GLOBAL EXISTENCE OF SOLUTIONS OF THE LIQUID
CRYSTAL FLOW FOR THE OSEEN-FRANK MODEL
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ABSTRACT. In the first part of this paper, we establish global existence of solutions
of the liquid crystal (gradient) flow for the well-known Oseen-Frank model. The
liquid crystal flow is a prototype of equations from the Ericksen-Leslie system in
the hydrodynamic theory and generalizes the heat flow for harmonic maps into the
2-sphere. The Ericksen-Leslie system is a system of the Navier-Stokes equations
coupled with the liquid crystal flow. In the second part of this paper, we also prove
global existence of solutions of the Ericksen-Leslie system for a general Oseen-Frank
model in R2.

1. Introduction

A liquid crystal is a state of matter intermediate between a crystalline solid and
a normal isotropic liquid. Research into liquid crystals is an area of a very suc-
cessful synergy between mathematics and physics. There are a lot of analytical
and computational issues, which arise in the attempt to study static equilibrium
configurations. Numerical and experimental analysis has shown that equilibrium
configurations are expected to have point and line singularities ([K]). Mathemati-
cally, Hardt, Kinderlehrer and Lin in their fundamental papers [HKL1] and [HKL2]
proved the existence of an energy minimizer u of the liquid crystal functional and
showed that a minimizer u is smooth away from a closed set X of 2. Moreover, %
has Hausdorff dimension strictly less than one. In [AL], Almgren and Lieb did some
related analysis indicating that the phenomenon is of wider interest. In physical
theory, an equilibrium configuration corresponds to a critical point, not necessarily
an energy minimizer, of the liquid crystal energy. Critical points are much harder to
understand mathematically than minima. From the above result of Hardt, Kinder-
lehrer and Lin, minimizers cannot have line singularities. Following the work of
Bethuel-Brezis-Coron on harmonic maps in [BBC], Giaquinta, Modica and Soucek
[GMS2] found a relaxed energy for the liquid crystal systems, whose minimizers are
also equilibrium configurations. On the other hand, Giaquinta, Modica and Soucek
[GMS1] also proved that minimizers of the relaxed energy for harmonic maps are
smooth away from a 1-dimensional singular set. Further developments on the reg-
ularity results on harmonic maps were surveyed in [GMS3]. There is an interesting
open problem to prove that minimizers of the relaxed liquid crystal energy have
line singularities. The first author in [Ho3] proved partial regularity of minimizers
of the modified relaxed energy of the liquid crystal energy. However, the partial
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regularity of minimizers of the relaxed energy for liquid crystals is still mysteri-
ous. In some related studies of liquid crystals, Bauman, Calderer, Liu and Phillis
[BCCP] studied the Landau-de Gennes free energy used to describe the transition
between chiral nematic and smectic liquid crystal phase, Lin and Pan [LP] used
the Landau-de Gennes models to investigate the magnetic field induced instabili-
ties in liquid crystals, and the existence of infinite many liquid crystal equilibrium
configurations prescribing the same boundary was obtained in [Ho2].

A general description of the static theory of liquid crystals is given by Ericksen in
[Er]. A liquid crystal is composed of rod like molecules which display orientational
order, unlike a liquid, but lacking the lattice structure of a solid. The kinematic
variable in the nematic and cholesteric phase may be taken to the optic axis, which
is a unit vector field u in a region © C R? occupied by the materials. The liquid
crystal energy for a configuration v € H'(£2; S?) is given by

(1.1) E(u;Q):/QW(u,Vu)dx,

where the Oseen-Frank density W (u, Vu), depending on positive material constants
k1, ko, k3 and k4, is given by

W (u, V) = ki (div u)? + ko (u - curl u)? + ks|u x curl u|? + k4ftr(Vu)? — (div u)?].
Without loss of generality, as in [HKL1] or [GMS3], we rewrite the density

(1.2) W (u, Vu) = a|Vul® + V(u,Vu), a=min{ky, ko, ks} >0,

where

V(u, Vu) = (k1 — a)(div u)? + (k2 — a)(u - curl u)? + (k3 — a)|u x curl ul?.

A static equilibrium configuration corresponds to an extremal (critical point) of
the energy functional E in H'(2,S?). The Euler-Lagrange system for the general
Oseen-Frank functional (1.1) (see details in Appendix) is:

(1.3)
Va [Wyi (u, Vu) — uluiné (u, V)| = Wy (u, V) + W (u, Vu)ulu'

+ Wy (u, Vu)Vaulu® + Vi (u, Vu)u'Vau! =0 in Q

for i = 1,2,3, where we adopt the standard summation convention. In a special
case of k1 = ko = k3, the system (1.3) becomes the harmonic map equations into
S2. However, the equilibrium system associated to the energy functional (1.1) is
not elliptic for every choice of the constants ki, ko and k3.

In the first part of this paper, we investigate the liquid crystal flow for a model
with the Oseen-Frank density (1.2). For a domain 2 in R3 or in R?, a map u(z,t) :
Q x [0,00) — S? is a solution of the liquid crystal flow if u satisfies

(1.4)
o’
ot

=Va [Wpyi (u, Vu) — uluivpg (u, Vu)| — Wyi(u, Vu)

i
e

+ W (u, Vu)u'u® + Wy (u, Vu)Vulu® + Vi (u, Vu)u!'V o u'
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in 2 x [0,00) for i =1,2,3.

The flow equation (1.4) is a prototype of equations from the Ericksen-Leslie
system in the hydrodynamic theory (cf. [Er]). The liquid crystal flow (1.4) also
generalizes the heat flow for harmonic maps into the 2-sphere. Since the seminal
work of Eells-Sampson [ES], many work on the heat flow for harmonic maps have
been made. In 2 dimensional case, Struwe [St1] established global existence of the
weak solution of the harmonic maps flow with initial data, where the solution is
smooth except for a finite number of singularities. In higher dimensional cases,
Chen-Struwe [CS] proved global existence of partially regular solutions to the har-
monic map flow. Since (1.4) is not parabolic, the system of the liquid crystal flow
is complicated, so the question on global existence for the liquid crystal flow (1.4)
for the Oseen-Frank model remains unresolved. In this paper, we prove global
existence of solutions of the liquid crystal flow in 2D.

We set
H}(R*S%) :={u: u—-be H' (R*R?), |ul=1 ae. inR?*}

for a constant vector b € S2.

Then, one of our main results in this paper is the following global existence for
this flow in 2D (i.e. u is a constant along a direction in R3):

Theorem A. Let ug € H}(R? S?) be a given map. Then there exists a global
weak solution u(x,t) : R? x [0,+00) — S? of (1.4) with initial value u(0) = ug
such that u is smooth in Q x [0,4+00) except for a finite number of singularities
{(z}, 1))}, € R? x [0, +00) with an integer K > 0 depending on ug. Moreover,
there are two constants €9 > 0 and Ry > 0 such that each singular point xﬁ at the
time Ty is characterized by the condition

limsup E (u (t), Br (1)) > o
t /T

for any R > 0 with R < Ry.

This result can be regarded as an extension of the well-known result of Struwe
in [St1] on the heat flow for harmonic maps in dimension two. Since the liquid
crystal flow is not a parabolic system, the flow (1.4) is more complicated than the
harmonic map flow. In particular, we can not apply the well-known theory of partial
differential equations directly to prove the local existence for the liquid crystal flow.
Instead, we consider a family of Ginzburg-Landau approximation flows to prove
local existence of solutions to (1.4). To prove Theorem A, we need to get a L>-
estimate of V2u similarly to one in [St1]. However, the flow (1.4) is not a parabolic
system, so we overcome the difficulties due to the term Vo [u'u'V,: (u, Vu)] by using
the fact that |u| =1 as observed in [Hol].

In the second part of this paper, we investigate the Ericksen-Leslie system with
the Oseen-Frank density W (u, Vu) in (1.2). In the 1960’s, Ericksen [Er] and Leslie
[Le] established the hydrodynamic theory of liquid crystals independently. The
Ericksen-Leslie theory describes the dynamic flow of liquid crystals, including the

velocity vector v and direction vector u of the fluid. Let v = (v!,v%,v%) be the
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velocity vector of the fluid and u = (u',u?,u3) the unit direction vector. The

Ericksen-Leslie system in § x [0, 00) is given by (e.g. [L1] and [LL1])

(1.5) vf 4+ (v V) — v AV 4+ V,, P = —AV,, (vriukwp? (u, Vu)),
(1.6) V-.v=0,

(1.7)
up + (v V)u' =Vg [Wpi (u, Vu) — ukuinﬂ (u, Vu)| — Wyi(u, Vu)
+ W (u, Vu)uFu® + Wy (u, Vu)Vaulu® + Vi (u, Vu)uPV o u

for i = 1,2, 3, prescribing the boundary condition

(1.8) v(x,t) =0, wu(x,t)=up(z), V(z,t)€ N x (0,00)
and with initial data

(1.9) v(z,0) =vo(z), wu(z,0)=wup(z), divey=0 VYze.

Here v, X\ are given positive constants, and P is the pressure.

The system (1.5)-(1.7) is a system of the Navier-Stokes equations coupled with
the liquid crystal flow (1.4). The study of the Navier-Stokes equations is of great
interest. Tremendous results on the existence and partial regularity for the Navier-
Stokes equations have been established (e.g. [Sc], [CKN], [L2], [TX]). In this paper,
we are only concentrating on the existence of solutions of the Ericksen-Leslie system.
Since the functional E(u; ) in (1.1) with the constraint |u| = 1 is complicated, one
considers Ginzburg-Landau functionals

E.(u;Q) = /Q [W(U,VU) + %(1 — |[u|*)? | dx

for any function u € H'(£2;R?). Then, the approximating Ericksen-Leslie system
is given by

(1.10) vp+ (v VU — v Aot +V,, P =—\V,, (VmiukWp? (u, Vu)),
(1.11) Vov=0,

. ) 1
(112) w0 V) = Ve [Wyg (0, V)] = Woelu, Vo) + 5wl (1 = [uf?)

for i = 1,2, 3, prescribing the boundary condition (1.8) and initial condition (1.9).

