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Abstract

By extending and developing a series of classical theorems and methods, such as James’
finite tree theorem, Enflo’s renorming technique, Grothendieck’s lemma and the Davis-Figiel-
Johnson-Pelzynski Lemma, this paper finally shows that every super-weakly compact convex
set is isomorphic to a uniformly convex set of a reflexive relatively uniformly convex Banach
space; and that a closed bounded convex set C' of a Banach space X is super-weakly compact if
and only if there exists a uniformly continuous and uniformly convex function on it, and which
is equivalent to that there exists a norm on a reflexive space Y with C' C Y C X such that
the norm of Y with respect to the norm of X is uniformly continuous and uniformly convex
on C. It proves that every relatively compact set of a Banach space and every bounded set
of a super-reflexive space are relatively super-weakly compact. This paper also presents that
super-weakly compact sets have very nice properties, for example,every super-weakly compact
convex set can be renormed to have normal structure; the image of a super-weakly compact
convex set under a uniformly continuous affine mapping is again super-weakly compact; and
for any two super-weakly compact convex sets A and B in a Banach space, both A x B and
A — B are still super-weakly compact.
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1 Introduction

It is just like that the notion of weakly compact set can be viewed as a generalization
and localization of the notion of reflexive Banach space, the aim of this article is first to
generalize and to localize the notion of super-reflexive Banach space to that of super-
weakly compact set of Banach spaces in a natural way; then, to show that the behavior
of a nonempty super-weakly compact set is much like that of the closed unit ball of a

super-reflexive space, such as, a bounded closed convex set is super-weakly compact if
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and only if it does not have James’ finite tree property, and which is also equivalent to
that it admits a uniformly continuous and uniformly convex function on it; finally, to
present that every super-weakly compact convex set of a Banach space can be affinely
embedded into a reflexive relatively uniformly convex space, and that every super-
weakly compact convex set admits a uniformly continuous and uniformly convex norm
on it. They are done by extending and developing a sequence of classical theorems and
methods, such as James' tree theorem for super-reflexive spaces [18], Enflo’s renorming
technique in showing that every super-reflexive space admits an equivalent uniformly
convex norm [10], Grothendieck’s lemma for weakly compact sets and the Davis-Figiel-
Johnson-Pelzynski Lemma [5].

The study of renorming characterization of various classes of Banach spaces with
respect to the convexity and smoothness has continued on for over 70 years since
J.A.Clarkson [4] introduced the class of uniformly convex spaces. Now, it is well known
that the geometric and topological properties of uniformly convex Banach spaces have
played an important part in both linear and non-linear functional analysis, and this fact
brought the theoretical research and applications of uniformly convexifiable spaces to
mathematicians great attentions (see, for instance, [1], [6-9], [11-12], [14], [20], [23]). For
example, an early result of F.E.Browder [2] says that it is just that the uniformly con-
vex spaces to guarantee every non-expansive mapping from a nonempty closed bounded
convex subset to itself has a fixed point, and a quite recent conclusion of Kasparrov
and Yu [21] explains that the Novikov conjecture holds for any discrete group which
admits a uniform embedding into a uniformly convex space. The most spectacular re-
sult in this area is certainly the Enflo-Pisier characterization of super-reflexive spaces as
those admitting an equivalent uniformly convex norm [10] (or even having power type
modulus of uniform convexity [25]). There are also many remarkable results showing
characterization of a super-reflexive space or a uniformly convexiflable space, such as
the closed unit ball without James’ finite tree property [18], and even the girth charac-
terization of super-reflexive spaces [19]. We also know that both uniformly smoothable
and uniformly non-square spaces are super-reflexive spaces [16].

Here we should mention that in many cases, the assumption of the uniform convexity
on the whole space is not natural, because we need only a localized setting. For example,
if T' is a non-expansive mapping from a nonempty closed bounded convex set C' of a
Banach space to itself, the assumptions of weak compactness and of normal structure
on C' can always guarantee that 7" has a fixed point [22]. This tells us that we need only
to assume that C has some kind of uniform convexity. On the other hand, a Banach
space is reflexive if and only if every bounded weakly closed set is weakly compact.
Therefore, the notion of weakly compact set can be viewed as a localized setting of
reflexive spaces. These facts arise the following natural questions.

Problem 1 How to localize and generalize the notion of the super-reflexivity in a



natural way, or more precisely, to introduce a notion of super-weak compactness which
is a localization of super-reflexivity?

The Enflo-Pisier deep renorming theorem (see, [10] and [25]) for super-reflexive
spaces also reminders us to expect that such a super-weakly compact set can be
renormed with some kind of uniform convexity, or equivalently,

Problem 2 Whether every super-weakly compact convex set C' of a Banach space
admits a norm, which is uniformly convex on it?

The Davis-Figiel-Johnson-Pelzynski Lemma provides an easy way of making reflex-
ive Banach spaces from weakly compact sets of arbitrary Banach spaces. Making a
comparison between a weakly compact set and a super-weakly compact set, a further
question is arising as follows.

Problem 3 Whether every (super-)weakly compact set can be embedded into a
(super-)reflexive space.

This paper, divided into 6 sections, mainly focuses the three questions above. Sec-
tion 2 generalizes the notion of finite representability between two Banach spaces to
the notion of that between two general subsets of Banach spaces, and this is done by
substituting simplexes for finite dimensional subspaces.

Section 3, in terms of the generalized finite representability, introduces the notion of
super-weakly compact set, that is, a nonempty weakly closed bounded set C' in a Banach
space is said to be super-weakly compact, if every bounded weakly closed set D which is
finitely representable in C' is weakly compact, and shows that James’ characterization
and its consequence for super-reflexive spaces hold again for super-weakly compact sets.
Now we state them as follows.

Theorem 1.1 A bounded closed convex set C' in a Banach space X is super-weakly
compact if and only if it does not have the finite tree property.

Theorem 1.2 A bounded closed convex set C' of the space X is not super-weakly
compact if and only if there exists 0 < 6 < 1 such that for every positive integer n,

there is a sequence {z,} | C C satisfying

dist(co{z,, -,z },co{z, \, - ,2,}) >0

for all 1 < k < n, where coA stands for the convex hull of the set A.

In Section 4, through generalizing a sequence of Enflo's Lemmas [10] to general
super-weakly compact convex sets, it shows that a bounded closed convex set is super-
weakly compact if and only if for every € > 0, there exists a bounded e—uniformly
convex function on it, and further, the image of a super-weakly compact convex set
under a uniformly continuous affine mapping is again super-weakly compact. These, in
turn, imply that the product A x B and the difference A — B of any two super-weakly

compact convex sets A and B are again super-weakly compact.



In Section 5, it first verifies that Grothendieck’s lemma for weakly compact sets is
again valid for super-weakly compact sets, that is

Theorem 1.3 A closed convex subset K in a Banach space is super-weakly compact
if and only if for every € > 0 there exists a super-weakly compact convex set K. such
that K C K. + By, where Bx denotes the closed unit ball of X.

This section also mentions that there is an important and elegant consequence quite
hidden in the original proof of the Davis-Figiel-Johnson-Pelzynski Lemma that we have
not discovered for over 30 years, that is, every (super-)weakly compact convex set is
linearly isomophic to a (super-)weakly compact convex set of a reflexive space. By
employing these results and theorems in the previous sections, it finally shows the
following theorem.

Theorem 1.4 Suppose that C is a super-weakly compact set of a Banach space
(X, ]| -1I)- Then there exists a Banach space (Y, ||| - |||) such that

i) Y is reflexive and C' C By C X;

ii) || - || is ||| - ||[—Lipschitz on Y;
iii) ||| - ||| is || - || —uniformly continuous and uniformly convex on C;
iv) (Y, ||| - |||) is relatively uniformly convex with respect to || - ||, that is, for any

two sequences {w, } and {yn} in By, 2(|zalll2 + [y %) — 7 + yalll> — 0 implies
|20 — ynll — 0.

As a consequence, we obtain

Theorem 1.5 A closed bounded convex set of a Banach space is super-weakly
compact if and only if there exists a uniformly continuous and uniformly convex function
on it.

