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Abstract

In this paper, we consider the existence of multiple nontrivial solutions for some
fourth order quasilinear elliptic boundary value problems. The weak solutions are
sought by using variational methods.
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1. Introduction

Let €2 be a bounded smooth open set in R™. In this paper, we are concerned with
the existence of multiple nontrivial solutions to the fourth order quasilinear elliptic

boundary value problem
A (g1 ((Au)?) Au) + ¢ div (g2 (|Vul?) Vu) = f(x,u) in Q,
(1.1)
u=0, Au=0 on 0f),

where ¢ € R, ¢1, go € C(R, R) and f: Q) x R — R is a Carathéodory’s function and

satisfies the local superlinearity and sublinearity condition.

YE-mail address: zhangjihui@njnu.edu.cn(J. Zhang)
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Papers [16-18] considered the fourth order semilinear elliptic boundary value prob-

lem

A%u+c Au= f(x,u) inQ,
(1.2)
u=0, Au=0 on 02,

where A? denotes the biharmonic operator, and the fourth order quasilinear elliptic

boundary value problem

A (g1 ((Au)?) Au) + ¢ div (g2 (|Vul?) Vu) = f(z,u) in Q,

u=0, Au=0 on 0f),

where h; and hy € C(R, R).
In problem (1.2), let f(z,u) = b[(u+ 1)" — 1], then we get the following Dirichlet

problem

Au+cAu=>b[(u+1)T—1] inQ,

u=0, Au=0 on 052,

where ut= max {u,0}.

There are many results about problems (1.1) -(1.4) (cf. [1, 2, 5-7, 16-19]). For
problem (1.4), Lazer and McKenna in [2] proved the existence of 2k — 1 solutions
when Q C R is an interval and b > A\, (\r — ¢) by the global bifurcation method. In
[5] Tarantello obtained a negative solution when b > A;(A; — ¢) by the degree theory.
For problem (1.2) when f(x,u) = bg(x,u), Micheletti and Pistoia in [6,7] proved
that there exist two solutions or three solutions for a more general nonlinearity g by
variational method. Papers [16-19] proved the existence of weak solutions of problems
(1.2) and (1.3) for a more general nonlinearity f by means of variational method,
Morse theory and local linking.

In paper [19], it was studied that the existence of positive solutions for the fourth



order semilinear elliptic boundary value problem

A%u+c Au= f(x,u) inQ,

u>0, uz0 in €, (1.5)

u=0, Au=0 on 052,

where f satisfies the local superlinearity and sublinearity.
In the problem (1.1), let f(z,u) = Aa(z)(u™)? + b(z)(u")?, then we get the fol-

lowing fourth order quasilinear elliptic boundary value problem

A (g1 ((Au)?) Au) + ¢ div (g2 (|Vul?) Vu) = a(z)(u™)? + b(z)(u™)?  in Q,
(1.6)
u=0, Au=0 on 0f),

where v = max {u,0}, A > 0 is a parameter and the exponents p and ¢ satisfy
0<g<l<pwithp<2*—1if N >3,p<+ooif N =1or2, here 2* = 2N/(N —2).
In the problem (1.1), let f(z,u) = Xa(x)|u|? + b(x)|u|?, then we get the following

fourth order quasilinear elliptic boundary value problem

A (g1 ((Au)?) Au) + ¢ div (g2 (|Vul?) Vu) = a(z)|u|? + b(x)|u[P  in Q,
(1.7)
u=0, Au=0 on 0f),

where A > 0 is a parameter and the exponents p and ¢ satisfy 0 < ¢ < 1 < p with
p<2*—1if N >3, p<+4o0if N=1or 2, here 2* = 2N/(N — 2).

Motivated by the above works, it is the purpose of this paper to use variational
methods for the fourth order quasilinear problem (1.1) when nonlinearity f satisfies
the local superlinearity and sublinearity condition and the fourth order quasilinear
problems (1.6) and (1.7).

The plan of the following sections are as follows. In Section 2 we give some

notations and main results. The main results are proved in Section 3.



