) — 33%”03[71,1] < Ce.

(ii). (p*(z),uf (z),ud (z)) € C?(Q4) and satisfies

Ip™ (@) = pslloz + lluf (@) = gullez + llug ()lle2 < Ce.

Next, we turn to the nonexistence of solution to the transonic shock problem in the diverging part of
the nozzle with the general given pressure gy (x2) at the exit of the nozzle.

Suppose that the nozzle walls I'; and I'; are C®°—regular for —1 < z; < 1 and I'; consists of two
curves IT} and I17, here I} and II} enclose the converging part of the nozzle, while I3 and II3 form
a two-dimensional angular section (i.e. the diverging part of the nozzle), whose vertex is (z9,0) with
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7Y < 0 sufficiently small. More precisely, we assume that the equation of II? is represented by zy =

(—=1)¥(z1 — 29)tgap, here tgay = ﬁ (this condition guarantees that II? is very near xy = (—1)" in
—% < a1 < 1 for sufficiently small 20 < 0). Besides, the transonic shock is assumed to go through the
origin, and suppose that the supersonic coming flow is symmetric in —i < 27 < 0 (namely, the solution

(p~,uy,uy ) depends only on r = y/(x1 — 2¥)? + 22) and is of a small perturbation of the constant state
(po, qo, 0). By the hyperbolicity, we can obtain a supersonic flow (p~,u7,uy ) in the global nozzle, which
is symmetric in —i < z7 <1 and very close to (gop,0,0). Furthermore, we let the boundary condition
(1.10) be replaced by

pi(x2) = py on r= (1 —2z9)secap. (1.10%)
where the constant py is determined by (1.6).

Then based on Theorem 1.1 and Remark 1.3, we can show the following ill-posedness result.

Theorem 1.3 (Ill-posedness) If the nozzle walls consist of T'y and T’y as defined above, then the problem
(1.1) with the boundary conditions (1.7)-(1.9), (1.10°) and (1.11) is ill-posed. More precisely, one can find
the supersonic coming flows are of small perturbations of (po,qo,0) such that the problem (1.1) with the
boundary conditions (1.7)-(1.9), (1.10°) and (1.11) has no transonic shock solution (p*(x),uf (z),ug (v);
&(z2)) with the regularities and estimates as stated in Theorem 1.1.

We now comment on the proof of the main results. Some of the main difficulties are that (1.1) is
hyperbolic-elliptic in the subsonic domain and the shock curve is a free boundary. In order to prove
Theorem 1.1, first we take the transformations such that the nozzle walls are straighten and the free
boundary is fixed. Second, we apply the Bernoulli’s law and the characteristics method to reformulate
the 3 x 3 full Euler system into a weakly coupled second order elliptic equation on the density p* with

the mixed boundary conditions, a 2 x 2 first order system on u] or uj with a value at a point and an

algebraic equation on (pT, uf, ug) along the streamline. From this, we can obtain some a priori estimates

and obtain the uniqueness.

Finally we note that there have been many works on the transonic problem or subsonic flow in a
channel (see [1], [4-10], [13], [18-19] and the references therein ). In particular, we mention on several
recent works that are related to this paper. Chen-Feldman in [6] prove the existence and stability of a
steady transonic shock when the flow is in the channel 2 = (0,1)"~! x (=1, 1) and the Dirichlet boundary
condition on the potential is posed at the end of the channel. However, as described in [8], it is more
physical to prescribe the pressure at the end than prescribe the value of the potential function. In [7],
the well-posedness of transonic shocks for the steady 2-D compressible Euler system in (—Ny, N2) x (0,b)
with given exit pressure was treated. However, it seems that the proof of main results in [7] has a gap
(more precisely, the linearized system (5.16) in [7] is overdetermined for antisymmetric solutions, and so
has no solution satisfying the boundary conditions in [7] in general). Similar difficulties appear when
one treats the local transonic stability problems on the the supersonic flow past a wedge or the Mach
reflection when the related pressure boundary conditions are given. In fact, Theorem 1.2 in this paper is
contrary to the main results (i.e. Theorem 2.1) in [7], namely, we show the ill-posedness for the transonic
shock problem when the steady compressible Euler flow goes through a flat nozzle and the pressure at the
exit is arbitrarily given. In [21-22], for the steady potential equation and the slowly-varying nozzle walls,
we have shown that the conjecture of Courant and Friedrichs cannot be true for the arbitrarily given and
appropriately large pressure at the exit. However, for a class of curved nozzles, it has been shown for an
appropriate pressure at the exit, the transonic shock exits for the 2D isentropic compressible Euler flow
in [25].
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Our paper is organized as follows. In §2, we reformulate the problem (1.1) with the boundary conditions
(1.7)-(1.11). Subsequently we describe the main approaches to prove Theorem 1.1. In §3, first we reduce
the free boundary problem (1.1) to a fixed boundary problem of the Euler system, then by use of the
techniques in §2 we decompose the complete Euler equations and establish some a priori estimates on the
solution. From this, Theorem 1.1 can be shown directly. In §4, using the uniqueness result in Theorem
1.1 we complete the proof on the ill-posedness results in Theorem 1.2 and Theorem 1.3. Finally, we will
give several useful remarks in §5. In particular, for the large curved nozzle walls, if the diverging part
of the nozzle walls are straight and the corresponding supersonic coming flow in the diverging part is
symmetric, then we will give an example to show that the conjecture of Courant-Friedrichs is right for
the complete Euler equations.

In what follows, we will use the following convention in this paper:
O(Y') means that there exists a generic constant C such that |O(Y)| < CY, where C is independent of €.

§2. The reformulation on problem (1.1) with (1.7)-(1.11)

In this section, we will reformulate the nonlinear problem (1.1) with (1.7)-(1.11) so that we can obtain
a second order elliptic equation on p*(z) and a 2 x 2 system on u]” or uj. Before doing this, we first

give an estimate on (p~ (), u7 (x),us ()) in system (1.5).

Lemma 2.1 Under the assumptions (1.2) - (1.4), the system (1.5) has a C3(Q) solution (p~ (=),
uj (), uy (z)). Moreover, for small € > 0, there exists a positive constant C' independent of ¢ such
that

o™ (@) = pollca@y + lur () = gollca(a) + llus (2)ll o2 (e < Ce.

Proof We note that the system (1.5) is strictly hyperbolic with respect to the xy—direction for the
supersonic flow uy > ¢(p™).

Indeed, in this case, (1.5) has three distinct real eigenvalues

upuy —clp ) ()2 + (uy)2 — 2(p) uz

)\1 = ) AQ =
(ur)? — ( ) uy
iy el )+ () - 20)
3 =
(uy)? = ( )
Set
p(x) = p~(z) — po, U1 = uy — qo, Uz = uy,
then it follows from (1.5) that (p, @1, @2) satisfies
p 5
ol a | + A(p, U1, u2)82 U1 =0
i i (2.1)



where

(go+ay )2 _ (po+p)iz (po+p)(go+i)
(qo+1t1)%—c?(po+p) (qo+11)2—c?(po+p) (qo+11)%—c(po+p)
A(p, i, in) = | — c(po+p)iz (go+11) a2 _ c*(po+p)
pyuL, U2) = (po+p)((q0+a1)2—c2(po+p)) (qo+1i1)2—c?(po+p) (qo+1i1)2—c?(po+p)
c*(po+p) 0 U
(po+p)(qo+11) g0+t

The assumption (1.4) implies that initial-boundary values in (2.1) satisfy the compatible conditions
up to 3—th order. Moreover, xo = f;(z1) are the characteristics of (2.1) corresponding to the second
eigenvalue Ay. Furthermore, the matrix A(p, @1, i2) has three distinct real eigenvalues, so that the system
(2.1) is strictly hyperbolic. Hence by the characteristics method and the standard Picard iteration (for
example, see [14]), when € > 0 is suitably small we know that (2.1) has a unique C*3(})—solution, and
there exists a constant C' independent of € such that

18l ca@) + [t (@)l ca ) + lta(z) | o3 (q) < Ce.

