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Abstract: In this paper, we study the asymptotic stability of rarefaction waves for the
compressible isentropic Navier-Stokes equations with density-dependent viscosity. First, a weak
solution around a rarefaction wave to the Cauchy problem is constructed by approximating the
system and regularizing the initial values which may contain vacuum state. Then some global in
time estimates on the weak solution are obtained. Based on these uniform estimates, the vacuum
states are shown to vanish in finite time and the weak solution we constructed becomes a unique
strong one. Consequently, the stability of the rarefaction wave is proved in a weak sense. The
theory holds for large-amplitudes rarefaction waves and arbitrary initial perturbations.
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1 Introduction

In this paper, we consider the following compressible and isentropic Navier-Stokes equations
with density-dependent viscosity

{pt—i—(pu)x—o, xeR,t>0,
(pu)i + (pu® +p(p)), = (1(p)thz ),

where p(t,x) > 0, u(t,x) represent the density and the velocity of the gas, respectively. Assume
that the pressure and viscosity function is given by

p(p) =Ap",  plp) = Bp®, (1.2)
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where v > 1 denotes the adiabatic exponent, a > 0 and A, B > 0 are the gas constants. Without
loss of generality, we assume that A = B = 1.

We consider the Cauchy problem (1.1) with the initial values

(p; pu)(0,2) = (po, mo)(x) = (px, M=) as z — Foo, (1.3)

where pi, m4 are given constants. Here we assume that there is no vacuum at the far field, i.e.,

p+ > 0, thus we can define the far field velocity by us = %.

The large time asymptotic behavior of solutions to (1.1) is expected to be closely related to
that of the corresponding Euler system

pt + (Pu)x = 07

(1.4)
(pu)e + (pu* + p(p))z =0,

The Euler system (1.4) is a strictly hyperbolic one for p > 0 whose characteristic fields are both
genuinely nonlinear, that is, in the equivalent system

U
P + / 14 P _o,
w)  \ve w)\u
X
the Jacobi matrix
U P
pp)/p u

has two distinct eigenvalues

Mpu) =u—+P(p),  Aalp,u) =u+Vp(p)

with corresponding right eigenvectors

Ti(pv u) = (17 (_1)i

such that " ,
o0 (p) +2p'(p)

2p/P(p)

Ti(ﬂ? u) ’ vp,u)\i(pau) = (_1) 7é 0, +=12

Define the i—Riemann invariant (i = 1,2) by

P S
Silp,u) = u+ (—1)’/ #ds
such that
v(p,u)Ei(pa u) ’ TZ'(,O,U) =0, VP > 0, u.

There are two families of rarefaction waves to the Euler system (1.4). Here we only consider
2—rarefaction wave, which is characterized by the fact that 2—Riemann invariant ¥o(p,u) is
constant in (z,t) and 2—characteristic speed, A2(p,u) is increasing in xz. Suppose that the end
states (p4,us) of the initial values of (1.4) satisfy

Eg(p,,u,) = EQ(er,qu), )\Q(er,qu) > )‘2(p*7u*)7



Then the state (p_,u_) can be connected to the state (py,u4) by a 2—rarefaction wave. The
2—rarefaction waves for (1.4) connecting (p—,u_) to (p4+,u4) converge to each other time-
asymptotically in supreme norm. For definiteness, we choose a particular 2-rarefaction wave
(p,a)(t,z) of (1.4) defined by (2.3) in the next section.

In the present paper, we are interested in the large time-asymptotic stability of the above
rarefaction wave to the density-dependent Navier-Stokes equation (1.1) with large initial values
which may contain vacuum states.

There have been large literature on the global existence and the large time behavior of
solutions to the system (1.1) and even in the higher dimensional case when the viscosity p(p)
is constant. We refer to [7], [15], [17], [19], [20], [23], [24] and the references therein. However,
the possible appearance of the vacuum is one of the major difficulties to the global existence
of the solutions to the compressible Navier-Stokes equations with constant viscosity. Hoff and
Smoller [13] proved that weak solutions of the compressible Navier-Stokes equations in 1D case
do not contain vacuum states in finite time if there is no vacuum initially. On the other hand,
Xin [30] proved that there is no global smooth solution to the Cauchy problem to compressible
Navier-Stokes equations with a nontrivial compactly supported initial density, which means that
the solution will blow up in finite time in the presence of the vacuum states. Moreover, Hoff [11]
proved the results of the failure of the continuous dependence of the weak solutions containing
vacuum states on the initial values.

Thus, when the solution may contain vacuum states, it is natural to consider the compressible
Navier-Stokes equations with density-dependent viscosity, as was derived from Chapman-Enskog
expansions from the Boltzmann equation where the viscosity depends on the temperature and
thus on the density for isentropic flows. Moreover, a one-dimensional viscous Saint-Venant
system for the shallow water, derived rigorously from the incompressible Navier-Stokes equation
with a moving free surface by Gerbeau-Perthame recently in [8], is expressed exactly as in
(1.1)-(1.2) with « =1 and v = 2.

There are many literatures on mathematical studies on (1.1)-(1.2). If the initial density is
assumed to be connected to vacuum with discontinuities, Liu, Xin and Yang first obtained in [21]
the local existence of weak solutions. The global existence of weak solutions was obtained later
by [14], [15], [27], [31] respectively. If the initial density connects to vacuum continuously, then
new difficulty is encountered since no positive lower bound for the density is available. This case
is studied by [6],[29],[31] and [32] respectively. However, most of these results concern with free
boundary problems. Recently, initial-boundary-value problems for one-dimensional equations
(1.1)-(1.2) with u(p) = p®(a > 1/2) was studied by Li, Li and Xin in [18] and the phenomena
of vacuum vanishing and blow-up of solutions were found there. The global existence of weak
solutions for the initial-boundary-value problems for spherically symmetric compressible Navier-
Stokes equations with density-dependent viscosity was proved by Guo, Jiu and Xin in [9]. More
recently, there are some results on Cauchy problem (1.1)-(1.3). The existence and uniqueness of
global strong solutions to the compressible Navier-Stokes equations (1.1)-(1.3) were obtained by
Mellet and Vasseur [25] where no vacuum is permitted in the initial density. However, the a priori
estimates obtained in [25] depends on the time interval thus does not yield the time-asymptotic
behavior of the solutions. The first result about the time-asymptotic behavior of the solutions
to the Cauchy problem (1.1)-(1.3) is obtained by Jiu-Xin [16], where the global existence, large
time-asymptotic behavior, the vanishing of the vacuum and the blow-up phenomena of the weak
solutions were considered in the case that p; = p_ and u; = u_ = 0. It is well-known that the
large time-asymptotic behavior of solutions to the system (1.1)-(1.3) with different far field states
of the initial values is closely related to the corresponding Euler system (1.4). Rarefaction wave
is one of the fundamental wave patterns to the Euler system (1.4). A natural question is how
about the stability of rarefaction waves to the compressible Navier-Stokes equations (1.1)-(1.3)



in the framework of weak solutions which may contain vacuum states.

