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Abstract

In this paper, solutions with nonvanishing vorticity are established for the
three dimensional stationary incompressible Euler equations on simply con-
nected bounded three dimensional domains with smooth boundary. A class
of additional boundary conditions for the vorticities are identified so that the
solution is unique and stable.
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1 Introduction and main results

Consider the stationary incompressible Euler equations

(v-V)v+Vp=0, ze€qQ, (1)
dive=0, €, (2)

with the boundary condition
n-v=f, x¢&odfl, (3)

where Q(C R?) is a bounded, simply connected domain, v € C'(Q2, R?) de-
notes the velocity and p € C1(Q, R) the pressure of the flow, n denotes the
exterior unit vector field normal to the boundary 9¢2. The given function
f is assumed to satisfy

| fdS: =0. (4)

It is well known that for simply connected domains €2 problem (1)-(3) has
an irrotational solution (v, p), which is unique up to addition of constants
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to the pressure. Based on a solution (vg,pg) to the problem (1)-(3), H.
D. Alber [1] constructs solutions with nonvanishing vorticity to problem
(1)-(3). Under some assumptions, for suitable h and g, he proves that the
problem (1)-(3) has a unique steady solution in a neighborhood of (v, p)
satisfying the additional boundary conditions

n(x) - curl v(z) = h(z) + n(x) - curl vy(z)
and ] .
§’U($)|2 +p(@) = g(z) + §|Uo(ﬂ3)’2 + po(z)
for all x € 0€)_, where
0N ={xed]| f(z) <0}, 00 ={zrecd| f(x)>0}.

In this paper, we will establish the well-posendess of the solution to the
problem (1)-(3) satisfying the following additional boundary conditions

curl v =av +b for all x € 0Q)_

with suitable given a and b.

Incompressible flows with nontrivial vorticity are important topics for
fluid dynamics [16, 17]. There exist huge literatures dealing with the sta-
tionary incompressible Euler equations, such as, exact solutions (see [19, 30]
and references therein), the existence of solutions (see [2, 3, 5, 6, 7, 11, 12,
14, 16, 20, 21, 22, 23, 24, 25, 27, 31, 32| and references therein), symme-
try of solutions (see [13] and references therein), stability of solutions (see
[15, 16] and references therein), topological properties of solutions ([10])
and numerical approximations of solutions (see [8, 9, 28, 35] and references
therein). For proving the existence of solutions, there are various meth-
ods, such as the variational methods (see [2, 3, 5, 12, 14, 20, 31, 32] and
references therein), the statistical mechanics methods ([6, 7]), the pseudo-
advection method ([22, 24, 25]), the magnetohydrodynamic approach (see
[21, 23]), the fixed points method (see [1]) and some other methods in
[29, 34]. Most of them can only be used to the two-dimensional or the
axisymmetric cases, except for [1, 4, 23, 36]. In [21], a measure-valued
solution is found for three-dimensional steady Euler equations with non-
trivial vorticity. While in [4, 34], the problem has been well studied in the
special case that v and curl v are parallel.

Motivated by the results in [1], we establish the well-posedness of clas-
sical solutions for problem (1)-(3) without any reference solutions. The
main result is the following theorem.

Theorem 1.1 Suppose that {2 is a bounded, simply connected domain
of R?* with C? boundary 9. Assume that f € H?*(99, R) satisfying (4).



Let vy € H?(Q, R3) and ag, By, 70, Lo € (0, +00) satisfying that

divevy =0, x€Q,
n-vg=f, x¢&dl,

()| = 2 (5)
for all x € Q,

1
[vollz.0 < 550, (6)

vy does not have closed stream lines, the length of all stream line of v, in
() is less than L, and

dist (02—, x + tvy(z))

lim inf >0 (7)
t—0t t
uniformly for all z € 900Q2_ and
lim inf dist(0Q,, z — tvg(x)) -0
t—0t t

uniformly for all z € 00€),, where
000 = 004 N (0 \ 0924)

is the boundary of 92, in 0f).
Then there exists a constant

Yo = Yo(ao, So, Lo) >0
and for every 0 < vy < 7y, there exist constants
K; = K;(ag, Bo, Lo,y) >0, i=1,2,3
such that for all a € H*(0Q_, R), b € H*(0Q_, R?) with

b-n=0, Vredl_, (8)
div(fb) =0, Vz e 090_, (9)
(where div(fb) is the divergence of the vector-valued function fb on 0€2_
defined as |
div(fb) = lim J(Fb) - (n x dl)

where s is a surface lying on 9€2_ with smooth boundary /) and vy with
lall + bl + [leurl vol[2.0 < K, (10)
the problem (1)-(3) has a solution (v,p) € H*(Q, R* x R) with
curl v(x) = a(x)v(z) + b(x) (11)
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for all x € 9€)_, and
@/Qp(aj)daz =1, (12)
where

lall = IIf1%allL=@a ) + [I1F]all 1200 )
+f17°Vrall 20 ) + 1117 Vial 2o ),

18]l = f17bll =00 ) + 11170l 2200 )
HIAI7 Vbl 200y + 1172 VEbI 200 )

Q2| is the Lebesgue measure of €2, Vra is the tangential gradient of the
function a and V3a = V(Vra).
Furthermore, v satisfies

[ = wolls <7, (13)

and (v, p) is the only solution to (1)-(3), (11), (12) in H3(Q, R x R) sat-
isfying (13).

In addition, if (a",b")) and (a,b) are two sets of boundary data on
09 _ both satisfying (10), and (v, ptM)), (v,p) are solutions of (1)-(3),
(11), (12) to the boundary data (a 1),b(1)) and (a,b), respectively, both
satisfying (13), then it holds that

Hv(l) —vlf10 < Kz(Ha(l) — allopo + Hb(l) = bllooa-), (14)
1P — pllia < Ky([|a") — allopo + It — bll0.00_)- (15)
Remark 1.1 Compared with the main results in [1], Theorem 1.1

in this paper has several advantages. First, we do not require that v
be a velocity field of a solution to the problem (1)-(3) in contrast to [1].
Second, Theorem 1.1 requires less regularity on vy that the ones required
in [1]. And finally, there is no requirement that 0€2_ is a manifold with
Lipschitz boundary as in [1].

Remark 1.2 As motivated by the approach in [1], we prove Theorem
1.1 by a fixed point argument. The key in our analysis is to solve a bound-
ary value problem for a nonlinear first order transport system satisfied by
the vorticity field.