Hence Lemma 2.1 is proved.

Now we start to reformulate the system (1.1) and its boundary conditions in the subsonic region Q. .

First, due to the Bernoulli’s law, for any C! solutions, the system (1.1) in € is equivalent to

A (pTul) + 02(pTug ) =0,

1 1
(ufon +ufon) (a5 + 1) ) = 22
20+
ul Oyud + ug doud + %(%WF 0,

here h(p™) is the enthalpy with h'(p*) = %.

Next, we derive a second order equation on the density p* from (2.2).
For simplicity, we set D = uj 0y 4+ uj d2. Then it follows from the first equation in (2.2) that

(Dp*)?

D?pt + pt D(01uf + Oud) — = 0.

This, together with the second equation and the third equation in (2.2), yields

A(pt A(pt
D2t = (0= 0) + (o))
Dpt)?2
- 7( pp+ ) — <(31u;r)2 + 281u§82uf + (82u;r)2>p+ =0,

which is equivalent to

o (((W 2ot + ufu;azf) Lo (ufu;alf () - C2(P+))32P+)

A(p*)

LS

(019" + @2p*) = (@10} + 2005 0 + @auf ) =0, (2.3
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Next, we reduce the boundary conditions (1.8) to obtain a Dirichlet boundary condition of p™ on the
shock X.

It follows from the third equation in (1.8) and the assumption (1.7) that
[puius]
{ §@2) = Ehrrma (2.4)
§(z3) = 1.

Substituting (2.4) into the two other equations in (1.8) yields on £

{ Gi(p™, ui,ug) = [purus)pus] — [pu][P(p) + pu3] = 0, 25)

Ga(pt,uf,uz) = [purus]? — [P(p) + pud][P(p) + pu3] =
Due to the condition (1.6), (2.5) is equivalent to
er(uii_ _q+)+Q+(p+ _er) :gl((u;)Qvug_u;a(ug)Qap ervul 4+, pP0 — pivqo_ul_)a
2 (uf = q) + (@F + A (p)(pT = p1) = ga((uz )%, uz uy s (uz)?, pT — pysuf —qy)
P+4+\Uq q+ q+ P+ P P+ 92 2 s Wo Wo 2 Y P4, Uq q+),

where

[purug][pug] — [pui][pu3]
[P(p)]

g1((ud)? uduy, (ug)?, p™ — py,uf —ap,po—p~,q0 —uy) =

—(uf —q)(pT = p1) —qolpo — p7) — p~ (g0 — uy
[pum] —[P(p
[P(

Y

+ + +puillows] (P0*) = Plos)

92((u2 )2au3_u2_7(u2_)27p — P+ Uy _qu)

1)

)

p)l

—A(p4)(p* — p+)) - (pJ“(UT) —pidf = 20104 (uf —q4) —at(pt — p+))
+P(p7) +p~ (u7)? = P(po) — pods-

Thus, on X, it follows from the implicit function theorem and Lemma 2.1 that

{ ul —qr = gilw,uz),

~ (26)
pt = py = Golx,ud),

and
gi(z,u3) = O((u3)?) + O0()O(uz) + O(e),  ga(w,uz) = O((ug)?) + O()O(uz) + O(e)

for suitably small uJ and e.

Next, we derive the boundary conditions of p™ () on the fixed boundary z2 = f;(z1). It follows from
(1.11) that

Orug + fi(z1)duy = (Oruf + fi(@1)0oul) fi(x1) + fi'(z1)ui on xo = fi(z1), i=1,2.

This, together with the second equation and the third equation in (2.2), yields

n
— 1 (x1) on  x3 = fi(x1), (2.7)



here 0,, represents the derivative along the outer normal direction n.

It follows from the analysis above that p* in Q. can be determined by the following boundary value
problem of a second order equation

o (12 = (0 )or* + utufount )+ 0n(wlufon g + ((f)? = o )ons)

+ D (0p7) + (8207)2) — ((81uf)2 +20yu3 B + (agu;)2> pt =0,
pT—py = gg(:c ug) on x1 = &(x2),
Onp™ + C2(p+ f/,(xl) =0 on Ty = fi(r1),

pT = py(z2) on x1=1.

Next, we derive an algebraic relation on p*,u] and u3 so that one can determine v} in terms of p*
and ug
3.

It follows from the second equation in (2.2) and the boundary conditions (1.11) and (2.6) that

uﬁa+uém<afV+éuqf+h@ﬂ>—m

_ ) 2.9
uf =g +qi(z,ud),  pt=pir+d(z,ud)  on  z=E(x), (2.9)
uy = fl(z)uf  on @ = fi(z:).

We define the curve zo = :cg(xl, 6) as the characteristics starting from the point (£(3), 8) for the first
order differential operator u] o, + Usy + 0, that is, xo(x1, B) satisfies

{ Aol — (U)(w1, 22(a1, 9)),
w€(8).0) =B, Be [rhad).

Integrating the first order equation in (2. 9) along the characteristics zo = x2(x1,3) and noting that
= fi(x1) is the characteristics of u] 9 + ug 9y starting from the point (2%,z%), then we have in Q

(2.10)

(GD)? + 50+ ) ) (ar.alon, 8) = d0(&(9). B €06, ) (2.11)
with
Go(€(9). 0,5 (€(5), )
=5 (@ + 31(609), 5. w3 (€09). )P + hips + B2(6(5), 5, 3 (€(8), 9) + 5 (udH(E(8), 0).

It should be noted that uj (£(8), 3) is not estimated until now.
Finally, we derive a system governing uj (z).

It follows from (2.10) that

d 0 ut 5
d,]jl( 8?) 82(_3-)(x17x2(1‘17ﬂ))8i627
(2.12)
8$2 u

+
Tﬁ(f(ﬂ)’ﬂ) =1 —5’(ﬂ)(ﬁ)(£(5),6), B € [ws,23].



By (2.11), we obtain

2(pt 0 d
(uf Oouf + uf Boug + & /()/J)r )32p+> (w1, 22 (21, ) Hm

93~ dp

Go(£(B), B, uz (£(8), B)) (2.13)
and

Ows
op
d(EQ 81'2

dz1 0B

e (A et
(ul 81u1 + uq 81u2 +p—+31p >($1,$2($17ﬂ))

+a.,+ ba o+ )
=-— <u1 Oauy” + ug Ogugy + p—+32P >($1,$2($1,5))

(&(B), B,usz (£(8), B)). (2.14)

+
=— (u—i)(fchxz(xl,ﬁ))iﬁo
Uy

dp

It follows from (2.12), (2.14), (2.4) and (2.6) that

<uf81uf +ug O1ug + @&PJr) (w1, 22(21, B))
=0(u3) ((O(Ug) +0(e))01ug + (O(u3) + O(e))daug + O()O(ug ) + 0(5)) (€(8),B)-

In addition, one can rewrite the first equation and the third equation in (2.2) as

Suy + Oouf = — e (ufdipt +uz dop™),
(o) (2.15)
ufaluj +u;'82u2 = —p—+5‘2p .

