Existence of Global Steady Subsonic Euler Flows
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Abstract: In this paper, we study the global existence of steady subsonic Euler flows
through infinitely long nozzles without the assumption of irrotationality. It is shown that
when the variation of Bernoulli’s function in the upstream is sufficiently small and mass
flux is in a suitable regime with an upper critical value, then there exists a unique global
subsonic solution in a suitable class for a general variable nozzle. One of the main difficulties
for the general steady Euler flows, the governing equations are a mixed elliptic-hyperbolic
system even for uniformly subsonic flows. A key point in our theory is to use a stream
function formulation for compressible Euler equations. By this formulation, Euler equations
are equivalent to a quasilinear second order equation for a stream function so that the
hyperbolicity of the particle path is already involved. The existence of solution to the
boundary value problem for stream function is obtained with the help of the estimate
for elliptic equation of two variables. The asymptotic behavior for the stream function is
obtained via a blow up argument and energy estimates. This asymptotic behavior, together
with some refined estimates on the stream function, yields the consistency of the stream

function formulation and thus the original Euler equations.
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1 Introduction and Main Results

Multidimensional gas flows give rise many outstanding challenging problems. Since the
solutions for the unsteady compressible Euler equations develop singularities in general[29],
it is not yet known which function space is suitable to study their wellposedness[27]. It
is natural to start from the steady Euler equations to understand some important true
multidimensional flow patterns. However, the steady Euler equations themselves are not
easy to tackle, since the equations may not only be hyperbolic or hyperbolic-elliptic cou-
pled system, but also have discontinuous solutions such as shock waves and vortex sheets.
Therefore, a lot of approximate models were proposed to study fluid flows. An important
approximate model is the potential flow, which originates from the study for flows without
vorticity. Since 1950’s, tremendous progress has been made on the study for potential flows.
Subsonic potential flows around a body were studied extensively by Shiffman[28], Bers|2, 3],
Finn, Gilbarg[13, 14], and Dong[10], et al. Subsonic-sonic flows around a body were es-
tablished recently by Chen, et al [5] via compensated compactness method. Significant
progress on transonic flows was made by Morawetz. She first showed the nonexistence of
smooth transonic flows in general[21-24], and later worked on existence of weak solutions to
transonic flows by the theory of compensated compactness|25,26]. Existence and stability
of transonic shocks in a nozzle for potential flows were achieved recently with prescribed
potential at downstream in [6,7]. Xin and Yin obtained existence and nonexistence of tran-
sonic shocks in a bounded nozzle with prescribed pressure at downstream was obtained in
[34, 35]. Recently, well-posedness for subsonic and subsonic-sonic potential flows through
infinitely long 2-D and 3-D axially symmetric nozzles, was established in [31,32]. For the
study on other aspects on subsonic potential flows, please refer to [12,15,16].

Besides the potential flow, there is another important approximate model to compress-
ible Euler equations, incompressible Euler equations, which approximate to the compress-
ible Euler equations for flows with small Mach numbers. For the study on the existence of

steady incompressible Euler flows in a bounded domain, please refer to [1,18,30], etc, and



references therein.

For the full compressible Euler equations, well-posedness and nonexistence of a transonic
shock in bounded nozzles with prescribed pressure at downstream has been obtained in
[19,20,33,36]. Existence and stability of transonic shocks in nozzles with prescribed velocity
at downstream was shown in [4].

In this paper, we study the existence of global steady subsonic Euler flows through
general infinitely long nozzles.

Consider the 2-D steady isentropic Euler equations

(pu)ﬂfl + (pv)ﬂCQ =0, (1)
(pu2)11 + (puv)m + Pz, =0, (2)
(puv)xl + (pv2)$2 + Pz, =0, (3)

where p, (u,v), and p = p(p) denote the density, velocity and pressure respectively. In
general, it is assumed that p’(p) > 0 for p > 0 and p”(p) > 0, where c(p) = \/P'(p) is called
the sound speed. The most important examples include polytropic gases and isothermal
gases. For polytropic gases, p = Ap” where A is a constant and ~y is the adiabatic constant
with v > 1; and for isothermal gases, p = c?p with constant sound speed ¢ [9].

We consider flows through an infinitely long nozzle given by

0= {(xl,xg)\fl(xl) < Ty < fg(xl), —0<r < OO},

which is bounded by S; = {(z1,x2)|z2 = fi(z1), —00 < 21 < 00}, (i = 1,2). Suppose that

Si(i = 1,2) satisfy

fa(z1) > fi(zq) for 21 € (—o0, 0), (4)

fi(x1) =0,  fa(z1) =1,  asx; — —oo, (5)

fl(xl) - a, fQ('Tl) _>b>a7 as r; — 100, (6)
and

| fill c2.e(m) < C for some a > 0 and C > 0. (7)
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It follows that €2 satisfies the uniform exterior sphere condition with some uniform radius
r > 0.
Suppose that the nozzle walls are impermeable solid walls so that the flow satisfies the

no flow boundary condition

(u,v) -7 =0 on 01, (8)

where 7 is the unit outward normal to the nozzle wall. It follows from (1) and (8) that

/l(pu,pv) -dl =m 9)

holds for some constant m, which is called the mass flux, where [ is any curve transversal
to the x1—direction, and 77 is the normal of [ in the positive x1-axis direction.
Due to the continuity equation, when the flow is away from the vacuum, the momentum

equations are equivalent to

Uz, + VUgy + h(p)z, =0, (10)

UVgy + VVzy + h(p)m =0, (11)

where h(p) is the enthalpy of the flow satisfying h'(p) = p'(p)/p. So h(p) is determined up
to a constant. In this paper, for example, we always choose h(0) = 0 for polytropic gases
and h(1l) = 0 for isothermal gases. After determining this integral constant, we denote
By = inf )~0 h(p).

It follows from (10) and (11) that
(u,v) - V(h(p) + %(u? +v%) =0. (12)

This implies that # + h(p), which will be called Bernoulli’s function, is a constant along
each streamline. For Euler flows in the nozzle, we assume that in the upstream, Bernoulli’s

function is given, i.e.,
u? + v?
2

+ h(p) — B(z2) as 1 — —o0, (13)

where B(z2) is a function defined on [0, 1].

Now let us state our main results in the paper



Theorem 1 Let the nozzle satisfy (4)-(7) and B > By. There exists a 6o > 0 such that if

lIl[(f; 1}B(‘T2) == E, B,(O) S O, B,(l) 2 0 and ||B,('T2)||CO71([0,1}) =0 S 50, (14)
x2€|0,

then there exists m > 25(1]/8 such that for any m € (54, 1),

1. (Ezistence) there ezists a flow satisfying the Euler equations (1)-(3), the boundary

condition (8), mass flux condition (9), and the asymptotic condition (13);

2. (Subsonic flows and positivity of horizontal velocity) the flow is globally uniformly

subsonic and has positive horizontal velocity in the whole nozzle, i.e.,

sup(u® +v? — c(p)) < 0 and u > 0 in Q; (15)

Q
3. (Regularity and far fields behavior) Furthermore, the flow satisfies
ol cre (@), wllere @y Ivllere@) < C (16)
for some constant C > 0, and the following asymptotic behavior in far fields

p—po>0, u—ug(ry) >0, v—0asx — —o0, (17)

Vp— 0, Vu— (0,uy(z2)), Vo — 0 as z1 — —o0, (18)
uniformly for xo € K1 € (0,1), and

p—p1>0, u—u(r2) >0, v—0asz — +o0, (19)

Vp — 0, Vu— (0,u](z2)), Vv — 0 as z1 — +00, (20)

uniformly for zo € Ky € (a,b), where py and py are both positive constants, and po,

p1, o, and uy can be determined by m, B(xs) and b — a uniquely;

4. (Uniqueness) the Euler flow which satisfies (1)-(3), boundary condition (8), asymp-
totic condition (13), mass flux condition (9), (15), and asymptotic behavior (17)-(18)

18 unique;



5. (Critical mass flux) If, besides (14), B also satisfies
B'(0) = B'(1) =0, (21)

then m is the upper critical mass fluzx for the existence of subsonic flow in the following
sense: either

sup(u® + v — 2(p)) — 0 as m — m, (22)
Q

or there is no o > 0 such that for all m € (Mm,m+ o), there are Euler flows satisfying
(1)-(3), boundary condition (8), asymptotic condition (13), mass flux condition (9),
(15), and asymptotic behavior (17)-(18) and

sup  sup(c?(p) — (u® + v?)) > 0. (23)
me(m,m+o) Q

There are a few remarks in order:

Remark 1 Here we obtained only the existence of the Euler flows in the nozzle, and the
uniqueness in a special class of flows, but not the uniqueness for general Euler flows. For
the issue on the uniqueness for steady incompressible Euler flows in a bounded domain,

please refer to [30].

