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1. Introduction
In this paper we study the generalized Davey-Stewartson system:
iy + D¢+ alpP o+ bE(|0])0 =0, >0, xeRY, (1.1)

where ¢ = ¢(t,z) is a complex-valued function of (t,2) € Rt x RN, N € {2,3}, A is

the usual Laplacian operator in RY, a and b are positive constants, 1 < p < (NN_% (If
N =2, then Y2 = 0o and if N = 3, then (N —2)" = N —2) and E, is the singular

(N=2)*

integral operator with symbol o,(£) = £2/|€%, € € RY and E\(v) = F1 (/€% Fv,
F~!and F are the Fourier inverse transform and Fourier transform on R, respectively
(see [5,6,10,11]).

The Davey-Stewartson system (1.1) has its origin in fluid mechanics, where for
p =3 and N = 2, it appears as mathematical models for the evolution of shallow-water
waves having one predominant direction of travel (see[4,5,6]). Moreover, (1.1) is the N-

dimensional extension of the Davey-Stewartson systems in the elliptic-elliptic case,

iy + Auz + 1y, + aldP ) = bidy,

(1.2)
V¢acx + ¢yy = —by (|¢|2)x )

where A, u, v > 0, by, by are positive constants and a € R. In this case, (1.2) describes
the time evolution of two-dimensional surface of water waves having one propagation
preponderantly in the z-direction (see [4,5,6]). In addition, according to the signs of u

and v, system (1.2) may be classified as:

—elliptic — elliptic : w>0, v>0, (1.3)
—elliptic — hyperbolic : uw>0, v<o0, (1.4)
—hyperbolic — elliptic : un<0, v>0, (1.5)

—hyperbolic — hyperbolic : <0, v <0, (1.6)

although the last case does not seem to occur in the context of water waves [see also [4]].
A large amount of work [10,11,12,15,16,17,18,22,23] has been devoted to the study of

the Davey-Stewartson systems. The Cauchy problem for the Davey-Stewartson systems



in all physical relevant cases ((1.3)-(1.5)) has been studied in [10] by using functional ana-
lytical methods, in which Ghidaglia and Saut proved the solvability in the Sobolev spaces
H' = H'(R?). In the case (1.4), Tsutsumi in [22] obtained the LP(R?)-decay estimates
of solutions of (1.1) (2 < p < o0). In [18], Ozawa obtained the exact blowup solutions
of Cauchy problem for (1.2). Ohta in [15,16,17] discussed the existence and nonexistence
of stable standing waves for (1.1) under some conditions. Moreover, Guo and Wang in
[11] studied blow-up in a finite time and global existence of the solutions to the Cauchy
problem for the generalized Davey-Stewartson system with the case (1.3); Wang and Guo
in [23] investigated the initial value problem and scattering of solutions to the generalized
Davey-Stewartson systems; Li, Guo and Jian in [12] exploited the global existence and
blowup of solutions to a degenerate Davey-Stewartson equations. From the view-point of
physics, the following problems are very important. Under what conditions, will the water
waves become unstable to collapse (blowup)? And Under what conditions, will the water
waves stable for all time (global existence)? Especially the sharp thresholds for blowup
and global existence are pursued strongly (see Zhang[25,26,27] and their references).

In the present paper, we investigate the sharp threshold of blowup and global exis-
tence of the Cauchy problem to the generalized Davey-Stewartson system (1.1) and the

instability of the standing waves for (1.1) provided 1 + % <p< (A],V_BQ) — . Although
there are some results [26,27,30] about the sharp condition for global existence of the
solutions to the Cauchy problem for nonlinear Schrodinger equations, on the study of
sharp threshold of blowup and global existence of the solutions to the Cauchy problem of
the generalized Davey-Stewartson system (1.1), there is little work in the literature. For
14 % < p <3, in [28,29], the authors obtained the sharp threshold of global existence to
the Cauchy problem for (1.1) by using potential well argument [31] and concavity method

[32]. However, the methods in [28,29] can not be used to solve the above problems on (1.1)

for3<p< C ]\],V_Jg —. Therefore, we must introduce some other method to solve the related

N+2
(N=2)*+"

problems for 3 < p < In the present paper, motivated by the study of nonlin-
ear Schrodinger equations [1,21,24], we construct a type of cross-constrained variational
problem and establish its property, then apply it to (1.1). By defining the corresponding

cross-invariant manifolds under the flow generated by the Cauchy problem of the Davey-



Stewartson system (1.1), we establish the sharp threshold for global existence and blowup
of the solutions to the Cauchy problem for (1.1). In addition, by using the scaling argu-
ments, we show that how small the initial data are for the global solution of the Cauchy
problem for (1.1) to exist. Finally, applying the sharp threshold and the property of the
cross constrained variational problem, we can also prove the strong instability of standing
waves for (1.1).

As for the standing waves for (1.1), Cipolatti [4] treated the standing waves with
the existence of ground state by means of P. L. Lion’s concentration-compactness method

[13,14]. By standing waves we mean special periodic solutions of the form

o(t,x) = (), (1.7)
where w € R and ¢ is a ground state of the problem:
—A +wip — a7 — bEL([Y]*)Y =0, =€ RY,
e HY(RY), ¢ #£0.

The so-called ground states are standing waves which minimize the action among all non-

(1.8)

trivial solutions of the form (1.7). Concerning the problem of stability and instability of
standing waves for nonlinear Schrodinger equations has been studied by many authors.
Berestycki and Cazenave [1] investigated the instability of ground states; Cazenave and
Lions [3] as well as Grillakis, Shatah and Strauss [9] obtained the existence of stable
standing waves; Shatah and Strauss [20] established the instability of nonlinear bound
states.

Our idea is initiated by the works of Berestycki and Cazenave [1] as well as Wein-
stein [24]. In [1] and [24], the related variational problems have to be solved, the Schwarz
symmetrization and complicated variational computation have to be conducted. But in
the present paper, using our new variational argument, we can refrain from solving the
attaching variational problems, and directly establish the sharp threshold for global exis-
tence and blowup of solutions to the Cauchy problem for system (1.1). Moreover, initiated
by the work of Soffer and Weinstein [21], we also discuss the instability of the standing
waves.

The major difficulties in analysis of the Davey-Stewartson system (1.1) are the non-

linearities which include the singular integral operator F;. In order to study the sharp
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threshold of global existence and blowup of solutions and gain the instability of standing
waves, one has to search for proper functionals and manifolds as well as suitable dila-
tion transformations. In the present paper, we present a cross-constrained variational
argument to study the sharp threshold for global existence and blowup of solutions to
the Cauchy problem for (1.1). The idea is to construct a type of cross-constrained mini-
mization problem, and establish so-called cross-invariant manifolds. Then we can derive

the sharp threshold for global existence and blowup of solutions to the Cauchy problem

for (1.1) provided 1 + % <p<gq 1\1[v_+2§+' Moreover, utilizing the scaling discussion, we
can also the question: How small are the initial data, the global solutions of the Cauchy
problem for (1.1) exist? At last, combining the former conclusions, we can also obtain the
instability of the standing waves for (1.1) with finite time blow up under the condition
1+ % <p< (NN_%, which partially answer the open problem proposed in [16, Remark
8].

It should be pointed out system (1.1) has its origin in Fluid Mechanics for a € R.
But in the present paper, we only obtain our results for a > 0. It is easily seen that our
results in this paper still hold for a = 0. As far as the case a < 0 is concerned, whether
our results hold or not remains open.

At the end of this section, we give a brief outline of the rest of the paper. In Section
2 we collect some elementary facts which are useful for our analysis later. In Section
3 we establish the cross-invariant manifolds. The sharp threshold for global existence

and blowup is treated in Section 4. Finally, we investigate the strong instability of the

standing waves.

2. Preliminaries

In this section, we will recall some known facts and give some elementary results which
will be used and play important roles later. Firstly, we endow (1.1) with the initial data

$(0,2) = ¢9, =€ RN, (2.1)

For system (1.1), Guo and Wang [11] as well as Cazenave [2] established the local

well-posedness of the Cauchy problem in energy class H*(R”). Now we state the following
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result about the local existence of weak solutions to the Cauchy problem (1.1)-(2.1) in
the energy space H'(R") (see also [5],Theorem 2.1).
Proposition 2.1. Let N € {2,3} and 1 <p < (N+2 Then the following holds:
(1) For any ¢y € H'(RY), there exists a unique solution ¢ of the Cauchy problem
(1.1)-(2.1) on a maximal time interval [0, 7)) such that ¢ € C([0,T), H'(R")) and either
T = oo orelse T' < oo and

lim {| ]l g2 ey = o0

(2) We have conservation of charge and energy, that is

/\d)\de:/!%\de, (2.2)
E(o(t)) = E(¢o) (2.3)
for all t € [0,T"), where
1 1
=5 IVoPdr — 2 [ loltdz —3b [ |6PEx(0P)do (2.4)

Here and hereafter, for simplicity, we denote [g~ -dz by [ -dx.

