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Abstract: In this paper, a contact wave for 1-dimensional Jin-Xin relaxation
system [10], which is a relaxation version of contact discontinuity of the corre-
sponding hyperbolic system, is shown to be nonlinearly stable. The time-decay
rate is also obtained. The proof is given by a weighted energy estimate.

1 Introduction

The relaxation phenomena often arises in many physical situations, such as the
kinetic theory, non-equilibrium gas dynamics, elasticity with memory, flood flow
with friction and magnetohydrodynamics etc. Mathematically, the investigation
of the behavior of the solutions to the relaxation system is an important subject.

In this paper, we consider the initial value problem of 1-dimensional Jin-Xin
relaxation system [10] which reads

us + v, =0,
v+ a*u, = =(f(u) —v), xeRLt>0, (1.1)
(v,u)(z,t = 0) = (vo,up)(z), x€RY

™ | =

where u = u(x,t),v = v(x,t) are vector-valued functions in R™, f(u) is a
smooth function from R™ to R™, a > 0 is a given constant satisfying the
sub-characteristic condition (1.5) below, and € > 0 represents the relaxation
coefficient.

Assume that the initial data satisfies

(vo(z),uo(x)) — (v, ugt), as x — £oo, (1.2)

where vy, uy are given constants satisfying vy = f(uy).
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When the relaxation coefficient ¢ — 0, formally, the first order approxima-
tion of the system (1.1) is the following conservation laws:

ug + f(u)g = 0. (1.3)

The relaxation system (1.1) is designed by Jin-Xin in [10] to approximate the
conservation laws (1.3) by the numerical scheme. The main advantage of this
scheme is its generality and simplicity since the relaxation system (1.1) is semi-
linear.

We assume that the system (1.3) is strictly hyperbolic and each characteristic
field is either genuinely nonlinear or linearly degenerate, i.e., the Jacobian matrix
Df(u) of the flux f(u) has real and distinct eigenvalues A;(u) < Ag(u) < --- <
An(u) with corresponding left and right eigenvectors I;(u), r;(u) ( = 1,2,--- ,n)
satisfying

L(u)Df(u)R(u) = diag(Ai(u), Aa(u), -+ , An(u)) = A(u), (1.4)
L(u)R(u) = Id., '
where L(u) = (li(u),--- ,ln(w))', R(u) = (ri(u), - ,rp(u)), Id. = Identity
matrix; and each i—field is either genuinely nonlinear, i.e., V\;(u) - r;(u) # 0,
or linearly degenerate, namely, V;(u) - r;(u) = 0.

Under the above assumptions, it is well-known that the hyperbolic conserva-
tion laws (1.3) has rich wave phenomenon. In the genuinely nonlinear field, the
nonlinear waves, i.e., shock waves or rarefaction waves, may appear, and contact
discontinuities, which are the linear wave, may occur in the linearly degenerate
field.

To ensure the dissipative nature of the system (1.1), it is important (may
necessary) to require a sub-characteristic condition, [10], [11], i.e.,

—a < \i(u) < a, VuVi=1,2,---,n. (1.5)

Due to the effect of the relaxation term, the system (1.1) is dissipative under
the sub-characteristic condition (1.5). The elementary hyperbolic waves, i.e.,
shock waves, rarefaction waves and contact discontinuities, become smooth in
the system (1.1). It is interesting to investigate the asymptotic stability of the
relaxation versions of the hyperbolic waves in the relaxation system.

Liu [11] first considered a general 2 x 2 1-dimensional relaxation system
and gave the stability criteria for the shock waves, rarefaction waves and also
diffusion waves. Since then, many authors have stuided the stability of the shock
waves and rarefaction waves to the relaxation system in 1-dimension or several
space dimension under some small conditions, see [2], [3], [14], [15], [18], [19],
[20] etc. However, there is no result corresponding contact discontinuities for the
relaxation system (1.1) as far as we know. The investigation of the asymptotic
stability of contact discontinuity for the viscous conservation laws begins with
Xin [17] in 1996, which concerned with the Euler system with uniform artificial
viscosity. It was first discovered in [17] that the inviscid contact discontinuity
can not be an asymptotic state for the viscous system, but a viscous contact



wave which approximates the contact discontinuity on any finite time interval
as the viscosity tends to zero, is nonlinear stable. This is so called meta-stability
[17].