Remark 2 It can be shown by modifying the analysis in this paper slightly without further
difficulties that there exists a subsonic full compressible Euler flow in the nozzle, if the

entropy is prescribed in the upstream.

Remark 3 The subsonic Euler flows in half plane was studied in [8] recently. Although
stream function formulation is also introduced in [8], however, the far fields conditions are
different from ours. Furthermore, we obtain critical upper bound of mass flux for existence

of subsonic flows in nozzles.

The rest of the paper is arranged as follows: in Section 3, we reformulate the problem
by deriving the governing equation and boundary conditions for Euler flows in terms of a

stream function, provided that the Euler flow has simple topological structure and satisfies



the asymptotic behavior (17)-(18). In Section 3, existence of solutions to a modified elliptic
problem is established. Subsequently, in Section 4, we will study asymptotic behavior
of solutions in a larger class and show uniqueness of the solution to the boundary value
problem. The existence of boundary value problem for the stream functions will be a
direct consequence of these asymptotic behavior and uniqueness. In Section 5, some refined
estimates for the stream function will be derived. Combining these estimates with the
asymptotic behavior obtained in Section 4 will yield the existence of Euler flows which
satisfy all properties in Theorem 1. Finally, in Section 6, we will show the existence of the

critical mass flux.

2 Stream-Function Formulation of the Problem

We start with some basic structures of the steady Euler system. The steady Euler system

(1)-(3) can be written in the following form,

AU,, + BU,, =0,

where
UCQP(P) c2 (P) 0 UCQP(P) 0 c2 (P) )
A=|{cp) pu 0], B= 0 pv O s U=1u
0 0 pu Ap) 0  pv v
Let A be the solution of
det(AA — B) = 0. (24)

It follows from straightforward computations that (24) has three eigenvalues

uv £ c(p)\/u? +v2 — cQ(p)'

AL =
w2 — 2

7)‘:|::

SIS

—c
Therefore, at the points where u? + v? — c?(p) > 0, i.e., the flow is supersonic, (24) has 3
real eigenvalues, the Euler system is hyperbolic. When u? + v? — ¢%(p) < 0, i,e., the flow
is subsonic, (24) has a real eigenvalue and two complex eigenvalues, the Euler system is a

hyperbolic-elliptic coupled system. Therefore, even for globally subsonic flows, one has to



resolve a hyperbolic mode. Moreover, for flows in infinitely long nozzles with both ends at
infinity, it seems difficult to get uniform estimates for hyperbolic mode.

To overcome the difficulties mentioned above, we introduce the stream functions for the
2-D steady compressible Euler flows, and derive an equivalent formulation for Euler flows
in terms of the stream functions when the flow satisfies certain asymptotic behavior.

It follows from (10) and (11) that

Oy (W) + VUgy + W(p)zy) — Oy (W0zy + VVzy + (p)ay) = 0, (25)

which yields that

(u,v) - Vw + wdiv(u,v) =0, (26)

where w = v;, — uy, is the vorticity of the flow. By the continuity equation (1), one has

- — (w0) - (Ve — Y2 = pusw) v (€
(u,v) - Vw + wdiv(u,v) = (u,v) - (V 5 ) = p(u,v) V( >

Therefore, away from vacuum, (26) is equivalent to
(u,v) -V <f) = 0. (27)
p
We have the following proposition.

Proposition 2 For a smooth flow away from vacuum in the nozzle Q satisfying (4) and
(5), the system consisting of (1), (12) and (27) is equivalent to the original Euler equations

(1)-(3), if the given flow satisfies no flow boundary condition,
u >0 n , (28)
and the following asymptotic behavior
u, p and vy, are bounded, while v, vy, and py, — 0, as r1 — —o0. (29)

Proof: From previous analysis, it is easy to see that smooth solutions to the Euler equations
(1)-(3) satisfy (1), (12) and (27). On the other hand, it follows from (1), (27) and the above

derivation that (25) holds. Therefore, there exists a function ® such that

D, = uty, + VUgy + h(P)zy, Puy = Wy + VUzy + h(P)zy-



So, (12) is equivalent to
(u,v) - V& = 0. (30)

Due to the no flow boundary condition (8), ® is a constant along each component of

the nozzle boundary. If, in addition,
®,, — 0as x; — —o0, (31)

then ® — C as x; — —oo. On the other hand, it follows from (28) that through each point
in €, there is one and only one streamline satisfying

L1 = u(x1(s), 22(s)),

L2 = v(z1(5), 22(s)),
which can be defined globally in the nozzle (i.e., from the entry to the exit). Furthermore,
it follows from (1) that any streamline through some point in Q can not touch the nozzle
wall. Suppose not, let the streamline through (29, 29) pass through (z1, f1(z1)). Due to (1)
and no flow boundary condition, one has

e
/ (pu)(2?, 29)dzs = 0.
f1(2?)

This contradicts (28).

Thus, one can always solve (30) in the whole domain 2, which yields
® =(Cin Q,

if (31) holds. Therefore, ®,, = ®,, =0 in Q, i.e., (10) and (11) hold globally in the nozzle.

Thus, both (2) and (3) are true. It is obvious that (31) holds if (29) is valid. 0

It suffices to prove the existence of solutions to the system (1), (12) and (27) satisfying
(28) and (29).
However, system (1), (12) and (27) is not easy to study directly either, since for infi-

nitely long nozzles with both ends at infinity, it seems difficult to estimate the solutions for



transport equations (12) and (27). Instead, we will use an equivalent formulation for (1),
(12) and (27).

It follows from (1) that there exists a stream function 1 such that
Vay = —pv, Yy = pu.
Thus for the flows away from the vacuum, (27) is equivalent to
vig.v (%) =0, (32)

where V+ = (—0,,,0,,). Note that (32) means that # and ¢ are functionally dependent,

therefore, one may regard % as a function of . Set

2= ww. (33)

Similarly, (12) is equivalent to
1
V- V(hp) + 5 (u® + %) =0,
therefore, h(p) + % (u® 4 v?) is also a function of ¢. We define this function by
Lo o
h(p) + 5 (u” +v%) = B(y). (34)

Furthermore, it follows from (8) that the nozzle walls are streamlines, so ¢ is constant on

each nozzle wall. Due to (9), one can assume that
1 =0on Sy, and ¢ = m on Ss. (35)

In order to get an explicit form of B, first we study the density-speed relation via
Bernoulli’s law (34) carefully.
Note that p/(p) > 0 for p > 0 and p”(p) > 0, therefore h'(p) = p'(p)/p > 0 for p > 0 and

for some fixed p > 0,

h(p) = h(p) + /p p’(s)ds > h(p) + /_P ]@d.ﬁ for p > p.



This yields that h(p) — 0o as p — co. On the other hand, since inf 5o h(p) = By, h(p) — By

as p — 0. Thus for any s > By, there exists a unique g = g(s) > 0 such that

h(a(s)) = s.