2. Notations and main results

In this paper we use the following definitions.

Definition 2.1. Problem (1.1) is said to be sublinear (superlinear) at 0 if there
exist o > 0 and ty > 0 such that

flz,t) > (L)alt| (2.1)

for a.e. x € Q and all 0 < |¢| < 1.
Problem (1.1) is said to be superlinear (sublinear) at oo if there exist 5 > 0 and
t; > 0 such that

fla,t) = ()l (2.2)
for a.e. x € Q and all |t| > ¢;. Let V be a real Banach space and let E € C'(V, R)

be a functional.

Definition 2.2. We say that E satisfies the (PS) condition if for every sequence
{u,} in V with E(u,) bounded and lim,, ., E'(u,) = 0, there exists a convergent
subsequence.

Let 0 < A < Ay < A3 < -+ < A < --- be the sequence of distinct eigenvalues of

the eigenvalue problem

Au+Au=0 1in €,
(2.3)
u=0~0 on 0f).

The eigenvalue problem

A2+ c Au=pu in Q,

u=0, Au=0 on 0f)

has infinitely many eigenvalues p = A\g(Ax —¢), k=1,2,---.
We will always assume N > 3, ¢ < A\;(Q2), denote by ¢’ the Holder conjugate of o
, by A1(2) the first eigenvalue of —A on H}(2) and by A;(£2;) the first eigenvalue of
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—A on H}(Qy). Let V denote the Hilbert space H?(2) N Hg () is equipped with the

inner product
(u,v)y = /Q[AuAv — ¢ VuVoldz. (2.5)

We denote by || u ||, the norm in LP(2), by || u |[o1 the norm in Hg (), and by || u ||
the norm in V' is given by

Ful® = {u, uy (2.6)

Let V' denote the dual of V' and let ( , ) be the duality pairing between V' and V.
Now we give the following assumptions:
Let g1, g2 : R — R be two functions and satisfy the following conditions:
(iy) g1 is a continuous and nondecreasing function;
(iig) cgo is a continuous and nonincreasing function, where ¢ € R;
(iiiy) There exist ay, ao, By and B2 € R such that

0<ag <g(t) <pu,
cay < cga(t) < cfs

forallt e R

Let f:Q x R — R be a Carathéodory’s function and satisfy the following condi-
tions:

(if) There exist 1 <o < 2%, d; € L",(Q), ds > 0 such that

£, )] < da(x) + dot]7

for a.e. z € Q and all t € R;
(iif) There exist 6 > 2,1 <r <2, de L5 (Q), withd > 0 ae. in Q , to > 0,
such that
OF (z,t) < tf(x,t)+d(z)[t]"

for a.e. € Q and all [t| > to, where F(z,t) = [ (=, s)ds;
(iif) There exist 0 < ¢ <1 <p <2 —1, ag € L7(Q), with o, = (q%r—l)

ag > 0 ae. in Q, by € L77(Q), with 0, = (;257)" and by > 0 a.e. in € such that

!
and

f(x,t) < aolt|* + bot]”
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for a.e. x € Q and all t € R;
(ivg) There exist a nonempty subdomain Qy C €, 61 > A (£21) (A1 (1) 51 —caz) /2,
t1 > 0, such that
F(z,t) > 6,

for a.e. x € Q7 and all 0 <t <ty;
(vy) There exist a nonempty open subset Qy C €2, 6 > 0, to > 0, such that

F(z,t) > 0yt
for a.e. x € Oy and all ¢ > t5, with the additional requirement that the function d(z)

appearing in (iiiy) is bounded on .

Remark 2.1. The hypothesis (ivy) implies that f satisfies the local sublinearity
condition at 0, the hypothesis (v;) implies that f satisfies the local superlinearity
condition at oo.

Let us define the mapping B, : V — V' by
_ 2 _ 2
(Byu,v) = /Q {gl ((Au) ) Aulv — ¢ go <|Vu| ) VUVU] dx, (2.7)

foy any u, v € V.