Motivated by the importance of normal structure of a weakly compact convex set C
guaranteeing that every non-expansive mapping (7' : C' — C) has a fixed point [22] and
by the recent renorming theorems of Odell-Schlumprecht [24] and Hdajek-Johanis[13],
we devote the bulk of Section 6 to some further consideration regarding renormings of
(super-)weakly compact convex sets. We begin with discussion of normal structure of
super-weakly compact convex sets under renormings. After giving some extensions of
Odell-Schlumprecht and Hajek-Johanis’ renorming theorems, we finally point out some
questions on this topic.

In this paper, the letter X will always be a real Banach space and X* is its dual.
For z € X and r > 0, B(z,r) presents the closed ball centered at z with radius r,
and S(x,r), the sphere of B(x,r). We simply denote by By, the closed unit ball and
by Sx, the sphere of Bx. For a set A in X, (¢0A4) coA and (affA) affA stand for the
(closed) convex hull and the (closed) affine hull of the set A.



2 Generalized Finite Representability

This section mainly introduces a generalized notion of finite representability between
two general sets of Banach spaces, making use of simplexes and affine mappings.

To begin with, we state the classical notion of finite representability introduced by
James (see, [17] and [18]), which has played an important rule in studying various kinds

’ of Banach spaces.

of 7 super-property ’

Definition 2.1 Suppose that X and Y are two Banach spaces. We say that X is
finitely representable in Y, if for every € > 0 and for every finite dimensional subspace
M C X, there exist a subspace N C Y and a linear mapping T : M — N such that
I70 T < 1+ e

For generalizing the notion above to general sets, a natural way is to substitute
simplexes and affine mappings for the linear subspaces and the linear mappings.

Definition 2.2 Suppose that {z;}_, are n + 1 vectors in X.

i) {x;}]", are said to be affinely independent if {x; —z¢}]", are linearly independent;

ii) co{z;}i- is called an n—simplex of X with vertices at z; (1 = 0,1, ---n) if {z;}]_,
are affinely independent.

Definition 2.3 Suppose U C X and V C Y are two affine subspaces, and suppose
A C X and B C Y are two subsets.

i) A mapping T : U — V is called affine, if

T(ou+ pv) =aTu+ Tv forallu,v e U and a+ =1

ii) In general, a mapping 7' : A — B is said to be affine, if T" is a restriction of an
affine mapping from affA to affB;
iii) An affine mapping 7' : A — B is called a (1 + ¢)—affine embedding from A to B

for some € > 0, if
(I=e)flz =yl <|Tz -Tyl| < (A +e)lz —yll, Vz,yec A

If such a map T exists, then we also call A can be (1 + ¢)—affinely embedded into
B, or (1 + ¢)—affine embedding into B.

In particular, if A = X, B = Y, then a linear map 7 from X into Y is called a
(1 + e)—linear embedding from X to Y if T satisfies inequality above for all z,y € X.
In this case, X is said to be (1 + ¢)—linear embedding into Y.

Now we present a generalized notion of finite representability as follows.

Definition 2.4 Suppose that A C X and B C Y are nonempty subsets. We say
that A is finitely representable in B (A J:: B) if for every € > 0 and for each n—simplex
S(A) with vertices in A there exists an n—simplex S(B) with vertices in B such that
S(A) is (1 + e)—affine embedding into S(B).

Clearly, every subset of A is finitely representable in A. Further, it is easy to show

the following properties.



Proposition 2.5 Suppose that A C X, B C Y and C' C Z are three nonempty

subsets. Then
i) A" Band BI"C = Al"C;
ii) For every zp € A,yo € B,Af:B — A—:):Of:B — Yo;

iii) A/"B <= A7"B;

iv) AlTB = affAl"affB.

The following counter-example shows that the converse of Proposition 2.5 iv) is not
true.

Example 2.6 Suppose that X is a separable non-reflexive Banach space and that
{z,} is a dense sequence in the unit ball Bx. Let A = E{j:x—n}. Then A is a compact
convex set in X. Clearly, aff A = spanA is a dense subspace OTI% X, and X is not finitely
representable in A. But by Proposition 2.5 iii), X f_f affA. This is a contradiction.

Lemma 2.7 Suppose that A C X and B C Y are two nonempty subsets, that
E = affA, F = affB, and suppose that A has nonempty relative interior ( denoted by
intgA ). If Ais (1 + g9)—affine embedding in B for some gy > 0, then E is again
(14 ep)—affine embedding in F.

Proof Choose any a € intp(A) and set Ay = A —a and E; = affA;(= spanA,).
Then 0 € intg, (A1). Let T : E — F be a (1 + ¢g)—affine embedding from A to B.
Then T3 : E1 — F1, defined by

Ti(x) =T(x+a)—T(a) forallxzeckE
is a (1,e9)—linear embedding from A; to By, where By = B — T'a and F; = affB; =
spanBj. Therefore, T} is also a (1 4 gp)—linear embedding from A; to F} and which
implies that T} is again a (1 4 gg)—linear embedding from E;(= |J,_,nA1) to Fi.
Thus, T is a (1 + g9)—affine embedding from E(= E; + a) to F(= Fy + Ta) O

We should mention here that the converse of the lemma above is not true.

By a simple argument of linear homeomorphism, we can present the following result.

Proposition 2.8 Suppose that X and Y are two Banach spaces. Then

X 7Y « Bx /" By.

—

3 Super-weakly Compact Sets

In this section, we introduce the notion of super-weakly compact set in terms of the
generalized finite representability, and discuss their finite tree property (Theorem 1.1),
which, along with Theorem 1.2, will be used repeatedly in the sequel. We will see that
a super-weakly compact convex set acts just like the closed unit ball of a super-reflexive
space. Therefore, this concept can be viewed as a generalized and localized notion of
super-reflexivity of Banach space.

First, let us recall a sequence of definitions.



Definition 3.1 A Banach space X is said to be super-reflexive, if every Banach
space Y which can be finitely representable in X is reflexive.

Definition 3.2 Suppose that X is a Banach space, € > 0, and « is a cardinal
number less or equal to Wy, the cardinal number of N; and suppose, further that A C X
is defined by

A= {xel’s%...gk keN with k<a,;,=1,2 and i= 1,2,~~~k:}
Then
i) The subset A is called an e—tree with n—branches (or an (n,e)—tree) if « = n

for some n € N and it satisfies

Leyea, e = 9 <x517527“'5k71 +x517527'"5k72> (3'1)

( ’ > ¢ (3.2)
fork=1,2,--- ,n—1,,=1,2 and i=1,2,--- ) k;

ii) The subset A is said to be an infinite e—tree if & = Ny such that (3.1) and (3.2)
hold for all k e N, g; =1,2 and i =1,2,--- , k.

Definition 3.3 Suppose that C' is a nonempty convex subset of a Banach space
X. Then we say that

i) C has finite tree property if there is € > 0 such that for every n € N there exists

and

Tey,e0,e5,1 — Ley e,c5,2

an (n,e)—tree in C,

ii) C has infinite tree property , if for some € > 0 there exists an infinite e—tree in
C.

Now we state the definition of super-weakly compact set as follows.

Definition 3.4 A bounded weakly closed set C' of X is said to be super-weakly
compact, if every bounded weakly closed set D which is finitely representable in C' is
weakly compact.

We know that Definitions 3.2 and 3.3 were introduced by James in 1972 [18], and
they are very useful to characterize super-reflexive and non-super-reflexive spaces. The
James Characterization of super-reflexive spaces [18] says that a Banach space is super-
reflexive if and only if its closed unit ball does not have finite tree property. Next, we
generalize the James Characterization of super-reflexive spaces to that of super-weakly
compact convex subsets in terms of finite tree property(Theorem 1.1 or Theorem 3.6).
For this purpose, we need the following lemma which was motivated by work of James
[18].

Lemma 3.5 Suppose that C' C X is a nonempty convex set. If C' has finite tree
property, then there exist € > 0 and an infinite e—tree A in a Banach space E such
that A I C.

Proof We apply the finite tree property of C to construct a Banach space E
which contains an infinite e—tree for some € > 0, and then show this tree is finitely

representable in C.