Since ug is expected to be small, then it follows from (2.14) and (2.15) that

81“;_ = h1(p+,u1 , Ug 781P+ 32p )
Oyug = ha(p*, uf, uf,01p%, 02p™), (2.16)

here

ug ((u)? = (p))dip* +uy ((u3)? = A(p™)d2p*
p((u)? + (ug)?)

(0} 25 (30603, 50, (€050 B(2)) ) 2250
7

hl (P+7UJT; U;_, 81p+a 82p+) =

+

uf ((uf)? + (u3)?) ’
ul ((pt) — (W) pt —uf (uf)? +¢ Oap
ha(p®,uf uz, d1p%, dop™) = ielr)- ;))j((upf)QﬂL?(zi)z)) e
it s (B9, 8 €0, ) ) 3250

z)
(W) + (3 )?
11



and ((z) denotes the inverse function of xo = x2(z1, 3). Additionally, the constant m3 is determined by
the boundary condition in (2.6) and the boundary condition (1.11), namely m} satisfies

{ my = uf («],23) f(21), (2.17)
u (z1,23) = q4 + G1(m3).

The solvability of mi in (2.17) will be shown in Lemma 3.2 in next section.
Obviously, h; = O(01pT)+0(dap™)+0(ud) ((O(u{)—f—O(e))@lu;—l—(O(u{)+O(€))82u§r+0(6)0(u§r)

—l—O(E)) (B(z)). This implies that only Vp* has a more “important” impact on u3 .

In subsequent section, we will focus on studying the reformulated problems (2.4), (2.8)-(2.11) and
(2.16). For this end, we take a transformation to straighten the nozzle walls

{ X1 =11, (2.18)

2.18

_ _z2—fi(z1)
X2 = f2(92€1)—1f1(19€1)'

This transformation changes the boundaries x2 = f1(z1) and z3 = f2(x1) into X3 = 0 and Xo = 1
respectively. Under the transformation (2.18), the new equation for the shock ¥ becomes X; = {(X2).
Then a simple computation yields

(f2(X1) — f1(X1))E (22)
1 — & (x2)(f1(X1) + Xao(f5(X1) = f1(X1)))

For convenience, we still write (p(X),u1(X), uz(X)) instead of (p(z),u1(x),uz(x)) in the new trans-
formation (2.18). Then (2.4) becomes

{(X2) = (2.19)

C'(X,) = (fo(X1) = f1(X1))[pui us]
[P(p)+pud]—(F{(X1)+X2(F5(X1)—F{(X1)))[pu1usz]’ (2.20)

¢(0) = .

Correspondingly, (2.8) can be rewritten as

D1 ()7 = @0 )Dup* +utuf Dao* ) + o (ufuf Dip* + () = ) D2
20+
2 (D1 (Dap)?) (D1t 2+ 2D10f Dauf + (Daf ) o =0,
(2.21)

pt—pr =golz,uy) on Xy =((Xa),

. +1\2
Dipt + X (X)) =0 on  Xa=i-1, =12

pt=pi(z2)  on  Xi=1,

here @ = (21,2) = (X1, f1(X1) + Xa(f2(X1) — f1(X1))), Dy = O, — HEOERBC) A g p,

BTy Ox. and Dy, = m(ﬂ()ﬁ)l% — D), Dy = m(l)z — f2(X1)D1).

Additionally, the equation in (2.9) has the following form

(ufaxl e — U+ X f{))uf)f)Xg) (1<u1+>2 gyt h<p+>) —0. (@2
2— fi o 2 2



Define the curve Xo = X5(X1,3) as the characteristics starting from the point ({(5),5) for the
equation (2.22). Namely, X5(X7, ) satisfies

dXa(X1.8) _ ( uy —(f{+Xa(f5—f)uy
{ ax: ( (Fa—fu)ur )(leXQ(leﬁ))v (2.23)
XQ(C(ﬂ)vﬂ) = ﬂv ﬂ € [0,1]
Thus, it follows from (2.22) and (2.23) that
(G01)? + 5+ ) ) (X X061 ) = (). (€(9).9) (2.21)
and
(wfoxaat +ufoxuf + o) 0,00, B2 = (w60 €0 M) 225)
1 0Xx,Uy 2 OX, Uy ot X2 P 1, A2(A1, B a3 9o ) Ug ’ ‘
and
20+
(ufax1uf+u;ax1u;+%ax1p+) (leXQ(Xlaﬁ))%

u+— / 5 r_ { uir
:_< : (fzf‘;‘i(f(lJ;erf)) )(X X2(X1,0))

with z(8) = (¢(8), /1(¢(8)) + B(f2(¢(B)) — f1(C(8))))-
Finally, the first equation and the third equation in (2.2) becomes

dﬁ( o(z(B), u;(C(ﬁ)aﬁ))) (2.26)

g (2.27)

Dyuf + Dauy = — -k (uf Dip* +uz Dap™),
2+

uf Diug +ud Douf = —5 ;’i )D2p+.
Combining (2.25), (2.26) with (2.27) yields

8X1uir = Hl(p+7uf7u§raaX1p+ 8X2p+)
aquIr = HQ(ervul ) Ug ’8X1p aXz )a (2'28)

uf (z1,0) = m}.

and
8Xlu2 - H3(p ul ) Ug ;ale aXz )
Oxyuy = Ha(p®,uf,uz, 0x, 0%, 0x, ), (2:29)
u;(x%a 1) - m2'
here (m},ml) is determined by the relations m} = fi(z})mi and m} — ¢ = gi(a1, 23, md), which
come from the boundary conditions (1.11) and (2.6). In addition, H; = Z:féﬁ; for 1 < i < 4, here
0 uf 0 uy
uf 0 uy 0 4
Ao=| | _UEXW-f) with det(Ag) = = + O(e) + O(Jug |) # 0 for
fa—f1 . To=J1 f1 2
uy —ui (fi+Xo(fo—f1
0 0 uir 2 1 (f27f12( 2 )



small € and |ug | and A; denotes the 4 x 4 matrix which is obtained through substituting the i—column
in Ag by the following vector L

2(pt ud — (ff + Xo(fy — f))uf .
L= (5 (3o (090 ) )0 = - (LR IO ) 2 (50

(ot 2(p+ T
w3 (C(B), B)))axzﬁ— [(f ) g, p* 7—%<u1+D1p++u;D2p+>, —Cfﬁ ) o ) ,

where 8 = 5(X) is an inverse function of Xy = X5 (X1, ).

In order to show Theorem 1.1, one needs only to prove the uniqueness of solutions to the problem
(2.20)-(2.21), (2.23)-(2.24) and (2.28) or (2.29). This will be done in the next section.

§3. The proof of Theorem 1.1.
To prove the uniqueness of solutions in Theorem 1.1, it is convenient to change the domain 2 including
a free boundary ¥ into a fixed domain Q4+ = {y : 0 < y1 < 1,0 < yo < 1}. For this end, we take a
transformation as follows
_ X1—¢(Xo)
Y1 = 0% (3.1)
= Xo.
For simplicity, in Q, we still write (p*,u],uJ) as the state of fluid on the right of the shock in the
new coordinates (y1,yz2).