In the case of k1 = kg = ks, Lin and Liu [LL1] proved global existence of the the
classical solution of (1.10)-(1.12) with (1.8)-(1.9) in dimension two and the weak
solution of the same system in dimension three. Lin and Liu in [LL2] also analyzed
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the limit of solutions (ve,u.) of (1.10)-(1.12) as e — 0, but it is not clear that
the limiting solution satisfies the original Ericksen-Leslie system (1.5)-(1.7) with
|u| = 1. Therefore, there is an interesting question to establish the global existence
of solutions of (1.5)-(1.7) with (1.8)-(1.9). The question for the case of k1 = kg = kg3
has been answered by the first author in [Ho3] in R? and Lin-Lin-Wang [LLW] in
a general case for a domain of R? independently. The system (1.5)-(1.7) or (1.10)-
(1.12) for the general Oseen-Frank model is more complicated than the system for
the case of ky = ky = k3 since there is no maximum principle for the parabolic
system (1.12) in the case k1 # k2 (see [A]) and the term Wyi(u, Vu) in (1.12) will
cause a trouble to prove global existence for the system.

In this paper, we will prove global existence of weak solutions to the Ericksen-
Leslie system (1.5)-(1.7) for a general Oseen-Frank model in R?. More precisely,
we have

Theorem B. Let (ug,v9) € H}(R? S?) x L%(R?,R?) be given initial data with
dvivg = 0. Then, there exists a global weak solution (u,v) : R? x [0,+00) —
S? x R? of (1.5)-(1.7) with initial values (1.9), where the solution (u,v) is smooth
in R? x ((0,+00)\{T1}},) for a finite number of times {T;}I,. Moreover, there are
two constants g > 0 and Ry > 0 such that each singular point (xﬁ,Tl) e X x{T;}
is characterized by the condition

1imsup/ IVu (- t) |2+ v (- t) P de > g
t/Ty JBgr(z!)

for any R > 0 with R < Ry.

The main idea to prove Theorem B is to combine the idea in [Ho3|] with the
proofs of Theorem A. The first key step is to prove local existence of solutions of
the system (1.5)-(1.7) by considering the approximation system (1.10)-(1.12). To
prove global existence of solutions to (1.5)-(1.7), one of key steps is to get a L2-
estimate of V2u and Vv in R? x [0,7] under a small energy condition as in [St1].
To show the regularity of the weak solution (u,v) of (1.5)-(1.7) in R? x (0,T), we
establish a local energy inequality under the small energy condition, which was
first used by Struwe in [St2] for the H-system flow. Finally, we prove regularity
of solutions by controlling L2-estimate of V?u and Vv in R? for ¢ € (0,T). Since
(1.7) is not a parabolic system, the proof of Theorem B is more difficult than one
for the case of k; = ko = k3 in [Ho3]. We overcome a number of difficulties on
the regularity and uniqueness for the systems by employing the invariance of the
density (1.2) after a rotation.

The rest of the paper is organized as follows. In Section 2, we prove the global
existence for the liquid crystal flow in 2D. Some global estimates for (1.5)-(1.7) are
established in Section 3. Then, we complete a proof of Theorem B in Section 4.
Finally, the regularity issue for the systems is dealt in Section 5.

2. Existence of partial regular solutions of the liquid crystal flow

In this section, we consider the flow (1.4) in R2. For simplicity of notations, u is

assumed to be a constant along xs-direction in R?; i.e. 6?77; =0.



6 M.-C. HONG AND Z. XIN
For any two positive constants 7 and T with 7 < T, we define
V(r,T) :={u:R?*x[1,T] — S| wu is measureable and satisfies

T
esssup [ |Vu(-,t)]*dx +/ / \V2u|? + |0pu|? do dt < oo}
T R2

r<t<T JR2

Lemma 1. Let u € V(0,T) be a solution of the system (1.4) with initial value
ug € HY(R?,8?). Then, for any t; € [0,T)

(2.1) / 10ul? dz dt + B(u(ty)) < Euo).
R2 X (0,t1
Moreover, for allt € [0,T], o € R? and R > 0, it holds that
(2.2) / W (u(x,t), Vu(z,t)) dx
BR(:E())

t
g/ W(uo(:z:),Vuo(x))da:nLCﬁ/ Vo ? de,
Bagr(zo) R2
where C' is a constant.

Proof. Multiplying (1.4) by ylelds

%

d ; ou
2 gy — — , i g .
/ 2u ‘ /]R2 Wy (u, Vu) dtvau dx Wi (u, V) ot dx.

R2

/ | = |2d + t/]R2W(u,Vu)dx:

(2.1) follows from integrating the above identity.

Let ¢ € C5°(Bar(wo)) be a cut-off function satisfying 0 < ¢ <1, [V¢| < C/R
and ¢ = 1 on Bg(zg). Multiplying (1.4) by qbz and then using Young’s inequality
yields

o
/ |2 \qs dr + — / W(u(x,t)7Vu(m,t))¢2dx§CAQ|£||VU||¢V¢|dx

This implies

< 2/ |— | ¢2dx+c/ W (u, Vu)|Vé|? da.
Then, (2.2) follows from using (2.1) and integrating the above inequality. O
It follows from [St1] that
Lemma 2. There are constants C' and Ry such that for any v € V(0,T) and any

R € (0, Ry], we have

/ |Vultdzdt <C' esssup / |Vu(-,t)|? dx
R2 X [0,7] 0<t<T,z€R? J B (z)

- (/ |V2u|? dz dt + R™2 |Vu|? dz dt).
R2 x[0,T R2x[0,T]
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Lemma 3. Letu € V(0,T) be a solution of (1.4) with initial smooth value ug € H*'.
Then there are constants €1 and Ry > 0 such that if

ess sup / V(- t)[* dr < &
Br(z)

0<t<T,zER2

for any R € (0, Ro], then

(2.3) / V20l da dt < CE(ug) (1 + TR2),
R2x[0,T]

(2.4) / |Vu|* de dt < Ce1E(ug) (14 TR™?).
R2 % [0,T]

Proof. Multiplying (1.4) by Au® yields
ou'

Autd
]R2 8t Y *

= / Va [Wpi (u, V) — ukuing (u, Vu)|] Au' dx
R2

_ / Wi (u, vu)(Au’ — Ut A uk) dx + / ng (u, VU)VQukui A utdr
R2 R2

+ / Ve (u, Vu)u"Vou' Al da := Iy + Ip + Is + Iu.
R2
Note that the terms I5 and I3 of the above identity can be controlled by C|Vu|?|Au|.
It suffices to estimate terms I; and Iy. Since |ul?> =1, —u® A u' = |Vu|?. We note
Va[ukuivpi (u, Vu)] :Vaukuivpg (u, Vu) + ukvauivpﬁ (u, Vu)
+ ukuiVan;é (u, Vu).
Integration by parts twice yields
L+1,= / Vg [Wpi (u, Vu)] Vi gu' da + Vaukuinz; (u, Vu) A u' de
R2 R2
— / ukVang (u, Vu)|Vul? dz.
R2
Note
Va Vs (4, V) = Vi (1, V) V3 u! + Vg (u, V) V!
and

VWi (u, Vu) =W

Pl

o (u, Vu)V?Wuj + nguj (u, VU)Vguj.
This implies

d ; ,
(2.5) = /R |Vu|? dz + /R Wi i (1, Vu)V2u' V2 g/ da
< C’/ \Vul?(|Vul? + |V2u|) da.
Rz

Since W (u, p) is convex in p, it satisfies the ellipticity
W, (u,Vu)ViﬂuiV?muj > a|V2ul?

PPy
for the constant a > 0. Then, choosing €; > 0 to be sufficiently small and applying
Lemma 2 lead to (2.3) and (2.4). O
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Lemma 4. Let u € V(0,T) be a solution of (1.4) with initial value ug € H?'.
Assume that

ess sup / |Vu(-, )| de < e,
0<t<T,z€R? J B ()

for any R € (0, Ro]. Let 7 € (0,T] be any constant. Then it holds for all t € [1,T],
(2.6) |V2u(z,t)|? de < Co,
R2

with a uniform constant depending only on 7, T, Ry, and E(ug).

Proof. The proof is similar to [St1; Lemma 3.10]. Using a proper cut-off function
if necessary, we assume in the following proof that [|9;Vu|?(-,t), dz is finite.

Differentiate (1.4) with respect to ¢, multiply the resulting identity by d;u’, and
then integrate to obtain

1d

5%/ |0pu? dcc—!—/ W, (u, Vu)Vy Oy u' Vi 0y ! da

< C’/ (10c ul? [Vul® + [Vu| |8 u| VO, ul] d
R2

+ O u' V, [ul u® Vir (u, VO, u)] dx
RQ

Due to the convexity of W (u,p) in p, there exists a positive constant a > 0 such
that

PaP

W, i (u, Vu)Va 0pu' Vg 0w do < a/ (VO u(z, t)|* dr.
R?

Since |u| =1, s0 Y, Oy u’u’ = 0. And hence,

'V (u' u Vir (u, VO, u)) do < C/ |0 u| |Vul | VO, u| dx.
R2 R2

It follows from these and Cauchy’s inequality that

(2.7) / 10, (e, )2 do + & / V0, u(z, t)|2dat<C/ 10, uf2 [Vul? da.

th

Note that

C/ |0; ul? |Vul|? do
R2

=€ (/R2 90 uf® dx>% </}R2 |Vul* d:p)é
C(/ M'Q(x’ﬂdx)é (/ 0, Vul” Wat)); (/ |Vu|4dm>;
%/ Vol et ( / Vu(z,t |4dx) / |0y u(z, t)| da.

IN
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This, together with (2.7), yields that for all ¢ € (0,77,

(2.8) i/ |atu(-,t)|2dm+9/ Vo, u(-, )2 da
dt R2 2 R2

< (C/R2 |Vu(-,t)* dx) /}R2 |0y u(-,t)|* dt.