For more specific results concerning the Cauchy problem (1.1)-(2.1), we refer the
reader to [10].

In addition, by a direct calculation (see also Ohta [15,16,17]) we have

Proposition 2.2. Let ¢g € H*(RY) and ¢(t) be a solution of the Cauchy problem
(1.1)-(2.1) on [0,T"). Put

— [ leloPda. (2.5)
Then one has
J'(t) = —4Im / vV dz, (2.6)
and by (2.4)
I = 2 [ 16 Er (0] d
— 168(60) ~ =D [ jgprian — 28 — 4 [ 167 E (o) 27



Thus the following result is true.
Corollary 2.1. Let ¢p € H'(RY) and N € {2,3}. For 1+ 2+ <p < (N+§+, when
E(¢o) < 0, the solution ¢ of the Cauchy problem (1.1)-(2.1) blows up in a finite time.
Proof. We prove this proposition by contradiction. Suppose that the maximal

existence time 7' of the solution ¢ to the Cauchy problem (1.1)-(2.1) is infinity. Since

Ne{2,3},and 1+ 1+ <p< (]\],V*QQH by (2.7) we have

J"(t) < 16E(¢p), 0 <t < o0. (2.8)
Through a classical analysis, the following identity is true:
J(t) = J(0) + J'(0 t+/ s)J"(5)ds, 0 <t < oo. (2.9)
From (2.8) it follows that
J(t) < 8E(go)t* + J'(0)t + J(0), 0<t< oo. (2.10)
Noting that J(t) is a nonnegative function, and
:/|x|2|¢0|2d1‘, J'(0) = —4]m/x¢0ng§0dx, (2.11)
by E(¢o) < 0 and (2.10) we get that there exists T < oo such that tl_l)III} J(t) = 0. Namely,
tl_i)rjr}*/|x|2|gb|2dx — 0, (2.12)

which together with (2.2) leads us to the contradiction.

Remark 2.1. For system (1.1) without the singular integral operator Fy, by Glassey
[33] and (2.2), the following conclusion holds:

Conclusion : Let ¢y € H'(RY). Then for 1 < p < 1+ 4, the Cauchy problem (1.1)-

(2.1) has a unique bounded global solution. For 1+ % <p<jy ]\],\QJFQ%JF, when || @ || g1 (m) is

sufficiently small, the Cauchy problem (1.1)-(2.1) has a unique bounded global solution.
Therefore, for system (1.1) without the singular integral operator Fj, from Corollary 2.1
we see that p =1+ % is the critical nonlinearity index for blowup and global existence
of the Cauchy problem (1.1)-(2.1). Thus, in that case, we call p = 1+ % a critical case,

1<p<1+ % a subcritical case, 1+ % <p< % a supercritical case. But for system
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(1.1) with the singular integral operator Fj, when 1 < p < 1+ %, the Cauchy problem
(1.1)-(2.1) has a unique bounded global solution only for N = 1 using the method in
Glassey [33], and whether the Cauchy problem (1.1)-(2.1) has a unique bounded solution
or not for N € {2,3} remains open. For 1 + % <p< %, it is evident that the

Cauchy problem (1.1)-(2.1) has either global solutions or blowup solutions. Therefore, it

is a natural topic to search for the sharp threshold for global existence and blowup of the

solutions to the Cauchy problem (1.1)-(2.1) for 1+ & < p < (A],Vj;%, which is one of the
aims in the present paper.

Remark 2.2. From (2.7), when N = 2, for the critical case p = 3 one has
J(t) = 8E(¢o)t* + J'(0)t + J(0),

which is a quadratic function about time t. This is coincide with the case of system (1.1)
without the singular integral operator Ej.

Now we give some known facts in Cipolatti [4,5].

Lemma 2.1(Cipolatti [4]). Let E; be the singular integral operator defined in

Fourier variables by

F{E1(¢)}(f) = Ul(f)f{¢}(f)a

where 01 (€) = &2/|¢€]?, € € RY and F denotes the Fourier transform in R™:

F{}HE) = (1/21)> / e~ (1) dz.

For 1 < p < oo, Ej satisfies the following properties:
i) E, e L(L*, LP),

where L(LP, LP) denotes the space of bounded linear operators from L to LP.
ii) If v € H®, then E(¢p) € H®, s € R,
iii) If v € W™P then E)(¢p) € W™P and

319E1(¢):E1(3k¢)a k:L"':Na

iv) E preserves the following operations:
-translation: Ei(v(-+y))(z) = Ey(¥)(z +y), yeRY,
-dilatation: Ei(p(A))(z) = E1(¢)(A\x), A >0,
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-conjugation: E\(¥) = E\(¢),
where 1) is the complex conjugate of 1.
Thus Lemma 2.1 yields directly the following properties.
Remark 2.3(Cipolatti [4] and Ohta [16]). Let By be the quadratic functional on
L? defined by

Bi(¥) = [ (&)1 F()(©)de.
It follows from the Parseval identity
[ 1-9de = [ FlFGlae,  dg = (2m)Vda (2.13)

that
Bi(w) = [ Bi(w)ida,
and in particular we have
Bi(w) < [ |wfda, (2.14)
B, € C*(L* R), with B, = 2E.

Therefore, from the definition of E;, the Parseval identity (2.13) and (2.14), we have

JIPE(wP)de < [ |vfda (2.15)

and

JIWEE(vRdr = [1ePF o F (vP)de

= [ o ©IF (v )P > 0.

Finally, we state an elementary Lemma.
Lemma 2.2 (Cipolatti [5]). For all ¢ € S(R™, R) (the Schwartz space of rapidly

decreasing functions), the following identities hold:

N

(4) /m Vedz = —E/M)\erz:.



N

(i) [loP o Vodo = 0 [lopr+ida.

Gy [ Blloor Vo =2 [loPE (6P

3. The Cross-Constrained Variational Problem and
the Cross-Invariant Manifolds

In this section, we first define some functionals and manifolds, then consider the con-
strained minimization problems. Since system (1.1) include the singular integral operator
E,, our arguments on system (1.1) are more difficult than the related discussions on the
system (1.1) without including the singular integral operator Fj.

Forue HY(RM),w>0and 1 <p< %, we define the following functionals:

1 w a b
I(u) :== 5/\Vu|2dx+§/\u\2dx—p+ 7 /\u\pﬂdx— Z/\UPEI(\uP)dx, (3.1)

S(u) ::/\Vu]de+w/\u\2dx—a/\u\pﬂdx—b/\u\QEl(\u\Q)dx, (3.2)
N(p—-1) N
- 2 —7/ g ——b/ 2B, (Jul?)de. .
Q)= [ IValde = 5 s [upr e = b [l Bu(lul)dr. (33
From Remark 2.3 it follows that

/\u\QEl(\u\Q)dx g/yuy4dx. (3.4)

By (3.4) and the Sobolev’s embedding theorem, the above functionals are well-defined.

In addition, we define a manifold
N = {ue H'®R")\ {0}, S(u)=0}.
We first define the constrained variational problem:

dy = i/r\lffl(u). (3.5)
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Thus, we have the following results.

Lemma 3.1 Let 1 <p< then dy > 0.