Moreover, for the state with given Bernoulli’s constant s, the density and speed satisfy the
relation,

e
h(p) + 5 =5
Therefore, the speed ¢ satisfies
4= /20— ().
Hence, for fixed s, ¢ is a strictly decreasing function of p on [0, g(s)]. By the definition of
0(s), one has ¢(g(s)) =0 < ¢(g(s)). Now we claim that ¢(0) > ¢(0). Indeed, one can prove
this claim in two cases. First, if ¢(0) > 0, then

7 p(s) 7 2(0)

ds — —oo as p — 0.

(o) =h(p) + [

P

ds <hip)+ [

p
Therefore, ¢(0) — co. Thus ¢(0) > ¢(0). Second, if ¢(0) =0, ¢(p) — /2(s — By) as p — 0,
therefore, ¢(0) > 0 = ¢(0). This completes the proof of the claim. Since ¢?(p) = p'(p) is an

increasing function of p, there exists a unique o(s) € [0, g(s)] such that

In summary, for any given s > By, there exist o0 = o(s), 0 = 0(s) and I' = I'(s) such that

(s
2

h(a(s)) = s, ha(s)) + = = 5. and (g(s)) = I(s), (36)

where 9(s), o(s), and I'(s) are the maximum density, the critical density, and the critical

speed, respectively for the states with given Bernoulli’s constant s. Set

¥(s) = o(s)v/2(s — h(o(s))). (37)
Then direct calculations show that

do_ 0 do_ 1
ds  p(o) ds 2@ 4 p")’




and
2p'(0)

ax _ 2(s — h(e(s))) +o 1~ orer@ '
A~ EE L v 20— h(a(s)
Thus
do dQ dx
s >0, E and Ts > 0.

Obviously, o(s) < a(s), if s > By. By the continuity and monotonicity of o(s) and g(s),

there exists a unique § > 0 such that
o(B+9) = o(B). (38)

Moreover, it follows from (36) that there exists a uniform constant C' > 0 such that

C~' < o(B) < o(B) = o(B+9) < a(B+4) <C,

CT1<d(s)<C, C7H<d(s) <O, if s € (B,B+J), (30)
C~1 < W (p) < C. if p € (o(B),8(B +)9)),

C~l<%(s)<C, if s € (B,B+9).

\

Later on, C will to denote generic constants which depend only on B and §, and thus
essentially on B.
In order to study the relationship between density and mass flux with given Bernoulli’s

constant, let us investigate the function defined by

—— =4p(s — h(p) — 1'(p)/2) = 2p(*(p) — (p)).

Therefore, for p € (0, o(s)), % > 0; and d; < 0 for p € (o(s),0(s)). Moreover, I(0) =
I(g(s)) =0. Thus I(p) > 0if p € (0,0(s)) and I achieves its maximum at p = g(s). So, for
fixed s, the relation

h(p) + ﬂQ =5 (40)
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defines a function M = I(p) which attains its maximum M = ¥2(s) at p = o(s). Thus p is

a two-valued function of M for M € [0,32(s)). Denote the subsonic branch by
p = J(M) for M € (0,%%(s)),
which satisfies J(M) > o(s). When s varies, this branch will be denoted by
p=J(M,s) for (M,s) € {(M,s)|M € (0,%%(s)),s > By} (41)

To determine the explicit form of W and B, one may study W and B in the far fields of
the nozzle where the flow may have certain simple asymptotic structure. Indeed, for flows
satisfying the asymptotic behavior (17)-(20), one can determine pg, p1, ug(x2) and wu;(x2)

first. Suppose that the flow satisfies (17). Then

ud(z
h(po) + 0(2 2) = B(.’Eg), ’LLO(.’EQ) > O, (42)
and
1
/ pouo(z2)dre =m (43)
0
hold, which shows that
uo(22) = v/2(B(x2) — h(po)), (44)
and
1
m= [ po/2(Blaz) ~ hipn))da. (45)
0
If B(xz9) satisfies
inf B(zz) =B, ||B'(z2)co1 o) <9, (46)
z2€[0,1]
then
B = sup B(z) <B+6. (47)
z2€[0,1]

Let 6 < §/2. Then it follows from (38) that o(B(z2)) < o(B) < 9(B). To obtain a global
subsonic flow in the nozzle, it is necessary to show that for given Ba(z2) and m, (45) has a

solution satisfying po € (o(B), 8(B)). Direct calculations yield that

1
dejo ; po/2(B(z2) — h(po))dxa < 0, for py € (o(B), 8(B)).
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It follows from (39) and (46) that

1 1
/0 2(B)v/2(B(x2) — h(a(B)))dx2 = /O 2(B)v/2(B(x3) — B)dzy < C5'/2,

In addition,

AV
5

1
1;MB> (2B 1 9) — h(o(B + 8/2)))dz2

> Cflél/Q.

Therefore, for any v € (0,1/3), there exists dy € (0,8/2) such that (45) admits a unique
solution py € (o(B), 3(B)), provided that 0 < § < dy and m € (§7,m;), where m; satisfies
my > C_1§1/2 > 253/2. Later on, for definiteness, we will choose v = 1/4. However, all
results hold for v € (0,1/3).

By virtue of (45), one has

1
m = [ pov/2(Bw) ~ hipn))das

0

1
_ /0 po/2(B(2) — B + B — hipo))dzs

1
< CA V200 + h(@(B)) — hpo))des.

Thus

3+ h(2(B)) — h(po) = C~'m* > C716™.

Note that v < 1/3, therefore, there exists go € (0, 50) such that if 0 < d < go, then

h(a(B)) — h(po) > C~1627.

14



Consequently, if || B'(z2)[|co1 (1)) = ¢ < go, by virtue of (39), there is a positive constant
C such that )

C~16% < p(B) — po < C,

C7107 <wuy < C,

B'(x2)
2(B(z2)—h(po))

| [uo(@2)]co o,y < C(77 +827%7).

(48)

|ug(z2)| = < o,

To determine the states in the downstream, we parametrize the streamlines in the down-

stream by their positions in the upstream. Due to (17), (19), and (28), we can define

y =1y(s) for s € [0,1] (49)
such that
u2 S u2 S
(o) + 02 o) + T y4)) > 0 (50)
s y(s)
/O potio(£)dt = / prus (8)dt, (51)
y(0) = a, y(1) =b. (52)

The meaning of y(s) is that the streamline which starts from (—oo, s) will flow to (oo, y(s)).
The map (49) is well-defined since (28) ensures a simple topological structure of streamlines.

It follows from (51) that

poto(s) = prui(y(s))y'(s). (53)
Hence,
dy _ poug(s
s w3(s) ’
Pl\/Q(h(Po)Jr 0~ —h(p1)) (54)
y(0) = a,
where the parameter p; satisfies
1
/ potio(s) ds=0b—a. (55)
0

pl\/Q(h(,Oo) + @ —h(p1))

It remains to show that there exists a p; € (o(B), o(B)) satisfying (55). By direct calcula-

tions, one has

d [ poto(5) ds >0, f B), 0
@ 2 s> 0, for py € (0o(B),o(B)).
dps /0 pl\/Q(h(,Oo) + 498 p(py))
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First, there exists dy € (0,4dg) such that

/1 Poto(s) s

0 5(B — 6)y/2(h(po) + B2 — h(a(B - )))

/1 pouo(s)

0 3B —0)y/2(B(s) — B + h(@(B)) — h(a(B —9))

> 0§22 5 p g,

ds

provided 6§ < 8. On the other hand,

/1 pouo(s) s
O o(B)\/2(h(p0) + B — n(o(B))

o(B)\/2(B — h(o(B)))

m

o(B)V2(h(a(B)) — h(e(B)))

m

o(B)y/2 (h(e(B +8)) — h(a(B)))

m

0(B)y/2 (h(o(B +6)) — h(o(B + §/2)))

< Cflél/Q'

<

So there exists a unique p; € (o(B), a(B)) such that (55) holds, if 0 < § < dp and m €
(87, mg) for some mg > min{m;, C~*(b—a)d'/?}. Furthermore, one can choose &y smaller if
5

necessary such that meo > 2 . As soon as p; is determined, y(s) and u; can be obtained

from (54) and (50).