In the case p+ > 0, that is, the rarefaction wave does not contain vacuum, we study in
this paper the global existence, large time-asymptotic behavior, vanishing of the vacuum and
the blow-up phenomena of weak solutions to the Cauchy problem (1.1)-(1.3). First we will
construct a class of approximate solutions satisfying some uniform estimates and furthermore
prove the global existence of weak solutions for Cauchy problem of (1.1)-(1.3). Moreover, the
time-asymptotic behaviors of weak solutions are investigated. More precisely, it is proved that
the density p tends to a rarefaction wave as t — oco. As a consequence, there exists a time
Ty > 0 such that when ¢ > Tj, the vacuum states vanish and the global weak solution becomes
a unique strong one. Moreover, the stability of the rarefaction wave is obtained in some weak
sense.

Notations. Throughout this paper, positive generic constants are denoted by ¢ and C, which
are independent of ¢, ¢t and T', without confusion, and C(-) stands for some generic constant(s)
depending only on the quantity listed in the parenthesis. For function spaces, LP(Q2),1 < p < oo,
denote the usual Lebesgue spaces on  C R := (—o0,00). W#P(Q) denotes the k™ order Sobolev
space, () := WE2(Q), || - == - |l 120, and || - [|x:=]| - |z () for simplicity. The domain €2
will be often abbreviated without confusion.

2 Preliminaries and Main Results

2.1 Rarefaction waves

Consider the solution to the following Cauchy problem for Burgers equation

wy +ww, =0, t>0,z R,
Wi +w- | Wy — W
2 2

(2.1)

wo(x) :=w(0,2) = K, /OW(l +yH) 9 dy.

Here ¢ > 2 is some fixed constant, and K, is a constant such that K, [7°(1 4 y*) %y = 1, and
1 is a small positive constant to be determined later. It is easy to see that the solution to the
above Burgers equation is given by

w(t, z) = wo(zo(t, z)), x = xo(t, z) + wo(zo(t, x))t. (2.2)

Then the following properties hold (see [24]).

Lemma 2.1 Let 0 < w_ < w4, Burgers equation (2.1) has a unique smooth solution w(t, x)
satisfying

i) w_ <w(t,z) <wi, wy(t,z) >0,

ii) For any p (1 < p < 00), there exists a constant Cpq such that

I S |
| wy(t) || £p < Cpgmin {8, " », 677},

(1—L —{e=1) (p=1)

1 1 )
| wea(t) Lo < Cpgmin {8,7° #, 721705 e =1 =007y

where §, = wy —w_,

iii) sup jw(t,z) —w"($)] — 0, as t — oc.
zeR



Define a 2—rarefaction wave (p,u)(t,x) by

Ao(pr,ut) =wy, w_ < wy,
Xe(p(t,x),u(t,z)) = w(l +t,z), (2.3)
Zg(ﬁ(t,x),ﬂ(t,:c)) = EQ(pi7ui)7

Thus (p, @)(t, z) satisfies the system

P+ (pit)e = 0
(pu): + (pu® + p(p))z = O,

Lemma 2.2 The 2—rarefaction wave (p,u)(t, ) satisfies

i) pr >0, u, >0
ii) For any p (1 < p < 00), there exists a constant Cp, such that

(P, ) (£ )| oy < Crgmin{dy' 7,67 (14) 7},
—1 1
(Baws Tiae) (1) | o () < Cpgmin{dn 5,020 006 %0 (1 4+ )™ 30 + 67 (1+ 1) 25},

where 0 = |py — p—| + |uy — u_| is the strength of the rarefaction wave;

i) i sup|(p, 5)(t,2) — (5", u") ()] = 0.
—0¢eR
Remark: For any 1 < p < +o0,

T
/0 H(ﬁmxaaacac)(ta ')”Lp(R)dt S C,

where C'is independent of T'. Note that in the case p = 1, the constant C' in the above estimates
is not uniform in 7.

Moreover, the following estimate holds:
T o (T o1 2
/ | (Pzzs Uaa) (2, ')||L°°(R)dt < Cnpiatt / (1+1) latidt < Cplatt,
0 0

2.2 Main Results

Set
SR OET
’ 2
Pyt (2.5)
= ———— =" =" p—D)|
(y=1p { (o=
The initial data are assumed to satisfy:
po>0; my=0 a.eon {z € Rlpy(x)=0};
a—1 _
(65 1) € L2R). p0W(po.) € L'(R): (2.
m m
po(~> —u)* € L'(R),  po(~ > — )’ € L'(R),
Po Po



where o > £ and (po, %) := (p, @)(0, z) is the initial values of the 2—rarefaction wave (p,u)(t, z)
constructed in section 2.1. Note that (2.6) implies that py € C(R) which is the space of
continuous functions.

Before stating the main results, we give the definition of weak solutions to (1.1)-(1.3) asso-
ciated with 2—rarefaction wave (p,u)(t,z) in (2.4).

Definition 2.1. A pair (p, u) is said to be a weak solution to (1.1)-(1.3) towards the rarefaction
wave (p,u)(t,x) in (2.4), provided that
(1) p >0 ae., and

p € L%(0,T; L%(R))) N C([0,00); W (R)"),
(P*")e € L¥(0,T; LA(R)), /p(u — 1) € L(0, T; L*(R),

where W1>°(R)* is the dual space of W1*°(R);

(2) For any to > t; > 0 and any ¢ € C3(R x [t1,12]), the mass equation (1.1) holds in the
following sense:

/ (p— p)¢dal? = / 2/ p— P)Gt + (pu — pu) - (zldzdt; (2.7)

(3) For any ¢ € C§°(R % [0,T)), it holds that

T

[ o= w0, )da + [ [ LA @) + (o~ Pt (2.8)

R 0 R

H[vp(u—a)* = 2y/py/plu— w)i + (p — p)u® + (p” — ) }pdadt
T

+ < p*(u — )y, Yy > —|—/0 /Rpaaxwxdxdt =0, (2.9)

where the diffusion term makes sense when written as

T 1
< pYu— )z, >= —/ / P2 /p(u — 4)pydadt

S 2a—1 / / P 2)z/p(u — a)pdrdt. (2.10)

Our main results read as

Theorem 2.1 (Existence of a weak solution) Let v and + satisfy that

1 v+1
— < —. 2.11
2<oz_ 5 ( )

Suppose that (2.6) holds. Then the Cauchy problem (1.1)-(1.3) admits a global weak solution
(p(x,t),u(x,t)) satisfying

peCRx (0,T)), (2.12)
>0 <C 2.13
p="5 (a:,t)renfgi{[o,ﬂ p =t (2.13)
_ ol 1 _ o _
sup /(!\/ﬁ(u—u)!2+(p )i+ 0" =" =" p — p)lda
te[0,T] /R v
T y+a—1 y+a—1
+/ / (2 =5 2 )uf’ + Alw, t)?)dadt < C, (2.14)
0 R



where C' is an absolute constant depending on the initial data and A(z,t) € L*(R x (0,7))

satisfying
/ / Apdrdxt = / / —3 Vp(u — i) pzdrdt

2a 1 / / P 2)o/p(u — @) pdxdt. (2.15)

Remark 1: Obviously, the case of shallow water equation, i.e. &« =1, v = 2, is included in our
theorem.