Since C' has finite tree property, there exists a subset G of the form
G= {x[(_;?)gk meN1<k<n,g=12 and 1<i< k}

in C such that foreveryn e Nand 1 <k<n-—1,foralleg; =1,2 and 1=1,2,--- ,k

1
ngILy)E%"'ek = Q(ng,)sg,---sk,l + xi?,)sg,---skﬂ) (33)
e = 2] 2 (34)

Choose an infinite sequence of symbols
S = {551752,...,571 :neNg =12andi=1,2,--- ,n}

and let Y = spanS. Applying a diagonal argument to the number set

{H Z )\51,527"'75kx£?7)527"'7€k

g;=1,2
1<i<k
1<k<n

:nEN}

we can obtain a subsequence k, C N such that for every r € N and every subset of 2"

rational numbers {\¢, ¢, ... ¢, : € = 1,2}, the following limit exists

hm H )\51»52!“‘!Eixspfg,"',b‘i

e g, =1,2; 1<i<r

Set
A= { E : )\517527"'751'5517527"'751' : VreN, )‘61752,"-,81' € Q}
g;,=1,2; 1<i<r
and let
_ 1 (kn)
Y aeefrans| =t || Y Mol 639)
;=12 1<j<r et gy=1,2; 1<5<r

Then the equality above defines a function |- | on A. We extend |- | to Y, which is still
denoted by |-|. It is easy to see that |-| is a semi-normon Y. Let N = {z € X : |z| = 0}.
Then the quotient space F' =Y /N endowed with the quotient || - ||, introduced by | - |
is a normed space. We denotes by E the completion of F, and by £ the quotient vector
of &, i.e,& =&+ N for every ¢ in Y. To show that

A= {551,52,._.,5,127161\1751‘ =1,2 and i =1,2,--- ,n}

is an infinite e—tree, it suffices to note the (3.3), (3.4) and (3.5), and which in turn
imply for every m € N,g; = 1,2 and ¢t =1,2,--- ,m

_ 1 — _
561,52,---€m - Q(éel,ag,mem,l + 561,82,"'6m,2)H
F




_ (kn) L (kn) (kn)
= lim ‘ Ler,€a,em §(x517527"'75m71 + x517527"'75m72) (3.6)
=0
and
- - L (kn) (kn)
‘ 5817527"'5’”171 B 5817527"'577172“1: - hm ‘ x517€27"'75m71 - x€17527"',€m,2 Z € (37)
n—oo

Clearly, the infinite tree A is finitely representable in C' by observing the definition of
the semi-norm |- | on Y O

Now, we restate and prove Theorem 1.1 as follows.

Theorem 3.6 A closed bounded convex subset C' of a Banach space is super-weakly
compact if and only if it does not possess finite tree property.

Proof Necessity. Suppose, to the contrary, that C' has finite tree property. Then
applying Lemma 3.5 to C, we can obtain an infinite (bounded) e—tree A in a Banach
space and which is finitely representable in C. It is clear that A is not weakly compact.
This in turn contradicts the super-weak compactness of C.

Sufficiency. Suppose that C' is not super-weakly compact. Then there exists a closed
bounded non-weakly compact set D of a Banach space X such that it is finitely repre-
sentable in C'. Applying the James Characterization of non-weakly compact subsets to
D (see, [15]), we know that there exist § > 0, a sequence {x,} in D and {z}} in Sx-
such that for all m,n € N

0, m<n;

LX) Ty >=
0, n<m.

By hypothesis, for every n € N, the (2" — 1)—simplex Son = co{x1,x9, - ,xon} is

finitely representable in C'. Thus, there is a (1 + %)—afﬁne embedding T, from So» to
C. Let ygn) =Tn(x;), i=1,2,--- 2" It is easy to see that for 1 <k < 2" —1

. 0

dist (Co{y§n)7y§n)7 U 7y]E;n)}7 Co{y;ir_?p ?/1(:‘_)27 o 7y§2)}> > 5

By the argument which is like one of that in [18], we see that C' has finite tree property [J

Corollary 3.7 A bounded closed convex subset C' of a Banach space X is not

super-weakly compact if and only if there exists 8 > 0 such that for every n € N there

is {z;}7; C C such that forall 1 <k <n-—1

dist (co{:cl, To, Xk}, CO{Try1, Thao, - ,:cn}> > 0.

Proof The proof is contained in the proof of the sufficiency of Theorem 3.6.

The following results are easy consequences of Corollary 3.7.

Corollary 3.8 Every compact set of a Banach spaces is super-weakly compact.

Corollary 3.9 A Banach space is super-reflexive if and only if its closed unit ball
is super-weakly compact.

Corollary 3.10 Every bounded subset of super-reflexive Banach spaces is rela-

tively super-weakly compact.



4 A Characterization of Super-Weakly Compact Convex
Sets by ¢e—Uniformly Convex Functions

In this section, in terms of e —uniformly convex functions we establish a new geomet-
ric characterization of super-weakly compact convex subsets, and which in turn implies
that both C'x D and C'— D are super-weakly compact whenever the two convex subsets
C and D are super-weakly compact. The main idea of this section was motivated by
Enflo [10] in showing that every super-reflexive space admits an equivalent uniformly
convex norm.

Suppose that C C X is a nonempty closed bounded convex set with 0 € C, and
that p is the Minkowski functional generated by C. Then p is an extended non-negative
real-valued and positively homogenous convex function on X with its effective domain
domp = {z € X : p(z) < oo} = UxsoAC. Now, we give definition of a generalized
e—partition of z € domp as follows.

Definition 4.1 With the set C' and the function p as above, let ¢ > 0 and z € domp
be given. A pair (z1,72) of (domp)? is said to be a (1,¢, p)—partition of z if it satisfies

X1 i)

p(z1)  plz2)

p(z1) = p(x2), | | =2e and z1+x0 =2

We denote by
Py(z,e) = {(x1,12) € (domp)? : (x1,22) is a (1,¢, p) — partition of z}

We call (z1, 22,73, 24) in (domp)* a (2, ¢, p)—partition of z if it satisfies that

x1 €2

= p(xo r3) = p\Ta), a & z
p(x1) = p(x2), plxs) = p(xa) Hp(a:1) p(z2)

pls)  p(za)

I=e |

and
(x1 + mo, x3 + x4) € P1(2,¢)

We also denote by

Po(z,¢) = {(x1, T2, x3,24) € (domp)? : (21, 29,23, 24) is a (2,¢, p) — partition of z}

Inductively, we say that (21,2, -+ ,zn) € (domp)?” is an (n, e, p)—partition of z, or
equivalently, (x1,z2, -+ ,xon) € P, (2,¢), if it satisfies that
T2k—1 L2k —
ploe) = plaw). 12075 = g1 2 € for k=1.200,27
and
(1 + 22,23 + X4, + ,Ton—1 +Xon) € Pp_1(2,¢€)
For an (n,¢, p)—partition (x1,z2, -+ ,xon) of z, and for every 1 < k < n, we call

21 k; ok
x , a k—part of the (n,¢e, p)—partition of z. Clearly, a k—part of an
' k t of th p tition of z. Clearly, a k t of
i=2n—k(j—1)41 7 I=1
(n, e, p)—partition of z is again a (k, e, p)—partition of z.

10



Lemma 4.2 Suppose that C'is a closed bounded convex set of X with dim(spanC') >
3. Then there exist zp € C and ¢ > 0 such that for every non-zero z € Cp, =
U, ,AMC — z0) and every positive integer n, there exists an (n, ¢, p)—partition of z
in C,,, where p is the Minkowski functional generated by C' — x¢. In particular, if C' is
symmetric, then we can put xg = 0.

Proof Since dim(spanC) > 3, there are four affinely independent vectors {z;}%_; in
C such that the 3—simplex S5 = co{z;}1_, has nonempty interior relative to the affine
subspace A = aff{xi}le of 3 dimensions. Choose any x( in the relative interior of Ss.
We know that there is 6 > 0 such that B(zg,d) N A C S3. Thus, the linear subspace
Az, = A — xg is contained in Cy,.

Let p be the Minkowski functional generated by C —zg, € = g and let z € Cy, \ {0}.
Without loss of generality we assume that p(z) = 1. Now, for every n € N, we want to
produce an (n, e, p)—partition of z.