(N 2)+7
Proof. From (3.1),(3.2) and (3.5), on N we get

M) = gopa [l e+ 3 [ lPE(uf)a
_ p+1 2
4(p+1 /yuy dx+4/ Vul? + wlul?)dz (3.6)
and
/(]Vu\Q +wluf?)dz = a/ P+ da + b/ 2By (|uf?)dz. (3.7)
Since 1 < p < (NAQ%,
1 p—11
I(u) > = . /p“ /2E 2 ) .
() > 5 1n{p+1,2}(a P e+ b [ |uPE(Jul?)de (3.8)

By the Sobolev embedding theorem and (3.4), one gets

a/ P+t de + b/ 2By (Jul?)da

a/|u|p+1dx+b/|u|4
p+l

= 2
o (/]Vu\de+w/]u]2d:z:> + Cy (/\Vu]de+w/\u\2d:z:>

s
< C </|Vu|2dx+w/ |u|2dac>2 , (3.9)

where § = max{p + 1,4} > 4 or 6 = min{p + 1,4} > 2 since p > 1. Here and hereafter,

IN

IN

C' > 0 denotes various positive constants. From (3.7) and (3.9), it follows that

a/]u]p“drz: + b/yuPEl(yuy?)dx

s
< C <a/|u|p+1dx+b/|u|2El(|u|2)dx>2 :

thus

<a/ updz+b [ ]u]2E1(]u]2)d:z:> >0 >0, (3.10)

(SIS0
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Since 2 — 1> 0, (3.10) implies that

a/ P+ da + b/ 2By (Ju|?)de > C > 0. (3.11)

Therefore (3.8), (3.11) and 1 < p < (1\][\7_2§+ imply that I(u) > C' > 0, that is,

dy > C > 0. (3.12)

Lemma 3.2. There exists u € H*(R")\{0} such that both S(u) = 0 and Q(u) = 0.
Proof. From Ohta [16,17], it follows that there exists u € H'(RY)\ {0} such that u

is a solution of the following Euler-Lagrangian equation
—Au+ wu — alulP'u — bE; (Jul*)u = 0. (3.13)

Thus S(u) = 0, which is obtained by multiplying (3.13) with v and then integrating with

respect to z on RY. Moreover, by (3.13) and Lemma 2.2, we have the Pohozaev identity

2
p+1

N -2 1
T/|Vu|2dx—|—w/|u|2dx— a/|u|p+1dx— 5b/|u|2E1(|u|2)dx =0, (3.14)

which is obtained from multiplying (3.13) by x - Vu. Noting that S(u) = 0, we get
Qu) =0,

Now we define a cross-manifold in H!(RY) as follows
M :={ue H'R"), S(u) <0, Qu)=0}. (3.15)

Then the following result is true.

Lemma 3.3. Let N € {2,3}. Then M is not empty provided 1+ % <p< (A],Vj;%.

Proof. We divide the proof into two cases: i) p =3 and ii) p # 3.

We first treat the case i) p = 3. In this case, from Lemma 3.2 it follows that there
exists u € HY(RM) \ {0} such that both S(u) = 0 and Q(u) = 0. Let vy = Au(\z) for
A > 0, then vy € H*(RY)\ {0}. By (3.2) and (3.3), we get

S(vy) = )\4_N/]Vu\2d:1:+)\Q_Nw/\u\2dx

NN / lu|*dz — XNp / 2By (Jul?)da

12



= AN </|VUI2d:p - a/IUI4d96 - b/ |U|2E1(|“|2)dx>

ANy / luldz, (3.16)

Qun) = X ([ [9ufde - ga/ fuf*dz — gb/ [ulPE: () ) (3.17)

Thus S(u) = 0 implies that there exists A* > 1 such that S(vy<) < 0.

On the other hand, from A* > 1 and Q(u) = 0, we still have Q(v)+) = 0. So vy« € M.
This proves M is not empty for i) p = 3.

Next we treat case ii) p # 3. In this case, by 14+ 1 < p < 72

(N—g)F, We can divide this
case into the following three cases:

(a) 3 <p<oo, when N = 2;

(b)

<p<3, when N = 3;

Wl 3

(c) 3<p<hb, when N = 3.

From Lemma 3.2, it follows that there exists u € H*(R") \ {0} such that both

S(u) =0 and Q(u) = 0. For A > 1, let v = \u, then v € H*(R") \ {0}. From (3.2) and
(3.3) it follows that

Sv) = /|Vv|2dx+w/|v|2dx—a/|U|p+1dx—b/|v|2E1(|v|2)dx
- AQ/]Vu\de—i—)\Qw/]u]de
—/\p+1a/|u|p+1dx— /\4b/|u|2E1(|u|2)dx, (3.18)

_ 2 N(p-1) Pl g, E 2 2
Qv) = /|VU| dx — ma/M dx 4b/|v| Ei(|Jv]?)dx

13



Np—-1
= /\2/|Vu|2dx—/\p+1La/|u|p+ldx
2(p+1)

N
—)\4Zb/]u]2E1(]u]2)dx. (3.19)

By S(u) = 0 and Q(u) = 0, from ];[((;:11)) <lsince 1+ 4 <p< (]\],VJ;QJF and N € {2,3},

we can choose A > 1 large enough such that S(v) <0, Q(v) <0

/ Vol2de — / o]+ > 0, (3.20)
N
/\w%zx - Zb/ 02 B, (J0]2)dz > 0, (3.21)
/|Vv|2dx - a/ lv[PHdr < 0, (3.22)
and
/|Vv|2dx - b/ 02 By ([v]?)dz < 0. (3.23)

We first prove case (a) 3 <p < oo and N = 2.
(a) Letvs = B%v(ﬁx). Thus we have

S(vg) = B (/]VU!de—a/]v\pde)

6—2p 10—2p
+87 0 [ ol — 555 [ o Ei(jvP)da, (3.24)

Qvg) = ﬁﬁ </|VU|2dx— ]%a/|v|p+ldx>

1 10-2p 9 9
3B b/\v[ Ey(|v]?)dz. (3.25)
By 3 < p < o0, it follows that ﬁ > 12%?’ and i%lp < 0. Therefore Q(v) <0,

(3.20) and (3.25) imply that there exists * > 1 such that Q(vg<) = 0.
On the other hand, from 5* > 1, S(v) < 0, (3.22) and (3.24), it still follows that
S(vg«) < 0. So vg- € M.
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Next we prove case (b) % <p<3and N = 3. In this case, % <p—-2<1.

(b) Let v, = pv(px). Thus one has

S = ([ IVePde=b [ [oPEu(loP)ds )
—i-,u_lw/|v|2dx—,up_2a/|v|p+1dx,

Q) = w([1VePdr =20 [P Eu(loP)d)

3(p—1)
2(p+1)

up_2a/ lv[P*tda.

(3.26)

(3.27)

Therefore by Q(v) < 0, from (3.21) and (3.27) it follows that there exists p* > 1 such

that Q(v,) = 0.

On the other hand, from p* > 1, S(v) < 0, (3.23) and (3.26), it still follows that

S(v,+) < 0. So v, € M.

Finally, we prove case (c¢) 3 <p <5 and N = 3. In this case, 5—p > 11 — 3p

and 7 — 3p < 0.
(c) Letve = {ﬁv(fx). Thus we have

S(ve) = ot (/]VUIde—a/]v\erldx)

11—

7—3p 3p
et [ foPdr — €5 [ PE (o],

Qve) = f% </|Vv|2dx— 3(p 1)a/|v|p+1dx>

2(p+1)

11-3

3 P
=265 [ PE (o) da.

(3.28)

(3.29)

Therefore, from (3.20), (3.29) and Q(v) < 0, it follows that there exists £* > 1 such that

Q(vg=) = 0.

On the other hand, from £* > 1, S(v) < 0, (3.22) and (3.28), it still follows that

S(Ug*) < 0. So Vg~ e M.
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From the above argument, we obtain that M is not empty provided 1 + % <p<
% and N € {2,3}.
So far, we have completed the proof of Lemma 3.3.

Now let us consider the cross-constrained minimization problem
dpm = i/r\l/tf[(u), (3.30)

then we have:
Lemma 3.4. Let N € {2,3}. Then dy > 0 provided 1 4+ + < p < 7(]\];Ij§+,

Proof. Let u € M. From S(u) < 0, it follows that u # 0. By Q(u) = 0, we obtain

N(p—1)—4

I(u) = %a/mvﬁldx

N 1
(5 = 1) [llPE(uP)ds + 5 [ luPda. (3.31)

Since 1 + % <p< (NA%% and N € {2,3}, (3.31) and u # 0 imply that dag > 0.