Theorem 2.2 Suppose that (p(z,t),u(z,t)) is a weak solution of the Cauchy problem (1.1)-
(1.3) satisfying (2.12), (2.13) and (2.14). Then we have

lim sup |[p — p| = 0. (2.16)
t—00 zcR

Based on Theorem 2.2, it is easy to deduce that under the assumption that the approximate
rarefaction wave satisfies inf, ; p(¢, z) > 0, there exists a time Tp > 0 after which the density has
a positive lower bound and the vacuum states vanish. Moreover, it will be shown that after the
time ¢t = Ty, the weak solution becomes a unique strong one. Precisely, we have

Theorem 2.3 Suppose that the assumptions of Theorem 2.1 hold. Let (p(z,t),u(x,t)) be a
weak solution of the Cauchy problem (1.1)-(1.3) satisfying (2.12),(2.13) and (2.14). Then for
any 0 < p; < inf;, p(t, z), there exists a time Tj such that

0<p1 <p(zt)<C, (x,t) € R x [Ty, 00), (2.17)

where C' is a constant same as in (2.13). Moreover, for ¢t > T, the weak solution becomes a
unique strong solution to (1.1)-(1.3), satisfying

p—p€L>(Ty,t; H'(R)), pr€ L¥(Ty,t; L*(R)),
u—1 € L*(Ty, t; H*(R)), us € L*(Ty,t; L*(R))

and

sup [p — p|l + [lp = Pllrr) + llu — @llL2m) — 0 (2.18)
zeR

as t — oo, where 2 < p < o0.

Remark 2: It is interesting to note that there is no requirement on the sizes of the strength of
the rarefaction wave and the perturbations. The class of initial perturbations given by (2.6) is
quite large compared with those for the constant viscosity case, [20], [23], [24].

In addition, similar to [18], we can obtain some results on the blow-up phenomena of the
solution when the vacuum states vanish, which will be presented in Section 5.
3 Existence of a weak solution

We first study the following approximate system:

{pt—k(pu)xzo, zeR, t>0,
(pu)e + (pu® +p(p)), = (e(p)ua)e,



where pc(p) = p* +ep,e > 0,0 € (0, 3).

The initial values can be regularized in the following way. Due to (2.6), we have

lim po(z) = ps.

r—+00

For any suitably small constant A > 0, there exists M > 0 such that if |z| > M, then

po(z) > A.
For definiteness, we can choose and fix A = ’%.
Define
po(z) +62&+29, if |x| < M,
ph(x) =14 po(z) +ezm[(M+1)Fa], if M<+r<M+1,
po(z), if |z|>M+1

1 1
Then, pj(z) is a continuous function in R and pj(z) > min{Z-,%+-20 } = £2+-29 for suitably
small €. Also,

0 < pb(@) — polx) = (Pb(x) — po(@))Lmj<rrsr < 2(M + 1)z,
Set
poc () = (po — po) * je(x) + po(x).
Hence, poe € C*°(R) and xgrinoo poe = p+ uniformly in e. So for & > 0, there exists M; > 0
such that
po- = Bz 2 M.

Note that pge has a lower bound in the domain |z| < M;j. Indeed, since (p} — po) € C(R), it
follows that
(pb — Po) * je — py — po, in C(|z| < My)

uniformly as € — 0. Hence

po: — po(x) in C(jz] < M)
uniformly as e — 0.

This implies that
1

poe (@) > 552;28 if |o| < M;.

Thus
. op— 1 _1 1 1
poe(x) > mln{7, 552%29} = e, VzeR

for suitably small e.

Moreover,

poe ¥ (poe, 7o) — po¥(po. o) in L'(R),  (pi /*)e — (05 ~%)a in LA(R).

Therefore, it holds that

1 -
[(po 2)al® = (32050 [(poe 2)a)> < C
2



uniformly in €.

To regularize mg, one sets

m _
Fy = po(— —1p)® € L'(R)

£0

and
FO& - FO * ja'
Then,
FOE — F(), a.e.

and

Fype — Fy, in LY(R).

1
Fi 3
mMoe = Poe (fLo + (ﬁ) )
Poe

Now we define

Then m m
0 _ 0 _ .
poc(—= — 1p)* — po(— —1p)* in L'(R)
Poe £0
and m m
0 _ 0 _ .
pog( < UO)2 — ,00(— — UO)2 m Ll(R).
POe 0

For any fixed T" > 0 and for any fixed € > 0, there exists a unique smooth approximate
solution to (3.1) in the region (z,t) € R x (0,7") with initial data

(p, pu)(0,2) = (po=, moe)- (3.2)

We refer to [26] for the wellposedness of the global strong solution to the approximate system
(3.1) with (3.2).

The following estimates are crucial to prove our main results, which are based on the usual
energy estimates and a new entropy estimates (see [1]-[4]).

Lemma 3.1 Let 1 1
~
_ < .
5 <a<——, (3.3)

Suppose that (pg,u) is a smooth solution to (3.1) satisfying p. > 0. Then for any 7" > 0 and
e > 0 satisfying /eIn(14+T') < e1, the following estimates hold:

[

1
2

9 pe 2\ 12 o pg 2 _
sup /R{ps(us—u) +[< )x] +e [( I)J +ps\P(ps,p)}(w7t)d~’v

—

t€[0,T] —1 -
+ /o:ﬁ 1{Ux [p(ps) - pQ(p) - p’(i)w(is - ﬁ)} + ps(? %, 4 (ot e [(us B ﬂ)x} ) -
e T =] el T =0 )| e tydadt

<C,

where C is an universal constant independent of € and 7'.
In the following, the subscript ¢ in the approximate solution (p,u.)(t,z) will be omitted for
simplicity.

Proof: Step 1. Energy FEquality



It follows from (3.1)9 that
pug + putty + p(p)e = (pe(p)tiz)o- (3.5)
Subtracting (3.5) from the second equation of (2.4) gives
p(u— @)+ pu(u—a)g + (p(p) = p(p))e + (p— Pt + (pu— pi) iy = (pe(p) (U —U)g )z + (e () Ue )

(3.6)
Multiplying (3.6) by v — 4, we get

)
[P B 2B (o) — () — [~ B — ),

T

+p [u—ux]Q [ p)| fa(t =) 4+ 1e(p)ia (= @) = | (p = )it + (pu — pi)iis | (u — ).

