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Abstract: In this paper we intend to understand the influences of the
damping term |u|®~'u on the well-posedness of the classical incom-
pressible Navier-Stokes equations. Our results show that the Cauchy
problem of the damped Navier-Stokes equations will have global weak
solutions for any 8 > 1, global strong solutions for any 5 > 7/2 and
will have unique strong solution for any 7/2 < § < 5. Note that when
1 < B < 4, the solutions of the damped Navier-Stokes equations do
not belong to the Serrin’s class, which is the regularity class of the
classical Navier-Stokes equations.
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1 Introduction

We consider the following incompressible Navier—Stokes equations with damping

term
uy — pAu+u-Vu+ alul’lu+Vp=0, (x,t)e R x(0,T),
divu = 0, (z,t) € R®* x [0,T), (1)
U |4—o= o, r € R, '
lu| — 0, as |z| — oo.
The unknown functions here are u = wu(z,t) = (ui(x,t), us(z,t), uz(z,t)) and

p(z,t), which stand for the velocity fields and the pressure of the flow, respec-
tively. o|u|?~'u is a damping term with 3 > 1, > 0 two constants. The given
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functions uy = ug(x) is the initial velocity. The constant p > 0 represents the
viscosity coefficient of the flow.

Although many mathematical studies have been made for the well-posedness
of the 3-D classical incompressible Navier-Stokes equation (see [7],[9], [5] and
references therein), the uniqueness of weak solutions and the global existence
(on time) of strong solution remain completely open. Introducing the class
L#(0,T; L?), Serrin showed that if u is a weak solution in such a class with
2/s +3/q < 1, then u is smooth. Since Serrin’s criterion, many efforts have
been made to obtain a larger class of weak solution in which uniqueness and
regularity hold. Generally speaking, up to now, the obtained results show that
if the weak solutions u(z,t) of the classical Navier-Stokes equations belongs to
L*(0,T; L9) with 2/s + 3/q < 1 satisfying 2 < s < 00,3 < ¢ < 00, then the
weak solution is regular and unique(see [3],[2], [4], [6], [8], [1], [7] and references
therein). The class L*(0,7; L?) is also called Serrin’s class.

In this paper, we consider the Cauchy problem (1.1) of the classical Navier-
Stokes equations with damping term |u|’~'u. The damping term is from the
resistance to the motion of the flow. It describes various physical situations such
as porous media flow and so on. Roughly speaking, the damping term will make
the solutions of the classical incompressible Navier-Stokes equations ”better”. In
this paper we intend to understand the influences of the damping term |u|*~lu
on the well-posedness of the classical incompressible Navier-Stokes equations.

The usual a priori energy estimates to the damped Navier-Stokes equations
leads directly to u € LP+1(0, T; LA+1(R3)). We will show that there exist global
weak solutions of (1.1) for any § > 1 and there exists a global strong solution for
any > 7/2. However, the damping term causes new difficulties in the proof of
the uniqueness of the strong solution. We will prove that for any 7/2 < § < 5,
the global strong solution is unique. But it is still not available for the case 8 > 5.
Recalling the Serrin’s class to the classical Navier-Stokes equations, the solutions
of (1.1) will belong to Serrin’s class if and only if 3 > 4. Therefore, our result
shows that the damped Navier-Stokes equations have special features of its own
especially in the aspect of regularity of the solutions.

We apply the Galerkin method to construct the approximate solutions and
make more delicate a prior estimates to proceed compactness arguments. We
are happy to find that new more a priori estimates guarantee that the obtained
solution u belongs to L>(0, T} W&f(RS)) NL>(0,T; LPTY(R*))NL2(0, T; H*(R?))
for 5 > % and the strong solution is unique when g < B <5,

Before ending this section, we introduce some notations of function space



which will be used later.

The space LP(R?), 1 < p < oo, represents the usual Lebesgue spaces of scalar
functions as well as that of vector-valued functions with norm denoted by || - ||, -
Let C3%, (R?) denote the set of all C'™ real vector-valued functions u = (uy, ug, us)
with compact support in R? such that divu = 0. Then the function space LE(R?),
1 < p < o0, is defined as the closure of C§%(R?) in LP(R?) endowed with norm
| -]l, - We define W*P(R3) the usual Sobolev space with the norm || - ||, and
Wéﬁf(Q) is the closure of (g% (Q2) with respect to || - [|x,. When p = 2, we
denote WH2(R3) by H¥(R?). Given a Banach space X with norm || - ||x, we
denote by LP(0,7T; X), 1 < p < oo, the set of function f(t) defined on (0,7") with

T
values in X such that / ()% dt < co. In this paper, we use C to express an
0

absolute constant which may change from line to line.