In the following, we prove d, > 0 by dividing the proof into two cases:

1) the critical case: p=1+ %;

2) the supercritical case: 1+ + <p < (NN_%

We first consider case 1) the critical case: p =1+ %. In this case, we argue
by contradiction. If dyq = 0, then from (3.30) there were a sequence {u,,n € Z*} C M
such that Q(u,) = 0, S(u,) < 0 and I(u,) — 0 as n — oo. Since p = 1+ 1, (3.31)

implies that
[ 1wl B (uaf?)dz =0, [ fual?dz =0 as 0 oo, (3.32)
From the Gagliardo-Nirenberg inequality

/]v\pﬂdx <C (/ \Vv\2dx>

forp=1+ % and u,, we have

N(p—1) p+l_ N(p—1)

</]v‘2dx>7 T ve H'RY), (3.33)

=

/]un]p“dx < C/\Vun\2dx~ (/\un\2dx> : (3.34)

16



According to S(u,) < 0, [ |un|?Er(Jun|?)dz < [ |u,|*dx((2.15)) and (3.34), we get for
p=1+g%,

/]Vun\de+w/\un]2dx < a/yunyp“dx+b/\uny2E1(yun12)dx

< C’/|Vun|2dx- </|un|2dx>

e (/ yvunmx) : (/ ]un\Qd:I:>% . (3.35)

For C in (3.35), by (3.32), we have when n sufficiently large,

=

/]Vun\de + w/]un\de

> C’/|Vun|2dx- (/|un|2dx)
e </]Vun\2dx>% - </]un]2dx>%. (3.36)

It is obvious that (3.35) and (3.36) are contradictory. Since we have showed dp > 0, we

=

geth>Oforp:1+%.

N+2

Next we treat the supercritical case 2) 1+ % <P < mogF In this case, we

use the Sobolev embedding inequality

p+1

N C(/]Vu\de+w/]u]2d:1:> . (3.37)

From S(u) < 0, (2.15) and (3.37), it follows that

/]Vu\Qd:L’ n w/]u!Qd:L* < a/\u\p+ldx+b/yuy2E1(\u\2)dx

pt1
C’(/|Vu|2dx+w/|u|2dx> i +b/|u|4dx

ptl 2
+C (/\Vu]de+w/\u\2dx>

C</\Vu]2dx+w/]u]2dx> :

IN

IN
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C(f |VulPde +w [ Ju?dz)"
when [ |Vul*dr + w [ |u]*dx > 1,

IN

C (f|Vulldz +w [ |ul*dx)™,
when [ |Vul?dr + w [ Ju?dz < 1,

where W = max{(p+1)/2,2} > 2 and m = min{(p+1)/2,2}. Since 1+ + < p < (A],V_Jr2§+

and N € {2,3}, we get (p+1)/2>1+ % > 2 > 1. Thus we get
/\vumx +w/ lul2dz > C > 0. (3.38)

In order to prove dy, > 0, we divide the following proof into two cases:

2-i) N=3, I<p<5;

2-ii)) N =2, 3<p<oo.

First we consider 2-i) N =3, % < p < 5. In this case, by (3.31) we get

3p—7 1
I(u) = 4£ = a/ [P+ ida + gb/ [0 Ex(Juf?)do + 2 / lul?da. (3.39)
Let D = m1n{4(pJrl , 8} Then by <p<5H,weget D= (erI)
Thus by (3.39),
I(u) > D< /|u|p+1dx+b/|u| By (Jul?) dx) /|u|2dx (3.40)

From S(u) < 0 it follows that
/|Vu|2dx+w/|u|2dx < a/|u|p+1dx+b/|u|2E1(|u|2)dx
which together with (3.40) implies that
I(u)> D (/ VulPdz +w [ \u\%lx) +2 [ fuPds. (3.41)
By (3.38) and (3.41), we get
I(u) > C > 0. (3.42)

Thus when N = 3, (3.30) implies that das > 0 for % <p<bh.
Next we consider 2-ii) N =2, 3 <p < oco. In this case, by (3.31) and (3.32),

2
I(u) = p 0 /|u|p+1dx+ /|u|2dx (3.43)

18



In the following, we discuss by contradiction. If dy¢ = 0, then from (3.43) there were a
sequence {u,,n € ZT} C M such that Q(u,) =0, S(u,) < 0 and I(u,) — 0 as n — oo.
Since 3 < p < 00, (3.43) implies that

/|un|p+1dx — 0, / |un|2dx — 0 as n — oo. (344)

From the Gagliardo-Nirenberg inequality for N = 2 and 3 < p < o0,

(p—1)

/|v|p+1dx <C </ |VU|2dx> i </ |U|2dx> , veE HY (R, (3.45)

u,, satisfies
(p—1)

[lwlrtids < © ( / |Vun|2dx> : < / |un|2dx>. (3.46)

According to S(u,) < 0, [|us*Ei(Jun|*)dze < [ |u,|*dz((2.15)) and (3.46), we get

/|Vun|2dx+w/|un|2dx < a/|un|p+1dx+b/|un|2E1(|un|2)dx

(p—1)

< c(/\vunmx) ’ (/\un\erz:>

+C / IV |2dz - / (|2 di. (3.47)

For C in (3.47), from (3.44), it follows that when n sufficiently large,

/]Vun\de + w/\un\de

> C </|Vun|2dx> </|un|2dx>

+C / V| ?da / (2. (3.48)

(p—1)

It is obvious that (3.47) and (3.48) are contradictory. Since we have showed dy > 0, thus

we get dyg > 0 for N =2 and 3 < p < o0.

So far, we have proved that d,; > 0 for the supercritical case 1 + % <p< (NN_%%

Therefore from the above arguments of 1) and 2), we obtain dys > 0 for 1 + % <p<

N+2
(N=2)*+"
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This completes the proof of Lemma 3.4.

Now we define

d := min{dyr, dp}-

(3.49)
Thus by Lemma 3.1 and Lemma 3.4, the following result is true
Proposition 3.1. Let N € {2,3}. Then d > 0 provided 1+ § < p < 5.
We further define
={pc H'RY), I(¢)<d, S(¢)<0, Q(¢)<0}. (3.50)

Thus we have

Lemma 3.5.

_N+42
- 2)
From Lemma 3.2, there exists u € H*(RY) \ {0} such that both S(u)

and Q(u) = 0. Put uy(z) = Au(z), then by (3.1), (3.2) and (3.3), one has

S(uy) = A </|Vu|2dx+w/|u|2dx>

Let N € {2,3}. Then K is not empty provided 1 + + L <p<
Proof.

—Apﬂa/\u\pﬂdx - A%/\u\?El(\u\?)dx

(3.51)
N
Q) = fIVultde = g2 e [
_E 4 2 2
A0 [ Tl Ev(jul")dx (3.52)
1., ) )
I(uy) = 5)\ (/]Vu\ d:z:—i—w/\u‘ dx)
vt [ e 230 [ Bl (3.53)

Sinced > 0and 1+ < p < #32

97> for A > 1 large enough, in view of (3.51), (3.52) and

(3.53) as well as S(u) = 0 and Q(u) = 0, one always has that S(u,) < 0, Q(uy) < 0 and
I(uy) < d. Thus uy € K.

This completes the proof of Lemma 3.5. Furthermore, we have
Proposition 3.2. Let 1+ % <p< (1\1[\74_22+ and N € {2,3}. Then K is an invariant
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manifold of the Cauchy problem (1.1)-(2.1). That is, if ¢o(z) € K, then the solution
o(t, z) of the Cauchy problem (1.1)-(2.1) satisfies ¢(t,-) € K for any ¢ € [0,T).

Proof. Let ¢y € K. According to Proposition 2.1, there exists a unique ¢(t,-) €
C([0,T); HY(RY)) with T < oo such that ¢(¢,x) is a solution of the Cauchy problem
(1.1)-(2.1). From (2.2), (2.3), (2.4) and (3.1), it follows that

I(6(t, ) = I(¢),  telo,T). (3.54)

Thus I(¢o) < d implies that I(¢(t,-)) < d for any ¢t € [0,T).

We first show S(¢(t,-)) < 0 for ¢ € [0,T) by contradiction. If otherwise, from the
continuity, there were a t* € (0,7") such that S(¢(t*,-)) = 0. By (3.54), it has ¢(t*,-) # 0.
From (3.5) and (3.49), it follows that I(¢(t*,-)) > dy > d. This is contradictory to
I(¢(t*,-)) < dfor t € [0,T). Therefore S(¢(t,-)) <0 for all t € [0,T).