(3.7)
Note that ¥(p, p) defined in (2.5) satisfies
[p\l’(p, ﬁ)L + [pU‘l’(/% ﬁ)} Tt (w=a)a(p(p) —p(p)) + e [/ﬂ =0 =" o - ﬁ)] -
= PO,y a), |
p
It follows from (3.7) and (3.8) that
u— )2
[p( 5 S+ PY(p,p)|, + Hiu(t,x) + pe(p) [(u - ﬂ)x} Lt [p” —p =0 Hp— ﬁ)}
= [1e0)] talos = 1) + pelp)als— 0) — (0~ )i + (o — )i + p(g)x (0~ 7)) (u— )
(3.9)
where
~ pu(u — u)? _ e N N =
Hy(t,x) = 5 + pu¥(p, p) + (u— @) (p(p) — p(p)) — pe(p)(u — W)(u — W)y
Since _
(o= o+ (ou = pu)i + 2220 - p) = ptu —
we obtain
u—a)?
[p( 5 S+ p¥(p, ﬁ)]t + Hig(t, ) 4 pe(p) [(u - ﬂ)x] ", [/ﬂ 0 =" p - ﬁ)] (3.10)

p(u— @0 = [pe(p)] Tl — ) + pre(p)a(u — 7).

T

Step 2. New Entropy Equality
Rewrite (3.6) as
p(u—)+pulu—1a), + (p(p) —p(p))z+ (p— p)us + (pu — pi)i, = [(pa‘1 +ep’ pua| . (3.11)

xT

Note that
(677" + 20" pua| = =p(e2 ()t = P2 (0))a (3-12)

where 2%(p), 0 < 0 < 1, is defined by

a,f

@2 a-1" 0~

if a=1.

lnp—i—ep

a—1 0—1
P +5p ,1fa7é1,a>0,
(p) =
-1’

10



Thus (3.11) becomes

p(u—1);+ pu(u—1)g + (p(p) — p(P))x + (p— Pt + (pu— pi)tiy = —p(¢2? (p))at — pu(w?’e(f))m)-
3.13
Multiplying (3.13) by (¢2?(p))s shows that
.0 2 " o, 2
e e) 1ot O] ot )]+ [putu— @) (0]
—(u— 1) [p(w?’e(p))xt + pu(w?’e(p))m} + (@2%(0))z(p(p) — (D)2 (3.14)

2 () [0 = P+ (pu — )| =0,

Combining (3.13) with (3.14) yields

G-+ @]} +{
(2 (P)ap(p) = P(P)s + (w =) (p = P + (pu — PO}, |

+(e2%(0))a | (p = P + (pu — pu)iz| = 0.
(3.15)
Step 3. A Priori Estimates
It follows from (3.8) and (3.15) that
{50 [— 0+ @]+ 0%00.) ), + {Gouw ) + (20 (0))] + pu(o,)
+(u—a)(p(p) = p(P)}_+[p(p) = p(p) — (7)o~ p)} + plu - )E, (3.16)

+(e2 o))z |(p = P + (pu = p0)iLs + plp)2 = p(p)2 | = 0.

Now we deal with the last term on the left hand side of (3.16). Note that

- L _ - p(P)
(0= P+ (pu— P+ p(p)s — p(p) = plu — W) + [p()s ~ 2L (347
and
(@2%(p))e = p*2px + 0”2 pa. (3.18)
Thus
(@202 | (p = )i + (pu — p)iia + p(p)s — p(p): ] 10
(1 0 = 3.19
_ (TP . a—2 -2 ~ pp(P)a
—(a +59)x(u w)ug + (p* “pz +ep px)[p(p)x F ]
Direct computations show
a— pPP(P)z
P2 pa [p(p)x - (ﬁ) ]
_ 4y aty=1  _oaty-1_ 72 8y _aty-1 aty=1  _aty-1
_(a+72—1)2[(p S )x} +[(a+v—1)28(p Ckle )
B ’)/ _a+;—1 _'y—g—l a _ -a _ ’)/ _o<+;—1 a+g—1 B o<+;—
704(@457—1)(’) )zP (" —p )] 7(a+7_1)2(p )az(p p )
77 _ety=l, _ymaesl a -«

11



o200 plp)e — - ;_ﬁ)x

4y O+y—1  _o+y-1_ 12 8y o4y-1 o471 o471
Tl e T
—9(9%_1)(5 >p W:fﬁ—d’)}x—(eﬂ_l)gﬁ el )
eyl (AR R

* 0 4 a+~v—1 aty—1 2
Fp(u — @), + (% + 6%)$(u — W), + ﬁ |:(p—; _ )x}
4’)/ |: 0+~y—1 _0ty—1 }2 8’)/ _oady—1 aty—1 _oady—1
s 2 — 2 = - 2 2 — 2
+E(0+7_ 172 (p p ) ety 1)2(,0 )zz(p p )

8y O+y-1 O4y=1  _049-1 2y

m( 2 ax(p 2 —p 2 )—m

at+y—1

[ o Pl VAR

2’)/ O+y—1 _y—6-1 0 5
90+ —1) [(p T )ap L(p ), .
where
1 B N 2 ~ - B
Hy(t, ) = 5pu [(u —a) + (¥ 76(/)))90} + pu¥(p, p) + (u — @) (p(p) — p(p))
+87’)/(_a+v—1) ( a+;/—1 _ _a+;,—1)
(a+~y—1)2 p z\P P
_277(*%) *77371( a 701) 5
ala+y-1) P =P p="°, (3.23)
be VM (oM 5N
(ET e (P p
2y I S R

—5m(P > )up 2 (0= 77).