In this paper, we study the meta-stability of contact discontinuities for the
relaxation system (1.1) under the assumptions (1.4) and (1.5). That is, we
construct a contact wave, which approximates the contact discontinuity of the
corresponding hyperbolic system (1.3) on any finite time interval as the relax-
ation coefficient tends to zero, and prove that the contact wave is nonlinear
stable. Our idea is following: it is observed that the relaxation system (1.1) is
equivalent to the perturbed conservation laws with uniform artificial viscosity,
see (1.9) below. We treat the perturbation term ws as a higher-order term in
(1.9) due to the sub-characteristic condition (1.5) and expect that the long time
behavior of the solutions to (1.1) is similar to that for the viscous conservation
laws

u + f(U)y = a®clUpy — . (1.6)

For (1.6), Liu-Xin [13] in 1997 showed that the inviscid contact discontinuity
is meta-stable by the pointwise estimates. Liu-Xin’s analysis is based on ap-
proximated Green’s function, which is very difficult to construct in many phys-
ical systems whose viscosity matrix is only semi-definite, such as compressible
Navier-Stokes and Boltzmann equation. Thus it is difficult to apply Liu-Xin’s
approach to some physical systems. Recently Huang-Matsumura-Xin [5] and
Huang-Xin-Yang [7] develop a new energy method to treat the stability of the
contact discontinuity for the compressible Navier-Stokes equations and Boltz-
mann equation. Such approach admits that the energy estimate involving the
lower order grows at the rate (1+ t)%. But it can be compensated by the decay
in the energy estimate for derivatives which is of the order of (1+t)~2 due to the
underlying properties of the viscous contact wave. Thus, these reciprocal order
of decay rates for the time evolution can close the priori estimate containing
the uniform bounds of the L* norm on the lower order estimate. This method
can be widely applied to many physical systems, see [8] and [6]. In this paper,
we shall apply the ideas of [5] and [7] to investigate the stability of the contact
discontinuity for the relaxation system (1.1).

Assume that p—field of system (1.3) is linearly degenerate, i.e. Jp : 1 <
p <m,st. VAy(u)-rp(u) = 0. Consider the hyperbolic system (1.3) with the
following Reimann initial data

Uu_, x <0,
u(x,O):{ Uy z > 0.

Then (1.3), (1.6) admit a p—contact discontinuity solution

O(x,t) = { R o (1.7)
provided that
Fug) = Flus) = stup —us), s=Aup) = A(u).  (18)



Without loss of generality, we assume that s =0 in (1.8).
From (1.1), we obtain a system for u(x,t) by eliminating v(z,t)

U + f(U)g = a*tgy — U
us(x,0) = —vgg ().

Now we construct the viscous p—contact wave for (1.1) motivated by [13]. Firstly
choosing non-singular parameter p, we define the p—contact wave curve by

Cp(u—) = {ulu = u(p), i rp(u(p)), u(p-) = u_}. (1.10)
Along the curve Cp(u—_),
dAp(ulp)) _ du(p) _ _
dp = VAp(u(p)) - dp VAp-1p = 0.
So we have
Ap(u(p)) = Ap(us) = Ap(u—) =0. (1.11)

This means that the p—eigenvalue A, (u) is zero along the curve Cp(u—_).
To define the viscous p—contact wave, we choose the non-singular parameter
p in (1.10) satisfying
u(p-) =u—, u(py) = uy,

and
pt_GQEch:Ov $ER1,tZ _17
o x <0, (1.12)
p(J?,t— 1)_ er’ QC>0.

Without loss of generality, we assume that 0 < p— < p;. Now we define the
viscous p—contact wave U(z,t) by

Uz,t) € Cyplu-), Ul t) = ulp(,1)), (1.13)

where the parameter p(x, t) is defined in (1.12). From the construction of U (z, t),
we have

Ui(z,t) = rp(u(p))pe,  Us(,t) = 1p(u(p))pa,

Usa(2,t) = rp(u(p)) paw + Vrp(u(p)) - p(u(p))(ps)*.

Now we impose the following structure condition to the system (1.1) or (1.3)

(1.14)

Vry(u(p) - rp(u(p) =0, ¥u e Cplu), (1.15)

in order that, on one hand, U(x,t) satisfies the equation in the conservative
form (1.6) so that we can introduce the anti-derivative variable in the proof; on
the other hand, the error term Vr,(u(p)) - 7, (u(p))(pz)? vanishes, which is not
good enough with the decay rate (1 +¢)~1.



It is remarked that we only require here that the p—right eigenvector r,(u(p))
is constant along the curve Cp(u_) in the structure condition (1.15), while in
[13], the left eigenvector I, (u(p)) is also required to be constant along the curve
Cp(u_).