The rest of the paper is organized as follows. In §2, we give the proof
of Theorem 1.1 by the contraction mapping principle provided that we can
solve a boundary value problem for a linear first system. The solvability
the necessary estimates, and properties of the solutions for this linearized
problem are carried out in details in §2 - §6.



2 Proof of Theorem 1.1

Let 2 C R™ be an open set and k be any nonnegative integer. Denote by
H*(Q) = H*(Q, R™) the usual Sobolev space of functions from Q into R™
with the norm

ulleo = ( > |D5U($)|2d$) :
Pk
where 3 = (01, -+, ) is a multi-index. Set

|ullkra = (Z /Q Dﬁu(az)rd:c) ., r<l.

1B|<k

It follows from Sobolev imbedding theorem and Sobolev’s trace theorem
that there exists a positive constant M such that

[v]lia0 < Ml[vlli,0; [v]lio0 < Mljvllit10, i=0,1,2,

. . 16
2| ciry < Mvllizo =01 (16)

ci g,y < M|0liva,rs; [0
for all v € H?(Q, R3) and 9 € H*(R3, R®). Define

L2 R E{uec IXQ,RY | divu=0,2€ Qn-u=0,2¢c a0},
V = LiQ,R*) N H*(Q, RY),
and
Vy={ueV|ulsa <y}
for v > 0.
For given v € vg+V,, a € H*(9Q_, R), and b € H?*(99)_, R?) satisfying
(8) and (9), we consider the following boundary value problem
(v-V)z = (2-V), z €, (17)
z = av+b, x € 0N . (18)

The keys in the proof of Theorem 1 are the following lemmas which
yield the solvability of the problem (17) and (18) and necessary estimate.

Lemma 2.1 There exists 79 > 0 such that for every 0 < v < vy and
every v € vg + V5, problem (17) and (18) has a unique solution z denoted
by Av = Ala, b](v).

The proof of this lemma will be given in Section 3.

Lemma 2.2 For 0 < v < 7, there exists K = K(v) > 0 such that

|Av]joe < K([laloso. + [[bllo.00-) (19)
|Av]l20 < K(|lal| + [|b]]) (20)
A0 — Avlloe < K(||all + [6])[lvY = v[10 (21)
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for all v,w € vy + V.
The next lemma shows that the solution to (17)-(18) is divergence free.

Lemma 2.3 For every v € vy + V,, one has
div Av =0, x € .

The proof of the two lemmas will be given in Section 6. We also need
the following two lemmas.

Lemma 2.4 [?6. 33 For every z € H?*(Q, R?) with
div z = 0, x €,
there exists a unique w € V such that
z = curl w.
Moreover, there exists a constant M; > 0, only depending on {2, such that
wlls o < Miz]l20-

Lemma 2.5 90 There exists a constant My > 0 such that
ull1.0 < Ma||curl ulloo

for all u € L2(Q, R®) N HY(Q, R?).
We now assume that Lemmas 2.1-2.3 hold and proceed to prove The-
orem 1.1.

Proof of Theorem 1.1 Let
: ¥ 1
Ky = :
! mm{Ml(K 1) 2M2K}
For v € vy + V,, it follows from Lemma 2.3 that
div (Av — curl vy) = 0. (22)

Moreover, by Lemma 2.4, there exists a unique w € V' such that

Av — curl vy = curl w. (23)

Define
Bv = Bla, b|(v) = vy + w. (24)
We shall prove that B : vy + V,(C H(Q, R*)) — vo + V,, is a contraction.
In fact, by (24), (23), (22), Lemma 2.4, (20) and (10), one may obtain

[Bv —wolls0 = [lwse

M, ||curl w||2.0

M ||Av — curl vyl|2.0

M ([|Av]j2,0 + [leurl vol[2,0)

KM ([lall + [[b]]) + Mi||cur] vol|2,0

g
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which implies that B is into. Next, it follows from (24), (23), (22), Lemma
2.5, (21) and (10) that

1Bv = Bulie = [lw" —wlla

My ||curl w® — curl w||oq
MQHAU(l) — AUHO,Q
K(|lall + (|8l ][o®

o — vl g

I IA

IA

IA

Hence B is a contraction on vg+V,(C H'(Q, R?)). Tt follows from Banach’s
fixed point theorem that B has a unique fixed point v in vy + V. By (24),
we have

v = Bv=uvy+ w,

for some w € V satisfying (23), which implies that

curl v = curl vy + curl w = Aw.

Due to the definition of A,

(curl v- V)v = (v- V)curl v, z € €, (25)
curlv = av +b, x € 0.
Noting
curl (v X z) =vdivz—zdivo+ (z-V)v— (v-V)z (26)

and (25), one obtains
curl (v x curl v) =0, x € (2,
which implies that there exists a function g € C1(Q, R) such that
v X curl v = Vg, x € ()

since (2 is simply connected. Set
p(x) = daz——]v lv(z)[*dw +1, x € (),
Q] / 2!Q! Jo

where || denotes the Lebesgue measure of 2. Then one has

]Q] / x)dr =1,
and 1
v(x) x curl v(x) =V (p(:v) + §|v(:v)]2> : r € €,
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which implies that
(v-V)v+ Vp =0, x e
due to the relation that

1
(v-V)o=V <§|v|2> — v X curl v, z € €. (27)

Hence (v,p) is a solution of problem (1)-(3) with v € vy + V, satisfying
conditions (11) and (12).

Next, we prove the uniqueness of the solution to the problem (1)-(3)
with v € vy + V, satisfying conditions (11) and (12). Assume that (7, p)
is another solution to the problem (1)-(3) with o € wvy + V, satisfying
conditions (11) and (12). Then it follows from (1) and (27) that

1
0 X curl 0 = V(§|1~)|2 +p),

which implies that
curl (9 x curl 0) = 0.

Moreover, by (26) and (2), it holds that
(curl ©- V)0 = (v - V)curl 0.
This, together with (11), shows that
Av = curl 0.
By the definition of B, one has
By =.