Multiplying (3.22) by « and then adding up to (3.10) and noticing that [,us(p)} = (p)+e(p?)s
in the right hand side of (3.10), we get

{20 [+ @] + PO (ot 1)pu(p, P} + |aHa(t,2) + Hi(t,)]

2 z
o )iz plo) = 2(p) =P (@0 = )] + (a2 + Dl — )"0+ + e9)[(u )]
dary aty=1  _aty-1 ]2 dary Ofy=1 0491
+m[(ﬂ . —p 2 )ac] (71)2[(0 2 —p 2 )x}
= (= ) + & | a1 — ) + (1 = 5) (0ol — )]
e T s o
(Oé—l—go;yl)2 _04y-1 O+y=1  _O+4y-1 2y

+€(,9.|_2»y7_1)2(p 2 aelp 2 —p 2 ) —

R i e el IO

59(9+7_1)[(p 2 )ap 2 L(p )
6

1=1

(3.24)

12



Integrating (3.24) over [0,t] x R with respect to t,z gives

/{a [(u—u)+(<pg (P)x ]2+M+(a+1)qu(p,,a)}(t,x)dx

2
/ | {(@+ v o) = 95) )0 - ﬁ)} + o+ Dplu — 5,
o) |- ma] [ -]
dary 04y-1 8+v 1
—_ — )z| pdxd
-1-6(9_’_’}1_1)2[(,0 2 p 2 }}:CT
t 6
= / / ZfldxdT
0 JR =
We now estimate the right hand side of (3.25) terms by terms. First,
/ / Lidxdr = / / p* Uy (u — w)dzdr
u—u)p*” 2umdxd7
AL a0
N /0 /R Volu= a)paiiﬂm[u{oﬁﬂﬁ%ﬁ + 1{p>2p, }dudT
:::J%_Fj?a
where 1|q is the characteristic function of a set Q C (0,¢) x R.
Using Lemma 2.2 (and its Remark), noting that o > %, we have
) t
7 < [ IV = D)l sl oy r
¢
<C sup Vo~ 0w [ s lmdr (3.27)
te[0,T) 0

<C sup |lv/p(u—1)|r2m),
t€[0,T

t 1 1 ¢ ol
J12:/ / Volu —a)(p*2 —p° 2)u$$1|{p22p+}d‘rd7—+/ / Vo(u =) p* 2 Ua 1>, ydadT
t

<O sup VA= Dlm sup 16" P s e / el o ry I
¢€[0,T] 0

+C sup VA - B2y / el 2y
te[0,7)

t 1
< Oyt SElP [vp(u — )|l 2 (r) SElP 1(p*~2 = p° )1|{p22p+}||L2(R)/0 (1+7)" " daridr
te[o te[o

+C sup [|\/p(u = @)l 2w

t€[0,T
2 _a—1
< Cn““[ sup H\/—(U_U)HLQ )+ sup 160" F = T pap e | + O
(3.28)
Note that if o and ~ satisfy
1 1 1
0<2a—3)<7y, e, ;<a< % (3.29)



then

1 1 IR |
o (p T = pr ) (v = (p* 72 = p*72)?
lim — = lim T
p=too pU(p,p) p—too pl — pY —yp7~H(p = p) (3.30)
<C.
Thus if 3 < a < 'YTH, then
_1 _1 _
sup [|(p*"2 —p* 2)1|{p22p+}”%2(R) < C sup |[[p¥(p,p)llL1(m) (3.31)
te[0,T) t€[0,T]

for some uniform constant C' > 0.
Combining (3.27)-(3.31) together shows that

t 2
| [ nasdr < onwia | sup - ol + sup 0% p)llm] + G (332)
0 JR te[0,T) te[0,T)

Next, we estimate fg Jr TodzdT which can be rewritten as

/L/L@mf_s/ / PPt (u— @) + (1 — 3xﬁhw—am4¢m7

; /R {p Uy (u — )y + %(pe) (u — a)ﬂx}d:ch

=Jy +J3,

Using Young inequality, one has

——z-://puxu—u )zdxdT
_4// (u— 1), d.il?dT—l—E/ /peﬂ,idacdr

By Lemma 2.2, one can obtain

t
EA A QdCCdT == 5/ / 1{0<p<2p+} + 1{p>2p+})u dxdr

SC{-:/ / ) dxdT—i—E/ / o’ —p )1{p>2p+}u dxdr
0 JR

< Ce(147) +.Ce sup 16~ P2z v / A
te

< Celn(1+T) + Ce sup |[|p¥(p, p)ll1(w)
t€[0,T]

due to the fact that

lim (p? — 166)|1{p22p+}

v =0.
p—-too p¥(p; p)

Moreover, direct estimates show

= 0 / / muxf(u—u)dxdT
t
_1 _ _
< Cye sup H\/g(Pa 2)allz2mw) S[up ”\/,5(U—U)HL2(R)/ |t || oo (rydT

t€[0,T]

< OVEm+ D) sup IVEW Dol + sup IV~ Dl |

14



Thus the term Iy is estimated as

t
//ﬁﬂstcﬁmu+nb+sw|w%#%mé>+swufw—mmz]
0 JR

te[0,T) t€[0,T)]

+Ce sup |p¥(p,p)llL1r
t€[0,T)]

The term I3 can be estimated as follows.

t t
/Q jglédxdT —'jﬁtA;Lﬁl{p—ﬁsﬁ;}*‘1{p—m>%;})dxd7

= J3 + J3.

Direct estimates lead to

! Bary aty—1 aty—1 aty—1
1 _ _ Say .
‘%_Z;L&Hw—nﬂp2 Jealp 2 =0 ) gyt ydadr

a+~/— aty—1 a+w 1

< C sup —-p 2 p—y|z2 /
1" M pery iz [ 112

< CH V p\p(pvﬁ)HLQ(R)a

where one has used the fact that
aty—1 _aty—1 =
(2 —p 2 )1y, _scenllzw) < ClIVPE (0, D)l 12(r)
{lp—pI<5}

Moreover, due to the facts that

)az |l L2 (R)dT

aty—1 a+v 1

o= —p 114 pI>8Y eyt

lim
p—0+ p¥(p, p)

and for n 1
EE__%g____ §;77 i'e'7 Gf557/+’17

a+g 1 7a+;—1 1
. o EER L P
p—too p¥(p; p)

<C,

we can estimate J2 as

t
8&7/ aty—1 aty—1 at+y—1
2 _
J3 _/ / m( 2 )ﬂCﬂC(p 2 _p 2 )1{|P ﬁ|>p7}dxd’7'
+~/ 1 aty—1

< C sup — p /
te[OT]H( P 1 {lp— p|>—}”L1(R (P

_2 _
< Cn%att | p¥(p, p)l L1 (m)

a+'y 1

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

The term I, can be handled similarly because 0 < 6 < % < a<vy+4+ 1. Now we turn to

t t
/O/RIdedT—/O /RI5(1{pp<’;}+1{pp|>”2})dxd7

= Ji 4+ J2.

15



One has

a+'y 1 _y—oa—1 o —a
J5 // Oé+")/—1 (p )ap 2 Lc(p - p)1 {lo—pl<’s }dxdT

o+ 1 _y—a-—1
<C sup (0~ 7)1y ey l2my / 1™ )ep™ 5] Nizemyir

te[0,T)

<C mp V¥ (0, p) |l L2(r)
te|0,

and

+~—1 _y—a—1 a -
J3 = / / Oz—l—’y—l (P 2 )ap 2 ]I(P p )1{\,) ﬁ\>%}d$d7

aty—1 y—a—1
<(C su / 3 =1 e dT
te[olr}]n( P {lp— p\>_}HL1 ||[( )ap xHL R)

_2 —
< OptasT S[%pT] 1V P¥ (0, p) I (m)
telo,

where the following facts have been used:

a s«
0% = P gy

lim — =p77 < C,
p—0+ p¥(p; p)
P —p1 1
lim Uprl>"5} <C, for —<a<n. (3.38)
p—too p¥(p,p) 2

Finally, Is can be estimated as for I5. In fact, we note that the term I5 involves the index «
and Ig involves the index #. Since 0 < 6 < % < o, when we make the estimate in the case
p — +oo(see (3.38)), the order of a will be dominant and hence the estimate of I is much more

direct.