Definition 2.3. We say that u € V is the weak solution of problem (1.1) if the
identity

(Byu,v) = /Qf(:z:,u)vdx (2.8)
holds for any v € V. Let F denote the associated energy:
— 2\ 2\

Fu = /Q (61 ((Aw)?) = ¢ Go (IVul?) = Fla,u)] da, (2.9)

where G1(t) = 3 5 g1(s)ds, Ga(t) = 1 [§ g2(s)ds, F(x,t) = [g f(z,s)ds.
Under the above assumptions, we shall give the existence of weak solutions, by
means of Mountain Pass theorem and local minimization, for the quasilinear problem

(1.1), (1.6) and (1.7). The main results of this paper are the following theorems.

Theorem 2.1. Assume that (i,)-(iii;) and (i;-(vy) hold. Suppose in addition that
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Oay — 20 > 0,if0 < c < A\ (), a1 > By and oy — 25; > 055 — 2a5 , or if ¢ < 0,
ay < By and Oy — 231 < 009 — 2. Then there exists 1 = n(p,q,n) > 0 such that
for ag and by :

llaollz- llbolly, @ < m,

problem (1.1) has at least two solutions v and w which satisfy E(v) > 0 and E(w) < 0,
where E denotes the associated energy in (2.9). In addition if f varies in such a way
that the coefficients in (iiif) satisfy

ap — 0 in L°?(Q) and by bounded in L°*(£2),

then the solution w = wy can be constructed such that wy — 0 in V.

Theorem 2.2. Assume that (iy)-(iiiy) and (if)-(vy) hold. Suppose in addition that
0Py —2a5 > 0, ay > [y and Oy —21 > 0 —2as. Then there exists n = n(p,q,n) >0
such that for ag and by :

laollz- llbolly, @ < m,

problem (1.1) has at least two solutions v and w which satisfy E(v) > 0 and E(w) < 0,
where E denotes the associated energy in (2.9). In addition if f varies in such a way
that the coefficients in (iiif) satisfy

ap — 0 in L°?(Q) and by bounded in L°*(£2),

then the solution w = wy can be constructed such that wy — 0 in V.
We apply these theorems to the quasilinear problem (1.6), we have

Theorem 2.3. Assume that (iy)-(iii;) hold. Suppose that a; — 26, > 0, if 0 <
c < M), a; > By and Oy — 26y > 0By — 20 , or if ¢ < 0, oy < fo and
Oy — 2031 < 00y — 29 and that in (1.6) A >0, 0<¢g<1<p<2*—1, a€ L™(Q)
with 7, > o,, b € L™() with 7, > 0,, with in addition a(xz) > 0 a.e. in ) in case
q = 0. Suppose in addition that

(vis) there exists a nonempty open subset {2y C Q such that, on €y, a(z) > € for
some €, > 0 and b(z) is bounded from below;



(viiy) there exists a nonempty open subset Q3 C Q such that, on €, b(z) > €
for some €3 > 0 and a(z) is bounded from above and from below.

Then there exists 1 = 7(p, q,n) > 0 for

n
lat [lo, 10|15 9@

problem (1.6) has at least two solutions v and w which satisfy J(v) > 0 and J(w) < 0,
where J denotes the energy functional associated to (1.6). Moreover, if X — 0, the

solution w = wy can be constructed such that wy — 0 in V.

Theorem 2.4. Assume that (iy)-(iiiy) hold. Suppose that 3, —2as > 0, oy > 3, and
Oay—206) > 05,—2as and that in (1.6) A >0, 0 < g <1 <p<2*—1, a € L™(QQ) with
T, > 04, b € L™ () with 7, > 0, with in addition a(z) > 0 a.e. in § in case ¢ = 0.
Suppose in addition that (viy) and (viiy) hold. Then there exists 7 = 7(p, q,n) > 0
for

n
a0, 10|15 9@

problem (1.6) has at least two solutions v and w which satisfy J(v) > 0 and J(w) < 0,
where J denotes the energy functional associated to (1.6). Moreover, if X — 0, the

solution w = wy can be constructed such that wy — 0 in V.
We apply Theorem 2.1 and 2.2 to the quasilinear problem (1.7), we have

Theorem 2.5. Assume that hypotheses in Theorem 2.3 hold. Then there exists
1 =1(p,q.n) >0 for

n
lat o, |0+ 55 9@

problem (1.7) has at least two solutions v and w which satisfy J(v) > 0 and J(w) < 0,
where J denotes the energy functional associated to (1.7). Moreover, if X — 0, the

solution w = wy can be constructed such that wy — 0 in V.