Under the structure condition (1.15), the viscous contact wave U(x,t) de-
fined in (1.12) satisfies the system

Ut + f(ﬁ):c - GQEUxx =0. (1.16)

The parameter p(x,t) in (1.12) has the following properties as © — +oo:

2

lp— px| = O(1)(py — p_)e =200, 2

2l = O()(py — p)e(1 + 1)) e 570, (1.17)
22

|pt,€pzal = O(1)(py — p-)(1+ 1) Te 5eZe0in,

Consequently the contact wave U(x,t) satisfies the properties:

U — ug| = O(8)e” 500,
U] = O(8)[e(1 + £)] 2 saearn (1.18)
|[7t7EUxx| = 0(5)(1 + t)_le_m,

as © — oo, where 0 = |uy —u_| = O(1)(p+ — p-).
It is straightforward to compute that

T = Ul pory = OMei (1 +8)%,  ¢>1.

where U is the inviscid contact discontinuity defined in (1.6). The above prop-
erty means that the viscous contact wave U(z,t) for (1.1) approximate the
inviscid contact discontinuity U(a:, t) to the system (1.3) in L? norm, ¢ > 1, on
any finite time interval as the relaxation coefficients ¢ — 0.

In the following, we only consider the asymptotic behavior of the solutions
of the system (1.1) for fixed relaxation constant e. Without loss of generality,
we fix e = 1.

Usually the integral

JFOO —
/ (u(z,0) — T(x,0))dz

— 00

does not be equal to zero. We shall introduce some linear diffusion waves to
remove the excessive initial mass. We remark that the nonlinear diffusion waves
is first introduced by [12] in studying the nonlinear stability of the viscous shock
wave to remove the the excessive initial mass. But in our case, as in [5], it is
sufficient to use the linear diffusion waves due to the different stability analysis
from [12].



For weak contact discontinuity, i.e. § < 1, the vectors r(u_), - ,7p—1(u_),
Uy — U, Tpy1(ug), -+ ,rp(uy) form a basis in R”. We thus decompose the
excessive initial mass as

+oo
/ (u(@,0) = U(a,0))dz = 3" aira(iis) + oy —u_), (1.19)
- i#p

with the uniquely determined constants «; (i # p), xo, where and in the sequel,
we use the notation

. { u_, i<p,

U; = .

Uy, > p.
Define the linear diffusion waves by

9it+)\i(ﬁi)0ix:a20ixl’; xeRlth _]-a Z7épa
Oi(z,t = —1) = aid(),

where 6(z) is the Dirac function satisfying fj;o §(z)dx = 1.
Then we have

o _lz=ai@apadni? +oo
0i(,1) = —————e = 420+n / 0:(x,t)de = ;. (1.20)
dma?(1 +t) e

Now we define the ansantz U(x,t) by
Uz, t) = Uz + xo,t) + 0(x, 1) (1.21)

with G(x,t) = Ei;ﬁp Gi(:c,t)ri(ﬁi).
Thus we have

+oo _
/ (u(z,0) = U(z,0))dz = 0. (1.22)
A direct computations gives

ﬁt“‘ﬁtt"‘f(ﬁ)x —GQU;C;C = Rx, (123)

with the error term

Rz,t) = [f(U) = FU) =Y Niliw)firs(it;)]
i#p
H=F O+ @ U = > Nl O (iis)]

1.24
= (1.24)

_lz=xap 4|2

1 + t Z e 8a2(1+t)



where we have used the fact

FO) = FU) = Nl 0;ri (i2;)

i#£p
= D)0 = > Xils)0irs (i) + O(1)|0)
wﬁp
= > [Df(U) = Df (1)) 0iri(i;) + O(1)]0)?

i#p
_le=xi(a) (402

= 0(1)(6|a| + |Oé| ]. —+ t Z e 8aZ(1+t)

ERY (un(1+m2

=00) 1+ e w2
=1

and the diffusion wave strength |af =3, [a;| and §=06+|al
Without loss of generality, we assume that zo = 0 from now on. In view of
the equation (1.9) for u(z,t), (1.23) for U(x,t), we have

d 2

SH(E) + S HH) =0,
with

+o0o B
H(t) = / (ula, 1) — Uz, 1))da.
Thus we have for all t > 0,
+oo B
H(t) = / (ula, 1) — Uz, 1))dz = 0, (1.25)

due to the initial excessive mass H(0)=0 (see (1.22)) and

+oo N
H0) = /_ (us(z,0) — T (,0))da
= /Jroo(—vx(x 0) — Uy(x,0) 20” (x,0)r;(1;))

T i#p
=—(vp —v) + (flug) = f(u-)) =0.
Set the perturbation by
oz, t) = u(x, t) — Uz, t)

and introduce the anti-derivative variable

o)~ [ " oy, t)dy

The equation (1.25) ensures that the anti-derivative variable ®(z,t) is well-
defined in some Soblev spaces like L*(R'), H'(R!) etc.