Now for o and ~ satisfying (3.3), we can obtain

sup (=) + ()] + plu— 0 + p¥(p. ) } (o, 1)
te(o, T]

ol
of / vl p’<ﬁ><p—ﬁ>}+p< et (4 2 (0 )]

Ho=F - p”; 1)1]2%[@”31 ") s t)dea (3.:39)
§C+C\/Eln(1+T){1+t€sE(1)71>T}/R[(u—u) + o) o}
SC+C\/€1H(1+T>{1+7&€SB%}/R u — )? {u—u (p))xrdx}

where C > 0 is the constant independent of € and t.

Choosing ¢ such that /eln(1+1T) < et and e small enough, we arrive at

sup / {o [(u—@) ()] + plu— )+ (o, ) } (2. )i

te(o, T]
2

/ [ A{alpo) = 20) =2 Do = 9] + ptu— P+ e @] (g4

a+~/— aty—1 Oty—1 O+y—1

Lt >x]2+e[<p7—ﬁT>x]Q}<x,t>dazdt

SC

16



holds that

Consequently, combining (3.29), (3.36) and (3.38) shows that for a and ~ satisfying (3.3)

N

>x]2 +52K§)9_%>x]2 +pw(ﬂvﬁ)}($,t)dx

p)(p— p)} + p(u — )™
P50 Y )

=

o—

LA [
/
A

// p(p) —p
5T

i, 4 (o +2) (= )]

/-\ N[

9+'y 1
2

+o*

<C.

Thus lemma 3.1 is proved

Lemma 3.2 There exist an absolutely constant C' and a positive constant C'(¢,T") depending

(3.41)

The following lemma is the key point to get the existence of the approximate solution

(e, ue)(t, o).
on € and T such that
0<C(e,T) < p. <C. (3.42)
Proof: First, we derive the upper bound for p.(z,t)
It follows from the entropy estimate that
O‘_% —a—1 2 ‘ x—3 —a—1\2
(pe *(2,t) —p* 2 (2, 0)" = [ [(pe * =P 2) ada
— 0o
r a—1 _ -1 —a—1
_2/ (pe 2 —=p"72)(pe > =P %)pdu
—00
z a—1 9 1 z 1
§2(/ |(p= = p*72))] dw)Q(/ [(p2 7% = 7 2),]da)>
—0o0 —0o0
x
(0%
<O+ [ 10E =P ey + Uiz
= O+ L(1) + (1), (3.43)
for any fixed t € [0,T]. Note that for |p. — p| < 2, that is, £ < |p.| < 2p, one has
_1 1 B B
’P? P-pte ’2 < Clp- — p’2 < Cp:¥(pe, p).
Hence,
1(t) < Cllp¥(pe, p) 1 (r) < C (3.44)
If [p. — p| > §, then
1
=3 _ sa—32 _
lim |p€ P 2| 1|7{|Ps*ﬁ‘2%} :ﬁgaflffy <c,
pe—0+ p=¥(pe, p)
and
a=3 a1l
. lpe 2 = p* 2 1’{\p5_,3|>é}
lim — —2- < C,
pe—too p¥(pz, p)
if % <a< WTH
17



Hence

Ir(t) < Cllpe¥(pe, Pl 1wy < C. (3.45)

It follows from (3.43), (3.44), (3.45) that

1

(72 —p2)? <G (3.46)
which implies that
lps| < C. (3.47)

The upper bound of the approximate solution p.(t,z) is proved.
Next we derive a lower bound for p.(t,z). Since lim,.op¥(p,p) = p”, then p.V(pc,p)
is bounded away from 0 on [0,3p]. Thus we can deduce from the bound on p.¥(p.,p) in
L>(0,T; L*(R)) that there exists a constant C; = C1(T) > 0, such that for all t € [0, 7],
wol
inf (0,15 PY(P: P) J{zeR|pe (@)<Lp(2.t)}

plz,t)} < p=¥ (pe, p)(z,t)dx < Ch.

N —

meas{z € R|p.(z,t) <

Therefore, for every zo € R, there exists M = M(T') > 0 large enough, such that

/ pe(x,t)dx > / pe(x,t)dx
|z—zo|<M {lz—wo| SMYIN{z€R|pe (z,t)>5(x,t)}

1 1
> inf ,B(x,t)meas{ﬂx — 2ol < MY {2 € Rlp(z,t) > 5p(gg,t)}}
z,t

1 1
- —p,meas{ﬂx — w0l < M} N {z € Rlpa(a,t) < 55(:0,75)}0}
Z §p_(2M — Cl) > 0,
for all t € [0,T7].
From the continuity of p., there exists 1 € [zg — M, z¢ + M] such that

Thus,

where we have used the fact 0 < 0 < % Consequently, we can get that

_2
el 1) > {[5p-(2M — COI' 3 + €M} = O, T).

for any o € R and t € [0,7].

With the lower and upper bounds on p., we can get the existence of the approximate solution
(pe, ue)(t, x) by a similar argument as in [26]. In order to pass the limit ¢ — 0, we need the
following higher estimates on the momentum.

18



Lemma 3.3 There exists a positive constant C'(T") independent of &, such that

T
sup [ peluc—aPta)da [ [ (62 (e~ w)uPlu. - aldade < O(T)
0 R

tej0,7] JR

Proof: Multiplying by (v — @)|u — 1| on the both sides of (3.6) yields

(ol — ), + (pulu—a), + (plp) ~ p(p))el — )l —
+[(p — P)ux + (pu — pu)tsz)(u — u)|u — ul

(3.48)
= [(p" +ep”Jus(u — @)|u — ally — (p* +p”)[(u — @) ]*|u — a
(% o epYia (1 — Bl — ) — (0% + p Vg (u — B)(fu — )
Note that
(lu—1ul)y = sgn(u —a)(u — u),.
Thus 9
(gp\u - ﬂ\3)t + Hsu(t,x) + 2(p® + ep”)[(u — 1)) |u — @
(=)l —al[(p — ) + (ou— )i + (p(o) — p(9)):] 5.9
—2(p™ + &p”)tip (u — W) |u — 1,
where 9
Hj(t,z) = gpu\u —ul* = (p* + p” Yua(u — W)|u — al.
This, together with (3.17), implies
2
(3plu—al®), + Hault 2) + 2(p" + ep”)(u — @)z )?lu — | + plu — al*a,
— — p p x — — (e — — — .
= —p(p)aCu = @l ] + P2 - w1l = 2+ e (u - ) fu-al 30
=17+ Ig + Iy.
Integrating (3.50) over [0,t] x R with respect to t,z gives
/ plu — 1l (txdx—l—// (p™ +ep?)[(u — @))?|lu — al® + plu — af® ux]dxdT
(3.51)

/ / I7 + I + Ig)dxdr.

