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Abstract. In this paper, we consider the Boltzmann equation with soft poten-
tials and prove the stability of a class of non-trivial profiles defined as some given
local Maxwellians. The method consists of the analytic techniques for viscous
conservation laws, properties of Burnett functions and energy method through
the micro-macro decomposition of the Boltzmann equation. In particular, one of
the key observations is a detailed analysis of the Burnett functions so that the
energy estimates can be obtained in a clear way. As an application of the main
results in this paper, we prove the large time nonlinear asymptotic stability of
rarefaction waves to the Boltzmann equation with soft potentials.

1. Introduction

Consider the Boltzmann equation with slab symmetry in one space variable

ft + ξ1fx = Q(f, f), f(0, x, ξ) = f0(x, ξ), (1.1)

where f(t, x, ξ) is the particle distribution function at time t ≥ 0, position x ∈ R

with velocity ξ = (ξ1, ξ2, ξ3) ∈ R3. Here, the collision operator is given by

Q(f, g)(ξ) =
1

2

∫
R3×S2

B(|ξ−ξ∗|, ϑ){f(ξ′)g(ξ′∗)+f(ξ′∗)g(ξ′)−f(ξ)g(ξ∗)−f(ξ∗)g(ξ)}dξ∗dω

≡ Q1
gain(f, g) + Q2

gain(f, g) + Q1
loss(f, g) + Q2

loss(f, g), (1.2)

where f(ξ) = f(t, x, ξ), ω ∈ S2 with S2 denoting the unit sphere in R3, and

ξ′ = ξ − [(ξ − ξ∗) · ω]ω, ξ′∗ = ξ∗ + [(ξ − ξ∗) · ω]ω, (1.3)

which give the relations between velocities of particles before and after an elastic

collision.

For the interaction potential satisfying the inverse power law and under the Grad’s

angular cutoff assumption, the cross-section B(|ξ − ξ∗|, ϑ) takes the form

B(|ξ − ξ∗|, ϑ) = B(ϑ)|ξ − ξ∗|γ, cos ϑ = ((ξ − ξ∗) · ω)/|ξ − ξ∗|, −3 < γ ≤ 1,

where B(ϑ) satisfies that 0 < B(ϑ) ≤ const.| cos ϑ|. Throughout this paper, we will

consider the case with soft potentials, that is, the case when −3 < γ < 0.
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We decompose the Boltzmann equation and its solution with respect to the local

Maxwellian [16] as:

f(t, x, ξ) = M(t, x, ξ) + G(t, x, ξ),

where the local Maxwellian M and G represent the macroscopic and microscopic

component in the solution respectively. Precisely, the local Maxwellian M is de-

fined by the five conserved quantities, that is, the mass density ρ(t, x), momentum

m(t, x) = ρ(t, x)u(t, x), and energy density (E(t, x) + 1
2
|u(t, x)|2):⎧⎪⎨

⎪⎩
ρ(t, x) ≡ ∫

R3 f(t, x, ξ)dξ,
mi(t, x) ≡ ∫

R3 ψi(ξ)f(t, x, ξ)dξ, for i = 1, 2, 3,[
ρ(E(t, x) + 1

2
|u(t, x)|2)] ≡ ∫

R3 ψ4(ξ)f(t, x, ξ)dξ, (1.4)

as

M ≡ M[ρ,u,θ](t, x, ξ) ≡ ρ(t, x)√
(2πRθ(t, x))3

exp
(
− |ξ − u(t, x)|2

2Rθ(t, x)

)
. (1.5)

Here θ(t, x) is the temperature which is related to the internal energy E by E = 3
2
Rθ

with R being the gas constant, and u(t, x) is the fluid velocity. It is well known that

the collision invariants ψα(ξ) used above are given by⎧⎨
⎩

ψ0(ξ) ≡ 1,
ψi(ξ) ≡ ξi, for i = 1, 2, 3,
ψ4(ξ) ≡ 1

2
|ξ|2, (1.6)

satisfying ∫
R3

ψi(ξ)Q(f, g)dξ = 0, for i = 0, 1, 2, 3, 4.

From now on, the inner product of two functions h and g in L2
ξ(R

3) with respect

to a given Maxwellian M̃ is defined by:

〈h, g〉M̃ ≡
∫

R3

1

M̃
h(ξ)g(ξ)dξ,

when the integral is well defined. If M̃ is the local Maxwellian M , corresponding to

this inner product, the macroscopic space is spanned by the following five pair-wise

orthonormal functions⎧⎪⎪⎪⎨
⎪⎪⎪⎩

χ0(ξ) ≡ 1√
ρ
M,

χi(ξ) ≡ ξi−ui√
Rθρ

M, for i = 1, 2, 3,

χ4(ξ) ≡ 1
6ρ

(
|ξ−u|2

Rθ
− 3

)
M,

〈χi, χj〉 = δij, i, j = 0, 1, 2, 3, 4. (1.7)
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In terms of these five basic functions, the macroscopic projection P0 and micro-

scopic projection P1 are given by{
P0h ≡ ∑4

j=0〈h, χj〉χj,
P1h ≡ h − P0h.

Obviously, they satisfy

P0P0 = P0, P1P1 = P1, P1P0 = P0P1 = 0.

And, a function h(ξ) is called microscopic if∫
R3

h(ξ)ψi(ξ)dξ = 0, for i = 0, 1, 2, 3, 4.

Based on this decomposition, the solution f(t, x, ξ) of the Boltzmann equation sat-

isfies

P0f = M, P1f = G,

and the Boltzmann equation becomes

(M + G)t + ξ1(M + G)x = Q(G,M) + Q(M,G) + Q(G,G),

which is equivalent to the following fluid-type system for the macroscopic compo-

nents:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ρt + (ρu1)x = 0,
(ρu1)t + (ρu2

1 + p)x = − ∫
R3 ξ2

1Gxdξ,
(ρui)t + (ρu2

i )x = − ∫
R3 ξ1ξiGxdξ, i = 2, 3,(

ρ
(
e + |u|2

2

))
t
+

(
ρu1

(
e + |u|2

2
+ pu1

))
x

= − ∫
R3 ξ1|ξ|2Gxdξ, (1.8)

together with the equation for the microscopic component G:

Gt + P1(ξ1Gx) + P1(ξ1Mx) = LMG + Q(G,G), (1.9)

where

G = L−1
M (P1(ξ1Mx)) + L−1

M Θ, (1.10)

and

Θ = Gt + P1(ξ1Gx) − Q(G,G). (1.11)

Here, LM is the linearized operator of the collision operator with respect to the local

Maxwellian M :

LMh = Q(h,M) + Q(M,h),

and the null space N of LM is spanned by the macroscopic variables, χj, j =

0, 1, 2, 3, 4. Moreover, the linearized operator takes the form

(LMh)(ξ) = −νM(ξ)h(ξ) + KMh(ξ)
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where the collisional frequency νM(ξ) is defined by

νM(ξ) =

∫
R3×S2

|ξ − ξ∗|γM(ξ∗)B(ϑ)dξ∗dω = c

∫
R3

|ξ − ξ∗|γM(ξ∗)dξ∗, (1.12)

for some constant c > 0. And KM = K2M − K1M is given by

K1Mg =

∫
R3×S2

|ξ − ξ∗|γM(ξ)g(ξ∗)B(ϑ)dξ∗dω, (1.13)

K2Mg =

∫
R3×S2

|ξ − ξ∗|γ{M(ξ′)g(ξ′∗) + g(ξ′)M(ξ′∗)}B(ϑ)dξ∗dω. (1.14)

Furthermore, it is known that there exists a positive constant σ0(ρ, u, θ) > 0 such

that for any function h(ξ) ∈ N⊥, cf. [7],

〈h, LMh〉 ≤ −σ0〈νM(ξ)h, h〉. (1.15)

Notice that for the soft potentials with angular cutoff, the collision frequency νM(ξ)

has the following property

ν0(1 + |ξ − u|2)γ/2 ≤ νM(ξ) ≤ ν1(1 + |ξ − u|2)γ/2, (1.16)

for some positive constants ν0 and ν1.

To have a clear representation for the macroscopic variables, we plug (1.10) into

(1.8) to obtain⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρt + (ρu1)x = 0,

(ρu1)t + (ρu2
1 + p)x = −

( ∫
R3 ξ2

1L
−1
M (ξ1Mx)dξ

)
x
−

( ∫
R3 ξ2

1L
−1
M Θdξ

)
x
,

(ρui)t + (ρu2
i )x = −

( ∫
R3 ξ1ξiL

−1
M (ξ1Mx)dξ

)
x
−

( ∫
R3 ξ1ξiL

−1
M Θdξ

)
x
, i = 2, 3,(

ρ
(
e + |u|2

2

))
t
+

(
ρu1

(
e + |u|2

2
+ pu1

))
x

= −
( ∫

R3 ξ1|ξ|2L−1
M (ξ1Mx)dξ

)
x
−

( ∫
R3 ξ1|ξ|2L−1

M Θdξ
)

x
. (1.17)

To present the main results in this paper, we will use the following notations. Let

α and β be a non-negative integer and a multi-index β = [β1, β2, β3], respectively.

Denote

∂α
β ≡ ∂α

x ∂β1

ξ1
∂β2

ξ2
∂β3

ξ3
.

If each component of β is not greater than the corresponding one of β, we use the

standard notation β ≤ β. And β < β means that β ≤ β and |β| < |β|. C β̄
β is

the usual binomial coefficient. We shall use ‖ · ‖ to denote the L2 norms in Rx or

Rx ×R3
ξ with the weight function 1

M−
and ‖ · ‖ν to denote the L2 norm in Rx ×R3

ξ

with the weight function ν(ξ)
M−

where M− = M[ρ−,u−,θ−] is a given global Maxwellian.

And ν(ξ) and LM− denote the collision frequency and linearized collision operator

corresponding to the global Maxwellian M−. In addition, we introduce a weight
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function of ξ as w(ξ) = (1+ |ξ−u−|2)γ/2. And C denotes a generic positive constant

which may vary from line to line.

In this paper, we consider the stability of a given local Maxwellian

M[ρ,u,θ] =
ρ(t, x)√

(2πRθ(t, x))3

exp
(
− |ξ − u(t, x))|2

2Rθ(t, x)

)
, (1.18)

when its fluid variables (ρ̄(t, x), ū(t, x), θ̄(t, x)) satisfy some assumptions given later.

We define (ρ̃, ũ, θ̃) and G̃ as

ρ̃(t, x) = ρ(t, x) − ρ(t, x),

ũ(t, x) = u(t, x) − u(t, x),

θ̃(t, x) = θ(t, x) − θ(t, x),

G̃(t, x, ξ) = G(t, x, ξ) − G(t, x, ξ),

where

G(t, x, ξ) = L−1
M P1ξ1M

{ |ξ − u|2θx

2Rθ2
+

(ξ − u) · ux

Rθ

}
. (1.19)

To show the stability of a given local Maxwellian (1.18), a key step is to estab-

lish some suitable uniform energy estimates. In fact, the following instant energy

functional E(t) will be used:

E(t) = ‖(ρ̃, ũ, θ̃)‖2 +
∑

1≤|α|≤N

‖∂α(ρ, u, θ)(t)‖2

+
∑

1≤|α|,|α|+|β|≤N

‖w|β|∂α
β G(t)‖2 +

∑
|β|≤N

‖w|β|∂βG̃(t)‖2. (1.20)

As usual, the instant energy functional E(t) is assumed to be small enough a priorily.

And this will be closed by the energy estimate in the end.

Correspondingly, the dissipation rate D(t) is given by

D(t) = ‖(ρ̃x, ũx, θ̃x)‖2 +
∑

2≤|α|≤N

‖∂α(ρ, u, θ)(t)‖2

+
∑

1≤|α|,|α|+|β|≤N

‖w|β|∂α
β G(t)‖2

ν +
∑
|β|≤N

‖w|β|∂βG̃(t)‖2
ν . (1.21)

As in [16, 17], the following macroscopic entropy S will be estimated for the lower

order energy estimates. Set

−3

2
ρS ≡

∫
R3

M ln Mdξ. (1.22)

Direct calculation yields

−3

2
(ρS)t − 3

2
(ρu1S)x +

( ∫
R3

(ξ1 ln M)Gdξ
)

x
=

∫
R3

Gξ1Mx

M
dξ (1.23)
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and

S = −2

3
ln ρ + ln(2πRθ) + 1, p =

2

3
ρθ = kρ

5
3 exp(S), e = θ, R =

2

3
. (1.24)

Rewrite the conservation laws (1.8) by

mt + nx = −

⎛
⎜⎜⎜⎜⎝

0∫
R3 ξ2

1Gdξ∫
R3 ξ1ξ2Gdξ∫
R3 ξ1ξ3Gdξ

1
2

∫
R3 ξ1|ξ|2Gdξ

⎞
⎟⎟⎟⎟⎠

x

.

Here

m = (m0, m1, m2, m3, m4)
t = (ρ, ρu1, ρu2, ρu3, ρ(

1

2
|u|2 + θ))t,

m = (n0, n1, n2, n3, n4)
t = (ρu1, ρu2

1 +
2

3
ρθ, ρu1u2, ρu1u3, ρu1(

1

2
|u|2 +

5

3
θ))t.

