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Abstract

A boundary value problem for a system of Euler-Poisson equations modelling semicon-
ductor devices or plasma is considered. The boundary conditions are supersonic inflow
and subsonic outflow. The purpose of this paper is to elucidate the role played by the elec-
tric filed to the structure of solutions with transonic shocks. The existence, non-existence,
uniqueness and multiplicity of solutions with transonic shocks are obtained according to
the different cases of the boundary data and physical interval length. Detailed structures
of solutions are given. Shock locations are determined by the boundary data. Different
phenomena are shown for the different situations when the density of fixed, positively

charged background ions is in supersonic and subsonic regimes.

1 Introduction

The following system of 1-dimensional Euler-Poisson equations:

pt + (pu)x =0,
(pw)s + (p(p) + pu?)s = pE, (L.1)
E,=p—0b,

models several physical flows including the propagation of electrons in submicron semicon-
ductor devices and plasma (cf. [17])( hydrodynamic model), and the biological transport of
ions for channel proteins (cf [3]). In the hydrodynamical model of semiconductor devices or
plasma, u, p and p represent the average particle velocity, electron density and pressure, re-
spectively, F is the electric filed, which is generated by the Coulomb force of particles. b > 0
stands for the density of fixed, positively charged background ions. The biological model
describes the transport of ions between the extracellular side and the cytoplasmic side of the
membranes([3]). In this case, p, pu and E are the ion concentration, the ions translational
mass, and the electric field, respectively.

In this paper, we consider the transonic shock solutions for following time-independent



problem

(pu)x =0,
(p(p) + pu?)s = pE, (1.2)
E.=p—b.
Assuming that p satisfies:
p(0) = 0,p'(p) > 0,p"(p) >0, for p>0,p(+00) = +o0, (1.3)

we consider boundary value problem for (1.2) in an interval 0 < x < L with the boundary

condition:
(pauv E)(O) = (plvulva)a (pv u)(L) = (prvur)' (1'4)

We assume u; > 0 and w, > 0. By the first equation in (1.2), we know that pu(z) =
constant(0 < x < L) so the boundary data should satisfy

PIU] = Priy (1.5)

We denote
pruy = priy = J. (1.6)

Then pu(xz) = J(0 < 2z < L) and the velocity is given by
u=J/p. (1.7)
The boundary value problem for system (1.2) reduces to

2
(p(p) + 2 )e = pE,
Ex =p—- b7

(1.8)

with the boundary conditions:

(p, E)(0) = (o1, ), p(L) = pr. (1.9)

We use the terminology from gas dynamics to call ¢ = /p/(p) the sound speed. There is a

unique solution p = ps for the equation
Pp)p° = J?, (1.10)

which is the sonic state (recall that J = pu).

In this case, the flow is called supersonic if

P (p)p? < J?, i.e p < ps. (1.11)

It
P(p)p* > J?, i.e., p> ps, (1.12)



then the flow is called subsonic.
J

We notice that (1.8); is singular at sonic state (p'(ps) — p—; = 0) and the coefficient of
p changes the sign for the supersonic flow and subsonic flow. This makes the problem
of determining which kind of boundary conditions should be posed to make the boundary
value problem well-posed a subtle one. In the previous works, some pure subsonic or su-
personic solutions are obtained for both 1-dimensional and multidimensional cases (cf. [10]
and [17]). For a viscous approximation of transonic solutions in 2-d case for the equations
of semiconductors, see [12]. However, there have been only a few results for the transonic
flow. In the following, we list several results which are closely related to the present paper.
First, a boundary value problem for (1.8) was discussed in [1] for a linear pressure function
of the form p(p) = kp with the special boundary condition p(0) = p(L) = p with p being
a subsonic state for the case when 0 < b < ps. The solution obtained in [1] may contain
transonic shock. On the other hand, since the boundary conditions and the pressure function
are special in [1], it is desired to consider the more general boundary conditions with more
general pressure function. Moreover, only the case when 0 < b < p; (i.e., when b is in the
supersonic regime) is considered. As we will show later, the cases when 0 < b < p, and
b > ps are completely different. Actually, (b,0) is a center when 0 < b < ps and a saddle
point when b > p; for system (1.8). We will construct solutions with transonic shocks for
both cases. In [18], the local-in-time stability of transonic shock solutions for the Cauchy
problem of (1.1) is considered by assuming the existence of steady transonic shocks. In [19],
a phase plane analysis is given for system (1.8). However, no transonic shock solutions are
constructed in [19]. A transonic solution which may contain transonic shocks was constructed
by I. Gamba (cf. [13]) by using a vanishing viscosity limit method. However, the solutions
as the limit of vanishing viscosity may contain boundary layers. Therefore, the question of
well-posedness of the boundary value problem for the inviscid problem can not be answered
by the vanishing viscosity method. Moreover, the structure of the solutions constructed by
the vanishing viscosity method in [13] is shown to be of bounded total variation and possibly
contain more than one transonic shock. One of the main purposes of the present paper is
to obtain more detailed structure of the solutions for the boundary value problem (1.8) and
(1.9) and answer the question of well-posedness of solutions for this boundary value problem.
We give a throughout study of the structure of the solutions to the boundary value prob-
lem for the different situations of boundary data and the interval length L. The existence,
non-existence, uniqueness and non-uniqueness of solutions with transonic shocks are obtained
according to the different cases of boundary data and physical interval length. The solution
(when it exists) that we construct contains exactly one transonic shock in the interval [0, L].
On the left of this transonic shock, the flow is supersonic, it is subsonic on the right of this
shock. Moreover, we can determine the shock location by the boundary data and L. It is

interesting to compare this result with the transonic solutions of a quasi-one-dimensional gas



flow through a nozzle studied by Embid, Goodman and Majda ([9]). The time-dependent

equations for the one dimensional isentropic nozzle flow are

b

()
Az

pt + (pu)e =

- ) pu,
(pw)i + (pu? + p(p))e = — 5 pu?,

(1.13)

where p,u and p denote respectively the density, velocity and pressure, A(z) is the cross-
sectional area of the nozzle. In [9], steady state solutions containing transonic shocks are
constructed for the boundary value problem in the interval [0, 1] with the boundary conditions
(p,u)(0) = (p1,u;) and (p,u)(1) = (pr, uy) satisfying pju; = pru, with (p;, u;) being supersonic
and (pr,u,) being subsonic. It is shown in [9] that, if A(z) is not strictly monotone, then
there exist multiple steady state transonic shock solutions, and the shock locations are not
unique. Particularly, when A’(z) = 0 (this means the duct is uniform), the transonic shock
can be anywhere in the duct. Therefore, the structure of solutions depend on the structure of
the geometry of the nozzle. The electric field E plays a similar role as we will show later. The
difference is that the geometry of the nozzle is given, while the electric field F is unknown
and is a part of solutions.

There have been many studies on the stability of transonic shocks for system (1.13)(cf.
[15], [16] and [14] ). It would be interesting to investigate the stability of steady transonic
solutions obtained in the paper. It would be interesting to extend the results of this paper to
the multi-dimensional case, as those for gas dynamics (cf. [2], [4], [5], [6], [7], [8], [20], [21] and
[22]). An effort in this direction was made in [12] for a viscous approximation of transonic
solutions in 2-d case for the equations of semiconductors. However, passing limit when the
viscosity tends to zero for the viscosity approximation in [12] is still an open problem. Some

progress has been made in this direction [6] for the potential flow equations of gas dynamics.

2 Initial Value Problem For System (1.8)

In this section, we study the initial value problem for (1.8), i.e., we consider the initial value

problem:

(p(p) + J;)x =pE, E,=p-—>b, forz> x,
(p, E)(0) = (po, Ep).

which will be used when we construct the transonic shock solutions for the boundary value

(2.1)

problem.
The solution of (1.8) can be analyzed in (p, F)-phase plane. Any trajectory in (p, E)-plane
satisfies the following equation,

J2

155>~ 1) =0 where 1(p) = "L (p) - 7). (2.2

p p



The trajectory passing through the point (pg, Eo) with pg > 0 is given by

Lo - Lo

—FE*— | H'(s)ds = —Ej. (2.3)
2 0 2

Since the cases when 0 < b < ps (b is in supersonic region) and b > p, (b is in subsonic region)
are completely different, we discuss these two cases separately. The phase portraits of those
two different cases are in Figure 1 and Figure 2, respectively (all figures are at the end of this

paper).

2.1 The Case when 0 < b < p;.

The following facts will be useful:
H'(ps) =H'(b)=0,H'(p) >0for 0 < p<band p>ps, H(p) >0forb<p<ps, (2.4)

p
lim H'(s)ds = —o0, for any py > 0. (2.5)
p—=0% Jpo

For the different situations of the initial value (po, Fo) on the (p, E')-plane, we give the follow-
ing classification of solutions. First, we define the Critical Trajectory for the case when
0<b<ps.

Definition: The critical trajectory is the trajectory passing through the point (ps,0) with

the equation:
1 P
5E2 — / H'(s)ds = 0. (2.6)

There are two branches of the critical trajectory, a supersonic branch and a subsonic branch.

The supersonic branch is for pf . < p < ps where p¢ . is determined by

pSnin
/ H'(s)ds =0, 0<p. <b (2.7)
Ps

The subsonic branch is for p > ps. The supersonic branch is a loop with the center (b,0) (we
call this the supersonic loop of the critical trajectory). The supersonic branch and subsonic
branch intersect at the sonic point (ps,0).

Solutions for IVP (2.1) for the case 0 < b < ps.

Case 1 (pg, Ep) is inside the critical supersonic loop, i. e., (3E8 — f;;o H'(s)ds < 0 and
0 < po < ps (po, Eo) # (b,0)).

In this case, initial value problem (2.1) admits a unique solution (p, E) for all z > zy. In
(p, E')-plane, the trajectory of the solution is given by equation (2.3). In this case, the tra-
jectory is a loop with the center (b,0). The direction of the trajectory is counter clockwise.

The solution is periodic and always supersonic.



Case 2 (po, Eyp) is inside the critical subsonic branch of the critical trajectory, i. e.,(%Eg —
prH’ Yds < 0 and pg > ps ).

In this case, initial value problem (2.1) admits a unique solution (p, F) for all x > zy. E is
strictly increasing. The solution is always subsonic. Moreover,

lim (p, E) = (00, 00). (2.8)

Tr—00

Case 3 ( (po, Eo) is on the critical supersonic trajectory , i.e., %EO fpo H'(s)ds = 0 and
0 < po < ps. In this case, there are infinitely many smooth solutions for IVP (2.1) for all
x > xg. These solutions are of the following types:
i)(Type I)( Periodic ) The solution (p, E) is always on the supersonic loop of the critical
trajectory.
ii) (Type II) The solution travels along the supersonic loop of the critical trajectory n times
(n=0,1,2,---), and then travels to the sonic point (ps,0). From this sonic point, it travels
along the upper subsonic branch of the critical trajectory %EQ fp H'(s)ds =0, E >0, p>
ps- In this case, we have
lim (p, F) = (00, 00). (2.9)
T—00

Case 4 ((po, Eo) is on the critical trajectory, and pg > ps (subsonic) and Ey > 0.)

In this case, there exists a unique solution (p, F)(z) of the initial value problem (2.1) for
all x > xg, which travels along the upper subsonic branch of the critical trajectory %EQ —
fp H'(s)ds =0, E > Ey, p> po. In this case, we have

pz > 0,E, >0, lim (p, E) = (00, 00). (2.10)
r—00

Case 5((po, Ep) is on the critical trajectory, and py > ps (subsonic) and Ey < 0.) In this
case, there are infinitely many solutions. In (p, E) plane, the solutions start from (pg, Ep),
travel along the lower subsonic branch of the critical trajectory %E2 f P H'(s)ds =0, 0 >
E > Fy, p < po in the direction p decreases and F increases. The solutions reaches the sonic

point (ps,0) at some x1 > xg. After then (x > x1), this case reduces to case 3).

Case 6(3 prH’ (s)ds >0 and 0 < py < ps )
In this case, the solution for initial value problem (2.1) exists only on a finite interval [x(, z2)

for some z2 > xg. Moreover,
lim (p, E) = (ps, E1), (2.11)

T—Ty

where FE7 is determined by

Ps 1
E%—/ H'(s)ds = ~E3,E1 <0
PO 2
Furthermore,
lim p,(z) = 4oc0. (2.12)
T—Ty



Case 7(3EZ — fppso H'(s)ds >0 and py > ps, Eg > 0)
In this case, the solution for initial value problem (2.1) exists for all x > z(. Along the
trajectory of the solution, both p and E are strictly increasing. Moreover,

lim (p, E)(z) = (+00, +00). (2.13)

T—00

Case 8(3EZ — f;so H'(s)ds > 0 and pg > ps, Eo <0 )
In this case, the solution for initial value problem (2.1) exists only on a finite interval [zg, z3)

for some x3 > xg. Moreover,
lim (p> E) = (pstQ)v (214)

where Fj5 is determined by
1 ps 1
~E2 —/ H'(s)ds = ~E2, Ey<0.
2 00 2
Furthermore,
lim p,(r) = —c0. (2.15)

T—Tq

2.2 The case when b > p,.

In this subsection, we solve the initial value problem (2.1) for the different situations of the
initial values (po, Ep). In this case, the equilibrium point (b,0) is a saddle point on the phase
plane (see Figure 2).