It follows from (2.8), (2.4), Lemma 1, and Gronwall’s inequality that for any 0 <
s<t<T,

RtR 4
/ [0 (-, t)[? dt < (ec + w2 [Ve( D) d””) / |0 u(-, )* dx
R? R2

< O E(ug)(1+TR™?) | / |0; u(-, 5)|? da.
R2

Combining this with (2.1) shows that for any fixed 0 < 7 < T, there exists a
constant C' such that

esssup [ |0y u(- )| dt < CT7Y E(ug) e©*! E(“‘))(HTR_Q),
r<t<T JR2

with a uniform constant C. On the other hand, using (2.5), integration by parts
yields that for any ¢ € [r,T],

/ |V2u(-,t)|2dm§6’/ \Vu(~,t)\4dx+0/ 10, u(-,t)|? da
R2 R2 R2

§C’£1/ |V2u(-,t)\2d$+07€21E(u0)+C/ 10, u(-,t)|* d.
R2 RO R2

Combining this with (2.9) shows that for suitably small ;, the desired estimate
(2.6) holds with

(2.10) Co = CE(up) (% + 7Ll EWD)(HTR*Q)) .

By the well-known Gagliardo-Nirenberg-Sobolev inequality, we have for any x €
RQ

3/4 1/4
lu(z, t1) — u(z, t2)| < Cllu(z, 1) — U(mvt2)”h{2(31(z))Hu(mvtl) - “(x,tZ)”L/z(Bl(z))
T 1/8
< C( sup V2l )%k, + Dl — ta] /S ( ] atuzd:cdt>
0o Jr2

r<t<T

< Clty — to] V8.

It follows from (2.6) and Sobolev embedding theorem that u(z,t) is Holder con-
tinuous in z uniformly for ¢ € [7,T]. Then we get that u is Holder continuous in
C'/3(R? x [r,T)) for any T < T;. Due to Proposition 14 in Appendix, u is in CLs.
Hence, w is regular in (0,77). O
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Remark 5. Let u € V(0,T) be a solution of (1.4) with initial value uy € HE.
Assume that there are constants €1 and Rg > 0 such that

ess sup / V(- t)[? dr < &
0<t<T,z€R? J Br(x)

for any R € (0, Ro]. Then, for any t € [0,T] and R < Ry, we have

[ 190t do < € = Culluollg. Co)
R2

Theorem 6. (Local existence) For a map ug € H} (R?,S?), there is a solution
u € V(0,t1) of (1.4) with initial value ug for some t; > 0.

Proof. For any map uo € H}(R?,5?), it can be approximated by a sequence of
smooth maps in HZ(R?,5%). Without loss of generality, we assume that ug €
HZ(R?,S?) is smooth. The liquid crystal flow is not a parabolic system, so one
can not apply the well-known local existence theory. Instead, we prove the local
existence by an approximation of the Ginzburg-Landau flow in the following:

oul
ot

1
=Va [Wp (te, VUE)] — Wi (ue, Vue) + ;2“2(1 - |u5|2)

i
o

(2.11)

with initial value ug € HZ(R?,5?%) and ugp € C*. Applying the standard local
existence theory of quasi-linear parabolic systems (cf. [Ei] or [Am]), there is a local
regular solution . of (2.11) with initial value u.(0) = ug.

For simplicity of notations, we define

V(r,T) = {u : R? x [7,T] — R3|u is measurable and satisfies

T
ess sup |Vu(',t)2d1:+//(|V2u|2+|8,5u|2)dxdt<oo}7
T<t<T JR? T JR2

0<7<T < +o0,
1
ee(u) = W(u, Vu) + @(1 —|ul®)?, E.(u) = /]R2 ec(u) dx.

Taking inner product of (2.11) with d; u., one can obtain that for any s > 0 in the
maximal interval of existence,

(2.12) / 10, e 2 da dt + B (uo(s)) < Eluo).
R2x(0,5)

Moreover, repeating similar arguments in Lemma 3 (see below (2.29) below) yields
that the solution u. belongs to V (0, 7%) for a maximum time 7. and hence is regular
R? x [0,T.). The maximum time 7} is characterized in the following: For a singular
point xqg at T, there are g and Ry > 0 such that

limsup/ |Vuo (-, t)|>de > e9 >0
BR(IQ)

t—T.
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for any positive R < Ry.

Next, we will show that there is a uniform lower bound time ¢; > 0 such that
T. > t; and u. is bounded in V(0,¢1) uniformly in e.

A similar argument as in Lemma 1 shows

/ es(ug(:r,t))dxg/ ee(ugp(z) da:JrC—/ |Vug|* dz
Br(zo) Bar(xo)

for t <T..

It follows from this inequality that for suitably small €; and Ry, there is a time
t1 uniform in € with ¢; < T, such that

(2.13) sup / ec(uc(x,t))de < ey
BR(:E())

0<t<t,

for R < Ry and thus u. is smooth for [0,¢1] for all € > 0. Next, we claim that for
0<t<ty

3
<ue(z,t)] < B for all 2 € R2.

DN =

To verify this claim, we re-scale the solution by @(z,t) = uc(ez,e?t). Then @
satisfies

ou’

(2.14) o

= Vo W (i, V)] — Wi (6, Vai) + @' (1 — [af?)

with initial value ug(ex). Let 7 be the maximal time in [0, %] such that (2.14)
holds, i.e.,

(2.15)

for any (x,t) € R? x [0, 7]. Note that in this case, the basic energy inequality (2.12)
becomes

(2.16)
/ |6tﬂ|2dxdt+/ (W (@, Va)(s) + %(1 —|a(s)|*)*)dx < E(uop)
R2x[0,s]

R2

t
for all s € {O, 12} ,
€
and the condition (2.13) turns into

1
(2.17) ess sup / (|V11(-, I+ (11— |112)2) dx < e1.
B () 2

ogsgg,xew

for R < Ry.
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Multiplying (2.14) by A4 and integrating over R? lead to

d .
(2.18) d—/ |Vﬁ|2dx+/ Va [Wpi (@, V)] A @' da
R2 R2

1
2 dt
—/ Wﬁi(a,vamaidx+/ a'(1 — |a*) Aa'de = 0.
R2 R2

Note that

/ ai(1f\a|2)aaidx:f/ |Vﬂ|2(1f|ﬂ|2)dx+2/ IV|al?)? da.
R2 R2 R2

Then, combining the above identity with (2.18) yields that for any s,t € [0, 7] with
s <t,

(2.19)
/ |Va(-, |2dx+/ / Wi i (@ (@, V) V25" V2 50/ da di
<c [ vut. |2dx+0// Vil + (1= [@[2)? + |V2a|?] da de

for a sufficiently small > 0 to be chosen.

On the other hand, it follows from (2.14) and (2.15) that

(2.20) / (1 —|a|*)*dedt < O/ (|0; @l + |Val|* + |V2a|)dx dt.
R2 X [s,t]

R2 x[s,1]

Combining Lemma 2 with (2.17) shows that
(2.21)

/ |Va|*dedt < Cy e / |V2a|* dz dt + 2/ |Va|? dedt | .
R2 x[s,¢] R2 x[s,¢] R§ Jr2x[s,4)

As a consequence of (2.19)-(2.21), (2.16), and suitable choices of 1 and e, one
can get that € V., and for any 0 < s <t < 7,

(2.22) /}sz[ ) [[V2a] + (1 — |a[*)?] dzdt < CE(uo)(1 +&%(t — s)Ry?),

(2.23) / \Vii(z, t)|* de dt < Cey E(ug)(1+ €%(t — s)Ry ?).
R2 X [s,t]

By a similar argument as in the proof of Lemma 4, one can derive from (2.14)
that there exists a positive uniform constant a such that

(2.24)
2dt/ 10, iz, )2 dx+a/ 10, Vii(z, £)[2 dz + / 10, (|i(z, )22 da

<c / 10, e, D) [Vai(e, £) Pda + / 10, 6, £)2 (1 — | )2 da
R2 R2
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Note that

C/ 10 a(x, t) 2 |Va(z, t)|2da

<c (/ 10, (2, 1) |4da:> (/ Vii(z, 1) 4dm>
C < - |0 ft(x,t)Ide> : (/R2 |8, Vii(z,t)|? dx)Q </R2 |Vi(z,t))* d95>é

a |8tVﬂ(m,t)|2dm+C(/ |V€L(m,t)4dx>/ 10, iz, )2 da.
2 Jpe R2 R2

IN

IA

Hence,
d
— / |0, @(z, t)|? do + a/ |0y Vii(z, )| do + / 10; (|a(z, t)[)]? da
dt RQ ]RQ R?
< (c/ |V11(x,t)|4da:)/ \ata(x,t)|2dx+2/ @iz, )21 — [z, £)[2)dz,
R2 R? R2
which yields immediately that for any 0 < ¢ <7 € (0, z—é],
/ 10, iz, £)[2 da
RZ
RtR ~ 4
< eC o g2 |Vi(z,t)| dacdt/ |8t ﬂ($,0)|2 dx
RQ

- /Ot (eCRJRw V(D" de di /R |0, (x, s)*(1 — |a(, s)Q)dw> ds.
It follows from this, (2.23), ug € HZ, and (2.14) that
(2.25) /R2 |0, @(2,t)|* de < Oy = C1(E(ug),e1,t1, [[uol| £z, Ro)
with a positive constant C independent T € (0, z—é) given by
(2.26) Oy = Cllfuollga) e TR,

Using (2.18), an integration by parts yields implies that for all ¢ € (0, 7],

/ |V2a(- |2dx<C’/ |Va(z, t)|* do+C ( —|a |2)2dx+C'/ |0, (2, t)|* da
R2

Due to Lemma 2, and (2.17), one has

2E( 0)-

c | |Va(z,t)* dw<81/ V2 ii(x,t)]* do +
R2
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Thus one can get that for all ¢ € (0, 7).