It follows from the uniqueness of the fixed point of B in vy + V,, that

v =".
Hence
Vp = Vp,
which implies that
p=p

by (12).
Finally, we prove the stability of the solutions. From (24), (23), Lemma
2.5, (21) and (19) we obtain
[ —vllo = [Bla!, 6o — Bla,bJv]10
< ||B[a(1),b(1)]v(1) _ B[a(l),b(l)]v\h,@
+|1B[a', 6o — Bla, o]0
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< My([|Ala™, 6] (0 = v) o
—|—\|A[a(1) —a, b — blvllo.q)

< Mo(K(la™] + 1o ) [ = o]0
+K(|jat) W —bllog))

< MoK Ko™ = vl + MoK ([|at) — alloon + (%) = blloon.)
1

< Sl —vllio+ MK ([la™ = alosn. + (16 = blloan.)
which implies that
[0 = vllie < Ks(]lalV W —bllo.a0),
where Ky = 2M5K. Hence (14) holds. It follows from (1) that

V) —vp| < (W V)l — (v V)l
< (V) —v)-V )U(l)Hl(U‘V)(U(l)—U)!
< 160 ol ol o
< (Bo+7) (v = o] + v —v)y)

which implies that
va(l) _

< (Bo+7) v = o]0
< (ﬁo + ’Y) Kz(H(I(l) - CLHO,(’)Q_ + Hb(l) - b|\0789_),(28)

where one has used the notation

ols = [ola(z) = (z > |D%i<x>2) .

i=1]p]=1
Due to
/Q(P(l) _ p)de = /qu)dx _ /deg; = Q| - Q] =0,
one has
Vizllp™ = pllog < VP —

where ps > 0 is the first positive eigenvalue of the eigenvalue problem

(29)

— A u = puin €, %:Oonﬁﬂ.
on

It follows from (28) and (29) that

1" = pllio < Ks(fla™ )

where K3 = \/%Kg (Bo + 7). Hence (15) holds. Thus we have completed
the proof of Theorem 1.1.




3 Solvability of (17)-(18)

We now prove Lemma 2.1 in this section. First, we give the following
lemma, which shows that the conditions (5) and (6) in Theorem 1.1 are
invariant for small perturbations.

Lemma 3.1  Under assumptions of Theorem 1.1, there exists a constant
~v1 > 0 such that

[v(z)] = g (30)
for all x € 2, and
[vlls.0 < Bo (31)
for all v € vy + V.
Proof Set 3
.| @ Po
= —, = 32
%) mm{M, 5 } (32)

Then for v € vy + V,,, it holds that

()| = |v(x)] = |v(@) = vo(z)]
> 209 — |lv— UOHCl(ﬁ,RS)
2 20&0 — MHU — U0H3,Q
> 209 — Mm
>

for all x € Q by (5), (16) an
and (32) that

o,

(32), which proves (30). It follows from (6)

g
lollse < lloolls + o = wllse < 5 +m < fo

for all v € v9 + V,,. Hence (31) holds. This complete the proof of this
lemma. O

We will solve the boundary value problem (17)-(18) by the charac-
teristic method. Thus we consider the following initial value problem for
ordinary differential equations

d
aw(t,:c,v) = v(w(t,z,v)),

w(0,x,v) = =,

where € Q, v € CY(Q, R?). By the theory of the ordinary differential
equations, this equations has a unique solution w(t,x,v) which is contin-
uously differentiable in (z,v) € Q x CY(Q, R3). Let [0,T(z,v)) be the
maximal existence interval of w(t, x,v) to right. Define

T'(v) =supT(z,v)

zef)
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for v € C1(Q, RY).

By Calderd’s extension theorem there exists a constant M3 > 0 such
that, for every w € H?(Q, R?) there exists an extension to @ € H*(R?, R%)
satisfying

[@l[3,5 < Mslw][3.0. (33)

Then w(t, x,v) can be extended to w(t, x,v) which is defined on [0, +00).
To show that each stream line going through a point in {2 must exit {2
is finite time, we need the following Lemma.

Lemma 3.2  Let L, be the least super bound of the length of all stream
line of v in €2 with v € vy + V,. Then there exists a constant v, € (0, "]
such that

L., < +oo.

Proof  We first prove the continuity of the mapping (z,v) — w(t, z,?)
at vg. By the mean value theorem, (16), (33) and (31), one can get

d, . ) . . d . . ) .
%’w(ta L, U) o W(t,xo, UO)’ < ’%(W(t,x,?)) o W(t, 2o, UU))l
= ]@(d)(t,x,f))) — @Q(Q(t,xo,f}o))’

IA

|I@0HC}3(R3,R3)"D(tax7@) - (‘D(taan @0)|
+[0 = ollcp(re,ro)

M|[do|l3 relw(t, z, D) — w(t, o, 0o)|
+ M0 — ol[3,ps

M M;||vo||s.ale(t, z,0) — &(t, g, o)
+MMsl||lv — vol|3.0

MM;B|w(t, z, 9) — @(t, zo, Do)
+MMs||lv — vol3.0

IA

IN

which implies that

|C€)(t, Ly @) - "D(ta 20, @0)| < eMMSBOt(ld)(Oa L, @) - "D(O? Lo, @0)’
M Myllo — wlls ) (34)
< eMM360t(|a:—:U0| + M M;||v — vol|3.0t).(35)

Let l(w(-,x,v0)) be the length of the stream line w(-, z,vy) starting at
x. Then (30) yields

Ly > lw(-,2,v0))

11



d

T (z,v0)
/0 ’ %w(t, x, V)

T (z,v0)
L wo(w(t @, v)) | dt
> T(z,vo)0

dt

which leads to I
T(vy) < =2, (36)
Qp
Then we claim that for every € > 0, there exists a positive constant
Y. < 71 such that

T(v) < T(v) + & (37)

for all [[v — vg|[3.0 < 7. Indeed, it follows from the definition of 7(vy) that
there exists ¢y = ty(e, x9) € (0,7(vo) + €) such that

&(to, o, Do) & Q.
By (35), there exists d,, > 0 such that
O(to, ,0) € Q
for all z € Q with |z — 20| < &4, and ||v — vy||3,0 < dz,, which implies that
T(x,v) <T(v) +e¢

for all z € Q with |z — x| < d,, and ||v — vyll3.0 < 4, It follows from the
compactness of ) that there exist finite x;, x9, - - -, 21 and positive constants
01,09, - -+, 0p such that

