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ABSTRACT. In this paper, we study the global subsonic irrotational flows in a multi-dimensional
(n > 2) infinitely long nozzle with variable cross sections. The flow is described by the inviscid
potential equation, which is a second order quasilinear elliptic equation when the flow is subsonic.
First, we prove the existence of the global uniformly subsonic flow in a general infinitely long
nozzle for arbitrary dimension for sufficiently small incoming mass flux and obtain the uniqueness
of the global uniformly subsonic flow. Furthermore, we show that there exists a critical value of
the incoming mass flux such that a global uniformly subsonic flow exists uniquely, provided that
the incoming mass flux is less than the critical value. This gives a positive answer to the problem
of Bers on global subsonic irrotational flows in infinitely long nozzles for arbitrary dimension
[5]. Finally, under suitable asymptotic assumptions of the nozzle, we obtain the asymptotic
behavior of the subsonic flow in far fields by a blow-up argument. The main ingredients of our
analysis are methods of calculus of variations, the Moser iteration techniques for the potential
equation and a blow-up argument for infinitely long nozzles.

1. INTRODUCTION

This paper is devoted to the existence and the uniqueness of global subsonic flows for the Eu-
ler equations for steady irrotational compressible fluids. Our focus is on the global subsonic flows
in a general multi-dimensional infinite nozzle, which is an important subject in gas dynamics

(see H] [5] [8][12][22]).

Consider the steady isentropic compressible Euler equations

div(pu) = 0, in Q, .
div(pu ® u) + Vp = 0, in Q, (1.1)
where p, v = (u1,...,uy,), p represent the density, velocity, and the pressure of the fluid,

respectively. Moreover, the pressure p = p(p) is a smooth function of p and p’(p) > 0, p”(p) > 0
for p > 0.

It is easy to derive the following so-call Bernoulli’s law [§]

WV (%W + h(p)> o, (1.2)
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p o/
where h(p) is the enthalpy, defined by h(p) = / ]ﬁds. The relation (L2) implies that
1

S

1
the quantity B(p, |ul*) = §]u\2 + h(p), named Bernoulli’s function, remains constant along the
stream line in a steady isentropic flow.

If, in addition, the flow is assumed to be irrotational, ie. the vorticity of the flow velocity
V xu=0, in €,
then there exists a velocity potential function ¢, at least locally, such that

u(z) = V().

In this case, the relation (L2]) simplifies to the following strong version of the Bernoulli’s law

VBl = ¥ (516 + 1(p) ) <o (13

This yields a density-speed relation for steady irrotational flows. Therefore, the density p can
be determined by the speed |V¢|, denoted by p (|Vg0|2). Then the steady Euler equations (L)
are reduced to the following well-known scaler potential equation

div (p(|Ve[*) V) =0, in Q. (1.4)

One of the most important parameters to the fluid dynamics is the Mach number, which is
defined as a non-dimensional ratio of the fluid velocity to local sound speed,

_ Iy

~cp)’

where ¢(p) = /p'(p) is the local sound speed. Mathematically, the second-order nonlinear
equation (4] is elliptic in the subsonic region, ie. M < 1 and hyperbolic in the supersonic
region where M > 1.

Subsonic flows are those in which the local velocity speed is smaller than sonic speed every-
where, i.e. the Mach number of the flow is less than 1. Since the corresponding equations of
subsonic flows possess some elliptic properties, problems related to subsonic flows are, in general,
have extra-smoothness to those related to transonic flows or supersonic flows. There are many
literatures in this field in the past decades. The first result is due to Frankl and Keldysh [I5].
They studied the subsonic flows around a 2D finite body (or airfoil) and proved the existence
and the uniqueness for small data by the method of successive approximations. Later on, Bers
[M[2] proved the existence of subsonic flows with arbitrarily high local subsonic speed for the
Chaplygin gas (minimal surface). By a variational method, Shiffman [25][26] proved that, if
the infinite free stream flow speed uo, is less than some critical speed, there exists a unique
subsonic potential flow around a given profile with finite energy. Shortly afterwards, Bers [3]
improved the uniqueness results of Shiffman. Finn and Gilbarg [I3] proved the uniqueness of
the 2D potential subsonic flow about a bounded obstacle with given circulation and velocity at
infinity. All above the results are related to two dimensional problems. For three (or higher)
dimensional case, Finn and Gilbarg [14] proved the existence, uniqueness and the asymptotic
behavior with implicit restriction on Mach number M. Payne and Weinberger [23] improved
their results soon after. Later, Dong [9] extended the results of Finn and Gilbarg [I4] to any
Mach number M < 1 and to arbitrary dimensions. Furthermore, in [10], Dong and Ou extended
the results of Shiffman to higher dimensions by the direct method of calculus of variations and
the standard Hilbert space method.

All results as above (including [16]-[20]) are related to the subsonic flows past a profile.
Another important problem is the study of subsonic flows is the theory of global subsonic flow
in a variable nozzles as formulated by Bers in [5]:
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Problem 1. Find ¢ such that,

)
div<p(1V<P!2)V<p) =0, in Q,
6—(6 =0, on 0f2,
on (1.5)

0
/ p(IVel?) ZLas = mo > 0,
So ol

\ ‘v{p‘ < C(/O)a m Qa

where @ C R" is an infinitely long nozzle, mo > 0 is the mass flur passing through the nozzle,
So is an arbitrary cross section of the nozzle, i and | are the unit outer normal of the domain
Q and Sy, respectively (Please see Fig. ).

o082
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FIGURE 1. Subsonic flow in a nozzle

In the famous survey [5], Bers claimed without proof the unique solvability of sufficiently
slow subsonic irrotational flows in two dimensional channel. The rigorous proof of this fact
was achieved mathematically recently by Xie and Xin [27]. They established a very complete,
satisfactory and systematic theory for the two dimensional subsonic flows in an infinitely long
nozzle for potential flows, which not only solves the Problem 1 in this case, but also yields
the existence of subsonic-sonic flows in the nozzle as limits of subsonic flows. One of the key
ideas in [27], is to use the stream function to formulate the problem to a quasilinear elliptic
problem with Dirichlet boundary conditions. The benefit of the stream function formation of
the problem is that, the stream function v has a priori L bound, and the flow region of two
dimensional nozzle, though infinitely long, has finite ”width”. So one can obtain the boundary
L™ estimate of the gradient of the stream function, V), by constructing proper barrier functions
and the standard comparison principle for subsolution to second order elliptic equation. Similar
approach has been applied in 3D axis-asymmetric nozzles by Xie and Xin in [2§]. Furthermore,
these ideas are also useful to study the physically more important case, subsonic Euler flows, by
Xie and Xin in [29] (see also the generalization in [I1]). However, it seems difficult to apply the
method in [27] and [28] in general multi-dimensional (n > 3) nozzles, since the stream function
formulation can not work in this case. Thus, we have to consider a different approach from that
in [27] to treat the subsonic problem in multi-dimension case.

On the other hand, since the domain of an infinitely long nozzle is differentiable homeomor-
phism to an infinitely long cylinder which is unbounded, the nozzle flow problems are different
to the airfoil problems in which the domains are exterior domains. The main advantage of the
exterior domain is that it can be transformed to a bounded domain through a Kelvin-like trans-
formation. Then the airfoil problem can be transformed (explicitly or implicitly) to a scalar
quasilinear elliptic problem with a bounded domain. This feature of the exterior domain plays
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an essential role in the previous airfoil results. For instance, in [24], a Hardy-type inequality in
the exterior domain is essential. But there is no similar Hardy-type inequality for the domain of
nozzle flows, which is the one of the main difficulties in our case. For more detailed discussions,
we refer to [30].

The main purpose of this paper is to study subsonic flows in general multi-dimensional
(n > 2) infinitely long nozzles. First, we formulate a subsonic truncated problem, which is
a uniformly elliptic equation in a bounded domain. Moreover, we prove the existence of the
weak solution to the truncated problem by a variational method, and use the approximated
variational problems in bounded domains to approximate the original Problem [ To realize this
procedure, some uniform estimates are needed to show that the approximated solutions converge
to the ones of the original Problem [[l However, one can not expect to get the uniform boundary
gradient estimate of ¢ by the classical barrier function argument, since the potential function
© is essentially unbounded, which is another main difficulty in this paper. The key observation
here is that, though the potential function ¢ is unbounded, the L? average of V¢ is uniformly
bounded (see the estimate ([B8:6)). Using this fact and the uniform ellipticity, we prove the ”local
average estimate” which states that the average estimate implies the local average of the gradient
Vi is uniformly bounded (see [323) for details). That is, Vi is locally L? bounded. Then, it
is easy to get the L™ bound of V¢ by the standard Moser iteration. With this key estimate
of uniformly L bound of V¢, we establish the existence of the subsonic flows in an infinitely
long nozzle for arbitrary dimensions for suitable small incoming mass flux, including the two
dimensional case in [27]. Next, we show that the global uniformly subsonic flow is unique. The
proof is based on considering the linear equation satisfied be the difference of two solutions of
the nonlinear potential equation. Moreover, we prove the existence of the critical incoming mass
flux for subsonic flows. Finally, with the additional asymptotic assumptions on the nozzle at the
far field, we obtain some asymptotic behaviors of the subsonic flow at the far field by a blow-up
argument.

Before stating the main results in this paper, we first give the following assumptions on the
nozzle.

Basic assumptions on . There exists an invertible C** map T : Q@ - C :z +— y
satisfying
.

T(09) = dC,

For any k € R, T(Q2N{x, = k}) = B(0,1) x {y, = k}, (1.6)

T, (1T lg2e < K,

where K is a uniform constant, C = B(0,1) x (—o0,00) is a unit cylinder in R", B(0, 1) is unit
ball in R™™! centered at the origin, z,, is the longitudinal coordinate.

0 x

) )
\ U

|
™~
h
—

FIGURE 2. Basic assumptions on €2
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Asymptotic assumptions on (). Suppose that the nozzle approaches to a cylinder in the
far fields, ie.
Qn{x, =k} - 54, as k — too, (1.7)

respectively, where S4 are n — 1 dimensional, simply connected, C*® domains.

