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1 Introduction

Many physical phenomena involve interactions between moving structures and fluids. An
interesting problem arising in fluid mechanics is the motion of a rigid body immersed in a
viscous incompressible fluid. The motion of the fluid is governed by the classical Navier-
Stokes equations with the non-slip boundary condition. The motion of the rigid body
consisting of a translation part and a rotation part, is ruled by the conservation of linear
and angular momentum.

Let the region occupied by the homogeneous rigid body at time ¢ be denoted by O(t),
and the domain occupied by the homogeneous fluid be Q(t) = R\ O(t). Let O(0) = O,
and Q(0) = Q. For the sake of simplicity, we assume that both the fluid and the solid are
homogeneous with density 1. Then the system modeling the motion of the fluid and the
rigid body is the following,

% —vAu+ (u-V)u+Vp=0, (z,t)€ Q) x(0,T),
divu=0, (z,t)€Qt)x][0,T),

u(z,t) = B(t) + w(t) x (@ — h(t)), (z,t) € dt) x [0,T),
mh"(t) = — [pq (0 (w.p)@)dL, t€[0,T), (1.1)
J'(t) = = [y (@ = h(D) x o(u, p)idl, te€[0,T),

w(z,0) =a(z), =z,

R(0)=0€cR3 K(0)=beR3 w(0)=cecR3

Where u = (u1,ug,us) and p denote the velocity field and the pressure of the fluid respec-
tively; 7i(¢) is the unit outward normal vector to 9€(t); h(t) and w(t) denote the position

of the center and the angular velocity of the solid at the time t respectively; m is the mass

m = dr = / dx,
o(t) o)

J = (Jg) is the moment of inertia related to the mass center of the rigid body,

Ju = /O o Il7 = O = (= hO)x(e = )] do = /O 226 — aarde,

of the rigid body, i.e.,

where Jy; is the Kronecker symbol, and o(u, p) is the Cauchy stress tensor field,
o(u,p) = —pld+ 2vD(u),
where Id is the identity matrix and D(u) is the deformation tensor

D(u) = % (Vu+ (Vu)'].
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There have been extensive researches on the problem (1.1) in recent years. The global
existence of weak solutions to (1.1) has already been proved by [12] and [22]. When the
fluid-rigid body system occupies a bounded domain, the existence of weak solutions has
been studied by many mathematicians, see [2, 3, 6, 7, 8, 17]. Furthermore, the collision be-
tween the solid and the domain’s boundary has been investigated, see [9, 10] and references
therein.

However, only a few results are available on the existence and uniqueness of strong
solutions. For the case that the rigid body is a disk in R?, T.Takahashi and M.Tucsnak
[23] showed the existence and uniqueness of global strong solutions. Later, P.C.Santiago
and T.Takahashi [21] extended the global existence result to general rigid body in R2. For
3-dimensional case, they proved the local existence and uniqueness of strong solutions in
C[0,T; WhH2(R3)) for general smooth rigid bodies, see also [5] for the local existence of
strong solutions. The research methods in [21, 23] are totally different from that of the
weak solution.

Since the domain occupied by the fluid is varying with time and not a priori known,
it’s a free boundary problem. This can be transformed into an equivalent fixed boundary
problem by moving along the center of the solid body. For example, consider the case that
O is a ball in R3. In this case, let

y::c—h(t), U(yat) :u(y—i—h(t),t),

Q(ya t) = p(y + h(t)’ t)’ l(t) = h/(t)v
o(v,q) = —q(y,t)Id + 2vD(v)(y,t).
Then the problem (1.1) becomes

% VAU (- VYo — (- Vo +Vg=0, (y.t)€Qx(0,T),

divo=0, (y,t)eQx[0,T),

v(y,t) =1(t) +wt) xy, (y,t) €92 x[0,T),

ml'(t) = — [, 0(v, q)idl, t€[0,T), (1.2)
)= — [hqu % [o(v,q)dD, € [0,T),

v(y,0) = aly), yeQ,

1(0)=b€R3 w(0)=ceR>.

Juw'(t

Remark 1.1 If Ois not a ball in R?, but a general solid, similar linear transformations

can be found to fix the domain. For references, see [19] or [21].



To study the new system (1.2), the authors of [23] and [21] applied the method of
semigroups. They extended v to a function defined on the whole space by letting v(y,t) =
[(t) + w(t) x y in O and defined a new linear operator Ay as follows,

D(Ag) = {v e WE(R?) : div v =01in R®, D(v) =0in O, v|g € W*?(Q)},

—vAv, in
Agv = %

2 [ D(v)fdl +2vJ ! [/
0

Y X D(v)ﬁdlﬁ} Xy, in O
00

0]
and
Asv = PAsyv,

where P is the orthogonal projector from L?(R3) onto its subspace H%, where
H? = {v e L*R?) :divev=0in R® D(v) =0 in O}.

Omitting the nonlinear terms (v - V)v and (I - V)v in the first equation of (1.2), one
can get the corresponding linearized system. Then A, is the linear operator associated
with this linearized system, since [23] has proved that the linearized system equals to the

following abstract equation in some sense,

Oy + Asv =0,

’ b+cxy, yeO

In [21], it was proved that —As is the generator of a contraction strongly continuous
semigroup on HZ. In our paper, we will prove that —As is the generator of an analytic
semigroup {e~*42} in H2. Moreover, the corresponding operator in H 12 NHY(p > 2)is
also the generator of an analytic semigroup. When the solid is a ball in R?, we can even
prove its analyticity in the space H? N HY(p > 6).