2
(2.27) V2 u(z, t)[2 dz < CE(uo)(1 + %) 1o,
R2 0
By the Sobolev embedding theorem, @ is S-Holder continuous in z uniformly in
all t € [0, 7] with 8 < 1. Repeating the similar analysis as in the proof of Lemma 4
and using Proposition 13 in Appendix, we get 4 € Chs on R? x (0, 7). If there is
a x1 € R? such that either |a(z1,t)| < § or |@(xzy,t)] > 3. By the uniform Holder
continuity of 4, there exists a constant Co with the property that ﬁ < %, and

(1 (e, 1)2)? > &

T xEBﬁ(xl).

Hence,

1
(2.98) / (1= iz, )22 de > LBy (0)] > 261,
B 1 (x1) 4 %
IC5

which contradicts to (2.17) for suitably small £;. Here we have used the fact that
C5 depends only the upper bound of Cy, which may be chosen to be independent
of £1 by the choice of ¢. This implies that 1 < |a(z,t)| < 2 for all t € [0,7]. By
the continuity of v at 7 and the maximal choice of 7, 7 must be the value ;% This
shows that (2.14) holds for all ¢ € [0,;].

_ Next, it follows from (2.12) and (2.22)-(2.23) that u. are uniformly bounded in
V(0,t,) for all £ and

ty
(2.29) // [V2us(x,t)|2+12(lue(az,t)|2)2 dedt < CE(ug)(1 4+ 1),
0 JRr2 € Rg

ty
(2.30) / |V ue(z,t)[* dodt < Cey E(ug)(1 + Lg)_
0 Jr2 Rg

Letting € — 0, we can prove local existence of a solution of (1.4) in V(0,¢1). O
Now we complete the proof of Theorem A.

Proof of Theorem A. By Theorem 7, there is a local solution u on [0, ;) for some
t1 > 0. By Lemma 3 and Lemma 4, the solution can be extended to [0,T7) for a
maximal time 77 > 0 such that there is a singular set ¥ at 7;. Each singularity
z; € ¥ at T} is characterized by the condition

limsup £ (u (t),Bgr (mi)) > €
t, /T

for any R > 0 with R < Ry. It is easy to see the solution u € V is regular for all
t € (0,71). By Lemma 1, we can show that the singular set ¥ and the singular
times are finite (See [St1]). Theorem A is thus proved. O

Remark. There is an open problem to prove the uniqueness of the weak solutions.
But, we can prove the uniqueness of smooth solutions (see Lemma 11 below in
Section 3).
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3. Global existence for the Ericksen-Leslie system

In this section, we derive a-priori estimates for solutions to the Ericksen-Leslie
system (1.5)-(1.7). Without loss of generality, we assume that v = A =1 in (1.5).

For the case Q = R?, we still consider (1.5)-(1.7) in R? by taking g—; =0, 2% =

? 6w3
0. In this case, V-v = g—;i + gTi =0 in (1.6) is well-defined.

For two positive constants 7 and T with 7 < T, we denote
V(7,T) :={u:R?*x[r,T] — S?| wu is measureable and satisfies

T
esssup [ |Vu(-,t)]*dx —l—/ / |V2ul? 4 |0pu)? da dt < oo}
T<t<T JR? - Jre

and
H(1,T) :={v:R?*x[r,T] — R*| v is measureable and satisfies

T
(~,t)|2dx+/ /R2 |Vo|? de dt < oo}

€ess sup v
r<i<T JR2

For each pair (u,v), define

e(u,v) = W(u, Vu) + %MQ, E(u,v) = /]Rz e(u,v)dz.

Lemma 7. Let (u,v) € V(0,T) x H(0,T) be a solution of (1.5)-(1.7) with initial
values ug € HY(R?; S?) and vy € L*(R?;R3). Then for t € (0,T],

(3.1) /R2 e(u(-,t),v(-,t)) dr + /0 /RQ(\ut + (v V)ul|* + |Vv|?) dr dt

= / e(up, vo) d.
R2

Proof. Multiplying (1.5) by v and using (1.6), one gets

(3.2) li/ |v|2dx—|—/ \Vv|2dx:/ Vjviviukka(u,Vu)d;v.
2dt R2 R2 R2 J

Multiplying (1.7) by us + (v - V)u yields
(3.3)
/]Rz (uf + (v - V)u') (Vo [Wyi (u, Vu) — ukuivpg (u, Vu))) dx

+ / (up + (v - V)u') (= Wi (u, Vi) + Wy (u, Vu)uFu') do
R2

+ / (uf + (v-V)u')(+ Wk (u, Vu)VuFu' + Vi (u, Vu)ukvaui) dx
R2

= [ Jue+ (v Vul da.
R2
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Note that |u|?> = 1 implies
'O’ =0, u'V, u' =0.
Integration by parts yields
(3.4)
/R2 u} (Va (Wi (u, Vu) — ukuing (u, Vu)| = Wyi(u, Vu) + Vi (u, Vu)ubVau') dz

. , d
= f/ Vauy [Wpi (u, Vu)| — ugWi (u, Vu) do = —— W (u, Vu) dz.
R2 « dt R2

Using (1.6) and integrating by parts, we get
(3.5)

/R ) (v V)u' (Vo [W,

+ Vi (u, Vu)u*V  u') da

(u, Vu) — ukui‘/;,zé (u, Vu)| — Wyi(u, Vu)

i
e

=— Vavkvkuing (u, Vu) + vk[VkVauina (u, Vu) + Vieu' Wi (u, Vu)] do
R2

= - Vakakuing (u, Vu) dz.
R2

It follows from (3.3)-(3.5) that

(3.6)
d

W (u, Vu) dzx + / lug + (v V)ul* do = —/ VoVt Wy (u, V) da.
dt Jre R2 R2 &
Therefore, (3.1) follows from integrating (3.2) and (3.6) in t. O

By the same proof as in [St1; Lemma 3.1], there exists a constant C; such that
for any f € H(0,T) and any R > 0, it holds that

(3.7
/ |f|*dxdt <C; esssup / |f(-,t)? dx
R2x[0,T] Br(z)

0<t<T,zER2

: / |Vf|?dedt + R™2 |f|? dzdt ] .
R2 x[0,T] R2 % [0,T]

Then, we have

Lemma 8. Let (u,v) € V(0,T) x H(0,T) be a solution of (1.5)-(1.7) with initial
values ug € H' and vg € L?. Then there are constants €1 and Ry > 0 such that if

ess sup / e(u(-,t),v(-,t))dr < &1
0<t<T,zeR? J Bgr(x)
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for any R € (0, Ry], then

(3.9) / \V2u|2+|Vv|2d:cdt§0(1+TR_2)/ (o, v0) dz,
R2x[0,T] R?

(3.9 / (|Vul* + |v|*)dz dt < Cey(1+ TR_2)/ e(ug, vo)dx
R2x[0,T] R?

Proof. Multiplying Au® with (1.7) yields

ou' i i
/]R?( 5 + (v-V)u') Au'dx

:/ Va [WPZ; (u, Vu) — ukui‘/;,g (u, Vu)| A’ dx
R2
- / Wi (u, Vu) A u'de + / uf ut Wk (u, Vu) At dx
R2 R2

+ [ W (u, Vu)Vaubu® Al da + / Vi (u, Vu)uPVou' A vl de.
R2 R2

As in the proof of Lemma 3, one can derive
d i '
dt /]Rz Vul* de + /R2 Wi nd (u, VU)Vigu V?/ﬁuj dx
= C/ (IVul® + [o]*) (| Vul® + [V2ul) dz
RZ

b
< - |V2U|2d$+ C’/ (\Vu|4 + |v\4)dz.
4 ]R2 R2

Applying (3.7) and Lemma 2 again shows

/ IVl + |of* da dt
R2x[0,T]

gClel/ V2u|? + |Vo|? da dt + Cy 1 R~ Vul? + Jof? da dt.
R2x[0,T] R2x[0,T]

O

Then (3.8) and (3.9) follow by choosing e1 = 72~

Lemma 9. Let (u,v) be a solution of (1.5)-(1.7) with initial values (ug,vy) with
u e V(0,T) and v € H(0,T). Assume that there exist constants e1 > 0 and Rg > 0
such that

sup / [Vu(z, )> + v (-, t) P de < ;.
2€R2,0<t<T J B, (x)

Then for allt € [0,T], zo € R and R < Ry, it holds that
(3.10)

t

1
/ e(u(-,t),v(~7t))dx+// (Vo> + = |0su + v - Vu|?)dx dt
Br(zo) 0 J/Br(zo) 2

/ e(ug, v )dz,
RQ

t
)

[N

IN

1
3
/ e(uo,vo)d:chCQ—z(lJr
Bar(z0) R
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where Cy is a uniform positive constant.

Proof. Let ¢ € C§° (BQR(xO)) be a cut-off function with ¢ = 1 on Bg(zp) and
Vol < &, V2| < 5 for all R < Ry.

Multlplymg (1.5) by v$? and integrating show
/ v -0+ (V- Vv vd? — Av-vdp? + VP - vd? de
R2

= | Vo bW (u, V)V, v' ¢ dz+ | Vo "W (u, Vu)v'V,, ¢° da.
R2? / R? !