FIGURE 3. Asymptotic assumptions on €2

Nondimensionalization of the quantities. It follows from Bernoulli’s Law (2] that in

a potential flow the density is a given function of speed. Applying the fact ([5], [8]) that there
exists a critical speed g, such that the flow is subsonic if the speed is less than ¢.., we can
introduce the nondimensional velocity and density as

N uwo v P

T T P ey
With an abuse of the notation, we still denote the nondimesional quantities by u, v, p. Then it
is easy to check that pg < 1 for ¢ > 0 and that the flow is subsonic provided that ¢ < 1 or p > 1.

Our main results in this paper are stated as follows.

Theorem 1.1. Suppose that the nozzle Q) satisfies the basic assumptions (I.0). Then

(i) there exists a positive number My depending only on §2, such that if mo < My, then there
exists a uniformly subsonic flow through the nozzle, ie., the Problem [ has a smooth solution
w € C(Q). Moreover,

IVe()llore) < Cmo,
where C > 0 is a uniform constant independent of My, mg, and .

(ii) There exists a critical mass flur M. < 1, which depends only on S, such that if 0 < mg <
M., then there exists a unique uniformly subsonic flow through the nozzle with the following
properties

Q(mo) =sup|Ve| <1, (1.8)
e

and Q(mg) ranges over [0,1) as mg varies in [0, M,).
(i1i) Furthermore, assume that the nozzle satisfies the asymptotic assumption ({I1.7), then the

flow approaches the uniform flows at the far fields, ie.
Vo =10, ,q+), as T, — oo, (1.9)

respectively, with g+ being constants determined uniquely by
2 mo
4+ )44+ = 75 7>
IO( i) |Si|
here |S+| represents the measure of the domain Sy, respectively.

Remark 1.1. In the first statement of Theorem [LLT] it follows from the proof in Section 3 that
one can derive an explicit form of My, which depends only on the nozzle 2. In particular, it
does not depend on the equation of the states. On the other hand, in the second statement of
the Theorem [[LT] we just give the existence of the critical mass flux M, for a given infinite long
nozzle. Clearly, M is a lower bound of M.,.
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FIGURE 4. Asymptotic behaviors of the subsonic flows at the far fields

Remark 1.2. In the proof of the uniqueness of uniformly subsonic flows, it is not necessary to
require the asymptotic assumption (7)) on the nozzle. It is quite different from the strategy in
[27] for the 2D case, in which the proof of the uniqueness depends on the asymptotic behaviors
of the uniformly subsonic flow in the far fields. However, in this paper, the uniqueness of the
uniformly subsonic flow is obtained in arbitrary dimensional nozzle without the asymptotic

assumption (L7]).

This paper is organized as follows. In the next section, we introduce some necessary pre-
liminaries. In Section 3, we prove the first statement of the Theorem 1.1. Our strategy for the
existence of subsonic flows with small incoming mass flux can be divided into six steps: Step 1,
truncate the coefficients of the potential equation to guarantee the strong ellipticity and truncate
the unbounded nozzle to a series of bounded domains €27, to formulate the approximated strong
elliptic problems in bounded domains. Step 2, solve the approximate truncated problems by
a direct variational method. Step 3, improve the regularity of the variational solutions to give
the H? regularity. Step 4, prove the L? local average estimates to the gradient of the solutions.
Step 5, obtain the classical C1* estimate of the approximate solutions. Step 6, based on these
key estimates, the existence of the subsonic solution to the nozzle problem for suitable small
incoming mass flux is proved. The uniqueness of the uniformly subsonic solution is given in
Section 4, while the existence of the critical value for incoming mass flux is obtained in Section
5. In the last section, we prove that the subsonic nozzle flows approach to the uniform flows at
the far fields when the nozzle satisfies the asymptotic assumption (7).

In this paper, x, y always denote the variables in €2 and C respectively, ¢ denotes the function
defined in Q and ¢ = poT~! denotes the corresponding function defined in C. 9, and V denote
the derivatives with respect to = in €2, while 9, and V denote the derivatives with respect to y
in C. A ~ B means

1
— A< B<CA,
oAsSh s
with C a positive constant.
2. PRELIMINARIES
In this section, we give some basic notations, definitions and facts to be used in this paper.

2.1. Morrey theorem.

Definition 2.1. Let Q be bounded region in R". € is said to be of A-type, if there exists a
positive number A such that, for any € 2 and 0 < r < diam 2,

QN B(x,r)| > Ar".
Now, we state the following Morrey theorem (see, for instance, [7]):

Theorem 2.1. Assume that Q is of A-type, u € W'P(Q), p > 1 and there exist constants
K >0, 0<a<1 such that, for any Bpg,

/ |Vu(z)Pde < KR"PTeP
QNBRr
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holds. Then u € C%(Q) and
oscgpu < CKR?,

where C' depends on n,a,p and A.

2.2. Uniform Poincaré inequality.

Here, we prove a useful lemma of Poincaré type inequality. Assume that S is a bounded
domain in R", and there is a constant C(n,p,U) such that the following classical Poincaré

inequality holds:
1 1
P P
([ wra)” <cupo( [ wuora),

with / u(y)dy = 0, where C(n,p,U) depending only on n,p, U, not on wu.
U

Define a class Ug by
Ug = {Q‘ 3 an invertible smooth mapping 7" : 2 — U, such that
1T, T7|c2e < K < o0}
Then, the following useful uniform Poincaré type inequality holds:

Proposition 2.2. For any 1 < p < oo, there exists a constant C(n,p,U, K) depending only on
n,p,U, K, such that, for any Q € Uk,

/ () Pdz < C(n, p, U, K) / Vu(z)|Pdz
Q Q

or

lull e () < C(n,p, U, K)[|Vul|1r (o) (2.1)

holds, provided that / u(z)dr = 0.
Q

1 ox
Proof. Set a = —/ wo T Y(2)dz and J = ==. Since
oot %

/UuoT—l(y)de _ / w(z)dz = 0,

Q
one has

alQ| = /U (a —uo T (y)) Jdy.

Then, by the classical Poincaré inequality for p =1 on U , one gets

/U (uoT7'(y) — ) de'

s /
U

< T Cln, 1,1 /U 1V, (w0 T~ ()] dy

o] |9 =

uwo T Hy) — aldy

< 17z~ C(n, 1,U) HVTluLm/U\vxuoT%y)!dy

1
-1 -1 P Pl
<C(n,1,0)|VT ||Loo||J||Loo</U|vxuoT (y)] dy) U »

1 1

1
' ( / |vxu<:c>|pdw)p|U|1‘5.
Lo Q

1

< C(n, 1, U) VT oo ||| L 7
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Hence
1 1 1 |U|
al|U]7 < C(n, LU)IVT || pee || J]| Lo~ j HVxU(w)IILp(Q)@
(2.2)
_ 1
< O(n, L,U) VT H|zee || |zee || 5 HV w(@)ll e (@)-
Lo
On the other hand, by the classical Poincaré inequality for p on U, one has
1
(/ |u(ac)|p—d:c> </ o T |pdy)
Q J
1
1 P 1
< (/ uoT(y) ~ ady) + lal U
1
1
Cup0)( [ 9wt )Pdy)” +lallols
1 P 1
< C(n,p,U)||[VT Y| (/ |qu(x)|pjdx) "y |a||U|;
Q
_ 1 1
< C(n,p, IVT iz ||| IVoul@)llzo) + lal[U]7
L()O
1 1 5 1
< Clnp, U)IVT Iz [l || S| IVau@)lzo) + lal|U]?,
LOO
which, together with ([Z2]) shows
» 1 % -1 % 1
/QIU(%')\ Sdz ) = Clp, U)[VT ™z || 5\ [IVau(@)lrr@) + lal|U]?
LOO
LI
< (Conpn. )+ oL ) IVT el | 5| 1T @l
LOO
Therefore,
fo)zrio) = [ futoP] Jd:c>
1
5 P 1 »
< ([ Tt S
Q
1 RN ERTi
< (Coup )+ C 1.0 )9 112 5| 190 e,
LOO
which implies the inequality (2.]). O
Theorem 2.3. (Uniform Poincaré Inequality) For any a € R, 1 < p < 0o, one has
o~ s < IV @) 2 (23)
Qa,a+1 Lp(Qa,a+1)
Here
Qop ={z= (21, ,zp) € Qa <z, < b},

1
oot [ s,
Qa,a+1 ‘Qa,a'i‘l‘ Qa,a+1

C s a positive constant depending only on n,p, ), independent of f, a

Proof. This can be easily deduced from Proposition O
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2.3. Basic properties of (.
Lemma 2.4. Under the assumption (L8), for any 0 < k <2, if o € C**Q), g = po T ! €
C*(C) and vise versa, and

Iellore ~ 1¥lokes)

Similar equivalence holds for H® norms, s = 0,1, 2.

Proof. The proof follows from simple calculations, and is omitted. O
According to Lemmal[24] we may abuse a bit of the notations by simply denoting [[¢||cr.a(q)

and [|@l|ck.e(cy By [[@llere or [[@llor.a, [[@llms@) and [[@llms(c)y by ll¢lls or [|]s respectively.