T(x,v) <T(vg) +¢

for all x € Q with |z — z;] < §; and ||v — vy||3.0 < J; for some 1 < j <k,
and B .
Q C Uj_B(xj;95),

where B(z;;d;) is the open ball in R* with center z; and radius §;. Set
Ve = min{dy, da, - - -, Op }.
Then
T(x,v) <T(v) +e¢
for all z € Q and ||v — vyl[3.0 < 7-. Hence one has
T(v) <T(vy) +e¢

for all ||v — vgl|3.0 < e, which verifies (37).
It follows from (37) that there exists a positive constant o < 77 such
that
T(v) < T(vo) +2 (38)
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for all ||v — volls 0 < 72. Let l(w(-, x,v)) be the length of the stream line
w(+, z,v) starting at z. Then

wira,0) = [

[ ottt o)) di

T(z,v) HUH(Jl(ﬁ,R?’)
(T'(vo) + 2) M ||v][3,0

L
(—0 + 2) My < +o00
Qp

d

%w(t, x,v)|dt

IAIA A

IA

by (38), (16), (36) and (31). Hence the lemma holds. O
We are now ready to show

Lemma 3.3 There exists a positive constant 3 < 79 such that, for
every v € vg + V, , every integral curve of v that passes over a point in {2
meets the boundary in exactly two different points, one point in 9€)_, the
starting point of the integral curve, and another point in 9€2,, the endpoint
of this integral curve.

Proof  Assume that zy € 0. Set w(t) = w(t, g, v). It follows from
the continuously differential property of @ and the implicit function theo-
rem that the equations

w(t) —x = —pn(x)

has a unique continuously differentiable solution (z,p) from a suitable
neighborhood of 0 to 92 x R such that

z(0) = x9, p(0) =0.

Hence,

It follows that

§O(1)) — (1) =~ (Dn(a(t) — p(t) 5 (n( (1)

Taking the inner product of the above equation with n(z(t)) yields
p(t) =—0(@(t)) - n(z(t)). (39)
In the case that zy € 0€)_, it holds that

p'(0) = =0(@(0)) - n(x(0)) = —v(o) - n(x0) = — f(x0) > 0.

Hence, there exists a constant 6 > 0 such that p(¢) > 0 for all 0 < t < 4.
And so w(t, zg,0) € Q for all 0 <t <.

13



Consider now the case that xy € 9\ 0Q2_. Due to (39), one may have

pt) = —o(@(t) - n(x(t) +v(z(t)  n(zt) — f(x(t))
= a(t)p(t) — f(z(t)),

where

la(?)]

191l e (rs, o)
M||9]]3,ps
M Ms||v|[30
M M35

by the mean value theorem, (16), (33) and (31). Hence,

p(t) = —eh i [

0

VANRVANRVANVAN

e~ o 95 £ ((7))dr.

In the case that xy € 9\ 0N2_, by the continuity of z(t), there exists a
positive constant ¢ such that

z(t) € 00\ 90 _
for all 0 <t < ¢, which implies that
p(t) = —eh o [1 = o f(a(r))dr < 0
for all 0 < ¢ < §. Hence one has
w(t,xg,0) € Q, VO <t <.

In the case that ¢ € 00)_, by the fact that #(0) = v(xg) and (16), one
has

dist (02—, (1)) dist (02—, zg + tv(zg)) — |2(t) — xo — tv(xo)|
dist (09, xog + tvg(zg)) — t|v(xg) — vo(xo)|
—|z(t) — xg — tv(zg)|

dist (99—, xo + tvo(wo)) — t[lv — voll o)
—la(t) — xo — t2(0)|

dist (09—, g + tvo(xg)) — tM||v — vo|3.0
—|a(t) — xo — £(0)],

AVAAY,

v

which leads

1 1
lim inf zdist (09_,z(t)) > liminf—dist (0Q_, x¢ + tvo(xo)) — M||v — vol|3.0.

t—0+ t—0+t ¢
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Hence there exists a positive constant v3 < =5 such that, for every v €
vo + V,, and xp € JOS2_, one has

1
lim inf —dist (0Q_, z(t)) > 0
t—0t ¢

by (7). Therefore, there exists a positive constant ¢ such that
x(t) € 00\ 09
for all 0 <t < ¢, which implies that
p(t) = —eh a0 [1 = I as f(y(r))dr < 0
for all 0 < ¢ < §. Thus one has
w(t,xo,0) € Q, VO <t <.

Hence every integral curve of v that passes through a point x € €2 can
only start exactly one point in 0€2_, the starting point of the integral curve.
Similarly, every integral curve of v that passes through a point x € Q2 can
only end in exactly one point in 0€2,, the endpoint of this integral curve.
It follows from (38) that every integral curve of v that passes through a
point x € () must start one point in 0€)_, the starting point of the integral
curve, and must end in one point in 9€),, the endpoint of this integral
curve. Therefore €2 is completely covered by integral curves of v starting
at 0Q2_. O

Let w(s) = w(s,y) = w(s,y,v) be the solution of

d 1
a5 = g )]

We are now ready to prove Lemma 2.1.

v(w(s,y,v)), w(0,y,v)=ye€ .

Proof of Lemma 2.1 Let vy be 73 in Lemma 3.3. On one hand,
assume that z is a solution to (17) and (18). Set

2(s) = 2(s,y) = 2(5,y,v) = 2(w(s,9,v)).

Then,
d d
SAs) = (d—iw(S)'V)Z(S)
- ’U(ls)l(v(S)V)Z(S)




and
2(0,y) = av(0,y) + .
That is, for every y € 0Q_, 2(s) = z(w(s,y,v)) is a solution of the ini-

tial problem for the first order linear homogeneous ordinary differential
equations

d 1
—x(s) = ’U(S)l(z(s)-V)v(s), (40)
2(0) = av(0,y) + b. (41)

On the other hand, assume z(s) is a solution of the initial problem for
the first order linear homogeneous ordinary differential equations (40) and
(41). Then Vx € Q, by Lemma 3.3, there exists unique (¢,y) = (s(z), y(x))
such that w(s,y,v) = x. Set

Then

It follows that

d d
.2s) = (d_iw(S) V)z(s)

Moreover, by (40), it holds that

(v(s) - V)2(s) = (2(s) - V)u(s),
that is,

(v(z) - V)z(z) = (2(z)- V)o(z).

Hence z(z) = z(s(x),y(x)) is a solution to (17) and (18). Therefore z(z)
is a solution to (17) and (18) if and only if z(s) is a solution to the ini-
tial problem for the first order linear homogeneous ordinary differential
equations (40) and (41).