Then define an entropy-entropy flux pair (η, q) around a Maxwellian M = M[ρ,u,θ]

(ui = 0, i = 2, 3) as

η = θ{−3

2
ρS +

3

2
ρS +

3

2
∇m(ρS)|m=m(m − m)},

q = θ{−3

2
ρu1S +

3

2
ρu1S +

3

2
∇m(ρS)|m=m(n − n)}. (1.25)

Since

(ρS)m0 = S +
|u|2
2θ

− 5

3
, (ρS)mi

= −ui

θ
, i = 1, 2, 3, (ρS)m4 =

1

θ
,

it holds that

η =
3

2
{ρθ − θρS + ρ[(S − 5

3
)θ +

|u − u|2
2

] +
2

3
ρθ},

q = u1η + (u1 − u1)(ρθ − ρθ). (1.26)

Note that for m in any closed bounded region in
∑

= {m : ρ > 0, θ > 0}, there

exists constant C > 1 such that

C−1|m − m|2 ≤ η ≤ C|m − m|2.
We are now ready to state the assumptions on the macro components (ρ, u, θ)(t, x):

H1. (ρ, u1, θ)(t, x) solves the Euler equations⎧⎪⎨
⎪⎩

ρt + (ρu1)x = 0,
(ρu1)t + (ρu2

1 + p)x = 0,(
ρ
(
e + |u1|2

2

))
t
+

(
ρu1

(
e + |u1|2

2
+ pu1

))
x

= 0, (1.27)

where p = Rρθ and e = 3
2
Rθ.
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H2. u2 = u3 = 0, u1x ≥ 0 for any (t, x) ∈ R+ × R. And there exist positive

constants ρ− > 0, θ− > 0, and η0 > 0, u− ∈ R3 such that for all (t, x),

1

2
sup

(t,x)∈R+×R

θ(t, x) < θ− < inf
(t,x)∈R+×R

θ(t, x), (1.28)

|ρ(t, x) − ρ−| + |u(t, x) − u−| + |θ(t, x) − θ−| < η0. (1.29)

H3. For any p (1 ≤ p ≤ ∞), there exists a constant C(p) > 0 depending on p

such that for some sufficiently large constant t0 > 0,

‖(ρ, u, θ)x(t, x)‖Lp ≤ C(p)(t + t0)
−1+ 1

p ,

‖ ∂j

∂xj
(ρ, u, θ)(t, x)‖Lp ≤ C(p)(t + t0)

−1, j ≥ 2.

H4. The following estimate on the entropy-entropy flux (η, q) pair in (1.25) holds:∫
R

[
∇(ρ,u,S)η · (ρ, u, S)t + ∇(ρ,u,S)q · (ρ, u, S)x

]
dx ≤ g(t)‖

√
η(t)‖2, (1.30)

where the function g(t) ≥ 0 satisfies
∫ ∞

0
g(t)dt ≤ Cgε for some small constant ε > 0.

As will be shown in the last section, our assumptions are valid for rarefaction

wave profiles. Obviously, they also hold true for the global Maxwellian M[ρ,u,θ] with

ρ = ρ− + ε1, u1 = u−1 + ε1 and θ = θ− + ε1 for some small constant ε1 > 0.

For (ρ, u, θ)(t, x) satisfying the assumptions H1-H4, we define I(ε0, ε, η0; ρ, u, θ)

to be the set of initial data f0(x, ξ) satisfying∑
|α|+|β|≤N

‖w|β|∂α
β (f0(x, ξ) − M[ρ(0,x),u(0,x),θ(0,x)])‖2 ≤ ε0, (1.31)

for any N ≥ 6 and a global Maxwellian M− satisfying (1.28) and (1.29).

With the above preparation, the main result of this paper can be stated as follows.

Theorem 1.1. Let ε and ε0 be suitably small positive constants. Then for each

f0(x, ξ) ∈ I(ε0, ε, η0; ρ, u, θ), the Cauchy problem for the Boltzmann equation (1.1)

with initial data f0(x, ξ) has a unique global solution f(t, x, ξ) satisfying, for some

small positive constant δ0 > 0 and any t > 0,

E(t) +

∫ t

0

D(s)ds ≤ Cδ0, (1.32)

and ∑
|α|+|β|≤N

‖w|β|∂α
β (f(t, x, ξ) − M[ρ,u,θ])‖ ≤ Cδ0. (1.33)

As an important application of Theorem 1.1, we can prove the nonlinear large time
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asymptotic stability of rarefaction waves to the Boltzmann equation with soft po-

tentials as stated in the following theorem.

Theorem 1.2. Let (ρ, u, θ)(t, x) be the smooth rarefaction wave constructed in

(4.6) with (4.8) and (4.9) in section 4. If the initial data f0(x, ξ) satisfies∑
|α|+|β|≤N

‖w|β|∂α
β (f0(x, ξ) − M[ρ(0,x),u(0,x),θ(0,x)])‖2 ≤ ε0

for some global Maxwellian M− = M[ρ−,u−,θ−], then when ε0 is small enough, the

problem (1.1) admits a unique global solution f(t, x, ξ) satisfying for some small

positive constant δ0 > 0 and for all t,∑
|α|+|β|≤N

‖w|β|∂α
β (f(t, x, ξ) − M[ρ,u,θ])‖ ≤ δ0.

Moreover, the solution tends to the local equilibrium rarefaction wave profile time

asymptotically in the following sense

lim
t→∞

sup
x∈R

∑
|α|+|β|≤N−1

‖w|β|∂α
β (f(t, x, ξ) − M[ρR,uR,θR])‖L2

ξ
= 0.

Here, the global Maxwellian M− satisfies that for all (t, x), 1
2
θ(t, x) < θ− < θ(t, x),

and |ρ(t, x) − ρ−| + |u(t, x) − u−| + |θ(t, x) − θ−| < η0.

In the rest of the introduction, we will first review some previous works related

to this paper. Although there is extensive literature on the mathematical theory

for the Boltzmann equation for hard potentials with angular cutoff, less is known

for the soft potentials. For the study on the wave patterns, around 1980, under the

angular cutoff condition, Nicolaenko, Thurber and Caflisch constructed the shock

profile solutions of the Boltzmann equation in [24] and [4] for γ ∈ [0, 1]. Recently,

Liu and Yu [18, 31] established the positivity and hydrodynamic limit of shock

profile solutions of the Boltzmann equation for hard sphere model, that is, when

γ = 1. On the other hand, the nonlinear stability of rarefaction waves to the

Boltzmann equation was considered in [17, 30] with different boundary conditions

for γ ∈ [0, 1]. And Huang, Xin and Yang studied the stability of contact waves with

general perturbations for γ ∈ [0, 1] in [8]. In addition, the hydrodynamic limits of

contact discontinuities and rarefaction waves were also obtained in [10] and [29],

respectively. Note that the above results are obtained under the assumption when

γ ≥ 0 so that it is has been an interesting problem to consider the corresponding

problems when −3 < γ < 0.
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For the Boltzmann equation with soft potentials, there are results on the per-

turbation of vacuum and a global Maxwellian. Precisely, global existence of the

renormalized solution with large initial data was constructed in [6] for all γ > −3.

This result was partially generalized to the case without angular cutoff in [1]. Caflish

[3] and Ukai-Asano [26] obtained global classical solution near a global Maxwellian

for γ > −1. Guo [7, 25] constructed global solutions near a global Maxwellian for

all γ > −3 in a torus. The results in the torus were generalized to the case in the

whole space by Hsiao and Yu in [9].

In this paper, we show that the Boltzmann equation with soft potential admits

a unique global solution when the initial data is a small perturbation of a given

local Maxwellian. In particular, this yields the stability of the rarefaction waves for

the Boltzmann equation for soft potentials. Here, we would like to mention that

for the Navier-Stokes equations, the stability of rarefaction waves with or without

boundary effects has been extensively studied in [14, 15, 21, 22, 23]. Moreover, the

case for the Broadwell model of discrete velocity gas was studied in [19, 28]. The

problem we considered in this paper corresponds to the Navier-Stokes equations with

ideal gas law when p = Rρθ with θ = 3Re/2. For more works to the compressible

Navier-Stokes equations, see [12, 15, 23] and the references therein.

Finally we would like to make some comments on the analysis of this paper. Since

the solution is a uniform small perturbation of a local Maxwellian, the structure and

properties of the underlying local Maxwellian should play a key role in our analysis.

Thus it is natural to use the general framework based on the deeper analytical

understanding of the compressible Navier-Stokes equations and the macro-micro

decomposition of the solutions to the Boltzmann equation with respect to the local

Maxwellian in [18, 16] as in the case of hard potentials. However, for the case

of soft potentials, the collision operator has a strong singularities for γ < 0, thus

elaborated analytical techniques are needed even in the case of perturbation of a

global Maxwellian as Guo has done successfully in [7]. These difficulties are more

pronounced in the case of perturbations of a local Maxwellian. Indeed, one of the

key elements in our energy estimates is to control the bounds on G̃ defined in (1.19)

to deal with the difficulties that ‖(ux, θx)‖2 is not integrable to time t. However, in

contrast to the hard potentials [17], now the inverse of the linearized operator L−1
M

is an unbounded operator in L2(R3), which leads to considerable difficulties in our

analysis, in particular, in the lower order estimates in the terms of entropy-entropy

flux pairs, see section 3.2. One of the key observations in this paper is that by
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making use of the Burnett functions and their integrability and decay properties, we

are able to identify a set of functions on which L−1
M is an bounded operator in suitable

weighted L2 spaces, see Lemma 2.5. Furthermore, this makes it possible to calculate

some microscopic terms more precisely and thus to complete the energy estimates in

a systematic and clear way. On the other hand, to overcome the difficulties caused

by the strong singularity in the kernels for the soft potentials, we also employ some

useful techniques and ideas developed by Guo in [7] for a global Maxwellian.

The rest of the paper will be organized as follows. In the next section, we will

give some basic estimates on the collision operator and the Burnett functions. The

global existence of the solution will be proved in the third section. Finally, in the

last section, we will apply our main theorem to the nonlinear stability of rarefaction

waves for the Boltzmann equation.

2. Basic estimates

In this section, we will prove some basic estimates on the collision operator and

the Burnett functions for the Boltzmann equation with soft potentials.

By the translation invariant of the collision operator Q, it is known that

∂α
β Q(f, g) =

∑
Cα1

α Cβ1

β Q(∂α1
β1

f, ∂α2
β2

g) ≡
∑

Cα1
α Cβ1

β [Q1
gain(∂α1

β1
f, ∂α2

β2
g)

+Q2
gain(∂α1

β1
f, ∂α2

β2
g) − Q1

loss(∂
α1
β1

f, ∂α2
β2

g) − Q2
loss(∂

α1
β1

f, ∂α2
β2

g)]. (2.1)

The weighted estimate on the collision operator with derivatives will be given in

the following lemmas. In the proof of the following lemma, we use some ideas due

to Guo in [7].

Lemma 2.1. Suppose that M is defined by (1.5), M− satisfies (1.28)-(1.29) and

the following inequalities hold for some sufficiently small ε0 ∈ (0, η0),

1

2
θ(t, x) < θ− < θ(t, x),

|ρ(t, x) − ρ−| + |u(t, x) − u−| + |θ(t, x) − θ−| < ε0.

Let M∗ = M[ρ∗,u∗,θ∗] be either M or M−. Assume β1 + β2 = β, α1 + α2 = α, and

|β| ≤ θ. If |α1| + |β1| ≤ N/2, then∣∣∣ ∫
R3

w2θ(ξ)Q(∂α1
β1

f, ∂α2
β2

g)
h(ξ)

M∗(ξ)
dξ

∣∣∣ ≤ C
∑

|α1|+|β′|≤N−1

{∫
R3

w2|β′|(ξ)
|∂α1

β′ f(ξ)|2
M∗(ξ)

dξ
}1/2

×
{∫

R3

w2|β2|(ξ)ν(ξ)
|∂α2

β2
g(ξ)|2

M∗(ξ)
dξ

}1/2{∫
R3

w2θ(ξ)ν(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

. (2.2)
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Similarly, if |α2| + |β2| ≤ N/2, then∣∣∣ ∫
R3

w2θ(ξ)Q(∂α1
β1

f, ∂α2
β2

g)
h(ξ)

M∗(ξ)
dξ

∣∣∣ ≤ C
∑

|α2|+|β′|≤N−1

{∫
R3

w2|β′|(ξ)
|∂α2

β′ g(ξ)|2
M∗(ξ)

dξ
}1/2

×
{∫

R3

w2|β1|(ξ)ν(ξ)
|∂α1

β1
f(ξ)|2

M∗(ξ)
dξ

}1/2{∫
R3

w2θ(ξ)ν(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

. (2.3)

Proof. Consider the first loss term Q1
loss in (2.1). If |α2| + |β2| ≤ N/2, it follows

that ∫
R3×S2

|ξ − ξ∗|γB(ϑ)|∂α2
β2

g(ξ∗)|dξ∗dω

≤ C
{∫

R3

|ξ − ξ∗|γM1/2
∗ (ξ∗)dξ∗

}1/2{∫
R3

|ξ − ξ∗|γM1/2
∗ (ξ∗)

|∂α2
β2

g(ξ∗)|2
M∗(ξ∗)

dξ∗
}1/2

≤ C sup
ξ∗

{
M1/8

∗ (ξ∗)
|∂α2

β2
g(ξ∗)|√

M∗(ξ∗)

}∫
R3

|ξ − ξ∗|γM1/4
∗ (ξ∗)dξ∗

≤ C
∑

|α2|+|β′|≤N−1

{∫
R3

w2|β′|(ξ∗)
|∂α2

β′ g(ξ∗)|2
M∗(ξ∗)

dξ∗
}1/2

× [1 + |ξ − u∗|]γ.

Here the following inequality has been used:

sup
ξ

{
M1/8

∗ (ξ′)
|∂α1

β1
f(ξ)|2

M∗(ξ)

}
≤ C

∑
|α1|+|β′|≤N−1

∫
R3

w2|β′|(ξ)
|∂α1

β′ f(ξ)|2
M∗(ξ)

dξ. (2.4)

Since M∗ = M[ρ∗,u∗,θ∗] is M or M−, it follows from the assumptions that

(1 + |ξ − u∗|2)γ/2 ≤ C(1 + |ξ − u−|2)γ/2 ≤ ν(ξ).