The rest of the paper is organized as follows. In Section 2, we prove the global
weak solutions of (1.1) for any # > 1. In Section 3, we prove global existence of
strong solution for any 3 > % and existence and uniqueness of strong solution for
% < B < 5 for the Cauchy problem (1.1).

2 Existence of weak solutions

In this section, we prove the global existence of weak solutions for the problem

(1.1). The definition of weak solutions is given as usual way as follows.

Definition 1 The functions pair (u(x,t),p(z,t)) is called a weak solution of
the problem (1.1) if for any T' > 0, the following conditions are satisfied:

1) u e L=(0,T; L2(R*)) N L*(0, T; Wy 7 (R%)) N LPHL(0, T; LPHL(RY)),

2) For any ® € C3%,([0,T] x R?) with ®(-,T') = 0, we have

T T T
- / (u, @) dt + u/ / Vu: Vo dxdt — / / (u-V)ud dxdt
0 0 JR3 0 Jr3

‘ (2.1)
+a/ / ’u’ﬁil/U/@ dl’dt - (UO, (bo)7
0 R3

3) div u(x,t) = 0 for a.e. (z,t) € R®x [0,T).

In (2.1), Vu denotes matrix (0;u;)s3x3 and for two matrixes A = (a;;) and
B = (bi;), the matrix A : B = ¥}, a;;b;. Here (, ) means the inner product in
L*(R3).

The following Lemma is a compactness result of which proof is referred to [9].

Lemma 2.1 Let Xy, X be Hilbert spaces satisfying a compact imbedding



Xo —— X. Let 0 <y < 1and (v;)32, be a sequence in L*(R; X) satisfying

00 +oo
sup( [ uyll%, dt) < oo, sup([ || dr) < oo
J - J

where
. Feo —omirt
(1) = / v(t)exp Tt dt

—0o0
is the Fourier transformation of v(¢) on the time variable. Then there exists a sub-

sequence of (v;)?2; which converges strongly in L*(R; X) to some v € L*(R; X).

Our main result of this section reads as

Theorem 1 Suppose that 3 > 1 and uy € L?(R?). Then for any given
T > 0, there exists a weak solution (u(z,t),p(z,t)) to the problem (1.1)
such that

we L*(0,T; L2(R%)) N L*(0, T W2 (R%)) N LPT(0, T; LP+ (RY)).

Moreover,
2 r 2 T B+1 2
sup JJull3e + 20 [ IVu(®)|3e dt+20 [ a7 dt < Jullfs (22)
0<t<T 0 0

Proof: We employ the Galerkin approximations to prove the theorem. The
approach is similar to that of ([9]) for the classical Navier-Stokes equations.

: 1,2 . . . 1,2 .
Since Wy, is separable and Cg, is dense in W7, there exists a sequence

A . 1,2
w1, wa, * + +, W, of elements of CgY,, which is free and total in W>7. For each m we

0,0

define an approximate solution u,, as follows:
U = 2L Gim () wi ()
and

(1 (1), wj) + (Ve (t), Vag) + (wn(t) - Vg (t),w))
=0,

et | (), wj) (2.3)

te0,7],7=1,2,---,m.
and ug,, — up in L2, as m — oc.
We have a priori estimates on the approximate solutions u,, as follows.

Lemma 2.2 Suppose that ug € L2. Then for any given 7 > 0 and any
£ > 1, we have

SUPg<i<T HumHLE + HumHLQ(O,T;WOl’f) + | umHLﬂ“(O,T;L"“) <G,



where C' is a constant independent of 7" and m.
Proof: Multiplying on both sides of (2.3) by gj(t) and sum over j =

1,---,m, we have

1d
e ol + 1l V22 + e 35 < 0
where we have used the fact that ((u- V)v,v) =0 for u € VVOIU2 for v € Wh2,

Integrating over (0,7") on time ¢, we obtain

T T
sup [ 32(t) + 20 [ [ VumllEa dt+20 [ Junlf5h dt < Juold (24)
0<t<T 0 0

(2.2) is obtained by (2.4). The proof of Lemma 2.2 is finished.