By the theory of the ordinary differential equations, the problem (40)
and (41) has a unique solution. Hence the problem (17) and (18) has a
unique solution. This completes the proof of Lemma 2.1. O
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4 Estimates of solutions to (17) and (18)

For easy presentation, we use the following notations. For a function ¢ =
(q1, 5 qm) = SUC Rg) — R™, set

lalx () = (f) 2. Dﬁ(]i(x”?) :

i=1|3|=k
0
qi(x) = 900
82

Q|z'j(x) = 8xi(9:1:j q,

and
q(s) = a(s,y) = q(w(s,y,v)).
First we estimate solutions to (17) and (18).

Lemma 4.1 Suppose that v € vy + V,, with v < 79. Assume that z is
a solution to (17) and (18). Then it holds that

[2(s)] < C1]2(0)]

for some positive constant C7 = Cy(a, Bo, Y0, Lo)-

Proof It follows from (17), (30), (31) and (16) that

d d
£|Z(3)’ gz(s)
[o(s)[ ! |(2(s) - V)u(s)|
ag ' |z(s)[[v]1(s)

ag 1z() vl er @ pey
ag ' |z(s)|M]||v]
OéalMﬁ(ﬂZ(S)’,

IA

3,0

IA A TN A IA

which implies that
e M| (0)|
"0 Mok (0)]

Ch]z(0)].

1> 1A 1A

(]
Next, we estimate the first derivatives of the solution to (17) and (18).
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Lemma 4.2 Suppose that z is a solution of (17) and (18). Then
21(5) < Co (1212(0) + [2(0)] [ [v]a(7)]dr)
for some positive constant Cy = Cy( v, Bo, Yo, Lo)-

Proof Differentiating (17) yields
(v-V)zi+ (v, - V)z = 2 - V)v + (2 - V). (42)

d 2

d 3
£|Z|1 (1—21 ds

Hence,

N[=

IN

3 9 2
_ (z ol (v- )2 )

N[=

3 2
= ||t (; ‘(z|Z -V)v+ (z2- V) — (v - V)z‘ )

!U!_i(lzhlvll + [2]|v]2 + |2]1]v]1)
|7 (2]2[1[v]1 + [2]|v]2)
20z0_1M60]2]1 + ozo_lCllz(O)Hv]g

IA A

which implies that

[2]1(s)

IA

£200" M s (1211(0) +ag ' C12(0)] /0 !vla(T)dT)
620‘51M50L70 (’ ’ ( )+a6101|z ’/OS]UIQ(T)CZT)

< Gy ([21(0) + [2(0)] ] [vla(r)dr).

Now we estimate the second derivatives of the solution to (17) and (18).

Lemma 4.3 Let z be a solution of (17) and (18). Then
21a(s) < Cy(1212(0) + 1211(0) + ()] ([ vla 2(0)] [ [ols(

for some positive constant C5 = C3(a, Bo, Y0, Lo)-

IA

Proof Due to (42), one has

(v V)25 + (v - V)z+ (0 - V)zp + (v - V)z = (215 - V)v+ (21 - V)

18



It follows that
d

ds |1

2)%

— (Z Hv] 11) Vzm‘)

1,j=1

d 3
>

ij=1

N[ =

< Pl 1(”21“% Vo r2>%+<mi:1|<z|i-v>vlj,2>%
H(3 1 gl + le - Vosl)!
+<,’j§1|<v|ij TR (3 (e )
S - V)
= |v|”1(|1z| [0l + |2 [v]2 + |2[v]5

+lzl1|v]z + [vl2|z]1 + [v]1|z]2 + [v]1]2]2)
|v|_1(3! [2|v]1 + 3|z[1[v]2 + [2]|v]3)
5 (BMBy|2la +3Cs (1211 (0) + [2(0)] [ [v]a(7)dr) [v]s
+01!Z( )vls)
3Mag ™ Bolz]2 + 3C20512]1(0) 4+ 3Chayt|2(0) ]/ [v]o(T)dT|v]2
+Crag ' [2(0)|lvls,
which leads to
2la(s) < M0 R (|215(0) + 3Caag ' |2]1(0)s
+3Cha5 ' [2(0)] [ [ [ola(r)dr[v]a(r)dr + Crag!|2(0)] [ [v]s(r)dr

IA

IA

< Mool vo<|z| (0) + 3Cha |21 (0) L,
+3C505|2(0 /]v 7)dr) +Cla01|z y/ lv]3(7)dr)
< o (J212(0) + 2l (0) + |=(O)I(} ola(r)dr)? + 12(0)| [ fols(r)ar).

(]
In order to prove (21) we need the following lemma.

Lemma 4.4 Let
2] = Av) — Av,  [v] = o) — 0,

19



where v v € vy + V,. Then one has
|[2](s)] < Cu(|[2](0)] +/O (| AV o]y + [[v]|| A0V 1) dr)
for some positive constant Cy = Cy(ay, Bo, Y0, Lo)-

Proof By (17), one has

(v-V)[z] = (Y -V)4vW — ([u] - V) 4o — (v- V) Av

= (AvV .V ) — ([v] - V) A — (Av - V)v
= (Ao V)[v] — ([v] - V) Ao + ([2] - V)w.

Hence,

d

g[fz]

o] (v - V) 2]

ay (|AvM[[o]l1 + || ANy + |[2]]|v])

ay M Bol[2]| + ap ' [AvW|[v] 1 + o o] Av]s,

d
ylB]

IAIA A

which implies that

12)(s)] < Call[10)] + [ (1 A0 D[ [o]ls + [[o]][AvV])dr).

U
In order to obtain the L? estimate we need the following lemmas.

Lemma 4.5 ! Assume that ¢ € LY(Q; Rm). Then it holds that

e o £t s,

where [(y) is the exit time of w(s,y,v).