Let us summarize the above calculations in the following proposition:

Proposition 3 Let B > By. There exists &g > 0 such that for any B € CY1(]0,1])

satisfying (46) with 6 < &y, there exists m > 25(1]/8 such that

1. there exist solutions (po,ug) to (42)-(43) and (p1,u1) solving (50)-(52) if m € (6%/*,m);

2. Po, P1 € (Q(B)7IQ_(§))7
3. (po,uo) satisfies (48);

4. either pg — o(B) or p1 — o(B) as m — m;

16



where B = max,,cjo.1) B(x2).

Proof: We need only to verify the last statement.

First, if m € (6'/4,my), both py and p; belong to (o(B),3(B)). For a given B(zs), as

m increases, po decreases. If m — m = fol o(B)\/2(B(x2) — h(o(B)))dxa, then py — o(B).
Therefore there exists an upper bound for m to ensure the existence of pg, p1 € (o(B), 0(B)).
Define

m = sup{s|m € (87, s), there exist pg,p1 € (0(B),a(B))} (56)

Obviously, m € [mg,m]|. Note that py and p; are uniformly away from g(B). If neither pg

nor p; approaches to o(B) as m — m, then there always exist pg, p1 € (0o(B),2(B)) for
m € (07,m + €) with some small ¢ > 0. This contradicts with the definition of m. So the

proof of the Proposition is finished. O

We now can determine W and B in the upstream. Suppose that the flow satisfies the

asymptotic behavior (17). Then in the upstream, a stream function can be chosen so that

Xo
¢=/O pouo(s)ds, (57)

and 0 <1 < m. Since poup(s) > 0 for s € [0,1], ¢ is an increasing function of Xs. Thus

one can represent Xo as a function of v,

Define

Then f and F' are well-defined on [0, m].

SN A

(w\m[))_/\/(xl\xz)/'\/\/'
7D /// / / / //

7 />
7

The parametrization of flows by a stream function
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It follows from the proof of Proposition 2 that through each point (z1,xz2) € €, there
is one and only one streamline which starts from the entry, provided that (28) holds in €.
By the definition of streamlines, along each streamline, the stream function is a constant,
therefore, through any (x1,x2) in the nozzle, there exists a unique streamline originated
from (—o0,k(v))) with ¢ = 1(z1,22). Since Bernoulli’s function is also invariant along a

streamline,

V| u? + v? F2(¢($1,$2))‘

(1) + g, e2) = (h(p) + —57) (=00, (1)) = hlpo) + — 73

Thus in the nozzle, one has

VY2
22

F2(1))
2

H(p, [VY[*, ) = hip) + h(po) — =0. (59)

Similarly, by virtue of (33), one has

w _ (1, 29))
;(xlva) - 20 ) (60)

provided that (28) holds. Furthermore, note that (28) implies
0<ey <m. (61)

Thus both (59) and (60) do make sense.

Next, we study the relationship between F' and f. In the upstream,

k(1)
P = / pouo(s)ds,
0

which yields
, 1 1

R(Y) = =

So, (58) shows

this implies

f@) = poF ()F' (). (62)
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Furthermore, if B satisfies (14) with 0 < § < &y, and m € (67,7m), then

)
Cl6v<F<C,

F'(m) >0 and F'(0) <0,

(63)
| _ubs(w)) -
()] = | bbby | < cot2,
[E" ()] coa jo,m)y < C' 7.
It follows from (41) and (59) that the subsonic flows in the nozzle satisfy
F2
o= IV, (o) + ), ”

if they have asymptotic behavior (17). Furthermore, by the definitions of vorticity and

stream function, one has

w = —div (@) .
p
Thus, the stream function satisfies
. Vlb _ / 2
i (o ) = FOFWH(TOR. ) (63
where
2
H(Ve.0) = TV o) + ), (66)

Our major task in the rest of the paper is to show the existence of solutions to the

following boundary value problem

div (e ) = FOOF () H(IV, ) in

_ _zo—fi(z1)
v = f2(9201)*1f1(1901)m on 9%,

(67)

and show that the flow field induced by

p= H(Vo,v), u= 122, y— tn
P p

satisfies (17)-(20). We will obtain further the estimates (61) and (28) for the solution to

(67) in order to get the existence of Euler flows.
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Remark 4 It is easy to see that if B = B, i.e., the flow has uniform Bernoulli’s constant,

then, F' is a constant and the equation (65) reduces to

div (%) 0.

This is nothing but the potential equation. Therefore, it is reasonable to use (67) to formu-
late the problem for the Euler flows through the nozzles as a perturbation of the potential

flows. The condition m > ¢§7(y < 1/3) ensures
|F| > C~'67 and |FF'| < 6727,

which guarantees that the magnitude of vorticity |F'F’| is sufficiently small, thus one can

regard the potential flow as a leading ansatz for the Euler flow.

3 Existence of a Modified Boundary Value Problem for Stream

Function

There are two main difficulties to solve the problem (67). The first difficulty is that the
equation in (67) may become degenerate elliptic at sonic states. In addition, H is not
well-defined for arbitrary ¢ and |V|. The second difficulty is that this is a problem in an
unbounded domain. Our basic strategy is that we extend the definition of F' appropriately,
truncate | V1| appeared in H in a suitable way, and use a sequence of problems on bounded
domains to approximate the orginal problem. In this section we first get the existence of
a modified problem on the unbounded domain, which indeed solves the original problem
together with the asymptotic behavior established in the next section.

Set
F'(s), if 0 <s<m,

F'(m)2m — s)/m, if m <s<2m,
F'(0)(s +m)/m, if —m <s<0,

0, if s >2m, or s < —m.
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It is obvious that § € C%'(R) and
13(s)lcory < I1F"(s)llcoo,m)-
Moreover, it follows from (63) that
g(s) >0if s >m and g(s) <0if s <O0. (68)

Furthermore, it follows from [[F'(s)||co(om)) < Cot=27, 1" (8)llcor (jo,m)) < C6'=37 and
m > §7, that

13 (s) o ey < C& 727, (69)

Define

Then F' = jand F € CV1(R). Moreover, because m > &7, there exists a suitably small §;

such that when § < dy,

By < B — €0 < h(po) + < B+¢ (70)

holds for some gy > 0, where B = SUP,,c[0,1] B(z2). Moreover, (63) and (69) imply
”Fl”co(Rl) < C6'7? and HF,|’C'O,1(R1) < oot (71)

In the rest of the paper, we will always use the following notations

OH

OH
~OlVyP

Hy\(IVY[?, ) (VY 9), Ho (VY[ 9) = @(!VWQW)'

It follows from direct calculations that

1

V|2
2p(c? — 55)

H1(’V¢\27¢) - =
may go to negative infinity when the flow approaches sonic from subsonic.

Choose a smooth increasing function (g such that

s, if s < —2¢q,
Co(s) =

—&0, if s > —&Q-
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Then define
AV, 0) = (VY = S2(B(v))) + Z*(B(y)), (72)

where X is the function defined in (37) and

- F2
Bus) = hipo) + ) (73)
Set
7 2 0\ T(A 2 *(¥)
where J is the function defined in (41). A direct calculation shows
N CHH
H V 2, —_ T = - = _-
H(VU) = gt
Obviously, there exist two positive constants A(gg) and A(gp) such that
Al < Aij(g, 2)8i€; < Al¢f? (75)
holds for any z € R!, ¢ € R? and ¢ € R?, where
Aij(a,2) = H(la*, 2)8;; — 2H1 (|af?, )aiq;- (76)
Instead of (67), we first solve the following problem
O BN E () B 2 Y
div (s ) = PP (VY v) in €, -

_ @ —fi(z1)
Y= f2(§1)—1f1(1331)m on ON.