Let L, = span{Ss — ¢, z} and S, = U Aco{Ss — x, z}. Since p is continuous on
S., the subdifferential mapping dp : S, : — 2L% is nonempty-valued everywhere in S,.
Choose any z7 € 0p(z). Then < 27,2 >< p(x) for all x € S; and < z],z >= p(z). We
extend z7 to the whole space X and which is still denoted by x]. Then choose x5 € X*
with ||z3|| = 1 such that < 5,z >= ||2]|. Now, put

H={reX,<z;,z>=0}, i=1,2

Then the set Hy N Hy N (S35 — x9) (C C — x0) contains two vectors +uy with [|uq] > 6.
We define two functions f and g: [-1,1] — R by

fla) = p(z+ (az + 1)), g(a) = p(z — (az + u))

Note
<zl,ztu >=<a],z>=p(z) =1

We know
f() =pz +up) 2< 27,22 +up >=2, f(=1)=p(u) <1

g(=1) = p(2z —w) >< 27,22z —uy >=2, g(1) = p(—u1) <1

Therefore, there exists a; € (—1,1) such that f(a1) = g(aq), that is
p(z + (nz + 1)) = p(z — (nz + w1))

Set

z+ (012 4+ uy) z—(o1z+up)
=", = ——————
2 2
Then we obtain
3
21+ 22 =z, p(z1) = p(z2) < B

11



and
S
p(z1)  p(22)

that is, (21, 22) is a (1 g, p)—partition of z.

Wl
I
™

2
glloaz +ull > g max{laa|[[]l, [lur]] — Jealll=l} 2

Next, let y; = ( ok 1 = 1,2. We substitute y; for z and repeat the procedure above

to obtain
ar; € (—1,1), £uy; € Cpy with |uyl >9
and
yi + (19 + ui) Y — (0w uay)
Yil = B yYi2 = 5

for ¢ = 1,2, such that

N w

Yi1 +vi2 =¥, p(yin1) = p(¥i2) <

and such that
Yi1 Yi2 H > -
- >e for i=1,2
H pyi1)  p(Yiz2)

Let 2 j = p(zi)yij, 4, = 1,2. Thus for i = 1,2

zi = (Yig +yi2)p(zi) = zix + zi2, p(2i1) = p(zi2)

and

Zi,1 Zz2 S yzQ
Hp(zzl p(2i2) H H p(yi1)  p(yi2) H -
this says that (21,1,21,2, 22,1, 22,2) is a (2,¢, p)—partition of z.
Inductively, for every n € N, we can obtain an (n,e, p)—partition (zz, ¢, ... ¢
1,2,i=1,2,--- ;n) of 2 O
Lemma 4.3 With the sets C, Cy,, the ¢ > 0 and the Minkowski functional p as

in Lemma 4.2, if, in addition, C' is super-weakly compact, then there exist 0 < § < ¢

L& =

and n € N such that for all z € C,, and for all (n,e, p)—partition (z1,z2,--- ,zon) of
z, the following inequality holds

E:p@ > (1+6)p(z) (4.1)

Proof Suppose, to the contrary, that for every n € N and 6 = 27", there exist

2o € Cy, and an (n,e, p)—partition (x1,za, -+ ,xon) of zp such that

E:pm (1427™)p(20)

We assume again that p(z9) = 1. Next, we want to produce an (n,e)—tree in 2(C —xy),

and thus which contradicts the super-weak compactness of C.

12



Let
2n7kj
A:{xgk):2k Z xi’]{j:172’-..’n and ]:172772k}
i=2n R (j-1)+1
We claim that
A C2(C —z9) and A is an (n,e) — tree.

By the definition of (n,e, p)—partition of zp, we see that for all 1 < k < n and
1<j <2kt

2 %) (k)

k Loj—1 Lo
plag; ) = plas), Zx 2, |[H5——-—Tlze (42
p(xQJ 1) p(xzj)

and by the definition of the set A, for 1 <k <n—1and 1< j <21

(k+1) (k+1)
k) Toj1 tX
O St I 5 (4.3)

Let k=1 in (4.2) and (4.3). We observe that

o) = p(at)) 2 1, 2l + 2 = 22, o) = T2
and
ot = 5"l > ¢
Let k =2 in (4.2), (4.3) and note the results above. We see that
(3) (3)
Toi 1+ X5
p?) = p(ay”) 2 1, p(ay”) = plaf?) 2 1, af = 2= j=1,2,3,4

and
2P — 2P| >, 2P — 2P| > e

Inductively, for every 1 < k < n, we have for j =1,2,.-. ,2F1

k k k
plasi ) = plasy)) > 1, gy — o5 > <
Thus, we have proven that A is an (n,e)—tree in C,,. It remains to show that A C
2(0 - .’Eo).
Since x§") = 2"x; and since p(:cg»n)) >1for j=1,2,---,2" we have p(z;) > 27"
Thus for each 1 <4 <27,
2"1

plzi) + (2" = 127" <> p(a) <1+27"
j=1

13



This explains that p(z;) < 27" and therefore
p(a) = p(2";) < 2

ie. {xz(") 2 C2(C — x0) and further A C 2(C — z¢) O

Lemma 4.4 Suppose that C' is a nonempty super-weakly compact set. Then there
exist xg € C and g9 > 0 satisfying that for every 0 < € < g¢ there exist a function f on
Cyo and 0 < v < min{%, 75z} such that

i) f(x) >0, f(ax) = af(z) for all @« > 0 and f(z) =0« = =0;

i) (1 —7)p(x) < f(z) < (1 - 3)p(x), where p denotes the Minkowski functional
generated by C' — xo;

iii) There exists 0 > 0 satisfying p(z) = p(y) = 1 and ||z — y|| > € imply f(z+y) <
f(z)+ f(y) — 0

iv) In particular, if C' is symmetric, then we can put o = 0 and therefore p is a
lower semi-continuous norm on spanC' and there exists a function f on spanC’ such that
i),ii) and iii) hold.

Proof It is easy to observe that these assertions are true for dim(spanC) < oo.
Therefore, it suffices to consider the case for dim(spanC'’) = oc.

By Lemma 4.2, there exist 9 € C and g9 > 0 such that for every n € N, every
z € Cy, and every 0 < ¢ < g, there is an (n,e, p)—partition of z in Cy,. Applying
Lemma 4.3, we know that for every 0 < & < gq, there exist 0 < v < min{%, 1L+a} and

n € N such that for all z € Cy, and for all (n,e, p)—partition (z1,z2, - ,xon) of z
271
S o) = (1+7)p(2) (4.4)
i=1

Now, we fix such z,e,n,7v and let

om

; p(x;)
z) = inf :0<m<n
7 {;1+%<1+i+---+—41n> -

(x1,x2, -+ ,x9m) is an (m, e, p) — partition of z} (4.5)

Clearly, f satisfies i) and ii). It follows from (4.4) and (4.5) that we can assume
0<m<n-—1.
Suppose that z,y € Cy, with p(z) = p(y) = 1 and with ||z —y|| > €. Then (z,y) is a

(1,€, p)—partition of x+y. Let 0 < r < = and let (u,, -+ ,u_, ) bea (k, ¢, p)—partition
of z and (v,,v,, - ,UQl) be an (I, e, p)—partition of y with 0 < k <[ < mn — 1 such that

2l
>iz1 P(v,)
1+31+1++ 1)

2k
> iz P(ug)
I+30+ 5+ +35)

fz) > - fly) > —r (40

14



We denote by (w,,w,, - ,w, ) the k—part of the (I, e, p)—partition of y. Then

2l 2k:
fly) > i1 P(V;) s i p(w,) .
1—1—%(1—1—%—1—...4-%) _1—1—%(14_%4_..._’_%)

21€
2 iz P(w;)
T34+ e )

-7 (4.7)

It follows that from (4.6), (4.7) and ii) which we have proven

2k 2k
L=p(z) <Y plu) <147, 1< plw) <147y (4.8)
i=1 i=1
Note (u,, Uy, - S Uy Wy Wy, o ,ka) isa (k+ 1,¢g, p)—partition. We have

2k 2k
die 1p(uz)+Zz 1 p(w;)
T1+3A 41+t )

flz+y) < (4.9)

It follows that from these inequalities above

ok

1 1
F0+ 100 = fe+0) 2 3ot (s~ T g

1 1
—Zp(wi)< % k >_2T
=1 1+%Zi;rol4z 1+WZ+1 !