We define the Critical Trajectory for the case b > p;.

Definition: The critical trajectory (for the case b > p;) is the trajectory passing through
the point (b,0) with the equation:

1 P
5E2 — / H'(s)ds = 0. (2.16)
b

We solve the initial value problem (2.1) for the differnet cases of the initial data (pg, Ep).
Case 1 (py < ps), i.e., po is supersonic. In the case, the solution of (2.1) only exists in a

finite interval [zg, z4). Moreover,

T—Ty— 0 T—Ta—

Ps
lim (p, E) = (ps, \/Eg + 2/ H'(s)ds), lim p, = +o0.
p

Case 2 pg > ps.
a) (po, Ep) is inside the critical trajectory, i.e.,

1 b
—E24 | H'(s)ds <0, pg > ps.
2 PO

There are two subcases.



al) ps < pp < b.
In this case, initial value problem (2.1) admits a unique solution (p, E) in a finite interval

[x0, 5). Moreover,

b> p(x) > Ps, T € [$07x5)7

T—IT5— T—IT5—
5 0 5

lim (p, E)(z) = (ps, —\/Eg + 2/"5 H'(s)ds), lim pg(x) = —o0. (2.17)

a2) po > b.
In this case, initial value problem (2.1) admits a unique solution (p, E) for all =z > x.

Moreover,

p(z) > b > ps, Ex > 0, x € [xg,00),
Jim (p, B)(z) = (400, +00). (2.18)

b) (po, Eop) is outside the critical trajectory, i.e.,
1 b
—E24+ | H'(s)ds > 0,pg > ps.
2 PO

There are two subcases.

bl) Ey > 0.
In this case, initial value problem (2.1) admits a unique solution (p, E) for all z > x.
Moreover,

p(.%') > Ps, T € [$0>OO)7

lerrolo(p, E)(z) = (400, 400). (2.19)
b2) Ey < 0.

In this case, the initial value problem (2.1) admits a unique solution (p, F) in a finite interval

[x0, z6). Moreover,

p(fI,') > Ps, T S [m()?xﬁ)v

ps
Jim (p,E)(x):(ps,—\/Eg—l—Z / H/(s)ds), lim po(z) = —c0.  (2.20)

T—T6— T—Te—
6 0 6

c) (po, Eo) is on the critical supersonic trajectory , i.e.,

1 b
~E2+ [ H'(s)ds=0.
2 PO



Cl) Ps < pPo <b7E0 > 0.
In this case, initial value problem (2.1) admits a unique solution (p, E) for all z > x.

Moreover,

px >0,Ex <O, I‘>{L‘0,
lim (p, E)(z) = (b, 0). (2.21)

r— 00
c2) ps < po < b, Ey < 0.
In this case, , the initial value problem (2.1) admits a unique solution (p, F) in a finite interval

[x0, 7). Moreover,

,O;E(I') < O,EI(CC) <0, z e [an‘T'?)a

lim (p, B)@) = (pos—1|2 [ H'(s)ds), lim pa(z) = —cc. (2.22)

T—x7— b T—T7—

c3) po > b, Ey > 0.
In this case, initial value problem (2.1) admits a unique solution (p, E) for all z > .

Moreover,

pe > 0,E, >0, z > xg,
lim (p, E)(z) = (00, 00). (2.23)

04) po > b, By < 0.
In this case, the initial value problem (2.1) admits a unique solution (p, E) for all > z .

Moreover,

pz(x) >0, Ey(x) >0, x > xq,
mllngo(p, E)(xz) = (b, 0). (2.24)

3 Transonic Shocks

We use (p, E)(z, po, Eo) (z > x) to denote the solution of the initial value problem (2.1) and
use T'(po, Ep) to denote the trajectory passing through the state (po, Ep) in the direction as
x increases. Precisely, we define
Definition 3.1 We say that a state (p1, E1) € T(po, Eo) if there exist xo € R! and 21 € R}
satisfying 1 > xo such that (p1, E1) = (p, E)(x1, po, Eo).
Therefore, if (p1, E1) € T(po, Eo), then
Lo - Lo
2E /pOH(s)ds 2E0.
For boundary value problem (1.8) and (1.9), we assume p; < ps and p, > ps. This means

the flow is supersonic at x = 0 and subsonic at x = L. By the results in section 2, we know



that this boundary value problem does not have a smooth solution in general. The solution
is expected to have a transonic shock in the interval [0, L]. A transonic shock solution is a
discontinuous solution of the boundary value problem (1.8) and (1.9). Suppose the shock
location is at a point a € [0, L], then we require the following Rankine-Hugoniot condition
and entropy condition:

Rankine-Hugoniot Condition
J? J?
(s + ) @) = (o) + ) (0, Blat) = B, (3.)
Entropy Condition
plat) > pla=). (3.2)
The shock is transonic means
plat) > ps > pla—). (3.3)

For any p € (0, ps), there exists one and only one F(p) satisfying

J? J?
p(F(p)) + F0o) =p(p) + rE F(p) > ps. (3.4)
Also it is easy to verify that
Pip)— %
F'(p) = L 0, for0 s, 3.5
(p) Y EW) L <0, for0<p<p (3.5)
_ 2
H(F(E)F () = T (p'<p> - ‘;) for0<p<ps (3.6)

For the trajectory passing through (p;, ), we define the shock curve by Tspock

Tshock = {(F(p),E) : (pv E) € T((pl’a)}'

We denote £ ((p1, E1); (p2, E2)) the length in = for the trajectory of (1.8) traveling from the
state (p1, E1) to the state (p2, E2)) when (p1, E1) and (pe, E3)) are on the same trajectory.
In order to show the existence and uniqueness of transonic shocks, we need the following

lemmas.

Lemma 3.1. If the two states (p1, E1) and (p2, E2) are on the same trajectory of system
(1.8), i.e., (p2, E2) € T(p1, E1) and on the trajectory connecting these two states, E does not
change sign (then E is a function of p, denoted by E(p)) ,

2
2 p'(p) — 2

(o1, Er): (2, E)) = / 2 dp. (3.7)

o PE(p)

10



Proof. From (1.8); we have,
2
P'(p)— 22
————dp=d .
JE = de, (3.8)

when E does not change sign. This proves (3.7).0
Lemma 3.2. If two states (p1, E1) and (p2, E2) are on the same trajectory of system (1.8),

i.e., (p2, E2) € T(p1,Er), and on the trajectory connecting these two states, E is strictly
increasing or decreasing (then p is a function of E, denoted by p(E, p1)), then

B2 dE
0((pr, B1); (pa, E —/ = 3.9
((p1, E1); (p2, E2)) b pBp) b (3.9)
as long as p(E, p1) # b for E between E; and Es.
Proof. By the second equation in (1.8), we have % = dz. (3.9) follows then. [J
Lemma 3.3. For the fized (po, Eo) and p,, let
X(p) = (po, Eo); (p, E(p))) + L((F(p), E(P)); (prs Er(P))), (3.10)

where Po < Ps; P < Ps;, Pr > Ps; (ﬁ?E(ﬁ)) € T(pO’EO); (pT’ET(ﬁ)) € T(F(ﬁ)aE(ﬁ)) IfE does
not change the sign along the trajectories from (po, Eo) to (p, E(p)) and from (F(p), E(p)) to

(107"7 E"’(ﬁ))7 then

X0 = ) - Tt - =) (3.11)
p>"p F(p) ’ ‘
where p
1 rop(t) —
Qp) = EQ) +b/F(p) T G.1) dt, (3.12)
provided E(p) # 0 and F(p) # 0, where
E(p,t) = Sgn(E(ﬁ))\/EQ(ﬁ) +2 [ H'(s)ds, (3.13)
F(p)

for t between F(p) and p,. Moreover,

Tt S N R SO IS S B Lo 0 Rl 4

Ci =) p2)<E3<p>[p 7~ I o dt)‘ (314

Proof.  Let X1(p) = £((po, Eo); (p, E(p))) and Xa(p) = £((F(p), E(p)); (pr, Er(p))). Then
we have, by Lemma 3.1,

_ 2
xiip) = [ (3.15)

11



where (¢, E(t)) € T(po, Eo). So

SE ()~ H(1) = 3 B — H(po)
Especially,
SE(p) — H(p) = S — H(po)
Therefore
E(p)E'(p) = H'(p)-
Moreover,

. ropl(t) = 2y
p— 7t
Q(P) /F(p) tE(ﬁ,t) di,

where E(p,t) is given by
SE(put) — H() = JEX(p) ~ H(F(9)),

for t between F'(p) and p,. By (3.15), we have

and

From (3.5), we have

/ = J? 1=\ _ (= J?
(P ED) - gz ) 9 = 00 - )
By virtue of (3.6) and (3.18), we obtain,

B(p.0 52 — B ()E(5) - H(FGF (0

_ J? b b
2 FG

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Since X (p) = X1(p) + X2(p). Therefore, (3.11) follows from (3.20)-(3.23). (3.14) can be

obtained by the same method. [.

We give an alternative lemma on how to calculate X’(p) which will be used later.

12



Lemma 3.4. For the fixed (po, Eo) and p,, let
X(p) = (po, Eo); (p, E(p))) + L((F(p), E(P)); (prs Er(P))), (3.24)

where po < ps, p < ps, pr > ps, (p, E(p) € T(po, Ev), (pr, Er(p)) € T(F(p), E(p)). If E does
not change the sign along the trajectories from (po, Eo) to (p, E(p)) and from (F(p), E(p)) to

(pry Er(p)), and p # b along the trajectory from (F(p), E(p)) to (pr, Er(p)), then

dX(p) i P\ F(p) —p
i - (-5) "

o b H'(p) A
{F<p>E<p>+F<p> /F<p> (6 — b)sgn(E(p) E2(p) + 2 £, >dﬂ3/2d”'}’

(3.25)
provided E(p) #0 , E.(p) #0 and F(p) #0 .
Proof. Let
L1(p) = £((po, Eo); (p, E(p))),
and
La(p) = L((F(p), E(p)); (pr, Er(p)))- (3.26)
First, we have from Lemma 3.1 that
O
L = — % ds. 3.27
o= [ (3.27)
So,
PP -
Ly(p) “EG) (3.28)

as long as F(p) # 0. Next, since E does not change sign along the trajectory from the state
(F(p), E(p)) to (pr, Er(p)), it follows from (p'(p) — Z—j)px = pE that p is a function of E on
the trajectory from the state (F'(p), E(p)) to (pr, Er(p)) (sgn(pz) = sgnE). We denote this

function by p(E, p). It follows from Lemma 3.2 that

Er(p) dE
Lo(7) = / e 3.29
2(P) B(p PE.p)—D (3.29)

Notice that p (E(p), 7)) = F(7) and p(Ew(),7) = pr, we have
Er(p) Op(E,p)

oo Erp)  Ep) [P T
2(ﬂ)—pr_b Fo) b /E(p) (;a(E,ﬁ)—b)?dE' (3.30)

Since ) )
§E2(ﬁ) — H(p) = §E§ — H(po),

13



H'(p)
E'(p) = —7=

? = E)
provided E(p) # 0. Moreover, in view of the fact E2(p) = E%(p) + 2 fgzﬁ) H'(t)dt, we obtain

(3.31)

E(p)EL(p) = E(D)E'(5) — H'(F(5))F' (5)
= H'(p) — H'(F(p))F"(p). (3.32)

We calculate %ﬁ;’p) as follows. First, along the trajectory form (F(p), E(p)) to (pr, Er(p)),

%EQ — H(p(E, p)) = %E2(ﬁ) — H(F(p))- (3.33)

It follows from (3.6) and (3.33) that

p(E.5) _ H'(F(5)F'(5) - E(5)E(p)
o Hp(E.7)

(3.34)

Therefore, (3.30)-(3.34) imply

Ly(p) = (H'(p) — H'(F(p))F'(p)) <

H'(p)

1 Eq(p) dE p
(pr - b)Er(ﬁ) " /E(p) (p(Evﬁ) - b)QHl(p(Evﬁ)) S)

" (F() - DEG) (339
By (2.1), (3.5) and (3.6), we have
10~ / — rr=\ /7_J72b(p*F(:5)
H'(p) = H'(F(O)F'(p) = W' (p) = Z5) = 5™ (3.36)

Therefore, by virtue of (3.28), (3.35) and (3.36), we have

2
Ly (p) + Ly(p) = (p’(p) - ‘;2) (F(p) — p)

J o 1 .\ /Ewp) dE . 1
pF(p) \ (pr = 0)E:(p)  JE@p) (p(E,p)—b)*H'(p(E,p)) )  PEP)(F(p)—b) |
(3.37)

dE

Next, we calculate the term | 5(’;3()’5 ) 7 DB

By the definition of p(F, p), we have

. We make a substitution p = p(F, p).