Lemma 2.5. Assume that Q satisfies (I8). Then for any xo € OS2, there exists an invertible
C%* map Ty, : Uy, — Bs, : x — y satisfying the following properties

7

Ty (Uzy N Q) = By, Ty (Usy N0Q) = Bs, N {yn = 0}, (2.4-1)
0ijOin(x) = 0450 (y) =0, for x € 0Q (i.e. y, =0), 1<j<n—1, (2.4-2)
| To> Ty || e < K, (2.4-3)
i (2)&51, 1oij ()&l ~ €], Vo € Uy, ¥V y € BE, ¥V € €R™, (2.4-4)

where Ugy is a neighbourhood of x¢ in R"™, By, is a ball centered at the origin with radius do,

s
B;(‘) = Bs, N {yn > 0}, 04j = 8—?’ do and C' are positive numbers independent on xy € OS).
(]

Proof. By assumption (L8)), T'(z¢) = &o € IC. Set
on =7 (Bl/4(j0) a C) ) S:to = Wo N os, S:%o = Bl/4("i0) noc,
then
Spo = T71(Sz,).
Suppose that Z(y1, ..., yn—1) = Z(¢') is the standard surface parameter of S;;;O(and then, of S;,),
Ny, (y') is the unit inner normal vector on S,,. Let
M) = &) Noply), 1<i<n,
where €;, (1 <1i < n) are the unit coordinate vectors. Then
Noo(@') = M), M), Nly) € CH
Define y = T, (z) by

, o Y1+Yn Y2+yYn Yn—1+Yn
x,=xi(y) + y5 "/ / / Ai(81y ey Sp—1)ds1dsy - - - dsp—1, (2.5)
Y1 Y2 Yn—1

for 1 <i < n. Since ||\ (V)| cra < C|T, T7Y| o2, there exists a 6y > 0 independent of 2 such
that T, (y) is well defined on Bs, and || T, Ty'llcze < K. Then, define Uy, = T~ (By,).
Clearly T, satisfies (24}1) and (2.4}3).
Denote the matrix (o;5(x)) by A(z). For any £ € R,
[A(2)e] < [A@)IE| < Clel, [A7H @)E] <[4 @)][¢] < Clel.
Then ([24+4) follows immediately.
To prove ([Z4+2), we differentiate (Z3]) with respect to y; and note that y = (y',0) for z € 99,
O Oz (v
T (y’,O) _ zi(y')
8yj 8yj

+ )\Z(y’)éjn
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Since
_ _ y; -t 0x;
A 1.,/ _ N1/, _ 1! _ i
W0 = @) 00 = (FE00) = (Gre)
hence
U]z'ay (¥',0) = 0;i(y',0) - Ni(y',0) =0, 1<j<n-1 (2.6)

On the other hand, since

8xi
8yj

Uni(y/70) : (y,70) = Ou 1< ] <n-— 17

(0n1(y',0), ..., 0 (¥, 0)) is the normal direction of S,, at € Sy, that is, (6,1 (Y, 0), ..., 5nn (¥, 0))
is parallel to the inner normal N, (z) = (A1(3/,0), ..., \n(¥/,0)). Comparing with (ZB) yields
O-j’i(ylu O)Unl(y/70) = 07 1 S ] S n—1.
(]

Remark 2.1. Hypothesis () is stronger than the C*“-regularity hypothesis on Q. If one only
assumes that Q € C>?, then C and dy in lemma 5] in general, may depend on zy € 9.

Lemma 2.6. There exists a 61 > 0 such that

50~ 61, Q:( U TJ(B%))U( U Bal>.

z0€ON

where Ty, and 0y are the same as in Lemma 23

Proof. Since ||T, T ||c2e < C, |21 — | ~ |T(21) — T(22)|, there exists a constant § ~ & such
that

Bs(z0) NQ C Ty (Bf{o) , V€ a0
2

o
Taking 0; = 3 yields the Lemma. (]

3. THE EXISTENCE OF SUBSONIC FLOW FOR SMALL INCOMING MASS FLUX

There are two major obstacles to solve the Problem [Il First, the ellipticity of the equation
(LA is not guaranteed beforehand, since there is no a priori L> bound for V¢, the gradient of the
solution to the Problem [l Second, the nozzle region is unbounded, and can not be transformed
to a bounded domain by Kelvin-like transformations. In order to overcome these difficulties,
we first truncate the coefficients of the equation in (L) to ensure the strong ellipticity, and
then, truncate the domain €) to a series of bounded domains €7, with additional boundary
conditions. Therefore, to solve the Problem [Il becomes to study a series of approximate strong
elliptic problems in bounded domains and their uniform estimates, which ensure to pass the
limit of the approximate solutions to the Problem [l

3.1. A subsonic truncation and approximate solutions.
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3.1.1. A subsonic truncation. By normalizing the equation if necessary [3], [27], one can assume
that the critical sound speed of the flow is one. Thus, the density-speed relation [I3)), p = p(¢?),
is positive, sufficiently smooth and nonincreasing in ¢ = |V| € [0,1]. However, the potential
equation is not uniformly elliptic as ¢ approaches to 1. To guaranteed the uniformly ellipticity,
we truncate the coefficients as follows.

Define two functions ©(s*) and F(¢?) as follows
(

p(s%), if 52 <1 — 20,
@(32) = 4 monotone and smooth, if1—25<s><1-— 50, (3.1)
p(l—go), if 52 > 1—50,
and
1 [~
) =5 [ 06 (32)
0

where 0y > 0. Moreover, O(s?) is a smooth non-increasing functions and F(¢?) is a smooth
increasing function. Set

aij(Vp) = O(|Vel*)8i; + 20/ ([V[*)9i00; 0.
It is easy to check the following facts,

1 -
F(¢®) ~¢*, —=—<0(s?), O(s?) +20/(s*)s* < C(d), (3.3)
C(do)
and there exist two positive constants A and A, such that
NEP < aij(Vp)&ig; < A€, (3.4)

where C'(0p), A and A depend only on the subsonic truncation parameter &y. Note that a solution
of the potential equation derived from the new density-speed relation @(q2) is also a solution
of the actual potential equation provided that [Ve|? < 1 — 260. Therefore, in the end of this
section, we will show that the solution of the truncated problem satisfies |[Vip|? < 1 — 200, as
long as the incoming mass flux my is suitable small. Consequently, the subsonic truncation can
be removed.

3.1.2. Domain truncation. Our strategy to deal with the unbounded domain here is to construct
a series of truncated problems to approximate the Problem [I] with subsonic truncation.

Let L > 0 be sufficiently large. Define
Qu={zeQ||x,| <L}, Sf=Qn{z,==%L}, S, =S;US].
Consider the following truncated problem with mg > 0.

Problem 2. Find a ¢ such that,

7

din(O(|Vp|*)Ve) =0,  zeQy,

% =0, 0N oQy,
" L 0p mo N (3.5)
OVl )8—% = @7 on ST

(p:()a on SZ
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The additional boundary condition on SZ implies the mass flux of the flow remains my.

Clearly, the truncated problem 2is a strong quasilinear elliptic problem in a bounded domain.
From now on, instead of the original Problem [Tl we consider a series of the truncated Problem
for any fixed sufficiently large L. With some uniform estimates of the approximate solutions,
we can conclude that the solution of the truncated problem [2] converges to the original Problem

@

3.2. Truncated variational problem.

In this subsection, we solve the truncated problem [2] by a variational method. Define

Then, H; is a Hilbert space under H'-norm. The additional boundary condition on S; is
understood in the sense of traces. Define a functional J(v)) on Hy, as

s = [ FUveae - g [ v

where F(¢?) is defined by B2) and 2’ = (21,23, ...,2,_1). The existence of solution to problem
Pl is equivalent to the following variational problem:

Problem 3. Find a minimizer ¢ € Hy, such that

T(g) = min J(0).

Theorem 3.1. Problem[3 has a nonnegative minimizer ¢ € Hy. Moreover,
1
—/ |V|?dr < Cmi, (3.6)
QL] Ja,

where the constant C' does not depend on L.

Proof. Step 1. J(v) is coercive on Hy,. In fact, by Lemma 2.4] for any ¢ € Hp,
<C by’
1

L
‘ / ! SC‘ / / Btbdyndy
st B(0,1) B(0,1) J—-L

<c [ [Wily<c / Vo |da
CL QL

(3.7)

1
< Ol 2 [Vl e
Therefore, applying ([8.7) and Cauchy inequality yields

s = [ PV g [ v

Qr,

>0 [ IVde = Clmo. |1 IV
L
> _va”L2 - Xc(mm ’SL ’7 ‘QL‘)v
which implies J(v) is coercive.
Step 2. The existence of the minimizer ¢ € Hy. Since J(v) is coercive in Hp, there is a

minimizer sequence {y,} C Hj, such that

J(on) = a= TZ)1€nher J(¢) > —o0.
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Then,
2 2
IVenlza < 57(en) + 35C(mo, ST 102])
2 2
1
= 13C(mo, [S[1, Q).

Therefore, there exists a subsequence, denoted by {¢,,} converges weakly to some ¢ € H, and

1
19613 < 5500, 1871, 190))
By Fatou’s Lemma, it is easy to check that
/ F(Ve[?)dz < lim inf/ F(|Ven ) da. (3.8)
Qr n—oo Q

On the other hand,
[ on—epar<c [ (- pRa
St B(0,1)

(Bn — @)0n(Pn — @)dyndy"

B(0,1)
< C/c B — BV — Vldy

sc/\%—ww%—vwm
Qr,

3 3
< C(/ lon — 80|2d90) (/ |Vn — V90|2dx) — 0,
QL QL

/+ lon — @ldz’ — 0, asn— . (3.9)
L

Therefore, it follows from (B.8]) and (39) that
J(p) < linl)inf J(pn) = .

as n — oo. Then,

1.e.

J() = min J(¥) = o

Step 3. " = max{y,0} is a nonnegative minimizer in Hy. Indeed, since p € Hy, ¢t € Hp,

and
Vot < [Vel?,  F(Ve™?) < F(IVel),
mo + 3.0 mo /
— prde' > — pdx
1SEL st 1571 /st
Hence,
J(e") < I ().
Since ¢ is a minimizer, J(p") = J(¢), which implies that ¢ > 0 is also a minimizer.

Step 4. By direct computations,

F(|[Vo|?)dr = dr’ < dx’
J, e 5 Joy =0 gy ©

Q \Y
< wwLu|mp
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It follows from (B3] and (B4]) that

1
2, <~ dz < Q
Vol < 5 [ POV < 05 a1Vl o

That is
IVl < C5gigp IOl
i.e.
V|2de < C m o
To 1 @ T = = )
‘QL‘ Qr, )‘2’52‘2 )\257%1171
where S,,;, denotes the minimal of \Szr\ O

Remark 3.1. The estimate ([B3.6]) is the key estimate for the existence of the classical solution to
Problem 2l Indeed, the potential ¢ is essentially unbounded, one can not expect to get uniform
bounds on ||[V||p~ through |||z~ as in the standard elliptic theory.