Theorem 2.6. Assume that hypotheses in Theorem 2.4 hold. Then there exists
1 =1(p,q.n) >0 for

n
lat o, |0+ 55 9@
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problem (1.7) has at least two solutions v and w which satisfy J(v) > 0 and J(w) < 0,
where J denotes the energy functional associated to (1.7). Moreover, if X — 0, the

solution w = wy can be constructed such that wy — 0 in V.

Remark 2.2. Theorem 2.1-2.6 are includes an interesting interplay between the be-
havior of the functions g, g2, f and the potential function £ and J. On the other
hand, Theorem 2.1-2.6 deal with some fourth order quasilinear elliptic problems.
Figueiredo, Gossez and Ubilla in [12] studied second semilinear elliptic problems, as
well as of another paper by Xu and Zhang [19] considered some fourth order semilinear

elliptic problems of the local superlinearity and sublinearity conditions.

3. Some lemmas and proofs of main results

Let Q be a bounded smooth open subset of R" and let V = H?*(Q) N H}(Q). In
this section we give the proofs of Theorem 2.1-2.6. For this we need the following
lemmas.

Let G1(t) = 1 Js g1(s)ds, Ga(t) = 3 [§ g2(s)ds and let the energy E : V — R be
given by

Fu = /Q {Gl ((Au)Q) —c Gy (\Vu]Q) - F(Jc,u)} dz, (3.1)

for any u e V.

Lemma 3.1. Assume that (iy) holds, let F' : V — V' be given by

(F'u,v) :/Qf(x,u)vdx, (3.2)

for any u, v € V. Then F' is completely continuous.

Proof. Let [ : V — L7(Q) be given by Tu = u, since for o < 2* by Rellich’s theorem
the space H} () embeds into L°(£2) compactly, then I is a compact mapping. From
[19]. Let K : L7(Q) — L7 (Q) (1o +1/0’ = 1) be given by K(u) = f(x,u) and let
I' . L7 — V' be given by I'v = v, then K and I’ are continuous. Hence F' = I'K ]

is a completely continuous mapping from V to V".
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Lemma 3.2. Let that (iy)-(iiiy) and (if) hold. Then E € C*(V, R).

Proof. Let Gu = [, [G1((Au)?) — ¢ G2 (|Vul?)]dz, by (i;) and (iiy), it is easy to
check that G is a continuous. From Lemma 3.1 we know that F’ is completely con-
tinuous.

Thus by combining assumptions (i,)-(iii,) and (iz), it follows that £ € C*(V, R)

and
(E'u,v) = /Q {gl ((Au)2) AulAv — ¢ go (|Vu|2) VuVuv — f(x,u)v} dx
= (Byu,v) — (F'u,v). (3.3)
Remark 3.1. By Lemma 3.1 and 3.2, E'u = 0 implies that

(Bgu, v) :/Qf(x,u)vdx.

Therefore critical points of £ are weak solutions of problem (1.1).

Lemma 3.3. Assume that (iy)-(ili;) and (if)-(iif) hold. Let fay — 26, > 0, if
0<c< A, Oag —281 > 0Py — 29 , or if ¢ <0, Oy — 261 < 005 — 2ci9. Then
E satisfies the (PS) condition on V.