Proposition 4 Let the boundary of Q satisfy (4)-(7). Then there exists 0 < 6, < min{do, 01},
where & is defined in Section 2, such that if | B'l|co1(o,1)) = 6 < 01 and m € (87, m1) with
mp = 251/2 < m, where m is defined in (56) in Section 2, then the problem (77) has a

solution 1 € C%*(Q) satisfying
| < C(eg,d), |Vi|? < 3B — ey) — 2eg for some g9 > 0. (78)

Proof: Note that the equation (77) is uniformly elliptic and the domain is unbounded,

one can use a sequence of boundary value problems on bounded domains to approximate
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it. The key point is to obtain the estimate (78). Therefore, we first solve the following
boundary value problem

div (retess ) = PP @AV, ) in

_ _za—fi(=1)
Y= J2(z1)—fi(z1)

(79)
m on 08y,

where €y, satisfies {(z1,22)|(z1,22) € Q,—L < z1 < L} C Qp C {(z1,22)|(x1,22) €
), —4L < x1 < 4L} for VL € N. Furthermore, one may choose €y, so that 0 € C%%1(0 <
a; < «) satisfies the uniform exterior sphere condition with uniform radius rg, 0 < 9 < 7,
for all L > Ly with some Lg sufficiently large. For the explicit construction of such €y,
please refer to Appendix in [31].

The equation in (77) can be rewritten as
Aij (D, )09 — Ha (VY !, )| V2 = F@)F' () H (V[ ), (80)
where

F()F () H (Vo P, ) (H? + 23(¢ — 1))
H2(|V 2, $)c = AV, v)

ﬁ2(|v¢|27¢) =
Therefore, (80) becomes

where

i i ) ) 1 2 -
F, V) = F@)F @) BV, ) (m((]fv;fj)fﬁ)_ iif‘vfﬁf’ 0 H) |

Note that F has quadratic growth in |V)|, so it is not easy to get a prior estimate and
the existence for (81) directly. The strategy here is that, instead of (79), we first solve the
problem

Aij (D, )09 = F (), Vib) in Q,

__ xa—fi(z1)
b= f2(;1)—1f1(1$1)m on 09y,

(82)

where

F6,99) = F@)F (0 (V6. 0) ( @ SO m) .

H2(|VY|2,0)e2 — A(|VY[2, ¢
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Thanks to (71), one has

|F| < Ccot2, (83)

It follows from Theorem 12.5 and Remark in P308 in [17] that there exists a solution ¥y,
to (82). Furthermore, writing v, = min{ty,0} and ¢; = max{t,0}, by the proof of

Theorem 3.7 in [17],

>’|gﬂz
>/|§ﬂ:

: (84)

inf ¢, — C'sup <Yr Ssupwz—l-Csup
oy Qr o0y Qr
where C = e? — 1 with d = sup{ fa(z1) — f1(z1)}. Thus,

—C6'72 <y, <m+ C5 for k sufficiently large.

Moreover, one can get some nice estimates for ;. This follows from the techniques
developed in Chapter 12 in [17]. Using the specific form of estimate (12.14) in P299 in [17]
and Remark (4) on global estimate for quasiconformal mappings in P300 in [17], then one

can improve the estimate in Line 7 in P304 in [17] to the following more precise form

)

actually, C(v,Q) depends only on the diam$ and C? norm of 9§2. Here we use notations

[u)1,0 < C(7,Q) <1 + [Dulo + '§

and symbols in (85) as those in Chapter 12 in [17].

Note that although the estimate (85) is derived with zero boundary conditions, it holds
in the case that the boundary value is constant in each connect component of boundary.
Indeed, first, it holds for the case that the boundary value is a constant. Then one can
generalize the estimate to the case that boundary value is constant in each connected
component of the boundary, since all estimates are obtained through localization.

Applying the estimate (85) to the problem (82) shows that, there exists u = p(A/A) > 0,

such that for any 2% € Qp, and for ¢y, with k > 4L, one has

z ) . (86)
0

A

[kt 81 00, < C(A/A |fil2) (1 + [DYklo; B, (2000, +
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This, together with interpolation inequality and (84), yields

‘|¢kH1;B1(ZL‘O)ﬂQL Sn[¢k]1,y;31(x0)ﬂQL + Cn|¢k|0

F >
0

F
<nC(A/A 1 fil2) (1 + 1 DYklosy @0y, + | > +C, <m—|—C N
0

where C, appeared in last term, is the same as that in (84). Taking 7o sufficiently small so

that nC(A/A, | fil2) < 1/2 if n < no, then one has

4 >-|—C’77 <m+C
0

F ) . (87)
0

1Vkll1;8, (20)ne, < nC(A/A | fil2) <1 1 X

Thus, the Holder estimate (86) becomes

”wkHLM,Bl(ivo)ﬂQL S“¢k“1;31(x0)ﬂQL + [wk]lyﬁL;Bl(xO)ﬂQL

<+ CA/N il Wkl @oyne, + CA/A [ fil2) (1 +

F F
<COA/A i) (noc<A/A, i) (1 o ) +GC <m+c i ))
0 0
F
+ C(A/A [fil2) <1 5 >
0
F
<C(A/A[fil2)) <1 tm+ T ) : (88)
0
Note that, for any z, y € Qy,
Vion(@) = Vi) _ ) 1Wlws@ner, iy € Bi(z) N0,
— 1% —
v Ailoy, iy ¢ Bila) 0y
This, together with (87) and (88), yields the following Holder estimate
Vi(z) = V F
b, = sup VD =IO < a7 (16m+ | 2] ) 0)
I,yEQL ’x - y"u )\ 0

Furthermore, it follows from (88), the Schauder estimate (Theorem 6.2 and Lemma 6.5 in

[17]), and the bootstrap argument that

£0>,

H¢k‘|2,a;B1/2(:v0)ﬂQL < C <A/)‘7 |fi|02!0‘7m7 \
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Similar to the argument for (89), one has

f
< > . (90)
0

Hence, using Arzela-Ascoli lemma and a diagonal procedure, we see that there exists a

||11Z)k||2,a;QL S C <A/>\) |fi|027(’7m7

sequence vy, such that
Yy, — P in C’Q’ﬁ(K) for any compact set K C Q and 8 < a.

Furthermore, v satisfies the problem

Aij (DY, )00 = F(Vah,9b) in 9,

W= z2—f1(z1)

= Bl -fi(z) "t OB o9,

and the estimate

i )—I-C?7 <m+C
0

5 )
2 )
0

IWllie < nC @, Ifil2) (1 + C8727) + Cy(m + C572), (91)

vl < nC(y, | fil2) (1 +15

where 1 € (0,79). Thanks to estimate (83), one has

where C depends only on &g, m, A and .

Obviously, there exist 7; € (0,79) and &; € (0, 8g] such that

mC (v, |fil2) (1 + C35~ ) < V/(Z2(B — 20) — 220)/2,

Cry (2677 + C8172) < \/(T2(B = 20) — 220) /2.
Therefore, for any 6 € (0,6;) and m € (7, 251/2), the solution v satisfies
Vi [? < BB — o) — 2¢0. (92)

Now (78) follows from (91) and (92).

Furthermore, (89) and (90) yield the following higher order estimates

f
¥l < COA A (1+m+ || ). (93)
0
f
Wll200 = C LA/ I filozasmy || ) (94)
0
This finishes the proof of the Proposition. O
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4 Far Fields Behavior, Existence and Uniqueness of Bound-

ary Value Problem for the Stream Function

In this section, we will study far fields behavior of the solution to (77). It will be shown
that the flows induced by the solutions to (77) satisfy asymptotic behavior (17)-(18). This
also yields that solutions to (77) satisfy (61). Combining (61) and (92), we can remove
both extension and truncation appeared in (77). Therefore, these solutions solve problem
(67). Furthermore, the asymptotic behavior is crucial for our formulation for the problem
since the stream function formulation is consistent with the original formulation of the
problem for the Euler system in the infinitely long nozzle, as long as the flow induced by
a solution to (67) satisfies (17)-(18) and (28). Finally, the uniqueness of the solutions will
be a consequence of the asymptotic behavior. To study the solution in its far fields, we will
use a blow up argument and an energy estimate.