_4k+1

This and 0 < 7 < 3r,0 <7 < § imply

SR S S
f@R)+f) - fety) 25 2y e
Therefore, we finish the proof by letting § = 2 - 4=("+2)

Lemma 4.5 Suppose that C is a nonempty super-weakly compact convex set in
X. Then there exist g > 0 and g € C such that for every 0 < € < gg, there are
0 < 7 < min{g, 75z} 0 > 0 and an extended real-valued Minkowski functional p. with
domp, = C, such that

i) (I1=y)p(x) <p.(x) < (1-3)p(x), where p is the Minkowski functional generated
by C' — xo;

ii) p(x) =p(y) =1 with ||z —y| > € imply p.(z +y) < p.(z) +p.(y) — &0

iii) For every 0 < 8 < 1, p(xn) — B, p(yn) — B and pe(2n) +pe(Yn) —pe(Tn+Yn) — 0
together imply En%w lzn — ynl| < Be;

iv) In particular, if C' is symmetric, then we can put zy = 0. Therefore p is a lower
semi-continuous norm on Y = spanC), and for every 0 < € < g there exists a norm p,

on spanC satisfying 1), ii) and iii).
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Proof Applying Lemma 4.4, we know that there exist zg € C and ¢ > 0, such that
for every 0 < 5e1 = € < €, there are a non-negative real-valued positively homogenous
. ol
function f on Cp, and 0 <y < min{g, 1i151

a) (1=7)p(z) < flx) < (1—3)p(x) forall z € Cyy;

b) there exists d; > 0 such that p(z) = p(y) = 1 and ||z —y|| > &1 imply f(z+y) <
f(@)+ f(y) — o1

Without loss of generality, we can assume C' — zyp C Bx. Therefore || - || < p on X.
Now, let

} satisfying

n n

inf{ > f(xi): ne N,x; € Cyy with Y x; ::c} , ifx e Oy
i=1 i=1

400 , otherwise.

pe(w) =

Clearly, p. is an extended non-negative-valued positively homogenous subadditive func-

tion (hence, a Minkowski functional) on X with domp, = C,, and it satisfies i) of the
n

m
lemma. Given 0 < a < min{’y(% ), 5{%}. Let x = Y @y, y= > y; with z;,y; € Cy,

such that " Zml =
p.(x) > flx) —a, p.(y)>> flyi)—a (4.10)
i=1 i=1

We may assume without loss of generality that m < n, and that p(z;) = p(y;)
for i = 1,2,--- ,m. Otherwise, say, p(z;) < p(y;) for some i < m, we set s; =
f)((zzg Then p(x;) = p(s;y;) and note that f(y;) = f(siyi) + f((1 — si)y;). We sub-
stitute the two vectors s;y; and (1 — s;)y; for y; and renumber the new sequence

{y1,92, + ,Yi-1, Si¥i, (1 — $i)Vi, Yi+1, -+ »Ym}. Combining a) and (4.10), we can claim

n m
1< p(r) <1+, 1<) plyy) <1475 (4.11)
i1 j=1

n n
Note p(z;) = p(yi),i = 1,2,--- ;m. Thus > p(x;) <, and which implies > ||z;]| <
i=m-+1 i=m-+1
7.

Set

Jo={is 1<i<m oyl cip(e) p Jo={is 1<i<m |z =il > c1p(es) }

Then .
=yl <> e =l + Dz —wall + D ]
i€J1 1€J2 i=m+1
<e Z p(z;) + Z i —will +
i€J1 i€J2
<eal(l+7)+ > llzi—will +7
1€Jo
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<2+ Z i — vill
1€J2

Therefore, ||z — y|| > € implies Y ||z; — yi|| > 3e1.

i€J2
It follows from
rt+y= Z($i+yi)+zxi+zyi
i€J2 iZJ2 igJa
that
x—i—y foz+yz +foz +nyz
1€J2 i€ Jo i€ Ja

Inequalities (4.10) and (4.12) together imply

pe(@)+pe () —pe(z+y) = > flwi)—a+) | fly)—a—>  flzity)—Y | f(x
=1 =1

1€ Jo i€ J2

—Z(f )+ fyi) — f(icrf—yi))—Qa
i€Ja
Since p(z;) = p(y;) for i =1,2,--- ,m, we see that
|

p(;i) - p(yi)

| >e1 for all i€ Jy

This and b) imply

)+f( ) — 61

(yz)
Therefore
f(@i) + f(yi) — f(@i +yi) > d1p(;) forall i€ Jy

This and (4.13) give

pe(@) +pe(y) —pe(x +y) > 0 Z p(x;) — 2a

i€J2
Thus
31 < > llwi —will < D (lall + llwll) <2 plas)
i€J2 i€Ja i€Ja
that is,
3
> plxi) > e
i€Ja

Finally, it follows from 0 < a < 92t 1+, (4.15) and (4.16), that

3
pe(z) + p(y) — pe(x +y) > 5516 —2a > 0161 = ¢

which explains that ii) holds. It remains to show iii).
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For every 0 < 8 < 1, let sequences zy,,y, (n = 1,2, - )satisfy the condition of iii).

Now, put u,, = an and v, = B n. 1t is not difficult to show that
p plym) Y

p(xn)
pa(un + Un) - pe(xn + yn) — 0
Therefore
ps(un) + ps(vn) - ps(un + Un) — 0

Note p(%) = p(%) = 1. It follows from ii) that we have just proven,
PUg ) = Pl

Up O
lim = — 2| <e
N
that is
anﬂo lxn — ynll = mniﬁm llun, — vy < Be O

Definition 4.6 Suppose f is a convex function on a nonempty convex set C' of a
Banach space X and € > 0. Then

i) We say that f is e—uniformly convex on C, if there exists § > 0 such that z,y € C
with [lz — || = & implies 3[f(x) + f(y)] — F(22) > &

ii) f is said to be uniformly convex on C' if f is e—uniformly convex for all ¢ > 0.

Theorem 4.7 Suppose that C is a nonempty super-weakly compact convex set
in a Banach space X. Then there exists ¢y > 0 such that for every 0 < ¢ < g¢, there is
a bounded e—uniformly convex function f. on C.

Proof By Lemma 4.5, we can find zg € C and gy > 0 such that for every 0 < & < gy,
there exist 6 > 0 and a Minkowski functional p, with domp. = Cy, which is bounded
on C' — xg, satisfying

ps(x + y) < p5($) + ps(y) —&d

whenever p(z) = p(y) = 1 and |lz — y|| = 3, where p still denotes the Minkowski
functional generated by C' — x.

Let f-(x) = p2(z) + p?(x). Now we claim that g.(z) = f-(x — z¢) is e—uniformly
convex on C. Obviously, it suffices to show that the function f. has the property on
C — xg.

Suppose, to the contrary, that there are two sequences {z,} and {y,} in C — z9

with ||z, — yn|| > €, such that

Tn + Yn
2

%[fs(xn) + fs(yn)] - fs( ) —0

which in turn implies that

Pe(Tn) = Pe(Yn) — 0, p(xn) — p(yn) — 0

and
P~ Zfp(en) + pelyn)] — 0

18



We can assume that
p(xn) — 1, plyn) — 71

for some 0 < r < 1. Let 2}, = STy Ens Y, = Styn for all € N. Then it is not difficult

to show

x4+ T, +
(I —p (P
2 2
Therefore

P fpe(um) + o)) — 0
1,/

where u, = %xﬁl, Un = 3y, satisfying p(u,) = p(v,) = 1. By hypothesis on p., we
obtain

— 5
m — lup —wa| < 3

On the other hand,

S — 1 — 1 €
= ol =T e, =gl =T, =yl > >

n— n—

and this is a contradiction O

Theorem 4.8 Suppose that C' is a nonempty bounded closed convex set of X.
If there is €9 > 0 such that for every 0 < € < ¢ there exists a bounded e—uniformly
convex function f. on C, then C' is super-weakly compact.