By a standard procedure, applying Lemma 2.2, we obtain the global exis-
tence of the approximate solutions u,, € L>(0,T; L2(R*)) N L*(0,T; Wy 2 (R®)) N
L0, T; LPH(R3)). Next, we will use Lemma 2.1 to prove the strong conver-
gence of u,, (or its subsequence) in L? N L([0,T] x R3). To this end, we denote
U, the function from R into Wol,f, which is equal to w,, on [0,7] and to 0 on
the complement of this interval. Similarly, we prolong g;,(t) to R by defining
Gim(t) = 0 for t € R\[0,T]. The Fourier transform on time variable of @, and
Jim 1s denoted by Uy and f}m respectively.

Note that the approximate solutions u,, satisfy

o 5) = (T (8), V) + (1) - Vi), )
i (| i (1), w5) (2.5)
= (F,w5) + (@it (), )
j=1,2,--- m.

where (fin,w;) = (Vi (t), Vw;) + (T (t) - Vit (1), w;).
Taking the Fourier transform about the time variable, (2.5) gives

27Ti7(ﬁm,wj) = (fm,wj) + a(|ﬂm|@m(t),wj)

+(Uom, wy) — (U (T), w;j)exp(—2miT'T),

where fm denote the Fourier transforms of f,,.

Multiply (2.6) by §jm(7') and add the resulting equations for j = 1,---,m to
get: X -

i (7) I3 = (o (7)) + il (7))

+ (U Up) — (U (T), o )exp(—273T'T).



For any v € L2((0,T); HY) N L0, T'; LP*Y), we have

(fm(t)v U) - (Vumv VU) + (um : vumvv)
< C(IVumll3 + [[Vumll) o]l -

It follows that for any given 7" > 0

T T 9
L 1@l dt < [ CUVan @I+ [Vun(®)ll) dt < €,

and hence

~ T
SUD [| £ (7)1 S/O [ ()] 111 dt < C. (2.8)
TE
Moreover, it follows from Lemma 2.2 that

T 51 T 8
L Ml s dt < [ -t <

which implies that
sup [Pt 2 (7) < C. (2.9)
TER B

From Lemma 2.2, we have
[um(0)[| < O, lum(T)|| < C. (2.10)
We deduce from (2.7)-(2.10) that
[t (T) (I < Clam () [[ar1 + [t (T) | 5:41)-

For any ~ fixed 0 < < =, we observe that

1+ |7
2y
|77 < Cl n \7]1—27’%- € R.
Thus
+o0 2 too 14 ’T‘ 2
| ()1 ar < / muummna dr

||um HHl
Hum [[tm (7)1
d
+ /oo 1+’T‘1 2y T

Thanks to the Parseval equality and Lemma 2.2, the first integral on the right
hand side of (2.11) is bounded uniformly on m.

By the Schwarz inequality, the Parseval equality and Lemma 2.2, we have

/+oo | G (7) || 11 dr < (/+oo dr ar)

oo T T e T )

=

([ lan (@) dt)? < € (212



for 0 < v < i.
Similarly, we have
oo [|a(7) g1 +oo dr 5 oo . o
Il o, ([ ([ ) dry
/_oo 1+ |72 ( e (1+‘T’1 27)%) ( . [t (7) || 531(7) dT)

< O T an)lh (r) Ay

< OTFH ([ 30 dn)?
0
(2.13)
It follows from (2.11) that

+oo N
| i)l dr < © (2.14)

Taking Xy = Wolﬁ, X = L? in Lemma 2.1, in view of Lemma 2.2 and (2.14),
we obtain that there exists a subsequence of u,,, still denoted by itself, such that
Uy — u strongly in L*(0,T; L?) and Vu,, — Vu weakly in L?(0,T; L?). Noting
that /T /R3 lu|*T dxdt < C, we obtain that u,, — u strongly in L?(0, T; L) for
2 < p0< (B + 1. These convergences guarantee that u(x,t) is a weak solution of
(1.1). The details is referred to [9] and we omit it here.

The proof of Theorem 1 is proved.

3 Existence and uniqueness of strong solution

We call the function pair (u(zx,t), p(z,t)) the strong solution of the problem (1.1)
if it is a weak solution of (1.1) satisfying that

u € L=(0,T; Wy 2(R*) N L*(0,T; H*(R®)) N L*(0, T; LT (R?)).

We remark that as what has done in the classical Navier-Stikes equations, if
(u(z,t), p(x,t)) is a strong solution of (1.1), then the pressure function p(z,t) can
be determined uniquely from the velocity field u(z,t).

As a preliminary, we recall the known Gagliardo-Nirenberg inequality as fol-
lows.