Noting that
1 P Oy, = (1 —y1)C"(y2)
1—((y2) ’ C(y2) — 1

Then the equations (2.20)-(2.21) become

8X1 = ayl + ayz'

) = (F20¢(w2) +(1=¢W2))y) =1 (C(y2) +(1=C(y2))y1) ) [pua uz)
[P(0)+pud]— (F1(C(y2)+ (1—Cy2))yn) +y2 (£ (S (y2)+(1—C (y2))w1) — F (C(y2) + (1=C(2))wn) ) purua] . (3.2)

¢(0) = 1.

and
D (@ = ) Dap* + s Dap* )+ Do wff Dup” + ()7 = (") Dy
2 ~ ~ ~ ~ ~
+E(Dupt)? + (Dap*)?) = ((Buad ) + 2Dvs Dot -+ (Dauf )t =0,
pt—py = ﬁ( (y),uz) on  y1 =0,
T (u

Dipt + % p)f”(C() (1=C2))y1) =0 on  yp=i-1,  i=12
pt=pi(ea(y)  on oy =1
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with

z(y) =(21(y), 2(y)),
r1(y) =C(y2) + y1(1 = ((y2)),
w2(y) =f1(C(y2) +y1 (1 — ((y2))) +y2(f2 — f1)(C(y2) + y1(1 — ((y2))),

1 (1= y1){"(y2) (fi(1(y)) + y2(fs — fi)(z1(v)))
1 —C(y2) (1 * (f2 = fi)(z1(y)) )8y1

_ fieiy) +ya(fs = fi)(@1(y))
(f2 — fi)(z1(y)) v

A (1 —y1)('(y2)
D = D - @) T
D) =1+ (f{(z1(y)))*) /2 (f’(w1(y))D — D»),
f3

Dy =1+ (f3(x1())*) " (f3(1(y)) D1).
Additionally, it follows from the equation (2.22) that
<< uf (A=) () (ug — (i (y) +y2(f5 — f{)(fﬂl(y)))uf)>
1= ((y2) (f2 = f1)(@1(y)(1 = C(y2))

u; B (f{($1(y)) +y2(f2 fl {E1 y))) u+ 2 1 u+ 2 + o
a L) D)o ) (30 507 6 ) <o

]

1=

1
2 — fl)(ilcl(y))ay27

ayl

(3.4)
The characteristics yo2 = y2(y1, 3) starting from the point (0, 8) of (3.4) is defined as
dys _ (uf — (v (F— )t ) 1=C(w2))
W (o fr)ud —(1—y1)¢ (v2) (ud —(F v (F—FD)uf ) (3.5)
Y2 (07 ﬂ) = ﬂ

Thus it follows from (3.4) that

(G017 + 5+ b)), ) = G609, ACB) + (2 = FNC(B) 0.5

Analogous to (2.29), we can obtain a system on uj as follows

ay1u;r :ﬁl(p—i_ﬂul 7u27ay1p ay2p+)7
8@/2“; :INJQ(p—F’u-li_?u;_?aylp a8y2p+)7 (36)
“2(0 0) = m3,
here H; = 362(% g for i = 1,2, the 4 x 4 matrix Ay = (11,12,13,14) is defined as
I = (0 U =y)Cpe) (o= i (L =y ()1 +y2(f2 = f))uf = (1= y)C (yz)U§r>T
' T (Cly2) = D(fa— 1) (1= C¢y2))(f2 = f1) ’
= (o502 us = (ff +va(f3 = ﬁmﬁy
- f f2—h ’
Z:O)+h—h+ﬂ—mwwﬂh+m% ADQT
ik (1= ¢(y2))(f2 = f1) ’
I _f{+y2(f2_f1) )
14_(%’07 fa—fi 0

15



and A;(i = 1,2) denotes the 4 x 4 matrix which is obtained from Ay by replacing the i—row in Ay with
the vector | = (lo1, lo2, lo3, loa)” defined by

loy = %(ﬁo(@(ﬂ), F1CB) + B(f2 = F1)(C(B)), u3 (0,8))) 028(y) — %{r)fbﬂ*,

~ 2/ +

o = 2 (60(6(8).F1(CB) + Bl = RG34 0,0))2u5() L) )
Y1 P

l~03 = —pi_‘_(ufblp"' + u§D2p+),

los = —%szt

where 3 = 3(y1,92) is an inverse function of y2 = y2(y1, 3). The existence of mi in (3.6) will follow from
Lemma 3.2 below.

To illustrate the validity of regularity to the solution in Theorem 1.1, we now give three lemmas to
ensure the compatibility relations of solutions at the cornered points formed by the shock curve and the
nozzle walls. We start with the property that the shock curve must be perpendicular to the nozzle walls:

Lemma 3.1 (Orthogonality) Under the assumptions on the regularities of solutions in Theorem 1.1,
we have

ay) =—fi(zy), i=1,2.
Namely, the shock curve is perpendicular to the walls of the nozzle.

Proof Since ui(z},zb) = f/(a})uf (), 2}), it follows from the first equation in (1.8) that

[oua] (1, 25)(1 — €' (23) fi(«7)) = 0.

Thus o
[pua] (2, 25) = 0. (3.7)

(3.7) together with the second equation in (1.8), yields
[P(p))(x, 25) = —(pTuf [w]) (21, 25) (1 = € (23) fi (1)) (3-8)
In addition, the third equation in (1.8) gives
€' (@3)[P(p)l(a1,23) = fi(21) (0T uf wa]) (2, 25) (1 — € (23) f (21)).- (3.9)
Noting that [P(p)](z%, %) # 0 and [u;](z%, 2%) # 0, one can obtain from (3.9) and (3.10) that
€' (z3) = —fi(x}).
Next, we show the solvability of m3 in (3.6).

Lemma 3.2 Under the boundary conditions (1.11) and (2.5), then in the small neighborhood of
(q+,0,p.) there exists a unique solution (mi,mb,mi) = (uf (x%, xb),ud (z}, 2%), pT (2%, 25))(@ = 1,2)
such that (1.11) and (2.5) hold at the point (z%,x3).

16



Proof Tt follows from the boundary conditions in (1.11) and (2.5) that

La(mi, mb,mg) = m — fi(21)(m — q4) = g4 f(21),
La(mi,my,m3) = pi(my — q4) + q4(ms — py) + (M7 — 1) (ms — p3) = (p~uy ) (@7, 25) — p+as,
Ly(mi,m,ms) = (1+ (f(21))*)(p~uy ) (23, 25)(m} — q4) + P(mf) — P(py) = P(p~ (1, 75))
—P(po) — (1 + (f{(21))*)(p~uy )@, 2%) (a4 — uy (21, 23)) + p1a% — podd, 5.10)
where we have used Lemma 3.1, (3.7), (1.6) and (3.8). If f/(z%) = 0, p~ (2}, 2%) = po, and u; (2}, %) = qo,
then it follows from (1.6) that (mq,ma, ms) = (¢+,0, p+) is a solution of (3.10). Furthermore, for small
€ > 0 one has

o
8(L1,L2,L3) _fz(le) 1 0

Dt — T i , = det P 0 gy
(M = sy s = ) ) Lt ant ) =(as- 04 L+ (F@))D) (omu) (@hah) 0 E(p)

= —p(*(p+) —d}) + O(e) #0.