Proof. By Lemma 3.1 and 3.2, FE is a C! functional on V. To see that E satis-
fies (PS) condition, at first we show that any (PS)-sequence {u,} for E is bounded
in V. Let {u,} be a (PS) sequence, i.e. F(u,) bounded and E'(u,) — 0. So, for 0 as

in (ilif) and for some €, — 0 and some constant C,
OF (uy) — (E (tn), un) < C + & |unl|- (3.4)

When 0 < ¢ < Ay, by combining (iii,), (3.1), (3.2) and (3.3) we have

OB (u,) — (E (uy),uy) = X Gl(Aun
/Q{gl ( (Auy,)

/Q OF (z,u,) — unf(x Up))dx

—c Gy (\Vunl )}

Aun —C g (]Vun\Q) ]Vunﬂ dx
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v

v

Y

géiaﬂAu@2—cﬁﬂvudﬂdx
— [ [Bu(dun)? = ¢ qo| Ve d
— [ (0P (2, u0) = wnf (2, ua))da
[, Gen

— B1)(Au,)® — ¢ (gﬁg — ozg)|Vun|2] dx

/((%%me@uw

) [ (@0 - e 19
/<<L%me@mmw

B | [(Aun)? = e |Vu, ] de
—/ (OF (z, 1) — un f (2, up))da
( = B1) [l |?
_AQF%MJ—%ﬂ%%Wm (3.5)

When ¢ < 0, by combining (iiiy), (3.1), (3.2), (3.3) and (3.5), similarly, from (3.5) we

have

OE (uy,) — <E/ (Un), Un)

v

Y

gliaﬂAu@2—cﬁﬂVUAﬂdf
— [ [Bi(Aun)? = ¢ 0a|Vun ] da
/((%%me@uw
W [, [ = G e 9w
/ (OF (2, 10) — o f (2, 10,))de
[ [(Aun)? = ¢ |Vu,|?] da
—/ (OF (x,u) — un f (2, up))da
( —B) [ un |12
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_ /Q (OF (2, 1) — wnf (z, 1)) de. (3.6)

by combining (3.4), (3.5) and (3.6), it implies that

Ger = B0llwnlP = [ OF (@) — wnf e, 0) < O+l (3.1

By (3.7) and assumption (iiy), we get

g

(01 = B)llunl” < ¢ +/ ) |un|"dx + en[Jun]l, (3.8)

where C” is another constant. Since r < 2, we deduces that ||u,|| remains bounded.
Next, we show that E satisfies the (PS) condition. From assumptions (i), (iiy)
and (iii,), it follows that

(Bg(u—v),(u—v)) = /Q [( ) Au— gy ((AU)Q) Av) A(u —v)
( ¢ g2 (|Vu| ) Vu+c gy (|Vv|2) Vv) V(u— U)} dx

_ 2 2
= 5 [ Lo (20) + 00 ((20)) (A~ )
+ (g ((Aw?) = g1 ((A0)) (A — (A0)?)] d
1 2 2
2/ —Cg \Vu] ) — cg2 (]Vv[ )) |V (u—v)|
+ (—cga (IVul?) + cga (IV0I?)) (IVul* = |Vo]?)] da
> oy ffu—vl? (3.9)
for any w,v € V. Thus, by combining assumptions (i,)-(iiiy), (3.9), Lemma 3.1 and
3.2, this implies that B, : V' — V' is an homeomorphism.
Let {u,} in V be a (PS)-sequence for E, from (3.8) we know that {u,} is bounded

in V, assume after passing to a subsequence that u,, — uy weakly in V', strongly in
L*(9). Since

up = B (E (uy) — F'(uy)), (3.10)

by Lemma 3.1, we know that F’' : V' — V' is is a completely continuous mapping.
Thus there exists a convergent subsequence, hence E satisfies the (PS) condition.

This completes the proof of Lemma 3.3.
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Lemma 3.4. Assume that (i,)-(iii,) and (if)-(iis) hold. Let §52—2ay > 0, oy —25; >
035 — 2ce, Then E satisfies the (PS) condition on V.