Proof Suppose that C is not super-weakly compact. Then by Corollary 3.7, there
M) ¢ Cfori = 1,2,---,2™ satisfying

exists § > 0 such that for every n € N, there exist x;

dist(cofal" 2", -+ 2"} cofal)y, @y, -2l }) > 0

for all 1 < k < 2™. Clearly, dim(spanC) = co. Now, fix any 0 < ¢ < min{6,¢e¢}, and
let f. be a bounded e—uniformly convex function which means that there exists § > 0

such that z,y € C with ||z — y|| > ¢ implies

r+y
2

SU@) + f)] — 1Y) >

Let —0o < a = ir(}ff6 and sup fe = # < oo. Finally let n € N such that § —nd < a.
C
Since H:cz(") — acg")H >0 >cforall 1 <i#j<2" weknow that for all 1 <i# j <2"

() _(n)

T +z; 1 n n
() < S Uelal™) + @) - 6
2 () ) () .
Note also that ||=—5—2— — =—5~4—|| > . We again see that
), (), (n)  (n) (n) , .(n) ) | .(n)
A DN o 2 T, +x Ty +x
fs(l 2 I 3 4)<fs(1 5 2 )_'_fs(%)_&

< i(fs(xgn)) +fs(x§n)) +fs(x:(3n)) +fs(x§1n))> -2
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Inductively, we have

2n - (n)
fs(&i) < %(Zf(xz(")» —ni<B-nd<a= igffg

This is a contradiction [

The following result directly follows from Theorem 4.7 and 4.8.

Corollary 4.9 A nonempty closed bounded convex set C of X is super-weakly
compact if and only if for every € > 0, there exists a bounded e—uniformly convex
function f. on C.

The following property is a consequence of Corollary 3.7.

Proposition 4.10 Suppose that C' C X is a super-weakly compact convex set of
a Banach space X and D is a nonempty set of a Banach space Y. Let T : C — D
be a uniformly continuous affine mapping. Then T'C' C D is relatively super-weakly
compact.

Proposition 4.11 Suppose that X,Y are two Banach spaces and that A C X,
B C Y are two super-weakly compact convex sets. Then A x B is also super-weakly
compact in X X Y.

Proof Without loss of generality we can assume that X x Y is equipped with the
sup-norm, i.e. [[(z,y)| = max{|z]|,|ly||} for all (x,y) € X x Y. Let f. be a bounded
e—uniformly convex function on A and g. a bounded e—uniformly convex function on
B. Tt is easy to see that he(z,y) = f-(z)+g-(y) is again a bounded e—uniformly convex
function on A x B. Thus by Theorem 4.8, A x B is super-weakly compact [

Proposition 4.12 Suppose that C, D C X are two super-weakly compact convex
sets. Then C' — D is also super-weakly compact.

Proof By Proposition 4.10 and 4.11, it suffices to note T': C x D — X, defined

by T'(z,y) =  — y, is a uniformly continuous affine mapping O

5 Renormings of Super-Weakly Compact Convex Sets

We have shown in Section 4 that a nonempty closed bounded convex set C' of a
Banach space X is super-weakly compact if and only if for every € > 0 there exists
a bounded e—uniformly convex function on C. In this section, we will show that the
super-weakly compact convex set C' can always be renormed to have the geometric
property that acts much like the closed unit ball of a uniformly convex Banach space.
First, we need some more preparations.

For an extended real-valued Minkowski functional p on X, we denote by B,(r), the
set {zr € X :p(z) <r}.

Definition 5.1 Suppose that C' is a nonempty convex set of a Banach space

(X1 1D-
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i) The norm || - || is said to be uniformly convex on C, if for every r > 0 and every
xg € C, it satisfies that

lzn + ynl| — 2r implies z, —y, — 0

whenever {z,},{yn} are two sequences in Bj.(r) N (C' — wp);

ii) The space X is called uniformly convex, if || - || is uniformly convex on X.

Lemma 5.2 Suppose that C is a nonempty symmetric closed convex set of a
Banach space (X, || - ||). If C is super-weakly compact, then there is 9 > 0 such that
for every 0 < € < g, there exists a norm |- | on Y = spanC' such that

i) (1=e)p(x) < [z] < plz);

ii) For every r > 0, |zy| + |yn| — |2n + yn| — 0 implies ||z, — yn|| — 0, whenever
Tn,Yn € B, (r)NC with p(z,,) — rand p(y,) — r, where p denotes the norm( Minkowski
functional) generated by C.

Proof Applying Lemma 4.5, there exists g > 0 such that for every 0 < ¢ < &g,
there are 0 < v < min{%, Tz} 0 > 0 and a norm p. on Y satisfying

a) (1=7)p(x) <p.(z) < (1-3F)p(@);

b) for each 0 < r <1 and sequences {z,}, {y,} C B,(r) with p(xy,) — 7, p(yn) — ,
we have limy, oo ||Zn — yn|| < e, whenever p.(x, + yn) — pe(zn) — p=(yn) — 0.

Let €, = 7= and denote by the norms p,, = p.,, for n =1,2,--- . Finally, let

o
o0
2| =) 27 pu(x), €Y (5.1)
n=1
Clearly, | - | is a norm on Y satisfying (1 — ¢)p(x) < |z| < p(x). We want to show that
| - | has the desired property.
Suppose that {z,,},{ym} C B,(r) with p(z;) — 7, p(ym) — 7 such that |z,,| +
[Ym| = |Zm + Ym| — 0. We claim that ||, — ym | — 0. Without loss of generality we can
assume that r = 1. Suppose, to the contrary, that there exist ¢ > 0 and a subsequence

of {zy, — ym} which is still denoted by {z,, — ym} such that for all sufficiently large
m €N, ||zp, — ym|| > a. Choose j € N with ¢; < a. Note that

|| + |Ym| = |2m + ym| — 0
implies that for all : € N
P(@m) + p,(Ym) — i (@m + Ym) — 0
Thus, by hypothesis on p,, we have
Em__}oo |Zm — ymll <&j < a

This is a contradiction [J
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Lemma 5.3(Enflo, [10]) Suppose that X is a normed space and that z,y € X
with [lz]| = [ly|| = 1. Let f(a) = [laz — y||. Then f(a) > 5f(1) for all a € R.

Lemma 5.4 Suppose that || - ||; and || - ||2 are two norms on a linear space E,
and that C' C E' is a convex set. Then || - ||z is uniformly convex on C' if the following
assumptions are satisfied

i) ol < llzll < 2allz for all € B

ii) for every r > 0 and zg € C, ||zn||2+||Ynll2—||Zn+ynll2 — 0implies ||z, —yn|l1 — O,
whenever z,,, y, € B)| (1) N (C' — zg) with ||z, |1 — 7 and [|y,[l1 — r.

Proof For every r > 0 and every z¢ € C, suppose that z,,,y, € Bj.,(r) N (C — o)
such that ||z, +yn||2 — 2r. We claim that ||z, —yn|l2 — 0. Indeed, let {a,, }, {8,} C [3,1]
be two sequences with ||, 2,1 = ||zn]l2 and [|Brnynllt = ||ynll2. Then, it is easy to see

that oy, Bpyn € C — xp and

20 + ynllz = (lznll2 + [ynll2) < llanzn + Baynllz — (lanzallz + 1Bpynll2) < 0

Therefore, it follows from ||z,||2 + [|ynll, — ||Zn + Ynll2 — 0 that

HananQ + ||ﬂnyn||2 - ||05nxn +ﬂnyn”2 —0

By the assumption of the lemma, we have

”Oénxn - ﬁnyn”l —0

Let z], = %xn,y; = %yn and v, = g—: Due to Lemma 5.3 and i), we obtain

1 1
Hanxn - BnynHl > Hanxn - ﬂnynHQ > iuxn - ’YnynHQ > ZH-’En - ynH2

Thus
|20 — ynll2 — 00O

In the following, we show that the Grothendieck’s lemma is still valid for super-
weakly compact convex sets.

Lemma 5.5 A nonempty closed convex set C' of a Banach space X is super-weakly
compact if and only if for every € > 0 there exists a super-weakly compact convex set
C. in X such that C C C. +eBx.