LB~ H(p) = SEX(p) ~ H(F(p)). (3.38)

Thus
EdE = H'(p)dp. (3.39)
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Therefore, noticing that p(E(p), p) = F(p) and p(E,(p), p) = pr, we have

/Er(ﬁ) dE _ /pr dp
5@ (P(E,p) =62 H'(p(E,p))  Jr@) (5 b)2$gn(E(ﬁ))\/E2(ﬁ) +2f20, H(t)dt

(3.40)
Here we have used the fact E = sgn(E(p)) \/E2 +2 fF(p H'(t)dt along the trajectory from
(F(p), E(p)) to (pr, Er(p)) and (3.39). Next, integration by parts gives

Er(p) dE
/E(P) (0(E,p) = b)2H'(p(E, ﬁ))

pr

_/F(P) (p—b)?sgn(E \/E +2fF(p H'(t)dt

_ 1 " H'(p) .
(o —DE,(5) ' (F (‘)—b) (P) /F@) (p = b)sgn(E(p)[E2(p) + 2 [, H'( )dt]B/?dp'

(3.41)

It follows from (3.37) and (3.41) that
o\
L(5) + Ly(p) = (p'<p> - ‘]2) P =p

p p
b

. 1-— W b Pr H/( ) R
{(F(p) “)EG) | F(p) /F<p> (p— b)sgn(E(p))[E*(5) +2 [£) )dt]3/2dp }
(3.42)

This proves (3.42). O

Lemma 3.5. For the fized (po, Eo) and p, satisfying po < ps, pr > ps, let (p, E(p)) €
T (po, Ep) be a state satisfying 0 < p < ps and E does not change sign along the trajectory
from (po, Eo) to (p, E(p)). Moreover, the trajectory starting from (F(p), E(p)) crosses the
p-axis at the point (¢(p),0) and then intersects the line p = p, at (pr, Er(p)) (i.e. (¢(p),0) €

T(F(p),E(p)) and (pr, Ex(p)) € T(q(p),0)). Furthermore, we assume that p # b on the
trajectory T(F(p), E(p)) . Let

X (p) = (po, Eo); (5, E(p)) + L((F(p), E(p)); (prs Er(p))), (3.43)
then
dX (p) o I\ F(p) —p
dp :<p(p)ﬁ2> p

1 b 1 a(p) dp pr dp
FG) -0EG)  FG) o —DEG) | /Fm (r—7Erlp.p) /q(p) (p— 02Ex(p, m]} ’
(3.44)

15



provided E(p) # 0 and E,(p) # 0, where

Ei(p,p) = sgn<E<p>>\/E2<p> +2 /F p() HY(t)dt,
p

Es(p, ) = —sgn<E<p>>\/E2<p> +2 /F p() HY(t)dt
P

Remark 1. By the definition of E1(p, p), E2(p, p) and q(p), it is clear that

Er(q(p), p) = E2(q(p),p) = 0,

EV(F(p), p) = E(p), E2(pr,p) = Er(p)-
Proof of Lemma 3.5.

Let
X1(p) = £((po, Eo); (p, E(p))),
and

Xa(p) = L((F(p), E(p)); (pr, Er(p)))-
Similar to (3.28), we have,

/ _ {j
X1(p) = £
1) =350
as long as F(p) # 0. Since
Er(p, p)
= b
dx p
thus O /6
1(p,9)/0p _
p—0>
Therefore

La(p) =: £((F(p), E(p); (4(p),0)) = /p() P
p

Noticing (3.47) and (3.48), integration by parts gives,

. _E® 9?) E1(p, p)
La(p) = TFG) -b /F<p) (p— b)de
Similarly,
§ o _BG) . [ B
E(p) == £ (), 0% (e Br(p) = 70+ [
r q(p

It should be noted that
(((F(p), E(p)); (pr Er(p))) = L2(p) + L3(p).

16
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By (3.52), (3.47) and (3.48), we have,

N (0 1) 9E(p, p) /D
Ls(p) = Fo) —b —i—/F(p) e dp. (3.55)
Similar to (3.31), we have
E'(p)E'(p) = H'(p). (3.56)
It follows from (3.45) that
7E1 (P, / H/
Therefore, in view of (3.56),
_OF; . PN
Ey(p, p)Tﬁ = H'(p) — H'(F(p))F"(p). (3.57)
So
P H'(p) b a(p) 1
L5(0) =~ et + (')~ HFG)F ) | ey
Now we show that fF‘; mdp is finite. This is necessary because Ei(q(p),p)) = 0.
Let
s =B +2 [ H(t
F(p)
By (3.45)
Ev(p, p) = sgn(E(p)) v/ 9(p)- (3.59)
It is clear that g((¢(p)) = 0 and
g'(a(p)) = H'(a(p)) # 0, (3.60)

because q(p) # b and q(p) # ps. So

9(p) = g'(a(p)(p — a(p)) + O((p — a(p))*),

as |p—q(p))| is small. This, together with (3.59) and (3.60), implies that fF’; mdp

is finite. By a similar method as above, we can show that

L) = (H'(p) — H'(F(p)F'(9)) (wl)E(p)+ [ o )dp> (3.61)

(3.44) follows from (3.50), (3.58) and (3.61), in view of (3.22). O

In the following, since the cases of 0 < b < ps; and b > ps are completely different, we

consider them separately.
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4 Transonic shock solutions for the case of 0 < b < p;.

We consider this problem for the following different cases.

Case 3.1 (p;, «) is inside the critical trajectory, i.e.,

(3% — f;: H'(s)ds < 0 and 0 < p; < ps (p1, ) # (b,0)) (see Figure 3).

By case 1 discussed in section 2, the initial value problem

(p(p) + JTE)Q: =pE, FE,=p-—0b, forxz>0,
(p, £)(0) = (p1, @)

has a unique periodic supersonic solution. We denote the period of the solution by P. We

(4.1)

assume there exists a positive integer k such that
kEP+2B < L < (k+1)P+ 2B, (4.2)

where B is the length of x for the solution of (1.8) to travel from the state (p,, —E%) to
the state (ps,0). Here E7 is defined as follows: there two intersection points of the line
p = pr with the critical trajectory in (p, E) plane, we denote those two intersection points by
(pr, EY) and (py, —E?) (E7 > 0). The length in z for the solution of system (1.8) to travel
from (p,, —E?) to the state (ps,0) is the same as that for the solution to travel from (ps,0)
to (pr, EV). In the case of (4.2), the solution starts from (p;, a) and travels k times along the
periodic trajectory and come back to the state (p;, ) at @ = kP. In this case, we expect the
shock location is in the interval (kP, L). Due to this, for simplicity, we may assume k = 0.
Let pr(z) be the solution of initial value problem (4.1). Let ppin and ppqe. be the minimum
and maximum values of pr(z) , i. e.,

Pmin = iDL pL(2), Pmaz = B, pr(x), (4.3)

where P is the period of the solution.

In order to construct the transonic shock solution, we assume « > 0, the case for a < 0
can be handled similarly. Suppose p, > F(pmin), we define E,,,, by the value of E such that
the states (F(p;),@)) and (pr, Fmaz) are on the same trajectory of system (1.8), i.e.,

Pr
Eonas = \/ a2 42 H'(s)ds, (4.4)
F(pu)

and Fy,;, by the value of E such that the states (F'(pmin),0)) and (pr, Emin) are on the same
trajectory of system (1.8), i.e.,

Pr
Epin = \/2/ H'(s)ds. (4.5)
F(pmin)

We have the following theorem

18



Theorem 4.1. For a > 0, suppose that (p;, ) is inside the supersonic loop of critical tra-

jectory, i.e.,
1 pu
§a2 - H'(s)ds < 0, and 0 < p; < ps, (4.6)
Ps

and
(p1, @) # (b,0). (4.7)
If pr > F(pmin) and
E((F(pl)v O‘); (pT,Emam)) <L< E((plva)y (pmin: 0)) + E((F(pmm)v 0); (prv Emm)): (4'8)

then there exists a unique state (p*, E*) on the trajectory of system (1.8) passing through
(p1, @) satisfying pmin < p* < p; and E* > 0 and a unique number B satisfying Epin < 5 <
FEpaz such that the following equality holds true:

L= €((pu); (75 7)) + L ((F(p7), E7); (pr, B)) - (4.9)
So the transonic shock location is a = (((p;, a);(p*, E*)) (see Fig. 3).

Proof. For any p € [pmin, pi], let

o
E(p) = \/oz2 + 2/ H'(s)ds. (4.10)
pu
B (p) = \/E2(ﬁ)+2 Fp(r_) HY(s)ds, (4.11)

ie., (p, ) and (p, E(p)) are on the same supersonic trajectory of system (1.8) and (o, Er(p)))
and (F'(p), E(p)) are on the same subsonic trajectory of (1.8). Let

X(p) = (o, @); (p, E(p)) + L((F(p), E(p)); (prs Er(p))), for pmin < p < pr. (4.12)

By (3.11), we have
X'(p) <0, for pmin < p < py. (4.13)

This is because 0 < p < ps < F(p) < pr, E(p) > 0 and 0 < b < ps. (4.8) follows from (4.13)
then. [J

We still assume p, > F(pmin). We denote

Ly = £ ((p1,@); (Pmin, 0)) , (4.14)
Ly = L((F(pmin), 0); (pr; Emin)) ; (4.15)
where Ep = \/2 8 H'(s)ds,
Ls = £((pmin, 0); (Pmaz, 0)) (4.16)
Ls = 0 (F(pma), 0); (pr, F)) (4.17)

where F = \/ 2 g;pm) H'(s)ds. At first, we have the following lemma.
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Lemma 4.1. For a > 0, suppose that (p;, ) is inside the supersonic loop of critical trajectory,

.e.

1 Pl
§a2 - H'(s)ds < 0, and 0 < p; < ps, (4.18)
Ps
and
(o1, ) £ (b,0). (4.19)
If Pr > F(Pmm); then
Ly < L. (4.20)
Proof. We define
2(p) = £((p,0); (pr, Es(p)) s for F(pmaz) < p < F(pmin); (4.21)
where E,(p) = 2fffr H'(t)dt. By Lemma 3.2, we get
Es(p) dz
2(p) = / . 4.22
(e) o Alz,p)—b (4:22)
where the function p(z, p) is given by
1 P _
522 = / H'(t)dt, for 0 <z < Eq(p)and p<p < p,. (4.23)
p
Notice that p(Es(p), p) = pr, we have
= 0p(2,p)
E (p) Es(p) 55
' pP) = —= _/ _—pd27 F(pmaz) < p < F(pmin)- 424)
(v) pr=b Jo  (p(z,p) —b)? (omaz) (pmin) (
By the definition of E4(p) ( Es(p) = /2 fppT H'(t)dt), we have
Ey(p)EL(p) = —H'(p). (4.25)

It follows from (4.23) that
0p(zp)  H'(p)

o0~ Hp) 20
Therefore, (4.24)-(4.26) imply
O - () B L H'(p) . |
O -G NEG "y G G P S0<F -

For psonic < F(pmaz) < p < F(pmin), we have H'(z) > 0, Es(p) > 0 and H'(p(z,p)) > 0. By
(4.27), we have

2'(p) <0 for F(pmaz) < p < F(pmin) (4.28)
Because Ly = 2(F(pmin)) and Le = 2(F (pmaz)) and F(pmin) > F(pmaz), (4.20) follows from
(4.28).
d
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Theorem 4.2. For a > 0, suppose that (p;, ) is inside the supersonic loop of critical tra-

jectory, i.e., . N
§a2 - H'(s)ds < 0, and 0 < p; < ps, (4.29)
Ps
and
(1, ) # (b,0). (4.30)
If pr > F(pmin) and
L3+ Ly <L <Ls+ L5+ Lg (4.31)

there exist a unique state (ps, Ex) on the trajectory of system (1.8) passing through (py, )
satisfying pmin < Px < Pmaz ond Ey < 0 and a unique number By such that the following
equality holds true:

L =L ((pr, a); (s, B)) + L((F(ps), Ev); (prs B1)) - (4.32)
So the transonic shock location is a = £((p1), ); (ps«, Ex)) (see Fig. 4).