For 21 < n, define (™ (21, 9) = ¢ (x1 —n, T2)X{ f1(21—n)<z2< fa(x1—n)}- FOT any compact

set K € (—00,00) x (0,1), it follows from (94) that
[ lc2.0(ky < C for n sufficiently large.

Therefore, by Arzela-Ascoli lemma and a diagonal procedure, there exists a subsequence,
() such that

) — 4 in C29(K) (95)
for any K € (—o0,00) x (0,1), for any 3 € (0, ). Furthermore, it follows from (4)-(7) and

(94) that v = 0 on 29 = 0 and 1) = m on a9 = 1. So, 1) satisfies

div (8 ) = P/ F@) AV, ) in D.

B ) (96)
Y=0o0onz2 =0, ¥y =mon xy =1,

where D = (—o00,00) x (0,1). Moreover, by (78), one has
9] < C(eo,6) and [Vi|* < X*(B — gg) — 2. (97)

Thus, by the similar argument in Section 3, on any compact set £ C (—o0,00) x [0, 1],
[9]lcr(m) < Cle,6).
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Moreover, it follows from the Schauder estimate for second order uniformly elliptic equations

that

[Pl c20my < Cle,0). (98)

Therefore, ¢ € C?*(D). In fact, we have the following stronger results
Lemma 5 There exists 03 € (0,00] such that if
(i). 1Bl cox (o, = 0 < 2,
(ii). m € (67, m), where m is defined in (56) in Section 2,
(iii). there exists € < g¢ such that v satisfies
9] < C(e,6) and |Vo[* = Z*(B()) < —e, (99)
and solves the problem (96), where B is defined in Section 3,
then 1) is independent of x1, moreover,
_ _ )
Y1, @2) = P(x2) = /0 potio(s)ds, (100)
where pg and ug are uniquely determined by B and m as in Section 2.

Proof: The proof is divided into two steps. First, it will be shown that ¢ is independent
of 1. Then we will prove that ¢ is of explicit form (100).

Step 1. Set w = 1),,. Differentiating the equation in (96) with respect to x; yields

A AuDYd) o5\ g ( H2(VY29)0id
aﬁ(H?(\W,@aJw) aﬁ( A2(VI2,9) “’)

~ RS 3 oo (101)
= O(IVy [, )w + 9(|VY[*, 1) dipdsw,
where A;;, © and 9 are defined as
Aij(g,2) = H(d* 2)8;; — 2H1(lal, 2)aig;, (102)
O(s,2) = (F (2)F(2)+ (F'(2)})H(s,2) + F'(2)F(2)Hy(s, 2), (103)
B(s,2) = 2F(2)F(2)H\(s,2), (104)
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for any ¢ € R?, s > 0, and z € R, here F” € L>°(R!) since HF’HCo,l(R1) < 051737, Tt follows

from (99) that there exists a constant A depending only on € such that
| Aij (DY, )] < Ae).

Although it is unknown whether ¢ € C3(D), the equation (101) holds in weak sense.

Moreover, w satisfies the boundary conditions
w=0onzy=0,1.
Let n be a C§° function satisfying
n=1for |s| <, n=0for|s|>1+1, and |/ (s)| < 2. (105)

Now multiplying 1?(z1)w on both sides of (101) and integrating it over D yield
. S A
// 2” D¢2¢_ 0 w@i(772w) — H2~(|2v¢|_’;b)_az¢w8i(n2w)dx1dx2
H2(|V|2, H2([V[?, 1)
—/ OV |2, ¥)ntw?drydry + V(|VY|?, ) dipdswn*wda dzs.
D

Substituting the explicit forms of A}, IZH(\V@E\Q, 1) and ﬁg(\V@E\Q, 1) into the above equal-

29



ity and noting that v satisfies (99), one may get

// n\Vw\2 I
H(V|?, 0 ’

2H,(|V 2 )
// H21 HV?ZL |V - Vw|*nPdzy da,

// Aij Dy, 7/)7 O;wommuwdzrdxs
H2(|V[2, 4

o
+/ Hy(|V[%, )_Z¢(n2waiw+2778mw2)dx1d932
D

gQ(!VTW D)
// (F' () H(|IVY |, ¥)n*w’dz dzy
// DYF () Ho(|V O, )P w?da dy

// OF (P)F () Hy (VY |, P)nPwVep - Vwdzdas

// = ’v¢ va f = dmldxg
HIW}IQ JH2(IVPI2,9)e — |[Vi]?)

(D
// A v lb_ Ojwoimmwdzydasy
H2(|VY[2, 9

2H(|V|2, vw Vn o,
_ nwdxidzs
2 |V¢|2 ¥)

// _va Vw 2wd:):1dx2
H( \VW \VW

‘// (F" ()P @) + (F'())2) BV, §)nPw?de:das

H3(|VT)Z)|2 7) Qdex dx
H? \W N —vop |

which can be written as

2
/ / H%ZT;' _drides = ZI (106)

First, it is easy to see that I; + Iy + Is < 0. Second, due to (71), one has

|I5] < Co1=3 / / w?dzyday. (107)
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Finally, since H < g(B), thus if 0, is sufficiently small, one gets from above that

l 1
/ dxy / |Vw|2das
-l 0

B - I+1 1
< C(B,e€) </ dx; +/ dx1> / |Vw|? + |Vww| 4+ wdx,
0

—i—

1 l
l 1
+C(B)51_37/ / w?dzydxy
-1Jo
=l

B I+1 1 _ Il
< C(B,e) </l ldxl—l—/l d:):1>/0 \Vw\2+w2dx2+C(B)51_3V/l/0 w?dzidey.

Notice that w = 0 on 29 = 0. It follows from Poincare inequality that

1 1
/ w?dry < / |Vw|*dzs.
0 0

Therefore, there exists a constant C' independent of [ such that

1 1 -1 I+1 1
/ / \Vw\Qd:rldxg <C (/ dx1 +/ dx1> / \Vw\deg
~1Jo -1 l 0

for large . It follows from (98) that

-1 I+1 1
(/ dxy +/ dx1> / ]Vw]2dxg <C
—1-1 l 0

for some uniform constant C' independent of [. Therefore,

l 1
/ da:l/ \Vw|?dzy < C
-1 0

for some constant C. Taking [ — oo yields

o) 1
/ dxl/ |Vw|?dzy < C.
—00 0

Hence

-1 I+1 1
(/ dx; —I—/ d:):l) / |Vwl|?dzy — 0 as | — oo.
—i-1 ! 0

Taking the limit [ — oo in (109), one has

[e9) 1
/ / \Vw|*dzidrg = 0.
—o0 J0

So
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Therefore, 1) = (x3). Thus ¥ solves the following boundary value problem

& (s ) = FOE@EW)2.9),
B(0) =0, 9(1) =

(111)

Step 2. Uniqueness of the solution to the boundary value problem (111).
Suppose that there are two solutions ¢; and 93 to (111). Let ¢ = ¥1 — 1)2. Then ¢
satisfies
(@d' +b¢)' = ¢ + do,
$(0) = ¢(1) = 0,

(112)

where

i

H2(|¢'], ) Jo HA(W), )

- /fﬂw Py, d /@W id

with ¢ = s¢; 4+ (1 — s)thy, where © and ¥ are defined in (103) and (104) respectively.

_ /HW )= 2PN, [P =D

Multiplying ¢ on both sides of the equation in (112), and integrating it over [0, 1], we have

22 1 L
H"j"? vy < [ ((FG)? + FOOF')) (02, 0) .

Note that ||F” |co.1(r1y < C6'7%7, thanks to the smallness of § and the Poincare inequality,

1
/ 2 < 0.
0

Therefore, ¢ = 0. So the solution to (111) is unique. On the other hand, by the definition

one has

of H and F, one knows that the boundary value problem (111) has a solution

¥ =P(x2) = /OI2 potio(s)ds.