It follows from Lemma 2.1 and the implicit function theorem that Lemma 3.1 holds.
Therefore the proof on Lemma 3.2 is complete.

Finally, we turn to the compatibility conditions at the corners.

Lemma 3.3 (Compatibility) Let the regularity assumptions in Theorem 1.1 hold and f/'(x%) = 0.
Then

a‘rp-i_(x’ivxé) =0,

here 0; = &'(x2)01 + 02, which represents the directional derivative along the tangent direction of the
shock curve x; = £(x2).

Remark 3.1 It follows from Lemma 3.2 that 8T|(x§,x;) = On,|(21 1) holds, here n; represents the outer
normal of zo = f;(z1). In addition, due to f/(z{) = 0 and (2.7), one has 8,,p"(z},z) = 0. This,
together with Lemma 3.3, shows that the first order compatibility condition for pT hold at the corner
point (x},x}).

Proof Taking 0, on two sides of the equations (2.5), and noting that [pu](z},z%) = [pua] (2, 2%) = 0
(see (3.7)), one obtains at the points (¢, x}) that

{ [purus)d; [pus] — [P(p) + pu3)d; [pui] = 0,
2[puruz)d; [puruz] — [P(p) + pud]d-[P(p) + pui] — [P(p) + pui]d:[P(p) + pu3] = 0.

Lemma 3.1 yields

{ O [pur](af, %) + fi(2})0x [pus] (2, x5) = 0, (3.11)

(fi(x1))?0-[P(p) + pud](x}, 23) + 2£](21)0; [lp;tluz](w’i, ) + 0:[P(p) + pui](af, 25) = 0.



Thus it follows from a direct computation that at the point (2%, z%)
Oruf + fi(21)0ruy = {0 (p~uy) + f(21)0-(p~uy ) — (uf + fi(x1)u3)0-p*},

Orui + fl(21)0ruy = m{(f{(xﬁ))Q&(P(p) + o7 (ug )?) + 2f{(21)0: (p~ ug uy)

+0-(P(p™) +p~ (ug)?) — <(fi’(wi))2(02(p+) +(u3)?) + 2f{ (2} Jui ug

+)+ )7 ot .

(3.12)
Since
i had) = S, 0 (ahoh) = —(SHE ) et ab) ah) =0,
ur o +uz oy + Sy =,
then
O )+ a0 )t ) = (1 (1) P (o)~ (S o) )t =0
and

(10200 (Plm) + 705 ) 4 26200, (7 ) + 0, (Plo7) + o ) ) ot )
=1+ (AP (007 + (1) = 207) ) ahad)rp () =0,
Substituting the above computations into (3.12) yields
()2 = ) + 28 g+ ) = ) 00" ol ad) = .

Thus, for small &, we arrive at 8, p™ (2%, z4) = 0, which shows Lemma 3.3.
Now we start to prove Theorem 1.1.

Suppose that the problem (3.2)-(3.6) has two solutions (pT1, uf’l, u;’l; C1(y2)) and (p*2, uf’Q, u;’Q;
C2(y2)) with the corresponding regularities in Theorem 1.1.

Set

Wi(y) =ui () —ui (),  Waly) =ud () —ud (),  Waly)=pi"' () —r ()

and

E(y2) = Ci(y2) — C2(y2).
18



By use of (3.2), Lemma 2.1 and the assumptions in Theorem 1.1, we obtain

{ = (y2) = ao(y2)E(y2) + a1 (y2) Wi (¢ (y2), y2) + az(y2) Wa (¢ (y2), y2) + as(y2)Wa (¢ (y2), y2),

=(0) = 0,
(3.13)
here ao(y2) € C'[0,1],a;(y2) € C?[0,1](1 < i < 3) satisfying
laollcr + llarllcz < Ce,  lazllc2 + [laslc2 < C.
It follows from the Granwall’s inequality that
2(y2)| < Ce[Willp(q) + CUIW2llz=(qy) + IWsll L (qy))- (3.14)
Thus, using (3.13) again, we arrive at
1E(w2)llcro1) < Cel[Willpe(@y) + CUIWallL=(qy) + IWsllL=(q,))
and
1E(2)llcr1-50p0,1) < CelWillor-s0 @, ) + CI[Wallcr-50 (@) + [Wallc1-250(q4)) (3.15)

here 0 < §g < 1 is a fixed constant.

Next, we estimate W3 by making use of the equation (3.3), the estimate (3.15) on Z(y2), and the
assumptions in Theorem 1.1. Indeed, it follows from (3.3) that

D%(«uf’lf—c2<p+’1>>D%W3+u1 1D2W3) ( VDI, + (a2

_CQ(er’l))D%W?)) = F(Cl(yQ)a4'2(2/2)7Ci(yQ)agé(yQ)vgi,(yQ)vCé,(yQ)ﬂer’lavp+’17p+72avp+’2v

bt vt ul? vt ul !t vl ul vl ?),
Ws = Ga(z' (y),us"") — 92( *(y), ;2) on  y =0,
Drll,-W?, = G(Ci(y2), 2(y2), €1 (y2), G (y2), 1, Vptot pt2 Vpt2) on y2=ti—1,0=1,2,
W3 = py(23(y) = p+(23(y))  on gy =1,

(3.16)
here
' (y) = (z1(y), 25(y)),
1) = Gly2) + 11 (1 = Gi(y2)),
25(y) = f1(Giy2) +y1(1 = Giy2))) + y2(fo — 1) (Giy2) + 11 (1 = Cily2))),
1 —y1)¢i (y2) (fi(zi(y)) + ??2( fa — ff)(ﬂ(@)))ayl

_ 1 (
b= 1—Gi(y2) (1 * (f2 = f1)(zi(y))
~ AELW) Fye(fs = f) (=i ))8
(fa = f) (@1 () -
Dl — (1 —y1)¢/ (y2) 9y, + 1

R A A A e KR A A E
B, = (L+ (et 0))) 7 (fat () Df — D),
(D}~

Dy, = (1+ (f(xi())*) 7 (D — f3(i(y)) D)
19



and

3
F= 3 9,05W)+ > uGu@= )+ Y b0 W+ bay(y)W;

k=1,2;j=1,2,3 k=1,2 k=1,2;j=1,2,3 j=1
+ 031(y)Z(y2) + bs2(y)Z (y2),
G = co(y)Ws + c1(y)Wh + c2(y)Z(y2) + c3(»)=' (y2)

with bj; (y), bij, ek (y) € CHQ4) and [[b;(W)llcr(qy) + IbisWllev@ay) + lex@Wllorq,) < Ce.