This leads to ∣∣∣ ∫
R3

w2θ(ξ)Q1
loss(∂

α1
β1

f, ∂α2
β2

g)
h(ξ)

M∗(ξ)
dξ

∣∣∣
=

∣∣∣ ∫
R3×S2

w2θ(ξ)|ξ − ξ∗|γB(ϑ)∂α1
β1

f(ξ)∂α2
β2

g(ξ∗)
h(ξ)

M∗(ξ)
dξdξ∗dω

∣∣∣
≤ C

∑
|α2|+|β′|≤N−1

{∫
R3

w2|β′|(ξ∗)
|∂α2

β′ g(ξ∗)|2
M∗(ξ∗)

dξ∗
}1/2

×
∫

R3

[1 + |ξ − u∗|]γw2θ(ξ)|∂α1
β1

f(ξ)| |h(ξ)|
M∗(ξ)

dξ

≤ C
∑

|α2|+|β′|≤N−1

{∫
R3

w2|β′|(ξ∗)
|∂α2

β′ g(ξ∗)|2
M∗(ξ∗)

dξ∗
}1/2{∫

R3

ν(ξ)w2θ(ξ)
|∂α1

β1
f(ξ)|2

M∗(ξ)
dξ

}1/2

×
{∫

R3

ν(ξ)w2θ(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

, (2.5)

which is bounded by the right hand side of (2.3).
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Now turn to the case of |α1|+ |β1| ≤ N/2. For this, the (ξ, ξ∗) integration domain

is split into two parts

{|ξ∗ − u∗| ≥ |ξ − u∗|/2} ∪ {|ξ∗ − u∗| ≤ |ξ − u∗|/2} ≡ A ∪ B.

For the first region A = {|ξ∗ − u∗| ≥ |ξ − u∗|/2},√
M∗(ξ∗) ≤ CM1/4

∗ (ξ∗)M1/16
∗ (ξ).

The term Q1
loss over the domain A can be bounded by∣∣∣ ∫

A
w2θ(ξ)|ξ − ξ∗|γB(ϑ)∂α1

β1
f(ξ)∂α2

β2
g(ξ∗)

h(ξ)

M∗(ξ)
dξdξ∗dω

∣∣∣
=

∣∣∣ ∫
A

w2θ(ξ)|ξ − ξ∗|γB(ϑ)
√

M∗(ξ∗)
∂α1

β1
f(ξ)√

M∗(ξ)

∂α2
β2

g(ξ∗)√
M∗(ξ∗)

h(ξ)√
M∗(ξ)

dξdξ∗dω
∣∣∣

≤ C
{∫

R3×R3

w2θ(ξ)|ξ − ξ∗|γM1/4
∗ (ξ∗)M1/16

∗ (ξ)
|∂α1

β1
f(ξ)|2

M∗(ξ)
|h(ξ)|2
M∗(ξ)

dξdξ∗
}1/2

×
{∫

R3×R3

w2θ(ξ)|ξ − ξ∗|γM1/4
∗ (ξ∗)M1/16

∗ (ξ)
|∂α2

β2
g(ξ∗)|2

M∗(ξ∗)
dξdξ∗

}1/2

≤ C sup
ξ

{
M1/32

∗ (ξ)
|∂α1

β1
f(ξ)|√

M∗(ξ)

}{∫
R3

ν(ξ)w2θ(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

×
{∫

R3

M1/4
∗ (ξ∗)

|∂α2
β2

g(ξ∗)|2
M∗(ξ∗)

dξdξ∗
}1/2

.

Applying (2.4) to the first term of the last line concludes the first part A.

Next consider the term Q1
loss over the domain B. We assume further that |ξ−u∗| ≤

1. Since γ < 0, |ξ − ξ∗|γ ≤ C|ξ − u∗|γ, thus∣∣∣ ∫
B∩{|ξ−u∗|≤1}

w2θ(ξ)|ξ − ξ∗|γB(ϑ)
√

M∗(ξ∗)
∂α1

β1
f(ξ)√

M∗(ξ)

∂α2
β2

g(ξ∗)√
M∗(ξ∗)

h(ξ)√
M∗(ξ)

dξdξ∗dω
∣∣∣

≤ C

∫
|ξ−u∗|≤1

{∫
R3

|ξ − ξ∗|γ/2
√

M∗(ξ∗)
|∂α2

β2
g(ξ∗)|√

M∗(ξ∗)
dξ∗

}
|ξ −u∗|γ/2

|∂α1
β1

f(ξ)|√
M∗(ξ)

|h(ξ)|√
M∗(ξ)

dξ

≤ C
{∫

|ξ−u∗|≤1

|ξ − u∗|γ
|∂α1

β1
f(ξ)|2

M∗(ξ)
dξ

}1/2{∫
|ξ−u∗|≤1

|h(ξ)|2
M∗(ξ)

dξ
}1/2

×
{∫

R3

M1/4
∗ (ξ∗)

|∂α2
β2

g(ξ∗)|2
M∗(ξ∗)

dξ∗
}1/2

≤
∑

|α1|+|β′|≤N−1

{∫
R3

w2|β′|(ξ)
|∂α1

β′ f(ξ)|2
M∗(ξ)

dξ
}1/2

×
{∫

R3

w2|β2|(ξ∗)ν(ξ∗)
|∂α2

β2
g(ξ∗)|2

M∗(ξ∗)
dξ∗

}1/2{∫
R3

w2θ(ξ)ν(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

,
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where one has used the inequality{∫
|ξ−u∗|≤1

|ξ − u∗|γ
|∂α1

β1
f(ξ)|2

M∗(ξ)
dξ

}1/2

≤ C sup
|ξ−u∗|≤1

|∂α1
β1

f(ξ)|√
M∗(ξ)

≤ C
∑

|α1|+|β′|≤N−1

{∫
R3

w2|β′|(ξ)
|∂α1

β′ f(ξ)|2
M∗(ξ)

dξ
}1/2

. (2.6)

For the last part B ∩ {|ξ − u∗| ≥ 1}, it holds that∣∣∣ ∫
B∩{|ξ−u∗|≥1}

w2θ(ξ)|ξ − ξ∗|γB(ϑ)
√

M∗(ξ∗)
∂α1

β1
f(ξ)√

M∗(ξ)

∂α2
β2

g(ξ∗)√
M∗(ξ∗)

h(ξ)√
M∗(ξ)

dξdξ∗dω
∣∣∣

≤ C

∫
R3

√
M∗(ξ∗)

|∂α2
β2

g(ξ∗)|√
M∗(ξ∗)

dξ∗ ×
∫
|ξ−u∗|≥1

w2θ(ξ)|ξ − u∗|γ
|∂α1

β1
f(ξ)|√

M∗(ξ)

|h(ξ)|√
M∗(ξ)

dξ

≤ C
{∫

R3

w2|β1|(ξ)
|∂α1

β1
f(ξ)|2

M∗(ξ)
dξ

}1/2{∫
R3

w2|β2|(ξ∗)ν(ξ∗)
|∂α2

β2
g(ξ∗)|2

M∗(ξ∗)
dξ∗

}1/2

×
{∫

R3

w2θ(ξ)ν(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

,

which is bounded by (2.2). Similarly for the second loss term, one can obtain the

same estimates.

In what follows we will estimate the first gain term in (2.1). We use the partition

A and B again. In the region A = {|ξ∗ − u∗| ≥ |ξ − u∗|/2},√
M∗(ξ∗) ≤ CM1/4

∗ (ξ∗)M1/16
∗ (ξ),

and we have ∫
A

w2θ(ξ)|ξ − ξ∗|γB(ϑ)∂α1
β1

f(ξ′)∂α2
β2

g(ξ′∗)
h(ξ)

M∗(ξ)
dξ∗dωdξ

=

∫
A

w2θ(ξ)|ξ − ξ∗|γB(ϑ)
√

M∗(ξ∗)
∂α1

β1
f(ξ′)√

M∗(ξ′)

∂α2
β2

g(ξ′∗)√
M∗(ξ′∗)

h(ξ)√
M∗(ξ)

dξ∗dωdξ

≤ C
{∫

R3×R3×S2

|ξ − ξ∗|γB(ϑ)M1/4
∗ (ξ∗)M1/16(ξ)

|∂α1
β1

f(ξ′)|2
M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ∗dωdξ
}1/2

×
{∫

R3×R3

w2θ(ξ)|ξ − ξ∗|γM1/4
∗ (ξ∗)M1/16

∗ (ξ)
|h(ξ)|2
M∗(ξ)

dξ∗dξ
}1/2

≤ C
{∫

R3×R3×S2

|ξ′−ξ′∗|γB(ϑ)M1/16
∗ (ξ′∗)M

1/16
∗ (ξ′)

|∂α1
β1

f(ξ′)|2
M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ′∗dωdξ′
}1/2

×
{∫

R3

ν(ξ)w2θ(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

, (2.7)
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where one has used the facts |ξ|2 + |ξ∗|2 = |ξ′|2 + |ξ′∗|2 and |ξ − ξ∗| = |ξ′ − ξ′∗|.
Assuming that |α1| + |β1| ≤ N/2 and using a similar inequality as in (2.4), one can

bound the integral in (2.7) by∫
R3×R3×S2

|ξ′ − ξ′∗|γB(ϑ)M1/16
∗ (ξ′∗)M

1/16
∗ (ξ′)

|∂α1
β1

f(ξ′)|2
M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ′∗dωdξ′

≤ C
∑

|α1|+|β′|≤N−1

∫
R3

w2|β′|(ξ)
|∂α1

β′ f(ξ)|2
M∗(ξ)

dξ

×
∫

R3×R3

|ξ′ − ξ′∗|γM1/32
∗ (ξ′∗)M

1/32
∗ (ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ′∗dξ′

≤ C
∑

|α1|+|β′|≤N−1

∫
R3

w2|β′|(ξ)
|∂α1

β′ f(ξ)|2
M∗(ξ)

dξ

∫
R3

M1/32
∗ (ξ′∗)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ′∗.

Therefore for |α1| + |β1| ≤ N/2, it holds that∣∣∣ ∫
A

w2θ(ξ)Q1
gain(∂α1

β1
f, ∂α2

β2
g)

h(ξ)

M∗(ξ)
dξ

∣∣∣
≤ C

∑
|α1|+|β′|≤N−1

{∫
R3

w2|β′|(ξ)
|∂α1

β′ f(ξ)|2
M∗(ξ)

dξ
}1/2{∫

R3

M1/32
∗ (ξ′∗)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ′∗
}1/2

×
{∫

R3

ν(ξ)w2θ(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

, (2.8)

which is controlled by the right hand side of (2.2) because M
1/32
∗ (ξ′∗) ≤ Cν(ξ′∗)w

2|β2|(ξ′∗).

Similarly, if |α2| + |β2| ≤ N/2, one has∣∣∣ ∫
A

w2θ(ξ)Q1
gain(∂α1

β1
f, ∂α2

β2
g)

h(ξ)

M∗(ξ)
dξ

∣∣∣
≤ C

∑
|α2|+|β′|≤N−1

{∫
R3

w2|β′|(ξ)
|∂α2

β′ g(ξ)|2
M∗(ξ)

dξ
}1/2{∫

R3

M1/32(ξ′)
|∂α1

β1
f(ξ′)|2

M∗(ξ′)
dξ′

}1/2

×
{∫

R3

ν(ξ)w2θ(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

. (2.9)

Since the last inequality in (2.7) is symmetric about ξ′ and ξ′∗, the second gain term

over such a region admits the same bound as the first one.

Now we consider the first gain term over B = {|ξ∗ − u∗| ≤ |ξ − u∗|/2}. Assume

further |ξ − u∗| ≤ 1. Then |ξ∗ − u∗| ≤ 1/2 and the gain term is bounded by∣∣∣ ∫
B,|ξ−u∗|≤1

w2θ(ξ)|ξ − ξ∗|γB(ϑ)∂α1
β1

f(ξ′)∂α2
β2

g(ξ′∗)
h(ξ)

M∗(ξ)
dξ∗dωdξ

∣∣∣
≤ C

{∫
B,|ξ−u∗|≤1

w2θ(ξ)B(ϑ)|ξ − u∗|γ
|∂α1

β1
f(ξ′)|2

M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξdξ∗dω
}1/2
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×
{∫

B,|ξ−u∗|≤1

w2θ(ξ)|ξ − ξ∗|γM∗(ξ∗)
|h(ξ)|2
M∗(ξ)

dξ∗dξ
}1/2

≤ C
{∫

B,|ξ−u∗|≤1

w2θ(ξ)B(ϑ)|ξ − u∗|γ
|∂α1

β1
f(ξ′)|2

M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξdξ∗dω
}1/2

×
{∫

R3

w2θ(ξ)ν(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

,

where one has used the fact that |ξ − ξ∗|γ ≤ 2−γ|ξ − u∗|γ. We now estimate the first

factor above. Since |ξ∗ − u∗| ≤ |ξ − u∗|/2, it follows from (1.3) that

|ξ′ − u∗| + |ξ′∗ − u∗| ≤ C[|ξ − u∗| + |ξ∗ − u∗|] ≤ C|ξ − u∗|. (2.10)

Since γ < 0, this implies

|ξ − u∗|γ ≤ C|ξ′ − u∗|γ, |ξ − u∗|γ ≤ C|ξ′∗ − u∗|γ, (2.11)

and w2θ(ξ) ≤ C min{w2θ(ξ′), w2θ(ξ′∗)} for θ ≥ 0. Thus, we have∣∣∣ ∫
B,|ξ−u∗|≤1

w2θ(ξ)B(ϑ)|ξ − u∗|γ
|∂α1

β1
f(ξ′)|2

M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξdξ∗dω
∣∣∣

≤ C

∫
|ξ′−u∗|≤C,|ξ′∗−u∗|≤C

min{w2θ(ξ′), w2θ(ξ′∗)}B(ϑ)

×min{|ξ′ − u∗|γ, |ξ′∗ − u∗|γ}
|∂α1

β1
f(ξ′)|2

M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξdξ∗dω.