Proof. By Lemma 4.1, we know that
L3+ Ly < L3+ Ls+ Lg. (433)

The existence of (p«, Fy) follows from intermediate value theorem. So the remaining task is

to prove the uniqueness. This is done as follows. For p € [pmin, Pmaz), We define

E(p) = —y /2 ’ H'(s)ds. (4.34)
Pmin
Er<p>=\/E<p>2+2 " H(s)as, (4.35)
F(p)

i.e., (Pmin,0) and (p, E(p)) are on the same supersonic trajectory of system (1.8) and (o, Er(p)))
and (F'(p), E(p)) are on the same subsonic trajectory of (1.8).Let

X(p) = L((pmin),0); (p, E(p))) + L((F(p), E(P)); (pr, E+(p)))s for  pmin < p < pmaz- (4.36)
Then we can apply Lemma 3.4 to show that
X'(p) >0, for pmin < p < Pmaz- (4.37)

This is because 0 < b < ps, and for ppin < p < Pmaz , 0 < p < ps, E(p) < 0, E.(p) > 0,
pr > ps > b, q(p) < F(p) and q(p) < F(p). Moreover,

Ei(p,p) <0, for q(p) <p<F(p),
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and
Ei(p,p) > 0, for q(p) < p < py-

These quantities are defined in Lemma 3.4. Theorem 4.2 follows from (4.37). O
We define L; by

Lz =1 (pmama 0); (plv a)) ) (4'38)
Lg=1{ (F(ph a); (pra Ea)) ) (4'39)
where E, = \/02 + 2]52{)1) H'(s)ds. Then we have

Theorem 4.3. For a > 0, suppose that (p;, @) is inside the supersonic loop of critical tra-

jectory, i.e.,
1 pL
5042 - / H'(s)ds < 0, and 0 < p; < ps, (4.40)
Ps
and
(o1,) # (6,0). (4.41)
If pr > F(pmin) and
L3+ Ls+ Leg <L < Ls+ Ls+ L7+ Lg, (442)

there exist a unique state (p**, E**) on the trajectory of system (1.8) passing through (p;, o)
satisfying p; < p** < pmaz ond E** > 0 and a unique number (Bo such that the following
equality holds true:

L = ¢ ((pr, @); (9, E™)) + L ((F(p™), Bxx)s (prs B2) (4.43)

So the transonic shock location is €((py, o); (p**, E**)).

Proof. For p € [pi, pmaz), we define

E(p) = \/2 / ’ H'(s)ds. (4.44)

Ey(p) = \/E(p)2 49 /F p(r) H(s)ds, (4.45)
p

i.e., (Pmaz,0) and (p, E(p)) are on the same supersonic trajectory of system (1.8) and (p,, E-(p)))
and (F'(p), E(p)) are on the same subsonic trajectory of (1.8). Let

X(p) = €((pmaz), 0); (p, E(p))) + L((F (), E(p)); (pr, Er(p))), for pr < p < pmaz-  (4.46)
By a similar approach as in the proof of Theorem 4.1, we can show that

Xé(ﬁ) <0, for L < p < Pmaz- (4'47)
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This shows that L¢ < L7 + Lg. So the assumption (4.42) makes sense. Also Theorem 4.3
follows from (4.47). g

Theorems 4.1-4.3 complete all the possible cases for the interval length L for the case when
(p1, @) is inside the supersonic loop of the critical trajectory. We turn to the case when (p;, @)

is on the supersonic loop of the critical trajectory, i. e.,

and p; < ps. We still assume o > 0. (The case when o < 0 can be handled similarly).
There are two intersection points of the supersonic loop of the critical trajectory and the line
E = 0. One is (ps,0), another one is (pS (f;f"i" H'(t)dt = 0,0 < pt,;,, < b). We define

Pmin>

the following quantities:

_ pr
E(pr) = \/az +2 H'(t)dt, E (Prmin) / (4.48)
F(p1) F(prmin)

= {((p1: @); (Prainy 0)), (4.49)

L5 = U((Pmin: 0); (ps,0)), (4.50)

L5 = U((prain, 0); (p1, @), (4.51)

Lg = ((F(p), a); (pr, E(p1))), (4.52)
L§ = L(F (Prin): 0); (prs E(pfnin)))- (4.53)
Lg = L((ps; 0); (pr, Ec)), (4.54)

where E, is defined by E. = /2 fpps " H'(t)dt. We have the following theorem.

Theorem 4.4. For a > 0, suppose that (p;, @) is on the supersonic loop of critical trajectory,

1.€.,
1 Pl
e / H'(s)ds =0, and 0 < p; < ps, (4.55)
Ps
If pr > F(p5,in), then
a) If
Li <L <L{+Lg, (4.56)
where E(p;) = \/a2+2f "(t)dt, E(pC,;,) = \/2f t)dt, then there exists a

unique state (ps, E*) on supersomc loop of the critical tmjectory satzsfymg Prnin < Pr < p1
and EX > 0 and a unique number 3¢ satisfying E(p¢,;,,)) < 8¢ < E(p;) such that the following
equality holds true:

L= 0((pi @); (pe; E2)) + L ((F(pe), £ (ors B9)) - (4.57)
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So the transonic shock location is a = €((p;, «);(ps, EY));

b)If LS + Lg < L < L§ + L§ + L§, then there exists a unique state (ps*, EX*) on supersonic
loop of the critical trajectory satisfying p..., < pr < ps and E; <0 and a unique number B{
such that the following equality holds true:

L= Li + € ((Prin: 0); (pc" ET)) + L ((F(pe™), EZ7); (pry 7)) - (4.58)

So the transonic shock location is a = L§ 4+ € ((p5,in,0); (0E*EX¥));

c)If L = L + L§ + L§, then the solution of the boundary value problem of (1.8) and (1.9) is
smooth (no transonic shock). In (p, E)-phase plane, the solution starts from (p;, «), travels
along the supersonic loop of the critical trajectory to the sonic state (ps,0), then travels along
the subsonic branch of the critical trajectory to the state (pr, E.);

(d) If LS + L§ + L < L < L§ + LS + L§ + LS, then there exists a unique state (p, E?) on
supersonic loop of the critical trajectory satisfying pp > pO < ps and EO > 0 and a unique
number 35 such that the following equality holds true:

L= LS+ L5+ £ ((ps, 0); ((p2, E2))) + € ((F(p2), £2); (pr, 55)) - (4.59)
So the transonic shock location is a = L§ + LG + € ((ps, 0); ((p%, EQ)));

The proof of this theorem is similar to those of Theorems 4.2 and 4.3. So we omit it.

When the state (p;, ) is outside the supersonic loop of the critical trajectory, i.e.

1 pL

5042 — H'(s)ds >0, and 0 < p; < ps, (4.60)
Ps

the situation is more complicated. We consider the following cases. We use T, to denote the

supersonic trajectory passing through the point (p;, a) on (p, E') phase plane, i.e.,

1 1 p
To=Alp B): g =gt | H(Bdt0<p<p.). (161)
Pl

We use the T5"* to denote the shock conjugate of T,
Tshock — [(F(p),E) : (p, E) € T,}. (4.62)

It is easy to verify that T:"°°* intersects the subsonic branch of the critical trajectory at two
points, denoted by (p, E) and (p, —E), where E > 0. Also, we denote the intersection point
of T, with p-axis by (p%,,,,0). We assume that p, > F(p?,,.). We assume a > 0. We define
the following quantity:

L(p) = £((p1,); (p, E(p))) + £ ((F(p), E(p)): (pry E(p))) , for (p, E(p)) € To, E(p) >0,
(4.63)
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where E(p) = \/ E2(p)+2/ FT H'(t)dt. By the same argument as in the proof of theorem

4.2, we can show that L(p) is a strictly decreasing function of p for p%,. < p < p;. We also
define the quantity

L(p) = € ((Dyin: 0); (0, E(p)) + £ ((F(p), E(p)); (pr, E(p))) , (4.64)
for (p, E(p)) € Ty, p < F~1(p), E(p) < 0, where E(p \/E2 )+2 [ H(t)dt.

By the same argument as in the proof of theorem 3.2, we can show that L(p) is a strictly

pmzn —

increasing function of p for p2. < p < F71(p).

Then we have the following Theorem.

Theorem 4.5. Assume o > 0, then
1. If L(p) < L < L(p%,;,), then there exits a unique state (p1, E1) € T, with E1 > 0 such
that L = L(p1). In this case, the transonic shock location is at a = ¢ ((p;, ); (p1, E1)) .

2 17 () (i 0) + Elrfi) < L < £ (1 0): (1) 0)) + T, -1(5) L(p),then there
exits a unique state (pa, B2) € T, with —FE < Es < 0 such that L = L(py). In this case, the

transonic shock location is at a = € ((py, ); (p2, E2)) .

The proof of this theorem is similar to those for Theorems 4.2 and 4.3. So we omit it.
The case when L > £((p1, @); (p9,5,),0)) + lim,_, p—1(5) L(p) is more complicated. We have

the following theorem for this case. In this case, we do not assume p, > F(p%,..).

Theorem 4.6. Assume o > 0. If L > £((p1, @); (Pin);0)) + lim,_ p-1(5) L(p), the only
possible solution of the boundary value problem is described as follows: In (p, E)-phase plane,
the solution starts from (p;, ), travels along the T, in the counterclockwise direction and
reaches the point (F~1(p), —E), then jumps to the point (p, —E) by a transonic shock. Start-
ing from (p,—E’), the solution travels along the lower portion of the subsonic branch of
the critical trajectory {(p,E) : E = —,/2 fp H'(t)dt,p > ps} and reaches the sonic point
(ps,0). Starting from the sonic point (ps,0), the solution travels along the supersonic loop
{(p.E): 3E* = fp H'(t)dt,p < ps} k times k = 0,1,2,--- and comes back to the sonic point.

Starting form the sonic point, the solution travels along the upper portion of the subsonic

branch of the critical trajectory {(p, E) : E = /2 fp H'(t)dt,p > ps} in the direction that p

increases and reaches the state (py, E.) where E. = /2 fpr H'(t)dt.

Proof. In (p, E)-phase plane, starting from (p;, «), the solution travels along the Ty, in the
counterclockwise direction. The solution can not jump by a transonic shock before it reaches
the point (F~!(p), —E), otherwise it reduces to the case that L < £((p;,@); (p%:,),0)) +

o F—1(p) f)(p) discussed in Theorem 4.5. Also , it can not travel beyond the point (F~1(p), —E).

lim
This is because if it travels beyond the point (F~1(p), —E), it can never reach the state p,.
This can be shown clearly by a phase plane analysis. So the only possibility is as described

in the theorem. o
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5 Transonic shock solutions for the case when b > p;.

In this section, we study the case when b > ps, i. e., b is in subsonic region. It is easy to see
that
H'(p) >0 for 0 < p < ps and p > b, H'(p) < 0, for ps < p < b. (5.1)

In order to solve the boundary value problem (1.8) and (1.9), we need several lemmas. First,

we have the following Lemma.

Lemma 5.1. Suppose the pressure function p satisfies (1.3) and b > ps. Let py, be the density

satisfying
0 < pp < ps, H(py) = H(b). (5.2)
Then
ps < F(pp) <b. (5.3)
Proof. Since H(py) = H(b),
by 2
[ f0-)as
So
J2 2
(p(0) + 77) = (plpv) + =)
b/, J2\ b
—/pb<p(t)—t2>tdt:0. (5.4)
Let
2 2
1) =) + ) = bl + )
z p J2N z
_/g(z) <p () - t2) —t, (5.5)
for 2 > ps, where g(z) = F~1(z). Since g(ps) = ps, we have
F(ps) = 0. (5.6)
On the other hand, , ,
Po) + 2 =rE + T 22
Hence, ) )
/ J / o i P
(06D~ ) d) =) - T 2z 5:7)
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(5.5) and (5.7) yield,

7z) <p

z

-5 ) s oe- [ (0= )
<p’(z) _ ‘;) g(lz)dt _ /g() <p'(t) _ ‘Zj) %dt. (5.8)

Since p”(p) > 0 for p > 0 (see (1.3)), we have

,(Z
9(2)
J? J?
p'(z) — gl p(t) — R for g(z) <t < z.
This, together with (5.8), implies
f'(z) >0, for z > ps.

Therefore, in view of (5.6), we have
f(b) >0, (5.9)

since b > ps. This means, in view of (5.5),

J? J?
00+ 5) = (o) + o)
b, J2\ b
- /g(b) <p () — t2> Yt > 0. (5.10)
Next, we define
J? J?
q(p) =:(p(b) + 5-) = (p(p) + -)
b 2
/p (p’(t) — '2{2) %dt, for 0 < p < ps. (5.11)
It is easy to verify that
/ / J2 b
q(p) = (p (p)—?)(;—l) < 0,for 0 < p < ps, (5.12)

since b > ps > p. This, together with (5.4) and (5.10), implies
oy < g(b) = F(b). (5.13)

Since F'(p) < 0 for 0 < p < ps (cf. (3.5)), (5.3) follows. o
Let )
Ty =: {(p7 E) : §E2 - H(p) = _H(F_l(b>)7p < ps}v (514)

and Sy be the set of states which can be connected to the states of T} by transonic shocks,
ie.,

So:=A{(F(p),E) : (p, E) € Ty.}
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Then Sy is a curve in (p, E)-plane satisfying the following equation

S H(F(0) = ~H(F(0),  po<p<h (5.15)

Clearly (b,0) € Sp. Let

1
Gy = {(p, B) : 5E* — H(p) = —H(1).ps < p < b},

the subsonic branch of the critical trajectory passing through (b,0). In the next lemma, we

will show that curve .Sy is outside the curve le“b . Precisely, we have

Lemma 5.2.