Lemma 4.6 Suppose that v € vy + V, with v < 79. Then there exists
a positive constant C' = C(«y, 5o, Y0, Lo) such that

s(+) m
| amy)dr) < Cllglloo, Vg€ LA R™),  (43)

Y

< Cllgllose,  Vge L2 R™),

St yar)

g0, y(Dlloa < Cllalloon,  Va € L*(99-; R™), (44)

20



and

12(0, y())llo, Vg € L'(00_; R™).
Proof It follows from Lemma 4.5, (30), (16), (31) and Lemma 3.2 that
s() 2 s(x) 2
‘/0 q(m,y(-))dr i /Q /0 q(1,y(x))dr| dx

| alr d‘ Wl 54,

_ / /l (y)
o0

!v vl
< [ s [ latr.y)Par o i ;’)ldsdsy
< o' [, )" ) ParlF(w)las,
< ag'LZMBy [ / |2 7 ;’Hdrdsy

< CHqH%Q(Q;Rm)
for all ¢ € L*(Q; R™) and some
C = max{og ' MByL2 , o ' MBy LY, oy ' M By Ly, g "M By Lo }-

Similarly,

[ g(r,y(ar

‘ 0

4

s(x) 4
/0 q(1,y(x))dr| dx

LA(QR™) - /ﬂ
W) s 1|f
< o 1 st S s,

< [ [V /Syq(T,y)ﬁdT O g4,

[v(s, y)]
< 'L, [, [}l larl s w)las,
< aaleOMﬁo/a / y)[* |fT( ;’Hdrdsy

< CHQH%L!(Q;R"L)
for all ¢ € LY(Q; R™). For ¢ € L*(9§)_; R™), one may get

10,y Feurmy = [, la(0,y())Pda

/ / @l s,
o0 !v $,9)]

%) 1L70M50HQHL2 (99_;R™)
CHQH%Q(ML;RM)'

IA A

21



Similarly,

(0 y(Dllpsaumy = ), l(0.y(a)['dx
4|f( )
= [ [ la0.y) y)ldsty

Qg L%MﬁquHy (99_;R™)
CHQH%‘l(aﬂ,;RM)

<
<

for g € L*(0Q2_; R™). O
Next, we estimate the solution of (17) and (18) and its derivatives in
terms of their boundary values.

Lemma 4.7 Suppose that v € vy + V,, with 7 < 7p. Assume that z is
a solution of (17) and (18). Then one has

zllo.0 < C1C| 2000,

I[zllloe < Ka(lllzhlloa0- + [[2]lo.0c00-)

and

I[zl2lloe < Ks(ll[zl2llo.on- + [zl lloo0- + [[zllo.cc.00-)-

Proof It follows from Lemma 4.2 and Lemma 4.6 that

Cs (1L 0) o2 + 12000 || [ [vla(r)ldrlloo)
C (llillo.sn- + 12llos00 ll[vlallon)
C (ll=lillo.on_ + l12llose00_[[v]l2.0)
C (ll=lillo.on_ + l12lloso00_[[vll3.0)
C (I1zhllo.oa- + 1zllo0.00-060)
Ka([llzllloo0 + I 2llose.n ).

Similarly, one deduces from Lemma 4.3 and Lemma 4.6 that

o < Cs(]ll212(0)log + [I12(0)

Hzllosoan (1] 0la Pdrlon + | | ols(r)drlon))

Cs(11212(0) llo + ll121s < >Hm

+quomﬂ ([ fola
5C([[122llo.00_ + u|z| Ho,aQ_

+H2H0,oo,afz_(\||v|2\|3,4,9 + [l[vlsllog))

VAN VAN VANSR VANRR VAN

IA

2)))

IA
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< G3CO([[[zl2llo.on + [zl ll0.00-
+Izllo.0c.00-(N0]I5.40 + lv]l30))
< G3CO([[[zl2llo.on + [lzl1ll0.00-
+Izllo.0c.00- (M?[[v]l5.0 + [[v]5.0))
< C5C(|||2l2llooa + [zl llooa + |12lloc00 (M85 + Bo))
< Ks(|l[zl2llo.oo- + [[12]1ll0.00- + [12]l0.c000_)-

Thus Lemma 4.7 is proved.

5 Boundary Estimates

In this section, we give the boundary estimates for solution to (17) and
(18). For ¢ = (g1, -+, qm): 02— — R™, set

qri = € - (Vrq)

forall 1 <1 <m,1 <i <3, where {eq, es,e3} is the standard orthogonal
basis of R3. Moreover, we will use the following notations in this section:

qri; = €j - (Vrayri)
forall 1 <1 <m,1<1,5 <3,

qri = (CI1|T¢, Tt Qm|Ti)

forall 1 <1 <3,
drij = (Q1|Tz'j7 R Q1|Tij)
forall 1 <l <m,1<1,5<3,

qu - (VTQL Tty VTQm)a

Via = (Vrayr, -, Vrayrs)
forall1 <[l <m,
Vg = (Vg -+ Vi),

3 3
Vgl — (z !qu)
and

3 3 3
’V%CA = (Z > ’CI|Tij’2> .

i=1j=1
First, we have the following elementary facts:
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Lemma 5.1 The tangential gradient V has the following properties:

IVr(aq)| < |Vrallg| + |al|Vrq|, Vy € 00, (45)

V(g r)| < |Vrqllr| + [q]|Vrr], Vy € 0Q-, (46)

Vi(aq)| < |V7allgl + 2|Vral Vgl + 1al|Viql, VyedQ_,  (47)

Vr((vr - V)2)| < 2(IVo| + [o||[Vnl])|[Vez| + [0]|VZz], Yy e 09, (48)
and

Vr((z - V)v)| < [oli|Vrz| + [z2]v]2,  Vy € 0Q-. (49)

Proof First we prove (45). By the multiplication formula of tangential
gradient and Minkowski inequality, one has

1
2

rtaa) = (£ Vr(ean?]

=1
= |Vrallgl + |a[[Vrq]

< (Z ’CIIVTCLF) + (Z |GVTQI!2)
=1

which shows (45).
Next we prove (46). Due to

Vr(g-r)=> Vr(ar) => aVrri+ > nVrq, (50)
=1 =1 =1
and Cauchy inequality, one can obtain

Vr(g-m)| < X lal|Ver| + > Inl|Vral
=t =1

< (Z ’CII|2) (Z |VT7’1|2) +(Z |7’l!2) (Z!VTQHZ)
=1 =1 =1 =1

= |Vrq||r| + |q||Vrr|

which is just (46).
To prove (47), we apply Minkowski inequality, (46) and Cauchy in-
equality to get

=

2

Vil = (£ 9l

N[
N[=

=1

< (f: rvaTa)r?) ; (Zf: rwquz)!Z)
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N[

n (f:uquv%a)b?f

=1

< (i(!VquHVTal)Q)

=1

N[ =

+(E0vrallvra?) + (iww%qzm?)é

= =1
= |Vzallal + 2[Vral|[Vra| +|al| Vigl.

