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Abstract

We construct global weak solutions to the compressible Navier-Stokes equations with
density-dependent viscosity coefficients when the initial data is large, discontinuous,
and spherically symmetric. We focus on the case where those coefficients vanish on
vacuum. The solutions are obtained as limits of solutions in annular regions between
two balls, and the equations hold in the sense of distribution in the entire space-time
domain. In particular, we prove the existence of spherically symmetric solutions to
the Saint-Venant model for shallow water.

1 Introduction

The compressible Navier-Stokes equations with density-dependent viscosity coeffi-
cients can be written as

pr + div(pU) = 0, (1.1)
(pU); + div(pU @ U) — div(h(p)D(U)) — V(g(p)divU) + VP(p) =0, (1.2)
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where t € (0,+00) is the time and x € RY N = 2,3 is the spatial coordinate,
while p(x,t), U(x,t) and P(p) = p?(y > 1) stand for the fluid density, velocity and
pressure, respectively. And

_ VU+'VU

D(U) =~

is the strain tensor and h(p), g(p) are the Lamé viscosity coefficients satisfying

h(p) > 0,h(p) + Ng(p) > 0. (1.3)

In the last several decades, significant progress on the system (1.1)-(1.2) with a pos-
itive constant viscosity coefficients has been achieved by many authors. Concerning
the global existence and the large-time behavior of solutions for sufficiently small
data, the system (1.1)-(1.2) (as well as the full compressible Navier-Stokes equations
including the conservation law of energy) is well-understood in the sense that if the
data are small perturbations of an uniform non-vacuum state, then there exists a
(smooth or weak) solution which is time-asymptotically stable (see[22]-[24],[3]). The
situation, however, becomes more complex when the data are large, and a number
of important questions, for example the existence of global solutions in the case of
heat-conducting gases and the uniqueness of weak solutions, still remain open. The
first general result on weak solutions was obtained by Lions in [20], in which he used
the method of weak convergence to obtain global weak solutions provided that the
specific heat ratio «y is appropriately large, for example v > 3N/(N +2), N = 2,3.
Feireisl, Novotny and Petzeltové [7, 8] extended Lions’ existence result to the case
v > N/2 (N = 2,3). Jiang and Zhang [15, 16] showed the global existence of weak
solutions for any v > 1 to the Cauchy problem with spherically symmetric data.
More recently, the global existence of axisymmetric and helically symmetric weak
solutions for any v > 1 was studied in [17, 28].

It is noted that in dealing with large amplitude solutions, one has to face the pos-
sible appearance of vacuum state in general. However, as observed in [11, 32, 21],
the compressible Navier-Stokes equations with constant viscosity coefficients be-
have singularly in the presence of vacuum. By some physical considerations, Liu,
Xin and Yang in [21] introduced the modified compressible Navier-Stokes equations
with density-dependent viscosity coefficients for isentropic fluids. In fact, as pre-
sented in [21], while deriving the compressible Navier-Stokes equations from the
Boltzmann equations by the Chapman-Enskog expansions, the viscosity depends on
the temperature, and correspondingly depends on the density for isentropic cases.
Meanwhile, in geophysical flows, many mathematical models correspond to (1.1)-
(1.2) (see [1, 2, 20]). In particular, the viscous Saint-Venant system for shallow water
is expressed exactly as (1.1)-(1.2) with N =2, h(p) = p,g(p) = 0 and v = 2. Shal-
low water equations are to describe vertically averaged flows in three-dimensional
shallow domains in term of the mean velocity U and the variation of the depth
p due to the free surface (see [20], [2]), which is widely used in geophysical flows.
Local smooth solutions or global smooth solutions for data close to equilibrium were
established in [29] and related topics have been extensively studied in [1], [2] and
references therein. Nevertheless, the global existence of weak solutions for large data
to the shallow water equations or more generally to the multi-dimensional compress-
ible Navier-Stokes equations (1.1)-(1.2) (N = 2,3) is still open. This is mainly due



to the facts that for these more physical models new mathematical challenges are
encountered. First, the vacuum states may appear for the solutions of (1.1) and
(1.2) even if the initial data are far from the vacuum. Second, when dealing with
vanishing viscosity coefficients on vacuum, the velocity cannot even be defined when
the density vanishes and hence we will have no uniform estimates for the velocity.
Finally, the system (1.1)-(1.2) is highly degenerate at vacuum.

For one-dimensional compressible Navier-Stokes equations (1.1) and (1.2) with
h(p) = p* g(p) = 0(a € (0,1)), there are many literatures on the well-posedness
theory of the solutions (see[13],[14],[21],[26],[31], [33],[34],[35] and references therein).
In particular, initial-boundary-value problems for one-dimensional (1.1)-(1.2) with
h(p) = p*(a > 1/2) and P = p7(y > 1) was studied by Li, Li and Xin recently in
[19] and interesting phenomena of vacuum vanishing and blow-up of solutions were
found there. However, few results are available for multi-dimensional problems.
The first multi-dimensional result is due to Bresch, Desjardins and Lin [2], where
they showed the L' stability of weak solutions for the Korteweg’s system (with the
Korteweg stress tensor kpVAp) and their result was later improved in [1] to include
the case of vanishing capillarity (k = 0), but with an additional quadratic friction
term 7p|U|U. An interesting new entropy estimate is established in [2] and [1] in a
priori way, which provides some high regularity for the density. Recently, Mellet and
Vasseur [25] proved the L' stability of weak solutions of the system of (1.1)-(1.2)
based on the new entropy estimate, extending the corresponding L' stability results
of [2] and [1] to the case r = k = 0. However, although L' stability is considered
as one of the main steps to prove existence of weak solutions, the global existence
of weak solutions of Korteweg’s system (see [2]) and the compressible Navier-Stokes
equations with density-dependent viscosity (1.1)-(1.2) remains open in the multi-
dimensional cases. The key issue now is how to construct approximate solutions
satisfying the a priori estimates required in the L! stability analysis, among which
the lower bound of the density should be crucial and addressed. It seems highly
non-trivial to do so due to the degeneracy of the viscosities near vacuum and the
additional entropy inequality to be hold in the construction of approximate solutions.

In our paper, we will construct a class of approximate solutions and furthermore
prove the global existence of weak solutions for spherically symmetric solutions of
the compressible Navier-Stokes equations with the viscosity coefficients depending
on the density. For simplicity of the presentation, in this paper we will only give
the proof of the global existence of the three-dimensional spherically symmetric
solutions of (1.1)-(1.2) with h(p) = p,g(p) = 0. Our result holds true for general
h(p) = p*, g(p) = (a—1)p* for some a > X=L(N = 2,3). More general h(p) and g(p)
satisfying g(p) = ph’(p) — h(p) and other restrictions same as in [25] can be handled
in a similar way. It should be noted that the shallow water equations corresponding
to the case of N =2, = 1,7 =21in (1.1)-(1.2) are covered and therefore we obtain
the global spherically symmetric solutions of the shallow water equations.

It seems to be difficult to adapt the analysis in [7, 20] due to the degeneracy of
the viscosities near vacuum which may appear. Thus we construct the approximate
solutions by solving the approximate systems of (1.1)-(1.2) with h®(p) = h(p) +
e, °(p) = g(p) +&(B — 1)p” for some fixed 0 < B < 1 (3 = 3/4 for example)
instead of h(p),g(p) in (1.1)-(1.2). This is motivated by the approach of Jiang,
Xin, and Zhang [14], in which one-dimensional case is considered and h(p) can



be regarded as p®, and g(p) = (a — 1)p® for 0 < o < 1. However, compared
with the one-dimensional equations, there are some new difficulties encountered for
radial symmetric 3-dimensional N-S systems. In particular, the three-dimensional
spherically symmetric equations become singular at » = 0 and more new source
terms appear in both Eulerian and Lagrangian radial symmetric equations (see
(2.6)-(2.7) in Section 2 and (3.12) in Section 3 respectively), which lead to some
difficulties to obtain the lower bound of the density. Therefore we will use the radial
symmetric system only on the annular domain Q. = Q \ B.(0), where B.(0) is a
ball with radius € and center 0, to exclude the singularity at the origin when we
construct approximate solutions, and rewrite the Lagrangian equation as a new form
(see (3.23) in section 3) which makes it possible to obtain the lower bounds of the
approximate solutions.