Next we prove Q(¢(t,-)) < 0 for t € [0,T) by contradiction. If otherwise, from
the continuity, there were a t € (0,7) such that Q(¢(¢,-)) = 0. Since we have showed
S(¢(t,-)) <0, it follows that ¢(t,-) € M. Thus (3.30) and (3.49) imply that I(¢(t,-)) >
da > d. This is contradictory to I(¢(t,-)) < d for t € [0,T). Therefore Q(¢(t,-)) < 0 for
allt € [0,7).

From the above argument, we proved that ¢(t,-) € K for any ¢t € [0,7)). Thus the
proof of Proposition 3.2 is completed.

By the same argument as Proposition 3.2, we get

Proposition 3.3. Let N € {2,3}. Define

Ko={oe H'RY), I(¢)<d, S(¢)<0, Q¢)>0},
R_ = {¢ c H'RY), I(¢)<d, S(¢)< 0},

Ri:={pc H'RY), I(¢)<d, S(¢)>0}.

If1+ % <p< ( ]\J,Vj;%, then K., R_ and R, are all invariant manifolds of the Cauchy
problem (1.1)-(2.1).

Remark 3.1. For these manifolds defined in Proposition 3.3, we call R_ and R,
are invariant manifolds of the Cauchy problem (1.1)-(2.1). In the course of nature, we

call £ and K cross-invariant manifolds of the Cauchy problem (1.1)-(2.1).
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By the definitions of K, K, and R, as well as (3.5), (3.30) and (3.49), the following
result holds.

Proposition 3.4. Let N € {2,3} and 1 + % <p< % Then

{6 € H'RM)\{0}, I(¢)<d}=R,UK UK.

4. Sharp Threshold for Global Existence and Blowup

In this section, we discuss the sharp sufficient condition for blowup and global exis-
tence. Firstly, we give a sufficient condition for blowup of the solutions to the Cauchy
problem (1.1)-(2.1).

Theorem 4.1 Let N € {2,3} and 1+ 4+ <p < (NN_% If ¢o(x) € K and satisfies
|z|po € L*(RY), then the solution ¢(t, x) of the Cauchy problem (1.1)-(2.1) blows up in
a finite time.

Proof. According to Ginibre and Velo [7,8], from |z|¢g(x) € L*(RY), one has
lz|¢ € L*(RYN). By ¢ € K, Proposition 3.2 implies that ¢(¢,.) € K for t € [0,T). Thus
we have I(¢) < d, S(¢) < 0 and Q(¢) < 0. Now we put

J(0) = [ laf?loldz, (41)
(2.7) and (3.3) imply that
J'(t) =8Q(s4(t,.)), te€][0,T). (4.2)

Fixed t € [0,7") and denote ¢(t,.) = ¢. Thus ¢ satisfies that I(¢) < d, Q(¢) < 0 and
S(¢) <.

In the following, we prove Theorem 4.1 through two steps:

Step 1. p=3;

Step 2. p# 3.

We first consider Step 1. p = 3.

Let ¢y = A2 ¢(Az). Then

Sy = N [IVoltde+w [ |ods
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—ad™ [1ol'de = A0 [P Ex(|6l)d, (43)
Qx) = X [1VoPdr— > AVa [ |o|'dr
4

N N 2 2
=AY [ 9PEu(9f) da (4.4)

Since S(¢) < 0, it yields that there exists 0 < A* < 1 such that S(¢y-) = 0, and when
A€ (A1), S(pn) < 0. For A € (M, 1] and Q(¢) < 0, Q(¢,) has the following three
possibilities:

1-i)  Q(¢y) <0 for A € [\, 1];

1-ii)  Q(¢xr-) = 03

1-iii)  There exist p € (A", 1) such that Q(¢,) = 0.

For the case 1-i) and 1-ii), we both have S(¢y<) = 0 and Q(¢pr«) < 0. It follows
from (3.5), (3.30) and (3.49) that I(¢x+) > dy > d. Moreover, we have

1(¢) = I(ox) = %(1 —/\*2)/|V¢|2dx
0= o [lof'dr +0 [16PE(oP)da] . (15)

Q(0) — Q(dx) = (1-A"2) / Vo |2da

=2 [a [1otdz b 1P B0 (1)

According to 0 < \* < 1 and N € {2,3}, (4.5) and (4.6) imply that

16) = I(6x) = 5Q6) — 5Q(6x) > 5Q(0). (@7)

N —

For the case 1-iii), we have Q(¢,) = 0 and S(¢,) < 0. Thus ¢, € M. From (3.30)
and (3.49), it follows that I(¢,) > dr > d. In addition,

106) = T(6,) > 3Q(0) ~ 5Q(6,) > 5Q(0) (19
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Since I(¢y+) > d and I(¢,) > d, in view of (4.7) and (4.8), we get

Q) <2(1(¢) — I(¢u)) < 2[I(¢) — d],

(4.9)
Q) < 2(1(¢) — L(¢x)) < 2[I(¢) — d].
From (2.2), (2.3), (2.4) and (3.1), it has
1(¢) = 1(¢). (4.10)

Thus by ¢p € K and (4.2), we have

J"(t) = 8Q(6) < 16[(¢) — d] < 0

Obviously J(t) can not verify the above inequality for all time (see also Glassey [33]).

Therefore, from Proposition 2.1, it must be the case that T" < oo , which implies

}}Ef% [6(t, )| mvy = o0.

Now we consider Step 2. p # 3. In this case, by N € {2,3}and 1+ <p < (]\][V_Jr2§+,
we divide the proof into two cases:

2-1) 3<p<(]\1,V7+22+andN€{2 3}s

2-2) I<p<3and N=3.

Step 2-1) We first consider the case 2-1) 3 < p < =2 and N € {2,3}.

WN-—2)F
In this case, let ¢g = 5P_ﬂzl¢(ﬁx). Then

N+2-p(N-2)

S(o9) = 87 7 [IVolde—a [ o+ da

+B8°Hw [ 1o - 67 [ (0P E(l6)de, (4.11)

N+2-p(N-2)

Qos) = A~ 7 [IVolds

N(p
e e o

0 [PE(lode. (412)
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Since 3 < p < (N7+2 and N € {2,3}, we have

N—2)T
N+2—p(N -2 — )N N+2—p(N -2 —p)N
+2 — p( )>(3 p), +2 — p( )>0, (3—p) <o
p+1 p+1 p+1 p+1

Thus Q(¢) < 0 implies that there exists 5* > 1 such that Q(¢g-) = 0, and when g €
[1,8%), Q(¢p) < 0. For § € [1,5*], because S(¢) < 0, S(¢g) has the following two
possibilities:

21-)  S(¢p) < 0 for f € [1, 57

2-1-ii) There exists 1 < p < 8* such that S(¢,) = 0.

For the case 2-1-i), we have Q(¢g-) = 0 and S(¢g-) < 0, that is, ¢g- € M. From
(3.30) and (3.49), it follows that I(¢g+) > da > d. Moreover, we have

N+2—p(N—2)

16) - 165) = 5 (1= 5) [1VoPas

+§ (1 - 5*“pfiN> / || 2da

B=p)N
+1

1 (1= ) 0 [16PE 0P, (4.13)

N42—p(N—2)

Q) - Qos) = (187 [|Voda

N 3-p)N
5 (1= [ 6P E(6P)da. (4.14)
Thus from §* > 1, N € {2,3} and 3 <p < (]VJ\Q7+2§+’ it follows that
1 1 1
106) ~ 1(63) = 5Q(6) ~ 5Q(03) = 3Q(0) (4.15)

For the case 2-1-ii), we have S(¢,) = 0 and Q(¢,) < 0. Thus (3.5) and (3.49)
imply that I(¢,) > dy > d. Referring to (4.13) and (4.14), we have

16) — 1(6) 2 5Q(6) — 5Q(60) 2 3Q(6). (1.16)
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For the case 2-1-i) and the case 2-1-ii), since [(¢g) > d, I(¢,) > d, from (4.15)
and (4.16), it follows that

Q(¢) < 2[1(¢) — I(¢s-)] < 2[I(¢) — d],
(4.17)
Q(¢) < 2[I(¢) — I(¢u)] < 2[I(¢) — d].