As an application, we apply the 6Fujita—Kato approach to get the local existence and
uniqueness of strong solutions in HY N HY(p > 3) space when the solid is a ball in R3.
Similar results hold in H? N HY(p > 6). Note that the local strong solution derived in
[5] and [21] required the initial data at least belongs to W12(IR3), hence we extend the
class of initial data. Their proof relies strongly on the properties of Hilbert spaces, while
our proof applies to more general setting. When the rigid body is a general solid in R3,
the estimates about the semigroup in section 6, combined with the linear transformation
n [21], help to establishing the local existence of local strong solutions. Furthermore, we
believe that the properties of the linear operator derived here is useful for exploring more

information about the original problem.



2 Main results and Preliminaries

Before stating the main results in this paper, we introduce some function spaces and
notations. Let O be a bounded, simply connected domain of C? in R3, and Q be its

exterior domain, = R3\ O. In this paper, without loss of generality, the center of O is

/ydy:O€R3,
o

otherwise, one can translate coordinates system to achieve this. 77 denotes the outer unit
normal of the boundary 0. Let m = [,dy, and J = (Jy),

supposed to be the origin, i.e.,

Jo = /o [ly126 — yrui] dy.

Bgr(0) is the ball in R? centered at 0 and with the radius R. For any linear operator
A, denote the domain of A by D(A) and the range of A by R(A). Denote the complex
conjugate of a function f by f. In the case of non-confusion, we do not distinguish the
notation of vector-valued function space and scalar function space. LP(2) and W*P((Q)
are the usual Sobolev spaces defined in the domain Q. While LP(R3) and W*P?(R3) are
the usual Sobolev spaces defined on R3. C65(82) consists of smooth functions defined on
Q) with compact support and divergence free.

Let

HY = {uc LP(R%) : divu=0inR?® D(u)=0in O},
Gl ={ueL’(R®: u=Vq, ¢ € Lj,.(R*)},
divu=0inR? uw=VginQ, ¢ € L .(Q)

Gh={ueLP(R®
2 “ (R°) u=¢ in O, and/quydy:—/ go7t X ydI’
o o0

We have the following characterization of functions in HY.
Lemma 2.1 Let 1 < p < oo, and v € H}. Then
u(y) =ly +wy Xy, in O,

where )
ly = —/ udy and w, = —Jl/ u X ydy.
m Jo o

Proof Since div u =0 and D(u) =0 in O, u must be a rigid body motion. It means

that there exist some vectors [,, and w,, such that

u(y) =ly +wy, xy in O. (2.3)



Integrating both sides of (2.3) over the domain O to get

/u(y)dy:/ ludy+/wuxydy.
o o O

1
lu——/udy.
m Jo

On the other hand, multiplying both sides of (2.3) by y and integrating over O yield

As [ydy =0,

Jouy) xydy = [o(wu xy) x ydy
= Joy(wu - y) — waly[Pdy
= —Jwy,
hence,

Wy, = —J_l/ u X ydy.
O

Recall a theorem about the decomposition of LP(R3), which was proved in [24],

Lemma 2.2 For 1 < p < o0,
3
LP(R®) = HY & G & G5,
Thus, for any u € LP(R3), one has
u=v+Vg+weH &Gl aGh.

Set v = P,u, where P, is the projection operator from L?(R?) onto HY.

As indicated in the proof of Lemma 2.2, for every u € LP(R3) N LY(R3), p # q,
Pyu = Pqu. Hence, we will omit the subindex of P, and just write [P instead in this paper.
Set

DlAgn,) = { € W @) W (R?)

divo =0in R, D(v) =0in O, (2.4)
vlo € W25 (Q) N W2P(Q) S

For any v € D(A%mp), define

—vAv, in ()
Agﬂpv R D(v)iidl + 2vJ~* [/ Y X D(v)ﬁdF} Xy, in O (2.5)
m Joo 20
and
Agnpv = IP’Agnpv. (2.6)
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Similarly, one can define the space D(Azn,), the linear operator Asn, and operator
Agnp, by replacing & with 2 in (2.4), (2.5) and (2.6) respectively.
Now our main results read as

Theorem 2.1 The linear operator —As(defined in section 1) is the infinitesimal

generator of an analytic semigroup {e~*42} of operators on the space H 2.
For non-Hilbert spaces, we have the following generalizations.
Theorem 2.2 For any 2 < p < oo, the linear operator —Agnp is the infinitesimal
5

—tA 6
generator of an analytic semigroup {e %”3’} of operators on H{ N HY. And for every
t > 0, it holds that

My
< W (2.7)

—tA —tA
He t gﬁp” < M;y, HA%ﬂpe t Snp

6
with My = M;(p,2) > 0. Then it follows that for all w € H} N HY,

—tA
He =0.