By the approach mentioned above, we can obtain a class of approximate solutions
with the required a priori uniform estimates such as energy estimates and entropy
estimates. However, it should be noted such approximate solutions are defined and
estimated on the annular domain €, = Q\ B.(0), and the L!-stability analysis as
in [25] can provide the convergence of the terms in the equations (1.1)-(1.2) for
the approximate solutions away from r = 0 (in particulars, the strong convergence
of \/ﬁ U’ locally in r > 0). Thus, to take the limit of the approximate solutions
to obtain weak solutions which are defined on the entire domain €2, we need to
define the approximate solutions on B.(0). Note that the usual zero extensions as
in [10, 12] are not suitable here since such extension would yield that V,/p belongs
to L>°(0,T; Lz .(Q\ {0}) only so that it is difficult to make sense of the nonlinear
diffusion terms in the definition of weak solutions. An appropriate extension is
presented in this paper, one of whose advantages is that it preserves the uniform
L>=(0,T; H'(Q)) estimate of y/p% such that we can obtain the convergence of the
pressure term (p°)” and the diffusion terms which are difficult to handle due to the
density-dependent viscosity coefficients. Also, though it seems difficult to obtain
some uniform estimates for U’ separately because of the possible appearance of the
vacuum, an extra estimate for esssupg<,<p [, ¢/ |U?|**dz with some small n € (0, 1),
which was observed by Mellet and Vasseur ([25], guarantees the convergence of the
nonlinear convection terms.

The plan of this paper is as follows. In Section 2 we give the main results of
this paper. In Section 3 we give the entropy estimates and the pointwise bounds of
the density, which are the starting point for the derivation of smooth approximate
solutions and their convergence. In Section 4, we construct approximate solutions
and take the limits to obtain the global existence of weak solutions of the original
system.

2 Notations and main results

Set h(p) = p and g(p) = 0 in (1.1)-(1.2). The isentropic compressible Navier-Stokes
equations become

pr +div(pU) = 0, (2.1)
(pU); + div(pU @ U) — div(pD(U)) + VP(p) =0



for t € (0,+00) and x € R3. Here p(x,t), U(x,t) and P(p) = p7(y > 1) are the same
as in (1.1)-(1.2). The initial and boundary conditions of (2.1)-(2.2) are imposed as:

3)
4)

We are concerned with the spherically symmetric solutions of the system (2.1)-(2.2)
in a ball  of radius R centered at the origin in R3. To this end, we denote

(07 PU) |t:0 = (Po; mo)

(2.
m = pU =0 on 01, . (2.

x| = 7, p(x, 1) = p(r, 1), Ux, ) = u(r, t);. (2.5)

And for simplicity, we will take D(U) = VU in (2.2), though the full strain tensor
could be considered without any additional difficulty. This leads to the following
system of equations for r > 0,

et (o), + 22 =, (26)
() + (o4 )+ 22 (o), — o2, =0 27)
with the initial condition
(p: pu)|e=0 = (po, mo), (2.8)
and the boundary conditions
pu(0,t) =0, pu(R,t)=0. (2.9)

It is easy to get the following usual a priori energy estimate for smooth solutions

to (2.6), (2.7) and (2.9):

d (1 I 2 S 2
. (§pu + ﬁp yredr + pluzrs 4+ 2u®)dr < 0. (2.10)
0 - 0

However, the system (2.1)-(2.2) admits an additional a priori estimate, as observed
by Bresch, Desjardins and Lin [2], which reads in general case as follows

Lemma 2.1. (see [25]) Assume that h(p) and g(p) are two C? functions such that

g(p) = pl’(p) — h(p)

holds true. Then, the following inequality holds for smooth solutions of (1.1)-(1.2)
with p > 0:

d

1 1
— [ (5pIU + V()| + ——=p")dx + / Ve(p) - Vplde <0,  (2.11)

with ¢ such that




In particular, for three-dimensional spherically symmetric equations (2.6)-(2.7),
one has

Lemma 2.2. If (p,u) is a smooth solutions to (2.6)-(2.9) with p > 0, then the
following inequality holds:

d Rl ‘ —|—(l )‘2 Qd +/R4(( ’Y/Q) )2d <0
r SPIU ogp)r|"r-ar —\p"7)er)ar = U,
dt Jy 2 o 7

1.€.,

d (%1 Ry
G [ G s i Py s [C 2 <0 2
dt Jo 2 o 7

Proof. Although Lemma 2.2 is a special case of Lemma 2.1, for completeness, we
outline the proof here since it is very simple in the radial symmetric case. Multiply-
2,2
ing (2.6) by M on both sides gives
log p),|? log p),|?
[Gog p):[* 5, [ gp)l(

5 5 pur?), = 0. (2.13)

Pt

It follows from (2.6) that
log p),|”
pd( ) \)

2
= —pptter® — prue(log p),r? — 2pu,r + 2ppu. (2.14)

T2+(’(logp)r‘2) 2

¢ rPUT

Summing over (2.13) and (2.14), integrating the resulting equation with respect to
r from 0 to R, one gets from (2.9) that

R 1 2
d/ pl(log p),| 2
0

dt 2
R
= / {2p,u — prttprr® — pru(log p),r? — 2p,u,r}dr. (2.15)
0
Note that
d (R R R
o (MMMWW:/U%WMWWW+/0MW%WWM
0 0 0
R R 2u
= / (log p), 0y (pu)ridr + / (pur?),{(log p),u + u, + T}dr, (2.16)
0 0

due to (2.6) and (2.9). While (2.7) gives

/0 (log p), Dy (pu)r?dr = — / L) rydr - / (pur?), (10g p),dr

Y

R 2pu 9
[ {lpur + ), (10 p)1? = 2pyur(log ), Y. (2.17)
0



Putting (2.17) into (2.16) shows that

d " 2 fq /2 . \2 P

— | (logp),purdr + —((p"%)r)2dr = | {puir® + dpuu,r +

dt Jg o 7 0

4pu® + prtter® 4 2p,u,1 — 2p,u + (log p)ypruyr?® + 2p,urkdr (2.18)

It follows from (2.15) and (2.18) that

R

/ (tog s+ 20SOL 2 [,

0

= / {pu?r® + dpuu,r + 4pu® + 2p,ur}dr
0

R
:/ p(uZr® + 2u®)dr. (2.19)
0

Combing (2.19) with the energy inequality (2.10), one obtains the desired estimate
(2.12) and the lemma is proved. O

Now, we give a definition of weak solutions to (2.1)-(2.4).

Definition 2.1. A pair (p, U) is said to be a weak solution to (2.1)-(2.2) provided
that
(1) p>0 a.e., and

p e L=(0,T; L' () N L(Q)) N C([0,00); WH2(Q)*), y/p € L=(0,T; H(2)),
VpU € L™®(0,T; L*(Q)),/pVU € L*(0,T; W=11(Q)),

where W>°(Q)* is the dual space of W'>(Q);
(2) For any ty > t; > 0 and any ¢ € CY(Q X [t1,ts]), the mass equation (2.1)
holds in the following sense:

[ovtste= [ [+ g0 uasa (2.20)

(3) For cmy Y = (YL % %) € C*HQ x [0,T)) satisfying ¥(x,t) = 0 on O and
W(x,T) =0, it holds that

/mo (0 d:1:+/ / ) - 0+ /pU ® /pU : Vop|dzdt
+/ /p”’divwd:zdt— < pVU,Vy >=0, (2.21)
0 Jo
where the diffusion term makes sense as
T
< pVU, V) >= —/ / Vo(/pU) - Aypdzdt
0 Ja
T
i / / (VAU - (V/7 - V)odad. (2.22)
0 Jo



In this paper, we will construct global three-dimensional spherically symmetric
weak solutions of (2.1)-(2.2) with the initial-boundary conditions (2.3)-(2.4). The
initial data are assumed to satisfy

po >0 ae in Q;my =0 a.e. on {z € Q|py(z) =0}; (2.23)
247
po € WH(Q); Vg € LA(Q);mj € L'(Q); o € L'(Q), (2.24)
Po

here n € (0,1) is some small constant. It follows from the assumptions of (2.24)
that

po € L=(9Q); poUg™" € L'(Q); po U € L'(€). (2.25)
The main results of this paper can be stated as

Theorem 2.1. For N =3 and 1 < vy < 3, if the initial data have the form
X
po = po([x[), Uo = U0(|X|);

and satisfy (2.23)-(2.24), then the initial-boundary-value problem (2.1)-(2.4) has a
global spherically symmetric weak solution

X
pP= p(|X|, t)? U= U(|X|,t);
satisfying for all T > 0,

p(x,t) € C([0,T); L2(2)),/pU € L=(0,T; L*(R2)), (2.26)

/Qp(x,t)dx:/ﬂpo(x)dx. (2.27)

Moreover, it holds that

1 1
sup /(—p\U\2 + ——p")dz < C, (2.28)
tefo,1] Ja 2 v—1
sup /|V\/ﬁ|2dx <C, (2.29)
t€[0,T] JQ

where C is a constant.