Proposition 3.2. ¢ € Hy, is a weak solution to the equations in (37) in the following sense:

[ 0(vlt)ve - Ty - Sﬂ / wda' =0, Y eH, (3.10)

Proof. This is a standard variation problem. In fact, for any ¢t € R, ¢ > 0 and any ¢ € Hp,
@+t € Hy. Then,

mot
02 I 1) = 0) = [ PV 9uP) - (VeI - [ v )
L
Mean value theorem yields that
| F(9e+ 96— F(VP)da
Qr,

1
= / / F' 0|V +tVi]> + |Vl (1 — 0))dO(|Ve + tVih|* — |V|?)d (3.12)

Qrp JO

1
= / / F'(|Vo? + 0tV + 2tV - Vo)) do (2| Vp|? + 2tV - Vp)da
o Jo
Since |F'(-)| < C, Vg, Vi € L*(Qy), substituting 312 into 3II) shows that
1
0 <liminf —(J(¢ + t¢) — J(¢))
t—0+t ¢

1
zliminf/ /F’(|w|2+9(t2|w|2+2tvq,z)-w))d9(2w-w)dx

t—0+
_ dx’
/w il
/ 2 mo /
:/ / F(|V[?)do(2Vy - V))dr — — Ydx
QL 0 |SL| S+

(by Lebesgue’s theorem)
— | O(Ve Ve Vipdr — 2 ¢dw'.
Qr ’S | Js
Therefore, for any ¢ € Hp,
0

m
(Ve ) Ve - Vipde — —— [ pda’ = 0.
QL ST | st
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3.3. H? regularity of the weak solution. We are now ready to improve the regularity of the
minimizer ¢. Indeed, one has

Proposition 3.3. ¢ € H? (QL/Q). Moreover,

94(y)

On@(y)

— 0. (3.13)
Yn=0

To prove this, one needs the following estimates in Lemma, [3.4],
Lemma 3.4. (Interior Estimate) For any Bop(zg) C Qr, R <41,
V2p € L*(Bg).

Here 61 is the same number in the Lemma [2.0.

1
Proof. For any Bag(z¢) C Qp, v € Hp (BgR), h < ER’ one has
2

0= 0|Vl )V - V(6_pv)de = —/ Sn(0(|V|*) V) - Vudz, (3.14)
Bar Bar
1
where dpv(x) ey E(v(x + héj) — v(x)) is the k-th difference quotient, k = 1,2,--- ,n.

Set
§=tVe" +(1-t)Vp, ¢"(z)=p(x + hé),

1
aij(G,t) = 0(¢*)6i; + 20" (M dig;, ai; = ai;(q) = /0 ai; (g, t)dt.

Then, direct calculations give

1
(O(IVel*)Vy) = /0 aij (g, t)dtd; (Onp) = aij0;(dnp)- (3.15)
Therefore, substituting ([B.153]) into (B14]), one has
/ ai]@j (5hg0)8j7)d56 =0. (316)
Bar

C
Take v = 1?6y, in BI6), where € C§° (B;R>, n=1in Bg, |Dn| < R Then,
2

0= / aijaj(éhw)ﬁj(n%h@)dx
Bar (3.17)

=/ ﬁ%@mw@wwm+2/ 4i;0; (52 mnspde.
Baor Bagr

It follows from Holder inequality and (BI7) that

/ n%a;;0;(6n0)0; (Spp)da = —2/ ai;0j (Onp)ndjndnpdx
Bor

Bar

1 1
§2(/ nQaijaz’(%@)@j(%@)dfC) </ aijamam(%@)de) ;
Bagr Bagr
namely,

/ #%@@w@@wms4/ ai;0mdm(Snp) 2.
Bor

Bar
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Consequently, by the strong ellipticity of a;;, one gets

A / IV (60) 2 < / a1;0h(0n )0 (O dar
Br Bagr

< 4/ aij0imdin(onp)*dx
Bar

A
< 0—2/ (Onep)*da
R? Jp,
2
A 2
5R
and then A
/ IV (Bp)|2dz < > / Vol2de, Vi< R (3.18)
Br AR
Therefore, according to (BI8) and H' regularity of minimizer ¢, we can conclude that V2 €
L*(BR). 0

Next, we derive the boundary estimate of the minimizer ¢.

Lemma 3.5. (Boundary Estimate) For any xo € 0Qy /2,

V2o € L2 (B_O(xo) N QL) (3.19)
2
Proof. Set Uy, s, = Bs,(x0) N, and
0y ox
Taco : Uxo,zSo — BE; r=Y, Y= Taco(x)a Jij(y) = 8:6] (y), J(y) = 8_y

For simplification, we write U,
proof.

Then for any ¢ € HY(U), b =1 o T,

0,60 and Bg; as U and BT respectively in the remaining of the

xo ?
0= /U O(|Ve|*) Ve - Vipdz = /B +@(\aagégsb\?)aijéjgaauélwdy,

where p =@ o T;01. Taking 1/; as the k-th difference quotient

def 1

bt 2 (bly) =y —hér)) for k=12 n—1,

we may get from the property and the ”integrate by parts” formula for difference quotient that
for suitable small A > 0

0= / on (9(|0a55565|2)0ij0u<15js5) Oy
B+
= / Sh (@(‘Ua/gég(ﬁ‘Q)Jijéj@) (mél@Zde
Bt
N .
+ [ (OUoasdseP)nsdyg)” (o) By
Bt

=1+11I.
Set

1
—/0 Aij(tydt,  Ayj(t) = ©(a(t)[*)d;; + 20/ (|a(t)*)ai (t)g; (t),

q(t) = tq"(y) + (1 = t)a(y) = (qu(t), ga(2), - - an(1));
0"(y) = 0as(y + hér)0s@(y + hér), a(y) = oap(y)Is@(y).
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Now, the term I can be rewritten as
I = /+ Sh (@(’Jagég(ﬁ‘Q)Uijéj(ﬁ> Jiléﬂzjdy
B
Ay (g o
= i3, (qj - qj) oo Jdy
B+

~ o~ ~ ~ ~ h - ~ ~
— [ Aojdbpondisdy+ [ A (0.5) dulos)oudii sy
B

B+
=1+ I>.
Set
O =0’y Gy = 0pe,
7eCPBY), =1 in Bt =Ty (Uwo 5 N QL> . |Vil<2
2
and
¢:¢°Txo:772uha Uh:ahOTa;o,
n:ﬁoTxOECgo(UﬂQL), n=1 in UIO‘LOQQ[N ]Vn\§2
2
Then
I = / Az’jgjsésfbhffiléﬂzjd?/
B+
= / [lijaiwajuhdx
U
= / [lijn28iuh8juhdx + 2/ flijnuhajuhamdx
U U
= I11 + L2,
and

I, = /+ Ay (05@) "0 (0j5)oandyiini® T dy + 2/ Aij(052) "0 (0 js)ouinnoni I dy
B B

+

= Iy + I22.
Due to the strong ellipticity,

Iy = / AP Oundsundz > N|nVup|[32(.
U

To estimate the term I1, we will deal with I15, I, I and IT first.

By Holder inequality and the strong ellipticity of flij, we have

‘Ilg‘ = '2/ flijnuhé?juhamdx
U

1 1
. 2 ~ 2
< 2</ Aij7728iuh8juhdx) </ AijU%ﬁjnﬁmdw>
U U

1
<CI}y (Allvmliw ~ IIUhH%%U))

[N

1 2
<ci} (Auwuim)

< —Iiu + CAIVell72 gy,

]

17

(3.20)
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and

[Io1| =

. Aij (és@)hgh(Ujs)ailélahﬁ2<]dy'

1 1
L N 3 L o 3 ;
< ( +A¢j0izﬁz@h0jsasﬂhﬁ2<]dy> (/+Aijﬁ25h(Ujs)(5ss5)h5h(0u)(5ls5)h<]dy>
B B

A 1
< CIZ (A;K\Q\\W\\iz(v)) 2

1 2 2
< 1—711 +C <A|K| HVSOHL2(U)) ,

where K is C** norm of the boundary (See assumption (L8)).

Ip = 2/B+ A (059)"0n(0js)oninidniJdy < CAK||Ve| 72 .
Next, we estimate I1.
N -\ B
1= /B (OU10asds5)035058) Bl )ontrPin)dy
N - \h. N
= / i’ (9(\0a535¢!2)0ij3j¢> on(ouJ)Orundy
B+

~ ~ h - ~
2 [ 1(OlloasdnePodse) dnlondyundiiidy
B
=11+ 1.
Then direct computations yield that

- ~ h . ~
1= [ (6(ousdsel)osdse) Suloal)dindy
Bt
< CAK/ 7’|V || Vi dy
Bt

SCAK/n2|Vgo||Vuh|dx
U

A C
< ZHWvuhH%Q(U) + XA2K2HVSOH%2(U)7

and
11 20K [ [95]9ilnldy < CAK| Vel
B
Therefore, noticing that
O=0L + 1L+ 1L+ 11y =111 + Lig + Loy + Iog + 111 + I,

and applying the estimates as above, we get

A C
I < CAK? +1)|Vollf2) + §anuhH%Q(U) + XA2K2HV<PH%2(U)

A

Then, combining with ([3.20]), we obtain the gradient estimates for the kth difference quotient
an (k=1,2,---,n—1),
[V, 5, < CUR? + 1)Vl 22 e,

Furthermore, the following derivatives estimates hold,

n—1
> IIV(Dk¢)\Iiz(B+) < C(K? + D[Vl 22 1r)- (3.21)
k=1
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For the f)fmgé, by the potential equation, and the estimates for sz, 1<k<n-1,1<j<n,

1D28122 5y < O+ DIVl - (3.22)

Combining the estimates (321, (322) and the H'-estimate (Z8) yields (BI9). O

Proof of Proposition It follows from Lemma 3.4l Lemma and a finite cover argument.
]

3.4. Local average estimate. Set

Quor = AN {z = (2, 2) 1 |20 — Ton| <1}, where zg = (20, 20,) € .

1
Proposition 3.6. (Local average estimate). For any xg € Q with |xg,| < §L, one has

1
o, zq,1

where C' does not depend on xg, L.