. 6
lim 5Py

t——+o00

L8 (R3)NLP(R?)
The corresponding result for the classical Stokes operator flp in the domain {2 was
proved in [1], which reads as

Proposition 2.1 Let 1 < p < o0, 0 < 6 < §. Then for every A € C with [A| > 0,
|arg A| < T + 6, the resolvent (A + A,)~! of the operator A, exists and it holds

H()\I—i—flp)_lH < g for all |A] >0, |arg)| < g+9,

Al

where C' = C(p,6,€Q) > 0. And it follows that the semigroup {e_tAp} is analytic for t € C,
t #0, and |argt| < 6.

More concretely, taking into accout the result in [15] on the stokes operator on exterior

domains, we can restate Proposition 2.1 as follows:

Proposition 2.1’ Let 1 < p < o0, 0 < 6 < 5. Then for every A € C with |A] > 0,
larg A| < 5 40, and every f € LP(Q), the system

AM—vAu+Vp=f, in
divu=0, in{
u(y) =0, on 0N

has a unique solution u € W2P(Q) with the following estimates,
Al lull o) < Clp, D fll @) (2.8)
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HD2UHLP(Q) +1IVpllzr ) < Cp, ) [HfHLP(Q) + HUHLP(Q)] ; (2.9)
where C(p, §2) is some constant depending only on p and €.

Remark 2.1 Comparing Theorem 2.2 with Proposition 2.1, we would like to prove
that —A, is analytic on H}. Yet, we can not achieve this at this moment. However, when

O is a ball in R3, we have some refined results.

Theorem 2.3 Suppose O is a ball of radius 1 in R3. For any 6 < p < oo, the
linear operator —Asn,, is the infinitesimal generator of an analytic semigroup {e~tA20w} of
operators on Hi N HY. And for every ¢ > 0, it holds that

M

He_tAmp” < M’ HAéﬂpe_tAmpH < W?

with M = M (p,Q) > 0. Then it follows that for all u € H? N HY,

tliﬁ)o lle™ " 42 ]| 2 gey o sy = 0.

Remark 2.2 Theorem 26.2 and Theorem 2.3 are the key estimates for establishing
the local strong solution in H 15 )N HY and H 12 N HY respectively. The assumption that the
initial data of system (1.2) belongs to H? is necessary in some sense, otherwise we may not
get the uniform bound of the velocity of the solid. Hence Theorem 2.3 seems better and
more reasonable. However, whether the conclusion of Theorem 2.3 holds for 2 < p < 6 is

open.

Remark 2.3 Although there are some differences between 3-dimensional case and
2-dimensional case, our proof of Theorem 2.1 and Theorem 2.3 also applies to the corre-

sponding cases in 2-dimensional space.

As an application of the above properties, we will give the local well-posed results in

the particular case that the solid is the unit ball in R? for example. Indeed, we have
Theorem 2.4 Assume that O is a unit ball in R? and p > 3. Let the initial data
a(y), yew,
vo(y) =
b+cxy, yeoOo.

6

6 6
Suppose vy € H N HY, then there exists a unique local strong solution v € C([0, Tp]; HY N
HY) to the system (1.2), and v satisfies

t30(y,t) € C([0, Tol; W3 (R?) N WHP(R?)).



3 Proof of Theorem 2.1

To prove Theorem 2.1, we need some basic lemmas in functional analysis.

Lemma 3.1 Suppose X is a Banach space and X* is its dual space. Assume that
A is a closed linear operator with dense domain D(A) in X. Let S(A) be the numerical

range of A, that is

S(A) ={(z*,Az) : x € D(A), ||z||=1, 2" € X*, ||z*|| =1, (%, 2z) =1},

and let X be the complement of S(A) in C. If ¥y is a component of ¥ satisfying p(A)N%y #

&, then the spectrum of A is contained in the complement Sy of g, and V A € X,
1

M-—A) Y < ———.
¢ ) HSd(A, @)

Here p(A) is the resolvent set of A, and d(\, S(A)) is the distance of A from S(A).

Lemma 3.2 Suppose X is a Banach space. Let A be a linear dissipative operator

with R(I — A) = X. If X is a reflexive, then D(A) = X.
The above two lemmas can be found in [20].
Next, some basic properties of the operator A, are studied.

Proposition 3.1 The linear operator Aj is closed and D(As) = H?, R(I + Ay) = H?.

Proof This is proved by Lemma 3.2. We show first that — Ay is dissipative. For any
u € D(A3), one can suppose u = V;, + wy X y in O. Then

(Agu,u) :/(—VAU)~Edy—|—/ et D(u)rdl - udy
Q o m Jao

(o o]

—/—2ydiv (D(u)) -Udy+2—y/ D(u)iidl - (mVy)
Q m Jao

+ <2VJ1/ Y X D(u)ﬁdf) / y X (g X y)dy
00 O

= 21// |D(u)2dy — 21// D(u)u - idl" 4 2v D(u)idl’ -V,
Q 200 00

+2I// y x D(u)ndl - J_l/ y X (g X y)dy
00 O

where the second equality follows from |, oYdy = 0, and the third equality is due to the

fact that J~! is a symmetric matrix.