This finishes the proof of the Lemma. O

It follows from Lemma 5 and (95) that the flow induced by the stream function satisfies
(17) and (18).

The asymptotic behavior in the downstream can be obtained by a similar argument.
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An important direct consequence of this far fields behavior is a better maximum estimate

for the stream function.

Proposition 6 If || B’||co.1p1 = 0 < min{d,d2}, B'(0) <0, B'(1) >0 and m € (§7,m),
Co-1([0,1])

then the solution established in Proposition 4 satisfies (61).

Proof: It follows from Proposition 5 that

T2
T1,To) — otg(s)ds uniformly as x1 — —oo,
; P

Y(x1,x9) — /352 p1ui(s)ds uniformly as x1 — +oo.
a
Therefore, for any € > 0, there exists L > 0 such that
—e < Y(x1,22) < m+e€if |z1] > L. (113)
Note that F’(¢)) > 0 in the domain {t¢) > m}, thus
Ay (D, ¥)dijab > 0, in the domain {¢) > m} N {|z1| < L},
where flij is defined in (76). By maximum principle, one has
—e < Y(x1,22) <m+ein {p > m}N{|z1| < L}
Since F” () <0 in the domain {9 < 0}, thus, similarly, one can show that
—e < Y(x1,22) <m+ein { <0} N{|x1]| < L}.
Combining these estimates with (113), it yields
—e < Y(x1,22) <m—+€in Q.

Since € is arbitrary, one has

0 S w(:rl,xg) S m in Q.

This finishes the proof of the Proposition. O
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It follows from estimates (61) and (78) that the solutions established in Proposition 4
are solutions to (67) when the assumptions of Proposition 6 are satisfied.
In fact, one can also use energy estimates to show that uniformly subsonic solution to

(67) is unique.

Proposition 7 Let the boundary of  satisfy (4)-(7). Then there exists 63 € (0,8] such

that if
(i). 1B lco (o)) = 6 < 03,
(ii). m € (67,m),
then there exists at most one solution 1) to (67) satisfying
0 < <m, |VY|?> = 23(B)) < —¢ for some € > 0, (114)

2
where H and F are defined by B and m as in Section 2, and B(¢) = h(po) + = 2@),

Proof: Let 11 and 15 be two solutions to (67). Set ¢ = 1)1 — 19. Then 1) satisfies

0i(ai;05%) + 0;(bih) = ¢;0p + dip,
1/) =0on Sl USQ,

(115)

where

L A (Db 1 12 TN T
aw = [ AuP0) o [ ZHVE )0y

o H2(|V9|,9) o H2(|VY|,9)
cw—/WWP~M8 /@!WP~

)

here ¢ = st + (1 — s)io, A;j, © and ¥ are defined similar to (102), (103) and (104),
respectively except we replace F' and H by F and H.
Multiplying 7?4 on both sides of equation in (115), where 7 is defined in (105) and

1 (z) = max{y(z),0}, then similar to the proof of Lemma 5, one has
// |Vo|?dzydey < C(B, e // \V|?dxydas.
Qn{ja1|<}N{y>0} QN{I<|a1|<I+1}N{y>0}
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It follows from Lemma 5 that ¢; and 1 have the same far fields behavior, thus |¢)| and

/ / Tyl =0,
QN {$>0}

so ¢ < 0. Similarly, one can show that ¢» > 0. Therefore, ¥» = 0. This finishes the proof of

V| — 0 as |z1] — oo. Thus

the Proposition. O

5 Refined Estimates for the Boundary Value Problem for

Stream Functions

In this section, we will derive some refined estimates for solutions to the problem (67).
Combining these refined estimates with the estimates obtained in section 3 and section 4,
one will get a solution to the Euler equations (1)-(3), with the boundary condition (8) and
the constrains (9) and (13). More precisely, it will be shown that 1,, is always positive,
therefore, u = 1., /p = e, /H(|V|?,1) satisfies (15). This positivity of the horizontal
velocity and the asymptotic behavior yield that (p,u,v) induced by v satisfies the original
Euler equations, the boundary conditions and the constrains on mass flux and Bernoulli’s

constant.

Lemma 8 Let the boundary of 0 satisfy (4)-(7). Then there exists 6, € (0,0q] such that if
(i). |1B'l[cor(jo,1)) = 0 < 4,

(ii). m € (67,m),

(73). ) satisfies (114) and solves (67) with H and F defined by B and m as in Section 2,

then v satisfies

0<y <minQ, (116)

and

Vyy >0 in Q. (117)
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Proof: It follows from (114) that v achieves its minimum on S; and maximum on Ss, hence
g, > 0 on Q. (118)

On the other hand, U = v,, satisfies

ij (DY) Ho(|Vy|24)0:i9
Z (H?f\v—w )an>_al< V0 0) U)

(119)
= O(IVY 2, )U + (V|2 4) 0o, U

in the weak sense, where A4;;, © and ¢ are defined similar to (102), (103) and (104) respec-

tively except we replace F and H by F and H. We first claim that
U >0in Q. (120)

Indeed, it follows from Lemma 5 that U(z;,z2) > 0 when |z;| > [ for some [ sufficiently

large. Multiplying (119) by U~ = min{U, 0}, and using (118), one may get that

VU
dxdx
//U<0}H|w|2 g)

2H, |V, 9) 2
= Vi -VU|*dx1dx
//U<0} (v, g) ¢ VU dnde

Hy |V, )05
Uo;Udxdx
//U@} H2([VY2, ) e

—// O(|V|?, 4 )Udelde’g—/ I(|VY|?, ) UV - VUdz das
{U<0}

IN

// F() + (F'())) H(IV¢I*, ) U dvy davy
U<0}

col—3 / / U?dxidzxs.
{U<0}

Define K,, = {z2|fi(z1) < x2 < fa(z1),U(z1,22) < 0}, then K, is an open set for each

IN

z1. Let K, = Uieyfil, where I;l are connected components of K,,. For each x5 € I;l,

2
U(z1,22) = / U(z1,s)ds.

mln[ﬁc1
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Therefore,

// U2(.’E1,.’L’2)dxld$2
{U<0}
l
—/ dxlziEY/ U? (21, 22)dxo
—1 ;‘1

2
l T2
/ d$12165ﬂ/ </ O U($1,8)d5> dxo
-1 mln[Z

maxI
/ d$1zzey/ / &vQU z1, S8 ))st(lrnax[;1 —minlil)dxg

1nIZ
l ) ) rnax[jj1
:/ dr1Yc v (max I, —min[fvl)Q/ (02, U (21, 5))%ds
-l min[}c1
l max I
<max|fo(a) ~ flen) [ dniSies [ (@U@0 ds
z1€R —1 min I},

<max |fa(z1) — f1(z1)[? // \VU [2dzydxy
z1€ER {U<0}

Hence,

/ / |VU|22 dridry < CSH / / |VU |?dz1dzs,
w<oy H(IVY[*,9) (U<o0}

which implies

// VU [*dzydzy <0,
{U<o}
o (120) must hold.

Now, we use an argument similar to the proof of Lemma 1 in §9.5.2 in [11] to show that
Yy, =U >0in Q (121)

holds for any weak solutions U to (119).

Indeed, let U = e~%2U. Then U is a nonnegative weak solution to

AZ or AZ Ha@ ox 7 oTo T
o (‘gperor0 ) + (o~ L - 00VUP 00w ) 700 + GertT ~o

where A;; and 9 are defined in (102) and (104), and

A A; Hy0 H»0;
G-z (ai (73) - My —ﬁ(Dw,wazw)a—@( ;I;”) ~ O(Vyl*,v)
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with © defined in (103). Choose ¢ > 0 sufficiently large. Then G > 0. Thus

Ai' ox 7 Az‘ H & o ~
o (ng 28J'U> + (HSU - ;12¢ —79(|V¢|2,¢)8¢¢) e”29;U < 0.

It follows from Theorem 8.19 in [17] that (121) holds.
Now, (116) follows directly from (114) and (121).