Proof. As in the proof of Lemma 3.3, we know that F is a C' functional on V.
At first we show that any (PS)-sequence {u,} for E is bounded in V. Let {u,} be a
(PS) sequence, i.e. E(u,) bounded and E'(u,) — 0. Thus, for § as in (iii;) and for

some €, — 0 and some constant C,
OF (uy) — (E (tn), un) < C + &y |un]|- (3.11)
From (3.1), (3.2) and (3.3) we have
0E (1) — (E (un),un) = 0 / ((Au,)?) = ¢ Go (|Vu,[?)] da
—/ gl Aun Aun) —CGo (]Vun\Q) ]Vunﬂ dx

—/Q (OF (xz,up) — upnf(x,uy,))dx

> g/ﬂ (01 (M) — ¢ o]V, 2] do
— [ [Bu(8un)? = ¢ qo| Ve d
- /Q (OF (2, 1) — wn f(x, 1)) dw
= [ Gor = s~ (G- o)V
/ (OF (@,10n) =t f (2, un)) o
_ @2_a2 /leg;_si (Auy,)? C|Vun|2] dz
/ (OF (2, un) — unf (2, un))do
> 52—a2 /Q[Aun — ¢ |Vu,[*] de
_/ (OF (2, 1) — tn f (2, 1))
> (5 52—612) I un |*
_ /Q (OF (2, 1un) — unf(z, un))de. (3.12)
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By (3.11) and (3.12), it follows that

0
(§ﬁ2 - a2)||un||2 - A(QF(I,UR) - unf(xvun)) S C + 8nHunH (313)

From (3.13) and assumption (iiy), we have
0 2 11 r
(502 — az)|jual” = € + /Qd(x)\un\ A+ en||un|l, (3.14)

where C" is another constant. Since r < 2, we deduces that ||u,|| remains bounded.
Next, we show that E satisfies the (PS) condition. By combining (3.9), (3.15),

assumptions (i,)-(iii,), Lemma 3.1 and 3.2, , we know that
(By(u—=v),(u=v)) = arfu—v]|’ (3.15)

for any u,v € V and that B, : V' — V' is an homeomorphism.

Let {u,} in V be a (PS)-sequence for E, from (3.14) we know that {u,} is bounded
in V, assume after passing to a subsequence that u, — uy weakly in V, strongly in
L*(€2). Since

Up = By (E' (un) — F'(un)), (3.16)

by Lemma 3.1, we know that F’' : V — V' is is a completely continuous mapping.
Thus there exists a convergent subsequence, hence E satisfies the (PS) condition.

This completes the proof of Lemma 3.4.

Lemma 3.5.1"2" Let 0 < ¢g<1<p, A>0, B> 0, and consider the function
U p(t) =12 — Attt — Bt
for t > 0. Then max {V4 p(t) : t > 0} is > 0 if and only if

(p—1r ' (1—g)

APTIpaTl < =m(p,q). 3.17
(p— g () (3.17)
Moreover, fort =tp := [%]P_il, one has
p—1 lg P —(q i
U, p(tg) = t3[—— — AB»t P=1]. 3.18
slts) =t — =) (3.18)
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Proof of Theorem 2.1. By means of Lemma 3.3, we know that the associated
energy E in (2.9) satisfies the (PS) condition. At first, we will show the existence of
the first solution by the Mountain Pass theorem. Thus, recalling (iiiy), using Holder
inequality and Sobolev inequality, when 0 < ¢ < A, by combining (iii;) and (3.1) we
have

E(u) = /Q {Gl ((Au)2) —c Gy <|Vu|2)} dx — /QF(x,u)dx

ot osmata [ S0
- Al [T e

> % Q {(AU)Q —c \VUP] dz — mlH&OHUqHUngl ~ mallbollo, gjl
> % | =l ™ callolo P (3.19)

for all u € V, where my = (¢ + 1)71877, my = (p+1)7157"F, ¢1 = mi(M(Q) —

C)_%l7 Co = m?(Al(Q) - C)_pTH7 and

S = mf{/Q Vul?dz - u € HL() and /Qyuy2*dx —1}. (3.20)
When ¢ < 0, by combining (iii,), (3.1) and (3.19), similarly, from (3.19) we have
_ 2) _ 2 _
E(u) = /Q[Gl ((Au) ) ¢ Gy (|Vu| )} dx /QF(x,u)dx

q+1 b p+1
> il (Au)? — @c |Vul?| dz —/ aolul + ol dx
2 Ja aq | g+1 p+1

= callbollq, [l (3.21)