Remark 2.1. In fact, our analysis applies to slightly more general viscosity coeffi-
cients h(p) and g(p). For instance, our results hold true for the following situations:

1) h(p) = p* and g(p) = (a — 1)p™ with a > ~=L where the restriction of
« results from the Lamé wviscosity coefficients relation (1.3) and the usual energy
estimates.

2) h(p) and g(p) satisfy the relation

g(p) = ph’(p) — h(p)

and some additional restrictions presented in [25].



Remark 2.2. [t can be checked easily that for N = 2, the conclusions in Theorem
2.1 hold true for any v > 1. Consequently, we obtain existence of a global spher-
tcally symmetric solution to the Saint-Venant model for shallow water, which is a
particular case of (2.1)-(2.2) with N = 2,h(p) = p,g(p) =0 and v = 2 (see [2, 20]).

Remark 2.3. It should be noted that the boundary condition (2.4) is appropriate
from the physical point of view since if the vacuum appears on the boundary the veloc-
ity itself is meaningless and the momentum can be controllable. On the other hand,
if no vacuum appears on the boundary, the boundary condition (2.4) is equivalent to
U(R,t) = 0.

To make sense of the boundary condition (2.4) for weak solutions in Theorem
2.1, we note that U = u(r)* and pu satisfies

/pgp?“2dr| / / (ppi + pusp, )ridrdt. (2.30)
0

for functions ¢ which are C' on [0, R] x [t1,ts], see (4.31) in Proposition 4.5 in
section 4.

Actually, (2.30) holds for any ¢ which is Lipschitz continuous. In particular,
set o(r,t) = p1(t)pa(r), where v1(t) and po(r) are Lipschitz continuous functions
satisfying @1(t) = 1 in [t1,ts] and

) 1 x € [0, R — 9]
pa(r) = {1_%(r—(R—5)):TE [R— 0, R].

Substituting v1(t) and ps(r) into (2.30) gives

1 to rR R R
g/ / pur’drdt = / p(r,ta)(r, ty)ridr —/ p(r,ty)o(r, t)ridr
t1 JR—9 0 0

— /OR p(r, to)ridr — /ORp(T, t)ridr + /R p(r,ta)(pa(ts) — 1)ridr

R—6

_/ p(r, t1)(p2(tr) — 1)r3dr.

R—§

It follows from this and the conservation of mass (2.27) that
1 to R R R
S e <) [ sttt — Drdr = [ plrti)eattr) - D] 0
t1 R—§

R—0 R—0

as 0 — 0. This implies that (pu)(R,t) = 0 in the sense of trace.

3 Approximate Solutions and Their Estimates

The key point of the proof of Theorem 2.1 is to construct smooth approximate
solutions satisfying the a priori estimates required in the L' stability analysis. The
crucial issue is to obtain lower and upper bounds of the density, as mentioned in the



introduction. To this end, we study the following system as an approximate system
of (2.1)-(2.2).

(pU); + div(pU @ U) — div((p + £p1)VU) + V( pidivU)
+VP(p) =0, (3.2)
where ¢ > 0 is a constant.
When p(x,t) = p(r,t), U(x,t) = u(r,t)*, the system (3.1)-(3.2) becomes
2pu
pi + (pu), + — =0, (3.3)
2pu? 3. 2u 3 3 21
(pw)e+ (pu* +p7)r + ==+ (p+pt)o— = ((p+ P (s + )y (34)

for » > 0. We will first construct the smooth solution of (3.3)-(3.4) in the truncated
region 0 < € < r < R with the following initial condition

(o, pu)(r,0) = (po + €,m0),
and boundary conditions
w(r,t)=e =0, u(r,t)|,—g = 0. (3.5)

For the approximate solutions which will have lower bound of the density, the bound-
ary conditions of (3.5) is equivalent to pu(r,t)|,— =0, pu(r,t)|,—r = 0.

We assume that the initial data are smooth and satisfy the bounds (2.23)-(2.24)
with constants independent of . As discussed in the introduction, we shall eventu-
ally take a sequence of inner radii €; tending to 0, and the dependence on j will be
suppressed if there would be no confusions.

In the following, we will state the energy and entropy estimates which have been
proved in the preceding section for these approximate solutions.

Lemma 3.1. Let (p°,u) be smooth solutions of (3.3)-(3.4) defined on [, R] x [0, T
with boundary conditions (3.5) such that p* > 0. Then there exists a constant C
independent of € such that

R
/ p°(r,t)r*dr < C, (3.6)

/(§<>+——— %+/ /p+ ) ((u)?r? + (u6)?)drdt
<G, (3.7)

3e

R
1 -2 ¢
/ 507w+ (log p°), +Z(p€) {pfPr2dr

36 _9 c
/ / + (o)l Pridrdt < C. (3.8)



Remark 3.1. Notes that h(p) = p + ept and g(p) = —%p% satisfy the relation

g(p) = ph'(p) — h(p). In general, one can choose to approrimate the system (2.1)-
(2.2) by taking

he(p) = p+ep®, g-(h) = e(a — 1)p"
which satisfy
9:(p) = phi(p) — he(p),

where % <a<l1l,N=23 We take a = % for 3-dimensional case here.

To make these a priori estimates valid globally, we need to give some detailed
estimates on the density. We start with the following pointwise bounds for p°.

Lemma 3.2. Given € > 0, there is an absolute constant C' which is independent of
g, such that

. C
fore<r < Randt>0.
Proof. To simplify the presentation, we drop the superscript e.
Let r(t) denote a particle path by
dr(t
0 (o).
Then along the particle path, (3.3) can be solved to get
pUr(t), 1) = po(r(0))r(0)e o w0,
which implies that p > 0 provided that py > 0.
It follows from (3.7) and (3.8) that
R 2
/ “r?dr < C (3.10)
e P
for some absolute constant C' independent of €.
Then, it follows from (3.6) and (3.8) that for ¢ <r < R,
R R
prt) < [ oty + [ ot plar
1 2 1 lpr ()]
< ?/5 p(r,t)r dr—l—;/g \/577’ dr
C
<3 (3.11)

for all £ > 0. The proof of the lemma is finished. O



To derive the a priori estimates about the velocity of the approximate solutions,
the crucial step is to obtain lower bounds of the density. To this end, we introduce
Lagrangian coordinates for the radial system (3.3)-(3.4) as follows. Let ¢ > 0 be
fixed and define

x(r,t) = / pridr,T =t
&€
Set f; pridr = 1 for any fixed ¢ > 0 without loss of generality. Then,

%— 8x__ur2&_0&_1
o P T P =l = L
Then the system (3.3)-(3.4) becomes
pr+ pQ(TQU)ac =0,
r o7 3.12
{7" ur + (p7)e = (07 + Fp3)(rPu)e)e — (p +ep3), 2 (3.12)
for7>0and 0 <z <1.
The corresponding initial data is
(P, pu)(-,0) = (po + &, m0),

and the boundary conditions are

W

u(0,7) =0, wu(l,7)=0. (3.13)
For this system, the following a priori estimates hold.