H(F ™ (p)) = HF\(8)) > H(p) — H}),  ps < p<b. (5.16)

Since F~1(ps) = ps, we have
h(ps) = H(b) — H(F~'(b)) = H(py) — H(F (b)), (5.17)

where p, < ps is the constant defined in (5.2). Since ps < b we have H'(p) > 0 for 0 < p < ps.
Thus, (5.13) and (5.17) imply
h(ps) > 0. (5.18)

On the other hand, just as (5.7), we have

2 2
<p’(g(p)) = (g{p))g> g'(p) =p'(p) - ;;, p = ps, (5.19)
where and in the following
g9(p) = F~'(p)
This gives )
Ha)d o) = (10~ % ) (“950) oz (5.20)
Therefore, ,
o= (0 -%) (G- 5) oz (5.21)
Since g(p) = F~1(p) < ps for p > ps, we have
h'(p) <0, p> ps. (5.22)
On the other hand
h(b) = 0. (5.23)
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This, together with (5.18) and (5.22), implies (5.16). O
For (p;, «) satisfying 0 < p; < ps, let

T(pi,0) = {(p, ) : 5* — H(p) = Lo® ~ H(p), p > 0}, (5.24)
and
S(p10) = {(p. B) - 3B — H(F~'(0) = 30> ~ Hpi),p > pa). (5.25)

So S(py, @) is the set of states which can be connected to the set {(p, E) € T(p;, ) : 0 < p <
ps} by a transonic shock. For the set {(p,E) € T(p;, ), p > ps}, E? is a function of p, we
denote this function by E?(p), i.e.,

E(p) = o® +2(H(p) — H(p)). (5.26)
For the set S(p;, ), E? is also a function of p, we denote this function by F3(p), i.e.,
E3(p) = o + 2(H(F~Y(p)) — H(p)), ps < p < o, (5.27)
where p® is determined by
H(F~Y(p™) = H(p) — =02, p* > ps. (5.28)

Obviously
Ey(p*) =0. (5.29)

Then we have following lemma.

Lemma 5.3.

Ei(p) > E3(p),  for ps < p<p™. (5.30)
Proof. Obviously
EY(ps) = E3(ps)- (5.31)
Let g(p) = F~1(p) for p > ps. By (3.5), we have
/ J2 / J?
wlgp) = G omzd (P =P () = 25 p 2 s (5.32)

It follows from (5.26), (5.27) and (5.32 that
d(EL(p) — E3(p))

dp
=2(H'(p) = H'(9(p))d'(p))
J2 b b
=2(p'(p) - f)( 200) ;), (5.33)
for ps < p < p™. For p > p, g(p) = F~1(p) < ps, ¥'(p)— %5 > 0. Therefore, %;Eg(p)) >0

for ps < p < p®*. This, together with (5.31), implies (5. 30) O
We construct transonic shock solutions according to the different situations of (p;, ), pr
and L.
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5.1 The case for (p;, ) is outside the trajectory though (F~1(b),0).

In this case,
1 _
5042 — H(p) > —H(F7L(b)), 0< p; < ps. (5.34)

We define p%“ by

ma

1
H(po“ )= H(p) — =a?,0 < po4 < p

mwn 2 min

(see Figure 6). We construct the solution for the different situations of p,.

Subcase 1. p, > F(po“ ).
We define
pi0) = {(p. B) : 5B~ Hp) = 5o” — Hlp), sl <p<p} (5.3
the supersonic trajectory passing through (p;, ), and
S(pi,0) = {(F(p, E) : (p, E) € Tpr, )} (5.36)

the curve on (p, E')-plane consisting of the states which can be connected to those on T(p;, @)
by a transonic shock. Then S(p;, «) intersects the critical trajectory passing through (b,0)
at two points (pc, E.) and (pe, —E.) with p. > b and E. > 0 (see Figure 6).

In this case, we have the following result.

Theorem 5.1. Suppose that (p;, ) satisfies (5.34) and pr, > F(po ).
1) If « > —E,, then we have

1a) the boundary value problem (1.8) and (1.9) does not have a solution with a single transonic
shock, if

L <{(F(p), @), (pr,B)), (5.37)
where B is determined by
8= /o + 2(H(p) — HF(p0), (5.38)
such that (pr,B) € T(F(p1), @),
1b) if
L((F(pr), @);(pr,B)) < L < o0, (5.39)

Then there exists a unique state (p*, E*) € T(p;, ) satisfying p? < p* < p and —E, <

E* <« and a constant E, such that
(prs Er) € T(F(p%), E¥), L=1L((p1,); (p*, ET)) + L((F(p*), E7); (prs Er)) (5.40)

so the transonic shock location is a = £((p;, «); (p*, E¥)).
2) If « < —E,, then the boundary value problem (1.8) and (1.9) does not have a solution with

a single transonic shock. (See Figure 6).
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Proof. 1a) and 2) are clear by looking at the phase portrait (see Figure 6). Therefore, the

task is to prove 1b). We prove this for the different cases of a.

Case 1.
a > 0. (5.41)
In this case, we claim:
i) if
U(F(pr), @);(pr,B)) < L < (1, 0); (prins 0)) + L((F(pinin); 0); (pr Er) (5.42)

where 3 is given by (5.38), E, is determined by

v = \/2(H(p) — H(F(522,)): (5.43)

such that (p,, E;1) € T(F(p ), 0), then there exists a unique state (p*, E*) € T(p;, @)

Pmin

satisfying p2 < p* < p; and 0 < E* < « and a constant E, such that

(pr, Er) € T(F(p*, E7), L =€((p1; @); (p7, E7)) + L((F(p*), E7); (pr, Er)) (5.44)

ii) if
(o1, @); (P 0)) + L((F (i) 0); (pry Br1)) < L < o0, (5.45)

out
Prmins

0) satisfying p% < p* < F~!(p.) and

min —

then there exists a unique state (p*, E*) € T(
-E. < E* <0 and a constant E} > 0 such that

(ors ) € T(F (), BY), L = €((p1,0); (5, B")) + £ (F(7), B (o, 7)) (5.46)
We prove i) and ii) by using Lemmas 3.3 and 3.4. First, if (5.41) and (5.42) hold, we define
X(p) = L((p1;); (p, E(p)) + £ ((F(p), E(p)); (pr, Er(P))) ,

for (p, E(p)) € T(p1, ), p2% < p < pand 0 < E(p) < a. Here the meaning of E,(p) is the

same as that in Lemma 3.3, i.e.

E:(p) = VE*(p) +2(H(F(p)) — H(pr)). (5.47)
Then we can apply (3.11) in Lemma 3.3 to obtain
X'(p) <0, for ppt, < p < pr. (5.48)

This is because 0 < p < ps, pr > F(p) > ps > p, E(p) > 0 and E(p,t) > 0 for p, >t > F(p)
(The definition of E(p,t) can be found in Lemma 3.3). This proves i). In order to prove ii),

we let
¢(p) = £ ((Pin, 0); (5, E(p)) + L ((F(p), E(p)); (pr, Er(p)))
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for (p, E(p)) € T(p°“ ,0), po% < p < F~(p.) and —E. < E(p) < 0. Here the meaning of

Pmins » Pmin

E,(p) is the same as that in Lemma 3.5, i.e.,

E.(p) = VE*(p) + 2(H(F(p)) — H(pr)). (5.49)
By using Lemma 3.5, we obtain

0 __ (- 2) L2

P2 P

dp

1 b 1 a(p) dp pr dp
| { (FG) -DEG)  FG) (o —0EG) T /F<p) (r—7Er(p) /q(m (0 — 0 Ex(p. p)

(5.50)
where
Er(p, p) = —\/EZ(,)) 42 /F ,)(p) H(t)dt, (5.51)
Ex(p,p) = \/EQ(ﬁ)+2 Fp(ﬁ) HY(t)dt, (5.52)
where q(p) is determined by
Er(q(p), p) = E2(q(p), p) =0, (5.53)

It is clear that q(p) < F(p) and q(p) < p, for p?% < p < F~1(p.). Moreover, E1(p,p) <

0 as ¢(p) < p < F(p), so

/q(p) 1 p (5.54)

—dp > 0. .
Fp) (p—b)2E1(p,p)

On the other hand, ¢(p) < p, and Es2(p,p) > 0 as q(p) < p < pr, SO

Pr 1
—dp > 0. 5.55
/q(ﬁ) (p—b)2Ea(p.p) " (5.35)

Therefore,

Pr 1
— dt > 0. 5.56
/F@ (= 9°E(tp) (5.36)

Due to the fact that p/(p) — %22 <0and F(p) >b> pand E(p) <0 for p?% < p < F~1(p.).
In view of (5.55) and (5.54), we have

¢'(p) > 0, for p2 < p < F1(p). (5.57)
Finally, we show that
dim (F() B (pr Er(5)) = +o0, (5.58)
p—F~1(pc)—
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where E,.(p) is determined by (5.47). This can be shown as follows. The trajectory T'(F(p), E(p))
intersects the p-axis at (¢(p),0) In order to show (5.58), it suffices to show that

ap) p/(t) —

(P (). B (a(p),0) = | I S (5.59)
as p — F~(p.)—, where
t (g— /(s) — JTZ
E1<t,p>:—\/2/( W) =52 b g() <t < (). (5.60)
qa(p) 8
In fact, as p < F'~ 0 ) > b. Therefore

|E1(t, p)| < O (s —b)ds = \/ (t—0)2—(q(p) —b)?), q(p) <t < F(p). (5.61)
a(p)

y (5.59) and (5.60), we have

F(p) 1 F(p) 1
(F @) E(): alp)0) 2 C [ Ea = C | S
ap) Bt p a(7) \/5((75 —b)2 — (¢(p) — b)2)

As p— F~Y(p.)—, F(p) — pe > b, q(p) — b. Thus, (5.59) follows from (5.60)and (5.61). OJ

Case when b < p, < F(p2“ )
Next, we consider the case when b < p, < F(p24 ). We still denote (p, E.) and (p., —E.)
the intersection points of the shock curve S(p;, ) and the trajectory though (b,0) (see Figure
7). There are two subcases needed to be handled separately.

Subcase 1:
pe < pr < F(puty)- (5.62)

In this case, the line p = p, intersects the shock curve S(p;,a) at two points (p, E?) and
(pr, —E?) with E? > 0, the trajectory passing through (p,,0) satisfying 3 E2—H (p) = —H (p,)
intersects the shock curve S(p;, ) at two points (pl, E!) and (p!, —E}!) with E}! > 0 (see
Figure 7). Clearly, p: > p, and E? > E}.

For p e [F~(py), F~(pc)], we let

= VE*(p) + 2((H(pr) — H(F(p)), (5.63)

where

E(p) = —v/a? +2(H(p) — H(p))
satistying (7, E(p) € T(p3%,,0) C T(p1, ).
In this case, for any state (p, E(p) € T(p;,a) satisfying F~1(p}) < p < F~1(p.), —E. <
E(p) < —E!, the trajectory T(F(p), E(p)) starting from (F(p), E(p)) intersects the line
(

E(
p = pr twice at (p,, —E,(p) and (p,, Er(p). Obviously,

E, (F7'(p}) = 0,E, (F ' (pr)) = E. (5.64)
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For (p, E(p) € T(p ,0) C T(py, ), we define

pmln?

Y (p) =t((p1, ); (p, E(p))) + L((F(p), E(p)); (pr, —Er(P))),
for p € [F~'(py), F(pr)], —E) < E(p) < —E},
Z(p) =t(p; ); (p, E(p))) + L((F(p), E(P));: (prs Er(p)))s
for p € [F~(p}), F " (pc)), —Ec < E(p) < —E;. (5.65)

It should be noted that Z(p) = Y (p) + £((pr, —Er(p)); (pr, E+(p))) for p € [F~L(pk), F~1(p,)]
and Y/(F~1(pl)) = Z(F~'(p})). With those notations, we have the following Lemma.

Lemma 5.4. Suppose that (p;,«) satisfies (5.34), p, satisfies (5.62) and o > EO. Then
there exists a unique state (p, E(p) € T(py, ) satisfying F~1(pl) < p < F~(p,) and —E? <
E(p) < —E! such that

Y'(p) < 0,for F~1(p!) < p < p,
Y'(p) > 0,for p < p < F~'(p,).
So
Y(p) = min Y(p). 5.67
)= oo YO (5.67)
Proof. We prove (5.66) first. Notice that
Y (p) = L(p1, @); (praim» 0)) + X (p), (5.68)

where
X(p)) = U(pmin: 0); (5. E(p))) + €((F (), E(p)); (prs —Er(P))),
for 7€ [F~1(p1), F(p,)). So
Y'(p)) = X'(p).
Applying (3.11) in Lemma 3.3, we get

o . . J? 1 1 1
Y'(F~ (p,) = X' (F(pr)) = (p (F~ ' (py)) — (F—l(pr))2> <F‘1(p,n) - pr> E(F-1(p,))

Since E(F~Y(p,)) <0, p'(F~1(p,)) —

W<OandF ( )<p»p,

Y'(FY(p,)) > 0. (5.69)
Again, by (3.11), we have
2
V(o) = X' = (W 00 = et ) (i — ) QU b,
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where )

. J
QF (p}) = —— B +b/pp tE3 ( ) )dt (5.71)

E(F_I(P}n),t):—\/EQ(F‘l(p}«))Jr?(H() H(ph)), pr <t < py.