Now we construct the ansatz V(x,t) for v(z,t). From the first equation in
(1.1), we set

V(z,t) = f(U) = a®Uy + /E Uyidz — R, (1.26)

then we have ~ B
Ui+ V,=0. (1.27)

Set

¢($7t) - ’U(l‘, t) - V(J?,lf)
From (1.1); and (1.27), we have

¢t+¢x=0

and
Dy, = —1), P, = ¢. (1.28)

Our main result is

Theorem 1.1 Consider the relazation problem (1.1)-(1.2) under the sub-
characteristic condition (1.5) with € being fized to be 1. Suppose that the corre-
sponding conservation system (1.3) satisfies the condition (1.4) and the structure
condition (1.15) and p—character field is linearly degenerate (1 < p <n). Let
Ul(x,t) be the ansatz in (1.21) superposed by the viscous p—contact wave U (x,t)
and the linear diffusion wave 0(z,t) in the transversal families. Then there ex-
ists a small positive constant 8y such that if the wave strength § and the initial
values (vo(x),up(x)) satisfy

8+ [ @ollFs + lvollFe < 63,
then the problem (1.1) admits a unique global solution (v(x,t),u(z,t)) satisfying
u(z,t) € C([0,+00); H*) N L*(0, +00; H?),

v(z,t) € C([0,+00); H') N L*(0, 4-00; H?),

and ~ B )
(w—=U,v=V)||pe < Cop(141t)" %, (1.29)

where C' is a positive constant independent of t.
The rest of the paper will be arranged as follows. In the next section, we

will give the desired a priori energy estimates. Theorem 1.1 will be given in
Sections 3.



2 Energy Estimate
From (1.9) and (1.23), we obtain a system for ¢(z,t)
G + ue + (f(w) = f(U))e = a®bpe = —Ra, (2.1)
Integrating the system (2.1) over (—oo, z) yields
Dy + Py + (f(u) — f(U)) — a®Ppy = R. (2.2)

Linearizing the above system (2.2) gives

q)t + (I)tt + Df(U)(I) —a q)zz ~
= —R[f( w) = f(U) = Df(O)(u—-U) + [f(U) - f(U) - DFU)] + R (23)
=i 1y,

with

Ry = 0(1)(|®2]* + 6] + R). (2.4)

To diagonalize the system (2.3), we introduce the new variable
W(z,t) = L(U)®(x,t), ®(z,t) = RU)W (z,1), (2.5)

th}re L(U) and R(U) are defined in (1.4). Multiplying the system (2.3) by
L(U) in the left, we get
Wi 4+ Wiy + AMOYW, — a* Wy = L(U) R(O)YW + 2L(U)(R(U)W),
+L(U)u R(UYW + A( NL(U) ROYW — a®L(U) oo R(U)YW (2.6)
—20°L(U)(R(UYW), + L(U)Ry,
Let
W:(WI;WQa"' aWpflvaaWerla"' 7Wn)t7 (27)

where and in the sequel the notation ()! represents the transpose of a vector or
matrix ().
Introduce a weight function

_ plx,?)
n(z,t) = o (2.8)

where p(x,t), p4 is the parameter defined in (1.12). If 6 < 1, then |n(z,t)—1] <
1. Note that 0 < p_ < p4, thus p, > 0.
Denote that

V_V = (UNWM 77NW27 o 577NW])—1) Wpa niNWp-‘rh e aniNWn)a

where N is a large positive constant to be determined later. Also we have if N
is large enough, 7V and 7~ is very close to 1.



Since the local existence of the solution of (2.3) is well-known, we omit the
proof for brevity. To prove Theorem 1.1, it is sufficient to prove the following a
priori assumption by using the continuum process,