Due to Lemma 3.3, one can check easily the compatibility of W3 at the cornered points (0,0) and
(0,1) in (3.16). In addition, by the assumptions in Theorem 1.1, we have also the compatibility at (1,0)
and (1.1) in (3.16). It thus follows from the regularity estimates on second order elliptic equations of
divergence form with cornered boundary and mixed boundary conditions (see [3], [15] and so on) that
the solution to (3.16) admits the following estimate:

[Wallgra-s < C(IIéz(xl(y%u;“l) = Ga(@®(y),u3 )| craso + 15+ (@3(9) = A (23 (y) | o120

HGlorso+ Y M Willorso + D0 1005 Willor-s

k=1,2;j=1,2,3 k=1,2;j=1,2,3
+ > I WE W2)llor-s0 + > b2 Willer-s0 + |11 (y )E(yz)+b32(y)3'(y2)llc1—60>
k=1,2 1<;<3
< Ce([|[Whllgra-so + [[Wallgra-so + [[Wslcria-50 + [|E(y2)[[c11-50)- (3.17)

Substituting (3.15) into (3.17) yields
[IWs]|cri-so < Ce(||Wi||cra-s0 + |Wallgri-s)- (3.18)

Next, we treat Wa by using the equations (3.5) and (3.6).
Since the characteristics y2 = yi(y1,8)(i = 1,2) starting from the point (0, 3) satisfies

v _ (u — (FL w5 — SN~ Glw))
dyv  (fa = fud = (1= y0)¢(y2) (ug ™" = (ff + v2(fh — f1))ui ™) (3.19)
y5(0,8) = 3,

then we obtain

C([Willera-so + [Wallgra-so + [[Wallcra-s0 + [[E(y2))llcr1-5)
CIWillgra-so + [Wallera-so + [[Wallgri-s).- (3.20)

12 (w1, 8) — 3 (1, B)ll cr1-500,1:0,1) <
<

It follows from (3.6) that W5 satisfies

8y1W2 = Hl(y)a
0y, Wa = Ha(y), (3.21)

W(0,0) = 0.
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A tedious but direct computation shows that H;(y) has such a form

H;(y) = di (y)0y, Ws + db(y) Dy, W5 + di(y) W3 + diy(y) W1 + di(y) Wa + dis(y) (3 (y1, B) — 3 (41, 3))
+ db(y)Z(y2) + dy(1)Z (y2) + db ()9 (3 (y1, B) — ya (w1, B)) + dip () (O2uz *(0, Ba(y))
- 82114;“2(0; 61 (y)))a

here 3;(y) is the inverse function of yo = y4(y1, 3), di.(y) € C* for 1 <k < 10 and

2 10
Sldiller <€ Y lidifler < Ce.
k=1 k=3

Thus, taking into account of (3.20), one can obtain from (3.21) that
IW2llgra-s0 < C(IlHillg1-00 + [ Hallcr-50) < ClIWsllgra-s0 + Ce([Willgra-so + [Wallgra-5).
For sufficiently small ¢, one has
Wallgr1-50 < Cl[Wallra-s0 + Cel[Wil[g11-50. (3.22)

Finally, we estimate Wj.

By use of the equation (3.4) with (3.5) and the estimates (3.15), (3.20), we obtain

[Wallexs-s0 < CllWallora-so +Ce([Wallora-so + yb(o1,0) — 1, Dllcsa s
+ ||B2(y) — 61(2!)”01,1750)
< Ce([[Willgri-so + [Wallgri-s0) + Cl[Wsl o115 (3.23)

Combining (3.18), (3.22) with (3.23) yields
[Willgra-so + [Wallgra-s0 + [[Wallcra-s0 < Ce([Willgra-so + [[Wallcri-so + [Wallgra-e )

Thus, for small € we arrive at
Wi =Wy =W; =0.

It follows from (3.15) that

Therefore, we can obtain p*!(y) = p*2(y), ui" (y) = ui*(v), u3 " (y) = ug*(y) and Gi(y2) = Ga(ys)
immediately. This leads to the proof of Theorem 1.1.
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§4. The proofs of Theorem 1.2 and Theorem 1.3

Based on Theorem 1.1, in this section we show the ill-posedness results in Theorem 1.2 and Theorem
1.3. We begin with the proof of Theorem 1.2.

Proof of Theorem 1.2 The proof will be divided into two steps.

Step 1. (p*,u]) and uj can be extended into a C?-smooth functions for z, € [-3,3], which are
symmetric and anti-symmetric with respect to zo = £1 respectively, while can be extended
into a C3-smooth symmetric function on [-3, 3].

Indeed, for any C* solution (p*,uj,u3), the system (1.1) can be rewritten as

o1(p*uf) + 0a(pTuz) =0,
2 +
uf Ouf +ud douf + %(%p*‘ =0, (4.1)

2 +
ul O1ug + ug doug + %(%p*‘ =0.

Since (p* (x1,-),uf (z1,-),us (z1,-)) € C?[—1,1], it then follows from the boundary conditions u3 (z1,
+1) = 0 and the third equation in (4.1) that

Oapt (1, £1) = 0. (4.2)
By u3 (x1,41) = 0 and the third equality in (1.8), one can get
¢'(£1) = 0. (4.3)
Differentiating the first equality in (1.8) implies
O [pur](§(w2), 22)€ (2) + Oa[pua](§(22), w2) — & (w2)[pua] (€(22), 22) — €' (22) D2 [pus] (§(22), 22) = 0. (4.4)
Substituting (4.3) and w3 (z1,41) = 0 into (4.4) yields
Do[pur(€(£1), £1) = 0. (4.5)

This, together with (4.2), shows
Oouf (£(£1),41) = 0. (4.6)

Furthermore, the second equation in (4.1) yields
uf (w1, £1)01 (O2uf (21, £1)) + (Or1uy + Oous ) (w1, £1)douf (21, £1) = 0. (4.7)

It follows from (4.7) and (4.6) that
Oouif (21,41) = 0. (4.8)

Noting that
8182(p+uf) + 8§p+u§r + 25‘2;)+82u§r + p+822u§r =0,

one obtains from (4.2), (4.8) and uJ (z1,+1) = 0 that

d3uF (x1,£1) = 0. (4.9)
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Next we show £B)(£1) = 0.
By the third equality in (1.8) we obtain

52 ([pu1u21<f<xz>, xz>) € () [P(p) + pud)(€(a2). 22) — 26" (22)0 ([P(m T pud)((a). xz))
~(22) 32 ([P(m T ) (E(z), x2)> —0. (4.10)

We can conclude from (4.2), (4.3), (4.8), (4.9) and (4.10) that

@ (£1) =0. (4.11)
Set
£(2 — x2), x2 € [1,3];
E(:L’g) = 5(252), T2 € [_L 1];
f(—:[:g — 2), To € —3, —1]
and
uf(zy,2 — o), x2 € [1,3];
U (21, w2) = ui (w1, 2),  wa € [-1,1];
uf(xy, —xo — 2), x9 € [-3,—1]
and
—ugt(xlﬂ—xg), x9 € [1,3];
U;(xlva): uét(xth)a T2 € [_151]7
—uf(z1, —29 — 2), x9 € [—3, —1]
and
pE (21,2 — x2), ry € [1,3];
Ui (z1,22) =< pH(ar,a2), a2 €[-11];
pE (1, —22 — 2), z2 € [-3, 1]
Then it follows from (4.2), (4.3), (4.8) and (4.9) that (Ui", U, Us) € C? and E(z2)) € C? is a transonic

solution to (1.1) in the domain [—1,1; —3, 3]. Moreover, the shock goes through the point (z1, —1).
Step 2. It holds that &(x2) = uj (z1,72) =0, and u] (z), p* () are independent of zs.
Based on a similar idea as in Step 1 and the uniqueness result in Theorem 1.1, it can be checked easily

(D). (uf (z), pT(z),&(x2)) is symmetric and uJ () is anti-symmetrical with respect to 2o = 0 respec-
tively (where o = 0 and x5 = —1 are regarded as the fixed walls of the nozzle).