Since 1 = m on Sy, if F'(m) > 0, then for any (29, f2(z{)) € S2, there exists a small

disk V' C Q satisfying N'NQ = (29, f2(z7)) such that F'(x)) > 0 in N, therefore,
Aij (D, 9)0i5%¢ > 0in N

Moreover, by (116), 9 < m in . Thus, by the Hopf Lemma, one has 1, (29, f2(z%)) > 0.

In the case F'(m) = 0, 1 satisfies

where

B F(y)H c F'(¢) — F'(m)
H2(|VY?, ¢)e? = VY2 p—m

It follows from the Hopf lemma that

R:

85,;21# > 0 in So.

Similarly, one can show that v, (x1, fi(x1)) > 0 for any z; € R.

This finishes the proof of the Lemma. O

Choose 9 = min{d1, d2,03,d4}, then o > 0. If || B'[|co1(jo,1)) = & < do, for any m €
(67,257 / %), there exists a solution to the problem (67). It follows from Lemma 5 and Lemma
8 that the flow field induced by 1 satisfies (28) and (29), hence Proposition 2 guarantees the
existence of Euler flows. Furthermore, Proposition 2 and Proposition 7 imply uniqueness of
Euler flows with asymptotic condition (13), mass flux condition (9), (15), and asymptotic

behavior (17)-(18).
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6 Existence of Critical Mass Flux

So far, we have shown that, for the given Bernoulli’s function in the upstream satisfying
(14), there exist Euler flows as long as m € (47, 253/ 2). In this section, we will increase m

as large as possible.

Proposition 9 Let Q satisfy (4)-(7) and B satisfy (14) and (21). Then there exists 1 < m

such that if m € (67,m), there exists a unique v which satisfies
0<v¢ <minQ, and M(m) = sup (|Vy|* — S*(B(¥))) <0, (122)
Q

and solves (67), where B(v) = h(po)+F2(1))/2. Furthermore, either M(m) — 0 as m — 1,
or there does not exist o > 0 such that (67) has solutions for all m € (m,m+ o) and
sup  M(m) < 0. (123)
me(f,m+a)
Proof: The basic idea of the proof for Proposition is quite similar to that in [2,31].

For the given Bernoulli’s function B in the upstream satisfying (14) and any m € (67, m),
one can define py and wug(x2), and therefore F'(¢)) as in Section 2. Note that py and F
depend on m by definition, thus in this section, we will denote them by po(m) and F'(¢;m)
respectively.

When B satisfies (21), one has
F'(m) = F'(0) = 0.
Thus F’, the extension of F' is Section 3, has the following simple form

. F'(s), if 0 <s<m,
F'(s) = (124)

0, if s<0ors>m.

Set F(s) = IN F'(s)ds. Then it is easy to check that

&S]

2 ~
(8) < B and HF,HCO,I(RI) < co . (125)

By < B < h(po) + 5



Let {e,}22, be a strictly decreasing sequence of positive numbers such that €1 < gy /4

and €, | 0. One can truncate H associated with e, as follows
HO(|Vy?,im) = J(An(IV[, 45 m), By (s m)). (126)

To give a clear explanation of this definition, we first introduce a sequence of smooth

increasing functions ¢, such that

s, if s < —2¢y,
Cn(s) =

—&n, ifs>—e,.

Now one can define

An(IVYI2, 5m) = Gu(|VY[? = 22(Ba(3m))) + £ (Bp(v;m)),

where

B m) = hipo(m) + )

It is easy to see that there exist two positive constants A(n) and A(n) such that
A)IE < AT (g, 2m)g8; < Am)lg?

for any z € R, ¢ € R? and ¢ € R?, where

A (g, zm) = H™ (g, z3m)85; — 20 (|[?, 2 m)gsq;.

Thus it follows from the argument in Section 3 that for any m € (07,m), there exists a
solution ¢ (z;m) to the problem

AE;Z) (Dwa lb; m)al_]w = ﬁn(D'lﬂ’ ¢; m) in Q’

_ _zo—fi(z1)
v = Ja(z1)—f1(z1)

(127)
m on 0f),

where

B o r7(n 77 A B
P PR (((H )2+ BT (G - )R, (Hm))Q),

(Hm)2e2 — A,

where we ignore some obvious independent variables in the definition of F,. Moreover, if
Vo2 = B™;m) < —2ep, (128)
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then ¢/, = 1. Similar to Section 3, one has
0 < ™ (z;m) < m.

Since F satisfies (125) independent of &, one can estimate I5 in (106) as that in (107).
Furthermore, it follows from the same arguments in Lemma 5 that the solution to (127)
satisfying (128) has far fields behavior as (100). In addition, by Proposition 7, such a
solution is unique among the class of solutions satisfying (100).

Note that in general, we do not know uniqueness of solutions to problem (127). Set

Sp(m) = {0 (z;m)|[1p™ (z;m) solves the problem (127)}. (129)
Define
Mp(m) = inf  sup(|[Ve™ (z;m)]* — S (B ™;m))), (130)
PMeSn(m) QO
and

T, = {sld] < s <m, M,(m) < —4e, if m € (§7,s)}.

It follows from Proposition 4, Lemma 5 and Proposition 6 that [§], 253/ 2] C T, therefore,
T, is not an empty set. Define m,, = supT,,.

The sequence {m,,} has some nice properties.

First, M,,(m) is left continuous for m € (67, m,]. Indeed, let {m;’“)} C (67, my) and
)

m;’“) 1 m. Since M, (my,") < —4e,, one has

™) (s c2.a @) < C-

Therefore, there exists a subsequence ¢ (z; mg{”‘l)) such that (™ (z; mg{”‘l)) — 1), moreover,

¥ solves (127). Thus M,(m) < lim Mn(mgﬂ)). So M, (m) < —4e,. Note that all these
solutions satisfy the far fields behavior as (100), by uniqueness of solutions in this class,
My (m) = lim M, (m{).

Second, m, < m. Suppose not, by the definition of m,,, m € T;,. It follows from the

left continuity of M, M, () < —4e,. Thus by means of the proof of Lemma 5, ("™ (z; )
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has far field behavior as in (100). However, it follows from the definition of m that

sup (V) (@sm) | — £2(B, (v (a:m))

z€Q

> sup max{(lpo(muo(azs ) = S (Blaz)): (1 (s y(az)im) — (B2}

= 0,
where y = y(s) is the function defined in (49). Thus M, (m) > 0. This is a contradiction.
Therefore m,, < m.

Finally, {m,, } is an increasing sequence. This follows from the definition of {m,, } directly.

Define m = lim,,_,~, my. Based on previous properties of {m,}, m is well-defined and
m < m.

Note that for any m € (§7,m), there exists m,, > m, therefore M,(m) < —4e,. Thus

¥ = ™ (z;m) solves (67) and
Sl(l_zp(lwbl2 = Z3(B(v))) = Ma(m) < —4en.

If sup,,e 57,y M(m) < 0, then there exists n such that sup,,c(sy ) M(m) < —4e,. As
the same as the proof for the left continuity of M, (m) on (87, m,], M, (1) < —4e. Suppose

that there exists o > 0 such that (67) always has a solution ¢ for m € (rh,m + o), and

sup  M(m)= sup  sup([V[2 — S2(B(1))) < 0. (131)

me (rm,m+o) me(m,m+o) Q

Then there exists £ > 0 such that

sip Mm)=  sup  sup( Ve[ — S2(B($))) < —denpi.
me(m,m+o) me(m,m+o) Q

This yields that m,4+r > ™ + 0. So there is a contradiction. The contradiction implies
that either M (m) — 0, or there does not exist ¢ > 0 such that (67) has solution for all
m € (m,m + o) and (123) holds.

This finishes the proof of the Proposition. O

It follows from Lemma 5, Lemma 8 and Proposition 9 that if B satisfies (14) and
m € (67,7), then there exists an Euler flow through the nozzle. Collecting all results

obtained together, we complete the proof of Theorem 1.
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