Now we estimate such term on the right hand side of (3.51). First, integrating by parts with
respect to x gives

//I7dxd7'—2// (u —u)y|u — u|dxdr
// (u—1)y d:z:dT—i—// =l — al2daedr (3.52)

19



uniformly with respect to ¢ if
2y —a—1>0, ie a<2y—1 (3.53)

In fact, the relation (3.4) guarantees (3.53) because VTH <2vy-—1

Next,
//IgdxdT—// % (u — a)|u — u|dzdr
T
<C sup / plu = aP(t,2)de [ ol et
t€[0,T] /R 0 (3.54)
T
< C sup /p|u—u|2(t,x)dx/ (1+t)"at
te[0, 7] /R 0
SClln(l-f—T).
Finally,

t
//IgdxdT—// (p™ + ep? )y (u — @) |u — G|dzdr
0, /R

t ¢
/ / p® +ep?)[(u — 1)) ]u—ﬂ\dxdT—l—/ /(pa—l—spe)ﬂi]u—aldxdr
o JR

(3.55)
t
/ p® + ep?Vad|u — a|dedr
0

S// plu — | d:z:dT—l—C// P —I—sgpL?_l)ﬂ:;’dxdT

//p\u—u\dedT+c/ A (3.56)

g//p|u—u|3d:cd7'+0/ (1+71)"%dr
0, /R 0
S//p\u—ﬂ\3dxd7+0
0 JR

if ,0 > % Without loss of generality, we can set 6 = %

Substituting (3.52)-(3.56) into (3.51) implies Lemma 3.3.

Now with these uniform in & estimates in hand, we can pass the limit process € — 0, obtain
the existence of the weak solution (p, u)(t,x), and get the uniform in time estimates in Theorem
2.1.

=)
N

One also has

4 Asymptotic behavior of weak solutions

In this section, we will study the asymptotic behavior of the weak solution (p,w)(t,z) obtained
in previous section. We assume that the solution is smooth enough. The rigorous proof can be
obtained by using the usual regularization procedure.

Proof of Theorem 2.2. Since 0 < p < C,0 < p— < p < p4, it holds that

Ci(p—p)* < p¥(p,p) < Ci(p — p)? (4.1)

for some constant C; > 0 which may depend on C, p_, p4+.

20



In the following, we denote by C' > 0 a universal constant. For any s > 1, Lemma 3.2 implies

p* = p°]* < Clp — pl*.
Hence
[ =pPac<c [ o=tz <c.
R R
Similarly,

[l =pPaz<c [ jp-pPas<c
R R

for any A > 1. Moreover, one has

/ ’ —s 2)\ ‘d.ﬁlj‘—Q}\S/ ’ 2>\ 1[ lpx_ﬁs_lﬁx”dx
22520 — 1 s Z1) 2641—20 7 L al 1
< Q(/Rw—p AT a1 dw>z</R[<p b Pde)

- 2
225( [ 1p* = POVt ([ 50| do)’
R R
<C

It follows from (4.3) that for any fixed ¢,
p°=p°—0
as |x| — oco. By Lemma 3.1, it holds that

t B o
/ / (p™5 — 55 ), 2dedt < C,
0 JR

with C' an absolute constant depending only on the initial data. Set b = %"_1 Then

[ [ =)o < c:

Choosing s > b+ 1, one has

(p° — p°)? /m/7—p cm—2/iyf—fmf—fhw

— 2 / (0" = )" pu — 5 o)

=2 [ N = Pl

< Cll = 7l = el + € [ Dl =) = i

< lp* = 2"l 2wy Il (6° _‘p)xHL%RJ*‘ij;qh{py“py“va107_’pﬂd$

where in the last inequality, we have used the fact that

()20 = P°)(p*" = p°7")
= bp" ' pe(p® — %) (p*" = p°7)
bp" b_ —s—b

= — (" — p°)(p°" = p°)
p

21
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Consequently,

t
/ sup(p® — p°)'dt < C sup |p° = p°|[72(m) / (0 = ") 172yt (4.8)
0 zeR t€[0,77]

+C sup / (07 =P =" (p - p)]dw/ / Ue[p” = 7 =" (p — p)ldxdr (4.9)
te[,T] /R 0 /R

<C. (4.10)

Moreover, applying (4.3) leads to

t
/ / (0° = P°)"(p® — p°)* dudt
0 JR
t
< [lsw(or = )" [ (5 = 5" dolat
0 z€eR R

t
<sup [ (= 5o [ sup(et )it < €, (4.11)
t R 0 zeR

where [ > 1 is any real number. Hence

/ / %) 2 dzdt < C. (4.12)

Denote f(t) = [z(p® — p*)*T?'dz. Then f(t) € L'(0,00) N L*°(0,00) due to (4.3) and (4.12).
Furthermore, direct calculatlons show that

IO = 25 [ (8 =9 = g
~+ 20 [ (0 = e — 7 )l
= (@G 2s [ (= PP Pl pu o p)d

+(4+20)s(s — 1) 7 (p° = 0°)* 2 (02 popu — p° 2 pupit) da

R
= (4+20)(3 +2)s / (p° = P°)* " (p® — 0°)u(pu — pPu)da
+(4+20)s(s — 1) 7 (p° = p°)* T (" ppu — " pti)dar (4.13)
R

= (4+2)B+2s [ (0 )~ 5)ep (u - W)de

+@A+2)(3+20)s | (p° = p°)* T (p° = p°)ou(p® — p°)du

ps _ ﬁs)3+2lpsflpx(u _ ﬂ)dx

— w\”

+(4+2)s(s—1)

T

+@d+20)s(s — 1) | (p° = p°) (o po — p° ' p)du

= Jl(t) + Jg(t) + Jg(t) + J4(t).