Proof It suffices to show sufficiency. Suppose that C' is not super-weakly compact.
By Corollary 3.7, we can find 0 < € < 1 such that for every n € N, there exist x; € C
for i = 1,2,--- ,n such that for every 1 < k < n,

dist(co{xl,xg,-" y Tk by cO{ g1, Thy, - -+ ,xn}) >0

Let ¢ = %. We have a super-weakly compact convex set C. such that C' C C. + eBx.
Let

=9y +z, 1=1,2,--- n
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where y; € C. and ||z;|| <e. One checks easily that for every 1 <k < n,

dist (Co{y17 Yo, 7yk‘}7 Co{yk+1, Y42, 7yn}> Z 9

By Corollary 3.7 again, C. is not super-weakly compact which is a contradiction [

It is well-known that the Davis-Figiel-Johnson-Pelzyniski Lemma [5] ”provides a
way of making reflexive Banach spaces from weakly compact sets of arbitrary Banach
spaces. This lemma has (at least) two virtues. A number of basic facts about Banach
spaces are easy consequence of it and its proof is striking elementary” (see, [8] and
therein). We first state the lemma as follows.

Lemma 5.6(Davis, Figiel, Johnson, Pelzynski) Suppose that (X, | -||) is a Banach
space with closed unit ball Bx. Let W be a convex symmetric bounded set of X.
For each positive integer n, let U,, = 2"W 4 27" Bx. Denote by || - ||, the Minkowski

functional generated by U,, i.e.

llz||p, = inf{a>0: z € alU,}

1
For 2 € X, let |||l be given by [lal| = (5, l#12)* and let ¥ = {w € X« Ja]] <

oo}. Denote by C' the ||| - ||| —closed unit ball of Y. Let J : ¥ — X be the natural
inclusion. Then

i) Wcdc,

ii) (Y,]]l - |ll) is a Banach space and J is continuous;

i) J*™:Y* — X** is one-to-one and Y = (J**)~1(X); and

iv) (Y,]]| -|||) is reflexive if and only if W is relatively weakly compact in X.

We should mention here that there is still an important and elegant consequence
quite hidden in the lemma that we have not discovered for over 30 years, though many
useful and beautiful properties and applications of it have been founded (such as, the
factorization of weakly compact operators and every weakly compact subsets can be
weak-to-weak continuously embedded into a reflexive space, etc.). Now, we present the
consequence in the following.

Lemma 5.7 With the Banach spaces X and Y, the subsets W and C, the norms

-1, ||| - ||| and || - || (n =1,2,---) as in the previous lemma, then
i) the identity mapping [ : Y — Y, restricted to W, is uniformly || - ||—continuous;
ii) the separability of (Y, ||| - |||) coincides with that of (V|| -||);

iii) every relatively weakly compact set of X is (linearly) isomorphic to a weakly
compact set of a reflexive space;

iv) if W is relatively super-weakly compact, then C' is again super-weakly compact
in X.

Proof i) For every positive integer m, let
m 1
Pp(x) = (Z HxH%) *for zEY
n=1
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Then P, is uniformly || - ||—continuous, since every || - ||,, is uniformly || - ||—continuous
on X. Note for every positive integer n and x € W, ||z||, < 27". We know that
P,, uniformly converges to ||| - ||| on W, and further which implies ||| - ||| is uniformly
|| - ||[—continuous on W.

ii) It is trivial to see that (Y, || -||) is separable if (Y, |||-|||) is separable. Conversely,

if (Y, -||) is separable, then (Y, || - ||) is again separable for every positive integer n

o0
by noting || - || and || - ||, are equivalent on Y. Therefore the direct sum > &(Y, || ||»)

n=1

00 1
equipped with the norm |||(z,)||| = ( > Hxﬂ]%) ?is a separable space. We complete
n=1

(o]

the proof of ii) by observing that (Y,|||-|||) is isometric to a subspace of > &(Y, || |n)-
n=1

iii) This is just a direct consequence of i) we have just proved, since a subset K is

relatively weakly compact if and only the closed convex hull of {K U —K} is weakly
compact.

iv) It suffices to note Lemma 5.4 and to note C' C 2"W + 27" Bx for every positive
integer n [J

Theorem 5.8 Suppose that K is a nonempty super-weakly compact convex set

of a Banach space (X, || - ||). Then there exists a reflexive Banach space (Y]] - |||) such
that

i) K- K C By C X,

ii) The topology of ||| - ||| is stronger than that of || - || on Y

iii) ||| - ||| is uniformly | - |[—continuous and uniformly convex on K — K;

iv) ||l - ||| is uniformly convex with respect to || - || on Y, that is, for any two

|| - ||| —bounded sequences {z,} and {y,} inY,
2(|l|zn[1* + lynlII*) = [l + yal[I* — 0 implies ||y — yn| — 0.

Proof Without loss of generality we assume that 0 € K. Let W = K — K. Then,
by Proposition 4.12, W is again super-weakly compact. Applying the Davis-Figiel-
Johnson-Pelzynski Lemma and Lemma 5.7 to produce a reflexive Banach space (X, || -
|l1) such that the closed unit ball Bx, (= Wj) of X; is also super-weakly compact in
X and W C Wj. Lemma 5.2 explains that there is g > 0 such that for any fixed
0 < € < gp, there exists a norm ||| - [|[; on X satisfying

a) (1= &)zl = llelll, < lall, for every = € Xi;

b) for every r > 0 and for any two sequences {x,}, {yn} in rBx, with ||z,|1 —

and [|ynllv — 7, 2([zall} + ynllT) = [l2n + ynll — O implies ||z, — yall — 0.
Since ||-||; and |[|-]||1 are equivalent on X; and since ||-||; is uniformly ||-||—continuous
from Lemma 5.7, thus ||| - |||1 is again uniformly | - |[—continuous on W. Now, for every

xo € W and for any two sequences {z,}, {yn} in rBx, N {C — xo} satisfying the
assumptions of b), thus we have ||z, —y,| — 0, and which in turn implies |||z, —yn||1 —

0. This together with a) and Lemma 5.4 give that ||| - |||; is uniformly convex on W.
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Starting with the super-weakly compact set W7 of X and repeating the construction
above, we obtain again a reflexive space (Xa, || - ||2) with its closed unit ball Wy D Wy
and an equivalent norm ||| - |||2 of || - ||2 on X2 such that it is uniformly continuous and
uniformly convex on Wj. Finally, let ||| - ||| = /]| - |[[f + [ - [|3 on Y = X;. Then it is

easy to check that ||| - ||| is an equivalent norm of ||| - |||1 on Y such that it satisfies the

desired properties [

Corollary 5.9 Suppose C' is a closed bounded convex set of a Banach space X.
Then it is super-weakly compact if and only if there exists a uniformly continuous and
uniformly convex function on C.

Proof Sufficiency is obvious by Theorem 4.8.

Necessity. We can assume that C' is symmetric. Otherwise, we substitute K =
co{CU—C1} for C. Since co{C'U—C'} is the image of the super-weakly compact convex
set C x (—C) x [0,1] under the affine mapping T': X2 — X, defined by T'(x,y,\) =
Az + (1 = Ny, co{C U—C1} is relatively super-weakly compact. Now, by Theorem 5.8,
there exists a norm |- | on spanK which is uniformly continuous and uniformly convex

on K. We observe that f = |- |? is a function with the desired properties [J

6 Final Remarks

Remark 6.1 Normal structure of super-weakly compact convex sets under
Renormings

We begin with discussion of normal structure of super-weakly compact convex sets
under renormings. After giving some extensions of Odell-Schlumprecht and Hdjek-
Johanis’ renorming theorems, we finally point out some questions on this topic.

Suppose that C' is a nonempty closed bounded convex set of a Banach space X. Let

d.(z) =sup ||z — y|| for every x € C.
yeC
Definition 6.1.1 With the set C' and the function d, as above, then

i) A point zg € C is said to be a diametral point if d (z¢) = diamC

ii) We call C having normal structure if for every closed convex subset D of C
containing at least two points has one non-diametral point of D.