L
Proof. Forany—§<a—1<a<b<b+1< , definen € C°(Q), 0<n <1, |Vn <2by

0, Ty, <a-—1,
nz)=4q1L a<wz, <b,
0, T, > b+ 1.

For any constants ki, ks, set

(,0(3?) kla Tp < a,
. ke =k
QO(.’E) = SO(CC) b (-Tn - a)u a <z, <h,
—a
(,0(21?) k?a Tp 2> b.
Then 7°¢ € H'(Q) and (772 2) lzn=t1 = 0. Therefore n’¢ € Hy and

/Q O(|Vl2) Vo - V(1) = 0.
L
Thus,
/Q n*O(|Ve|*) Ve - Vidr = —2/ nO (V) Ve - Vnid,
a—1,b+1

Qa_1,64+1
) ko — k1 Ll
where Vi = Vi — —_ Xap(z)€n, €, =(0,...,0,1),

Qop ={x = (1,22, ,2) € Qa < x, < b}

and xgqp(2) is the characteristic function of €, 3. Then,

o ko — k
[ reverivetas [ apeven 2 (<225 )
Qa—1,b41 Qap T —a

~ / n0(IVe2) Vo - Vingda.
Qo—1.b41

Since n =1 on Q,; and / @(|Vgo|2)8—(pdx’ = my,
7 Sen 83771

/ POV l?)|Vel2dr = —2 / OV el?)Ve - Vingda + (ks — ki)mo
Qa—1,p41 Qo141
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Consequently,

A / Vol2dr < / 2O( V)| Vp|2d
Qa,b Qa—l,b-&-l

<2

+ ’kg — /ﬁ’mo

/ +/ nO(IVel*)Ve - Viedz
Qa,—l,a Qb,b+1
§4A‘/ +/ Vol [ldz
Qa—1,a Qp p41
1 1
2 2
< 4A[</ |Vgo|2dx) </ lp — k1|2dx)
Qa,—l,a Qa—l,a
1 1
2 2 2 2
+ (/ |Vl dac) (/ lo — kol dac) ] + ko — k1|mo.
Qpp11 Qpp11

k1 :][ pdx, ko :][ pdx.
Qa—1,a Qp b1

It follows the uniform Poincaré Inequality that

/ o — I 2der < c/ Vo 2dz, / o — kof2de < C Vol2de,  (3.25)
Qa—1,a Qa—1,a Qp b1 Qb pt1

+ k2 = Fafmo (3.24)

Set

where C does not depend on a, b.
Therefore, substituting ([B:25]) into (324 yields

)\/ \Vo|dx < CA/ \Vol2dx + |ky — ki |mo.
Qb Qa—1,0+1\2a,b

We now claim that
ks — k| < c/ Vlda. (3.26)
Qa,—l,b+1

Assuming (3.26]) for a moment, one gets

A C
/ [Vel*da < C—/ |V|?dr + —mo/ |Vpl|da. (3.27)
Qa,,b )\ Qa,fl,b+1\Qa,,b )\ Qa,fl,b+1

On another hand,

Spin = min | S,
Tn

n"

1
1 2
mo/ |Vldr < 'moSﬁwx(/ !V@]de> (b—a+2)
Qa—1,p41 Qq_1,b11

Smafl'

< 6/ \Vo|?dr + “7% (b — a + 2)m3.
Qa—1,b41 e

Combining 327) and [B28)) leads to

A C
/ |Ve|?de < C—/ \Ve|*dr + —5/ |Ve|*dz
Qa,,b )\ Qa,fl,b+1\ﬂa,b )\ Qa,fl,b+1

o4

Set Smax = max | Sy
Tn

(NI

(3.28)

1
Taking % =3 yields

/

1 / 9 ( A 1> / 9 C 9
= Vol*de < (C—+ = Vol|“de + — (b — a+ 2)mg.
2 Qa,b ‘ ‘ )\ 2 Qa,—l,b+1\Qa,b ‘ ‘ )\2( ) ’
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Therefore, one has

/

A C
/ \V|?de < <C— + 1) / IVelPdz + — (b — a + 2)mg,
Qa,b )\ Qa,fl,b~l»1\ﬂa,b )\

(3+7) ),

ie.

A c’
\Vo|?dz < (C— + 1> / |Vo|2dz + —(b—a+ 2)m3.
b A Qa_1,b4+1 A

a,

Cx+1
Set 6p = —% . Then 0 < §y < 1 and
Cx+2
2 2 % 2
Vi dxgeo/ Vol“de + ———==(b—a+2)mg.
v Vel Sy (a2
Set
1 2
Aa,b - \th\ dx.
b— b
It follows from ([B.29) that
b—a+2 c’ b—a+2
Agp < Ogp————— A, 2,
ab S0 T A tb it T X o h—a 0
) , 146 " )
Taking 6, = and a positive constant k(6y) > 2 such that, if b — a > k(6y), one has
b—a+2 b—a+2 ,
— < — <
b a _2, (90 b _(90<1,
Agp < OLA —I—LmQ for Vb —a > k(6y)
Then,
Cm?2 =
Aa < (0 NAa— 0 /\i
C'm?

< (00)N Aq_NpinN +

AMCA+2XN)(1—6))
Applying (3.6]), one has

Cm3
AMCA+2))(1 —6()
C'm3
AMCA+2X0)(1-6))

Q.
A g(e@N%ijj%%§%Chn3+

< CO)N Spazm? +

2 2
Therefore, for any _§L <a<b< §L and b —a > k(0p), letting N — oo yields

Aa,b S Cm(%a

where C does not depend on L.

21

(3.29)
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Then, for any x, |$0,n| <<

= 2’
1 1
o VolPde < o] Vel|*da
20,11 J Qg1 20,11 Q0 k()
~ 26(60) S 1

< : Vol da
’Qac()J’ 2k(00)SH1aX /on,k(Qo)

2k(90)smax 2
<————Cm
B |Q$071| 0
2k(90)smax 2

<C mg
Smin ’

which yields (3.23)).
Now, it remains to prove the claim ([8.26]). For any a € R, we define

ai—][ wdr, o, —][ pdr, +=1,2,--- n.
Qati—1,a4i Qati—1,a4it+1

By the uniform Poincaré inequality (2.3]), one has

/ lp — apldz < C'/ |Voldz < C/ |Voldz, (3.30)
Qa,fl,a Qafl,a Qafl,aﬁ»l

/ ‘(p —o1|dr < /
Qa—l,a 2 Qa—l,a,+1

Then, it follows ([B30) and (B.31]) that

/ ‘a;—ao‘deC/ |Vo|dx.
Qa—1,a 2 Qa—1,a+1

N|—

¢ —ai|dr < C/ [Veldz. (3.31)
2 Qa—l,a-‘,—l

Consequently,
C C
‘al — ao‘ < 7/ |Vpldr < / IVldz.
2 ‘Qa_lva’ Qafl,aﬁ»l Smin Qafl,aﬁ»l
Similarly,
C
‘al —a1| < / |Voldz.
2 Smin Qa—l,a,+1
Hence,

lap — ap| < ‘041 — a1
2

C
+ ‘a; - ao‘ < / |V|dz.
2 Smin Qa—l,a,+1

In a similar way, one gets

C

lag —ag| < / IVoldz, ..., |an —ap_1| < |Voldz.
min Qa,a+2 min Qa+n72,a+n

Therefore, by induction, it holds that

C
|, — ap| < / |Vo|dz,
Smin Qa—l,a-&-n

which proves the claim ([B.20)). O
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3.5. C1® regularity of the weak solution.
Lemma 3.7. (Gradient estimate). It holds that
||v30||Loo(QL/2) < Cmy. (3.32)

where C' does not depend on L.

Proof. The proof is based on Moser’s iteration technique.
Step 1. Interior estimate: It follows from the definition of weak solutions that for any
Bor C

O(|Ve[)) Ve - Vipde =0, Vi) € C5°(Bag).

Baor
Regarding 051 as a test function, s = 1,2,--- ,n, one gets
0= [ O(Ve)Ve V(O)de =~ |  85(6(Ve|*)Vy) - Vipda
Baor Baogr

=~ [ (0o + 20/ (Vo0e0y e ) 010y
2R

- —/ aij@-wsﬁj@bd:c,
Bagr
where
ai; = O(|Vy|*)dij + 20 (|V|*)0i00;¢ € L™ (Bar), ws = dsp € L*(Bap).

Therefore

| eupandyude=0. i€ Hy(Bon) (3.33)
2R
Taking

¢ - 7’]211]571, ne CSO(BQR)v n= 1 in BR7 p =2
in (3:33), one has

0= / a;j0;w,0; (n2w§71) dx
Bar
=(p-— 1)/ n?a;;0;wsO;wswl ™ dx + 2/ na;;O;wsO;muwldz.
Bar Bar

Therefore

(p— 1)/ n2aij8iw58jwsw§72dx <2
Bar

/ naijﬁiwsﬁjnwfg*ldufc
Bar

1
2
SQ(/ ?72az‘j<9iws<9jwsw§2dx) (/ aijﬁmajnw;”dx)
Bagr Bog

-1 2
< p—- n2aij8iw58jwsw§_2d:c + — a;jOnojnuwldz,
Bor p - Bar

ie.
4
/ nQaijaiwsajwswf?*de < 72/ a;;0;nojnuwldz.
Bog (p—1)? JB,p
Due to ([3.4]), we have
2 2 p—2 2,.p
n° | Vws|“wl™*dz < 7/ |Vn|“whdz. (3.34)

/BQR o (p - 1)2)‘ Bagr ’

Since

P
2

2 9 po 4 o 2o 2 A 2,
N7 | Vws|“w? —FV nwsg | —wsVn EFV nws —p—|V17|w
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Combining 34 with (330) yields that
2

2 4 4A
— V [ nwé ‘ da < —/ v Qwé’dx—l— 7/ v wagdx,
p /BQR ‘ <77 ) p2 Bop ‘ "7\ (p - 1)2)\ Bag ’ "7\

Py |2 2A
p 2
V (nws ‘ dx < 2<7 + 1> / |Vn|“whdx.
/BQR ( ) (p—1)2A Bon

Then the Sobolev’s inequality implies that

(/B2R (1711)‘§)2_dx)%2 <C s ‘V (nws%)‘?d:c

2
p A 2
30(7—1—1)/ V| wtdz.
(p—1)2A BQR‘ |
for s=1,2,---,n

Set
n k 1
pkzp(n_2>, Ry, = R<1+2k>
C CQkJrl

€ C°(Bg,), =1in Bg, .., |Vnl>< =

Note that, {py} is a strictly increasing sequence and tends to infinity as k — +oo, and {Ry} is
strictly decreasing sequence and tends to R as k goes to infinity. The following is the standard
Moser’s iteration process.