Since

/Oy X (wy x y)dy = /Ow_ulyl2 —y(y - Wu)dy = Jwy,

and D(u) is symmetric, then

(Agu, u) —21// \D(u)]Qdy—Qu/ D(u)u - idl’
Q 00

+2v [ D(u)idl -V, + 21// y X D(u)idl - @y
00 00

—21// \D(u)]Qdy—Qz// D(u)u - idl’
Q 00

+2v [ D(u)adl -V, +2v [ D(u)i - (wy, x y)dl
00 20

= 21// |D(u)|*dy > 0.
R3

Hence — A, is dissipative.
Next, we show that R(I + Ay) = H?. For any f € H?%, it suffices to show that there

exists some function u € D(A3) such that
I+ Ax)u=f, (3.10)

which means
(I + Ag)Reu = Ref, (I+ As)Imu = Imf. (3.11)

Here Reu and Imu are the real and imaginary part of u respectively.
Let
Vo ={ve WHR?) : dive=0inR? D(v)=0in O},

and
ReVo ={v e Vy:VyecR3 u(y) € R®}.

Define the bilinear functional a : ReVs x ReVy — R,

a(u, @) = /]R3 u - pdy + 2V/QD(u) : D(p)dy.

Obviously, a is a bounded bilinear functional on ReVy x ReVs. And for any u € Rels,
div 4 = 0 in R®, D(u) = 0 in O, one has

a(u,u) = HUH%2(R3) + QVHD(U)H%z(RS)
= ||UH%2(]R3) + VHVU||%2(R3)

> min{V7 1}||UHI2/V1!2(R3)’
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which implies a is coercive.

On the other hand, given any f € L?(R®), the mapping

gpr—>/Ref'gody
Q

is linear and bounded on ReVs.
Therefore, by the Lax-Milgram Theorem, there exists a unique v; € ReVs which sat-

isfies
a(vi,p) = /QRef - dy, (3.12)

for every ¢ € ReVs.
Since (3.12) holds for any ¢ € CF% (), there exists p; € D'(Q2), such that

v1 — vAv, + Vp; = Ref, in D'(Q)
As in the proof of Proposition 4.2 in [23], we deduce that v; € W22(Q) N V4 and
[villw22@) < CllRef|[L2ws)- (3.13)
Take vy itself as a test function in (3.12),
lor lwaaqes) < CllRef 2@, (3.14)
In the same way, we can prove that there exists some function ve € D(Asg), such that
vg + Agug = Imf. (3.15)
Let uw = v + iv9. Then u satisfies that
u+ Asu = f,
with the following estimates,
[v2llw22) < CllImfl2@s), lvzllwiegs) < ClImfllrzgs).- (3.16)
It follows from to Lemma 3.2 that D(As) is dense in H?, i.e., D(A) = H?.
For an arbitrary sequence {u,} in D(As2) satisfying that
U, — u in HY, Aqu, — f in HZ,

we'll prove u € D(Ag) and Asu = f. Hence Aj is a closed operator.
Let g, = uy, + Aguy, then g, — g = u+ f in H7. As indicated by the proof above,
for g = u+ f, there exists a unique @ in D(As3) such that

fL—i—Agﬂ:g:u-i-f.

11



Since {g,} converges to g in HZ, then by the estimates (3.13)(3.14)(3.16), {u,} converges
to @ in WH2(R3) and W22(Q2). Therefore @& = u, and Aqu = f.

Proof of Theorem 2.1 Theorem 2.1 will be proved by using Lemma 3.1. It suffices
to verify all the assumptions posed in Lemma 3.1 for Ay. For each u € D(Asg),

(u, Agu) = V/ |Vul*dy > 0,
R3

hence S(A42) C R™.
Choose some 6y such that 0 < 6y < 7/2. Let X9 = {A € C: |arg\| > 6y, |\| # 0}.
Following almost the same proof of R(I + As) = H?, one can easily get that

{AMeR: A< 0} Cp(Ag).

Hence p(As) N Xy # 2.
According to Lemma 3.1, ¥y C p(Asz), and for any A € X,

(AL = A9) 7Y <

When ReA < 0,

d(X, S(Az)) > [A].
When ReX > 0,

d(\, 5(A3)) > [ImA.

And since A € 3, |argA| > 0, if ReX > 0, then

|ReA| < cot 0
[ImA| — 0
1
(N 5(A)) > —— |,

1+ (Cot 00)2
Therefore, for any A € X,

1A = A2) "t p2 sy < C(Z0) A7 lull 2 gs),

which implies the conclusion of Theorem 2.1.
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4 Proof of Theorem 2.2

Let 6y and Xy be the same as those in the proof of Theorem 2.1. In order to show that

e \
H? N HY, it suffices to show that X C p(A%mp), and for any A\ € ¥y and f € HJ N HY,

there exists some constant C' = C'(3, p, §2) such that

—tA
is the infinitesimal generator of an analytic semigroup {e %”P} of operators on

IO = As,) 7 Il g <CINTIS e

L5(R3 NLP(R3) — L$ (R3)NLP(R3)

It follows from the proof of Theorem 2.1 that Xy C p(As). Thus, for every A € Xy and
every f € H%, there exists a function u € D(As), such that

(M — Ay)u = f. (4.17)
6
Suppose f € HY N HY, we will prove that the solution u € D(Agmp), and