1
N(T) = sup ([|®llLe, + I¢lla> + [®ellmr + (A +8)4[|0llL2) <0, (29)
te[0,T]
where the small positive constant ¢ is only depending on the initial values and

the wave strength 6. B
Multiplying the system (2.6) by W, we have

Np 1 N p—1 n
Zw2+ W2+— ZWQt_ T)tZW;_ ‘ ZWiQ
i=p+1 =1 i=p+1
p 1 p—
(nNZWiWit + W, Wy +n~ N Z WiWit)s — (UN)tZWiWit
i=1 i=p+1 i—
ey WWzt—nNZW?t Wy =™ Y Wi
z p+1 i=p+1
N N - W7
(n ZM( n Z Ai(U)
i=p+1
w2 _ W
" 1ZN779C U) +nhiz(U )) . Nt Z (NnzAi — )i (U)) D)
i=p+1
p—l n p—1
—a? (N Y WiWia + WoWoa + 07N Y WilWia)a + a2No™ "'y > Wilig
=1 = p+1 i=1
+a*(—N Z WiWiy +a2nNZW2 —l—aQW2 +a?n N Z W2
- _ i=p+1 _ i=p+1
=W- L) R(U)W+2L( 7)e(R(U )W)t+L(U)ttR(U)W
HAO)LU)e RU)W — a’L(U)4a ROU)W = 20*L(U)o(R(U)W )y + L(U) R1]
(2.10)
Note that |\ (U)| < Cp,, we choose N is large enough such that
— W2
N IZ (N1 i (U) +nhia (T)) 5
2
p N1 Z (N0 (U) — phip (U)) =5 (2.11)
- =ptl _
—W - AU)L(O) ROW > Cp, Y W7
i#p

with a positive constant C', where we have used the construction condition (1.15)
such that r,(U)y = Vry(U) - rp(U)py = 0 and

W - AO)L(U) ROU)W| < Cpa » W
i#p



Integrating (2.10) and using the a priori assumption (2.9) as well as (2.4) give

p—1
W2
/ § +WW@ (—+WWpt n~N § +WWn)da:]
i=p+1

+aQHWmH2 (1+C(5)||Wt|\2
<O(1+1) W2+ C(6 + o) |[Wa||*dz + CS(1 + 1) =.
(2.12)

Multiplying the system (2.6) by CW; with the positive constant C' deter-

mined later, we obtain

CZWftw(Z t+cZA WiaWir = a*C(Y_ WiaWir)s
i=1

+a2C(Y V?ﬂt:cwt-[ OWROW + 2O (ROW) (213)
CLO ) ROW + AO)LO), ROVW — a*L(T) 5 RO)W
Ril.

~2a’L(0)2(R(U)W )z + L(U)
Integrating (2.13) yields
it Cl Vfo ~ S 3 A 2
/Z —2)dx), +C/Z)\i(U)WixWitdx—kCHWtH (2.14)

< C3(1+1)” 1||W||2 +C(8 + o) (|Wa |2 + [|Wel?) + CO(1 +t) 2.

Combining (2.12) and (2.14), we have
e c W2 o
[/Z(%Wf N Wil + S W) + (55 + Wy W + 5 W)
E 7N — —
n 2 —_N C 2 a“C 2
—W; WiWi + =W, —|W,|°d
+zzp£1( 2 i +77 [ 7,t+ 2 zt)+ D) | ;c| J?]t (215)

/Z [@?W2, 4+ X (U)Wiu Wiy + (C — 1)W2]dx
< CS(L+ )" YW)2 + C6 + o) (|Wall® + |[Wel|?) + C5(1 +¢) 2.

Choosing N large enough, C suitably, s.t. the discriminant of each quadratic in
the left side of (2.15) is strictly negative, i.e.

N A _
(nN)2—4><%><%<O,12—4><%><%<0,
—N\2 N _C Ay (7)) 2 2/ A
(V) 45 T S < 0.(ON D)~ 40%(C - 1) <0,

Set C = 2 — 3, where 3 < 1, then all the above inequalities hold when N is
large enough due to the sub-characteristic condition (1.5) and n*N ~ 1. The

11



sub-characteristic condition (1.5) plays a crucial role in our proof. With C being
chosen above, then 3C; > 0, s.t.

UMW + IWal* + [Well?) < By < CLIW (1 + [Wall? + [[Wel|),
/Z [@® W, + Xi(U)WieWir + (C = 1)Wiilde > O H([Wal* + [We|?) =: Ky

(2.16)
where

2

p—1
C w; c
E = /Z S WE 0 Wil + S W) + (5 + W W + S W)+

C
+ Z —W2+n_NWWt+

1=p+1

FWide + 5 aQCIIW I

i (2.17)
Furthermore, choosing 0, ey small enough in (2.15), we have the lower estimate

Lemma 2.1. It follows that
1 - 1
Ey+ 5K < Co(1+t) "By +Co(1 +1t) 2, (2.18)
where Ey and K are defined in (2.16) and (2.17).