(I)2. (uf (z),p"(2),&(22)) is symmetric and uj (z) is anti-symmetrical with respect to z3 = 0,44
respectively (where we regard zo = —% and zo = —1 as the fixed walls of the nozzle).

More generally, for any m > 2 and m € N, one can show that

(I)m- (uf (), pt(z),&(x2)) is symmetric and uf (z) is anti-symmetrical with respect to z3 = +5% for
k=0,1,..,2™ — 1 (where 2 = —(1 — 5) and @3 = —1 are regarded as the fixed walls of the nozzle).
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Thus due to the density of izim(k =0,1,...,2™ —1) in [—1, 1], one can conclude that
us () =0,&(x2) =0 and uj (x), p*(x) are independent of zo.

We now can complete the proof of Theorem 1.2.

Based on Step 2, it follows from the system (4.1) that

pFa)uf (1) =Cr, Plp™ (1)) + p* (1) (uff (21))” = o

In terms of the Rankine-Hugoniot conditions (1.8) we obtain

pt(z1)uy (1) = podo, P(pt (1)) + p* (1) (uf (21))* = P(po) + fodo- (4.12)

Since (po,Go) # (po,qo), then combining with the entropy condition (1.9) yields p*(z1) # p+. This is
contradictory with the boundary condition (1.10). Therefore, we complete the proof on Theorem 1.2.

Next, we turn to the proof of Theorem 1.3.
Proof of Theorem 1.3 Introducing the polar coordinates
0 _ 0 _ o
x1 — 2y =71cosh, To — Ty =Tsinb.

Assume that u] (z) = UT(r,0)cos0,uj (x) = U (r,0)sinf and p*(z) = p*(r,0), and the shock is
denoted by r = {(0), then (1.1) can be rewritten as

0, (ptUT) + £ =,
{ (™) g (4.13)

Uto,Ut + <o pt = 0.
Analogous to the proof in Theorem 1.2, under the assumptions in Theorem 1.3, if the supersonic flow
is symmetric in 1 > —%, then one can show that
Ut(r,0) and p'(r,0) areindependent of 6, and ((0)=rg
with ro = (21 — 29) sec ap.

If the supersonic coming flow is (po, go cos @, gp sinf) in r € [(—% — 29) sec ag, o], then the conditions
(1.8) imply that

p*(ro) = ps, U™ (ro) = g+ (4.14)
Furthermore, we derive from (4.13) that
Ute2(ot
o (U7 I 415
T + - p+(U+)2 ( . )
P TEG =TT
r(c?(pt)—(UT)?)

Hence the end density p*(r)|r:(1,zcl))sec o 18 completely determined by (4.14) and (4.15). Thus,

Theorem 1.3 is proved.
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Remark. 4.1. From (4.15), we know that the boundary condition on p* at the exit » = 1 should
satisty

20+ 2yg o+ (U2
((p") = (UT))Orp™ = ——p" =0. (4.16)
Noting that ¢2(p*) — (U1)? > 0 holds for the subsonic flow, thus the boundary condition (4.16) is not
an appropriate one for the second order elliptic equation (2.8). In addition, it is obvious from (4.16) that

the transonic problem (1.1) is also ill-posed when the pressure is arbitrarily given at the exit.

§5. Further Results

In this final section, we will generalize some of the results discussed in the previous sections. The first
main result is that the ill-posedness of Theorem 1.2 can be generalized to the non-isentropic flows, and
the second result is that the Courant-Friedrich conjecture holds true for some special nozzle flows.

First, we claim that for nonisentropic Euler system, the transonic shock problem as formulated in §1 is
still ill-posed when the pressure at the exit is arbitrarily given. Indeed, we consider the steady full Euler

system:
O (pur) + 92(puz) =0,

(pu
o (pui + P) + Da(puqug) =0, (5.1)
01 (puruz) + 0a(puj + P) = 0, '
01 ((pe + gplul® + P)ur) + d2((pe + 3plul* + P)uz) = 0,
which is equivalent to
O1(pur) + 9a(puz) =0,
u101u1 + uzdauy + alp =0,
(5.2)

u101ug + UQaQUQ + 82P =0,

U101 + ug02S =

for any C'-smooth solution (p,u1,us,S), where S is the specific entropy. Then we have the following
generalization of Theorem 1.2:

Theorem 5.1 (Ill-Posedness) Assume that the walls of the nozze are flat, i.e., fi(x1) = (—1)7,
(i = 1,2), and the constant supersonic incoming flow (po, do,0,So) and the end pressure py(x2) = py
satisfy (po, Go, So) # (po,qo, So), where (po,qo,0,S0) and (p+,q+,0,S54) form a normal transonic shock
for (5.1). Then the problem (5.1) with boundary conditions (1.7) - (1.11) has no transonic shock solution
(p(x),u1(x), uz(x), S(x);£(x2)) such that

(p+(x),uf(x),u§r(x), S+((E),£({E2)) = (pvul(x)aUQ(x)vs(x);f(xQ))|Q+v

where Ot = QN {z1 > &(x2)}, has the following properties:
(i). &(x2) € C’3[ 1,1], moreover, ||£(x2) — a1||csj—1,1) < Ce.
(i3). (pT,uf,ud,S%)(x) € C%(Qy) and satisfies

o™ = prllez + lluf — arllez + lluglloz + 15T = Sille= < Ce.
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Sketch of Proof First, in an analogous way as in the proof of Theorem 1.1, one can establish a similar
uniqueness result with the corresponding regularity assumptions (see Remark 1.5). Then, based on the
uniqueness result, the ill-posedness in Theorem 5.1 can be proved in the same way as for Theorem 1.2
provided one can show that

Oop™t (1, £1) = Douy (21, %1) = 28T (21, £1) = 03ug (1, £1) = € (£1) = 0 (5.3)
in order to ensure the required regularity of extended solutions.
We now prove (5.3). On the shock z1 = £(z2), the Rankine-Hugoniot conditions are

[pur] — &' (x2)[puz2] = 0,

[P(p,S) + pui] — & (x2)[purus] = 0,
[

[

purs] — € (22)[Plp, S) + pu3] = 0, 54)
(pe(p, S) + 5p(uf +u3) + P(p, S))ur] — &' (x2)[(pe(p, S) + 5p(uf + u3) + P(p, S))uz] = 0.
As in Lemma 3.2, we can derive
¢(£1) = 0. (5.5)

Analogous to (3.11), it follows from (5.5) and uj (x1,+1) = 0 that

Oa[pun](§(£1), £1) =
0a[P(p, 8) + pui] (€(+ ) +1) =0, (5.6)
Ba[(pe(p, S) + 5p(uf + u3) + P(p, S))u](§(£1),£1) =0

This implies at the points (£(£1),+1) that

ptOouf +ufdept =0,
20Tl dout + (P (pt, 1) + (uf)?)d2p™ + s P(p+,87)028T =0,

(#retot 5+ 27t PO 57 )ouud +uf (0, 5%) 4 " 0pe(pt,5) 4 40P 6)

+0,P(p*, S+)) Dopt 4+ uf <p+8se(p+, ST) 4+ dsP(p™, S+)) 0S5t =0.