Integrating by parts yields
/(vt~v¢2—Av-v¢ dx—f—/ |v|¢dx—|—/ Vv - V(vg?)
R2 2 dt

= 5o e et [ viPetdn— [ (V0P + 64 0)ds
Integrating by parts and using (1.6) give
Va, Pv'¢p? do = —2 / Pv ¢V, ¢ da
R2

RQ
and .
/]R2 vkvxkvivi(bQ =3 /R2 vkvxk(|v|2)¢2 = — /R2 vk|v|2¢vﬂk¢dx.
Hence,
(3.11)

2dt/||¢dm+/|Vv|¢dx
= [ (eP+ 2P+ [VuP) o9, 0do+ [ (V6P + 02 6)do
R? R?
+ [ Vo'W (u, Vu)Vy,v'e? do+ | Ve, u W (u, Vu)o'V,, ¢* da.
R2 7 R2 J
Multiplying (1.7) by (u} + (v - V)u')¢? and using |u| = 1 lead to
/ lug + (v - V)u|*¢* dx
R2
= /]R2 (u} +0'Viu')V, (Wi (u, Vu) — ukuing (u, Vu)]p? dx
+ / (ul 4 'V ) (= Wi (u, Vu) + Vi (u, Vu)uPV o u')¢? da.
R2
Integration by parts yields
/ Vo [Wyi (u, V) — uFu' Vi (u, Vu)]¢? da
R2
+ / ul (= Wi (u, Vu) + Vi (u, Vu)ubV  u')¢? da
R2

S /R Q[Vauiwpg (u, Vu) + i Wi (u, Vu)|p? do — / Wi (u, Vu)Vao?® do

R2
= _d W (u, Vu)¢? dz — 2/ wgWyi (u, Vu)pV oo da.
dt R2 R2 «
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Integrating by parts twice and using (1.6), we obtain

/ UlvluiVQ[ng (u, Vu) — ukuiV;,g (u, Vu)]¢? dz
RQ

+ / V'Vt (Wi (u, Vu) + Vi (u, Vu)uPV u')? da
R2

= - / (Vo' Viu! + o'V Vou' ) W (u, V)¢ da
R2
- / W'V YWy (u, Vu) Vo d® da — / V' Ut Wi (u, Vu)d? da
R2 R2

=— | Vau'Viu'Wy (u, Vu)¢? dz — / (W' Vi YWy (u, Vu) Vo op? da
R2 R2

+2/ o'W (u, Vu) oV de.
R2

Combing above three identities yields
(3.12)

d
W (u, Vu)p? da:Jr/ lug + (v - V)ul>¢? dx
dt ]R2 R2

— /R Va0 Vi Wy (u, Vu)¢?® do — /]R (uf + V"V YW, (u, Vu) Vo ¢ da
+ Q/RQ V*W (u, Vi) ¢V da

< - g Va0 Viu' W (u, Vu)¢?® da + % /R lug 4 (v - V)u|>¢* dz

+ C/Rz |Vul?|Vo|? dz + 2/]1«2 P W (u, Vu)p Vi ¢ de.

Integrating (3.11) and (3.12) in ¢ on [0, s] leads to
(3.13)

[ etut. 096 do + / S [ (90 4 G+ (0 V)uf?)o dac

g/RQ e(uo,v0)¢2dac+/0 /RQ(|U|2+|Vu|2+2P)vi¢Vziqbdxdt

+2/ / (v~V)ukka(u,Vu)qSVIi(j)dxdt+2/ / o'W (u, Vu) oV, da:
0 R2 ¢ 0 R2

0 [ [ (o + VRV + 10l & 6l dectr

This, together with (3.1), shows immediately that
(3.14)

$ 1
/ (|v(-,s)|2+\Vu(~,s)|2)dx+/ / (|Vv|2+f\ut+(v-V)u|2)¢2dxdt
Br(zo) o JRr2 2
< / (lool? + |Vuol) dz + C / / (ol + [Vul? + [P))]o] 6|V 6| dudt
BQR(CE()) 0 R2

S
+07 /R2(|vo|2—|— Vo ?) da.
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It follows from Holder inequality, (3.1) and (3.9) that

(3.15) / / (ol + [Vul)[o|6]|V | dudt

<C// (Jo]? + |Vul? )' g dt
o[ [ ot smia) ([[ i)

187 3
< Ce 2§<1+R ) /We(umvo)dac.

Similarly,
(3.16)

[ [ etelioivolasd <c [ plaza
0 JR2 0 JR2 R
s |2 %
SC(// P2dxdt) (// s dt)
0 JR2 R2
i </ e(uowo)dx) (/ |P|2dxdt>
R2 0 JR2
for R < Ry.

On the other hand, it follows from the relation that

»

<C

=|

AP =~V {VmiukWp@ (u, Vu) + vjvl} on R? x (0,77,

due to (1.5), and the Calderon-Zygmund estimate (cf. [CKN]) that

S
/ |P|? dx dt < C’/ / (|Vul* + |v|*) dedt < C e (1 + 2) / e(uo, vo)dz.
0 JR2 R
This, together with (3.16), yields

® 52 3 1
(3.17) /O/R P[] l| V6| de dt < O (1 + ﬁ) e /]R e(ug, vo)dz.
The desired estimate (3.10) now follows from (3.14), (3.15) and (3.17). O

Lemma 10. Let u € V(0,T) and v € H(0,T) be a solution of (1.5)-(1.7) with
initial value (ug,vo) € HY (R?,5%) x L?(R?,R3) and div vo = 0. Assume that there
are constants €1 and Rg > 0 such that

esssup/ V(- 8)2 + [0 (- 8) |2 de < &1
0<t<T,zeR? J Bgr(z)

for any R € (0, Rg]. Let T be any positive constant. Then, for t € [r,T], it holds
that

(3.18) / IV2u(z, t)|? + |Vo(z, t)|*de < C 711+ TR™?).
R2
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Moreover, u and v are regular for all t € (0,T).

Proof. Note that, in a-priority, [, |Av|? and [5, [V3u|* might not be finite. How-
ever, by a standard cut-off argument, we can assume that [, | Av|* and [5, [V3ul?
are finite without loss of generality in the following proof.

Multiplying (1.5) by Av® and integrating by parts, we obtain

(3.19

)
1d 9 9
—— d Avl“d
2dt/Rz|VU| m+/ﬂ{2| v|* dx

= / (v-Vo') Avide + | VY, [Viukpr? (u, Vu)] A v' dx
R2 ’

R2

1
< Z/ |Av\2dx+6’/ |U-Vv|2d:c—|—C'/ (V2uf? + [Vul )| Vul? da.
R2 R2 R2

Differentiating (1.7) in 2, multiplying the above equation by Vg A u’ and then
integrating by parts, one can obtain

(3.20)

1d ; ; ;
- f—/ | A ul? de + / [(Vgv-V)u' + (v-V)Vgu'| Vg Au' do
2 dt R2 R2

:/ [VsVa [ng (u, Vu) — ukuing (u, Vu)| = VWi (u, Vu)] Vg A u' do
R2
+ V 5 [Wor (u, Vu)uFu + Wk (u, Vu)Voubu'] Vs A u' da
R2
+ / V[Vpr (u, Vu)uhV,u'] Vs Au' da.
R2

The first term on the righthand side of (3.20) is a bit more complicated. Since
W (u,p) is quadratic in p, we have

3.21
2 V2 s Wyi (u, Vu) = V4 [Weipi (u, Vu)Vau? + Wy (u, VV gu)]
= Wipi (u, Vu)V?rﬁuj + Wiukpi, (u7Vu)V7ukV5uj
+ W (u, VVsu)Viw! + Wiy (u, VVgu) V.
Then, integrating by parts and using Young’s inequality, we have
(3.22)
VVaW,yi (u, Vu)Vg A u' da = /R V3sW (0, Vu) Vi u' do

R2 YBa

> %/ |V3u|2dx—C/ Vul?([Val* + [V2ul?) da.
R2 R2

Note that |u|? = 1 implies

u'Vg Au' + Vgu' Au' = —Vg|Vul?.
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By this identity, one can estimate the second term and the last term on the right-
hand of (3.20) as follows:

(3.23)
/ V[ Va (uFu' Vi (u, V) = Vi (u, Vu)u Vo'V g Al da
R2

:/}R2 Vig (ukVpg (u, Vu)) u' Vg Au'de

+ [ Vsu'V, (ukVp(fi (u, Vu)) Vg Au' do
R2
S% |V3u|? da + C/ |Vul?(IV2ul® + |Vu|*) dz.
R? R2

The other terms can be estimated easily in (3.20). Then it follows from (3.20)-(3.23)
that

(3.24)
1d

5%/]1{2 | Au|2da?+%/Rz |V3u|? dz
SC/Rz Vo2Vl + [v]?[V2u)? + (V%] + [Val )| Vul? de.
It follows from —u - Au = |Vul|?, (3.18) and (3.24) that
(3.25) % (/R IV2ul? + |W|2> + % /R (IV3ul? + |V20]?) dx
§0/2(|v|2 + [Vul2) (IVof? + [V2ul?) da.
By the Gagliardo—Rlilirenberg—SObolev inequality, one has
C'/]R2(|v|2 + [Vul?)(|Vo|* + |Vul?)dx

<C (/11@2(1)'4 + Vu4)dx> : (/R2(|Vv4 + |V2u|4)dx> :
c (/RZ(VUIQ + IVzulz)dx); </]R?(|VQU|2 i |V3u|2)dx) 5
. (/RQ(W + |Vu|4)dx>%

%/ (V20 + [V3ul?)dz + (c/ (|v|4+|Vu|4)dx>
R2 R+

- (/RZ(WUP + V2u|2)dm> .