(651
> 7!\UH2 — @]l [lul| 7

for all u € V, where ¢; and ¢, as in (3.19). Let A = (2¢1/a1)llaolls, and B =
(2c2/a1)]|bo||s,, it follows from (ivy) and (vy) that A > 0 and B > 0. By Lemma 3.5,
(3.19) and (3.21), we get

E(u) > %@A,B(tB) >0 (3.22)

for all w € V with ||u|| = tp and AP~'B%~t < n,(p, q), this implies that

oA m(p, q)
2r=a(cy )Pt (ep) 1

laoll?, *Ibolla, * < = n(p, ¢, N). (3.23)
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Noting that £(0) = 0, thus by (3.22) and (3.23) we have obtained a range of mountains
around 0.

Now we will show that for some uy € V such that E(tus) — —o0 ast — +o00. By
assumption (vy), there exist t3 > to and 63 > 0, such that F(z,t) > 65t + 1 for a.e.
x € () and all t > t3. For x € Qy and ¢t > t3, we then divide the inequality of (iiy)
by tF(z,t), integrate from t3 to ¢ and take the exponential to get

t t Srfl
F(xz,t) > F(z,t3)(—)" exp(—d ——ds).
(f, ) = (f, 3)(t3) eXp( (l‘) t5 F(ZL‘, S) 3)
From (vy), it implies that
F(x,t) > Ct? (3.24)

for a.e. x € s and all t > t3, where C' > 0 is a constant. Choosing a function
uy € VN HY(Q) with support in Qy and uy > 0, up # 0, and taking ¢, such that
measure of {z € Qy : tus(z) > t3} is > 0 for t > t5. By (iii,) and (3.1) we have

E(tus) = /Q {Gl ((Atu2)2) —c Gy (|Vtu2|2)} dx — /Q F(x,tug)dz
< % [ [Br(aa)? - caslViaf] do - / P tw)dr, (329

by splitting the integral over €25 into an integral over {x € Qs : tuy(z) < t3} and an
integral over {z € Q) : tus(x) > t3}, and by using (3.24) and (3.25), this follows that,
for some constants C, Cy and C3, with C3 > 0,

t2
E(tug) < 3 /92 [ﬁl(Aug)Q - c&g\Vuzﬂ dx + C?

—Ct? / (us)?dx
{z€Qa:tus(z)>t3}

< O 4 Cy — Oyt (3.26)

Since 6 > 2, this implies that E(tus) — —o0 as t — +o0.
By combining (3.22), (3.23) and (3.26), the Mountain Pass theorem yields a critical
point v of E with
E(v) > %WA,B(tB) > 0. (3.27)

This v is the first nontrivial solution of problem (1.1).
Next, we will show the existence of the second solution by local minimization.

Let e; be the positive eigenfunction associated to the principle eigenvalue of —A on
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H}(Qy), it is known that e; € L®(Qy). Set t; = t1/||e1]|o0, using the positivity of e;
and the hypothesis (ivy), it is easy to see that for all 0 < ¢ <t;, 0 < te; < ¢;. By
(iliy) and (3.1), this implies that

E(te;) = /Q {Gl ((At61)2) —c Gy <|Vt€1|2)} dx — /Q F(z,tey)dx

t2
< o {Bl(Ael)Q - c&g\Velﬂ dx — 60,1 /Ql eldx
2
S )\1(91)()\1(91)B1 — CO&Q)%/Q G%dilf — 91152/9 6%(137
— ()M ()5r — cas)/2 — 6,)E /Q dr
< 0, (3.28)

since 01 > A1(21)(A1(1)51 — caz)/2. Thus, there exists ¢ > 0 sufficiently small such
that
E(te;) < 0. (3.29)

Let Gu = [ [G1 ((Au)?) — ¢ G2 (|Vul|?)] dz, and Wu = [, F(z,u)dz. By (i,)-(iii,),
it is easy to check that GG is a convex and lower semicontinuous, hence G is weakly
lower semicontinuous. As in the proof of Lemma 3.1 from assumption (if), we know
that W is weakly continuous. Thus E = G — W is weakly lower semicontinuous. It
follows from (3.29) that the minimum of the functional £ on the closed ball in V' with
center 0 and radius ¢p is achieved in the corresponding open ball and thus yields a

nontrivial solution w of problem (1.1) with
E(w) < 0 and ||w| < tp. (3.30)

Thus, we obtain the second solution. This completes the proof of the existence of at
least two solutions in Theorem 2.1.