[ull g oy + lull o) < CEo0,p, DINT I 6 oy + 1l Logn]s

L (R3) L5(R3

with some constant C'(Xg, p, 2) independent of f. Note that in the proof of Theorem 2.1,

it was shown that
1wl L2 msy < C(EO)’)\rleHH(RS)-

Suppose that u = V,; + wy, X y in O. Then by Lemma 2.1, one has

1 _
Vil = | [ wi| < Cllullzaioy < CIN s (4.18)

and
wuzp*ﬂgxwﬁsmwp@scw*wmmw (4.19)

On the other hand, it follows from (4.17) that
Rellullia gy — VIVl 3oy = Relf.u).
Il sy = T f, ).
If ReX <0, then by the Holder’s inequality and the Sobolev imbedding inequality,
V[VulFagsy < —Re(f,u)

<171 gy - oy

<CIfll ¢

L5(R3 HVUHL?(RS)-

13



While for ReX > 0, then ReX < cot 6y - |[ImA|, and
V||VUH%2(R3) = RGA‘|U||%2(R3 — Re(f,u)
< ClImA[|[ull72 sy — Re(f,u)
= ClIm(f,u)| = Re(f,u)
<CIfll g
<CIfll, g

18 (R3) ||UHL6(R3)

L8 ®9) IVull g2 (rs)-

Hence, in both cases we have

[ull Lo sy < ClIVull2@sy < CIFI s

L5(R3
and
Vil = | [ wa| < Cllullsior < CUFl 3 e (1.20)
_ 1
o = |77 [ vy < o) < Nl g (a.21)

Based on the relationship between w and f in (4.17), it was shown in [23] that there
exists some p € D' such that (u,p) satisfies the Stokes type system:

A+ vAu+Vp=f, inQ,
divu =0, in €,
u(y) = Vi +wy xy, on O

Take ¢ € C§°(R) with

1, if |z <1,
€Tr) =
Vi) { 0, if|z|>2.

Set ¥r(y) = ¥(|y|/R), with R large enough such that O C Bp/(0). Let

1 1
v=curl |5V on)| et |Gl
and w = u — v. It’s easy to verify that

A+ vAw+Vp=f—Av—vAv, in ),
divw =0, inQ, (4.22)
w(y) =0, on 0.
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According to Proposition 2.1’, one has
Al g ) < O (11 g, + A (Val 4+ foul) + Vil + el

and
Alwllze@) < C, Q) [1fllr@) + M - (Val + lwul) + Vil + Jwa]] -

Collecting all the estimates (4.18), (4.19), (4.20) and (4.21), leads to

Al g o + N el < C 11, ) + 1 ln@) + 1Fl 2 + 11 g o |

< C(20,0.) [IF]l g o) + 1 10e5))
Consequently,

Alllull g oy + IMllllzos) < MVl + [Mlwul + [[llwll g o) 4 ATl Lr @)

R?)
L (4.23)

< C(0,0,9) [I£], g g, + I llnces] -

—tA
It follows that —As rp 18 the infinitesimal generator of an analytic semigroup {e %”P} of
5

6
operators on HY N HY, which completes the proof of Theorem 2.2.

5 Proof of Theorem 2.3

In this section, O is a unit ball in R?. The main difference between the proof of Theorem
2.3 and that of Theorem 2.2 is the choice of the cut-off function v.

Proof As before, let 6y, 3o be the same as in the proof of Theorem 2.1. For any

A € % and any f € H?, since X9 C p(Az), there exists some function u € D(As), such
that

(M — Ay)u = f, (5.24)

and
ull 223y < C (S0, QA7 f Il 22 @)

Suppose that f € H? N HY, we will prove that u € D(Asn,), and
[ull 2oy + el Lo @sy < C(Zo0,p, DN I Nl L2es) + 1 Fllosy)- (5.25)
First, as in the proof of Theorem 2.1, one has
lull 2 sy < C(Z0) A f 2 rsy. (5.26)

with some constant C' depending only on .
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Suppose that ©v =V, + w, X y in O, then by Lemma 2.1,

1 _
|nb—{/w43mwm@smﬂwmmwp
m O

|| =

While (5.24) implies that
Re|ull72@s) — V[ Vull72msy = Re(f,u),
ImA|lullf2 sy = Im{f, u).
If ReX <0, then by the Holder’s and Sobolev’s inequalities,
VHVUHL2 (R3) < ]Re(f, UH
<Ol fll2wsy - [lull 2 (ms)
< O 120
Similarly, for ReA > 0, one has
V”VUHLz (R3) = Re}‘Hu”p(RS — Re(f,u)
< ClmM|Jul2a gs) — Re(f. u)
< Ol fll2(msy - lull 2ms)
< O 22 g

where we used the fact that for every A € X, ReX < C(Xg)|[ImA|.
Hence, in both cases we have [|[Vu| 12rs) < C|)\|_%||f||L2(R3).
According to the Sobolev imbedding theorem,

1
ullLs@s) < ClIVullpzmsy < CIA 72 £l 22®s),
and it follows that

1 _1
|mb—[/w4smww@smﬂﬂmmwy
milJo

1
wmzp4lgxw4smwm@scwvwmmq
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5 [ wxua| < Clullzzio) < CA S lae,

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)



Then we now consider two separate cases: |A| < 3 and [A| > 1. When |A| < 3, set

w(y) = curl |5yt ()] + cunt 0]

with some constants 1, s > 1 to be determined, w = u — v, and ¥ being defined in the

proof of Theorem 2.2. Hence w satisfies the following problem,
A+ vAw+ Vp=f— v —vAv, in
divw =0, in €,
w(y) =0, on .