Lemma 3.1 (Gagliardo-Nirenberg inequality) Assume that q and r sat-
isfy 1 < g,r < 0o, and j, m are arbitrary integers satisfying 0 < j < m. Assume
u € CP(R™) , then

ID7ul|ze < ClID™ul|f [l 12°, (3.1)



where L = + (2 — ™) 4+ (1 —a)i, L <a <1, and the constant C only depends
p n r n q’m

on n,m,j,q,7,a. If m — j — = is a nonnegative integers, the above inequality

holds for # <a<l.

Our main results of this section is stated as
Theorem 2 Suppose that § > % and ug € VVol(,2 N L°*1 Then there
exists a strong solution (u(z,t), p(z,t)) to the problem (1.1) satisfying

u € L®(0,T; Wo2(R*)) N L>(0,T; L7 (R*) N L*(0, T; H*(R)),

Vulu|T € L2(0,T; L*(R®));us € L2(0, T; L*(R®)).
Moreover when % < B <5, the strong solution is unique.

Proof: The existence of strong solution is based on the following a priori
estimates.

Lemma 3.2 Suppose that ((u(z,t),p(z,t))) is a smooth

solution of the problem (1.1). Then for any 3 > %, we have

1 Bt
supgerr (Va3 + [lulli1) + uelloa + 1 Aullz2 + [Vl [ul = |20
. (3.2)
+O‘(L)/ [l |u[*P dz < C.

2 R3

Proof of Lemma 3.2: Multiply the first equation of (1.1) by u;, —Au and
integrate the resulting equation on R? respectively to obtain

pd 2 a d / B+1 / 2
—— d — d d
2 dt R3\Vu] x+ﬁ—|—1dt RSW v RByut‘ v
(3.3)
= —/ uu - Vude,
R3
1d 2 2 B-1 2
—— [ |Vu] dx—i—,u/ |Aul dx+04/ lu|” | Vul|* dx
2dt Jrs R3 R (3.4)
1 .
—i—M/ Ju| 3|V |u)?|? dz = / (u-Vu)Audz.
4 R3 R3
Adding (3.3),(3.4) and using Hélder inequality, Young inequality yield
ptld 2 a d B+1 3#/ 2
proa dr + -2 2 de+ 22 [ |Aul?d
2t S | VAT G G W A 1A de
1
—|——/ |ut\2dx+oz/ lu|’~ | Vul? do (3.5)
2 Jr3 R3

-1
+O‘(L)/ u|?? |V |ul?? dz < C/ - Vul*dz = J.
4 R3 R3

The estimates of J are divided into the following two cases.



Case I: Using Gagliardo-Nirenberg inequality (3.1), we have
||VUH2(ﬁ+1) < Cl|Aull; ||U||ﬁ+1

where 3 satisfies

1 11-p
—<a= <1,
2~ g4+7 =
that is,
2<p<5.

Using Holder inequality, (3.6) and Young inequality, we have

J < CHUHﬁHHVUH2<ﬂ+1

2(117,6 4(8-2)

< CllullfalAully ™ Jlull 57

-p) 64D
< ClAully 7 flullgiy
3(8+1)

< fllAull3 + Cllullgt

If % > [+ 1, that is, 2 < 3 < 5, it directly follows that

B2+5

7 < Bl + Ol
In (3.10) we demand that
Ap—F+5>20=-1<p<5,
4B-R+5<(B-2)B+1)=>p>1.
Combing (3.8) with (3.11), we obtain the restrictions of 3:
7
3 <pB <5

Substituting (3.10) into (3.5), we have

B+1

(n+1) SUPg<¢<T HVu(t)HQ + g+1 SUPo<¢<T [Ju(t )HﬂJrl + MHAUH%ZT

=) a(f—1) -
el air + 208l lul [Vl o + = [ a7 V]l da

188245 g5
< CGXP(HUH,@+1 g1l 7

7) % (IIVuo 3 + luolI§31),

where (3 satisfies (3.12).
Case II: Using Gagliardo-Nirenberg inequality, we have

[Vullzgen < CllAulglull

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)



1 g+4

<g= =" ,

2~ 2(6+1) —
that is,

B>2.

Using Holder inequality, (3.14) and Young inequality, we obtain

T < Cllulf Vel
s g
< Clfulfalul ™

4(B+1)

< HllAu]3 + Cllullgh™ [lulls.