Now changing variables (ξ′, ξ′∗) → (ξ, ξ∗), one can rewrite the right hand side of the

above inequality as

C

∫
|ξ−u∗|≤C,|ξ∗−u∗|≤C

min{w2θ(ξ), w2θ(ξ∗)}B(ϑ) min{|ξ−u∗|γ, |ξ∗−u∗|γ}

×|∂α1
β1

f(ξ)|2
M∗(ξ)

|∂α2
β2

g(ξ∗)|2
M∗(ξ∗)

dξdξ∗dω. (2.12)

For |α1| + |β1| ≤ N/2, (2.12) is bounded by

C

∫
|ξ−u∗|≤C

w2θ(ξ)|ξ − u∗|γ
|∂α1

β1
f(ξ)|2

M∗(ξ)
dξ

∫
|ξ∗−u∗|≤C

|∂α2
β2

g(ξ∗)|2
M∗(ξ∗)

dξ∗

≤ C sup
|ξ−u∗|≤C

|∂α1
β1

f(ξ)|2
M∗(ξ)

∫
|ξ∗−u∗|≤C

|∂α2
β2

g(ξ∗)|2
M∗(ξ∗)

dξ∗

≤ C
∑

|α1|+|β′|≤N−1

∫
R3

w2|β′|(ξ)
|∂α1

β′ f(ξ)|2
M∗(ξ)

dξ

∫
R3

w2θ(ξ∗)ν(ξ∗)
|∂α2

β2
g(ξ∗)|2

M∗(ξ∗)
dξ∗, (2.13)

which is bounded by the right hand side of (2.2).
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Similarly, if |α2| + |β2| ≤ N/2, we have∣∣∣ ∫
B,|ξ−u∗|≤1

w2θ(ξ)Q1
gain(∂α1

β1
f, ∂α2

β2
g)

h(ξ)

M∗(ξ)
dξ

∣∣∣
≤ C

∑
|α2|+|β′|≤N−1

∫
R3

w2|β′|(ξ∗)
|∂α2

β′ g(ξ∗)|2
M∗(ξ∗)

dξ

∫
R3

w2θ(ξ)ν(ξ)
|∂α1

β1
f(ξ)|2

M∗(ξ)
dξ∗

×
{∫

R3

w2θ(ξ)ν(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

. (2.14)

Since (2.12) is symmetric about ξ and ξ∗, the second gain term over such a region

has the same bound as the first one.

It remains to estimate the gain terms over the region B∩{|ξ−u∗| ≥ 1}. The first

gain term will be controlled by∣∣∣ ∫
B,|ξ−u∗|≥1

w2θ(ξ)|ξ − ξ∗|γB(ϑ)∂α1
β1

f(ξ′)∂α2
β2

g(ξ′∗)
h(ξ)

M∗(ξ)
dξ∗dωdξ

∣∣∣
≤ C

∫
w2θ(ξ)(1 + |ξ − u∗|)γ

√
M∗(ξ∗)B(ϑ)

|∂α1
β1

f(ξ′)|√
M∗(ξ′)

|∂α2
β2

g(ξ′∗)|√
M∗(ξ′∗)

|h(ξ)|√
M∗(ξ)

dξ∗dωdξ

≤ C
{∫

w2θ(ξ)(1 + |ξ − u∗|)γB(ϑ)
|∂α1

β1
f(ξ′)|2

M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ∗dωdξ
}1/2

×
{∫

w2θ(ξ)(1 + |ξ − u∗|)γM∗(ξ∗)
|h(ξ)|2
M∗(ξ)

dξ∗dξ
}1/2

≤ C
{∫

w2θ(ξ)(1 + |ξ − u∗|)γB(ϑ)
|∂α1

β1
f(ξ′)|2

M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ∗dωdξ
}1/2

×
{∫

w2θ(ξ)ν(ξ)
|h(ξ)|2
M∗(ξ)

dξ
}1/2

, (2.15)

due to |ξ − ξ∗|γ ≤ 4−γ(1 + |ξ − u∗|)γ. Next we estimate the first factor in the last

inequality. It follows from (2.10) and (2.11) that

(1 + |ξ − u∗|)γ ≤ C min{(1 + |ξ′ − u∗|)γ, (1 + |ξ′∗ − u∗|)γ},
w2θ(ξ) ≤ w2|β|(ξ) ≤ Cw2|β1|(ξ′)w2|β2|(ξ′∗). (2.16)

Assume that |α1| + |β1| ≤ N/2. Using these estimates and the change of variable

(ξ′, ξ′∗) → (ξ, ξ∗) gives∫
w2θ(ξ)(1 + |ξ − u∗|)γB(ϑ)

|∂α1
β1

f(ξ′)|2
M(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ∗dωdξ

≤ C

∫
w2|β1|(ξ′)w2|β2|(ξ′∗)(1 + |ξ′∗ − u∗|)γB(ϑ)

|∂α1
β1

f(ξ′)|2
M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ∗dωdξ

= C

∫
w2|β1|(ξ)w2|β2|(ξ∗)(1 + |ξ∗ − u∗|)γB(ϑ)

|∂α1
β1

f(ξ)|2
M∗(ξ)

|∂α2
β2

g(ξ∗)|2
M∗(ξ∗)

dξ∗dωdξ
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≤ C

∫
w2|β1|(ξ)

|∂α1
β1

f(ξ)|2
M∗(ξ)

dξ ×
∫

w2|β2|(ξ∗)ν(ξ∗)
|∂α2

β2
g(ξ∗)|2

M∗(ξ∗)
dξ∗.

Similarly, if |α2| + |β2| ≤ N/2, we have from (2.16) that∫
w2θ(ξ)(1 + |ξ − u∗|)γB(ϑ)

|∂α1
β1

f(ξ′)|2
M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ∗dωdξ

≤ C

∫
w2|β1|(ξ′)w2|β2|(ξ′∗)(1 + |ξ′ − u∗|)γB(ϑ)

|∂α1
β1

f(ξ′)|2
M∗(ξ′)

|∂α2
β2

g(ξ′∗)|2
M∗(ξ′∗)

dξ∗dωdξ

= C

∫
w2|β1|(ξ)w2|β2|(ξ∗)(1 + |ξ − u∗|)γB(ϑ)

|∂α1
β1

f(ξ)|2
M∗(ξ)

|∂α2
β2

g(ξ∗)|2
M∗(ξ∗)

dξ∗dωdξ

≤ C

∫
w2|β1|(ξ)ν(ξ)

|∂α1
β1

f(ξ)|2
M∗(ξ)

dξ ×
∫

w2|β2|(ξ∗)
|∂α2

β2
g(ξ∗)|2

M∗(ξ∗)
dξ∗.

It follows from the above two inequalities and (2.15) that the first gain term in the

last case can bounded by (2.2) and (2.3). Similarly, the second gain term has the

same bound as the first one. This concludes the proof of the lemma.

Similar arguments for Lemma 2.1 yield the following lemma.

Lemma 2.2. Under the assumptions of Lemma 2.1, it holds that∣∣∣ ∫
R3

w2θ(ξ)Q(f, ∂β(M − M−))h(ξ)

M−
dξ

∣∣∣
≤ Cη0

{∫
R3

w2θ(ξ)ν(ξ)|f(ξ)|2
M−

dξ
}1/2{∫

R3

w2θ(ξ)ν(ξ)|h(ξ)|2
M−

dξ
}1/2

. (2.17)

Moreover, if |α| ≥ 1, then∣∣∣ ∫
R3

w2θ(ξ)Q(f, ∂α
β (M − M−))h(ξ)

M−
dξ

∣∣∣
≤ C

(
|∂α(ρ, u, θ)| +

∑
1≤|α′|≤|α|

|∂α−α′
(ρ, u, θ)||∂α′

(ρ, u, θ)| + ... + |(ρx, ux, θx)||α|
)

×
{∫

R3

w2θ(ξ)ν(ξ)|f(ξ)|2
M−

dξ
}1/2{∫

R3

w2θ(ξ)ν(ξ)|h(ξ)|2
M−

dξ
}1/2

, (2.18)

and ∣∣∣ ∫
R3

w2θ(ξ)Q(f, ∂βM)h(ξ)

M∗
dξ

∣∣∣ (2.19)

≤ C(ρ−, u−, θ−)
{∫

R3

w2θ(ξ)ν(ξ)|f(ξ)|2
M∗

dξ
}1/2{∫

R3

w2θ(ξ)ν(ξ)|h(ξ)|2
M∗

dξ
}1/2

,

where M∗ is either M or M−.

This lemma together with the dissipative property of the linearized collision op-

erator yields immediately the following lemma.
17



Lemma 2.3. Under the assumptions in Lemma 2.1, for h(ξ) ∈ N⊥, there exists

a constant σ1 = σ1(ρ−, u−, θ−) > 0 such that

−
∫

R3

hLMh

M−
dξ ≥ σ1

∫
R3

ν(ξ)h2

M−
dξ. (2.20)

Proof. Due to (1.15) and Lemma 2.2, one has

−
∫

R3

hLMh

M−
dξ = −

∫
R3

hLM−h

M−
dξ + 2

∫
R3

hQ(h,M− − M)

M−
dξ

≥ σ0

∫
R3

ν(ξ)h2

M−
dξ − Cη0

∫
R3

ν(ξ)h2

M−
dξ. (2.21)

Choose η0 > 0 small enough so that σ1 = σ0 − Cη0 > 0. Then the lemma follows.

The Hölder inequality and Lemma 2.3 imply that for h(ξ) ∈ N⊥, it holds that∫
R3

ν(ξ)|L−1
M h|2

M−
dξ ≤ C

∫
R3

ν−1(ξ)h2

M−
dξ. (2.22)

Now recall the Burnett functions, cf. [2, 5, 13, 27], defined as :

Âj(ξ) =
|ξ|2 − 5

2
ξj and B̂ij(ξ) = ξiξj − 1

3
δij|ξ|2 for i, j = 1, 2, 3. (2.23)

Because ÂjM and B̂ijM are in L2(R3) with the weight function ν−1(ξ)
M−

, there exist

functions Aj(ξ) and Bij(ξ) in L2(R3) with the weight function ν(ξ)
M−

such that P0Aj =

0, P0Bij = 0, and

Aj

(ξ − u√
Rθ

)
= L−1

M

(
Âj(

ξ − u√
Rθ

)M
)

and Bij

(ξ − u√
Rθ

)
= L−1

M

(
B̂ij(

ξ − u√
Rθ

)M
)
.

Before going further, we list some elementary but important properties of the Bur-

nett functions summarized in the following lemma, cf. [5, 13].

Lemma 2.4. The Burnett functions have the following properties:

• −〈ÂiM,Ai〉M is positive and independent of i;

• 〈ÂiM,Aj〉M = 0 for any i �= j;

• 〈ÂiM,Bjk〉M = 0 for any i, j, k;

• 〈B̂ijM,Bkl〉M = 〈B̂klM,Bij〉M = 〈B̂jiM,Bkl〉M , which is independent of i, j for

fixed k, l;

• −〈B̂ijM,Bij〉M , is positive and independent of i, j when i �= j;

• −〈B̂iiM,Bjj〉M , is positive and independent of i, j when i �= j;

• −〈B̂iiM,Bii〉M , is positive and independent of i;

• 〈B̂ijM,Bkl〉M = 0 unless either (i, j) = (k, l) or (l, k), or i = j and k = l;
18



• 〈B̂iiM,Bii〉M − 〈B̂iiM,Bjj〉M = 2〈B̂ijM,Bij〉M holds for any i �= j.

In terms of Burnett functions, the viscosity coefficient μ(θ) and the heat conduc-

tivity coefficient κ(θ) can be represented by

μ(θ) = −Rθ

∫
R3

Bij(
ξ − u√

Rθ
)B̂ij(

ξ − u√
Rθ

)dξ > 0, i �= j, (2.24)

κ(θ) = −R2θ

∫
R3

Aj(
ξ − u√

Rθ
)Âj(

ξ − u√
Rθ

)dξ > 0. (2.25)

Notice that these coefficients are independent of the density function ρ and they are

positive smooth functions of the temperature θ.

To study the decay and regularity of the Burnett functions, we prove the following

lemma which will be used frequently in the later energy estimates.

Lemma 2.5. Under the assumptions in Lemma 2.1, for any |β| ≥ 0 and σ > 0∫
R3

(1 + |ξ − u−|)σ
|∂βAj(

ξ−u√
Rθ

)|2
M−

dξ +

∫
R3

(1 + |ξ − u−|)σ
|∂βBij(

ξ−u√
Rθ

)|2
M−

dξ < ∞.

Proof. By using (2.22), one obtains that∫
R3

ν(ξ)|Aj(
ξ−u√

Rθ
)|2

M−
dξ =

∫
R3

ν(ξ)|L−1
M (Âj(

ξ−u√
Rθ

)M)|2
M−

dξ

≤ C

∫
R3

ν−1(ξ)|Âj(
ξ−u√

Rθ
)M |2

M−
dξ ≤ C1(ρ−, u−, θ−). (2.26)

For any |β1| = 1, it holds that

∂β1Aj = ∂β1L
−1
M (ÂjM) = L−1

M ∂β1(ÂjM) − 2L−1
M Q(Aj, ∂β1M).

Due to (2.22), we obtain∫
R3

ν(ξ)|L−1
M ∂β1(ÂjM)|2

M−
dξ ≤ C

∫
R3

ν−1(ξ)|∂β1(ÂjM)|2
M−

dξ ≤ C1.

By (2.22), (2.26) and Lemma 2.2, one has∫
R3

ν(ξ)|L−1
M Q(Aj, ∂β1M)|2

M−
dξ ≤ C

∫
R3

ν−1(ξ)|Q(Aj, ∂β1M)|2
M−

dξ

≤ C

∫
R3

ν(ξ)|Aj|2
M−

dξ ≤ C2. (2.27)

Thus ∫
R3

ν(ξ)|∂β1Aj|2
M−

dξ ≤ C3. (2.28)
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By repeating the above procedure inductively, we can obtain for any |β| ∈ N that∫
R3

(1 + |ξ − u−|2)γ/2|∂βAj|2
M−

dξ ≤ C

∫
R3

ν(ξ)|∂βAj|2
M−

dξ ≤ C|β|(ρ−, u−, θ−). (2.29)

We claim that for any σ > 0, it holds that∫
R3

(1 + |ξ − u−|2)σ|∂βAj|2
M−

dξ ≤ Cσ. (2.30)

In fact, for any m ∈ N and |β| ∈ N , (2.29) implies that∫
R3

(a0 + a1|ξ − u−|2 + ... + |ξ − u−|2m)e|ξ−u−|2/2Rθ−(1 + |ξ − u−|2)γ/2|∂βAj|2dξ

=

∫
R3

(I + Δξ)
me|ξ−u−|2/2Rθ−(1 + |ξ − u−|2)γ/2|∂βAj|2dξ

=

∫
R3

e|ξ−u−|2/2Rθ−(I + Δξ)
m{(1 + |ξ − u−|2)γ/2|∂βAj|2}dξ

=
∑

β1,β2,β3

Cβ1β2β3

∫
R3

e|ξ−u−|2/2Rθ−∂β1(1 + |ξ − u−|2)γ/2∂β2Aj∂β3Ajdξ,

where ai (i = 0, 1, ..m) are some positive numbers, βj (j = 1, 2, 3) are some multi-

indices. It is clear that

|∂β1(1 + |ξ − u−|2)γ/2| ≤ C(1 + |ξ − u−|2)γ/2.