Lemma 3.3. For all 7 € [0,T], it holds that

1.2 Y— 1
/ (u (I n + £ (,7) Ydx +/ / +p2u27“4)dxds

1——// dxds—l— ———//5p4ur4dxds
pir? 4

g/o (2 +7’)0_1)dx VA€ (%,2). (3.14)
0<p(z,1)<Cle,T), (3.15)
e <r(x,7) <R, (3.16)

2 4
/ u'dz +/ / — + 6p*uPuir + " + epiutulrt)duds
g/ ugdr + C(e, T). (3.17)
0

Proof. Multiplying (3.12), by 7?u, using (3.12); and integration by parts, one gets

d 1 u pt ! 3 7 ! 3

—_— —_— d 4 ;xQd - 1)(2 2 xd
. 0(2 +7_1) flf+/(p +48p4)(( u)g) dx /0(p+8p4)(u7“) x
19 U
_)_

ke dx. (3.18)

1 1
:4/ (p+€p%)uuxrdx+2/ (1+
0 0



Since ) 2
2 2 U 2 UlgT 2 4

) =(—+ z _4— 4——- )

(R0 = (O 120, = d 47

then from (3.18), one has

d a2 P 1
— -+ d:zc—l—/ + pPulr?) d:zc—l—/ €
7] G ot | G {

o— S+ €p4u 2r' Y dw
2
37

1 1
A 1
:5/ pruuyrde < 5/ e’ dx—i—— 5p4u 2ridz, VA€ (%,2).
0 0

o2
Thus (3.14) holds.
Next, (3.15) follows from Lemma 3.2 and (3.16) holds trivially
Now, we prove (3.17). In fact, multiplying (3.12)y by r?u3, using (3.12); and
integration by parts, we have

7
Iy,2, 2 4
pr)u uir

] w

1 1 1
1 ddT udr + /O (p* + 6%p£)((r2u)x)2u2dx + 2/0 (p* +¢

1 1 1
3
= —4/ (p+ azp%)uguxrdx —|—/ P (ur?)dx —|—/ (p+ ep1)(2u'r),d.
0 0 0

Thus

1d iy b ooyt 5 9 4 Vewt 9 2,
1 dr dx—l—/o(r—2+3puur)dx+/o(p4r +45p4uu7‘)d$

! 3 ! 2u3
= 2/ eptuiu,rdr —I—/ (P "— + 3p v u,r?)da. (3.19)
0 0 r

Using Holder and Young’s inequality and Lemma 3.2, one can estimate each term
of the right hand side of (3.19) as follows:

by 1 [ eut Lo o
25/ pruuzrdr < —/ dx—l—Q/ eptuu,rdr;
0 2 /o p4r2 0

1 3 1
2/ pv_lu—dx < 2(/ p4(7_1)7’2dx)%( —dx / —dr +C,
0 r 0 0

1 1 1
3/ P utu,ride < 3(/ p272u2d3:)5(/ pPululride)?
0 0 0

1 3 1
/ pPutulrtde 4 = / P2l dx
0 2 Jo

! 3 ! 1 ! u4 1
/ pPutuirtdr + —(/ p47_47“2d1‘)5(/ —dz)?
0 2°Jo o "

1,4

/puur4dx+ u—dx+C

0o 7

us.lr.o

and

IA IA
Nl Nl w NI w

IN

Putting the above three estimates into (3.19) yields

1d ', Put 3,5 5, b L 19094
1dr ; de"‘/o(ﬁ‘i‘ipu%r )dx+/0(2pir2+4ap4uur)dx§0,



ie.,

/4dx+// 2t 2 | e deds
§/ ugdz + C. (3.20)
0
This proves (3.17). O

Remark 3.2.

1 \ R mé ,
Undr = ———7rodr < (C(¢e)|lm
/o 0 /s (po +¢)? < c@l 0||L4(Q)

The following estimate can be obtained by modifying the analysis in [14]:

Lemma 3.4. There is a positive constant C' = C(||pollwra(q), [|mol| 22y, €, T), such
that

/0 ((p7)2) (z, 7)dz < C, ¥r € [0, 7). (3.21)
Proof. We rewrite (3.12); in the form:
(p+ept)er = —[(p* + %pi)( ) ]e- (3.22)

Thus, substituting (3.22) into (3.12)y yields

r2(p+ept)ar + (p+ept)a2ur = —uy — ()%

Notes that s q 5 .
r3(x, T :53—1—3/ dy, —T:—,
(@) o ply.7) 7 Oz pr?
and so
or T 1
3r°— =3[ (%), (y,t)d
5 =3 [ )l
=3 [ ),y = 3r%u(a ).
0
Thus
or
— =u.
or
So the above equality can be rewritten as
(r(p +2p)a)r = —ur — (p")ar™. (3.23)

Integrating it over [0, t] shows

u(x,t) — ugp(x) + /o (p)er?(x, 5)ds

—2(pd +2)0(pl) — 2 (=pt + £)Du(p?). (3.24)



Multiplying (3.24) by (8,(p7)r2)?* and integrate over [0,1] with respect to z, one
gets

|| Got + @t = [ il + 9060 e
- [ —-u@-+-j§ ()ar2(, 8)ds} (B,(pF)r2)da
<0/X@<>> d) 4 {J[u — ol s + 100 (o) |

+[ 107 1) 3.5

Using Lemma 3.3, ¢ < r,ryg < R and Young’s inequality, one gets from (3.25) that

there is a positive constant C' depending on || |lw1.40,1), ||tol| 4[], € and T, such
that

e/ol(ax(p%)r2)4dx§§/ol(8x( Hr )4dx+0// (0,7 dads + C, (3.26)

whence,

1 t 1
/ @ulp e < C+C [ max(s?) / 0.1 deds.  (3.27)
0 0 0
Applying Gronwall’s inequality to (3.27) and making use of Lemma 3.2, we obtain

/l(a (p$)idz < C. (3.29)

This completes the proof. O
Remark 3.3.

1 3 3 (B 10, pol*
Dxpg|d :—/ s
/0| po | dx i) (p0+€)47“8T "
R
gd@/\%ﬂwwgC@Wﬂwmw

Now we can obtain the lower bound of the density.

Lemma 3.5. There is a positive constant

C = C(e, T, || pollwray, Mol 1))

such that

p>C, Vo el0,1],7€[0,7T]. (3.29)



Proof. Set v(z,7) = ﬁ, and V(1) = maxpjx[,-] v(,s). The equation (3.12);

can be written as v, = (ru),, which implies that fol v(z, 7)dr = fol v(z,0)dx < Cy,
thanks to the boundary conditions (3.13). Then it follows from Sobolev’s embedding
Wh([0,1]) — L*([0, 1]) that, for any 0 < 8 < 1,

1 T
VP (z,7) S/ Uﬁ(ZE,T)dl‘—}-/ |0,0° |dx
0 0

1 T
g(/ m)ﬂw/ N Lapn
0 0 p4

<ovep( [ vmi( [ (phtay
< C+CpV7, O 0 (3.30)
Thus choosing > 0 small enough, which may depend on £ and T, we obtain
V(T) <,

where C' = C'(e, T, || po|lw1.4(0), ||mo|| L4(0)). The proof of the lemma is completed. [

4 Proof of Theorem 2.1

In this section, we will prove Theorem 2.1 by completing the constructions of smooth,
approximate solutions, applying the a priori bounds of Section 2 and Section 3, and
taking appropriate limits.

4.1 The existence of the approximate solutions

Consider the following approximate system in Lagrangian coordinate

{pT + % (r?u), z([J

7.72,“7_ + (p'y>x (4.1)

(0 + 8 0) (r?u),]e — (p + ep1)a 2t
for 7> 0,0 <x <1, with
(P, pu)(-,0) = (po + &, m0),
and
u(0,7) =0, u(l,7) =0.

First we regularize the initial data as follows. Let Js be a standard mollifier

(in 7) of width §. Let (po + €, up) be the initial data in Eulerian coordinate, where
mo
po+e’

Uy =



(1) Extend py + € continuously outside [, R] by taking po(¢) + ¢ on [0,¢] and
po(R) + € on [R,o0), mollify with Jgs, restrict it to [e, R], and then multiply by a
constant to normalize the total mass to be

R
My = / (po + &)r3dr.
0

The resulting density function is denoted by pg’é(r).

(2) Redefine ug to be zero on [0,e 4 26| and [R — 24, R], then mollify it with J;
to get the smooth approximate initial velocity denoted by uS®(r). Note that u®(r)
is identically zero on a neighborhood of r = ¢ and r = R.

The resulting data (p5°, u5®) then satisfy the hypotheses (2.23)-(2.24) with con-
stants which are independent of € and §. For any fixed € > 0, we denote the cor-
respondmg initial data in Lagrangian coordinate by (p$,ug). Then pd € C**7[0,1]
and ud € C**7[0,1] for any 0 < 3 < 1. Moreover,

p — po + e in WH([0,1]), ud — ue in L*([0,1]) (4.2)

as 0 — 0 and
ug(O,T) = ug(l,T) =0.