Taking p = pi, n = n in 330) yields that

D = p%A 2
wsk“dac) < 0(7 + 1) / V| “wb* da:
</B (pk - 1)2)\ Br Vel

namely,

(3.36)

Ry 41 k
A2F
CE wgkdl’,
and so,
A2k %
il (5, ) < [CE} Il ()
A2F Pk . .
Let M, = HwSHka(BR ) and D, = CE . Then by induction
k
k
Mjy1 < DgMy < -+ < DyDj_y -+ DMy = My [ [ D;. (3.37)
j=0
Due to

AY A SR v A\
HD—H[CE] - |o5] F=c(esz)”

so taking k — oo in (B37) yields

n

A\ 2
sup ws < C(C ) ’ lwsl Lr(Byr), for any s =1,2,---  n. (3.38)
e AR

Step 2. Boundary estimate: For any x¢ € d{1p,/», according to Lemma [2.5] there exists a
neighbourhood Uy, of zp in R" and an invertible C** map

TxO:UxoﬂQL/Q%ng:x»—)y
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satisfying (24]), where By, is independent of xy. Define
7
Then ([24) implies

0ij(y)oin(y) =0, on y,=0, j=12,--- ,n—1
For any 0 < R < do,

/ N Q0i;0; ¢ Jdy =0, Vi € H} (B(;Z) . (3.39)
BR
Taking (s =1,2,--- ,n)
~ ~ 5 ~ p—1 B . B .
v = 0 (n2 (8S<p> ) ., nedC; (B%) and =1 in Bg
2
in (339) and integrating by parts show that
0 = / ©0;0;¢010; (55("72(55@10_1)) Jdy
Bj,
= — > DG 3 (=279 =\p—1
/BE 0s (60138390011(]) Oy (77 (8590) ) dy
—/ (@Uijéjs50u> 3] (772(5395)%1) Jbsndy’
ﬁBgﬂ{ynZO}

- /B§ s (@aijéjﬁf?fm«]) ) ("72(55@17_1) dy,

(3.40)

where the boundary terms vanish according to ([2.4+2) and [B.13)).

Detailed calculations show that
(i(@aijéj([)aiﬂ) = @Uijéj(éstﬁ)aiﬂ + 2@'0a555¢55(Uwéwtﬁ)aijéjtﬁailj
+00;¢0s (01504.T)
= 00;;0;(0sp)oi1d + 20005053000 (0sP)01;0;p0 ]
+ 2004505005 (00r) Dy $0:j0; P01 T + ©0; 30 (04500
= (@Uijéj (554,5) + 2@/00455/5(,50'@7(57(55(,5)01‘]‘(5]‘(,5) oid
+ 2@/001,65[39555(Uay)éwﬁﬁgijéj@%lj -+ @5j¢55(aijaiﬂ)
= (08 +20/0,30590:;0;P) 0 a0 (0sP)oit T
+ 2004505005 (00r) 0y p0:i0; P01 T + ©0;30s(0ij00J)
= (@(Z‘j + 2@'@&5&@@55[3@) inéw(ésé)aﬂt]
+ 2@/001,65[39555(Uay)éwﬁﬁgijéj@%lj -+ @5j¢55(0ijailj).
Set ) ) )
A = (@51-]- + 2@/0m8a950j585g5) Tin 1,
Bjs = 2@'0a5<§g<ﬁ55(Jw)éwgéaijéjgb(m(] + @5j<ﬁ(§s(0ijailJ).
Then
/B ALD, (.00 0P + Bud(P (.5 dy = 0. (3.41)
R
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Denoting 0;¢ by w,, we have
i A .~ A=2~p—1 P A (52 ~p—1
/+ Al'yaywsal(n w? ) + Blsal(n wg )dy = 07
R
which can be rewritten as,

0= / ., (Ahéwws + Bls) ((p — V)PP 20, + 2ﬁ<§lﬁw§1>dy
B

R

=(p—1) / X Ay, 0 TP 2O gdy + 2 / X Ay, 0 syt~ dy
BR BR

so-1) [ Buteraidy+2 [ Bl dy
Bf; By

=1 + 1y + I3 + 14

Note that,
|| g2' / ﬁflhélﬁé,yzbswgldy‘
By
p—1 97 A o E .
< 5 - 772Al78lw58,ywswp dy + —/ Ah@m@ nuwtdy,
R
Bl < (p=1)| [ 7 Budb.tdy
By
A 21~ (2, ~p—2 p—1 21D 12,-p—2
<=5 | 7 IVWs|"0f dy + —— [ 7| Bis|"w{ " dy,
4 Jp+ A Jpt
R R
and

|1y <2

/ ﬁBlsémwzz‘ldy' <2 / Vil | Bys |t~ dy
B}, B},

Therefore, substituting ([8.44), (3:45) and ([3.40) into ([3.43)) yields that

L _(p—1) 27 5 A o p2
5 =5 /BE 1 Ay 00y~ dy
2 < s s A S~ (D
< — Ay OOyt dy + (p — 1)1/ nQIVwS\Qwé’ *dy
p—1JBf By

p—1 o, o U
At / Bt 2dy + 2 / | B [ dy.
A By B},

Then the uniform ellipticity yields

S~ (D 8A 4 =9y
/B+ i |V [Pl dy < W/ Vil* @l dy + — z 7| Bys[*at 2 dy

R R
—_—— / I B2 dy
Ap—1) /B e
Note that (33)) implies that

|Bis| < C(1+ A)|w| < CAJl,

26

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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n

On@) and || =Y [is|. Then,

s=1
CA2
|l 2 dy

~ A
| ey < / Vaagdy + -
B Alp—1)? A JB

where @ = (W1, W, - - - ,Wy) = (1P, @, - - -,

+
R
CA /
+——— [ Vi@t td
A@_l)Bgm il lw]
which implies
2y |2 2Ap? CA2
/ ~2(v( )( dyﬁip/ V2t dy + —- 2/ 72|22~ 2dy
A(p—1)? A B
(3.47)

CAp? / |
+ V|||t~ d
Mp_l)Bgm gl y

It follows from (B.47]) that
P 2
1% (raf) e

2Ap CA?
< <ﬁ +1)/ |V17|2wpdy—|— BVE 2/B+?7 (3.48)
R

p—1)?
CAp2 / S =[5 p—1
+ Vil lw|w? ™ dy,
o1 Jy, V)
for s=1,2,---,n
Let
1-46 n K
= = =0,1,2,...
Rk 50<0+ 2k >7 Pk p<n_2> ; k 07 ) ’
9 2k+1
(1 -60)5

i € CS°(Br,), ix=1in B d |Vl <
T)k 0 ( Rk) 77k m Rk+1 an ’ T]k‘ —_ Rk _ Rk+1
Taking p = pg, 7 = 7 in (B48)) and using Sobolev embedding Theorem, we obtain

n—2

~Pk+1 o
(o )
n—2

Ri41

(/° < e\ s n2
i > dy)
ng

IN

<C
B,
2Apy2 CA? _
SC(%—Fl)/ |v77k|2wpkdy+ — 2/ 77]%|w|2wpk 2dy
Alpr — 1) B, A B,
CApy? S (|~ —
o [ iy
Mok =1) Jy
2Apk2 )/ 4k+1 CA2 / 9 n o
<Cl——m t1 ——wbrdy + —- w| Wk d
(m—l)? oy, (- opg W e ) !

2k+1

CAp? / epr—1
+ w|wE " dy.
Mo~ 1) Jog, @00 7
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Therefore,
P
| s | < (Ak/ szkdy+Bk/ |1D|21Dpk_2dy+0k/ |w|wpk—1dy> ,
Momer (7, ) B s, Bh
with
2Apk2 4k+1 C'A? )
Ay =C +1 . Bp=—p2
F <)\(pk—1)2 (1—o2g kT P
and
CApk2 ok+1
Cp, = : .
Apr —1) (1 —0)do
Note that
Pp—= 2
~Pk—2|,7|2 ~Pk Pl ~|Pk Pl
W] dy < witdy [w|Prdy |
ngk ng ngk
PEp—1 1
/ P id|dy < </ ﬁ)pkdy) " (/ |w|Pkdy)p’“
s = s .
ng ng ng
Then
W < | Ag || ||P + By||ws [P 2 7|2
L A AL A [
1
PE— ~ Pk
+ Ol k)|||w|um<3§k>} |
Pk*Q
< il 38 g [ AR B+ Belll
i . o
+CkHw5||ka(BEk)H|w|||ka(B§k) .
Hence,
PR —2 ik 2
D < Pk Ay + B, +C Pl
Il s g,y S 102 k)[ et 7%, )

which implies that

1

n _

~ Pk pk ~
> Il (o, ) < Ak+Bk+Ck] I, Zn (o)
s5=

L

r PE=2 _Pk E 2
pk Pr Pk —
A+nral” 107, (Zu 2 >) ne

l
(+ B+ 0] (Zuwsum 5:))"
PE—2

(En ]| "

X Wg ( + ) .
LPk (B

s=1 Rk

IN

IN

Therefore,

n
S0l (s, )< [(Aa+ Bt Con ] ansum o)
s=1 k1
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Define

1

n
~ PE
My = Z sl (54)’ Dy = [(Ak + By, + Cy)n?
s=1 k

Then
Mj 41 < Dy Mj,.

k
It is clear that pp = p (LQ) < pa*. for n > 3, so
n —

2Ap} Ak CA? CApp ~ 2MH
A+ B+ C <C k 1 2 k
Bk O O (s 1) g+ St s i
A 4F A? A 8k
<Cl~+1)—mg +O=5p*16F + C—p—re
= ()\ * ) @0 el IO g,
<T-16",
1 A A2, A p
where T'= C [mx + Fp + Xm], C' does not depend on k.
Then,
M1 < DMy, < Dy - Di—1--- Do - Mo
Note that
1 n Ay
Z =5 and Z — < o0.
i—o Pi p i—o Pi
One has
My < CT? My, vk > 0.
Letting £ — oo shows that
n " n
> sup || < CT2 ) sl (5 - (3.49)
s—1 Dosg s=1 )
Combining the interior estimate ([338]) with the boundary estimate ([B.49]) yields the desired
gradient estimate (3.32]). O

Remark 3.2. It has been assumed that ws; > 0 and w, is bounded in the above proof. The
boundness assumption could be eliminated by a standard technique (see chapter 8 of [21]). If
w; is not positive, we can repeat the proof for w and w} respectively.