We know that

—o0 < E(FY(p})) < 0. (5.72)
We now show that 1
Pr p/(t) —_ t72

dt = . 5.73

/,3; B F (0" T (5.73)

This can be shown as follows. Let

g(t) = E*(F~'(py),t), pr <t < pj.

Then )
S9(0) — H(t) = SB*(F~ (1)) ~ H(p}), pr <t < p}
Therefore,
/ / b / J 2 1
§() = 2H'(t) = 21— D) — L), pr <t < pl.

¢ 2
Since ,071, > pr > b > pg, there exist positive constants Cy and C5 such that

C1 < g(t) < Co p <t < ph (5.74)

Since g(p,) = 0, we have
9(t) = O([t = prl),

as |t — py| is small. This means

E(F~Y(py),t) = O(It = pr'?),

as |t — py| is small. (5.73) follows since p! > p, and E(F~Y(p}),t) < 0 for p, <t < pl. By
(5.70)-(5.73), we have
VI(FL(ph)) = —oo. (5.75)

In view of (5.69) and (5.75), we know that Y’(p) changes the sign in the interval [F~1(pL), F~1(p,)].

Since
signQ(p) = —signX'(p) = —signY”(p)

for p € [F~1(pl), F~1(p,)] (where Q(p) is defined in (3.12)), Q(p) changes the sign in the
interval [F~1(pl), F~1(p,)]. Suppose

Q(p) = X'(p) = Y'(5) = 0, (5.76)
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for p € [F~1(pl), F~(p,)]. By (3.11) and (3.12), we have

N ropl(t) 2y
— b TP g — .
) Ep) /F(ﬁ) tE3(p,1) =0 (5:77)
This, together with (3.14), gives
Q' (p)
p’(ﬁ)—%
1 /b b 1 1 propl(t) — J—2
=— [ ——— -1 3b2(A ) — 7
E3(p) (p F(p) )* p T Fp) /F(p 0,1

=Y <; - sz))> /Fp(m ptgg& i) (EZ > Be 0

Since p. < F(p), E2(p,t) < E2(p) for p, <t < F(p), B(p) <0, F(p) > pand p/(p) — £ <0
(p < ps), (5.78) implies
Q'(p) <0.
Therefore, by (5.69), (5.75) and (3.11), we have
QFH(pr) <0, QUFH(pr)) = +o0, Q'(p) < 0as Q(p) = 0 for p € [F~ (py), F~(pr)]-

Therefore, Q(p) only changes the sign once for p € [F~1(pl), F~1(p,)] at p = p where
Q(p) = 0. Therefore, we can claim that

0
QF (p)) =+00,  Q(p) =0,
0

This proves (5.66) and (5.67) in view of (3.11). O
With this lemma, we have the following theorem.

Theorem 5.2. Suppose that (p;, o) satisfies (5.34) and p, satisfies(5.62). Then 1) If a > E?
1a) the boundary value problem (1.8) and (1.9) does not have a solution with a single transonic

shock, if

L< e((F<pl)a a)? (prvﬁ»? (579)
where B is determined by
B =2 +2(H(p) - H(E(p)), (5.80)
such that (pr, 3) € T(F(p1), ).
1b) if
U(F (), 0): (prs B) < L < (pr 0); (F~(pr), E)), (5.81)



where (3 is determined by in (5.109), then there exists a unique state (p*, E*) € T(p;, )
satisfying F~1(p,) < p* < p; and EQ < E* < a and a constant E, such that

(or Er) € T(F(p*), E), L =£((pr,); (p*, E7)) + L ((F(p"), E¥); (prs Er)) - (5.82)

So the transonic shock location is a = £((p;, «);(p*, E*));
2) If « > E? and
(@) (F~\(pr), EY) < L < Y (), (5.83)

(where and in the following p is given in (5.66) and (5.67)), then the boundary value problem
(1.8) and (1.9) has no solution with single transonic shock;
3) If a > E? and

Y(p) < L < min{Y (F~'(py)), Y (F~(pr))}, (5.84)

then there exist two and only two states (pi, E(p3)) € T(p1, ) and (p5, E(p5)) € T(p1, )
satisfying F~'(py) < pi < p and p < p3 < F~(p,), E(p) < E(p}) < —E; and —E} <
E(p3) < E(p) such that

L=Y(p1) =Y (p3)- (5.85)

In this case, there are two shock locations, i.e., £((pi, o); (p7, E(p7)) and £((p1, a); (p5, E(p3))).
4) Suppose a > E® and Y (F~1(pl)) # Y (F~1(p,)) (the case Y(F~1(pl)) = Y(F~(p)) can
be handled similarly).
If

min{Y (™ (o)), Y (F~ (pr))} < L < max{Y (F ™" (o)), Y (F~ (py))}, (5.86)

then we have the following results:
4a) if
Y(F~Hpr)) < Y(F~(pr)), (5.87)
then there exist two states (p%, E(p%)) € T'(p1, @) and (p3, E(p3)) € T(py, ) satisfying (F~1(pl)) <
Py, 05 < F~Y(p,) such that
L =Z(p1) =Y(p3), (5.88)

4b) if
Y(F~ () > Y(F(pr)), (5.89)

then there exists a unique state (px, E(p*)) € T(py, ) satisfying (F~(p})) < p* < F~1(py)
such that
L = Z(p%). (5.90)

So the shock location is a = ((p, ); (p*, E(p*)).
5) if
max{Y (F ™" (), Y (F ™ (pr))} < L < +ox, (5.91)
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then there exists a unique state (p*, E(p*)) € T(p, ) satisfying F~1(pl) < p* < F~Y(p.) and
—E. < E(p*) < —E? such that

L =((p, @); (5", E(p7))) +£(5", E(p7)); (pr, 7)) = Z(p7), (5.92)

where B} = \/(B2(5) + 2(H(pr) — HEG) s0 that (pr, E?) € T(F(7), E(5"). So the
transonic shock location is a = €((p, «); (p*, E¥)).
6) If —E! < a < E? or a < —E,, then the boundary value problem (1.8) and (1.9) has no

solution with single transonic shock.

Proof. We prove la)and 1b) as follows, we define

z(p) = Lo @); (p, E(p))) + L((F(p), E(p)); (pr, Er(P)));

for (p, E(p)) € T(p1, ), F~(p;) < p < py and E? < E(p) < a, where E,(p) is determined
by (pr, Er(p)) € T(F(p), E(p) satisfying E? < E,(p) < 3. By (3.11) and (3.12), we have
) = () — Tyt L
where J2
— 1 pr p/(t) t2
=——+b 7d
)= 557+ ) TG
Therefore,

#'(p) <0, Fl(p,) <p<pi,

since E(p) > E° > 0, F(p) < pr and E(p,t) > 0 as F(p) <t < p,. Thus 1a) and 1b) are
proved.

2) can be proved as follows. For any state (p, E) € T'(p;, «) on the portion between two states
(F~(p,), B) and (F~(p}), ~EY), ie. .

1 1
§E2 _H(p) = 50‘2 _H(pl)a _E} <E< Ev[")v

the trajectory passing through (F'(p), E) is on the right of the trajectory passing through
(pr,0) and thus can not intersect the line p = p,. This, together with (5.69), proves 2).

3) can be proved by using (5.66) and (5.67).

In order to prove 4) and 5), we first show that

Z'(p) >0, for F'(p}) < p < F~'(pc), (5.93)

where Z(p) is defined in (5.65).

In fact, we may write Z(p) as

Z(p) = U((p1, @); (Piin: 0)) + 2(p), (5.94)
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for F~(pl) < p < F~1(p.). Then
Z'(p) = (p), (5.95)
for F~1(pl) < p < F~1(p.). It follows (3.44) in Lemma 3.5 that

dz(p oo I\ F(p)—p
w3

. 1 b 1 q(p) dp pr dp
{(F(ﬁ) “DEG)  F() (- DEG) /F<p> (0= 0PEx(p.7) /q@) (0= Exlp, ﬁ)]}’
(5.96)

for F~1(pl) < p < F~1(p.), where the definitions of quantities in (5.96) are the same as
those in Lemma 3.5. Since p/(p) — ‘g—; <0(p<ps), F(p) >b>p, BE(p) < —EL <0, p >
b, E-(p) >0, pr >q(p), F(p) >q(p), Ei(p,p) <0 and Ez(p, p) > 0, we conclude,

2(5) > 0, for F~\(p}) < p< F'(p). (5.97)

(5.93) follows from (5.94) and (5.97).
Proof of 4a).
If (5.76) holds, then (5.75) implies
Y(F~Hpy)) < L <Y(F~(p,)). (5.98)

Since Y (F~1(pl)) = Z(F~1(pl)), 4a) is proved by using (5.98) and (5.93).
Proof of 4b).
If (5.78) holds, then (5.75) implies
Y(F7Hpr)) < L<Y(FH(pp))- (5.99)

Since Y(F~Y(pl)) = Z(F~1(pl)) and Z'(p) > 0 for F~1(p}) < p < F~1(p.), 4b) is proved.
Proof of 5).
5) is proved by using (5.93) and the following fact

lim  Z(p) = +oo. (5.100)

p—F~1(pc)~

The proof of (5.100) is similar to that for (5.58). We thus omit it.
6) can be easily seen by looking at the phase portrait (see Figure 7). O

Next, we consider
Subcase 2:
b < pr < pe. (5.101)

In this case, the line p = p, intersects the shock curve S(p;,a) at two points (p;, E?) and
(pr, —E?) with E? > 0, the trajectory passing through (p,,0) satisfying 3 E2—H (p) = —H (p,)
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intersects the shock curve S(p;, ) at two points (pl, E!) and (pl, —E}!) with E} > 0 (see
Figure 8). Clearly, p! > p, and E? > E}.
For p € [F~1(p,), F~(pr)], we let

E(p) = VE*(5) + 2((H(p,) - H(F (7)), (5.102)

where

E(p) = —v/a? +2(H(p) — H(p))
satisfying (p, E(p)) € T(p24.,0) C T(p;, ).

men’

In this case, for any state (p, E(p) € T(p;, ) satisfying F~1(p,) < p < F~1(p.), —E. <
E(p) < —E,, the trajectory T(F(p), E(p)) starting from (F(p), E(p)) intersects the line
p = pr twice at (p,, —E,(p) and (pr, Er(p). Obviously,

E, (Fil(/ar)) =0, B, (Fil(pc)) = E.. (5103)

For (p, E(p) € T(p°“ ,0) C T(p1, ), we define

pmzn?

Y (5) =C((p1, @); (7. E(5))) + €((F (),
for p € [F(5,), F~\(p)], —B» < E(p) < —E,, (5.104)

Z(p) =t((p1, @); (5. E(5))) + L((F (). E(2): (pr, Er (7)),
for p € [F~"(p), F(p.)), —E. < E(p) < ~E,. (5.105)

It should be noted that Z(p) =Y (p) + £((pr, —Er(p)); (pr, Er(p))) for p € [F~1(pr), F~ (pe)]
and Y (F~Y(p,)) = Z(F~'(p,)). With those notations, we have the following Lemma.

Lemma 5.5. Suppose that (p;,«) satisfies (5.34), (5.101) holds and o > E°. Then there
ezists a unique state (p, E(p) € T(py, ) satisfying F~1(p,) < p < F~Y(p.) and —E, < E(p) <
—F,. such that

Y'(p) < 0,for F~Y(p,) < p < p,

Y/(Fil(laT» = —0o0, N o 1
Y'(p) > 0,for p < p < F~(py).

(5.106)
So

Y(p) = min Y (p). 5.107
D)= s 20 s Y P) (5107

The proof of this lemma is almost the same as that for Lemma 5.4. So we omit it.

With this lemma, we have the following theorem.