Now we estimate the higher order estimate of ®, = ¢. Let

Z(J,‘, t) - L(ﬁ)(b(xa t),

then -
¢(z,t) = R(U)Z(z,1).

Applying 0, to the system (2.3), we have the system for ¢(z,t)

¢t + ¢tt + (Df(U)¢)I - a2¢zz = Ris. (219)
Multiplying (2.19) by L(U) in the left, we get the system for Z(z,t),

Zi+ Zy + (NU)2)z — 6*Zye = L(U)AU)R(U)Z + L(U)R(U)Z
+L(U)4R(U)Z + 2L(U)(R(U)Z); — a*L(U) 2 R(U) Z (2.20)
—2a*L(0)(R(U)Z)y + L(U) Ry
Let
Z = (Zlv e 7ZP*17 va Zerlv e 7Z’ﬂ)t7
Z="Zy, N Dy, Zpo N Ty o N 20,

with the weight function n(x,t) defined in (2.8) and N being large constant to
be determined later. Here N may be different from the previous one, and we
use the same notation without confusion.

12



Multiplying Z to the system (2.20), we obtain

77N p—1 N p—1 n
2 2 2 2 2
(7ZZZ+ Z+—ZZ )i — 7%24— t.z 7
i=1 i=p+1 i=1 i=p+1
p—1 n
AN ZiZi+ ZpZp + 0N ZiZia)e — (0™ ) Z ZiZ
=1 i=p+1
Z ZiZs — ( NZZ;iJr Y Z Z5)
i=p+1 i=p+1
L 72 i 72
AR S PGSk
=1 1=p+1
N 11’*1 F7 7 Z2 N—1 - = — Z
VY (N Xi(0) = e (D) S+ 07N DT (NneAi(0) + e (0) 5
=1 i=p+1
p—1 p—1
- NZZsz+Zpr+77 N Z Zch +a2N77N 177 ZZZ’L:C
=1 = p+1 =1
+a?(=Nn~N"1p,) Z ZiZiz +a UNZZm2 QQsz—i—aQn_N Z Z?
_ i=ptl _ _ _ _ =p+l
Z ALU) AMU)R(U)Z + L(U): R(U)Z+L(U)ttR(U)Z+2L(U)t(R(U)Z)t
2L(0)2e R(U)Z — 2a°L(U)2(R(U)Z)s + L(U) R }-
(2.21)

Note that Ry = —[f(u) = f(U) = Df(U)(u—0U)]+[f(U) - f(U) - Df(U)0] + R,
we calculate f Z - L(U)R;,dx term by term. We have

/Z- LR, dx:/[—Z L(O)R - Z - L(0), Rldx 02)
< COS(1+1)"YZ|2+ C8|| Zo||> + C5(1 + )3,

Z- L{O)If ) ~ 1(0) ~ DAOYRO)Z + )l
/ £() ~ DFO)(RO)Z +6),

—

Df( U, — V2 f(O)(Us, RU)Z + 6) }da (2.23)
|Z|[<|Z| +10)(1Za| + 0] + palZ]) + p (121 + 16)]dax
= 61||lel2 +Ce, |1 Z]° + CO1+ )7 2P + O5(1+ 1) E,
and
[ 21O - 50) - D5l o

< C8||Z,|12+ CO+ )Y Z|2 + C3(1 + )7 3.

13



Choosing N large enough and integrating (2.21) over R, we obtain
2

Y (5 + ZiZi)dals

p—1
/ Z +ZZn ( +Zzpt)
i=p+1
+a?|Z — | Z4)?
< CSA+ ) Z|? + C6 + 0) (| Zal® + | Z:]%) + C5(1 + )3
(2.25)

Multiplying (2.20) by CZ; with C =2 — 3,3 < 1, gives
n Z2 o ~
IPTRNCl) SE CY MOV 2+ c; N (0)Zi Zi

i=1 i=1

—a*C( szzn +a*C zn: 22 - [L(O)A)RU) Z
+L(U) R(U)Z+ 2L(U), (ézllJ)Z)t + L)y R(U)Z — a*L(U) . R(U) Z

—2a*L(U)(R(U)Z), + L(U) Ry,
(2.26)

Integrating (2.26) yields

/Z L2 27z ZYdx), +C/Z)\ VZiw Zirdx + C|| Z¢|| .27
<CS5(1+1t)~ 1||ZH2—|—C(5-|—50)(||Z ||2+ 1 Z:| )+C§(1+t)’%