Remark 3.3. In the case that n = 2, choosing p; = 0o, one can obtain the estimate similarly to

(E23).

Vel (o, ,,) < Cmo, (3.50)
where C' does not depend on L.

Proof. Step 1. Interior Estimate. For any Bop C Q, ws = 59 (s = 1,2,--- ,n) is a weak
solution to

8i(aij8jws) = 0,

in the sense of [333), where a;; = p(|Vp|?)di; + 20" ([Vp|*)0;00jp. Then, the desired interior
Holder estimate for wg is just the standard interior Holder estimate for the weak solutions to
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second order elliptic equation with bounded coefficients.
Step 2. Boundary Estimate. Similar to (841]), one has for any s =1,2,--- ,n — 1,

[ b + Budibdy =0, € HY(B) (3.51)
R

where BE, Ajy and By, are same as in (3.41)).

By an even symmetrizing procedure, w,, A;, and By denote the even extensions of ws, A,
and By, respectively. Then wg satisfies

A dyivsdh + Biadpbdy =0, 4 € Hi(Bg), 1<s<n-—1. (3.52)
Br

Since ||w]|z~ < Cmy,
H"le’yrélSHLoo S C7 ||Al’77Bl8||L°° S C

Therefore, for 1 < s <n — 1, the standard interior De Giorgi estimate gives

- - 1, =
stllca <B§/2> <C <||w8HL2(B§) + XHBlSHL‘I(BE)) <Cmpy, gq>n.

R/2° 9

~ 2
N € C;°(Bar(0)), 1 =1 in B.(yo), |V < — and w; —][ wgdy, one has
r Bar (o)

1 1 ~
Now, we estimate w,,. For any yo € B} ,, 7 < max {ER’ —}, taking o = 7% (s — ws) in (52,

N A, 0,050, (72 (105 — ) + BisOy (7 (105 — ws))dy = 0.
R

—

Therefore,

/ AL, 0o Oyibs i dy
B},

IN

¥ +2 [ Bundi(, - w.)dy

Br

'/ Blsgl@sﬁQdy 2/ Alwé'ywsﬁglﬁ(ﬁ)s - 7I)s)dy
By By

1 . A o A o o=
X/ ]Bls\QnQdy—l——/ \VwSIQnQdy—I——/ Al,yalwsawwandy
B} 4 /B, AN Iy

IN

4A T 88 ~f~ N2 51252 = |2 N2
+ — A 0oy (s — W)~ dy + | Bis|“n°dy + ‘Vn‘ (s — ws)“dy.
)\ B+ B+ B+
R R R
As a consequence,

/ P | V|2 dy < C(/ |V, — | >dy +/ ﬁQyBls\Qdy).
B}, BfNBay (yo) BN Bar (o)

Noting that Hﬁ)SHCa (B;,C/Q) < Cmg and \Bgs] < C'my, one has that, for any 1 < s<n —1,

/ IVag|? < C(/ |V, — | 2dy +/ ﬁ2]Bls\2dy)
B;ﬂBr(yo) B}J{,ﬂBQT(yo) B}J:LCOB?r(yO)

< Cm% (r”_2+2a + r”)

< Cm%r”_2+2a.

(3.53)
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According to the equation of ¢, one has

/ D28y < 0(2 [ vl | W@r?dy)
BENBr(yo) BENBr(yo) BfNB;(yo)

3.54
<Cm(n2+2a+?”) ( )
< Omirn—22e,

Then, due to (B53]) and (354, one has by Theorem 2] that
w < Cmy.
[wll o (Bf,) = Mo
Now, the Holder estimate of V¢ follows from Step 1 and Step 2. O

3.6. Proof of the existence of subsonic flows. Proof of the statement (i) of Theorem
1. For any fixed suitably large L, according to previous subsections, one can get a H' function
¢r(x) such that (¢r(z) — ¢r(0)) € Hr is a weak solution to problem Bl Set ¢r(z) = ¢r(z) —
©r,(0). Moreover, ¢r, € C *(Qp2) and

IVérlgoa(a, ) < Cmo-

For any fixed K > 1, if L > 2K,
[erllcreg < C,
where C does not depend on L, and ¢y, satisfies

/ © (IVeLl?) Vér - Vipda = 0, Vih € OF° ().
Qk
Since ¢r, € Hr N CYY(Q) satisfies the equation (BI0), one can check easily that

95
/ O (IVeLrl) %dac/ =myg, for any zy € Q.

0

By a standard diagonal argument, there exists a ¢ € C1*(Q) and a subsequence ¢y, such that
for any K,

Jim [z, — ¢llere(a = 0.
Therefore, one has
| OUelIve vudr =0, e C@),
Q
and
2 890 !
O(|Ve|*)=—dx’ = mg, for any xy € Q.
Sxo 8xn

It is clear that
p € CH(Q) () Hine(?)
and
IVellgoa(a) < Cmo.

Similar to the previous subsections, one can prove that ¢ € H7_.(Q) and ¢ is a strong solution
to

(O(V*)di; + 20 (IVel*)0idi) 850 =0 in Q,

a—f =0, on 9. (3.55)

on
By the standard regularity theory for second order elliptic equations, one gets that ¢ € 012 o Q)
is a solution to (.53 with the property

IVellcra@) < Cmo.
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Choose mg small enough such that Cmg < 1— 250. Then the subsonic truncation automatically
disappears, so ¢ € ClQOS(Q) is a smooth solution to the original Problem [l This proves the first
part of Theorem [[LT1

Remark 3.4. In fact, we can conclude that ¢ € C°°(Q) by the standard bootstrap argument.

4. UNIQUENESS OF THE GLOBAL SUBSONIC FLOW

Theorem 4.1. (Uniqueness) Suppose that 0 satisfies the assumptions (1.8), and ¢ (k= 1,2)
are uniformly subsonic solutions to the following problem

div (p(|Veprl?) Veor) = 0, in Q,
% =0, on 0,
associated with the same incoming mass flur mqg. Then
V1 = Vg, in Q.

Proof. Set ¢ = @1 — 2. Then ¢ satisfies

0;(Aij0j¢) = 0, in €,
(4.1)
0
8—2 =0, on 01,
where
1
Ay = [ o5+ 20 (@) (5051 + (1= 5)002) (5001 + (1~ )i,
0
7 = |sV1 + (1 — 5)Via|?.
Moreover, there exist two positive constants A < A, such that for any vector £ € R"
NEP? < Aij&igs < AJ¢*. (4.2)
Let n(x) = n(zy,) be a C§° function satisfying
n(zn) =1 for |on| <Ly n(an) =0 for |z, = L+1, and [7'(z.)| <2,
Denote Q,p, = {z = (2/,2,,) € Qla <z, <b} and for L > 0
(
o(x) — ¢, zeQn{z, <-L},
. +_ o
plx) = gp(x)—gpi—%(wnﬁ-[&, reQN{-L <z, <L}
| ¢(@) -1, zeQn{z, > L},
where
. 1 . 1
L0 p(z)dr, ¢p = T p(z)dz.
Q- p1-rl Ja_,_,_, 1, 41] Jag 10
YL~ ¥
Note that Vo =V — %X,Ll(u*c)é’n, én = (0,---,0,1), x—r,r(x) is the characteristic

function of Q_y, 1.
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Multiplying on the both sides of the first equation in ([@I) by 1°¢, and integrating it over
(), one obtains

ol — oL

2
n Aij 8i<p8j (pd.il? +
/QLl,L+1 2L

/Q n? (p(IVe1$) V1 — p(|Vpa|*)Vipa) - €, da
—L,L

= -2 /Q n(p — ¢, ) Aij0ind;pdr — 2 /Q (e — ¢ ) AijOmdjpda. (4.3)
—L-1,—L

L,L+1

The second integral on the left hand side of (£3]) vanishes. Indeed,

/Q P(p([Ve1 ) Vo1 — p(|Ve2|?)Vipa) - Endar
~L,L

L
— / ) /S (V1 P)Ver - 80 — p(| Va2 Vips - &) da'dt = 0,
- t

since the two solutions possess the same mass flux mg, here S; = QN {z,, =t} for t € [-L, L].
It follows from (@3] and ([@.2]) that

)\/ \V|?dx
Q_r1L

<in [ le-vrlveldean [ lo— et IVeldo
—L-1,-L

Qr L+1

< 2A / Iso—sOL|2dx+/ Iso—sOIIQdﬂH/ Vo|?dx
Q_r_1,-1 Qr L+1 Q_11,-1U Qp 41

Due to the uniform Poincaré inequality, ie.

[ emebwsc[ v
Q_rp_1,-1 Q_r_1,-1

/ o — gt Pde < C Vl2de,
Qr.r+1

Qr 41

and

where C' is independent of L, we have

)\/ \V|?de < C |Vp|?d. (4.4)
Q_ 1 Q_r_1,-1U Qr 141
By the estimate (3.0)), one has
/ Vnl2de < Cm3 (191 o]+1Q0peal), k=1,2,
Q_r_1,-1U Qr 141

which implies that

/ |V|?dz < C,
Q_11,-1YU Qr 141
where C is independent of L.
Combining this with ([£4]) shows
/ |V|?dz — 0 and / |Vo|?dz — 0, as L — ooc.
Q_rp_1,-1 Qr,L4+1

Taking L — oo in (£4)) yields
V=0 in .
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As a direct application of the uniqueness, we can obtain the explicit form of the subsonic
solution ¢(z) to the Problem [ provided that the nozzle is a cylinder.