Theorem 5.3. Suppose that (p;, ) satisfies (5.34) and (5.101) holds. Then 1) If a > E?
1a) the boundary value problem (1.8) and (1.9) does not have a solution with a single transonic
shock, if

L < 6(F(p), o), (prB)), (5.108)
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where B is determined by

B =a®+2(H(pr) — H(F(p)), (5.109)

such that (pr, 3) € T(F(p1), ).
1) if
(o), @) (prs B) < L < (prsa); (F~(pr), En)), (5.110)

where (3 is determined by in (5.109), then there exists a unique state (p*, E*) € T(p;, )
satisfying F~1(p,) < p* < p; and EQ < E* < a and a constant E, such that

(prs Bv) € T(F(p°), E*), L= ((p1,); (0", B)) + £ ((F(0"), B"): (pr. By)) . (5.111)

So the transonic shock location is a = £((p;, «);(p*, E*));
2) If « > E? and
U(pr, 0); (F~(pr), By)) < L <Y (p)), (5.112)

(where and in the following p is given in (5.107)), then the boundary value problem (1.8) and
(1.9) has no solution with single transonic shock;
3) If a > E? and

Y(p) < L < minfY (F~1(5,)), Y (F~ (o))}, (5.113)

then there exist two and only two states (pi, E(p3)) € T(p1, ) and (p5, E(p5)) € T(p1, )
satisfying (F~'(pr)) < p} < p and p < p5 < F~Xp,), E(p) < B(p}) < —E; and —E, <
E(p5) < E(p) such that
L=Y(p1) =Y (p3)- (5.114)

In this case, there are two shock locations, i.e., £((pi, o); (p7, E(p7)) and £((p1, a); (p5, E(p3))).
4) Suppose a > E? and Y (F~1(p,)) # Y (F~Y(p,)) (the case Y(F~1(p,)) = Y(F~(p)) can
be handled similarly).
if

min{Y (F~(p,)), Y(F ' (pr)} < L < max{Y(F~(5,)), Y (F~'(pr))}, (5.115)

then we have the following results:

4a) if
Y(F_l(ﬁr)) < Y(F_l(pT)), (5.116)

then there exist two states (p%, E(p})) € T(p1, @) and (p3, E(p3)) € T(py, a) satisfying (F~1(p,)) <
pr < F~Yp.) < p5 < F~Y(p,) such that

L=2Z(p1) =Y (p3),

4b) if
Y(E~Hpr)) > Y(F~(pr)), (5.117)
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then there erxists a unique state (px, E(p*)) € T(py, ) satisfying (F~1(p.)) < p* < F~(pe)
such that
L = Z(px).

So the shock location is a = {((p, ); (p*, E(p*)).
5) if
max{Y (F~(p,)), Y (F~(pr))} < L < +00,

then there exists a unique state (p*, E(p*)) € T(py, @) satisfying F~(p,) < p* < F~(p.) and
—E. < E(p*) < —E, such that

L = t((p1,); (7, (7)) + £5", E(5")): (pr EL)) = Z(7°), (5.118)

where Ef = \/(E%(p*) + 2(H(p,) — H(F(p*)) so that (p,;, E}) € T(F(p*), E(p*). So the
transonic shock location is a = €((p, «); (p*, E¥)).
6) If -E, < a < E, or a < —FE,, then the boundary value problem (1.8) and (1.9) has no

solution with single transonic shock.

The proof of this theorem is similar to that for Theorem 5.2. So we omit it.

Next, we consider the following subcase:

Subcase 3:
b < pr < pe. (5.119)

In this case, the line p = p, intersects the shock curve S(p;, ) at two points (p,, E°) and
(pr, —EQ) with E? > 0. The trajectory passing through (b, 0) satisfying 3 E*— H(p) = —H(b)
intersects the shock curve S(p;, ) at two points (p., E.) and (p., —E.) with E. > 0 (see
Figure 9).

For p & [F~1(pe), F~'(py)], we let

e, (p) = —/E*(p) + 2((H(p,) — H(F (D)), (5.120)

where

E(p) = —/ a2 +2(H(p) — H(p))

satisfying (p, E(p) € T(p°“ ,0) C T(py, ).

Prvin

For (p, E(p) € T(p ,0) C T(py, ), we define

Pmins

Y () =€((p1, ); (5. E(5))) + €((F(5), E(7)): (prs —er(5)),
for 5 € [F(pe), F~(p,)], —E < B(p) < —E., (5.121)

Then we have,
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Lemma 5.6. Suppose that (p;,«) satisfies (5.34) and (5.119) holds and o > EP. Then
there exists a unique state (p, E(p) € T(py, ) satisfying F~1(pe) < p < F~1(p,) and —E? <
E(p) < —E. such that

Y'(p) < 0,for F~! < p<p,
lim Y'(p) = —o0, (?) (pe) <p <P (5.122)
ppet Y'(p) > 0,for p < p < F~(py).

So

Y(p) = Y(p). (5.123)

min
F=1(pc)<p<F~1(pr)
Proof. We only prove

lim Y'(p) = —o0
p—pet

in (5.122). The proof of the rest is almost the same as that for Lemma 5.4.
For any p € (F~1(p.), F~(p;)), we apply (3.11) and (3.15) to get

where

N prop(t) — %
00— [ PR,
2 F(p) tE?(p;1)

with —E° < E(p) < —E.. The meaning of E(p,t) is given in (3.13). Now we want to show
that

lim 0) = +o0.
i Q)

This is equivalent to

prop(t) — %
————Ldt = +o0. 5.124
/F(p) tE3(p,t) ( )

Since E(p,t) < 0,p'(t)— 2 > 0and F(p) > b > p, for F~Y(p.) < p < F~X(p,), pr <t < F(p),

we have ) )
/pT' p/(t)_{?dw/b Mdt (5.125)
Fp) tE3(p,t) T Jrp) tE3(p,t) '
Let

9(p,t) = E*(p,t), for b <t < F(p).
Then we have 1
S9(p.1) — H(t) = (7).
where C'(p) is a quantity only depending on p but not on ¢t. Therefore,

dg(p,t / LY J
ggi ) _op () =201 = E'(t) = 3)-
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Thus

li—p = 0. (5.126)
On the other hand,

lim 5,t) = 0. 5.127
- (pc)ﬂéwg(p ) ( )

It follows from (5.126) and (5.127) that

9(p,t) = o(|t —b), (5.128)
as |t — b| is mall. Therefore, (5.124) follows from (5.125) and (5.128). O
With this lemma, we have the following theorem.

Theorem 5.4. Suppose that (p;, ) satisfies (5.34) and (5.119) holds. Then 1) If a > E?,
1a) the boundary value problem (1.8) and (1.9) does not have a solution with a single transonic
shock, if

L < ((F(pr), @), (prs B)),

where B is determined by

8= +/a?+2(H(p,) — H(F(p1)), (5.129)

such that (py, B) € T(F(p1), o).
1) if
U(F(po), @); (pry B) < L < L(pr, 0); (FHpr), BY)),

where B is determined by in (5.129), then there exists a unique state (p*, E*) € T(p, )
satisfying F~1(p,) < p* < p; and E? < E* < « and a constant E, such that

(prs Er) € T(F(p"), B*), L = ((p1, ) (5, E*)) + L (F(p*), E); (o, ).

So the transonic shock location is a = €((p;, «);(p*, E*));
2) If a > E? and
((pn a); (F (o), E)) < L < Y (7)), (5.130)

(where and in the following p is given in (5.122)), then the boundary value problem (1.8) and
(1.9) has no solution with single transonic shock;
3) If a > E? and

Y(p) < L<Y(F ' (p,),

then there exist two and only two states (p7, E(p3)) € T(p1, ) and (p5, E(p3)) € T(p1,x)
satisfying (F~'(pc)) < pf < p and p < p5 < F~Xpr), E(p) < E(p}) < —E. and —E;) <
E(p5) < E(p) such that

L=Y(p1) =Y(p3)-
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In this case, there are two shock locations, i.e., £((py, ); (pT, E(pt)) and £((p1, @); (p5, E(p3))).
4) if

Y(FY(p,)) < L < +o0,
then there exists a unique state (p*, E(p*)) € T(p;, ) satisfying F~(p.) < p* < F~1(p) and
E(p) < E(p*) < —E. such that

L= 4((p, @); (5", E(p7))) +£(5", E(07)); (pr, Er)) = Z(57),

where Ef = \/(E2(p*) + 2(H (p,) — H(F(p*)) so that (p,, Ef) € T(F(p*), E(p*)). So the
transonic shock location is a = €((p, «); (p*, E¥)).
6) If —E. < a < E? or a < —E?, then the boundary value problem (1.8) and (1.9) has no

solution with single transonic shock.

Proof. The proof of this theorem is similar to that for Theorem 5.2 by noticing that
lim Y (p) = +o0,
p—F~1(pc)+ 2

which can be shown by a similar argument to that for (5.59). O

Next, we consider the following case

5.2 The case when (p;, a) is between the trajectory passing through (F~1(b),0)
and the subsonic part of the trajectory passing through (b,0).

In this case, (p;, @) satisfies:

1
—H®b) < 5042 — H(p) < —H(FL(b)), 0< p; < ps. (5.131)
The supersonic part of the trajectory passing through (p,a) intersects the line E = 0 at
(p2 0), the shock curve S(p;, «) intersects the subsonic part of the critical trajectory pass-
ing through (b,0) at two points, denoted by (p¢, E€) and (p°, —E°).
We first consider the case when p, > b. We have the following result (See Figure 10).

Theorem 5.5. Case for p. > b
Suppose that (p;, o) satisfies (5.131),
1) If a > E*, then
1a) the boundary value problem (1.8) and (1.9) does not have solutions with a single transonic
shock if
L <U(F(p),); (prs E), (5.132)

(where EY is determined by (pr, ES) € T(F(pr), ) ),
1) if
U(F(pr), @); (pry BY) < L < 00, (5.133)
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then there exists a unique state (px, E(p*) € T(p;, ) satisfying F~1(p¢) < p* < p; and
E° < E(p*) < « such that

L = U((p1, @) (5", E(p")) + L((F(p"), E(p"), (v E)), (5.134)

where EY satisfies (pr, EY) € T(F(p*), E(p*)).
2) If a < E°, the boundary value problem (1.8) and (1.9) does not have solutions with a single

transonic shock .

Proof. 1a) and 2) are easily seen on phase plane (see Figure 10). We prove 1b) as follows:
If p, > b and a > E°, for (p, E(p) € T(p;, ) satisfying F~1(p°) < p < p;, we define

X(p) = €(pr, a); (p, E(p)) + £((F(p), E(p), (pr, Er(p))),
where E,.(p) satisfies (p,, Er(p)) € T(F(p), E(p)). By (3.11), we can show that
X'(p) <0, (5.135)

for (p, E(p) € T(pi, ) satistying F~1(p°) < p < p; and E¢ < E(p) < a. Moreover, just as
(5.58),

lim  ((F(p), E(p), (prs Er(p))) — +00. (5.136)
p—F~1(p%)+
This implies
lim X(p) — +o0. 5.137
dm  x() (5.137)

(5.134) follows from (5.135) and (5.137). O

Next, we consider the case when F (p%‘;n) < pr < b. In this case, the trajectory passing
through (p,,0) satisfying 1E? — H(p) = —H(b) intersects the shock curve S(p;, ) at two
points, denoted by (p®, EX) and (p¥, —EX). In this case, for any state (po, Ep) in between
the trajectory through (p,,0) and the critical trajectory T through (b,0), i. e.,

~H(p) < 5B~ Hipo) < ~H(}) (5.138)

the trajectory through (po, Ep) is also in between the trajectory through (p,,0) and the
critical trajectory Tj through (b,0), and thus intersects the line p = p, at two points, denoted
by (pr, Er(po, Eo)) and (pr, —Ey(po, Eo)) (see Figure 11). With these notations, we have the

following theorem.

Theorem 5.6. Case when F(p®%, ) < p, < b.
Suppose that (p, o) satisfies (5.131) , then
1) If « > E€, then the boundary value problem (1.8 ) and (1.9 ) does not have solutions

with a single transonic shock if

L< K(F(pl), O‘); (pm Eg))? (5139)
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(where EY is determined by (py, ES) € T(F(pr), @)).
2) If a > EX | then
2a) if
E(F(pl)v O‘); (meg)) <L< f((ph O‘)a (F_l(pK)7EK)) + g((pKv EK)? (p'ﬁo)): (5‘140)
K
)

then there exists a unique state (p*, E(p*)) € T(pi, ) satisfying F~1(p%) < p* < p; and

EX < E(p*) < a such that
L= ((pi, @); (0, E(p*)) + L((F(p), E(p"), (prs EV)), (5.141)

where E satisfies (pr, E)) € T(F(p*), E(p¥)),

2) if
(o1, @), (F~1(p™), ER)) + €((p™, E®), (pr,0)) < L < +00, (5.142)

then there exists a unique state (p*, E(p*) € T(p;,a) satisfying F~1(p) < p* < p; and
EX < E(p*) < E° such that

L =LU((p, ); (p*, E(p")) + L((F(p"), E(p"), (pr, —Er((F(p"), E7)). (5.143)

3) If a < EX the boundary value problem (1.8 ) and (1. 9) does not have solutions with a

single transonic shock .