Thus (47) follows.
Next, it follows from (47) and Minkowski inequality that

1
2

w

l

Orl(er )2l = (% Va(ior- v>zz>|2)

(SIS

I
NE

Vr(vr - Vng)F)
l

—_

w
N

3 3
!VTUTPIVTzzF) ; (z |vT|2!v%zlr2)

=1 =1
Vror|[Vrz| + |or||Viz]. (51)

Moreover, (45) and (46) imply that

Vol + [Vr((v-n)n)

V| + |Vr(v-n)| + |v-n||Vn]
Vol + Vo] + [0l Vrn| + ||| V|
2(IV[ + [v][Vrnl).

Then (48) follows from (51) and (52).

Finally, we prove (49). From (46) and Minkowski inequality, one ob-
tains

A
(]

Vror|

IAIA TN IA

3 3
V1l 9l = (X [9r((e- vmn?)
3 , 3
< (S(Veel Vol + |2IVevar) )
=1
3 % 3 2
< (s |sz|2|%|2) ; (z |z|2|va|2)
=1 =1

= |Vrz||Vu| + |2]|V1 V|
< |Vrz|v]s + |2]|v]2.

Hence (49) holds. So the proof of this lemma is complete. O

25



Lemma 5.2 Suppose that z is a solution of (17)-(18). Then it holds
that
121100, y) < G5[1/F|(]2] + [Vr2]), ¥y € 90 (52)

for some positive constant C’.
Proof Note that for any y € 02_,
(z- Vo= (v-V)z=((vr+ (n-v)n) - V)z = (vr-V)z+ fopz.
Thus
foz = ((v-n)n-V)z

I
=
4d
x

|
=
N
4d

x

Hence one has

[fl1Onz] < z[|vy + [vr]|Vrz]
< [zl|vls + [v][Vrz],
which implies that
[Onz] < 11/ fI(2][v]y + [0l Vrz]). (53)

It follows that

3 3
o = (z rw)

(SIS

IA

(S vrar) + ( uaor)
\Vrz| + |0,7]

[Vrz[ + 1/ fI(|zl[v]i + [v][Vrz])
Vrz| + 1/ fI(Iz|M By + M Bo|Vrz|)
Cs|1/f|(I2] + |Vrz]),

which leads to (52) with C5 = MGy + || f|le- O

Lemma 5.3  Assume that that z is a solution to the problem (17)-(18).
Then

[212(0,y) < Co|L/fIP(I2] + [Vrz]) + ColL/ fP(2]v]e + [V72]), Yy € (9(911)
ot

IAIA A

for some positive constant Cj.
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Proof It follows from (48), (49), the proofs of (51) and (53), and (53)
that

| fV10,2] IVr(fOn2)] + [V f||0n2]

V(2 V)v| + [Vr(vr - V)z| + My|0,2]
V2| Vo] + [2]|[VrVu| + [Vror|[Vrz|
‘|‘|UTHV%“Z’ +M4|(9nz|

Vrz||v|y + [2]|v]a + M5 V2]

+|v|| V32| + My|0, 2|

< J2||vly + Ms| V72| + Mg|1/ f1(|2] + [Vr2]),

where one has used the estimates

Vrf]

VANRVANRVAN

IN

IV rn - v

IV rnl|lvg| + |V v
[Vrn||ve] + [vol1
M,y

IAIA DN I

and

Vol + [Vr(fn)|

vl + [V f| + [ fl[Vrn]
|1 + My + | f||Vrn]
Ms.

Vrour|

IAIAIN I

Hence,
Vrdaz| < Mal1/ fI(|2]Jvls + +[V72]) + Ma|1/fP(|2] + [Vr2]).  (55)
Note that

Vrz, = V r((e; - V)z)
= Vr((lesr - V)z) + Vr(n0,2).

We obtain
|VTZ|1’ S ’vT(ez’T . VZ)| + |VT(nZ(9nz)|
S ’VTGZ'T|VTZ| + |€ZTHV%Z’ + ’anzHanZ| + |nZHVT8nz]
Hence,

N[=

3 3 3 3 3
(Z!VTZ|¢|2) < (szeivaTzP) +(21em?|v%z|2)
=1 =1 =1

N[=

3 3 3
s (z |anz-|2!anzP) ; (z |nz-|2|vTanz|2)
1=1 =1
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3 3 3 3
Vi (z !vTeiTP) V2] (z reiﬂ?)

i=1 =1

3 3 3 3
+[0,2| (Z |VTn¢|2) + |V10,2| (Z |n2|2>
i=1 i=1
< Mg(|Vrz| + |Viz| 4 |0n2] + |V 10u2]). (56)

By (42), it holds that
fanzu = f(n- V)Zu

)2 — (vr - V)
Joi + (2 - V) = (v - V)2 = (vr - V)2

which implies that
[f 1Ozl < 1(z- Vvl + (2 - V)ol + [0 - V)z| 4 [(vr - V) 2
< Jzlfogh + 26l [0 + logll=h + [orl[Vrzl.

Moreover, it follows from Minkowski inequality that

1

3 2 3 % 3
7] (z ianzw) < (z 1212!%@) +(z |z|i|2!v!%)

i=1 =1

N[ =

N[

1
3 2 3
¥ (2 |v|@-!2|z|%) n (-21 wmww)
1= 1=

[—=

3 2
— vl + ol =l + Jzlols + Jor] (z iszW)

i1
; 1
< Flll + Ml + (£ 19r8) ) 57)
i1
Therefore by Minkowski inequality, (56), (57), (55), (53) and (52), we have
3 3 , 3
h(0.0) = (£ 3193
3 3 , 3 3 3 )\ 2
< (S Ivra) + (S5 0ak)
I=1i=1 I=1i=1
3 )\ 2 3 ) 3
= Z;WTZM ) + (__1’anz|i| )
< Mu|1/fI(IVrz] + [Viz| + [80z] + [V10,2] + |2]Jv]2 + |2]1)
< Col1/f1P(J2] + [Vr2|) + Col1/ f (12l Jv]2 + [V72]).
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Lemma 5.4 Let z be a solution to (17)-(18). Then the following
estimates hold:

[21(0, ) < Crlal + [bl,  Vy € 9, (58)

21100, ) < C[1/ fI(lal + [b] + [Vral +[V7b]), vy e o, (59)

212(0,y) < Colf17%(lal + b + [Vral +[Vrd])
+Co|f17*(IVzal + V70l + (lal + [b])|v]2), Yy € 9Q-(60)