Recall that a Banach space X is uniformly convex if and only if the convexity
modulus dx of X is always proper positive-valued on (0, 00), where

r+y
2

ox(2) = inf {1 - |22 Jlzl, Dyl < 1, e — gl > <}

For a closed convex set C of X, we define a function §¢ by

. 1 z+
b0 (@o,r.2) = inf {1-—| =2 —ao]| : 2,y € € lo—aoll <1, Jy—zol| < rand a—y| > ¢
for all xgp € C,r > 0 and £ > 0. Then it is clear that a norm || - || is uniformly convex

on C' if and only if d¢ is proper positive-valued on C' x R*2,
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Definition 6.1.2 A convex set C' C X is said to be uniformly convexifiable if there
exists a norm ||| - ||| on spanC' such that it is uniformly continuous and uniformly convex
on C.

Keeping this in mind, we immediately have the following consequence from Theorem
5.8.

Theorem 6.1.3 A closed bounded convex set of a Banach space is super-weakly
compact if and only if it is uniformly convexifiable.

Theorem 6.1.4 Suppose that C' is a super-weakly compact convex set of a Banach
space (X, || - ||). Then for every € > 0, there exists a norm ||| - ||| on spanC' such that

i) lz]] < |l|z]]| < ||lz|]| +¢ forall z € C;

ii) C' has normal structure with respect to ||| - |||

Proof By Theorem 5.8, there exists a norm ||-||; on spanC' such that it is uniformly

continuous and uniformly convex on C. For any fixed € > 0, choose § > 0 such that

sup [[z]l1 < §, and let ||| - ||| = || - [| + d]| - [[1. Then [[| - ||| is also uniformly continuous
xeC

and uniformly convex on C, and it satisfies i). It remains to show (C, ||| -|||) has normal
structure.

We can assume that C' is symmetric. Now, note C' + C = 2C. For every closed
convex subset D of C' with diamD =d > 0, let 0 < € < d and let z,y € D with
[llz — y||| > €. Then for every u € D, we have z — u,y —u € 2C, |||z — u||] < d and
lly = ulll < d. Thus

(z —u) + (y —u)
2

1
1_3‘“ ’|’25(D7u)(07d7€)5a>0

This implies

T+y r+y
dp( )=sup||—— —ul| <(1-a)d<d
2 ueD 2
That is, z = ZF¥ is a non-diametral point of D O

Theorem 6.1.5 Suppose C is a super-weakly compact convex set of a Banach
space (X, || - ||). Then for every ¢ > 0 there exists a norm ||| - ||| on spanC' such that

i) ||| - ||| is || - || —uniformly continuous on C;

i) [lz]| < [[lef]| < llz]| + & for all 2 € C;

iii) every ||| - ||| —non-expansive mapping T': C — C has a fixed point.

Proof We can still assume that C' is symmetric. By Theorem 5.8, there exists
a reflexive Banach space (Y,||| - |||) with C € C — C C By C X such that ||| - ||| is
uniformly | - || —continuous and uniformly convex on C. Obviously, we can claim that
ii) holds. Theorem 6.1.4 tells us that (C,|| - ||) has normal structure. Thus, Kirk's
theorem[22] guarantees that every ||| - || —non-expansive mapping from C to C has a
fixed point [

Remark 6.2 Extensions of recent renorming theorems for reflexive spaces
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In 1998, E.Odell and T.Schlumprecht[24] gave an affirmative answer of the long-
standing question ”whether there exists a property of a geometric nature which is
equivalent to reflexivity of Banach spaces” for separable spaces, that is the following
theorem.

Theorem (Odell, Schlumprecht) A separable Banach space X is reflexive if and

only if there exists an equivalent norm |- | on X such that for every sequence {x,} C X,

T+ @
limlim\u\ = lim |z,
implies that {x,} is convergent in norm.

Recently, P.Hajek and M.Johanis, through introducing a new convexity property
of Day’s norm on Cy(k), showed the following renorming characterization of general
reflexive spaces[13].

Theorem (Hdajek, Johanis) A Banach space X is reflexive if and only if there exists

an equivalent norm | - | on X such that for every sequence {z,} C X,
limlim\m\ = lim |z,

implies that {x,} weakly converges.

As an application of Lemma 5.7, we extend and localize both the Odell-Schlumprecht
Theorem and Hdjek-Johanis Theorem for reflexive spaces to those for weakly compact
convex subsets. The following result is an extension version of the Odell-Schlumprecht
renorming theorem.

Theorem 6.2.1 Suppose K is a nonempty closed bounded separable convex set
of a Banach space (X, || - ||). Let W = K — K and Y = spanW. Then

i) K is weakly compact if and only if there exists a norm |- | on Y (not necessarily
equivalent to || - ||), which is || - || —continuous on W, such that | - | has the asymptotic
property on K, that is, every sequence {z,} C K with ligln hTILn|%| = 11711n|xn| is
necessarily || - || —convergent in K;

ii) In particular, if W has nonempty interior, then we can further claim that | - | is
an equivalent norm of || - || with the asymptotic property on the whole space X.

Proof It suffices to show i). Sufficiency. Without loss of generality we assume
0 € K. Assume |- | is a norm on Y and which restricted to W is || - || —continuous, such
that lién 117?\%] = liqgn\xn\ implies that {x,} is || - || —convergent in K for every
sequence {z,} C K. By the James' Characterization for weakly compact subsets, we
need only to show that every linear functional * € X* attains its maximum on K.

Given z* € X*, we can assume that sup z* = sup{< z*,z >: z € K} > 0 (Otherwise
K
we have supz® = 0 =< z*,0 >). Since W is also || - ||[~bounded and since | - | is

K
| - |[-continuous on W, there exists r > 0 such that W C {z € Y : [z| < r} = By(r).
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Let g : RT — R* be defined by
g(s) =sup{< a*,x >z € K,|z| < s}

Clearly, g is a continuous and positively homogenous function on R™. Let sp = min{s >

0:g(s) =supx*}, and let {z,} C K N B (s0) such that lim < z*,z, >= supa*. By
K n K
definition of sg we know |z, | — sg, and yet,

Therefore {x,} is || - || -convergent in K, say, limx,, = z¢o € K. So we have supz* =<
n K
¥,z > .

Necessity. Suppose that K is a nonempty weakly compact separable convex set of
(X,]|-]])- ThenY (the ||-||—closure of Y) is | -||—separable. By Lemma 5.7, there exists
1

a reflexive space (Z, |- 1) with [z = (% flaal})” and with W c € = { €
X ¢ |||lz]]] < 1} satisfying ||| - ||| is || - || —continuous on W. By noting the construction
of || - ||ln, we assert that Y C Z C Y. Separability of (Y, || -||) and Lemma 5.7 together
imply that (Z,[|| - |||) is separable. Applying the Odell-Schlumprecht Theorem to the
space (Z,||| - |||), there is a norm |- | which is equivalent to ||| - ||| on Z such that
ligln lirlgn | Zmton| — lirlgn |z, | implies {x,} converges in the norm |- | whenever {z,} is a
bounded sequence in Z. Clearly, the norm |- | is || - || —continuous on W and it has the
desired properties when it is restricted to K, since | - | stronger than || - || on Y O

Analogously, we can prove the following extension version of the Hajek-Johanis
Theorem.

Theorem 6.2.2 Suppose K is a nonempty closed bounded convex set of a Banach
space (X, | - ]|). Let W =K — K and Y = spanW. Then

i) K is weakly compact if and only if there exists a norm |- | on Y (not necessarily
equivalent to || - ||), which is || - |[—continuous on W, such that | - | has the weakly
asymptotic property on K, that is, every sequence {2} C K with limlim |2=f2a| —
lim |x,,| is necessarily weakly convergent in K; o

" ii) In particular, if W has nonempty interior, then we can further claim that | - | is
an equivalent norm of || - || with the weakly asymptotic property on the whole space X.

Remark 6.3 Cheng, Wu, Xue and Yao [3] showed that a Banach space is uniformly
convexifiable if and only if it admits a continuous uniformly convex function on some
nonempty open convex set of the space. Thus, Corollary 5.9 is a perfect generalization
of this result.

Remark 6.4 From Theorem 5.8 we see that for every super-weakly compact convex
set C of a Banach space (X, || -||), there exists a reflexive Banach space (Y, ||| - |||) with
C — C C By C X such that ||| - ||| is relatively uniformly convex with respect to || - ||
on Y. But we do not know that whether such space Y is super-reflexive. Therefore

Problem 3 in the first section remains open.
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