Proof. 1) and 3) are easily seen on phase plane (see Figure 11). We prove 2a) and 2b)as
follows: F(p%%, ) < p, < band a > EX, for (p, E(p) € T(p;, a) satisfying F~1(p%) < p < p
and B < E(p) < a, we define

X(p) = (o1, @); (p, E(p)) + L((F(p), E(p), (pr, Er(p))),
where E,(p) satisfies (p,, Er(p)) € T(F(p), E(p)). By (3.11), it can be readily shown that
X'(p) <0, (5.144)

for (p, E(p) € T(py, a) satisfying F~1(p®) < p < p;. This proves 2a).
For (p, E(p) € T(p1, ) satistying F~1(p) < p < p¢ and EX < E(p) < a, we define

Y(p) = £((pr, a); (p, E(p)) + L((F(p), E(p), (pr, —Er(F(p), E(p)))-

By using (3.41), we obtain

d}/(ﬁ):<p/([—,)_‘]2>F<ﬁ)—ﬁ{ 1

dp p* p o (F(p)—HE(p)

_ b 1 q(p) Clp pr dp
FG) o — BB F (7). E() /F<p) =0 E) /q<p> =BG
(5.145)
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The meanings of q(p), E1(p,p), F2(p,p) are the same as those in Lemma 3.5. Moreover, it
should be noted that E,.(p) in (3.41) is the same as —FE,.(F(p), E(p)) here. Since F(p) < b,

E(p) >0, E.(F(p), E(p)) >0, pr < b, q(p) > F(p), Er(p,p) >0, q(p) > pr and Ex(p, p) <0,
by the same method we have already used, we can show that

Y'(p) > 0, (5.146)

for (p, E(p)) € T(p1, ) satisfying F~1(p) < p < p°. Moreover,

Clim U(F(). E(). (ors— E-(F(p), E(5))) — +oo. (5.147)
p—F~1(p°)+
This implies
lim  Y(p) — +oo. 5.148
Jm () (5.148)
(5.143) follows from (5.146) and (5.148). This proves 2b). O

Next, we consider the case when p¢ < p,. < F(p?% ) (see Figure 12).
p° < pr < F(p%%.) (5.149)

In this case, the line p = p, intersects the shock curve S(p;, ) at two points (p,, E°) and
(pr, —E?) with E? > 0. The trajectory passing through (b,0) satisfying 3 E? — H(p) = —H (b)
intersects the shock curve S(p;, @) at two points (p¢, E€) and (p¢, —E°) with E¢ > 0 (see
Figure 12).

For p € [p?% | F~1(p,)], we let

E; (p) = —\E-2(p) + 2(H(py) ~ H(F(p)). (5150)

where

E_(p) = —Va? +2(H(p) — H(p))
satisfying (p, E_(p) € T(p%%,,,0) C T(p;, ). and —E? < E_(p) < 0. In this case, we define

V(p) =t((pr, ); (p, E-(p))) + L((F(p), E-(p)); (pr, Er(P))),
for p € [F~"(phi), F ' (pr)), =B < E—(p) < 0. (5.151)

For p € [, F~(pc)], we let

E; (p) = —\/E+3(p) + 2((H(py) - H(F(p)), (5152

where

E.(p) = Vo +2(H(p) — H(p))
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satisfying (p, E+(p)) € T(pi, o). and 0 < E4(p) < E°. In this case, we define

3(p) = U(p1, @); (p: E+ (D)) + L((F(p), E+(p)); (pr, By (D)),
for 5 € [p%%,, F 1 (pe)), 0 < B4 (p) < E°. (5.153)

It is easy to see that
D(porin) = 3(Phin)- (5.154)

Then we have,

Lemma 5.7. Suppose that (p;, ) satisfies (5.131), pr satisfies (5.149) and o > E°. Then

there exists a unique state (p, E(p) € T(p™m 0) C T(p, ) satisfying pS... < p < F~1(py)
and —E? < E(p) < 0 such that

2'(p) < 0,for pb, < p < p,

@I(p%n) = —00, (5155)
2'(p) > 0,for p < p < F~1(py).
So
VP =  min (). (5.156)
po <p<F~1(pr)
Also
3'(p) > 0, for pli, < p < F~'(p%),
lim 3(p) = +o0. (5.157)

p—F=1(p°)

Proof. The proof of (5.155) is almost the same as that for Lemma 5.4. The proof of (5.157)
follows a similar argument as that for (5.93) and (5.100). O

With this lemma, we have the following theorem.

Theorem 5.7. Suppose that (p;, ) satisfies (5.131) and p, satisfies (5.149).
1) If a > E,,
1a) the boundary value problem (1.8) and (1.9) does not have a solution with a single transonic

shock, if
L <l(F(p), @), (pr,B)),

where B is determined by

8= /a2 1 2(H(p,) — HE(p)), (5.158)

such that (pr, 3) € T(F(p1), ).
1) if
U(F(p), a); (pr, ) < L < U(pr, @) (F~(pr), ),
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where (3 is determined by in (5.158), then there exists a unique state (p*, E*) € T(p, )
satisfying F~1(p,) < p* < p; and EQ < E* < a and a constant E, such that

(prs Er) € T(F(p"), %), L= £ ((p1, ) (5", ")) + £ (F(p"), E): (o, Ey))..

So the transonic shock location is a = £((p;, «);(p*, E*));
2) If a > E° and
U(pr, @); (F~Hpr), B7)) < L < D(p)), (5.159)

(where and in the following p is given in (5.156)), then the boundary value problem (1.8) and
(1.9) has no solution with single transonic shock;
3) If a > E°,

V(p) < L < min{Y (o), D(E " (pr))}, (5.160)
then there exist two and only two states (pi, E(p3)) € T(p1, ) and (p5, E(p5)) € T(p1, )
satisfying plt, < pi < p < ps < F~Yp;), E(p) < E(p}) <0 and —E{ < E(p5) < E(p) such
that

L =(55) = V(rh). (5.161)
In this case, there are two shock locations, i.e., £((pi, a); (p7, E(p7)) and £((p1, @); (p5, E(p3))).

4) Suppose o > E¢ and Q(F (o) # D(F 1 (pr)) (the case D(F~ (phii,) = D(EF " (py)) can
be handled similarly).

If
min{ (i), D(E ()} < L < max{D(F " (phin)), DE " (pr))},
then we have the following results:
4a) if
min) < D(F " (pr)),

D(
E(p})) € T(pi, ) and (p3, E(p3)) € T(p1, ) satisfying p%%,, <
E

then there exist two states (p7,
Py < F~Yp) < ps < F~Y(p,), 0 < E(p})) < E° and —E? < E(p3) <0, such that

L=3(p1) = D(p3),

4b) if
D(omin) > D(E " (pr)),
then there exists a unique state (px, E(p*)) € T(p;, @) satisfying p%, < p* < p and —E, <
E(p*)) <0 such that
L =9(p%)
So the shock location is a = £((p, @); (p*, E(p*)).
5) if
max{Q(F " (o)), D(E " (pr))} < L < +o0,
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then there exists a unique state (p*, E(p*)) € T(p, ) satisfying p*%, < p* < F~1(p.) and
0 < E(p*) < E. such that

L= (1, @); (p7, E(p7)) + £(p", E(7)); (pr, Ey)) = 3(57),

where Ef = —\/(E2(p*) + 2(H (p,) — H(F(p*)) so that (p,, E}) € T(F(p*), E(p*)). So the
transonic shock location is a = €((p, «); (p*, E¥)).
6) If a < —E?, then the boundary value problem (1.8) and (1.9) has no solution with single

transonic shock.

The proof of this theorem is similar to that for Theorem 5.2 with the help of Lemma 5.7.
So we omit it.
The case when
ps < pr < p°. (5.162)

can be handled in a similar manner to the case p¢ < p, < F(p?% ). A phase portrait of this

case is given by Figure 13. We omit the details for this case.

5.3 The case when (p;, o) is inside subsonic part of the trajectory passing
through (b,0).

In this case, (p;, @) satisfies:

1
5042 — H(p) < —H(b), 0< p; < ps. (5.163)

The curve . )
5E2 —H(p) = 502 — H(pm), (5.164)

which is the trajectory passing through (p;, ), intersects the line E = 0 at (p'", ,0) and
(Pmaz, 0) satisfying
L,

H((Pﬁﬁm) = H(pmaz) = H(p1) — 505 ) pi::in < ps < Pmaz- (5.165)

The curve (5.164) is a closed curve, lying inside the critical trajectory through (b,0). The
shock curve S(p;, ) lying inside the subsonic part of the curve (5.164), by Lemma 5.3 (see
Figure 14).

The proofs of theorems in this subsection are similar to those in section 5.2, so we omit them.

By looking at the portrait, it is easy to see

Theorem 5.8. Case for p, > pmax
Suppose that (p;, ) satisfies (5.163), if pr > Pmaz, then the boundary value problem (1.8)
and (1.9) does not have a solution for any L (see Figure 14).
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Next, we turn to the case when F(p ) < p, < pmaz- In this case, the trajectory though
the point (F(p%;,),0) satisfying £ E? — H(p) = —H (p";,) intersects the shock curve S(p;, @)
at two pints, denoted by (px, Fx) and (px, —Ex) with Ex > 0 (See Figure 15). In this case,

we have the following theorem.

Theorem 5.9. Case for F(p™™. ) < pr < pmaz
Suppose that (p;, ) satisfies (5.163), then
1) If a« > FEk, then
la) if
L < 6(F(pr),0); (pr, B,

where ES is determined by (py, ES) € T(F(p1), @) satisfying ES > 0, then the boundary value

problem (1.8) and (1.9) does not have a solution with a single transonic shock;

1b) if
U(F(p); @); (pr, BY) < L < (), @); (F~NpK), Bx)) + £((px, Ex); (pr,0)),  (5.166)

then there exists a unique state (p*, E(p*) € T(p;, ) satisfying F~1(px) < p* < p and
Ex < E(p*) < « such that

L = U((p1,@); (5", E(p")) + L((F(p"), E(p"), (v E)), (5.167)

where E satisfies (pr, EY) € T(F(p*), E(p*)) and E} > 0;
le) if

(), @); (F (px), Ex)) + U(pxcs Exc); (pr, 0)) < L < U((F(py), )i (pr, —EZ),  (5.168)

where E2 is determined as in la), then there exists a unique state (px, E(p*)) € T(p, )
satisfying F~Y(pg) < p* < p1 and Ex < E(p*) < a such that

L = ((p1,); (5", E(p")) + L(F(67), E(p"), (pr, ~EY)), (5.169)

where E satisfies (pr, EY) € T(F(p*), E(p*)) and E > 0.
2) If a < Eg, the boundary value problem (1.8) and (1.9) does not have solutions with a

single transonic shock .

The case ps < pr < F(p'",) can be handled in a similar way to the case of F(p. ) <
Pr < Pmaz- S0 we omit it. A phase portrait is given by Figure 16, which illustrates how to

handle this case.
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Figure 2
Phase Portrait of b > ps

56




E P =pPs P =pr

(o E)

B (pn Emax)
G (or. f)

C (or, Emin)

> S

\(pr ’_Erc)
A: (F(o1),a), B:(or, Emax), C: (or, Emin)
D: (o*, E*), F:(F(o*), E*).

Figure 3

57



A: (omin, 0), B: (0max, 0),  C: (F(omax), 0),
D: (F(omin), 0), G: (0o*, E*), H: (F(p*), E*).

Figure 4

58



Pb

The dotted curve is S,.

Figure 5

59



(pc’ Eg)
(o1, @)
/(Pr, Erl)
P \F(0)
(pr, 'Erl)
N
(p.—E;)

Figure 6

60



E P =pPr
A
(o1, @)
C
\ »
o R p
D

A: (or, E;), B: (on—E/), C:i(p;.E)),
D:(pr—E}), G:(oc, E),  H: (o, -Eo).

Figure 7

61



(o1, @)

out

pmin

-1
Fo) Pb

A (pl’v Er)v B: (pl'! - Er)! C: (ﬁr ) Er ) , D ([_)r 7_Er ) :

Figure 8

62



P =Ps

/
//
// S (p|7 a)

//)\ (pr, 'Er)

Fiaure 9

63



-1
Fo) A\ Po

A:(pnin0),  Bi(F(pmn)0)

Figure 10

64



jo)
[
i

AE

V=
j

" \

B:(pmn:0), Ci(p%EY), D:(o%-E), G:(F(omn)0),
H: (o1, Er (00, Eo)), I: (or, -Er (00, Eo)),  J: (05, EY), K: (o, -EY)

Figure 11

\




(o1, @)

Figure 12

66



(o1, @)

bw
pmin

L RN
MRS

A:(p, —ED), B:(p,—E;)
Figure 13

67



A:(prirr:inlo)! B:(pmaxio)! C(F(p::m)'o)
Figure 14

68



p:ps p—pl’

\ S (o1, @)
\

C:(F (pri:in)’o)

AP 0): B (Pna0),
D:(pc B Ei(pn—E)
Figure 15

69



>
W_F#7]

B

=L

AN

A:(plla)v B:(priTTin’O)' C:(pmaxlo)

D:(F(pri:in)vo)’ G:(pr,E:), H :(p“_E:')
Figure 16

70