Hence, for any σ > 0, there exists m ∈ N such that∫
R3

(1 + |ξ − u−|2)σ|∂βAj|2
M−

dξ

≤
∫

R3

(a0 + a1|ξ − u−|2 + ... + |ξ − u−|2m)e|ξ−u−|2/2Rθ−(1 + |ξ − u−|2)γ/2|∂βAj|2dξ

≤ C
∑ {∫

R3

e|ξ−u−|2/2Rθ−(1 + |ξ − u−|2)γ/2|∂β2Aj|2dξ
}1/2

×
{∫

R3

e|ξ−u−|2/2Rθ−(1 + |ξ − u−|2)γ/2|∂β3Aj|2dξ
}1/2

< ∞.

Therefore, the claim (2.30) has been proved. Since Bij(ξ) shares the similar prop-

erties as Aj(ξ), the above argument works also for Bij(ξ), and this completes the

proof of the lemma.

By the similar arguments as Lemma 2.2 and Lemma 2.5, we can obtain

Corollary 2.6. Under the assumptions in Lemma 2.1, for any |β| ≥ 0 and σ > 0,∫
R3

(1+ |ξ−u−|)σ
|∂βAj(

ξ−u√
Rθ

)|2
M

dξ+

∫
R3

(1+ |ξ−u−|)σ
|∂βBij(

ξ−u√
Rθ

)|2
M

dξ < ∞, (2.31)
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∣∣∣ ∫
R3

w2l(ξ)Q(f, ∂βAi)h(ξ)

M∗
dξ

∣∣∣ +
∣∣∣ ∫

R3

w2l(ξ)Q(f, ∂βBij)h(ξ)

M∗
dξ

∣∣∣
≤ C

{∫
R3

w2l(ξ)ν(ξ)|f(ξ)|2
M∗

dξ
}1/2{∫

R3

w2l(ξ)ν(ξ)|h(ξ)|2
M∗

dξ
}1/2

, (2.32)

where M∗ is either M or M−.

Lemma 2.7. Assume that 1 ≤ |α| ≤ N . Under the assumptions in Lemma 2.1

and the assumption H3, it holds that for any λ > 0∫
R

∫
R3

∂αQ(G,M−M−)
h

M−
dξdx ≤ C(

√
E(t)+η0+ε)D(t)+C‖(ρx, u1x, θx)‖4

L4

+C(λ + η0)

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx. (2.33)

Proof. Since 1 ≤ |α| ≤ N , one has

∂αQ(G,M −M−) = Q(G̃, ∂α(M −M−))+Q(G, ∂α(M −M−))+Q(∂αG, (M −M−))

+
∑

1≤|α1|<|α|
Cα1

α Q(∂α1G, ∂α−α1(M − M−)). (2.34)

For the first term on the right hand side of (2.34), Lemma 2.2 implies that∫
R

∫
R3

Q(G̃, ∂α(M−M−))
h

M−
dξdx ≤ λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx+Cλ

∫
R

∫
R3

ν(ξ)|G̃|2
M−

dξ

×
(
|∂α(ρ, u, θ)|2 +

∑
1≤|α′|≤|α|

|∂α−α′
(ρ, u, θ)|2|∂α′

(ρ, u, θ)|2 + ... + |(ρx, ux, θx)|2|α|
)
dx.

(2.35)

To estimate the last term in (2.35), we will consider the first and the last products

as the other products can be treated similarly.

First, since for any function g(x) ∈ H1(R) ⊂ L∞(R),

sup
x

|g(x)| ≤ C‖g(x)‖1/2‖gx(x)‖1/2. (2.36)

Hence∫
R

|(ρx, ux, θx)|2|α|
∫

R3

ν(ξ)|G̃|2
M−

dξdx ≤ C‖(ρx, ux, θx)‖|α|‖(ρxx, uxx, θxx)‖|α|

×
∫

R

∫
R3

ν(ξ)|G̃|2
M−

dξdx ≤ CE |α|(t)D(t) ≤ C
√
E(t)D(t). (2.37)

Here, one has used the fact that the a priori assumption that E(t) is sufficiently

small.
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To handle the first product, one has that for 1 ≤ |α| ≤ N/2,∫
R

|∂α(ρ, u, θ)|2
∫

R3

ν(ξ)|G̃|2
M−

dξdx ≤ C sup
x

|∂α(ρ, u, θ)|2
∫

R

∫
R3

ν(ξ)|G̃|2
M−

dξdx

≤ C‖∂α(ρ, u, θ)‖ · ‖∂α(ρx, ux, θx)‖
∫

R

∫
R3

ν(ξ)|G̃|2
M−

dξdx, (2.38)

which is bounded by CE(t)D(t). On the other hand, if |α| ≥ N/2, it holds that∫
R

|∂α(ρ, u, θ)|2
∫

R3

ν(ξ)|G̃|2
M−

dξdx ≤ sup
x

( ∫
R3

ν(ξ)|G̃|2
M−

dξ
)
‖∂α(ρ, u, θ)‖2

≤ C‖∂α(ρ, u, θ)‖2
{∫

R

∫
R3

ν(ξ)|G̃|2
M−

dξdx
}1/2{∫

R

∫
R3

ν(ξ)|G̃x|2
M−

dξdx
}1/2

. (2.39)

It is clear that∫
R

∫
R3

ν(ξ)|G̃x|2
M−

dξdx ≤ C

∫
R

∫
R3

ν(ξ)|Gx|2
M−

dξdx + C

∫
R

∫
R3

ν(ξ)|Gx|2
M−

dξdx.

Moreover, it follows from (1.19) that

G(t, x, ξ) =

√
Rθx√
θ

A1(
ξ − u√

Rθ
) + u1xB11(

ξ − u√
Rθ

),

which implies that

Gx =

√
Rθxx√

θ
A1(

ξ − u√
Rθ

) −
√

Rθxθx

2
√

θ3
A1(

ξ − u√
Rθ

)

−
√

Rθx√
θ

A′
1(

ξ − u√
Rθ

)
ux√
Rθ

−
√

Rθxθx√
θ

A′
1(

ξ − u√
Rθ

)
ξ − u

2
√

Rθ3

+u1xxB11(
ξ − u√

Rθ
) − u1xux√

Rθ
B′

11(
ξ − u√

Rθ
) − u1xθx

2
√

Rθ3
B′

11(
ξ − u√

Rθ
). (2.40)

Here, we have represented the term Gx precisely by using the Burnett functions so

that its estimates can be calculated by using the properties of Burnett functions.

It follows from Lemma 2.5 that{∫
R

∫
R3

ν(ξ)|Gx|2
M−

dξdx
}1/2

≤ C(‖(u1xx, θxx)‖ + ‖(u1x, θx) · (ux, θx)‖). (2.41)

Thus, we obtain∫
R

|∂α(ρ, u, θ)|2
∫

R3

ν(ξ)|G̃|2
M−

dξdx ≤ C(
√

E(t) + E(t))D(t) ≤ C
√
E(t)D(t),

where the assumption H3 has been used for some constant t0 > 0 large enough.

Then∫
R

∫
R3

Q(G̃, ∂α(M − M−))
h

M−
dξdx ≤ λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx + C
√
E(t)D(t).
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By Lemma 2.2, one has ∫
R

∫
R3

Q(G, ∂α(M − M−))h

M−
dξdx

≤ λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx + Cλ

∫
R

∫
R3

ν(ξ)|G|2
M−

dξ
(
|∂α(ρ, u, θ)|2

+
∑

1≤|α′|≤|α|
|∂α−α′

(ρ, u, θ)|2|∂α′
(ρ, u, θ)|2 + ...+ |(ρx, ux, θx)|2|α|

)
dx. (2.42)

As before, for the last term in (2.42), it suffices to estimate the first and last

products. For the last product, one has from the assumption H3 and Lemma 2.5

that∫
R

∫
R3

ν(ξ)|G|2
M−

dξ|(ρx, ux, θx)|2|α|dx ≤ C

N∑
|α|=1

∫
R

|(u1x, θx)|2|(ρx, ux, θx)|2|α|dx

≤ C‖(ρx, u1x, θx)‖4
L4 + CεD(t) + C

N∑
|α|=2

‖(ρx, ux, θx)‖|α|‖(ρxx, uxx, θxx)‖|α|‖(u1x, θx)‖2

≤ C‖(ρx, u1x, θx)‖4
L4 + C(

√
E(t) + ε)D(t). (2.43)

Here, one has used the assumption H3 for some constant t0 > 0 large enough.

For the first product in second term on the right hand side of (2.42), one has from

the assumption H3 and Lemma 2.5 that∫
R

∫
R3

ν(ξ)|G|2
M−

dξ|∂α(ρ, u, θ)|2dx ≤ C
N∑

|α|=1

∫
R

|(u1x, θx)|2|∂α(ρ, u, θ)|2dx

≤ C‖(ρx, u1x, θx)‖4
L4 + C(

√
E(t) + ε)D(t). (2.44)

Finally, we estimate the fourth term on the right hand side of (2.34). It follows

from (2.38), (2.39) and Lemma 2.2 that∑
1≤|α1|<|α|

∫
R

∫
R3

Q(∂α1G, ∂α−α1(M − M−))h

M−
dξdx

≤ λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx+Cλ

∑
1≤|α1|<|α|

∫
R

∫
R3

ν(ξ)|∂α1G|2
M−

dξ
(
|∂α−α1(ρ, u, θ)|2

+
∑

1≤|α′|≤|α−α1|
|∂α−α1−α′

(ρ, u, θ)|2|∂α′
(ρ, u, θ)|2 + ... + |(ρx, ux, θx)|2|α−α1|

)
dx

≤ C(
√

E(t) + ε)D(t) + λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx.
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Notice that the third term on the right hand side of (2.34) can be estimated di-

rectly by using Lemma 2.2. This completes the proof of the lemma.

The following lemma gives an estimate for the term studied in the above lemma

with differentiations and the weight in the velocity variables.

Lemma 2.8. Let |α|+ |β| ≤ N with |α| ≥ 1 and |β| ≥ 1. Under the assumptions

in Lemma 2.7, it holds that for any λ > 0,∫
R

∫
R3

w2|β|∂α
β Q(G,M −M−)

h

M−
dξdx ≤ C(

√
E(t)+η0 + ε)D(t)+C‖(ρx, u1x, θx)‖4

L4

+C(λ + η0)

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx.

Proof. It is clear that

∂α
β Q(G,M −M−) =

∑
β1≤β

Cβ1

β [Q(∂β1G̃, ∂α
β−β1

(M −M−)) + Q(∂β1G, ∂α
β−β1

(M −M−))

+Q(∂α
β1

G, ∂β−β1(M −M−)) +
∑

1≤|α1|<|α|
Cα1

α Q(∂α1
β1

G, ∂α−α1
β−β1

(M −M−))]. (2.45)

For the first term on the right hand side of (2.45), one can use Lemma 2.2 and a

similar argument as for (2.37), (2.38) and (2.39) to get∫
R

∫
R3

w2|β|Q(∂β1G̃, ∂α
β−β1

(M − M−))
h

M−
dξdx

≤ λ

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx+C

∫
R

∫
R3

ν(ξ)w2|β1||∂β1G̃|2
M−

dξ
(
|∂α(ρ, u, θ)|2

+
∑

1≤|α′|≤|α|
|∂α−α′

(ρ, u, θ)|2|∂α′
(ρ, u, θ)|2 + ... + |(ρx, ux, θx)|2|α|

)
dx

≤ C(
√

E(t) + ε)D(t) + λ

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx.

For the second term on the right hand side of (2.45), it follows from Lemma 2.2,

Lemma 2.5 and a similar argument for (2.43) and (2.44) that∫
R

∫
R3

w2|β|Q(∂β1G, ∂α
β−β1

(M − M−))
h

M∗
dξdx

≤ λ

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx+C

∫
R

∫
R3

ν(ξ)w2|β1||∂β1G|2
M−

dξ
(
|∂α(ρ, u, θ)|2

+
∑

1≤|α′|≤|α|
|∂α−α′

(ρ, u, θ)|2|∂α′
(ρ, u, θ)|2 + ... + |(ρx, ux, θx)|2|α|

)
dx

≤ C‖(ρx, u1x, θx)‖4
L4 + C(

√
E(t) + ε)D(t).
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For the third term on the right hand side of (2.45), one can apply Lemma 2.2 to get∫
R

∫
R3

w2|β|Q(∂α
β1

G, ∂β−β1(M − M−))
h

M−
dξdx

≤ Cη0

∫
R

∫
R3

ν(ξ)w2|β1||∂α
β1

G|2
M−

dξdx + Cη0

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx.

By Lemma 2.2, finally, the last term on the right hand side of (2.45) is bounded

by ∑
1≤|α1|<|α|

∫
R

∫
R3

w2|β|Q(∂α1
β1

G, ∂α−α1
β−β1

(M − M−))
h

M−
dξdx

≤ λ

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx+C

∫
R

∫
R3

ν(ξ)w2|β1||∂α1
β1

G|2
M−

dξ
(
|∂α(ρ, u, θ)|2

+
∑

1≤|α′|≤|α|
|∂α−α′

(ρ, u, θ)|2|∂α′
(ρ, u, θ)|2 + ... + |(ρx, ux, θx)|2|α|

)
dx

≤ C(
√

E(t) + ε)D(t) + λ

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx.