This, together with (3.25), shows that for ¢ € (0,7,
(3.26)
d

G [ 09ela, 0 + V(e 0o+ § [ (V200 + [9ula )iz
R2 R2

IN

IN

< (c/ﬂ@qwu v4)dac> Az(|Vv(x,t)|2+|V2u(:c,t)|2)dm.
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It follows from (3.9), (3.26), and Gronwall’s inequality that for any s and ¢ with
T<s<t<T,

(3.27)
/RQ(|W|2 +1V2u)) (2, ) da

RtR 4 4
(e Setvutt sl ara) </ (Vo2 + [V2ul?)(z, 5) dx)
RQ
(eCEI(HTRz)/ e(uo,vo)dm)/ (Vo> + |V2ul?)(z, s)dx
R2 R2

Thanks to (3.8), (3.27), and the mean value theorem, we conclude that

IN

IN

(3.28) sup /R2(|V2u| +IV2)(-, B)dee

T<t<T

<C77H 1+ TR™2) E(ug, vg) e 51 1HTR ) E(uoswo)

for any 7 > 0. Then, by a similar proof as in Lemma 4, we can show that u belongs
to C'/8(R? x [r,T) for any 7 > 0. In the appendix below (Section 5), we can show
that (u,v) is regular for all ¢ € (0,7]. O

Remark. Letu € V(0,T) and v € H(0,T) be a solution of (1.5)-(1.7) with initial
values ug € HZ(R?;5?), vg € H'(R%;R?) and div vg = 0. Assume that there are
constants €1 and Rg > 0 such that

ess sup / IVu( )2 + v (- t) P de <
0<t<T,z€R? J Bg(x)

for any R € (0, Ry]. Then, fort € [0,T], we have

(3.29) sup /}R2(|V2u(x7t)|2 + |Vou(z, t)[?) do

0<t<T

< Cy(1 + Tsz) E(uo, vo) 6061(1+TR’2)E(’U40,’UO)7
with C3 = C’(||Uo||H§ + [|vol|p1)-

We are not able to prove the uniqueness of solutions to (1.5)-(1.9) for initial
value in H' x L? as one in [St1; Lemma 3.12]. However, we obtain

Lemma 11. Let (uy,v1), (u2,v2) € V(0,T) x H(0,T) be two smooth solutions
of (1.5)-(1.7) with smooth initial values (ug,vo) € HZ(R?* S?) x H'(R* R?) and
div vg = 0. Then (u1,v1) = (ug, va).

Proof. Following the proof of Proposition 15 in the Appendix, we can assume that
[Vui| + [Vug| + |o1] + |v2| < C
for a constant C' > 0. For simplicity, we set in (1.7)

B(u, V) := — Wy (u, Vo) + Wk (u, Va)uFu® + W (u, V)V ourul
+ Vi (u, Vu)u*V  ut
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It follows from (1.7) that
(3.30)
%% /]R (ur — us) 2 dz + /RZ(WPQ (ur, Viur) — Wy (3, Vitz)) Ve (t — ) e
= /R2 (u{uing (u1,Vuy) — uguéVpi (tg, Vo))V (ul —ub) da

— /2[—B(u17 Vuy) + B(ua, Vug) + (v1 - Vug) — (v2 - V)ug] - (ug — ug) dx
=I5 f— Is.

By Young’s inequality, the last term on the right hand of the above identity can be
estimated as

I = - /RQ[*B(uth) + B(uz, Vuz) + (v1 - Vur) — (v2 - V)ua] - (u1 — uz) dz

§C/ |u1—uQ|2+|v1—02\2dx+g/ |V(u17u2)|2d:v.
]RQ 4 R2

The difficult part is to estimate I5. Using an uniform open ball covering of R?, we
can estimate only the local integral

/ (u{u’ﬂ/;)] (w1, Vug) — uéu’QV;)J (u2, Vug))V(u1 — uz) de.
Bro (xO) “ “

Now we can think about in the equation (1.7) with % =0 in a domain of R3.
After a rotation R € O(3), the integrand (1.2) has the following invariant property:
W (Ru, RVuRT) = W(u, Vu).

Therefore, the system (1.5)-(1.7) is invariant for a rotation. Without loss of general-
ity, we can assume that ug(zo) = (0,0,1). Since u; and us are uniformly continuous
in (z,t) € R? x [0, 7] for some 7 > 0, there exists a constant 7o > 0 such that for
any (x,t) € By, (o) % [0,7]

lug(z,t) —uo(xo)| <&, |ua(z,t) —ug(xo)| < e.

Then
/ (u{uing (u1, Vuy — V)V (uh — ub) de
B-,vo(évo)
<cef  Nw-wPdrc| Ve -uPe
By (20) Brg (o)

It follows from |u| = 1 that

WV = —u'Viut — u?Viul.
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Then an elementary calculation shows that
IV (u? —ud)| < Clug — us| + Ce|V(ug — us)|.

By a covering argument, we apply all above estimates to obtain
I < cg/ IV (ur — ug)|? da + c/ (w1 — )2 da
R2 R2

Therefore, choosing ¢ sufficiently small yields
(3.31)

2dt/ |(uy — uo)|* da + = / IV (uy — usg)|? da:<C’/ |(uy —uo) | + [v1 — vo|* da

Using (1.5) and (1.6), one can obtain
(3.32)

1d
5@/ lvy — vg|? da:+/ |V (v1 — vo)|? dz

~ 1
<C [ (o=l ur = wsl 4 [V — )P o+ 5 [ V(0 )P
R R

Combining (3.31) with (3.32) gives

(3.33)
1d

335 [ (Cla =l + Gy —vaf?) da < O/RZ(CW1 sl + Sfon — ) d

Integrating (3.33) in ¢ and applying the Gronwall inequality, we conclude

/ (G — sl + 5 on — ) )dtg0/2(é|u1—u2|2+%|vl_v2|2)(.,o)dt:o.
R2 R

This proves our claim. [

4. Local existence and Proof of Theorem B

In this section, we prove local existence of solutions of (1.5)-(1.7) and complete
the proof of Theorem B. Recall the notation that V(7,t) denotes the space V(7,t)
where S? is replaced by R3.

Lemma 12. For a pair (ug,vo) € H} (R?, S?) x L?(R?, R?) with div vo = 0 in R? in
the sense of distribution, there is a local regular solution (u.,v.) € V(0,T)x H(0,T)
of (1.10)-(1.12) with initial data (1.9) for some T > 0.

Proof. Although Lin-Liu proved only the global existence of the solution to (1.10)-
(1.12) with initial data (1.9) for the case of k1 = ko = kg3, their proofs still work for
the local existence for the system (1.10)-(1.12). Thus we omit the details and refer
readers to [LL1] and [LL2]. O
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Theorem 13. (Local existence) For a pair (ug,vo) € H} (R?,5?) x L*(R?, R?)
with div vg = 0 in R? in the sense of distribution, there is a local solution (u,v) €

V(0,t1) x H(0,t1) of (1.5)-(1.7) with initial value (ug,vo) for some t1 > 0.

Proof. For any map ug € Hb1 (R%,52), one can approximate it by a sequence of
smooth maps in Hb1 (R%,52). Without loss of generality, we assume that ug €
HZ(R?,S?) and vy € H'(R? R?) with div vg = 0 in R? are smooth. Then thanks
to Lemma 12, there is a local regular solution (u.,v.) € V x H of (1.10)-(1.12) with
initial data (1.9).

For each pair (u,v), set

celu,0) = W, Vu) + 55 (1= )+ o, B(uo) = [ ecfuvde
R2

Then same calculations as for (3.1) give
(4.1)

t
E(uc(-,t),ve(,t)) + 2// (|0 e + (ve - Vus)u€|2 + |Vv€|2)2 dz dt = E(ug, v).
0 JR2

By a similar analysis as in the proof of Lemma 8 and Lemma 7, one can show
that there exist uniform positive constants Ry and €1, and a positive time T, =
T(e, Ro, €1) such that the problem (1.10)-(1.12) with initial data (1.9) has a regular
solution (ue,v.) € V(0,T:) x H(0,T.) for each fixed ¢ > 0, and furthermore, it
holds that

1
42) s / Ve P + [0 D + o (1= Jue (- 8)[2)? da < &
OStSTe BR(QZ[)) 25

for any positive R < Ry.

Next, we will show that there is a constant ¢; > 0, independently of £, such that
T, > t; and the solutions (u.,v.) is bounded in V(0,¢;) x H(0,%;) uniformly in €.

First, we claim that for all ¢ € [0, min{1,7.}]

(4.3) < Jue(z,1)] <

DN | =
N W

To verify (4.3), we re-scale the solution by
a(z,t) = ue(ex, %), o(x,t) = eve(ex,et), P(x,t) = 2 P.(ex,et).

Then (4, ) solves the following approximate Ericksen-Leslie system

(4.4) B+ (0 V)0 — AV + V,, P = =V, (V,, 0" Wy (@, VD)),

(4.5) V-0=0,
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(4.6) iy + (0- V)" = Vo [Wyi (@, V)| — Wy (@, Vi) + @' (1 — |af?)
for ¢ = 1,2, 3, with initial data
(4.7) o(x,0) = vo(z), a(x,0) =dg(x), VoecR?

where @o(x) = up(ez) and vo(x) = evg(ex) satisfy

/}R2 e(tg(x), v(x)) dz :/ e(ug(x),vo(z)) de.

R2

The condition (4.2) becomes

1
(4.8) ess sUp / V(O + 5(11 a0 + [0 de < e
B ()

ogtg%,xekz
for any R € (0, Ro]. While the basic energy identity (4.1) becomes
1
(4.9) / [W(a, Vi) + =(1—|a*)?| (- t)dz
R2 2
t
+// (0, P + |9r it + (5 - V)af2) (-, )der dt = Euo, vo)
0 JR?
for all ¢ € (0, %)
Without loss of generality, we assume T, < 1. Let 7 be the maximal time in

[0, Z5] such that

< iz, b)) < 2.

1=

(4.10)

By (4.1) and similar arguments as for Lemma 8, one can derive from (4.4)-(4.6)
that there exists a uniform constant Cy such that

(4.11)
C’o/ / (IV2a> + |V9|?) dzdt
0 R2

< _/ Adi-a(1— |11|2)da:dt+0/ Vuol? + [vo|? d
0 R2 R2

+C/ / |Vt + |o]* dx dt.
0 R2

Integration by parts yields

(4.12) f/ At - a1 — |al?) de dt
0 R2

T 1 T
:/ / |Va\2(1—|a|2)dxdt—f/ / V]2 ddt
0o Jre 2Jo Jre



28 M.-C. HONG AND Z. XIN

By Young’s inequality and using (4.1), (4.6) and (4.10), one can obtain

(4.13)

/ |Va|l> (1 — |a)?) do dt < n/ / (1 — |a*)? dxdt + C/ |Val|* do dt
0 R2 0 R2 0 R2
< 77/ \v2u|2dxdt+c/ |Vﬁ|4dxdt+C/ (|Vuo|? + |vo|?) da

0 R2 0 R2 R2

for a small constant 7.