Proof Set
C7 = 2(Cs + Cs + 1)(M?55 + Mo + 1).
By (18), (16) and (31), one has
2100, ) < lalle] + b < Molal + o] < Crlal + o], ¥y € 90
Then (58) holds. It follows from (18), (45), (16) and (31) that

|VTZ| < ’VT(CM))l—F’VTM
\Vrallv] + |al|v|i + |V 1|

<
< (Mﬁo + 1)(’VT(L| + |(L| + |va’)

one has

Cs|1/ FI(J2] + [Vrz])

Cs|1/ fI(MBolal + [b] + (Mo + 1)(|Vral + [a] + [V7b]))
C7(’CL’ + ’b| + ’VTCL’ + ’VTbD

for all y € 99—, which shows (59). Due to (18), (47), (16) and (31), one

can obtain

V72|

Hence by (

52),
’2’1(07y) S
<

IA

VI(av)] + [V7b

V7allv] + 2|Vral Vvl + |a|[ Vo] + V7]
Vzallo] + 2[Vrallo]y + |al[ V7ol + V7]
MBo(IVal +2|Vral) +|al[v]s +[V70].
Then by (54) we have

2200,y) < Col1/f (|2 + |Vrz]) + Cs|1/fI*(|2]Jv]2 + [V72])
< Cyl1/ fI(MPBolal + [b] + (M By 4+ 1)(|Vral + |a] + [V1d]))
+Cs|1/ fI*((M Bolal + |b])v]2 + MBo(|V7al
+2|Vral) + |al|v]s + !V%b|)
Ca11/ f1*(Jal + [bl + [Vral 4+ [V 7b])
+C7|1/ fI2(IV7al + [V7b] 4 (|la| + [b])|v]2),

IA
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where we have used the fact that

[ flloe < [lvoll < Mlvol| < M So.

So the proof of this lemma is complete. O
Based on these estimates, we have the following desired boundary es-
timates.

Lemma 5.5 Suppose that v € vy +V, with v < vy. Let z be a solution
0 (17)-(18). Then the following estimates hold:

12ll0.00- < Cs(llallooo- + [1bllo.oa-), (61)
1]l0.00.00- < Cs([lall + [bl}), (62)
1zl llo.aa- < Cs(llall + ol]), (63)

l1zl2llo.00- < Cs([|all + [o]])- (64)

Proof Set
Cs = Co(M?B5 + M By + 1).

Then (61) and (63) are obtained easily from (58) and (59). It follows from
(58) that

ol

Crll fllcllall + 1113 o)
CrM*Bglall + M2 1]
Cs(llall + lol]).

1210,00,00-

IAIA TN A

Then (62) holds. Finally, by (60), (16) and (31), one can obtain

0),

Cr(llall + (161 (1 + [[[v]2]lo.00-)
7(Ha|\ + oI+ [[oll2.00)
(
Cr(

12]2]l0,00-

Cr(llall + B (1 + M]o]3)
L4 MGo)([lall + [lo]])
Cs(llall +ol]),

which proves (64). Thus Lemma 5.5 is proved.

IAIA A IACIA

6 Proof of Lemmas 2.2 and 2.3

Based on the preparations in previous two sections, we are now ready to
prove Lemmas 2.2 and 2.3. We start with the proof of Lemma 2.2.
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Proof of Lemma 2.2 It follows from Lemmas 4.7 and 5.5 that
1z]l0.0 < CiC%]l000_
< C1CCs(l|allo.o0- + [1bllo.o0-)-

Hence (19) holds.
Applying Lemmas 4.7 and 5.5 again shows that

[zl < CiC|2]lopa. + Kl

ZHO,OO,@SL)
+K5(]l2lall0.00- + [l2h]l0ao + [[2ll0.0c.00-)
< CiC(Gs(llallo.on- + [1blloan-)) + 2K1Cs([lall + [|b])
+3K5Cs([lall + [o]])
< Cs(CCIMPBy + 2Ky + 3K5)([la]| + [[o]),
which implies (20).

By (44), (11), Sobolev’s embedding theorem and Sobolev’s trace theo-
rem (see (16)), we have

112100, y(-)llos

ClI[21(0, y)llo.on-
Cllfallfv]llo.oa-
Cllallocl[o]llo.0-
CMB5lalllv]ll.e-

It follows from (43) and Sobolev’s embedding theorem that

H/ (A |l (r,y()))dr e < ClllAVV||[]l1]log
< Ol Aol llog
< M| A0V |z0l[v]ll10

IA A IA A

and

H/ ][ AV L) (r,y()Ddrllea < CllR]IIAV Y | log

< O]
< OM?||[o] [l Av™20.

Combining these estimates with Lemma 4.4 and (20) leads to

[(Av® = Av)(s)lloa < Calll)O)oa +1I [ (1A0M]|[o]ldr o

+ [ 11l A0 ) drlo.0)
Co(CMP G [lall| [v] [0+ C M Av® 5.0l [0]]1.0
+CM?||[v] 10l AvV]5.0)

Cy(CM3BE + CM(M + 1)Cs(CCLM? 33

+2K, + 3K5)) ([lal + Bl [v]

IA

IA
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which implies (21). O

We now turn to the proof of Lemma 2.3.
Proof Lemma 2.3 Due to (8), it holds that

nx((bxn)=(n-n)b—(n-b)n=">=.
This, together with (18), yields

z=av+nx(bxmn).

Hence,
vXxz = vx(nx(bxn))
= (v-(bxn))n—(v-n)(bxn)
= (v-(bxn))n—(fb) xn. (65)

It follows from (17), (26), and div v = 0, that
curl (v X 2) = v div z.
This, together with (9), implies

fdivz = (n-v)div 2z
= n-curl (v X 2)

) 1
= Jim s f(vx2) - d
1

= [Aim Ag h((F0) xn) -di

1

=l ng S0
div (fb)

— 0

where S is a smooth surface lying in 9€2_ with smooth boundary [. Thus

we have
div z =0 on 0f)_. (66)

Note that

3 3
div ((v-V)z) = > Di(> v;Djz)
j=1

~
—_

3

= 2

DinDjZZ' + (U : V) div z.
1

3

~
—_
<



This, together with (17), implies
(v-V)dive=(2-V)dive=0, =€

Hence div z is a constant on the stream line of v. It follows from this and
(66) that div z = 0, z € Q. So the proof of Lemma 2.3 is completed. O
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