Now, consider the initial boundary value problem (4.1) with the initial data
(po + €, ug) replaced by (pj,u). Note, however, that ¢ is fixed and positive at this
stage of the argument, so that there are no singularities in the equations, and the con-
struction of these approximate solutions is essentially an one dimensional problem.
For this problem one can apply the standard argument to obtain the existence of a
unique local solution (p?,u?) with p°, p3, po. ud ul, u, ul, € CPP/2(|0, 1] [0,7%])
for some 7 > 0. It follows from Lemma 3.2-Lemma 3.5 and (4.2) that p° is bounded
from below and above, (u°)? and p° are bounded in L*>([0, T; L?), and u? is bounded
in L*([0,T]; L?) for any T > 0 because of € < r < R. Furthermore, one can differen-
tiate the equations (4.1) and apply the energy method to derive bounds of high-order
derivatives of (p°,u’). Then we can apply the Schauder theory for linear parabolic
equations to conclude that the C*#/2([0,1] x [0, T])-norms of p°, p2, p° ., u’, ul, u®
and uS,, are bounded a priorly. Therefore, we can continue the local solution globally
in time and obtain that there exists a unique global solution (p°,u°) of (4.1) with
the initial data (pg, ug) replaced by (p3,u), such that for any T > 0,

P, P P 0 g, ul g, € CHPP2([0,1] % [0, T7)
for some 0 < 3 < 1, and p® > 0 on [0,1] x [0,T]. This can be done in a similar
way as in [14]. Thus the solutions which can be denoted as (p™%, u=?), satisfies (4.1).
Transforming it into Euler coordinates again by

x = / p(r, T)rdr, T = t,

we can obtain the solutions (p*(r,t),u®%(r,t)) to the approximate system (3.3)-
(3.4), and consequently Lemma 3.1 holds for these approximate solutions.



4.2 The passage to limit

So far, (p™9, u°) are defined on ¢ < r < R. To take the limit passage as {¢;,d;} — 0,
we extend p%% (r,t), u%"% (r,t) to the whole domain © in the following way,

6j,5]' .
58 = { print), r € e B, (4.3)
pFii(e;,t), r €0,
usi(r,t), r € g;, R,
e = ! (4.4)
O, re [0,6]'],

and still denote the so obtained approximate solutions {5%:% , 4% } by {pf%  ui-%},
Let p=%(x,t) = p=%(r,t), U%%(x,t) = u%(r,t)%. For simplicity, we write
(p?, U7) instead of (p%%, U%"%) and denote Q. = Q\B.(0) for ¢ > 0 and Q1 =
M\ B1(0) for n € N, where N is the set of the positive integers. '

It then follows from Lemma 3.1 that

Lemma 4.1. Let (p/,U%)(x,t) be the approzimate solutions of (3.1)-(3.2) con-
structed above. Then there exists a constant C' independent of € such that

sup P (z,t)dr < C, (4.5)
t€[0,7] JQ

1o 1 T o
sup (—MUJ! +——(")")(z, t)dw + PIVU (2, t)dadt
t€[0,7] 2 v—1 o Jao.,

]VUJ] (x,t)dzdt < C, (4.6)
AL 5

sup §pJ\UJ +Vlog ! + 2e(p) VP, )

t€[0,T)]

/ /E — |V (p’)2|*(z, t)dxdt

// 48” V(o) 5 2, £)dadt < C. (4.7)

Moreover, the following uniform estimate hold

sup [|v/p! [0 (4.8)

t€[0,T]

sup /pJ|UJ| iz < C. (4.9)
te[0,T)
Proof. (4.5)-(4.7) follow directly from Lemma 3.1 and (4.9) can be checked easily.
It suffices to prove (4.8).

First, it holds that

sup HV\/7HL2 < (4.10)

t€[0,T]



where C' is a constant independent of €. Indeed, for any ¢ € C§°(§2), one has
| Vo= / ¥ / IV pioos
/ / 16; \/Eqsdx +/ v pini¢dsS +/ P ddS,

0B, (0)

where n; and 7n; are the unit outer normal vector of 9€). and dB.(0) respectively,
and i = 1,2,3. For any ¢ € C3°(Q2), in view of the extension (4.3), we have

| vvos—-if o / o
= —/ 0iN/pi i,

cJ

which implies that for a.e. ¢ € [0,T],

o/l = { VP €l

) r € B,

for i = 1,2,3. Consequently, (4.10) follows from (4.6) and (4.7).
Next, we verify that

sup [[v/ /]2 < C, (4.11)
t€[0,T)]

where C' is a constant independent of e.
Thanks to the upper bound estimate of the density (3.9) and (4.5), there exists
an absolute constant C' independent of ¢ and 1" such that

R €j
sup oridr < sup oridr + sup / oridr

t€[0,7] J 0 t€[0,T t€[0,T

g%/jr2dr+0§%+0§0
€5 Jo 3

for all 0 < ¢; < R, which gives (4.11). Combining (4.10) with (4.11) shows (4.8). O
Remark 4.1. Compared with the usual zero extensions in [10, 12], the extensions
(4.3) and (4.4) keep the L>(0,T; H(Q2))-norm of \/p?, which is needed in the fol-

lowing convergence arguments.

Proposition 4.1. Let T > 0 be fized. Then there are a sequence (g;,0;), and a
limiting function p(x,t) such that

P(x,t) — p(x,t), in C([0,T], L¥*(Q)). (4.12)

Moreover, p(x,t) = p(r,t) is a spherically symmetric function.



Proof. Tt follows from (4.8) that \/p7 is bounded in L>(0,T; L4(Q)) for q € [2,6].
Thus p/ is bounded in L>(0,T; L*(2)), and therefore

PU =/ U
is bounded in L>(0,7T; L*?(Q)) due to (4.9). The continuity equation thus yields
9yp? bounded in L®(0,T; W~13/2(Q)). Moreover, since Vp/ = 2,/piV+/pi, we
also have that Vp’ is bounded in L*(0,T; L3/?(12)), hence the compactness of p’
in C([0,T], L3*(2)), i.e., (4.12) is obtained. Moreover, since p’(x,t) = p(r,t)
is spherically symmetric, it is clear to get that p(x,t) = p(r,t) is a spherically

symmetric function.

O

Proposition 4.2. Suppose that 1 < v < 3. Then (p’)? converges to p7 strongly in
LY(0,7); L'()).

Proof. This follows directly from the fact that p’ is bounded in L>(0,T; L3(€2)) and
(4.12).
]

The following proposition will enable us to take the limit in the nonlinear con-
vection term.

Proposition 4.3. If 1 < v < 3, and
R
/ poluo*r2dr < C, (4.13)
0

then the following estimate is true
3|2+ R g , . .
i | ol [ S e

of; <£/ﬂ' +3§< VDl < €

for some smalln € (0,1). That is

U
x < 4.14
Py dasC (119

where Q.. = Q\ B.,(0) and C is a constant independent of «.
To prove Proposition 4.3, we need the following lemma.
Lemma 4.2. The pressure (p?)7 is bounded in L3((0,T): L (QEJ))

Proof. 1t follows from Lemma 4.1 that (p7)"/? € L*(0,T; H'(1.,)), and so, (p')" €
LY(0,T; L3(S,)). Since (p?)7 is bounded in L*(0,T; Ll( ;) by (4.6), Holder in-
equality gives

1) eorsomixacy) < N2 0 70 1O o e, ) < €

where C' is independent of €;. This finishes the proof of the lemma. O



Now we can prove Proposition 4.3.
Proof of Proposition 4.3. Let n € (0,1) satisfy 0 < n < 1/2. Multiplying (3.4)
by r?u?|u?|" and integrating the resulting equation yield

| ]|2+n | ]|2+17
/ pjat 2d +/ p] d’l"

(1 +1) / (v + —<pf>%>\ufw<uf;>2r2dr

J

R R
+/ (207 + 50’ )3)\u3\"+2d7“+/ |7 (7)) | r¥dr

J J
R

<(e+ 22 [ (o)l e
€j

; : R 3 . . .3 .
< &+ 1 [ ear + () s

€
Since 1 < %, one deduces that

o |u?[**7 2 o L Jud [P 2 Ly €3 N3N g N2, .2
/ POy / P () + / (0 + () (P

J

R
/ (o) + 22 ()l 2 + / P (7)), < 0.