And this completes the proof of the lemma.

The following four lemmas give the corresponding estimates of the above lemmas

when Q(G,M − M−) is replaced by Q(G,G).

Lemma 2.9. Let M∗ be either M or M−. Under assumptions of Lemma 2.7, it

holds that for any λ > 0,∫
R

∫
R3

Q(G,G)
h

M∗
dξdx ≤ C

√
E(t)D(t) + C‖(ρx, u1x, θx)‖4

L4

+C(λ + ε)

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx + C(λ + ε)

∫
R

∫
R3

ν(ξ)|G̃|2
M−

dξdx.

Proof. Recalling that G = G + G̃, one has

Q(G,G) = Q(G, G) + 2Q(G, G̃) + Q(G̃, G̃). (2.46)

It follows from Lemma 2.1 that∫
R

∫
R3

Q(G, G)
h

M∗
dξdx ≤ C

∑
|β′|≤N−1

∫
R

{∫
R3

|∂β′G|2
M∗

dξ
}1/2

×
{∫

R3

ν(ξ)|G|2
M∗

dξ
}1/2{∫

R3

ν(ξ)|h|2
M∗

dξ
}1/2

dx. (2.47)
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By (1.19), Lemma 2.5 and Corollary 2.6, we can obtain that for any |β| ≥ 0 and

σ > 0, ∫
R3

(1 + |ξ − u−|)σ|∂βG|2
M∗

dξ ≤ C|(ρx, u1x, θx)|2. (2.48)

Due to (2.47) and (2.48), one can obtain that∫
R

∫
R3

Q(G, G)
h

M∗
dξdx ≤ Cλ‖(ρx, u1x, θx)‖4

L4 + λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx.

By (2.31) and (2.32) we have∫
R

∫
R3

Q(G, G̃)
h

M∗
dξdx ≤ C sup

x
|(θx, u1x)|

( ∫
R

∫
R3

ν(ξ)|G̃|2
M−

dξdx+

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx
)
,

≤ Cε

∫
R

∫
R3

ν(ξ)|G̃|2
M−

dξdx + Cε

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx.

Thanks to (2.2), one has that∫
R

∫
R3

Q(G̃, G̃)
h

M∗
dξdx

≤ Cλ

∑
|β′|≤N−1

∫
R

{∫
R3

w2|β′||∂β′G̃|2
M∗

dξ
}{∫

R3

ν(ξ)|G̃|2
M∗

dξ
}

dx+λ

∫
R

∫
R3

ν(ξ)|h|2
M∗

dξdx

≤ Cλ

∑
|β′|≤N−1

{∫
R

∫
R3

w2|β′||∂β′G̃|2
M−

dξdx
}1/2{∫

R

∫
R3

w2|β′||∂β′G̃x|2
M−

dξdx
}1/2

×
∫

R

∫
R3

ν(ξ)|G̃|2
M−

dξdx + λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξ

≤ Cλ(
√
E(t) + E(t))D(t) + λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx. (2.49)

Here one has used (2.40) and (2.41). Combining the above inequalities completes

the proof of the lemma.

Lemma 2.10. Let 1 ≤ |α| ≤ N . Under assumptions of Lemma 2.7, it holds that∫
R

∫
R3

∂αQ(G,G)
h

M∗
dξdx ≤ Cλ

√
E(t)D(t)

+C(λ + ε)

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx + Cε

∫
R

∫
R3

ν(ξ)|∂αG|2
M−

dξdx.

Proof. Since 1 ≤ |α| ≤ N , it holds that

∂αQ(G,G) = 2Q(G, ∂αG) +
∑

1≤|α1|<|α|
Cα1

α Q(∂α1G, ∂α−α1G). (2.50)
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By Corollary 2.6 and the expression of G, one has∫
R

∫
R3

Q(G, ∂αG)
h

M∗
dξdx ≤ C sup

x
|(θx, u1x)|

( ∫
R

∫
R3

ν(ξ)|∂αG|2
M∗

dξdx+

∫
R

∫
R3

ν(ξ)|h|2
M∗

dξdx
)

≤ Cε

∫
R

∫
R3

ν(ξ)|∂αG|2
M−

dξdx + Cε

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx.

It follows from Lemma 2.1 and a similar argument as for (2.38) that∫
R

∫
R3

Q(G̃, ∂αG)
h

M∗
dξdx ≤ Cλ

√
E(t)D(t) + λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx.

Similarly, Lemma 2.1 and a similar argument as for (2.38) and (2.39) lead to∫
R

∫
R3

Q(∂α1G, ∂α−α1G)
h

M∗
dξdx ≤ Cλ

√
E(t)D(t) + λ

∫
R

∫
R3

ν(ξ)|h|2
M−

dξdx.

In summary, the above inequalities yield the estimate given in the lemma.

Lemma 2.11. Let 1 ≤ |β| ≤ N . Under assumptions of Lemma 2.7, it holds that∫
R

∫
R3

w2|β|∂βQ(G,G)
h

M∗
dξdx ≤ Cλ

√
E(t)D(t) + Cλ‖(ρx, u1x, θx)‖4

L4

+C(λ+ε)

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx+Cε
∑
β1≤β

∫
R

∫
R3

ν(ξ)w2|β1||∂β1G̃|2
M−

dξdx.

Proof. Since 1 ≤ |β| ≤ N , one has

∂βQ(G,G) =
∑
β1≤β

Cβ1

β Q(∂β1G, ∂β−β1G) =
∑
β1≤β

Cβ1

β (Q(∂β1G, ∂β−β1G)

+Q(∂β1G̃, ∂β−β1G) + Q(∂β1G, ∂β−β1G̃) + Q(∂β1G̃, ∂β−β1G̃)).

Due to Lemma 2.1, Lemma 2.5, Corollary 2.6 and the expression of G, it is clear

that∫
R

∫
R3

w2|β|Q(∂β1G, ∂β−β1G)
h

M∗
dξdx ≤ Cλ‖(θx, u1x)‖4

L4+λ

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx.

By (2.42), (2.43) and Lemma 2.5, Corollary 2.6, one can obtain∫
R

∫
R3

w2|β|Q(∂β1G̃, ∂β−β1G)
h

M∗
dξdx

≤ C sup
x

|(θx, u1x)|
( ∫

R

∫
R3

ν(ξ)w2|β1||∂β1G̃|2
M−

dξdx +

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx
)
,∫

R

∫
R3

w2|β|Q(∂β1G, ∂β−β1G̃)
h

M∗
dξdx

≤ C sup
x

|(θx, u1x)|
( ∫

R

∫
R3

ν(ξ)w2|β−β1||∂β−β1G̃|2
M−

dξdx +

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx
)
.
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Then finally, by using Lemma 2.1 and a similar argument as for (2.38) and (2.39),

one has∫
R

∫
R3

w2|β|Q(∂β1G̃, ∂β−β1G̃)
h

M−
dξdx ≤ Cλ

√
E(t)D(t)+λ

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx.

Collecting all the inequalities above completes the proof of the lemma.

Lemma 2.12. Let |α|+|β| ≤ N−1 with |α| ≥ 1 and |β| ≥ 1. Under assumptions

of Lemma 2.8, it holds that∫
R

∫
R3

w2|β|∂α
β Q(G,G)

h

M∗
dξdx ≤ Cε

√
E(t)D(t)+Cλ‖(ρx, u1x, θx)‖4

L4

+C(λ + ε)

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx + Cε
∑
β1≤β

∫
R

∫
R3

ν(ξ)w2|β1||∂α
β1

G|2
M−

dξdx.

Proof.

∂α
β Q(G,G) =

∑
β1≤β

Cβ1

β

(
Q(∂α

β1
G, ∂β−β1G) + Q(∂α

β1
G, ∂β−β1G̃)

+Q(∂β1G, ∂α
β−β1

G) + Q(∂β1G̃, ∂α
β−β1

G) +
∑

0<α1<α

Cα1
α Q(∂α1

β1
G, ∂α−α1

β−β1
G)

)
. (2.51)

By Lemma 2.5, Corollary 2.6 and the expression of G, it is straightforward to show

that ∫
R

∫
R3

w2|β|Q(∂α
β1

G, ∂β−β1G)
h

M∗
dξdx

≤ C sup
x

|(θx, u1x)|
( ∫

R

∫
R3

ν(ξ)w2|β1||∂α
β1

G|2
M−

dξdx +

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx
)
.

By using Lemma 2.1 and a similar argument as for (2.38) and (2.39), one has∫
R

∫
R3

w2|β|Q(∂α
β1

G, ∂β−β1G̃)
h

M∗
dξdx

≤ Cλ(
√
E(t) + E(t))D(t) + λ

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx,

∑
0<α1<α

∫
R

∫
R3

w2|β|Q(∂α1
β1

G, ∂α−α1
β−β1

G)
h

M∗
dξdx ≤ CεE(t)D(t)+ε

∫
R

∫
R3

ν(ξ)w2|β||h|2
M−

dξdx.

Since the third and fourth terms on the right hand side of (2.51) can be treated

similarly, the proof of the lemma is completed.

As in [7], a similar argument gives
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Lemma 2.13. Let |β| > 0 and θ ≥ 0. For any η > 0, there exists Cη > 0 such

that

−
∫

R

∫
R3

w2|β|∂βG̃∂βLM−G̃

M−
dξdx ≥ ‖w|β|∂βG̃‖2

ν − η
∑

|β1|≤|β|
‖w|β1|∂β1G̃‖2

ν − Cη‖G̃‖2
ν .

Here, we omit its proof for brevity.

3. Global existence

For the local existence of solutions to the Boltzmann equation (1.1) around the

local Maxwellian M = M[ρ,u,θ], we set f = F + M . Then equation (1.1) becomes

Ft + ξ1Fx = LMF + Q(F, F ) − (M t + ξ1Mx)

= LM−F + Q(F, F ) + 2Q(F, M − M−) − (M t + ξ1Mx), (3.1)

with F (0, x, ξ) = F0(x, ξ). Here the global Maxwellian M− satisfies (1.28) and (1.29).

Without the last two terms of right hand side in (3.1), the local in time existence

was constructed by Guo [7]. By using the conditions H2 and H3 on M and the

properties of the nonlinear collision operator given in the previous section, a slightly

modified argument used in [7] gives the following local existence theorem. Here, we

omit the details of its proof for brevity.

Theorem 3.1. For any sufficiently small ε0 > 0, there exists T ∗ > 0 such that if∑
|α|+|β|≤N

‖w|β|∂α
β F0‖2 < ε0, (3.2)

then there is a unique classical solution F (t, x, ξ) to (3.1) in [0, T ∗) × R × R3 such

that

sup
0≤t≤T ∗

∑
|α|+|β|≤N

‖w|β|∂α
β F (t)‖2 ≤ Cε0.

Moreover, if f0(x, ξ) = M[ρ(0,x),u(0,x),θ(0,x)] + F0(x, ξ) ≥ 0, then

f(t, x, ξ) = M[ρ(t,x),u(t,x),θ(t,x)] + F0(t, x, ξ) ≥ 0.

In the following, we will perform the energy analysis and establish a uniform en-

ergy estimate by using the the assumptions H1-H4. Then the standard continuity

argument combining the local existence theorem with the uniform energy estimates

gives the statement in Theorem 1.1.
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3.1. Basic estimates. To obtain the lower order estimates, we first estimate ‖ρ̃x‖2

and ‖(ρ̃t, ũt, θ̃t)‖2. For this, we will use some techniques from [11, 16]. First, we

prove the following lemma.

Lemma 3.2. Under assumptions of H1-H3 and Lemma 2.1, there exists a con-

stant C > 0 such that

1

C
‖ρ̃x‖2 ≤ − d

dt

∫
R

ũ1ρ̃xdx + ‖(ũx, θ̃x)‖2 + ‖Gx‖2
ν + ε(t + t0)

−4/3 +
√
E(t)D(t),

and

1

C
‖(ρ̃t, ũt, θ̃t)‖2 ≤ ε(t + t0)

−4/3 + ‖(ρ̃x, ũx, θ̃x)‖2 + ‖Gx‖2
ν +

√
E(t)D(t).

Proof. It follows from (1.8) and (1.27) that (ρ̃, ũ, θ̃)(t, x) satisfies

ρ̃t + (ρ̃ũ1)x = −H1, (3.3)

ũ1t + ũ1ũ1x +
2

3
θ̃x +

2θ

3ρ
ρ̃x = −

∫
R3

ξ2
1Gx

ρ
dξ − H2, (3.4)

ũit + ũ1ũix = −
∫

R3

ξ1ξiGx

ρ
dξ − u1ũix, i = 2, 3, (3.5)

θ̃t +
2

3
θ̃ũ1x + ũ1θ̃x = −

∫
R3

ξ1(ξ · u − 1
2
|ξ|2)Gx

ρ
dξ − H3, (3.6)

where

H1 = (ρũ1 + u1ρ̃)x, (3.7)

H2 = ũ1u1x + u1ũ1x +
ρθ̃ − 2

3
ρ̃θ

ρρ
ρx, (3.8)

H3 =
2

3
(θ̃u1x + θũ1x) + (ũ1θx + u1θ̃x). (3.9)

Multiplying (3.4) by ρ̃x and integrating with respect to x yield∫
R

2θ

3ρ
|ρ̃x|2dx = −

∫
R

ũ1tρ̃xdx −
∫

R

ũ1ũ1xρ̃xdx −
∫

R

2

3
θ̃xρ̃xdx

−
∫

R

∫
R3

ξ2
1Gxρ̃x

ρ
dξdx −

∫
R

H2ρ̃xdx. (3.10)

The Hölder inequality and assumption H3 give∣∣∣ ∫
R

2

3
θ̃xρ̃xdx

∣∣∣ ≤ λ‖ρ̃x‖2 + Cλ‖θ̃x‖2,

∣∣∣ ∫
R

∫
R3

ξ2
1Gxρ̃x

ρ
dξdx

∣∣∣ ≤ Cλ‖Gx‖2
ν + λ‖ρ̃x‖2,∣∣∣ ∫

R

ũ1ũ1xρ̃xdx
∣∣∣ ≤ λ‖ρ̃x‖2 + Cλ

√
E(t)D(t),

30



∣∣∣ ∫
R

H2ρ̃xdx
∣∣∣ ≤ λ‖ρ̃x‖2 + Cλ‖ũx‖2 + ε(t + t0)

−4/3 + C
√
E(t)D(t).