Combining (2.25) and (2.27), we have
=l N A 2 =
n c C
[/Z(—Z? 1V ZiZin+ 5 B3) + (L + 2yl + 5 2)
c a?C &
—22 NZ,Z; 22 — N 72 dx)
+zzp£1 z ST At z:: e (2.28)

/Z [@?Z2, + X (U)Zip Zi + (C — 1) Z3)dx
< OS5+ )Y ZIP + CO + o) (1 Z:l? + 1 Zel[?) + Co(1+1) 72
Choosing N large enough, 6, ¢¢ small enough as in (2.18), there 3Cy > 0, s.t
‘1n(||Z||2 + 122117 + 1 Z:]17) < B2 < CilIZ11 + (122117 + (|1 Z2117),
/ D2+ M) FiaZac 4 (€ = D7 2 O (126 P +140P) =2
(2.29)
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where

= ™ 2 N C 2 Zg C 2
By = /Z(TZ'L + 0" ZiZy + EZ”) + (7 + ZpZpt + EZpt)-f—
= . 1 (2.30)
+ Y ("Tzi2 N2 2 + 5 Z3)da + 5a*C 2|
i=p+1
Thus we have the higher order estimate
Lemma 2.2. It follows that
1 _ _
By + 51 < Co(1+6)71Z)° + Co(1 + )72, (2.31)

where Ey and K5 are defined in (2.29) and (2.30).

Then we estimate the term Z,,(z,t) and Z;¢(x,t). Multiplying the system
(2.20) by —Zy4, we obtain

ZQ
—(Zt - Ze)e + (; ;)t ~(Zit+ Za)a + (Zo - Zat)t — | Zat|?
- Z )\m(U) i z;c;c Z )\m ZmZzgcgc + GQ Z izx
wﬁp i=1 (2.32)

= ~Zyo {L(U)s (U)R(U)Z+L(U) R(U)Z
+ L)y R(U)Z + 2L(U)(R(U)Z); — a®>L(U) R(U) Z
—20*L(U)o(R(U)Z); + L(U)R1z}.

Integrating the above system yields

| / S + 2l + @ 2l 2
ZA )Zia Zizwdz < C5(1+ 1) Z]||? (2.33)
i#p .

4O + )| Zaall + NI +12617) + €51+ 1)

Applying 0, to the system (2.20), we get
Zat + Zort + (MU Z) gz — 0 Zyaw = {L(U) . AM(U)R(U)Z + L(U),R(U)Z
+L(U)uR(U)Z +2L(U)(R(U)Z); — a®*L(U) 2. R(U) Z

202 L(U)o(R(U)Z)x + L(U) Ry }a-
(2.34)
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Multiplying (2.34) by CZ,; with C =2 — 3,3 < 1, we get

CZQ + C( zt + C Z /\ chchmt + 20 Z )\m chcht

i=1
2

+CZ Niza(U) Zi Zigt — a*C(Zx2 - Zot ) + aQC(%)t
=7 {LU)AU)R(U)Z + L(U).R(U)Z
+L(0)1R(U)Z + 2L(0)(R(U) Z)e — a* L(U)2a R(U) Z
—2a?L(U)(R(U)Z) + L(U)Riz }o-

Integrating (2.35) implies

/Z zxt wfﬂf)dx] —|—C|‘th||2 —l—C/Z/\ Zz;c;cZ'L:Etdx

< i1 +0) 31||ZH2+C(5+€0)(HZ 2+ 12202 5 1 Zaol? + 1 Zua])

+OS(1+1t) 5

Combining (2.33) and (2.36), we have

Cz? a?C &
/Z Zi + ZinZizr + ) szmdx

+ / Z (0222, + CN(T) Zias Ziat + (C — 1) 22, )da

Z)\ )ZixZizedz + CS(1+ )1 Z||

i#p
+O( +20) (1 Zall” + 1 Z011° + 1| Zaa > + | Zey )+ (1 +1)2
<Co(L+t)~ 1||Z|\2+C(6+eo+sz>|\ZmH
O, | Zo||? + C (5 + e0) (| Ze1? + (| Zaatl|?) + C(1 + 1) 7%,

(2.35)

(2.36)

(2.37)

where we have used Young inequality in the second inequality and €5 is a small

positive constant.
Thus 3C5,Cy > 0, s.t.

/Z Zi + ZinZigs + Z2,;) + 0 Z Z2,.dx),

+03 (IIZm||2+||ZmH )
< C6(1+ )Y Z)%dx + C4|| Za |\2

+C4(8 + o) | Ze]| + Cad (1 +1)"2

if we take 8, e, e2 small enough in (2.37).
Multiplying (2.31) a large constant C' > 1 s.t.