Corollary 4.2. (Cylinder case) Suppose that Q is a cylinder, that is, 2 = S X (—o00, +00), S is
an—1 dimensional, simply connected, C* domain. Then the unique solution to Problem [ is
given by

© = qoTn + o,
where @q is an arbitrary constant, qo is a constant defined by
2 mo
p(a0)q0 = o
5]
—_— \ |\ —
[y — — e \
S | U VSO (07 7q0) S |
I o ( 2) 1
I P = p\qp I

FIGURE 5. Subsonic flow in cylinder case

5. EXISTENCE OF THE CRITICAL INCOMING MASS FLUX

In the Section 3 and Section 4, we have obtained the existence of the uniformly subsonic
flows associated with suitable small incoming mass flux mg and the uniqueness of the uniformly
subsonic flow. In the following, it will be shown that there exists a critical mass flux M, such
that the flow is always uniformly subsonic, provided that the mass flux myg is less than M..

Theorem 5.1. Suppose the nozzle satisfies the basic assumptions (I4). Then there exists a
positive constant M. < 1, which depends only on Q, such that if 0 < mg < M., then the

following problem
§

div (p(|V|*) V) =0, in Q,
%)

- Q
57 0, on 082,

0
/p (IVel?) 248 = my
\ Js ol

has a unique uniformly subsonic solution p(x) up to a constant satisfying

Q(mo) = sup [Vp| < 1.
z€ef)

Moreover, Q(myg) ranges over [0,1) as mg varies in [0, M,).

Proof. Choosing a strictly increasing sequence {g,},—, satisfying lim ¢, = 1. Consider the
n—oo

following truncated problem

div (pu(|Ve|*) V) =0, in Q,
8_S—O» = 07 on aQ? (51)
on

Oy
n (IV]?) =5dS = m,
w198 s =
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where

p(s), if 0<s<gqp,

pn(s) =< smooth and decreasing if ¢2<s< ,

1\?2 1\?2
p((q;)) if8><qn2+>’

satisfies pp(s) + 2spl,(s) > A\, with some )\, > 0 for all s > 0. Let ¢, (-;m) solve the problem

(1) and set

Qn(m) = sup [V, (-;m)].
e

We claim that @, (m) is a continuous function of m.

In fact, we take a sequence m; — m, it suffices to prove
IVen(5mj)| = [Veon(;;m)].

Without loss of generality, we assume that there exists a positive constant M, such that

supm,; < M.
i>1

It follows from Section 3 that the solution ¢, (-;m;) to the problem (G.1]) with the mass flux
m; satisfies the Holder gradient estimate
I Veon(5my) llore@)< C(M) (5.2)
and
| n(3m5) = 0n(03my) ez < C(M, L) for any L > 0. (5:3)
Therefore, by Arzela-Ascoli Lemma and a diagonal argument, there exists a subsequence ¢y, (-; m;, )—
©n(0;m;, ) such that for any L > 0 and 0 < 8 < «
(on (5mj,.) —n (0;m;,)) = @n(-) in C?*P(Qr) as mj, — m.
And ¢, (+) solves the boundary value problem (B.I]) and satisfies that
I Veon lora@=< C(M).
On the other hand, it follows from the previous sections that there exists a ¢, (-; m) which solves
(EI). We can conclude that
Veion(-) = Veon(:;m)
by the uniqueness.

Hence, for any L >0
Von(3mj) — Vou(sm) in CY(Qr), as mj —m,
which proves the claim.

It follows from the claim that, there exists the largest @), > 0 and the smallest .S, > 0 such
that

Gn—1 < Qn(m) < gy, for any m € (my,, M,).
Moreover, clearly M, 1 > M,. Set M. = lim M,. It follows the definition of M,, that M, <
n—ro0
p(Q2(M,))Qn(M,) < 1, hence M, < 1.
Then we can conclude that there exists a critical mass flux M, < 1, for any mg < M., there

is M,, such that M,, > mg, then
Q(mo) = Qn(mo) < gn < 1.
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Moreover, for any normalized subsonic speed @ € (0,1), there exists some n, such that
Q € (0,q,), therefore, there exists a mg € (0, M,,), such that Q(mg) = Qn(mg) = @ by the
continuity of Q,(m).

This completes the proof of Theorem [B.11 O

6. PROPERTIES OF THE SUBSONIC FLOW

In this section, we consider the asymptotic behavior of the uniformly subsonic flows at the
far fields under the asymptotic assumption ([L7]).

Proposition 6.1. Suppose that the nozzle satisfies the asymptotic assumption ({I.7). Then the
subsonic flow constructed before approaches to uniform flows at the far fields, ie.

VSO = (07 o 7Qi)7 as Ty — :|:OO,

respectively, q+ are constants uniquely determined by

2 _ Mo
(1) g+ AL
respectively.
Proof. Assume that ¢(z) is a classical solution of
(
div(p(|Vel*) V) =0, in
% =0, on 0f),
0
/ p (IVel?) “2dS = mo,
s ol

\
satisfying
| Ve llora@< Cmo. (6.1)

Step 1. A Special Case. Suppose that QN {x,, > Lo} = Us x [Lg, +0o0) for some Ly. Define
a sequence of functions as follows

gpk(x/7 xn) - (P(x/, Tn + k)XQka
here Qp = {(2/, z,) (2", 2 + k) € Q, zp + k> Lo+ 1}.

For any compact set S C S, and k sufficiently large, it follows from the gradient estimate

(61 that
| Veor lorasx—k/2,k/2)< C,
where C'is independent of k. Set ¢ (z) = pr(z) — ¢r(0), for any fixed L > 1, if k > 2L, we have
| &k ez (sx—L,Lp< O

with C independent of k. Therefore, by Ascoli-Arzela Lemma and a diagonal procedure, there
exists a subsequence @y, such that for any L

Gr; = w0, in C*P(Sx [-L,L]) with 8<a,
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for any compact set S C S.. Therefore g solves the following problem

div(p(|Ve[*) Vi) = 0, in By =S4 x (—o0, +00),
8—% =0, in 054 x (—o0,+00),
o 5 (6.2)
/ p (IVgl?) Z2dS = mo,
s ol
o(x) =0, on xz, =0.

Moreover,
Vior = VR — Vo in CY(S x [~L,L]) for p<p.
So, choosing S = S, and L = 2, we have
I Veor = Vo llouis, xj—2,2)~ 0 as k — +o0.
By the definition of ¢ and Corollary [£2] it follows that
Vo = Vo= (0,---,q+) as xz, — +oo.
This completes the proof of Proposition in this special case.

Step 2. General Case. Suppose now that the nozzle satisfies (7). we can also define a
sequence of functions as

Sok(xlv xn) = @(xlv Tp + k)XQIm
here Q. = {(2, z,)|(2, 2, + k) € Q, @, +k > 1}. Then similar to the Step 1, we can show that
Ve, — Vo in CH(S x [-L, L)) (6.3)
for any compact set S C S; and any fixed L, here S may not reach the boundary 05, and g
is still the solution of boundary value problem (6.2]).

In particular, ¢q satisfies the no-flow boundary condition on the nozzle wall. Indeed, for any
given point (y',y,) € 9S4 X (—o0,+00), @@ = (7i1,0) is the outer normal direction of the cylinder
Sy X (—00,400) at (y',yn). For any § > 0, there exists suitable large Ky > 0, such that

(v — 071, yn + k) € S x {xp =y, + k} for k> Ko,
where S is a compact set of QN {z,, =y, + k}.
There exists a sequence of n — 1 dimensional vectors {7, }7° , such that (y' — 671 + Zk, yn +

k) € 09, and |Z| = dist((y/ — 071, yn + k), 00). ) is the out normal of the domain  at
(y' — 671 + Zk, yn + k). Obviously,

lim |Zx| -0, and lim 7 — 7,
k——4o00 k——+o00

due to the assumption (L) on the nozzle at the far fields.
Therefore

Veooly' — 01, yn) - = lim Vo(y' — 6, y, + k) -7

k—+o0

= lim (Vo(y — 71, yn + k) — Vly' —om + 2, yn + k) -7

k——+o00
+ lim Vo(y' — ity + Z, yn + k) - (7 — 7y
k——+o00
= 0.

0
As a consequence, %(y', Yn) = 0.
n
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Set

' (6) = {2/ € QN {w, = k}| dist(a/,00) <6}, Q(8) = (2N {w, = k})\(6),

and
Bis(y)) = {2’ e R" |2/ —yj| <26}, ojeoQn{x, =k}, i=1-- N,
such that
N
(5 c U B, 5(yi), for any 6 > 0.
i=1

For any fixed § > 0, there exists a sufficiently large Ky > 0, such that Q(§) € S for k > Ko, S
is a compact set in Sy.

Choosing L = 2, one has from (6.3]) that
| Vo — Vo HC#(Qg(d)x[k,k—f—Q])_) 0 as k— 400, for pu<p. (6.4)
Near the boundary 092 N {x,, = k}, ¢ possesses the following estimates
IV o x k) < C-
for n > 0, with B;B(yg) = Bis(y;) N (N {x, = k}). Hence, for any ',y € B;(y;), one has
V(2 k) — Vo(y', k)| < Cam.

Then, for any £ > 0, there exists § > 0, such that

e

/ _ / -
Vo(a', k) = Vo(y', k)| < Nl

for any o', 3 € B;;;(yg), (6.5)

andi=1,2,---  N.
On the other hand, it follows from (6] that there exists K > 0 such that

Vo — V| < for any z € Q((d) x (K, +00). (6.6)

£
N+1’
Then, combining that ([63) and (6.0), one can conclude

Vo —(0,--- ,q4)| <e, for any xz, > K.

Similarly, one can get the asymptotic behavior as x,, — —oco. This completes the proof of
Proposition O
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