For the first term of the right hand side of (3.10), one uses (3.3) and the integration

by part to get

−
∫

R

ũ1tρ̃xdx = − d

dt

∫
R

ũ1ρ̃xdx −
∫

R

ũ1xρ̃tdx

≤ − d

dt

∫
R

ũ1ρ̃xdx + λ‖ρ̃x‖2 + Cλ‖ũx‖2 + ε(t + t0)
−4/3 + C

√
E(t)D(t). (3.11)

Combining (3.10) and (3.11) yields the first estimate in Lemma 3.2.

By using equations (3.3)-(3.6) and the assumptions H1-H3, a similar argument

gives the second estimate. And this completes the proof of the lemma.

To obtain the high order estimates, we need to estimate ‖∂αρx‖2 and ‖∂α(ρt, ut, θt)‖2

as follows.

Lemma 3.3. Under assumptions H1-H3 and Lemma 2.1, there exists some

constant C > 0 that

1

C
‖∂αρx‖2 ≤ − d

dt

∫
R

∂αu1∂
αρxdx + ‖∂α(ux, θx)‖2

+‖∂αGx‖2
ν + ε(t + t0)

−4/3 + C
√
E(t)D(t),

and

1

C
‖∂α(ρt, ut, θt)‖2 ≤ ‖∂α(ρx, ux, θx)‖2 + ‖∂αGx‖2

ν + ε(t + t0)
−4/3 + C

√
E(t)D(t),

where 1 ≤ |α| ≤ N − 1.

Remark 3.4. We will use Lemma 3.2 and 3.3 to close the energy estimate.

Furthermore, we will not use the temporal derivatives in the subsequent energy

analysis with the help of these two lemmas and integration by part about time t so

that we do not impose the temporal derivatives on the initial data and thus improve

that in [16, 17].

Proof of Lemma 3.3. It follows from (1.8) that

ρt + (ρu1)x = 0, (3.12)

u1t + u1u1x +
2

3
θx +

2θ

3ρ
ρx = −

∫
R3

ξ2
1Gx

ρ
dξ, (3.13)

uit + u1uix = −
∫

R3

ξ1ξiGx

ρ
dξ, i = 2, 3, (3.14)

θt +
2

3
θu1x + u1θx = −

∫
R3

ξ1(ξ · u − 1
2
|ξ|2)Gx

ρ
dξ. (3.15)
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Taking ∂α (1 ≤ |α| ≤ N − 1) of (3.13) in x variable and multiplying the resulting

equation by ∂αρx lead to∫
R

2θ

3ρ
|∂αρx|2dx = −

∫
R

∂αu1t∂
αρxdx−

∫
R

∂α(u1u1x)∂
αρxdx−

∫
R

2

3
∂αθx∂

αρxdx

−
∑

|α′|<|α|
Cα′

α

∫
R

∂α−α′
(
2θ

3ρ
)∂α′

ρx∂
αρxdx−

∫
R

∫
R3

∂αρx∂
α(

ξ2
1Gx

ρ
)dξdx

≤ − d

dt

∫
R

∂αu1∂
αρxdx + λ‖∂αρx‖2 + Cλ‖∂α(ux, θx)‖2

+‖∂αGx‖2
ν + Cε(t + t0)

−4/3 + C
√
E(t)D(t).

Taking λ > 0 small enough gives the first estimate of the lemma.

Applying ∂α (1 ≤ |α| ≤ N − 1) to (3.12)-(3.15) in x variable and then taking the

inner product in L2, one gets the second estimate of the lemma by straightforward

calculations. And this completes the proof of the lemma.

3.2. Lower Order Estimates. The lower order estimates can be obtained by the

entropy-entropy flux analysis as done in [16, 17]. Here for soft potentials, the differ-

ences comes from the calculations of some microscopic terms very precisely by using

the Burnett functions and their properties obtained in the previous section so that

the estimates can be derived in a clear and systematic way, which is one of the main

observations in this paper.

Due to (1.25), one can obtain

ηt + qx =
{
∇(ρ,u,S)η · (ρ, u, S)t + ∇(ρ,u,S)q · (ρ, u, S)x

}
+

∫
R3

[
ξ1(θ ln M)x−3

2
u1xξ

2
1

]
Gdξ+

{∫
R3

(
ξ1θ ln M−1

2
ξ1|ξ|2−3

2
ξ2
1u1

)
Gdξ

}
x
. (3.16)

Integrating the above equation over R yields

d

dt

∫
R

η(t)dx =

∫
R

[
∇(ρ,u,S)η · (ρ, u, S)t + ∇(ρ,u,S)q · (ρ, u, S)x

]
dx

+

∫
R

∫
R3

[
ξ1(θ ln M)x − 3

2
u1xξ

2
1

]
Gdξdx. (3.17)

First, we estimate the second term on the right hand side of (3.17). By using (1.10)

and the self-adjoint property of L−1
M , one has∫

R3

[
ξ1(θ ln M)x−3

2
u1xξ

2
1

]
Gdξ =

∫
R3

L−1
M P1[ξ1(θ ln M)xM−3

2
u1xξ

2
1M ]

(P1(ξ1Mx) + Θ)

M
dξ.

Noticing that

Mx =
( ρ

(2πRθ)3/2
e−

|ξ−u|2
2Rθ

)
x

= M
(ρx

ρ
−3θx

2θ
+

(ξ − u)2θx

2Rθ2
+

3∑
i=1

uix(ξi − ui)

Rθ

)
, (3.18)
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one can show that

P1ξ1Mx = P1ξ1M
{ |ξ − u|2θx

2Rθ2
+

(ξ − u) · ux

Rθ

}
(3.19)

= P1ξ1M
{ |ξ − u|2θx

2Rθ2
+

(ξ − u) · ux

Rθ

}
+ P1ξ1M

{ |ξ − u|2θ̃x

2Rθ2
+

(ξ − u) · ũx

Rθ

}

=

√
Rθx√
θ

Â1(
ξ − u√

Rθ
)M+

∂u1

∂x
B̂11(

ξ − u√
Rθ

)M+

√
Rθ̃x√
θ

Â1(
ξ − u√

Rθ
)M+

3∑
j=1

∂ũj

∂x
B̂1j(

ξ − u√
Rθ

)M.

A direct calculation yields

P1ξ1(θ ln M)xM − 3

2
P1u1xξ

2
1M = P1ξ1Mθx ln M + P1ξ1Mθ(ln M)x − 3

2
P1u1xξ

2
1M

= −θxP1ξ1M
|ξ − u|2

2Rθ
+ θP1ξ1M

{ |ξ − u|2θx

2Rθ2
+

(ξ − u) · ux

Rθ

}
− 3

2
P1u1xξ

2
1M

= −θxP1ξ1M
|ξ − u|2

2Rθ
− 3

2
P1u1xξ

2
1M + P1ξ1M

{ |ξ − u|2θx

2Rθ
+

(ξ − u) · ux

R

}

+P1ξ1M
{ |ξ − u|2θ̃x

2Rθ
+

(ξ − u) · ũx

R

}
− θ̃P1ξ1M

{ |ξ − u|2θx

2Rθ2
+

(ξ − u) · ux

Rθ

}

=
√

Rθθ̃xÂ1(
ξ − u√

Rθ
)M+θ

3∑
j=1

∂ũj

∂x
B̂1j(

ξ − u√
Rθ

)M−
√

Rθ̃θx√
θ

Â1(
ξ − u√

Rθ
)M−θ̃

3∑
j=1

∂uj

∂x
B̂1j(

ξ − u√
Rθ

)M.

Note that

L−1
M P1[ξ1(θ ln M)x − 3

2
u1xξ

2
1 ]M

=
√

Rθθ̃xA1(
ξ − u√

Rθ
)+θ

3∑
j=1

∂ũj

∂x
B1j(

ξ − u√
Rθ

)−
√

Rθ̃θx√
θ

A1(
ξ − u√

Rθ
)−θ̃

3∑
j=1

∂uj

∂x
B1j(

ξ − u√
Rθ

).

It follows from the two equalities above and Lemma 2.4 that∫
R3

L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M

]P1(ξ1Mx)

M
dξ

= −κ(θ)

Rθ
θxθ̃x +

κ(θ)

Rθ2
θxθxθ̃ − κ(θ)

Rθ
θ̃2

x +
κ(θ)

Rθ2
θxθ̃θ̃x − μ(θ)

3R
|∂ũ1

∂x
|2 − μ(θ)

R
|ũx|2

+
θ̃μ(θ)

3Rθ

∂ũ1

∂x

∂u1

∂x
+

μ(θ)θ̃

R

3∑
j=1

∂ũj

∂x

∂uj

∂x
− 4μ(θ)

3R

∂u1

∂x

∂ũ1

∂x
+

4μ(θ)θ̃

3Rθ

∂u1

∂x

∂u1

∂x
.

Here, one has used the expressions (2.24) and (2.25) of μ(θ) and κ(θ). Since μ(θ)

and κ(θ) are smooth functions of θ, by the assumption of Lemma 2.1, there exist

positive constants κ1 and κ2 such that μ(θ), κ(θ) ∈ [κ1, κ2]. Thus,

−
∫

R

[
κ(θ)

Rθ
θ̃2

x +
μ(θ)

3R
|∂ũ1

∂x
|2 +

μ(θ)

R
|ũx|2]dx ≤ −κ1

∫
R

(|ũx|2 + |θ̃x|2)dx.
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Setting q(θ) = κ(θ)
Rθ3 , one gets

−
∫

R

κ(θ)

Rθ3
θxθ̃xdx =

∫
R

q′(θ)θ
2

xθ̃dx +

∫
R

q′(θ)θ̃xθxθ̃dx +

∫
R

q(θ)θxxθ̃dx

≤ C‖θ̃‖1/2‖θ̃x‖1/2(‖θx‖2 + ‖θxx‖L1) + C‖θx‖1/2‖θxx‖1/2‖θ̃‖ · ‖θ̃x‖
≤ Cε‖θ̃‖2‖θ̃x‖2 + ε(t + t0)

−4/3. (3.20)

A similar argument as for (3.20) implies that∫
R3

L−1
M P1

[
ξ1(θ ln M)xM − 3

2
u1xξ

2
1M

]P1(ξ1Mx)

M
dξ

≤ −κ1

∫
R

(|ũx|2 + |θ̃x|2)dx + CE(t)D(t) + ε(t + t0)
−4/3. (3.21)

Note that

Gt =

√
Rθxt√

θ
A1(

ξ − u√
Rθ

) −
√

Rθxθt

2
√

θ3
A1(

ξ − u√
Rθ

)

−
√

Rθx√
θ

A′
1(

ξ − u√
Rθ

)
ut√
Rθ

−
√

Rθxθt√
θ

A′
1(

ξ − u√
Rθ

)
ξ − u

2
√

Rθ3

+u1xtB11(
ξ − u√

Rθ
) − u1xut√

Rθ
B′

11(
ξ − u√

Rθ
) − u1xθt

2
√

Rθ3
B′

11(
ξ − u√

Rθ
).

One can apply assumption H3, Lemma 3.2 and Corollary 2.6 to obtain∫
R

∫
R3

|Gt|2
M

dξdx ≤ C‖(u1xt, θxt)‖2 + C‖(u1x, θx) · (ut, θt)‖2

≤ Cε(t + t0)
−4/3 + Cε‖(ρ̃t, ũt, θ̃t)‖2 + C(

√
E(t) + E(t))D(t)

≤ Cε(t + t0)
−4/3 + Cε‖(ρ̃x, ũx, θ̃x)‖2 + Cε‖Gx‖2

ν + C(
√
E(t) + E(t))D(t),

and

∫
R

∫
R3

∣∣∣L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M ]

∣∣∣2
M

dξdx ≤ C(‖(ũx, θ̃x)‖2 + ‖θ̃ · (ux, θx)‖2)

≤ C‖(ũx, θ̃x)‖2 + Cε(t + t0)
−4/3 + C(

√
E(t) + E(t))D(t).

Thus, one obtains∫
R

∫
R3

L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M ]

Gt

M
dξdx

≤ λ

∫
R

∫
R3

∣∣∣L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M ]

∣∣∣2
M

dξdx + Cλ

∫
R

∫
R3

|Gt|2
M

dξdx

≤ Cε(t+ t0)
−4/3 +C(ε+λ)(‖(ρ̃x, ũx, θ̃x)‖2 +‖Gx‖2

ν)+C(
√

E(t)+E(t))D(t). (3.22)
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Moreover, integration by parts over t gives∫
R

∫
R3

L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M ]

G̃t

M
dξdx

=
d

dt

( ∫
R

∫
R3

L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M ]

G̃

M
dξ

)

−
∫

R

∫
R3

(L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M ]

M

)
t
G̃dξdx.

For the second term on the right hand side of the above equation, it follows from

Lemma 3.2 and 3.3 that∣∣∣ ∫
R

∫
R3

(L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M ]

M

)
t
G̃dξdx

∣∣∣
≤ Cλ

∫
R

∫
R3

∣∣∣(L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M ]

M

)
t

∣∣∣2Mdξdx + λ‖G̃‖2
ν

≤ Cλ‖(ũxt, θ̃xt)‖2 + Cλ‖(ũx, θ̃x) · (ρt, ut, θt)‖2 + Cλ‖(θ̃t, ũt) · (ux, θx)‖2

+Cλ‖θ̃ · (ρt, ut, θt) · (ux, θx)‖2 + Cλ‖θ̃ · (uxt, θxt)‖2 + λ‖G̃‖2
ν

≤ Cλ(‖(ρxx, uxx, θxx)‖2 + ‖Gxx‖2
ν) + λ‖G̃‖2

ν + Cε(t + t0)
−4/3 + Cλ

√
E(t)D(t).