Combining (4.11)-(4.13) and choosing &7 sufficiently small in (4.2) with Lemma
2, we conclude that
(4.14)

2
/ / (V2@ + |Vo|?) dacdt—i—// Zdrdt < C(l—i—R—)/ e(ug, vo) dx
R2

for any R < Ry.
It follows also from Lemma 2, (4.8), (4.9), and (4.14) that

T 2
(4.15) /0 /RQ(|V12|4 + o[ dxdt < Cey (1 + ;;) E(ug, vo)

for any R < Ry.

Now following the calculation for (3.25), one can derive that for any ¢ € (0, 1),

(4.16)
4 ( / <|v2a|2+|w|><-,t>dx) + 4 [ (vl + (9 e
dt Rz 4 ]R2
<C [ (5P + [VaP) (TP + 5P, o
]R2
+c’/ V(i (1= [aP) - Vs Al da +c/ Vil (-, £)d
R2 R2
Note that
(4.17) C‘/ V(@ (1 —|al?) - Vs Al de
R2
=C A( 1 —a)?)) - At de
<c/ |V2a( |dx+C/ |Va(-, t)|* da
and
4 18

c/ \Va(-,t)|® do = —c/ |V, u~Aﬂda:—C/Va(|Vﬂ|4)ﬂ~Vaﬂdx

< f/ \V&(~,t)\6daz+0/ V(- 1) |V2a(-, t)|da.
2 R2 R2
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It follows from (4.16)-(4.18) that
% (/R2(v2a|2 + |V172)(-,t)dx) + % /RZ(N%\? + [V20?) (-, t)dae
<C /W(|ﬁ|2 + [Val*)(IVol]* + |V?al*)dz + C (/Rz(|V2ﬂ(-,t)|2 + |V11(-,t)|4)dx>
Using the Gagliardo-Nirenberg-Sobolev’s inequality, one can get

C/ (9)* + |Va|>) (VD> + |V2a|?)dx
]R2

<c (/Rz(ﬁ|4 + vm)d:c>é (/R2(|w4 + |v2a|4)dx> ’
c (IVo|? + |V?a|*)dz : (|V*3)* + |V3a|?)dx ’
(/. ) (L )

: </ (Jo|* + |va|4)dx>
Rz

g/ (IV20]? + [V3a|?)dz + (C/ (|17|4+|V11|4)d:c>
R2 R2

/ (Vo[ + [V2i|?)da.
RQ

IN

IN

This, together with (4.18), shows that

(4.19)
% R2(|V2ﬂ|2+|Vz7|2)(~,t)dx+242(|V3ﬂ\2+|vzﬂ|)(~,t)dz
< <C/RQ<@ + Vil )(-,t)dm) /RQ(W P+ [VOP) (-, )z + h(t)
with
(4.20) h(t) = C/ (V24 + |Va|*) (-, t)dz.
R2

It then follows from (4.14), (4.15), (4.19)-(4.20), and Gronwall’s inequality that
for all ¢t € (0,7),

(4.21)
/Rz(|v2a|2 + |V (-, t)dx

R R
eC JR2(|5|4+\VQ‘4)(~,l)da:dl./ (|v2U0|2+|VU0|2>d1‘
R2

AN

t RtR ~14 ~14
+/ o€ LAl Cdedt g g

0
t
) E(uo,v0) <||u0||§{2 + ||v0\|12ql —l—/ h(s)ds)
0
2

7-52 € s uQ,v
(|Uo||§12 + |[vol| 7 + C (1 + R2) E(”o,Uo)) ¢Ce1 4 5r) Bluovo)

- 2
ec51(1+ 1,:2

IN

IN
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Suppose that there is a 21 € R? such that |@(z1,t)] < 1/2 (or |a(z1,t)] > 2)
with some ¢ € [0,7]. It follows from (4.21) that @ is C'§-continuous uniformly in
(x,t). Then, there is a constant Cy so that for x € By 4¢, (z1) with 4C < o we

have
(1 — [a(z,t)[*)* >

l\D\»—t

Then
B

ICy

0) > &

0| =

1
1 / (1~ (e, O)2)? do >
2J)B | (a1)

acy

which contradicts (4.8) for a sufficiently small £1. This shows that our claim (4.3)
holds for all ¢ € [0, Z=].

Finally, we show that (u.,v.) is bounded in V' (0, min{7%,1}) x H(0, min{7T%,1})
uniformly for any positive € < 4CyRy.

For any ¢ < min(1,7;), it follows from (4.14) and (4.15) that

(4.22)
t 1 t
// (|V2u8|2+|Vvs|2)(x,t)dxdt+—// (1= Jue]?)? da dt
454 0 JR2

< C (1 + R2> E(UO,’U()),

t
t
(4.23) // Vet + o) (2, O)da dt < C ey (1+ RQ) Euo, vo).
0 JR?
Let ¢ be the cut-off function as in the proof of Lemma 9. Then by a similar

analysis as in (3.14)-(3.17) and using (4.22)-(4.23), one can get
(4.24)

/R26(u5(,) ot der// |Vv5| + = \3tus+vs Vus|2)g02dxdt

g/ e(ug, vo) > dx+C <1+R> E(ug,vo)

// gz (1= [ucl?)? Jve - V(¢?)|da dt.

On the other hand,
! 1 22 2
(4.25) | g =l - v dear

<o([[ -y // e gy i)
R2454 € R2

3 1 1
< CE (/ 4&_4 (1 - |us| ) dzdt) (E(UO’HO))z
t3 £\ 2
S CE + ﬁ E(UO7UO)
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where one has used (4.1) and (4.22).

Hence,
(4.26)

t3 t\?
/ ec(ue(z,t), ve(2,t)) do < / e(ug,vo)dr + C— (1 + 2) E(ug,vo)
Br(zo) Brr(zo) R R

for any R < Ry. First, choosing R; > 0 so that

(4.27) / e(ug, vo)dzr < a2l
Bar, (z0) 2

for all zg € R%. Then, set

. 61R1
4.2 t1 = .
(4.28) : mm{R“w(mE(uo,ve))}

Then for t < tq,

/ ec(uc(x,t),ve(x,t))de < &1
BR(I())

for all zo € R? and R < R;. Consequently, we have shown that there is a uni-
form ¢; < min{7%,1} such that (u.,v.) is bounded in V(0,t;) x H(0,t;) with t;
independent of €. Letting ¢ — 0, we can prove the local existence of solution
(u,v) € V(0,t1) x H(0,t;) with initial data (1.9). O

Now we complete the proof of Theorem B.

Proof of Theorem B. By Theorem 13, there is a local solution (u,v) € V(0,%1) X
H(0,t1) of (1.5)-(1.7) in R? x [0,¢;] with initial conditions (1.9) for some ¢; > 0.
By Lemmas 10-11, the solution can be extended in [0,7}) for a maximal times T}
such that at Ty, there is at least a singular point z} € R? such that

limsup/ e(u,v)(-,t)dz > e
t/T1 JBgr(z})

for any R < Ry for some Ry > 0 and g9 > 0. It is easy to see the solution
(u,v) € V x H is regular for all ¢t € (0,71). Then there exists a sequence of
{tn} such that the sequence (u(t,),v(t,)) converges weakly to (u(T1),v(T1)) in
H'(R?; 5?%) x L?(R?;R?) satisfying

/ e(u(Th),v(Ty)) dx < / e(ug,vo) dx — eg, divv(Ty) =0.
RQ

R2

Using the energy identity, there is a finite number of singular times {Tl}le1 in
Theorem B. 0O



32 M.-C. HONG AND Z. XIN
5. Appendix: The liquid crystal flow and regularity issue

In this section, we formulate the liquid crystal heat flow and discuss C'“-
regularity issues for solutions of the liquid crystal flow (1.4) and the system (1.5)-
(1.7).

The liquid crystal equilibrium system in a form of vectors and tensors was derived

by Hardt, Lin and Kinderlehler in [HLK] using the Lagrange multiplier method,
but we need a precise form of (1.3) in coordinates.

Let ¢ be a smooth functional in C§°(Q, R3). We consider a variation

 utte u+tp
“*”‘ww@+¢a@y‘a+am.¢+ﬁwﬂﬂ

and compute

dug (utt¢)(u- ¢ +to)
dt (14 2tu- ¢+ t2¢2)1/2

To derive the Euler-Lagrange equations, we compute

=0.
t=0

dul dV qul
/Q (WUqu*WPa dt )

where Wy (u,p) = g;f{ and W,: = % Note

d
7 /Q W (ug, V) dz

This implies

dxr =0,

t=0

dut
dt

dV qut

i =V —Vou'(u-¢) —u'Va(u-¢).

t=0

= gbl - uz(u : ¢)7

t=0

We conclude that

(5.1) /QWUJ- (u, Vu) [qu —u (u- qﬁﬂ
+ Wi (u, Vu) [Vad' = Vou'(u-¢) —u'Va(u-¢)] do=0

for any ¢ € C§°(Q,R3). Therefore, we call that u € H'((2, 5?) is a weak solution
to the liquid crystal system if u satisfies

— Vo [Wyi (u, Vu) — ukuing (u, Vu)| + Wyi(u, Vu)

— Wk (u, Vu)uFu' — Wk (u, Vu)VauFul — Wk (u, Vu)u*Vau' =0
in the sense of distribution. Note |u|?> = 1, then v*Vu’ = 0. This system is the
exact form of (1.3).
Then, the liquid crystal flow can be formulated as in (1.4), i.e.,
ou’
ot

=Va [Wpi (u, Vu) — ukuiV;,g (u, Vu)] — Wyi(u, Vu)

i
a

+ Wk (u, Vu)uFu' + Wk (u, Vu)V uFu' + Vi (u, Vu)uPV u'.
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Next, we will prove that a Holder continuous solution of (1.4) belongs to C*©
for some a with 0 < o < 1. For any point zg = (g, tg) € Q%X [0,R) and any number
R > 0, we use standard notations:

B(zo,R) = {r € R®: [z —x9| < R}, Q(z0,R) = B(zo, R) x (to — R?,ty),
SR(Z()) = B(l‘o,R) X {to — RQ} n 8B($0,R) X (to — Rg,to).