If %0 < B+ 1, that is,
f>6

Substituting (3.17) into (3.5), we have

(n+1) SUPg<¢<T HVu(t)H% + % SUPg<¢<T HU(t)Hgﬁ + MHAuH%Q;T

-1 (B —1) -
el + 208l lul = [Vl o + = [ Jul V]l da

2 = 5= 2 B+1
< Cllullz oo lull g5 11,7 T772) + ([ Vuollz + lluollsr),

where (3 satisfies (3.18).

If 050 > 3+ 1, that is,
B<6

It directly follows that

56-8246

% 53
J < ZHAuH% + Cllullgillels s uls

In (3.21) we demand that

56-3+6>0=—-1<p3<6,
- +6<(8-2)(B+1)=p>4

Combing (3.20) and (3.22), we obtain

4<p<6.
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(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Substituting (3.17) into (3.5), we have

o] 1
(1 + 1) supp<i<r IVu(t)]|3 + % SUPg<¢<T ||U(t)’|gi1 + MHAUH%ZT

g1 a(f—1) _
Flluill3 0 + 208 [u =z [Vull|3 5.0 + — /R3 ul PV uPPde (3.24)
(BD(6-8)

BrOE=F)  25-5
< Cexp([[uld sorrllull s 532722 ) x (| Vuoll3 + lluoll311)

where (3 satisfies (3.23).

Combing (3.5), (3.13),(3.19) and (3.24), we obtain that, for any 5> %
2 B+1 s
supo<s<r ([ Vullz + llullgin) + ludlly o + 1Aull2 oz + [[Vullul =" {2 20
(3.25)

1
GGl )/ |3V |ul?? dz < C.
2 R3

The proof of Lemma 3.2 is proved.

Now we proceed to prove the uniqueness of the strong solutions of Theorem
2. Assume that under the same initial data, there exist two strong solutions
(u, p),(@, p) of the equations of (1.1) satisfying

T T T
—/ (u,@t)dt+u/ / Vu:VCIDdxdt—/ [ - V)ud dodt
0 0 R3 0 R3 (326)
T
ta | / P ud dadt = (ug, Do),
0 R3
T T T
—/ (a,@t)dt—f-u/ / Va:vcbdxdt—/ / (a-V)ud dxdt
0 0 JR3 0 JR3

T (3.27)
to | / )P ad dadt = (i, Bo)
0 R3

for ® € C§%,([0,T] x R*) with ®(-,T') = 0 and by the density argument ([7]) and
([9]) hold actually for ® € L*(0,T; H').
Subtracting (3.26) from (3.27) and taking ® = u—u in the resulting equations,

we obtain
1d _ _ B=1 _
5@““‘“”%+M||V(U—U)||%+Of|||u| = Ju—alll;
g/ ]u—ﬂﬂVﬂ]deroz/ u — al|a||[ul®t - |al?~!| do (3.28)
R3 R3

= ]1 +IQ

where we have used the fact that ((u- V)v,v) = 0,u € Wy7,v e Wh
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Applying Holder and Sobolev inequalities to yield
I < [lu —all]Val2

< C(IV(w = )ll3[Ju = all3)*[[Vull,

L (3.29)
< OV (u =) lu—al [Vl
< e[ V(u— )| + Cllu — @l Va4
and
L<a [ Ju=allalljul - ol dy
R3
<O@=1) [ fu—alllul’+al**||u — allal da
< Cllu — a3||alle]||u]®2 + |ul’~2
< Clu = allaloul-2 + ]2l 530

3 1 _ _ _
< O(IV (= @)ll3 llu = all3)*|[alsll el + 552
< IV — )31l — al alsllll + lall552

< el|V(u—a)[3 + Cllu — all3alldlllul + |allls5 3
In the second inequality of I, we used the fact that

2 — y?| < Cp(|zP~! + [y[P~ )|z — y]

for any x,y > 0, where C' is an absolute constant.

Substituting the estimates of Iy, I into inequality (3.28), choosing € = &, we
obtain
d —12 —\ 112 81 —1112
S llv =l + pllV(w = 072 + 2alul"="[u — afll; (3.31)
_ _ _ 2 2
< Ollu = al3:(|Vall} + lalalllull5E3) + lal55-3)-
Note that
- e s R
[ IREE < [l 12u ™ < sup 5 I8all 7 T
(3.32)

and similar estimate hold true for @ instead of w in (3.32). In (3.32), we have a

restriction of 3 as 0 < S(Zi_;) < 2, that is,

; <B<5 (3.33)

Substituting (3.32) into (3.31) and applying the Gronwall inequality, we obtain
that u = @ for a.e. (z,t) € R® x [0, T] under (3.33). This completes the proof of

Theorem 2.
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