For the polytropic gas, the determinant of the coefficient matrix of (5.7) equals to
(P")*uf dse(p™, ST)(c*(p7) = (ui)?) # 0,
o (5.7) yields:
Oyt (§(£1), £1) = Bt (€(£1), £1) = DoS* (§(£1), £1) = 0. (5.8)

Next, we prove that dop™(z1,+1) = Oouf (z1,£1) = 0257 (z1, £1) = Zud (x1,+1) = €B)(£1) = 0
hold.

Due to uj (z1,+1) = 0 and the fourth equation in (5.2), we get

018 (21, £1) = 0.
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This leads to
St (xy,£1) = ST(£(F1), £1). (5.9)

Furthermore, it follows from the fourth equation in (5.2) and (5.9) that
ul (21, £1)01 (025" (z1, £1)) + oug (w1, 4£1)00S™ (21, £1) = 0. (5.10)

This, together with (5.8), shows
025 T (21, +1) = 0. (5.11)

Note that the third equation in (5.2) yields:

(FE2) oo an + (2PN s asn 0. Ga2)

As a consequence of (5.11) and (5.12), one gets
Oapt (21, £1) = 0. (5.13)

Now making use of (5.9), (5.11) and (5.13), and proceeding in the same way as in the proof of Theorem
1.2, we can arrive at
douf (w1, +1) = Buf (v1, +1) = €3 (£1) = 0.

Consequently, the proof of Theorem 5.1 is considered as completed.

Finally, we would like to emphasize that despite the ill-posedness results in Theorem 1.2 - 1.3 and
Theorem 5.1, yet there are large class of nozzles and flows such that the Courant-Friedrich’s conjecture
for transonic shock phenomena in nozzles holds true. Indeed, we consider a two-dimensional nozzle whose
divergent part is symmetric for r = \/2? + 23 € (ry, r2) for some positive constants r; < r5. Furthermore,
we assume that the supersonic incoming is symmetric in r near r = rq, i.e.,

(p~,uy,uq, S ) (1,22) = (po(r), Up(r) cos 0, Up(r) sin 6, Sg) for r >y, (5.14)

where (r,6) is the plan coordinates in IR?, and Sy is constant.
For definiteness, we assume that the flow is polytropic. Then we have the following well-posedness
result:

Theorem 5.2 There exist two positive constants Py and P with Py < Pa, which are determined by
the incoming flow and the nozzle, such that if the constant end pressure P, satisfies P. € (P1, Py), then
the full Euler system (5.1) has a unique symmetric (i.e. depending only on r) solution. Moreover, the
strength and location of the transonic shock is determined uniquely by the end pressure P,.

Proof Across the shock r = rg, 1 < 719 < 1o, the specific entropy S may change. However, we

are looking for smooth solution before and after the shock, so the entropies S~ and St are constants

respectively. Then, due to the symmetry properties, the full Euler system is equivalent to the following

equations: J

%(Tpi Ui) = Oa

€ (1(Ui)2 T (ot si)) ~0

dr \ 2 a -
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The Rankine-Hugoniot conditions across the shock at r = ry are

[pU] =0,
2 _
P ;LP] =0, (5.16)
{p (5U2 +e> U+PU] = 0.
It follows from (5.15) and (5.16) that
rpt (MU (r)=mg for 7>ry, and rp (r)U (r)=mg for r<rg (5.17)
with mo = rip~ (r1)U~ (r1).
In addition, we derive from (5.15) that
2 + 2
20+ Mo dp™(r) __ M f >
R Tt B (5.18)
2 - 2 :
2/ — mo dp~(r) my
= f < .
(C (p ) 7'2 (p_ (T'))Q) d?" 7“3p— (7") or r<r7mT
and
dU* _ moc?(pt)
& R - ) 510
d((Ui)Q _ CQ(pi)) B (23pp(pi,5i) 4 piaﬁp(pi, Si))(Ui)Q .
dr - r((U*)? = (p))
For the polytropic gas, 20,P(p*, S¥) + p=82P(p*, 5F) > 0 (see [8]).
Thus, for the subsonic flow in r > g it holds that % > 0 and % < 0. This implies that p*(r)

is an increasing function and U™ (r) is a decreasing function for r > ry. Similarly, p~(r) is an decreasing
function and U~ (r) is an increasing function for r < rg. Moreover, it follows from a direct computation
that (5.16) has a unique subsonic state (p™(rq), U (ro), St (r0)) for r = ro. From these properties, one
can derive that the supersonic flow and the subsonic flow exist uniquely in [r1, ro] and [rg, r2] respectively,
in particular, S*(r) = ST (r¢) holds for r > rq.

To show Theorem 5.2, we only need to show that for P, in an appropriate range, there exists a unique
ro € [r1,72] so that the end pressure of the subsonic state (p™, U™, ST) is P..

In fact, it follows from (5.15) and (5.16) that

rot (MU (r) = mo,
{ 3(UT(r)? + h(p*(r),S*(r0)) = B, (5.20)
with h(p,S) = e(p, S) + P(Z,S).
In particular, +( | +( )
Top (T2 UT(ry) = mo,
{ LU (r2))? + h(p* (r2), ST (1)) = B, (5.21)

Now we derive a relation between the shock position r¢g and the end pressure PT(rz).
28



Below we should keep in mind that p*(rg), Ut (ro), S*(ro), 70,0 (r2) and U™ (re) will be a smooth
function of Pt (ry).

Due to the second law of thermodynamics de = T'dS — Pd(%) (here T is the absolute temperature),
we derive from the first and the second equations in (5.20) that

{ A (o) (r0)) = =+ (ro)U* (o) 2, 5
pT(ro) Ut (ro)dU™ (ro) = —p™ (ro)T T (r9)dS™ (ro) — dP ™ (r2). .
In addition, it follows from the second equation in (5.16) and (5.22) that
PU?1(70) 2 = = ()T (ro)dS (1) (5.2
By the second equation in (5.21) and the state equations of polytropic gas we have
dS* (rg) = (U7 (r2)" = Hp™ (r2)) dP* (r2). (5.24)
(0% r2)) ()T 12) = (U 12) 20502
Thus it follows from (5.23) and (5.24) that
210,470 _ p*(ro)T™* (ro) (c*(r2) — (U™ (r2))?) +r
= B o o T )~ U G P @5 o)

with p*(ra) = p(P(r2), ST (ro)).

Since p*(r2)T*(r2) — (U (r2))?0sp™ (r2) > pF(ra)TH(r2) — A(r2)(0sp™)(r2) = pT(r2)TH(r2) +
(0sP1)(re) > 0 for the polytropic gas, and [pU?](r¢) < 0 holds due to [pU? + P](rg) = 0 and [P](ro) > 0,
then we conclude that 7 is a strictly decreasing function of the end pressure P*(ry). When r9 = 71 or
ro = 1o, it follows from (5.16), (5.18), (5.19) and the analysis above that we can obtain two different
pressures P; and P, with P; < P5 (P; and P, correspond to the end pressures for ro = 9 and 79 = rq re-
spectively). Therefore, by the monotonicity and continuity of ro with respect to the end pressure PT(rs),
one can obtain the unique symmetric transonic shock for P*(ry) € (P, P2). Namely, Theorem 5.2 is
proved.

Remark The uniqueness of the transonic shock in Theorem 5.2 in two space dimensions will be given
in our forthcoming paper [24].
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