&
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Now we claim that J;(t) € L?(0,+00), (i = 1,2,3,4). In fact,

4+ 2I) 3+2l 2 s N , seb —s—bys
) = [0 = )2 =) [~ D+ (70— 5o
44 21) 3+2l 2 s s p1 _
_ ( /R(p 2+2l p(u—u)p2 b 2(,0b—pb)xd$

4+2l (3 +20)s? s el e b sy
L2 [ = P = ) )

< Cllyp(u — @)l 2@l (0" = 2"zl 22w

+CVp(u = a)l[ 2wyl (0" = )2“1(/)” =N P")all 2wy
< Clivp(u = @)l 2wl (0 = 2)all 22wy

+C|lVp(u — @)l 2 @llazlp” = 07 ="~ (o = D)l 2wy

(4.14)
Thus,
[ inopa <o s V= [ 16 = Pt
+C s [[y/Ae— 1) am / ul? — 57— 0~
t€[0,T)
<C su dt
e = Dl |16 =)l s,
+C sup [|Vp(u—a)ll72m) sup [1p¥(p, p)ll1(r)
te[o T) te[ T]
/ / Ug[p? = p7 =" (p — p)ldwdt
The fact that J;(t) € L?(0,+oc), (i = 2,3,4) can be shown similarly.
Hence
d 2
%f(t) € L*(0,+00). (4.16)
Combining the obtained fact that f(t) € L'(0,+00) N L>(0,+oc), one has
f(t) —0, t— +oo. (4.17)
Letting m > 1 be any real number to be determined later, we have
(" - Sm\r/ (7 7°)"eds
(p = 7°)" N (p® = p°)ud]
s s a—1 s—at 2 —~s—1 ~
|m/ [ 7 (P"72)ap T2 —sp 1/)90] dx| (4.18)
=3
< e = 7" iz [ D el + 170l 2ce)
< COll(p® = 2" )" 2 (my-
Choose 2(m — 1) =4 + 2 to get
1
sup [(p° — 7°)7] < CFA(t) = 0 (4.19)

zeR
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as t — +oo0.

Therefore,
1 S - = 0.
LSl - ol=

Now we prove that hm sup |p — p| = 0. Using the fact that

t—=+00 2eR

lp—p° =lp— ﬁ|81{0§p§%—} +lp— :5|81{p>”7—}
<Clp® - ﬁs‘l{ogpg%} +Clp® - ﬁs‘sl{,»%}'
Therefore, we have

sup |p — p|® <Csup\p —p \+Csup\p = 0" =0,
zeR z€R z€R
as t — 400, which implies that
hm sup |[p — p| = 0.

t—00 2R

The proof of the lemma is finished.

5 Vanishing of vacuum states and blow-up phenom-
ena

In this subsection, we first give a sketch of proof of Theorem 2.3 and then give some remarks
on the blow-up phenomena of the solutions when the vacuum states vanish. These results are
similar to those in [18] in which the initial-boundary value problem and periodic boundary value
problem are studied.

Proof: [Sketch of proof of Theorem 2.3]

It follows from Theorem 2.2 that for any 0 < p; < inf; , p(¢,x), there exists a time Ty > 0
such that

0<p1 <p(z,t) <C, (x,t) € Rx[Tp,o0). (5.1)

Therefore, for t > Ty, the density is bounded away from the zero and the vacuum states vanish.
Using the estimate in (2.14) and the standard theory for linear parabolic equations, one can
obtain that for ¢ > Ty, the weak solution becomes a strong solution to (1.1)-(1.2), satisfying

p— ﬁ € LOO(T(]uta Hl(R))7 Pt € LOO(TO7t7L2(R))7

(5.2)
u—u€ LQ(T()a t; HQ(R))v ur € LQ(T()v L LQ(R))
The detail of the proof is referred to [18] and is omitted it here. Furthermore, the asymptotic
behaviors lim;_. sup,cg |[p—p| = 0 and lim;_, || p—p||zr = 0 for 2 < p < oo follow directly from
(2.16) and the estimate ||p — p||;2 < C. The asymptotic behavior on the velocity lim; o ||u —
||z = 0 follows from the standard arguments, see [28] for instance.

It should be remarked that we also have finite blow-up phenomena for the weak solutions of
the Cauchy problem (1.1)-(1.3) at the time when the vacuum states vanish if the density contains
vacuum states at least at one point. These are similar as in [18] in which the 1D initial-boundary
value problem and periodic problem are investigated. To be more precise, we note that, if the
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density contains vacuum states at least at one point, due to the facts that p € C(R x [0,7T])
for any 7' > 0 and lim; o sup,cg |p — p| = 0, there exists some critical time 77 € [0,Tp) with
Tp > 0 given by (5.1) and a nonempty subset 20 C R such that

p(z,T1) =0, Vo € Q°,
p(x,Ty) > 0, Vo € R\Q°, (5.3)
p(x,t) >0, VY(z,t) € R x (11, Tp).

From (5.2), it is easy to know that for any § > 0,

To To To
/ | oo ds g/ H(u—a)xHLoods—i—/ || e ds < oo,

T1+46 T1+46 T1+6
However, one has the following blow-up result of the solution.

Theorem 5.1 Let (p,u) be any global weak solution, which contains vacuum states at least at
one point for some time, to the Cauchy problem (1.1)-(1.3) satisfying (2.13)-(2.14). Let Ty > 0
and 77 € [0,7p) be the time such that (5.1) and (5.3) holds respectively. Then, the solution
(p,u) blows up as vacuum states vanish in the following sense: for any n > 0, it holds

Ti+n
lim |tz || oo ds = 0. (5.4)
t—>T1+ t

On the other hand, if there exists some T € (0,7) such that the weak solution (p, u) satisfies

lu — @l 10, w100 R)) < 00,
then, there is a time T3 € [T, Tp) such that

t
lim ||tz || oo ds = oo (5.5)
t—T5 JO

The proof of Theorem 5.1 is completely similar to that in [18]. For completeness, we just
sketch it here.

Proof Tt suffices to prove (5.4) since the proof of (5.5) is similar. If (5.4) is not true, then
there exists a fixed constant 1 > 0, such that

Ty +n
/ [tz || Lo ds < occ. (5.6)
T

Thanks to (5.2) and (5.6), the particle path z(s) = X (s;t,z) through (z,t) € R x (T1,T1 + 7]
can be well defined by solving

%X(s;t,x) =u(X(s;t,x),s), Th <s<Ti+mn,

(5.7)
X(tt,x) =z, T <t<Ti+nzeR
Then by the continuity equation (1.1), one has
t
p(xat) = p(X(Tlstax)aTl)eXp{_ uy(yvs)‘y:X(s;t,x)ds} (58)

T
for any (z,t) € R x (T1,Th +n]. It follows from (5.6) and (5.7) that for x; € Qg defined by
(5.3), which satisfies p(x1,71) = 0, there exists a trajectory = = x1(t) € R for t € [T}, T} + 1]
so that X (71;t,21(t)) = z1. Thus, due to (5.8) and (5.6), one has that p(x1(t),t) = 0 for all
t € (T1,T1 + n], which is a contradiction to (5.3). (5.4) is then proved and the proof of the
theorem is finished.
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