J J

Moreover, multiplying (3.3) by % and integrating by parts show that
R, 51247 J|12+n
/ id o p’rdr — / ol id ), r%dr = 0.
e 247 2+

J

Summing over the last two inequalities, we get

d [k “uj‘%—n R o .
e e N (R e

+ [ 2+ Dl < / Wl (o))l el (1.15)

J

It remains to bound the right hand side of (4.15). It follows from Young’s inequality
that

[ @ < el [y 2 [

R R
< (1) / Pl Pl Préan) 2 [P ) 2 [ s

R
p]\uJ]”]u]\Q er—i-C/ )2 1\u3\’7r2dr+2/ |/ [T (o) rdr. (4.16)

J



The last two terms in (4.16) can be estimated as follows:
/ (o) e < ( / (P24 i) / ol Prdr)?
< C'/ Tz "T2d7’+0 (4.17)
and
R . . R n+1 1 R . . 147
/ [ [T (p7)rdr < / (p) ) B 20 gy / P | [2Hdr) 5

J J

R 1 1 R
gC(R)/ (p])(”*%)(“”)ﬁdr—l—z/ o |’ | dr. (4.18)

J

Then it follows from (4.15)-(4.18) that

O [ B8 i AL 2.2
a/vpfﬂ rdr+/€j () + 2 ()
R
+ G

R
<c [(E e om [ e @

J

Using Lemma 4.2, one can check easily that the right hand side of (4.19) is bounded
for small 1 under the condition

5
2y —1< =9,
g 37

which is satisfied if 1 < v < 3. This gives Proposition 4.3.
It is noted that the initial data (4.13) will be satisfied if we assume (2.24).
Moreover, since we have extended u’ to be zero outside [e;, R, it follows from (4.14)

that
QI ztn
/pr‘“’n iz < C. (4.20)

Consequently, since
/(pj|Uj|2)l+<d$ < (/ M|Uj|2+ndx)%(/ (/0])1+(37+g)C dx)ﬂzl—Qrf,
Q 0 g

and as ¢ small enough, we deduce that

Corollary 4.1. If 1 < v < 3, then \/p?U’ is bounded in L°°(0,T; L*T2¢(Q)) for
some small ¢ > 0.

Thanks to Proposition 4.1, Proposition 4.3, Corollary 4.1, and Lemmas 4.4 and
4.6 in [25], we have



Proposition 4.4. 1) Up to a subsequence, the momentum m? = p/U’7 converges
strongly in L*((0,T) x Q1) and L*(0,T; L*¢(1)) and almost everywhere to some
m(x,t), where n € N is cnmy positive integer. '

2) The quantity \/p?U? converges strongly in L*((0,T) X Q%) to \/ﬂﬁ (define to
be zero when m = 0) for any n € N. In particular, we have m(z,t) = 0 a.e. on
{p(x,t) = 0} and there exists a function U(x,t) such that

m(x,t) = p(x, t)U(x, t).

Proof. This proposition can be proved exactly as in [25]. For completeness, we
sketch it here.
1) Since

PU = \/pi/p U,
where \/p7 is bounded in L>®(0, T; L? (€,)) for p € [2,6], and VU7 is bounded
in L>°(0,T; L*(Qk,)), we deduce that p’U’ is bounded in L*(0,T; LI(S2,)) for all
q € [1,3]. Next, since
0P U)) = PO, UL + ULoyp
= VoIV pIUL + 27/ p Lo v,
then it follows from Corollary 4.1 and the energy estimates that the second term on

the right hand side above is bounded in L*(0,T; L'*¢(€2,,)) for some small ¢ > 0,
while the first term is bounded in L*(0,T; LP(€.,)) for all p € [1,3]. This means

V(P U’) € L*(0,T; LML)

In particular,

pPU7 € L2(0,T; WHHe(Q, ).

J

On the other hand, it follows from Corollary 4.1 and Lemma 4.2 that
div(v/plU? @ \/piU%) € L=(0,T; W H1+¢(Q,,)

V(o) € LE(0,T; W1y )).

Next we check that
V(0" + () F)VU), V(e (p)TdivU)
are uniformly bounded in L>°(0, T} W‘Q’%(ng)). Indeed, note that

(P +e5(p) VU = V(0 +e;(0)))U) = UV () +55(p7)7), (421
£j(p) 1divl7 = div(e; (') 1 U7) — UIV(e5(p)

The second term on the right hand side in (4.21) is

UV () +e;(p))) = /U 2V /) + £,V((p)) 1)U

which is uniformly bounded in L (O, T; L'*(Q.,)) thanks to Lemma 4.1 and Corol-
lary 4.1. The first term on the right hand side in (4.21) can be rewritten as

V(' +ei(p)1)U7) = V(v +e5(p) 1)/ piUY)



which is uniformly bounded in L*>(0,T’; W‘l’%(er)) because /pi and 53»(,0]')% are
uniformly bounded in L>(0,T; L°(Q,)) due to the entropy estimates in Lemma 4.1.

Similarly, one can show that &;(p7)3divU7 is uniformly bounded in L*°(0, T; W12 (Q,))-
Thus, noting that L'*¢(Q.,) — W‘l’%(Qaj), we obtain that

(P +&5(P) VU 25(p) 3 divU
are uniformly bounded in L>(0,T’; W‘l’%(ng)) and hence that
V(¢ +&5(p) 1) V), V(es(p))rdivl)
are uniformly bounded in L (0, T; W22 (€2,)). Moreover, it follows from (3.2) that
8,(p"U7) is uniformly bounded in L3 (0, T W’Q’%(ng)). (4.23)
In fact, since W, ’3((26].) — LH%(QSJ.) for small ¢, therefore
LH(Q,) = W (Qe) — W22 ().

Thus (4.23), together with Aubin’s Lemma and the diagonal principle, yields the
compactness of m/ = p/U7? in L*(0,T; L'*¢(Q.1)) for all n € N.

1
n

2) From the proof of 1), if we define mTQ to be zero when m = 0, we have m(z,t) =

0 a.e. in {p(z,t) = 0}. Since \’/n—j— is uniformly bounded in L>(0,T; L*(€.,)) and
p]

hence in L>(0,T; L*(Q21)) for any n € N satisfying ¢; < £, then by Fatou’s lemma,

1
we have ! )
/ <
Q; P

Because +/p/|U/| is uniformly bounded in L*>(0, T; L***¢(€2,,)) for small ¢ > 0. It is

thus enough to prove the convergence of \/p/|U?| in L'((0,T) x Q1) for all n € N.
To this end, we fix n € N first and denote the set of vacuum by

F={zx¢€ Q%]p(x,t) = 0}.

Notes that 1/p/U’ converges almost everywhere to \/ﬂﬁ in the region F°. To control
\/p7U’ on the vacuum set, one sets

Vi = {z € Qu|(p))77|U7| > M}

for M > 0 and small n > 0 to be specified later. Consider

/T/ VU - — ) N
pPU) — —|dzdt = / / U — —|dxdt

0o Ja; VP 0 JWi)\F VP
T - . m T o m

+/ / Vo - 2 dxdt+/ / VUl — —|dxdt.  (4.24
0 (W)Cﬂf‘ \/ﬁ‘ 0 W’ \/5‘ 20



For the first term, the L>°(0,7T; L*(€,)) bound and the fact that \/p/U’ converges

almost everywhere to % in the region F° gives

T
. m

VP U — —|dzdt — 0, as j — oo.
/0 /(w')c\f VP

Moreover, since \/p/U/ is uniformly bounded in L*>(0,T; L**2¢(Q,,)) and Tcheby-
chev’s inequality yields

C
Vil < o

and so
[ [ Wau - e < V[ 0+ it <
p U — —|dxdt < —)dz)? < =,
o Jvyi \/ﬁ Q; P M

this means that the third term of (4.24) also goes to zero as M tends to oo.
It remains to treat the second term on the right hand side of (4.24). Notes that,
on the region (V7)¢ N F, we have

VAU < M) o,

since p! — 0 as j — oo and £ — m > 0 for all small n > 0. So 1ysyenz|r/p U7
converges almost everywhere to zero. In particular, the L>(0,T; L*(€,)) bound of

piUJ gives
T
/ / I/ p U |dzdt — 0, as j — oo.
o Jiynr

Since we defined 2 N to be zero on F, we also have

m .
]-(Vj)cﬂ}'%(xa t) = O, a.e., VJ,

hence we also can conclude that the second term of (4.24) goes to zero as j — oo.