Proposition 14. Let Q be a domain in R with smooth boundary 0. Let u be a
weak solution of (1.4) and Hélder continuous in Q x [0,T). Then, Vu is (locally)
Hélder continuous with the same exponent in Q x [0,T).

Proof. Assume that u(x,t) is Holder continuous with exponent 8, 0 < 8 < 1.
Let (zo,t0) € @ x (0,T) with Qar,(20) C Q@ x (0,T) for some Ry > 0. Note
u(wo, ty) = e € S%. After a rotation, we can assume that e = (0,0, 1).

It follows from |u| = 1 and Cauchy’s inequality that
(5.2) 0?2 VP |? < (1= [u®1)[Val® < 2lu — (o, o) || Vul>.
Denote
D= (p£)3x2-

Using the structure of W (u,p), we can write
Wy(u, V) = Wy(u, Vu', Va?) + f(u, Va®),

where | f(u, Vu?)| < C|Vu3|.
Let © = (v',v?) be the solution of the Cauchy-Dirichlet problem

(53) Uz =Va [Wﬁg (6, Vvla vvz)} in QR(ZO)

v'=u' on Sr(z0)-

for ¢ = 1,2. Since (5.3) is a parabolic system with constant coefficients, it follows
from Proposition 1.2 in [GS; Proposition 1.2] that for all p < R < Ry

. p\° ~12
|Vo|2dz < C (5 / |Vo|° dz
L (%) 1,
and
~ ~\ 12 14 T ~ ~ 2
[ vi-a,pi<c () [ vi- voara
Q R/ Jon

Set W = 4 — . Then for all p < R, we have

5 -
(5.4) / |vu|2dzgo(ﬁ) / \Vu\zderC/ |W|2dz+c/ IVud[? dz
Q R/ Jor Qnr Qnr
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7
/|vu—(vu)p\2dzgc(ﬁ)/ |Vu—(Vu)R|2dz+C/ Vil dz
Q@ R Jon Qnr

+C |Vu? | dz.
Qr

Note that u is S-Holder continuous in © x [0,7T) and u(xg,tp) = (0,0, 1).

Although there is no maximum principle for the parabolic system (5.3) with
constant coefficients, Giaquinta-Struwe in [GS; page 445] obtained that

sup |v — u(xo, to)| < C'sup |u — u(xo, to)]
Qr Qr

with a constant C' independent of R and u. This implies
(56) |U~)‘ < "UJ — u(l'o,to)| + |U - u(xo,to)‘ < CRﬁ

Multiplying the difference between (5.3) and (1.4) by w* (i = 1,2) and integrating
over Qg lead to

(5.7)

/ 1[2(-, o) dx—l—/Q Zv B Wy (e, Vi) da

R =1

/ZW W' | |Wps (e, Vi) — Wﬁg(u,va)|dz+c/ |V || V| de
Q

R =1 R

/ ZZV w’uzuka(u Vu)+C ||| Vul|?* d.
Q

R =1 k=1 Qr

Since u is B-Holder continuous and u(zg,ty) = (0,0,1), we have |u’| < CR® for
i =1,2. Applying Young’s inequality and (5.2) yields

(5.8) / \vw|2dz§CRﬁ/ |Vul|? dz.
Qr Qr

It follows that for all p < R,

5
(5.9) /\Vu|2dz§0(%)/ |vu\2dz+CRﬁ/ \Vul|? dz.

p 3 R

We claim the following Cacciopoli’s inequality
(5.10) / [Vul?dz < C— / |u — usg|* dz < CR¥T28,
Q(z0.R) R JQ(z0,2R)

for any zg € 2 x (0,00) and R < Ry, where ugp is the average of u in Qag(xo,to).
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Next, we prove this claim. Let & be a cut-off function in C§°(Bag(xg)) with
0<E<1,£=1in Br(zp) and |V¢| < %. Let 7 € C*°(R,R) be a function depends
only on ¢t with 0 <7 <1, 7=1on [tg — R ty] and 7 = 0 on (—o0,ty — 4R?) and
|0;7] < C/R2.

Testing (1.4) with ¢ = (u® — uéR)§2TQI(_m7to) for i = 1,2, where I(_o ) is the

characteristic function of (—oo, ), we have

2
/ (-, to) — ugr|?€372(to) da +/ S W Vau' Vel 7% dz
Bar (o) Q2r(20) Q=1 ane

< 2/ [ng (u, Vu) — ukui‘/;,g (u, Vu)] Voé(u' — ubp)ér® dz
Q2r(20)

+c/ |Vu|?|u — uap|€2T? dz+2/ |u — ugg|*€* 1047 dz
Q2r(20) Q2r(20)

+ / ukuini (u, V) Vo (u' — ubp)er?dz + C |Vu?|?¢272 dz.
Q2r(20) Q2r(20)

Since u is S-Hoélder continuous and u(xo, tg) = (0,0, 1), u(z,t) — uzr can be chosen
sufficiently small when Rg is small and |u'| + |u?] is also small. We need to deal
with the above last term. By (5.2), the term |Vu?|? is also good. By Young’s
inequality, the claim (5.10) is proved.

Using (5.9) and (5.10), a standard iteration (cf. [G], Chapter III, Lemma 2.1)
yields that for all p < Ry, one has

(5.11) / |Vul? dz < Cp*T3P,

P

where C depends on Ry. An iteration by (5.9) and (5.10) yields that for any o < 1,

/ |Vu|?dz < Cp*t2e.

P

Using (5.2) and (5.8) yields

7
/|Vu—(Vu)p|2dz§C’(%)/ \Vu—(Vu)R|2dz+C’R'B/ IVul? dz

p R R

7
<c(4) / IV — (Vu)g[2 dz + CR¥27+6.

R
Choose o sufficiently close to 1 so that 20 + 8 > 2. Then, for all p < g, we have

/ |Vu — (Vu),|?dz < Cpot2

P

for some o1 with 0 < o7 < 1. This implies Vu € C’llo’gl and then Vu € C1# (cf
[GS]). O
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Proposition 15. Let (u,v) be a weak solution of (1.5)-(1.7) in R? x [0,T] and
assume that u is Hélder continuous in R? x [0,T). Let T be any positive constant.
Fort € [1,T], we have

/ V2u(, )2 + [Vo(e, )2 de < O+~ (1 + TR™?).
RQ

Then, (u,v) is smooth in R? x (0,T).

Proof. By Sobolev’s embedding Theorem, we have
[ 19 + ot de
Bl (120)

for any p > 1 and for o € R? and ¢t > 7. By a similar way to one in Lemma 5, we
can show that u is Holder continuous in R? x [, 7.

To get the higher order regularity, we rewrite (1.7) as
(5.12) uf — Vo [Wye (u, V)] = —uFu'Vg [V (u, V)] = (v- V)u! + B(u, Va),
where B(u, Vu) is given by
B(u, V) = — Wi (u, V) + Wi (u, Vu)uFu' + W (u, V)V qubu
+ Vi (u, Vu)u*Vau' -V, [ukul] Vir (u, V).
Since W (u,p) is quadratic and convex in p, we can write

Wi (u, Vu) = agﬁ(u)vauj.

i
et

Since u is uniformly Holder continuous, the left-hand term of (5.12) is a parabolic
operator. Let £(x) be a cut-off function in Br(zg) and let 7 € C*°(R,R) be a
function depends only on ¢ with 0 <7 < 1,7 =1 on [ty — iR27t0] and 7 = 0 on
(—00,tg — R?) and |0,7| < C/R?%. Set ¢ = 7&. Multiplying (5.12) by ¢, we have

(5.13) (u6)i = Va |05 (u)Va(wg)] - u'ey
= —u*u'v, (Vo (u, Vu)] ¢ — [(v - V)u' + B(u, Vu)]o.
By the assumption, we have
(v-V)u € LP(Qr(20)), |Vul* € LP(Qr(z0)) ¥p>1

But the first term on the righthand of (5.13) is not a ‘good’ term, which need more
analysis. Using the fact that |u| = 1, we have

u3Vi3u3 =—(Vgu-Vu+ ulv(iﬁul + u2V33u2), wdud = —(ulu) + u?u?).

Without loss of generality, we regard the solution in R3. By a rotation, we assume

’U,(.’L‘o,to) = (0,0, 1).
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Since u is Holder continuous, there exists a small R such that
lu(z,t) — u(xo, to)| < e
for a sufficiently small constant € > 0. Therefore

[V2u®] < C|Vul? + 22|V | + [V2u?))

Apply the classical LP-estimate of parabolic systems (c.f. [Ei], [LSU]) to (5.13)
for i = 1,2, we have

@edll @ (wo)) + IV (@) Lr(@n(zo)) < ClOVUZ (e + CelldV2ull Lo (@r (w0
+ Cllullzer@ro)) + 1VlL2r@nwoy +1);
where @ = (u!,u?). Choosing ¢ sufficiently small, we obtain

||Ut¢HLP(QR(zo)) + ||V2(u¢)“LP(QR(Io)) <C.

To estimate v in (1.5), it follows from Holder’s inequality that

p/4
/ |(v-V)v|Pde < / |Vol* dz dt / \v\ﬁ dx dt
R2 X [,T] R2x[7,T] R2x[7,T]

for any p with 3 < p < 4. By the LP-estimate of Stoke’s operator (e.g. [So]), vy and
V2v are in LP for 3 < p < 4. This implies that v is Holder continuous.

4

Differentiating in x; in (5.12), we have

(Vart)e = Va [a5(0)Va (Vo)
= —uFuiv, [Vpﬁ; (u, valu)] + v#V2u + Vo#Vu + Vu# V3.

By applying the LP-theory, a similar argument yields that Vu is uniformly contin-
uous. Then, a standard bootstrap method implies that (u,v) are smooth. O
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