It follows from Proposition 2.1 and the estimates (5.30) and (5.31) that

Mwllze@)y < CIflle@) + Alvlie@) + 1A Lo

12 12 1 -1+
< C”f”LP(Q) + C|AIZp] + A2y + [A[2 g ) HfHLQ(R?’)

_1 243 1 —143 1 —343
e [P\l R A O T p} NNz sy

Setting p; = ])\]_%, and pp = |A|7!, then one gets

1

3 1_3
Mlwllzn@) < Clfllzay + C [N + X278 ] |1f | oeo)-

(5.32)

Since p > 6 and |A| < 1, combining the estimates (5.27), (5.28) and (5.32), one gets

AMlullze@sy < [Alllwllze@) + [A[vlle@) + CIAIVa] + |wul]
< C I fle2wsy + 1l o ws)] -

On the other hand, when || > 1, let

v = curl Bv x ywy)] — curl Ewu\y!% <y>} ,
and w = u — v. It’s easy to verify that
A+ vAw+Vp=f— v —vAv, in
divw =0, in €,
w(y) =0, on 0.
By virtue of Proposition 2.1,
Mllwlize@) < C [Ifllze) + AL (Val + [wul) + [Vl + |wul]
< CIflrwey + 1l n2ws)] -

17
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(5.34)



Collecting the estimates (5.27), (5.28) and (5.34), we conclude that

Mllullzr@sy < A [lwllze) + [0lle@)] + CIA TVl + |wul]
< C[IIfNlrwsy + 1f L2 (rs)] -

Therefore, (5.25) follows, which completes the proof.

(5.35)

Remark 5.1 In the case of two-dimensional motion, we just need to take the function
o(y) as V4 Ve gy oe () —waln lyl - v (3)] -

6 L% L" Estimates

—tA
In this section, we give some L? — L" estimates associated with the semigroup {e %”P},
which will be the key for the proof of the local well-posedness of the problem. In section

6 and section 7, we will write A for As rp for simplicity .
5
Proposition 6.1 Assume that 2 < p < 0o, and ¢ satisfies that

q€lp,oo], if2<p<3,
QE[ 700)7 lfp:?)’
q € [p,oc], ifp>3.

Then there exist some positive constants C1 (2, p) and C2(€2, p, q) such that, for any ug €
6
HP N HY and t > 0,

Ve uol| s < ()1 +t72)|uol s (6.36)

Lt (R3)NLP(R3) — L5(R3 NLP(R3)’

and

e 0] o gy < Copr0) (14472677 (6.37)

Il OHLs(RS)va(RS)

Proof Let u € D(A) be given. First, we derive an estimate on ||Vul| ¢
and || Au|| ¢

in
Lt (R3)NLP(R3)

terms of ||ul| ¢ Suppose

Lt (R3)NLP(R3) Lt (R3)NLP(R3)

—u— Au = f,

and
u(y) = Vo +wy xy, in O.

As in section 4, there exists some p € D’ such that (u,p) satisfies the system

—u+vAu+Vp=f, inQ,
divu =0, in{,
u(y) = Vi + wy Xy, on 0.

18



Following the proof of Theorem 2.2, we choose some R large enough such that O C
Br(0). Let

1 1
v curl |5V yin(s)] - cunt | genlyonts)].
and w = v — v. Then w is the solution to the problem

—w4+vAw+Vp=f+v—vAv, in ),
divw =0, in Q,
w(y) =0, on .

By virtue of Proposition 2.1’, one has

||w||W2,§ (Q)HWQ’p(Q)

< [H]L’HL5 (QNLP(Q) + HU”W?’%(Q) AW2:p(Q) - Hw”L%(Q)er(QJ
= {”f”Lg Q)NLP () IVl + Joul + ”uHLg(Q nU’(Q)]

< |:”f”L5 R3)NLP (R3) Hu”L%(R%ﬂLp(Rs)}

< Clfll, ¢

L? (R3)NLP(R3)’

where the last inequality comes from Theorem 2.2 by letting A = —1.
Then

+ ol

< 1l gy awanen

< O (1118 g oo sy + Vel + \wur}
<CIflg
<CIfl,g

HUHWQ’%(Q)OWQ’Z’(Q) Q)ﬂWQ P(Q)
L8 (®R3)NLP (R?) Hu”Lg(R3)ﬂLP(R3)]
L (R3)NLP(R3)"

By the interpolation inequality,

Vel @
< Clullg o g
< Clullg o I e |
< Clul®g e (18 ey + 14908 o)
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Consequently,

”v HL5(R3 an(RS)
S ”v HL5(Q mLp + ”v H ﬂLP(O)
< IIVUHLS(Q JnLP(Q )+Clwu|
1
. 3 (6.38)
< || HL5 R3)0LP(]R3) HUHL%(Rs)mLp(RS) + HAU||L%(R3)HLP(R3)]
+CHU||L5(R3 ﬂLP(RS)
1
< Clul? 2 +C :
< OBy o 4 s+ O
6
For any ug € H} N HY, applying (6.38) to e™"uq yields
—tA
HV@ ! UOHLs (R3)NLP (R3)
< —_tA 2 7tA 2 —tA .
Clle uoHLs R3)0LP(R3)HA 0”L5(R3)OLP(R3) Clle uOHLs (R?)NLP(R?)
Note that
le™* “0||L5<R3)an(R3> < Mulluoll g gy po sy
and
tA
[ Ae™ ol g moypo sy = N0l 8 oy oy
Hence,
—tA
Ve UOHLS(R3)OLP(]R3)
(6.39)