C C
EKQ — Cy||Z|)? > ZKQ’

16
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then combining to (2.38), we get

Lemma 2.3. It follows that
Es+ K3 <CS(1+4)" Y Z|2 + C5(1 + )3, (2.39)
where

. 72
Es =CEy+ /Z(% + ZinZiwt + Zpp)da + 07| Zua |,
i=1

C _
Ky = K>+ C (1 Zaa | + | Zual ).

In order to get the decay rate of ¢y = —®;, finally we estimate the term ®;;.
We apply J; to the system (2.3),
Oy + Byt + V2F(U) Uy, ®,) + Df(U)Pot — a*®ppy = Ry (2.40)

Multiplying (2.40) by &, we have
o2 ) _
s + (1) + @u - V2 (U)(Ur, @) + DF(U) (@, i)

a?d?
zxt)t = Oy - Ryy.

(2.41)
_az(q)a:t D)+ (

Integrating (2.41) and using Young inequality yield
(1)2 2(1)2 _
(] B+ oy + [ @hdo < 051+ )70,

2 (2.41)
+C(6+53)||<I>tt|\2+053{H<I>xt||2+/|R1tl2dx}.

Note that

|[f () = f(U) = DFU) (= U)]e| = OD)[(I8] + 10]) (x| + [0:] + |T:])],

and
[f(U) = f(U) = DF(U)OL:| = O)[0](|0:] + |Te])-
Thus (2.3)-(2.4) and (2.41) give
o2 2p2 1
(f 5+ =g e gheal®
S CO(L+ )7 Y|ol* + Cllgel|* + Co(1 + )=
< Cs6(L+ 1) ZI* + Cs]| Ze||* + Cs6(1 + 1) 2,

(2.42)

if we choose 0,3 small enough. }
Multiplying (2.39) by a large constant C' > 1 such that

. ¢
CKs — Cs|| Zi]* = S K,

17



we get our desired higher order estimate

By + Ky <C51+1)7Y 2|2+ C)12]° + (1 —|—t)’%
7, | a2 C

P - %% 9 (2.43)
+ 4== 3+§ Py de.

E,=CE
4 3+ 9 5 5

/|Z|dx—/|L <I>|dx—/|L W), |2dz

<CO(1+1t) /|W|2dx+C/|W |2dx
< Co(1+t)"'Fy + CKy.

Note that

Thus from (2.43) and the a priori assumption (1 + £)%[|¢|| < o, we have

Lemma 2.4. It follows that
3

Eu+Ki<Co(1+t) 2B +C +e3)(1+t) 'Ky +C5(1+t)"2, (2.44)

where E; and K, are defined in (2.43).

3 Time decay rate
In view of the lower estimate (2.18), we have
By < C(E1(0) +6)(1+1)%. (3.1)

Set .
Es = Ey + By, K5:§K1+K4

From (2.18), (2.44), (3.1), we have
Esi+ K5 <CS(1+t) "By +C6(1+1)"7,

which gives
Es < C(E5(0) +6)(141)2, /t Ksdr < C(Es5(0) +8)(1+1)%.  (3.2)
0

In terms of (3.1) and (3.2), (2.44) implies

[(1+6)Ese = Es+(1+1)Ey ) ) 1
<E +C5(1+t) By +C(0+ep)Ky +C(1+1t)"2
<CKs+C6(1+1t)"2

Integrating the above inequality yields

Ey < C(E5(0) +6)(1+1)"%. (3.3)
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From (3.1), (3.3), we verify the a priori assumption (2.9)
L1 -
2[5 < Cll®lzallgllz. < CIUIWILlZlz, < CE? E} < C(E5(0) +9),

1+ 8)2¢l]> < C(L+t)2Ey < C(E5(0) +9),

and - )
|13 < CEy < C(FE5(0) +0)(1+1)" 2.

Also we can get the desired decay rate of ¢, ¢, in the L., norm
16,621z < Clléll= < C(E5(0) +8)% (1 +1)71.
Now we verify the decay rate of ¢y = —®;. From the system (2.3), we get

O, = —Py — DF(U)®, + a*P,p + R.

Thus
[@elzs < CUBlzs + [ ®ollza + 1 Baclly + 1Rl

<CE? +C5(1+1)71

< C(E5(0)+68)2(141t)7%.
Finally,

1 1 _
[0l = [@ellLo < Cl @I, [PuellZ, < C(B5(0) +8)3(1+1) 7.

Note that

E5(0) = [|[®oll 3 + llvoll -
Thus Theorem 1.1 is proved.
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