From (2.2), (2.3), (2.4) and (3.1), one has I(¢) = I(¢). Thus by ¢y € K and (4.2), we

have
J(t) = 8Q(¢) < 16[I(¢) — d] = 16[I(¢) — d] < 0. (4.18)
Step 2-2) Now we deal with the case 2-2) £ <p<3and N = 3.
In this case, let ¢, = 77%¢(77:1:). Then

S(@) = ut [IVePda —n*Ta [ |o*da

R / 9f2dr — b / AR (4.19)
1 3(p —
Q(6y) =¥ [ IVoltdr - %0 166y, (420)
A4(p + 1
From I 3 < p < 3, it follows that

3p—9 3p—9 1 3

> —= > —,

;<Y 1 272

Thus Q(¢) < 0 implies that there exists n* > 1 such that Q(¢,+) = 0, and when 7 € [1,7n*),
Q(¢,) < 0. For n € [1,n*], by S(¢) < 0, we get S(¢,) has the following two possibilities:

2-2-a) S(¢,) <0 forne[1,n*;

2-2-b) There exists 1 < A < n* such that S(¢,) = 0.

For the case 2-2-a), we have Q(¢,-) = 0 and S(¢,~) <0, that is, ¢,» € M. From
(3.30) and (3.49), it follows that I(¢,) > daq > d. In addition, one has

10) = 16r) = 5 (1=0%) [IVolde+ 5 (1-n73) [IoPde

1
2

31 for
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Q) = Qo) = (1= %) [IVofda - 3 <1 _

Thus from n* > 1 and I 3 < p <3, it follows that

) / |p|PH d. (4.22)

Q@) - 5206,) = 5Q(0). (423)

N —

1(¢) = I(¢n) =

For the case 2-2-b), we have S(¢,) = 0 and Q(¢,) < 0. Thus (3.5) and (3.49)
imply that I(¢y) > dy > d. Referring to (4.21) and (4.22), we have

16) = 1(p) = 5Q(0) ~ 5Q(02) > 5Q(0). (424

For the case 2-2-a) and the case 2-2-b), since I(¢,-) > d, I(¢)) > d, from (4.23)
and (4.24), it follows that

Q) < 2[I(¢) — I(¢y)] < 2[I(¢) —d,
(4.25)

Q(¢) < 2[I(¢) — I(¢n)] < 2[I(¢) — d].

From (2.2), (2.3), (2.4) and (3.1), one has I(¢) = I(¢). Thus by ¢y € K and (4.2), we

have
J'(t) = 8Q(¢) < 16[1(¢) — d] = 16[I () — d] < 0. (4.26)

Thus, from the arguments of Step 2-1 and Step 2-2, in view of (4.18) and (4.26),
obviously J(t) can not verify the above inequality for all time (see also Glassey [33]).

Therefore, from Proposition 2.1, it must be the case that 7" < co , which implies

lim 6(¢, ) 1 v,y = o0

That is, the solution ¢ of the Cauchy problem (1.1)-(2.1) blows up in a finite time.
From the arguments of Step 1 and Step 2, the proof of Theorem 4.1 is completed.
Remark 4.1. In Theorem 4.1, we developed a new argument to obtain the blowup

property of the solutions to the Cauchy problem (1.1)-(2.1). Since d > 0, we see that

Theorem 4.1 is quite different from Corollary 2.1. If d < L [ |¢o|*dx, then by (2.2), (2.3),

(2.4), (3.1) and I(¢) < d, we can obtain £(¢9) < 0. Thus in this case, from Theorem

2.1, it can follow the result of Theorem 4.1. On the other hand, if d > %f |o|*dx, then

from I(¢) < d, it may conclude three cases: (1) E(¢g) > 0; (2) E(do) = 0; (3)
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E(po) < 0. So Theorem 4.1 includes the result that when initial energy is nonnegative,
the solution ¢ of the Cauchy problem (1.1)-(2.1) can also blow up in a finite time. This
kind of results in Theorem 4.1 generalize the result in Corollary 2.1.

In the following, we give a sufficient condition for global existence of the solutions to
the Cauchy problem (1.1)-(2.1).

Theorem 4.2. Let N € {2,3} and 1+ + <p < (]§Vj2§+. If 9 € K. UR,, then

the solution ¢(t, z) of the Cauchy problem (1.1)-(2.1) exists globally in ¢ € [0, c0).

Proof. We prove this theorem by two steps.

Step 1. we prove the case ¢y € K.

Step 2. we prove the case ¢y € R .

Firstly, we consider Step 1. ¢, € ..

From ¢y € Ky, Proposition 3.3 implies that the solution ¢(¢,x) of the Cauchy
problem (1.1)-(2.1) satisfies that ¢(¢,-) € K, for t € [0,T). For fixed t € [0,T"), we denote
o(t,-) = ¢. So we have I(¢) < d, Q(¢) > 0 and S(¢) < 0. According to (3.1) and (3.3),

we obtain
1 2 9 w 9
(5 ~No=D 1)> [1Voldz+5 [ 1o/

(557~ 1) 1ok EoP)as < (127

In the following, we divide the proof into six cases:

1) N =2 and p = 3;

2) N =3 and p = 3;

3) N =2and 3 < p < o0;

4) N =3and p= %;

5) N=3and I <p<3;

6) N=3and 3<p<5.
Step 1-1. We first consider the case 1) N =2 and p = 3.
By (4.27), we have

g/\d)\de <d. (4.28)
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In the following, we prove that [|V¢|*dx is bounded. Put ¢y = )\%¢()\x). It follows from
(3.3) that

Qéx) = A [1V6Pdz — Sa [ |ottdr — 5b [ 1P Ea(|oP)da. (1.29)
By Q(¢) > 0, it follows that when A — 0, Q(#)) < 0 and A — 1, Q(¢») > 0. Thus by

continuity, there exists a 0 < A\* < 1 such that Q(¢,-) = 0. According to (3.1) and (3.3),

we have
1ox) =5 [ loxPda = 27" [0, (4.30)

From (4.28), it follows that
I(py) < X 71d. (4.31)

Also, by (3.2) and (3.3), it follows from Q(¢+) = 0 that

S(ox) =@ [ lox

24 — / Voxe|2d

xz,

which has two possibilities:

1-1-i) S(pr) < 0;

1-14i)  S(6x) >0

We first treat 1-1-i) S(¢pr+) < 0. In this case, noting that Q(¢x-) = 0, we get
ox+ € M. Thus by (3.30) and (3.49), one has

I(pa) > dpm > d > 1(9), (4.32)
which implies that
1(8) — I(¢x-) < 0. (4.33)
That is,
<1 1A*) /|V¢|2d n <1 1)\*1> 192z <0 (4.34)
- — = - — = w x : .
2 2 T 272
By (4.28), it has
)\ =11
/|V¢|2dx <A A /|¢|2dx <25 ——d (4.35)
Since 0 < A* < 1, one has 2 L>0.

3
Now we consider 1-1-ii) S(¢r+) > 0. In this case, from (4.31) it follows that

I(pr) — iS(@*) <\l (4.36)
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Thus by (3.1) and (3.2), one gets

TS

/\*/|ng5|2dx + A*’lw/ |6[2dz < AX*"d,

1
o + Jw / |- [2dz < A*71d, (4.37)

Namely,

which implies that
/ |Vé|?dr < 4X*2d. (4.38)

By (4.35) and (4.38), we obtain that [|V¢|*dz is bounded for any ¢ € [0,7), which
together with (4.28) yields that ¢ is bounded in H!(RY). So Proposition 2.1 implies that
the solution ¢ of the Cauchy problem (1.1)-(2.1) globally exists on ¢ € [0, 00) for ¢y € K,
p=3and N = 2.

Step 1-2.  Secondly, we treat the case 2) N =3 and p = 3.

By (4.27), we get

%/|V¢|2dx+%/|¢|2dx <d, (4.39)

which implies that the solution ¢ of the Cauchy problem (1.1)-(2.1) is bounded in H*(RY)
for any ¢t € [0,T). So Proposition 2.1 implies that the solution ¢ of the Cauchy problem
(1.1)-(2.1) globally exists on ¢ € [0,00) for ¢y € K4, p=3 and N = 3.

Step 1-3.  Thirdly, we deal with the case 3) N =2 and 3 < p < co. In this case,
it follows from Q(¢) > 0 that

-1 1
[ Vo > Ea [ 1o dn + 5o [ 6En(lof)da.

Thus (3.1) implies that

p

I(¢) > 2

—1 1
e [ 1004+ 5 [10PE(of e

1 1
+ 5 [ 1oPdr ———a 6P e — 30 [ 6P By(10P)d

_ p—1 1 P v
B <2(p+1) _p—|—1>a/‘¢‘ Pz + 2/’@2@j

p_3 / p+1 CU/ 2
= do + = d
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which together with I(¢) < d yields that

p+ 3 /y¢yp+1dx+ [1opdz < d.