Combining all the arguments above, using the diagonal principle, we obtain
VP |U7| converges to % in LY(0,T) x €21) strongly for any n € N. The lemma
follows. O

It follows from Propositions 4.1 and 4.4 that

Corollary 4.2. Let m/(r,t) = p’u?(r,t). Then
1) there exists a function m(r,t) such that m(x,t) = m(r,t)* and m/(r,t) =
piud (r,t) converges strongly in L*(0,T; L2-((0, R); 72dr)) and almost everywhere to
m(r,t);
2) there exists a function u(r,t) such that U(x,t) = u(r,t)* and the quantity

t)
piu? converges strongly in L*((0,7T); L2 ((0, R); r%dr)) to 0 % (define to be zero

loc

when m =0)



Proof. Since m?(x,t) = m/(r,t)X, we have m/(r,t) = |m’(x,t)| converges almost
everywhere to m(r,t) = |m(x,t)| due to the fact that m’(x,t) converges almost
everywhere to m(xz,t) by the first part of Proposition 4.4. Therefore m(x,t) =
m(r,t)%. Moreover, noting that p(x,t) = p(r,t) by Proposition 4.1 and m(x,t) =
p(x,t)U(x,t) by Proposition 4.4, we obtain

m(r, t); = p(r,)U(x,1).

Therefore there exists a spherically function u(r,t) such that m(r,t) = pu(r,t).
The rest parts of the Corollary follow directly from Proposition 4.4 and the proof
of the corollary is finished. O

Now we show that (p, U) obtained in Proposition 4.1-4.4 satisfy the weak form
of the mass equation (2.1), i.e., (2.20) holds.

Proposition 4.5. Let (p, U) be the limit described as in Proposition 4.1-4.4. Then
the weak form of the mass equation, (2.20), holds for C* test function 1 : Q x
[t1,t2] — R. Moreover, p € C([0,00); WH(Q)*), where Wh(Q)* is the dual space
of Whe(Q).

Proof. We first derive the weak form of the one-dimensional equation (2.6). Let
©(r,t) be a C! function on [0, R] X [t1,ts]. Then

R to R
/ ploridr|? = / / (' o¢ + pul o, )ridrdt. (4.25)
€j t1 €j
That is

R . t2 R . . .
| rerati= [ [ o+ ponana
0 t1 0

€j ) to gj
= / por*drly —/ / o uridrdt, (4.26)
0 t1 0
because of the extension (4.3)-(4.4). Then Proposition 4.1 shows
R R
/ P oridr — / poridr (4.27)
0 0
and
to R ) to R
/ / o oridrdt — / / poerdrdt, (4.28)
t1 0 t1 0
as j — 00.

It follows from (4.8) that \/p? is bounded in L*>(0,7"; L(£?)) for ¢ € [2,6]. Thus
we get that \/p7 (or its subsequence) converges strongly in L*(0,T; L*(Q2)) to \/p
due to Proposition 4.1. Moreover, Corollary 4.1 yields that y/piu’ is bounded in



L>(0,T; L**%¢(Q)) and Corollary 4.2 yields that \/piu/ converges almost everywhere
to \/pu. Thus \/p/u/ converges strongly to /pu in L*(0,T; L*(12)). Hence,

to R to R
/ / pPul o ridrdt = / / Vi (V piwd ) prtdrdt —
t1 0 t1 0
to R to R
/ / Vo(v/pu)pridrdt = / / pup,ridrdt, (4.29)
t1 0 t1 0
as j — oo.

By (4.27)-(4.29), it is clear that the terms on the left hand side of the equation
(4.26) converge respectively to the corresponding ones without superscript j. It
remains to prove that the terms on the right hand side of (4.26) vanish as j — oo.

For the first term on the right hand side of (4.26), it follows from the proof of
Proposition 4.1 that

R
2dr| < / N2 )3 ()3
| max / P or’dr] Ctggg]( (p)2r3dr)s(g;)
< C(sj)S —0 (4.30)

as j — 00.
The second term on the right hand side of (4.26) can be treated similarly. There-

fore, taking limit 5 — oo in (4.26), we obtain that, for functions ¢ which are C' on
[O, R] X [tl, tg],

/ ppridr|? / / ppr + pu,)ridrdt. (4.31)
0
Now let ¥ : Q x [t;,t2] — R be any C! function. Define

p(r,t) == / (ry, 1)dS,,

where the integral is over the unit sphere S = S? in R®. Equation (4.31) then holds
for ¢, and it is easy to get that, for t = t; or o,

/0 P(Tat)<P(7°:t)7“2d7“=/Qp(:l:,t)w(x,t)dx.

We note that the second term on the right hand side of (4.31) may be rewritten as

to R to R
/ / p(r, tyu(r, t)o,(r,t)r’drdt = / / p(r, t)u(r, t)Vip(ry, t) - yr*dS,drdt
t1 0 t1 0

:/):2/Qp(r,t)u(r,t)%VQﬁ(x,t)dxdt:/;2/Qp(x,t)U(x,t)VgZ)(x,t)dxdt.

The first term on the right hand side of (4.31) is treated in a similar way. This
establishes the weak form of the mass equation, that is

[ vty = [ [ (vt ote.00 - 90}, e
Q t1 Q



for O functions 1 : Q X [t;, 5] — R.
Now we prove that p € C([0,00); WH*(Q)*). If ¢ is a C! function of z, then by
the continuity equation, we have

to
| [oodstzi=1 [ [ ety Todsar
Q 11 Q

to
<90l [ ([ po) ([ plUPde) e
t Q Q

1

C(T)|V|lpeeta — ta].

A straightforward argument enables us to extend this to functions ¢ € W1>(), so
that

1p(st2) — p(s t1)[[wree @) < C(T)[t2 — tl,
for t1,ty € [0,T]. The proof of the proposition is complete. O

Finally, we prove that (p, U) satisfies the weak form of the momentum equation,
(2.21), in the sequel.

Proposition 4.6. The weak form of the momentum equation, (2.21), holds as stated
wn Definition 2.1.

Proof. Let ¢ be a C*-function on [0, R] x [0,T] with ¢(0,¢) = ¢(R,t) = 0 for all
t € [0,T]. Then it follows from (3.4) that

/ P, 0)r2dr + / / (000 + (06 + () (60 + 2w

/ i P (e, + =2 rdrdt = // e

(3 20l 206,
// ei(p)i( ““b we ujgb) 2drdt + €. (4.32)

us.lr.o

e+ 206, + Zoptarar

T ’I“

where
= [+ o) e 0630(esnt) = 1) e 00(ern )t (439)

We claim that
lim &) =0. (4.34)

e;—07F

To check this, we drop the subscript j for convenience. First, we show that

T
lim 52/ P (e, t)p(e, t)dt = 0. (4.35)
0

e—0t

Indeed, note that

82/Tp (e, 1) (e, t)dt'< max |¢(e, t) |/ e2p (e, t)dt

< max |o(e, t)] [// 7 (r,t) 2drdt+// ) (r, t)|r*drdt| .
0<t<T




Since

T (R
/ / P (r, t)errdt <y,
0 5

// ) |r*drdt = 2// 10210, (p? ) |r2drdt
// p r2drdt+// (p2)|*r2drdt < C

due to (4.6) and (4.7), so (4.36) follows from the fact that 111%1+ Jax, lp(e, )] =0
since ¢(0,t) =0 and ¢ € C%. Next, we show that

T

lim (pu,)(e,t)¢(e, t)e*dt = 0. (4.36)

e—=0t Jo

Thanks to (3.3) and the boundary condition that u(e,t) = 0, one has
pi(e,t) + p(e, t)0,u(e, t) = 0.

Thus,

lim T(puT)(e,tM(e,t)ant: lim (—52 /OTﬁtp(a,tM(e,t)dt)

e—0t Jo . e—0t .
— Eli%l+ lero(e)ng(e,O) +52/0 ple, 1)00(e, t)dt] —811)%1 {52/0 p(e,t)atgb(s,t)dt] .