< Q) (1+67F) Juoll g

Let u(t) = e *ug, and u(t) = 1,(t) +wy(t) x y in O. When 2 < p < 3, and ¢ € [p, o],

using the Sobolev embedding inequality, one can get

Lt (R3)NLP(R3)"

[u@®)lLa@s) < lu@®)llLe@) + HU(t)HLq
< Cllu®)go ) - 1u®) 2 )+ C L (®)] =+ lwu(®)]]
< Cllu®)fpq - [llult )HLP(Q) + 1 Au() o] " + Cllu®)lo(0)
< Clul)9, s, - )o@y + 1Au@® | o@)] ™" + Cllu®)l|zoes)

< CMifluo? +t H uoll s

¢ (R3)NLP(R) {H OHLS(R3)OLP(R3) L8 (R3NP (R?)

+CM1Hu0||L5(R3 ALp(R3)

(,,,
<C(p,q,9) [1 +t2 } HuOHLs (R3)NLP(R3)
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where 6 satisfies % = % + (% - %) (1-86).
When p =3, ¢ € [p,0), or p > 3, q € [p, 0], using the Sobolev embedding inequality,
we have

lu@lzoms) < Clu®lga, - 1V,

811y
<C(p,q,9) (1 Tt 2w ) 1eoll ¢ oy ooy

1 %) (1-8).
P
Therefore, we complete the proof of Proposition 6.1.

where 6 satisfies % — % + (

Remark 6.1 Comparing to the estimates of the classical Stokes semigroup in [11], we
were not able to get the corresponding decay estimates of Ve *4ug. In section 7 we will
see that Proposition 6.1 is the key estimate to guarantee the local existence of a strong
solution. However, without decay estimates on Ve *4ug, we can not get any global strong

solution even when the initial data is small.

Remark 6.2 When O is a ball in R3, applying Theorem 2.3 instead of Theorem 2.2,

we can prove the corresponding result for the case e *420% p > 6.

7 Local Existence of Strong Solutions

Assume that O is a unit ball in R3. We treat this particular case as an example to
investigate the local existence of strong solutions to the system (1.2).
The proof of Theorem 2.4 is in spirit similar to those given in [14]. In fact, it was

proved in [23], the system (1.2) can be rewritten in the abstract form
O+ Av +P(v - Vou) —P(l, - Vv) =0,

with the initial data

aly), yeqQ,
U(yao)_'UO(y)_{ biexy, yeo

Here P is the projection operator mentioned in section 2, and [, is associated with v such
that v =1, + wy, x y in O.
The above equation can be converted into the integral equation

v(y,t) = e g — / t e DAP(y - Vo) — P(I, - Vo)](s)ds,
0

where f denotes the restriction of f on the domain €2, i.e.,

¢ _ f(y)v yEQ,
f(y)—{O’ J €O,



Suppose that HUOHLS(]R3 ALP(R®) = K, and set

divu=0 inR3 D(u)=0in O, |ul 6 < NK,
Xy, = quly,t): Lo (0,T0; L5 (R3)NLP (R3))

and ||752VUHLOo (0,To: L8 (R3)NLP(R?)) = NE-

where N > 4max{M;,C1} and Tj is to be determined later. Set

[tz V()|

[ullxp, = max{HU(t)” LOO(O’TO;Lg(Rs)mLp(RS))} .

Lo°(0,Tp;L 8 (R3)NLP (B?))

For any v € X7, and u = [, + w, X y in O, define the map L,
t —_— —_—
Lu=e Ay — / e APy - V) — P(I,, - Vu)](s)ds.
0

We will show that, for suitable T, £ maps X7, int X7, and £ is a contraction mapping.
Lu can be estimated as the sum of three parts. Thanks to the estimates (2.7) and
(6.36), one has

< MK,

le™* UOHLS(R?’)OLP(]R3) =

and

Ve ]| o <Ci(1+t2)K.

L$ (R3)NLP(R3) —

6
Since P is a bounded operator from Ls (R3) N LP(R3) to H{ N HY, then it follows from
the definition of X7, and Sobolev’s inequality that

t —_—
/ e~ U=)AP(y - Vu)(s)ds
0

L8 (R3)NLP(R?)

t .
: /0 MPC- V) g )0 re) 3
t
< /0 CMaa(s) Lo 9) - 90 g s 05
t
< /CMls‘%(NK)Qs‘%dS
2p
< ——CM;{(NK
< 3 1(NK)?t2

9,1 3
= Cg(NK) t2 2p,

where C5 = C3(p, ) depends only on p and Q.
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L5 (R3)NLP(R3)
< [ |vetra@ ) ds
0 L5 (R3)NLP(R3)
t
_1
< ; CCi[1+ (t—s)2][[(u- Vu)(s)|l (R3)NLP(R3)
t
_1
< i C1+ (t—s)2]]u( )HLOO(R3 | Vu( )||L5(R3)OLP(R3)
t
< C[]_—|—(t—S)_%]S_%S_%(NK)2dS
0