Since 3 < p < 0o, we obtain

g/\d)\de <d. (4.40)

In the following, we prove that | |V¢|*dz is bounded.
Put ¢y = Arr1(Az). It follows from (3.3) that

1 -1 1, 6-2p
Qo) = X1 [|V6Pdr T a [l de — 53 [ 6P Eu(loP)de. (441)

By Q(¢) > 0, one has when A — 0, Q(¢,) < 0, and when A — 1, Q(¢,) > 0. Thus by
continuity, there exists 0 < A\* < 1 such that Q(¢,«) = 0. According to (3.1) and (3.2),

one has

1 e W, 2=
Hox) = X7 [[VoPdo+SX 5 [ |ofda

o [ leP*de = x5 [ 0P E (). (4.42)

S(éx) = XTI [[VoPdr+won T [ |oPda

—a/\d)\p“dx - )\*vilpb/\d)\QEl(\d)\Q)dx. (4.43)

From S(¢) < 0, it follows that S(¢,~) has two possibilities:
1-3-a) S(pa) < 0;
1-3-b)  S(4x) > 0.
We first consider 1-3- a) S(¢pr+) < 0. In this case, noting that Q(¢,-) = 0, one
has ¢y« € M. Thus by (3.30) and (3.49), one has

[(65) > dpg > d > 1(0). (4.44)

(4.44) implies that
I(¢) = I(¢x-) < 0. (4.45)
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That is,

1 1 *il 2
(2-3¥7)  [iveba

N Gyﬁpff _ i) b [ 191 Ex(02)da

< 0. (4.46)

Since 3 < p < 00 and 0 < A* < 1, one has A* 71T > 1, AT < 1 and \*#1 > 1. So

(4.40) and (4.46) imply that
1 2-2p 1 1 1 4
2 Tk T _ Z _ )\ 2
/’W)‘ de < (2A i 2)/(2 % +>w/’¢’ de

2—2p 4
< 2 (AT - 1> /(1 X7 d. (4.47)

Secondly, we deal with 1-3-b) S(¢pa+) > 0. In this case, let ¢pg = B#@* (Bz).
By (3.2), we get

2dx

S(és) = A7 [ [Vox

- @/|¢,\*

From S(¢y) > 0, it has S(¢1) = S(¢x+) > 0 for =1 and S(¢ps) < 0 for § close to zero.
Therefore, there exists §* € (0,1] such that S(¢g-) = 0. Thus by (3.5) and (3.49), it has

2 2-2p
dx+/3p+IW/’¢)\*

2E1(|pa+|?)de. (4.48)

P - 355D [ o

I(ép) > dy > d > 1(9). (4.41)

Since
1 4 2-2p
Hop) = SN [[Volde+ 23N 5 [ |ofds

1
p+

o [0t — 55 7 [ loE (0 de,
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which together with (4.49) implies that

6

=2 1) b/w)\?El(\ch)dx

+ 1 (6x)

< 0. (4.50)

Since 3 < p < oo and [*A* € (0,1), (4.40) and (4.50) yield that

2—2p

[ 196z <2 ((ﬁ*)\*) T 1) /(1= (3 A)7)d. (4.51)

By (4.40), (4.47) and (4.51), we get that ¢ is bounded in H*(R"). So Proposition 2.1
implies that the solution ¢ of the Cauchy problem (1.1)-(2.1) globally exists on ¢ € [0, 00)
for o9 € K1, N =2 and 3 < p < 0.
Step 1-4.  We then consider the case 4) N = 3 and p = % In this case, by
(4.27) we have
“ [1opdr+ %b/ I62E, (|6[2)dz < d. (4.52)

We put ¢, = ,ul%gb(,ux). Then we get
4 3 10 3 3
Q) = ut [ IVode = Za [16/Fde = Suto [ 6P E(Iof)de.  (4.53)

Thus Q(¢) > 0 implies that there exists a u* € (0,1) such that Q(¢,+) = 0. By (3.1) and
(3.3), we have

160) = 5 [10wPds+ 30 [ 160 PB4 )i

1
= 2wt [loPde+ <t [ 6P Br(0)de. (4.54)

It follows from (4.53) and p* € (0,1) that
I(¢p) < = 2d. (4.55)

Now we consider S(¢,~), which has two possibilities:

1-4-a) S(¢,+) <0;
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1-4-b) S(¢,-) >0
At first, we consider 1-4-a) S(¢,-) < 0. In this case, noting that Q(¢,~) = 0, we
have ¢, € M, which together with (3.30) and (3.49) implies that

I(ppe) > dpng > d > I(¢). (4.56)

So one has
1(¢) — I(¢y+) <0, (4.57)

namely,

1 1 .4 6
(G-3#%)  [IvoPdr+ (1) w [IoPds

3 (=)0 [P Eu(loP)da

which implies that

J1vePdr < (0t =1)/(1-pF)w [|oPde

b (=) (1= )b [ IoPE o) (1.59)
By (4.52) and p* € (0,1), we get
/|V¢|2dx <. (4.59)
Now we deal with 1-4-b)  S(¢,+) > 0. In this case, from (4.55), it follows that
1(60) ~ 268(6) < o Hd (4:60)

It follows that

1
w0t [1VoPdr + ot [ o
I 2 2
+ 5o b [1PE(9)de

< u*fgd.
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Thus
/!W\de < C. (4.61)

Therefore, (4.52), (4.59) and (4.61) show that ¢ is bounded in H'(R") for any ¢ € [0, 7).
Thus by Proposition 2.1, we get that the solution ¢ of the Cauchy problem (1.1)-(2.1)
exists globally in ¢ € [0, 00) for ¢g € K, N =3 and p = 1.

Step 1-5.  We further treat the case 5) N = 3 and % < p < 3. In this case, by
(4.27) we get

1 2 9 w 9
(5—73(]9_1)) [196Pda+ % [ 1ofde

+ <ﬁ B i) b/ |01 Ev(|0])da

< d. (4.62)

Since % < p < 3, it has % — ﬁ > 0 and m — i > (0. Therefore, (4.62) implies that
the solution ¢ of the Cauchy problem (1.1)-(2.1) is bounded in H*(R"Y) for any ¢ € [0,T).
Thus Proposition 2.1 implies that the solution ¢ of the Cauchy problem (1.1)-(2.1) exists
globally in ¢ € [0, 00) for ¢ € K4, N=3and  <p < 3.

Step 1-6. At last, we investigate the case 6) N =3 and 3 < p < 5. In this case,
from (3.3) and Q(¢) > 0, it follows that

1 [P E (o) > ——/yw)Pd +3 /\d)\p“d:z: (4.63)
which together with (3.1) and I(¢) < d implies that
/|ng5| dz +2 /|¢|2d +3 /|¢|p+1dx <d. (4.64)
Since 3 < p < 5, (4.64) yields that
1 2 w 2
6/|V¢| dz + §/|¢| dr < d. (4.65)

(4.65) gives that ¢ is bounded in H'(RY) for any ¢ € [0, 7). Thus Proposition 2.1 implies
that the solution ¢ of the Cauchy problem (1.1)-(2.1) exists globally in ¢ € [0,00) for
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¢o € Ky, N=3and 3 <p <5.

Thus from Step 1-1-Step 1-6, for ¢p € K, N € {2,3} and 1+ + < p < (NA%%,
we have proved that the solution ¢(¢, x) of the Cauchy problem (1.1)-(2.1) exists globally
in ¢t € [0,00).

Now we deal with Step 2. ¢g € Ry.

By ¢y € R, Proposition 3.3 implies that the solution ¢(¢, x) of the Cauchy problem
(1.1)-(2.1) satisfies that ¢(¢,-) € Ry for t € [0,T). Then we have I(¢) < d and S(¢) > 0.