We now turn to the study of the asymptotic behavior of one of these two solutions.
When f varies in such a way that ag — 0in L7¢(2) and by remains bounded in L7 (£2),
let v € (0,1/1 —q) and tp = ||ao||7,. By (3.19), we have

1
E(u) > 5 | w > —erflaollo, 1l = callbollo, llulP*
(e}
> —1||@0|| —01Ha0||1+w+1) C2||50Hap“ao||7p+l)
= |laoll? (——01HGO||1 M0=D — ¢y|bo |l o [0 |77 ) (3.31)

17



for all u with ||u|| = tp. Since v € (0,1/1 —¢q), so 1 —~(1 — ¢q) > 0, thus it follows
from (3.31) that
Eu) > %\IJA,B@B) >0 (3.32)

for all u with [Ju| = |[aol|}, = tp sufficiently small. By combining (3.30), and (3.31)
and (3.32), this implies that the corresponding solution w will converges to 0 in V' as

ao — 0. This complete the proof of Theorem 2.1.

Proof of Theorem 2.2. By combining assumptions (i,)-(iii,), (is)-(vs), Lemma 3.1,
3.2 and 3.4, we can give the proof of Theorem 2.2 similar to the proof of Theorem 2.1.

Proof of Theorem 2.3. Let
a(z)t? + b(x)tP t >0,

f(f,t) =
0 t <0.

By combining assumptions (i,)-(iiiy), (viy)-(viiy), Lemma 3.1, 3.2 and 3.3 and the
proof of Theorem 2.1, we can show that J € C'(V, R), it is enough to verify that
for each A > 0, hypotheses (if)-(vs) hold. Noting the strict inequalities 7, > o, and
T, > 0p, by using Young’s inequality, we know that (if) holds. Set § = p+1, r = g+1,
d(z) =X60/(g+1) —1)at(x) and t; = 0, it follows that (iiy) holds. Hypothesis (iiiy)
is clear. By assumption (viy), we have

. f(l’, t) _ : g—1 p—1
tlir& ; = tlir& a(z)t!™ + b(x)t

— 4o (3.33)

uniformly for a.e. = € Q. So, there exist 0; > A\ (1)(A1(21)51 — caz)/2 and t; > 0,
such that
F(x,t) > 0, (3.34)

for a.e. # € Q; and all 0 < t < t;, where F(z,t) = [y f(z,s)ds. It implies from (3.34)
that hypothesis (iv) holds on €. By assumption (viif), set d(z) = A\(0/(¢ + 1) —
1)a™(z), which is bounded on 5, we have

7f(x,t) = lim a(x)t" " + b(x)tP !

t—+o00 t t—+o00

— 4oo (3.35)
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uniformly for a.e. = € {25. So, there exist 65 > 0 and t5 > 0, such that
F(z,t) > 0yt (3.36)

for a.e. x € Qy and all t > t,, where F(x,t) = [ f(z,s)ds, with the additional
requirement that the function d(x) appearing in (iiiy) is bounded on €. It implies
from (3.36) that hypothesis (vf) holds on §25. This complete the proof of Theorem 2.3.

Proof of Theorem 2.4. By combining assumptions (i,)-(iiiy), (vif),(viiy), Lemma
3.1, 3.2 and 3.4, the proof of Theorem 2.4 can be completed similar to the proof of
Theorem 2.3.

Remark 3.2. The proofs of Theorem 2.5 and 2.6 are similar to the proofs of Theorem
2.3 and 2.4. So we omit them.
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