1_3 _3
< Calp, Q)NK)? [127% + %]
Similarly,
t
e~ (=9AP ([ V) (s)ds

t L8 (R3)NLP (R?)
/O' CMl‘lu(S)’ . ”vu(s)”Lg(Rg)mLp(Rg)dS

t
JRETATEIP O ds

IN

IN

(R3)NLP (R3)

t
< /CMls‘%(NK)%—%ds
0
2p 9,13
L CMy(NK)272
p— 1(NK)
- c5<p,sz><NK>2t%‘%,

H —(=)AP(] V) (s)ds

L%(R?’)QLP(R?’)

< / HVe*t*s)AP(Zm)(s)

L$ (R3)NLP(R3)

IN

t
_1
e = T gy
_1

< /c (t = )3 ()l 2o 9 [T g g1y 5
1 1 _3

< /C (t —s)"2]s 25 22 (NK)?ds
3 1_3

< Co(p, V)(NK)? |t 2 +t2 2.

Hence

| Lu(t)]| s < MK + (Cs + C5) (NK )27,

Lé (R3)NLP(R3) —
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and

t%v5uuﬂ

3 1-2 1_3
< 2 .
Lg(RS)mLp(R3) <Ci(1+41t2)K + (Cy + C6)(NK) |:t 2p | 12 gp}

If T is chosen to be sufficiently small such that
Ty < Ty = min {[(Cg + C5)NK] 73, [(Cy+ Cg)NK] 3 1} ,

then £ maps X7, to Xr;.

Furthermore, for any u,u € Xr,,

/\

t
Lu— Lu ——/ e~(t=9)4 [ (u Vu) —P(l, Vu]
0

+/0t e~ (=94 Ip { (u Vu) — /F )}

@x

t t
= / e~ (t=o)Ap [(u —u- V)il (s)ds+ | e ¢ S)AIP u V)(u — u)} (s)ds
0 0

+/Ot e~ (t=9)Ap [(z "1 V) ]( )ds—l—/ot ~(t-5)Ap [(zﬂ-V)(u—a)] (s)ds

For each term on the right hand side, we have the following estimates,
t —_—
‘ / e~ (t=o)Ap {(ﬂ —u- V)ﬂ] (s)ds
0

t
| M) sy IV g

L8 (R3)nLP(R3)

IN

IN

t
/ CMys™H(NK)s Fds - |lu — it x;,
0

13 _
< Cr(p, Q(NK)E2 2 ||lu — af x4,

Similarly,

t _— 1_3
/ e~ (t=s)Ap [u V(i — u)] (s)ds < Cs(p, (NK)2 2 ||u — | xp ,
0

L8 R3)NLP (R?)

Note that )
w—la| =|— —u)dy| < Cllu — af[ poo g3y,
= tal = |- [ (w=0)ds| < Cllu— e
then
' —(t—s)A T T ~
[ e te [0, =t v gas) | < Colp, Q) (NVE)E 3 [ — iy,
0 L5 (R3)NLP(R3)
and
! —(t—s)A R 1_3 ~
/e P[(a- V) (u—a)| (s)as| < Chop, Q(NEK)E 5 |lu — it xy,
0 L5 (R3)NLP(R3)
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Hence, for every t € [0, Ty,

| Cu(t) — Lat)]| < (Cy+ Cs + Cy+ Cro) NKt2 30 |[u — | X, -

L8 (®R3)NLP (R?)

Furthermore,

H e (t=9Ap [(a “uN V)a} (s)ds

Lt (R3)NLP(R3)

/ COLt = ) Hi(5) = us) L) ITT, g g

< / CO\(t - 5)~F5~ 3 (NK)s 3ds - lu— il xz,
1_3 _3 ~
< Culp, QNK) [#275 42 | lu— il xy,.

Similarly,

t —
Hv/ e (t=9)Ap [u.V(a—u)} (s)ds < Cm(p,ﬂ)(NK)t‘%Hu—ﬂHXTO,
0

L8 (R3)NLP (R?)

t —_—
Hv / e IR (1, <1y - V)l (s)ds < Cua(p, Q) (NE ) u — iil| x,

0

L$ (R3)NLP(R3)
and

t —_—
Hv / e~ (t=5)4p [(lﬁ V) (u— a)} (s)ds
0 L8 (R3)NLP(R3)

3
< Culp, QNK) [£275 + 73] |lu — illxy,.

Let 75 = min {[(07 +Cs+Cy + Clo)NK]_%, [(Cii+Cia+Ciz+ C14)NK]_%} .
Combining the above estimates, we obtain that when Ty < min{73,75}, £ is a contraction
mapping on X7,. Therefore, there exists a fixed point v € Xp, of L, ie., Lv = v. It
is clear that the fixed point v(y,t) € X7, is a strong solution to the system (1.2). The

uniqueness of the solution is implied in the proof of verifying the contraction property of

L.

Remark 7.1 Following almost the same proof of Theorem 2.4 and applying Theorem

2.3, we can also get a local strong solution starting from H? N HY p>6.
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