By S(¢) > 0 and (3.2), one has

—a [ 6Pt = [ 16PE(6P)de > — ( [196Pdr +w [10Pdz). (4.66)
From I(¢) <dand 14+ <p < %, one has the following two results:

(1) For N € {2,3} and 3 < p < o0, it follows from I(¢) < d that

1
5/|v¢|2dac - §/|¢I2dﬂf
N Z/\d)\p“dx—%b/\d)\QEl(\d)\Q)dﬂf

< I(¢) < d. (4.67)

(2) For N =3and £ <p < 3, it follows from I(¢) < d that

1
§/|V¢|2dx + g/|¢|2dx

a
p+1

» 1
J 1ot e — b [ 0P Ea(|o)da

< I(¢) < d. (4.68)
Therefore (4.66), (4.67) and (4.68) imply that
1 2 ot 2
Z/’W‘ dx+z/]¢] dr < d, (4.69)
or

o) (s fora) e
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In view of 1+ + < p < %, (4.69) and (4.70) imply that ¢ is bounded in H'(R")
for any t € [0,7). Thus by Proposition 2.1, we obtain that the solution ¢ of the Cauchy
problem (1.1)-(2.1) exists globally in ¢ € [0,00) for ¢y € Ry, 1 + + < p < % and
N € {2,3}.

Through the arguments of Step 1 and Step 2, we complete the proof of Theorem
4.2.

By Theorem 4.1 and 4.2, using Proposition 3.4, we can get a necessary and sufficient
condition for blowup of the solution to the Cauchy problem (1.1)-(2.1) for 1 + % <p<
% and N € {2,3}..

Theorem 4.3. Let 1+ 1 <p< % and N € {2,3}. If ¢y satisty I(¢o) < d,
then the solution ¢(t, z) of the Cauchy problem (1.1)-(2.1) blows up in a finite time if and
only if ¢y € K.

In addition, if we limit w to 0 < w < 1, then by Theorem 4.2 and using the scaling
argument, we can also get another sufficient condition for the global existence of the
solution to the Cauchy problem (1.1)-(2.1).

Corollary 4.1. Let 14+ + < p < %22 N € {23} and 0 < w < 1. If

N—2)7°
¢o € H*(RY) and satisfies

/ Vo2 + / lbo|2d < 2d, (4.71)

then the solution ¢(¢, x) of the Cauchy problem (1.1)-(2.1) exists globally in ¢ € [0, c0).

Proof. According to (3.1), (4.71) and 0 < w < 1, we can get I(¢y) < d. In addition,
we assert that S(¢g) > 0. If otherwise, from (3.2), there were a 0 < A < 1 such that
S(Apo) = 0. Thus by (3.5) and (3.49),

I(Apo) > dy > d. (4.72)
On the other hand,

/|V(/\gz50)|2dx + /|)\gb0|2dx

Y (/ Vool*ds + | ]¢0\2d:1:>
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< 2X\%d < 2d, (4.73)
which together with 0 < w < 1 implies that
I( M) < d. (4.74)

(4.72) and (4.74) are contradictory. So S(¢o) > 0 holds. From the above argument, we
get ¢y € R, thus Theorem 4.2 yields the result of Corollary 4.1.

Remark 4.2.  Although the condition for global existence in Corollary 4.1 is not
sharp, Corollary 4.1 gives an answer to the question: How small are the initial data, the

solution of the Cauchy problem (1.1)-(2.1) exists globally?

5. Instability of the Standing Waves

Using the methods in Berestycki and Cazenave [1] as well as Rabinowitz [19], one can
easily obtain that the constrained variational problem (3.5) is attained.

Let u be a solution of (3.5), that is we have
dN:i%IﬁI(u)' (5.1)
Then u € H'(R™) \ {0} is a solution of (3.13). Thus

P(t,x) = e“'u(x) (5.2)

is a standing wave solution of (1.1). From (5.1), it follows that u(z) is a ground state
solution of (3.13).

Now we hope to study the instability of the standing wave (5.2). In general, it
depends upon the frequency w and the solvability of the following variational problem

Q= em@ N o T (53)

In the present paper, by Proposition 3.1 and Theorem 4.1, we can refrain from solving
the problem (5.3), and show the instability of the standing wave (5.2), which commonly
depends upon the frequency w(see Ohta [16,17], Cipolatti[5]).
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In order to obtain the instability result, we first consider two lemmas which are key
to our analysis later.

Lemma 5.1. Let ¢ € H*(RY)\ {0}. Then there exists a unique p > 0 such that
S(pp) =0 and I(ug) > I(A¢) for any A > 0 and \ # p.

Proof. Let A > 0. Then we have

S(Ad) = A2 </|V¢|2dx+w/|gb|2dx>
Ap+1a/y¢yp+1dx - )\4b/\d)\2E1(\¢\2)d:z:, (5.4)
I0e) = %)\2 (/\V¢]2dx+w/]¢]2dx>

1 1
- ¥ Jlortdz = X% [ 16PEu(16P)da. (5.5)

Noting that (5.4) and (5.5), we obtain

d -1
I09) = XS(00). (5.6)

Thus by (5.4) and (5.6), the result of Lemma 5.1 is true.

Lemma 5.2 Let u be a minimizer of (5.1). Then Q(u) = 0.

Proof. Since w is a minimizer of (5.1), thus u is also a solution of (3.13)(or (1.8)).
So multiplying (3.13) by = - Vu, we get

2
p+1

N -2 1
T/]Vu\de+w/ lu|?dz — a/\u\pﬂdx - 5b/ WPEy (Ju?)de =0, (5.7)

which is called Pohozaev identity. Note that S(u) = 0, (5.7) implies that Q(u) = 0.
Using Lemma 5.1 and Lemma 5.2, on the standing wave (5.2), we get the following

instability theorem.

Theorem 5.1. For 1+ + < p < (]\],\QJFQ%JF and N € {2,3}, Let w be such that
dap > dy. Then for the minimizer u of (3.5) and any ¢ > 0, there exists ¢ € H'(RY)
with ||¢o — ul| g1 mwy < € such that the solution ¢(t,x) of the Cauchy problem (1.1)-(2.1)
blows up in a finite time.

Proof. Since daq > dys, one has d = dy by (3.49). Because u is the minimizer
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of (3.5), it follows from Lemma 3.2 that there exists u € H'(RY) \ {0} such that both
S(u) =0 and Q(u) = 0. Thus by (3.2) and (3.3), for any A > 1 we have

S(Au) <0, Q(A\u) <0, A> 1. (5.8)

On the other hand, from Lemma 5.1, S(u) = 0 implies that I(Au) < I(u) for any
A > 1. Note that I(u) = dy = d. Thus for any A > 1, we have Au € K. Now we take
A > 1, and A is sufficiently close to 1 such that

2= gy = A = Dl gy < e (5.9)

Then take ¢y = Au(z). From Theorem 4.1, it follows that the solution ¢(¢,x) of the
Cauchy problem (1.1)-(2.1) blows up in a finite time.
Remark 5.1. Under the condition dy, > dar, Theorem 5.1 gives the strong insta-

bility of the ground state standing wave (5.2) for system (1.1) with finite time blow up

when 1 + % <p< (]\J,\QJ;%JF and N € {2,3}. For the related results on the instability of
the standing wave (5.2) for system (1.1), there has been a lot of works (see Cipolatti [5]
and Ohta [15,16,17]). Cipolatti [5] proved that if p > 3 and N € {2, 3}, then the standing
wave (5.2) is unstable for any w € (0, 00) and that if N = 2 and p = 3, then the standing
wave (5.2) is strongly unstable for any w € (0, 00). After that, the author [16] proved that
if p>1++ and N € {2,3}, then (5.2) is unstable for any w € (0,00), and if N = 3 and
1 < p < %, then there exists a positive constant wy = wo(a,p) such that (5.2) is unstable
for any w € (wp, 00). In addition, the author [15] showed that if N = 3 and { < p < 5,
then (5.2) is strongly unstable for any w € (0,00). On the other hand, when N = 2 and
p < 3, the author [15] proved the existence of stable standing waves of (1.1). Further,
under the condition N =2 and p >3 or N = 3 and p = I, the author [17] obtained that
for any w € (0, 00), (5.2) is strongly unstable in the sense of Definition 1.1 of [17].

It should be pointed out that in the present paper, we introduce the cross-invariant
manifold to discuss the instability of standing waves for system (1.1) with finite time blow
up, which partially answer the open problem proposed in [16, Remark 8]. In Theorem
5.1, by limiting frequency w to satisfy das > dyr, we get the strong instability of (5.2) for

1+ 4+ <p< % and N € {2,3}. Of course, the condition dys > dy is still vague.
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Further we need to determine for which w, daq > dyr is true. Moreover, if dyg < dyy, is

the standing wave (5.2) orbital stable? These problems remain open.
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