On the other hand, it is easy to get

2

52

/OT P(s,t)3t¢(6,t)dt' <ot (2 /OT pleir) 100(e

2
< Cpel™7 =0 as e — 0",

Hence (4.37) holds. Similarly, one can show that

lim Ze /OT g <p%ur) (e,t)p(e,t) = 0. (4.37)

e—0t

Indeed, it follows from (3.3) and wu(e,t) = 0 that

3 (T 3 3 T 5
1] (o) Eoote. it = Sof(0e0) + [ e nose
Since

T 1 T 1y
/ (5 t)0p(e, t)dt’ <e 3(5%5) (52/ p”(s,t)dt) 10:(g, || _ar_,
0 0 LT3

53

o (4.38) follows. Now (4.35) is a consequence of (4.36) - (4.38).



Now, for any ¢ = (%42, ¢3) € C*(Q x [0,T)) satisfying ¥ (x,t) = 0 for all
x € 0 and P(x,T) = 0, we set

o(r.t) = / bry,t) -y ds, (4.38)

with S = S? the unit sphere n R?, and transform the terms of (4.33) into integrals
in Cartesian coordinates. The treatments of the first two integrals on the left hand
side of (4.33) are similar to those in the proof of Proposition 4.5. The next integral
can be taken care of by direction calculations. Indeed, note that

20N . _ 2 i
(r<¢), = 0, /|x|§r div¢p(z, t)de = r /(w )a; (ry, )dS,.

S

Thus,
—/T/eRpj(%r 'gb) r2drdt
N / /6 { K ) rgp+ 1 (r’e), Herrdt
{(u?) ( yzyk(l/)i)xk(ry,t)dSy) +u7j (/S div;b(ry,t)dsy) } r2drdt
= //E {(2) 22
- / / c%ck ( ) s dzdt

= - / PV(UI) : Vipidadt.
0 QEJ,

Similarly, one has

T rR T
/0 /5 Z&“j(pj)% (Ui + 2—) (¢r + ¢) 7'2d7°dt = /0 /Ej igj(pj)% diVUj lewd.iL’dt,
and

T (R i ; . y |
_/0 /Ej Sj(P])_ (QuLf ur¢r u3¢) T'erdt = —/0 /Ej gj(p])ZVUJ . vwdl'dt

Thus, we have shown that

| v v [ {VEWEU) 0w+ VU 0 VpUTs Vo) dede

+E/T/ () div pdxdt — / T/ PVU : Vipdadt

= —5 / / 4 divU’ divypdzdt — 5]/ / VUJ Vipdxdt + ab

'



It follows from this and (4.4) that
/ngg-qp dx+// Vi (ViU at¢+\/ﬁUj®\/EUf:w}dmt
Q

T
+ / / () divepdrdt — / / VU Vapdadt

0 JOQ 0 JQ

= / / (¢) divedadt + =} / / (p))3divU/ divepdadt
€5 0 €4
/ / )iVUY : Vipdadt + &), (4.39)

We proceed to show that each term on the left hand side of (4.40) converges to
corresponding term in (2.21) and each term on the right hand side of (4.40) vanishes
as j — 00.

First, the convergence of the term p’U’¢, can be established just as what has
been done for the term p’u’¢, in the proof of Proposition 4.5.

Next,
T ‘ |
| / /Q[\/EUJ ® /U — /pU @ /pU] : Vipdadt|
0 . |
< Vel [ (VPP VpIUR da
0 JB,
T " ‘ |
+| /O /Q WU @ /piUl — (/pU @ \/pU) : Vildadt|,  (4.40)
for all n € N.

By virtue of Proposition 4.3, one has

T T T
/ / /U Pdedt < (/ p?’d:z:dt)%(/ DU P ddt) 7
0 JBy 0 JB 0 By

1
n

T
<C( / pldxdt) T
0 JB;
As proved in Proposition 4.5, the following convergence holds
T ' T ' ) ,
/ pdzdt < C(T)( / / (7)Pdwdt)}|Bs |}
0 JB1 0 JB1 "
<

C(T)|B1|5 — 0 (4.41)

as n — 0o, where (4.8) has been used. Consequently, it holds that

T
// I/ p U7 Pdadt — 0,
0o JB;



uniformly on j, as n — oo. Also,
T T '
// |/pU*dzdt < lim inf // /U7 Pdadt — 0,
0 JB1 J7°Jo JB:

as n — oo. It follows from (4.36) and Proposition 4.4 that

T T
/ / ViUl @/ piU7 : Vpdedt — / / VU ® /pU : Vipdadt, (4.42)
0 Q 0 JQ

as j — oo. For the pressure term, Proposition 4.2 implies that

/OT /Q ()7 dive dadt — /OT /Q v dedt, j— oo, (4.43)

Concerning the diffusion terms on the left hand side of (4.39), it follows from
(4.4) and integration by parts that

/OT/Q VU’ Vipdadt = —/OT/Q \/p7(\/p7UJ) - Apdrdt
—2 /0 T/Q (VW) - (VVpr - V)ipdadt. (4.44)

Using Proposition 4.2- Proposition 4.4, one can prove the convergence for the
first term on the right hand side of (4.44) as follows,

/OT | Voo~ [ ) [ Vit acdza aas)

as j — 00, in a similar way as in the proof of (4.29).
Due to Lemma 4.1, it holds that

IV 07 || oo 0,502 0)) < C,
and hence there exists a function g € L(0, T; L*(Q2)) such that
V/pi =g weakly in L*(0,T; L*(Q)).

Meanwhile, by Proposition 4.1, up to a subsequence, 1/ p? converges almost every-

where to \/p. Combining the fact that y/p’ is uniformly bounded in L*(0,T’; L5(Q2),
one has

Vi = \/p weakly in L2(0,T; L*()),
and hence g = /p. Consequently, it yields

Vi = V/p weakly in L(0,T; L*(Q)).

Due to Proposition 4.3 and Proposition 4.4, we finally obtain

_2/0 /Q(\/EUJ') (VP V)pdadt —
i /0 /Q (V7U) - (Vo/7 - V)odadt, (4.46)



similar to the proof of (4.42). Substituting (4.45) and (4.46) into (4.44) yields
T . .
/ / pPNVU : Vipdzdt —< pVU, Vi) >
0 Jo

[ [ vavav) svaic =2 [ [ (/p0)- (9o Ve, w7

Up to now, we have proved that the terms on the left hand side of (4.39) converge
to corresponding ones in (2.21) as j — oo. In the following, we prove that each term
on the right hand side of (4.39) vanishes as j — oc.

First, since \/p/ is uniformly bounded in L>(0, T; L(Q)) due to (4.8), it holds

that
T ; T ; ol 3—y 3—
| / / (¢ divedadt] < C( / / (¢)dadt)}|B.,| 'S < C|B.|'S" (4.48)
0 e 0 e

for 1 <y < 3, which tends to zero as ; — 0.
Next, with the help of Lemma 4.1 again, one has

y% / / () divUidivepdadt|

<C / / )3 |V U dadt) ( / / )idxdt)

< CVE (4.49)

Finally, the integral ¢; fo fQ )IVU? : Vipdzdt admits same bound as in (4.49).

It follows from this, (4.34), and (4.48)-(4.49) that each term on the right hand
side of (4.39) converges to 0 as j — oc.
Taking the limit ;7 — oo in (4.39), we finish the proof of the proposition. O

l\ﬂH

Now we are ready to prove Theorem 2.1.

Proof of Theorem 2.1. The weak forms of the mass conservation and momen-
tum equations follow from Proposition 4.5 and 4.6 respectively. The first part in
the definition of the weak solutions (see Definition 2.1) follows from Lemma 3.2,
Lemma 4.1, Proposition 4.5, and the proof of (4.47) in Proposition 4.6 which shows
that p?VU’ — pVU in the sense of distribution and pVU € L*(0,T; W~11(Q)).
Moreover, p € C([0,T]; L2(2)) and the equation of mass conservation (2.27) are ob-
tained by Propositions 4.1 and 4.5. The energy estimate (2.28) and entropy estimate
(2.29) are due to Lemma 4.1. Finally, the radial symmetry of the weak solutions is
a consequence of Corollary 4.2. The proof of Theorem 2.1 is thus finished.
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