Finally, one can show that∣∣∣ ∫
R

∫
R3

L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M

]Gt

M
dξdx

∣∣∣
≤ d

dt

( ∫
R

∫
R3

L−1
M P1[ξ1(θ ln M)xM−3

2
u1xξ

2
1M

] G̃

M
dξdx

)
+Cλ(‖(ρxx, uxx, θxx)‖2+‖Gxx‖2

ν)

+Cε(t + t0)
−4/3 + C(ε + λ)(‖(ρ̃x, ũx, θ̃x)‖2 + ‖Gx‖2

ν + ‖G̃‖2
ν) + Cλ

√
E(t)D(t). (3.23)

Similarly, it holds that∣∣∣ ∫
R

∫
R3

L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M

]ξ1Gx

M
dξdx

∣∣∣
≤ Cλ‖(ũx, θ̃x)‖2 + C(

√
E(t) + E(t))D(t) + Cε(t + t0)

−4/3 + Cλ‖Gx‖2
ν .

For the term involving the collision term, if follows from H3 and Lemma 2.9 that∣∣∣ ∫
R

∫
R3

L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M

]Q(G,G)

M
dξdx

∣∣∣
≤ Cε(t + t0)

−4/3 + C(λ + ε)(‖(ũx, θ̃x)‖2 + ‖G̃‖ν) + C
√
E(t)D(t). (3.24)

In addition, by the assumption H4, one has∫
R

[
∇(ρ,u,S)η · (ρ, u, S)t + ∇(ρ,u,S)q · (ρ, u, S)x

]
dx ≤ g(t)‖

√
η(t)‖2. (3.25)
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Collecting all the estimates (3.21), (3.23), (3.24) and (3.25) and taking λ > 0 and

ε > 0 small enough, we have from (3.17) and Lemma 3.2 that

d

dt

( ∫
R

η(t)dx−
∫

R

∫
R3

L−1
M P1[ξ1(θ ln M)xM−3

2
u1xξ

2
1M

] G̃

M
dξdx+C(λ+ε)

∫
R

ũ1ρ̃xdx
)

+d3‖(ρ̃x, ũx, θ̃x)‖2 ≤ g(t)‖
√

η(t)‖2 + C(‖(ρxx, uxx, θxx)‖2 + ‖Gx‖2
ν + ‖Gxx‖2

ν)

+C(λ + ε)‖G̃‖2
ν + Cε(t + t0)

−4/3 + C
√
E(t)D(t). (3.26)

To complete the lower estimates, one needs to estimate the microscopic component

G. Since ‖G‖2 is not integrable with respect to the time t. Thus, we will first derive

the lower order estimates from (1.9) for the microscopic part G̃. Note that G̃ solves

G̃t − LM−G̃ = 2Q(M − M−, G̃) − P1

[
ξ1(

|ξ − u|2θ̃x

2Rθ2
+

ξ · ũx

Rθ
)M

]
−P1(ξ1Gx) + Q(G,G) − Gt. (3.27)

Multiplying (3.27) by G̃/M− and integrating its product with over R × R3 yield

1

2

d

dt
‖G̃‖2 + C1‖G̃‖2

ν ≤ C

∫
R

∫
R3

G̃Q(M − M−, G̃)

M−
dξdx +

∫
R

∫
R3

G̃∂αQ(G,G)

M−
dξdx

−
∫

R

∫
R3

G̃P1

[
ξ1(

|ξ−u|2θ̃x

2Rθ2 + ξ·ũx

Rθ
)M

]
M−

dξdx−
∫

R

∫
R3

G̃P1(ξ1Gx)

M−
dξdx−

∫
R

∫
R3

G̃Gt

M−
dξdx.

(3.28)

By Lemma 2.2, the first term on the right hand side of (3.28) is bounded by∫
R

∫
R3

G̃Q(M − M−, G̃)

M−
dξdx ≤ Cη0

∫
R

∫
R3

ν(ξ)|G̃|2
M−

dξdx.

Noticing that

P1

[
ξ1(

|ξ − u|2θ̃x

2Rθ2
+

ξ · ũx

Rθ
)M

]
=

√
Rθ̃x√
θ

Â1(
ξ − u

Rθ
)M +

3∑
j=1

ũjxB̂1j(
ξ − u

Rθ
)M,

one can get

∫
R

∫
R3

G̃P1

[
ξ1(

|ξ−u|2θ̃x

2Rθ2 + ξ·ũx

Rθ
)M

]
M−

dξdx ≤ Cλ‖(ũx, θ̃x)‖2 + Cλ‖G̃‖2
ν .

It follows from H3 and Lemma 2.9 that∫
R

∫
R3

G̃Q(G,G)

M−
dξdx ≤ C

√
E(t)D(t) + Cε(t + t0)

−4/3 + C(λ + ε)‖G̃‖2
ν .
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Since

P1(ξ1Gx) = ξ1G̃x + ξ1Gx −
4∑

j=0

〈ξ1Gx, χj〉χj,

one can obtain∫
R

∫
R3

G̃ξ1Gx

M−
dξdx ≤ λ

∫
R

∫
R3

ν(ξ)|G̃|2
M−

dξdx + Cλ

∫
R

∫
R3

ν−1(ξ)|ξ1|2|Gx|2
M−

dξdx,

and∫
R

∫
R3

G̃〈ξ1Gx, χj〉χj

M−
dξdx ≤ λ

∫
R

∫
R3

ν(ξ)|G̃|2
M−

dξdx + Cλ

∫
R

∫
R3

ν(ξ)|Gx|2
M−

dξdx.

By Lemma 2.5 and the Sobolev imbedding, one gets∫
R

∫
R3

ν−1(ξ)(1 + |ξ1|2)|Gx|2
M−

dξdx ≤ C(‖(u1xx, θxx‖2 + ‖(u1x, θx) · (ux, θx)‖2)

≤ CE(t)D(t) + Cε(t + t0)
−4/3.

Then it follows that∫
R

∫
R3

G̃Gt

M−
dξdx ≤ λ‖G̃‖2

ν + Cλ

∫
R

∫
R3

ν−1(ξ)|Gt|2
M−

dξdx

≤ λ‖G̃‖2
ν + Cε(t + t0)

−4/3 + Cε‖(ρ̃x, ũx, θ̃x)‖2 + Cε‖Gx‖2
ν + C(

√
E(t) + E(t))D(t).

Combining the estimates above and choosing ε, η0 and λ small enough, we have

d

dt
‖G̃‖2 + C1‖G̃‖2

ν ≤ C
√

E(t)D(t)

+Cε(t + t0)
−4/3 + C(‖(ρ̃x, ũx, θ̃x)‖2 + ‖Gx‖2

ν). (3.30)

In summary, a suitable linear combination of (3.26) and (3.30) gives the following

lower order estimates

d

dt

{
‖G̃‖2 + C̃1

( ∫
R

η(t)dx −
∫

R

∫
R3

L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M

] G̃

M
dξdx

+C(λ + ε)

∫
R

ũ1ρ̃xdx
)}

+ d4

(
‖(ρ̃x, ũx, θ̃x)‖2 + ‖G̃‖2

ν

)

≤ Cg(t)‖
√

η(t)‖2 + C(‖(ρxx, uxx, θxx)‖2 + ‖Gx‖2
ν + ‖Gxx‖2

ν)

+Cε(t + t0)
−4/3 + Cλ

√
E(t)D(t), (3.31)

where C̃1 > 0 is a constant that can be large.
37



3.3. High order estimates on spatial derivatives. In what follows we will es-

timate ∂αG with 1 ≤ |α| ≤ N − 1. To this end, we apply ∂α to (1.9) to have

∂αGt + ∂αP1(ξ1Gx) + ∂αP1(ξ1Mx)

= LM−∂αG + 2∂αQ(G,M − M−) + ∂αQ(G,G). (3.32)

Multiplying (3.32) by ∂αG/M− and integrating the resulting equality over R × R3

yield

d

dt
‖∂αG‖2 + C‖∂αG‖2

ν ≤ C

∫
R

∫
R3

∂αQ(G,M − M−)∂αG + ∂αQ(G,G)∂αG

M−
dξdx

−
∫

R

∫
R3

∂αP1(ξ1Gx)∂
αG

M−
dξdx −

∫
R

∫
R3

∂αP1(ξ1Mx)∂
αG

M−
dξdx. (3.33)

Then the right hand side of (3.33) can be estimated term by term as follows. First,

by using Lemma 2.7, one can obtain∣∣∣ ∫
R

∫
R3

∂αQ(G,M − M−)∂αG

M−
dξdx

∣∣∣
≤ C(

√
E(t) + η0 + ε)D(t) + C‖(ρx, u1x, θx)‖4

L4 + C(λ + η0)‖∂αG‖2
ν

≤ C(
√

E(t) + η0 + ε)D(t) + Cε(t + t0)
−4/3 + C(λ + η0)‖∂αG‖2

ν .

For the second term of (3.33), it follows from H3 and Lemma 2.10 that∣∣∣ ∫
R

∫
R3

∂αQ(G,G)∂αG

M−
dξdx

∣∣∣ ≤ Cλ

√
E(t)D(t) + C(λ + ε)‖∂αG‖2

ν .

For the third term of (3.33), since

∂αP1(ξ1Gx) = ξ1∂
αGx −

4∑
j=0

∑
α1+α2+α3=α

Cα1α2α3
α ∂α1χj

∫
R3

ξ1∂
α2Gx∂

α3(
χj

M
)dξ,

it suffices to consider the second term on the right hand side of the above equation

because the first term vanishes after integration. For this, there are the following

three cases to be investigated:

Case 1. When [α1, α2, α3] = [0, α, 0], it is straightforward to have∫
R

( ∫
R3

χj∂
αG

M−
dξ

)( ∫
R3

ξ1∂
αGx(

χj

M
)dξ

)
dx ≤ λ‖∂αG‖2

ν + Cλ‖∂αGx‖2
ν .

Case 2. When [α1, α2, α3] = [1, α2, 0] or [α1, α2, α3] = [0, α2, 1], one has∫
R

( ∫
R3

∂α1χj∂
αG

M−
dξ

)( ∫
R3

ξ1∂
α2Gx(

χj

M
)dξ

)
+

( ∫
R3

χj∂
αG

M−
dξ

)( ∫
R3

ξ1∂
α2Gx∂

α3(
χj

M
)dξ

)
dx

≤ λ

∫
R

∫
R3

ν(ξ)|∂αG|2
M−

dξdx + Cλ

∫
R

|(ρx, ux, θx)|2
∫

R3

ν(ξ)|∂α2Gx|2
M−

dξdx

≤ λ‖∂αG‖2
ν + Cλ(

√
E(t) + E(t))D(t).
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Case 3. When [α1, α2, α3] = [1, α2, 1], it holds that∫
R

( ∫
R3

∂α1χj∂
αG

M−
dξ

)( ∫
R3

ξ1∂
α2Gx∂

α3(
χj

M
)dξ

)
dx

≤ C

∫
R

|(ρx, ux, θx)|2
{∫

R3

ν(ξ)|∂αG|2
M−

dξ
}1/2{∫

R3

ν(ξ)|∂α2Gx|2
M−

dξ
}1/2

dx

≤ C‖(ρx, ux, θx)‖‖(ρxx, uxx, θxx)‖‖∂αG‖2
ν‖∂α2Gx‖2

ν

≤ C(
√

E(t) + E(t))D(t).

Since the other cases can be discussed similarly, we thus have∫
R

∫
R3

∂αP1(ξ1Gx)∂
αG

M−
dξdx ≤ Cλ

√
E(t)D(t) + Cλ‖∂αGx‖2

ν + Cλ‖∂αG‖2
ν .

For the fourth term on the right hand side of (3.33), since

P1ξ1Mx =

√
Rθx√
θ

Â1(
ξ − u√

Rθ
)M +

3∑
i=1

uixB̂1i(
ξ − u√

Rθ
)M,

then∫
R

∫
R3

∂αP1(ξ1Mx)∂
αG

M−
dξdx ≤ λ‖∂αG‖2

ν +C‖∂α(ρx, ux, θx)‖2

+Cλ

√
E(t)D(t) + Cε(t + t0)

−4/3.

By combining the above estimates and choosing λ, η0 and ε small enough, one gets

d

dt
‖∂αG‖2 + C‖∂αG‖2

ν ≤ C(
√

E(t) + η0 + ε)D(t)

+Cε(t + t0)
−4/3 + C‖∂α(ρx, ux, θx)‖2 + C‖∂αGx‖2

ν . (3.34)

For any 1 ≤ |α| ≤ N − 1, the summation of (3.34) over |α| through a suitable

linear combination gives∑
1≤|α|≤N−1

[ d

dt
‖∂αG‖2 + C‖∂αG‖2

ν

]
≤ C(

√
E(t) + η0 + ε)D(t)

+Cε(t + t0)
−4/3 + C

∑
1≤|α|≤N−1

‖∂α(ρx, ux, θx)‖2 + C
∑
|α|=N

‖∂αG‖2
ν . (3.35)

To have the dissipative estimate on the N -order derivative of the microscopic

component G, we consider the original equation for f(t, x, ξ). Applying ∂α (2 ≤
|α| ≤ N) to (1.1) and integrating its product with ∂αf/M− over R × R3 lead to

1

2

d

dt
‖∂αf‖2 −

∫
R

∫
R3

∂αGLM−∂αG

M−
dξdx −

∫
R

∫
R3

∂αM∂αLMG

M−
dξdx
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= 2

∫
R

∫
R3

∂αQ(G,M − M−)∂αG

M−
dξdx +

∫
R

∫
R3

∂αQ(G,G)∂αf

M−
dξdx. (3.36)

We now estimate (3.36) term by term as follows. (1.15) implies that

−
∫

R

∫
R3

∂αGLM−∂αG

M−
dξdx ≥ σ1‖∂αG‖2

ν .

By Lemma 2.7 and 2.10, one can get∫
R

∫
R3

∂αQ(G,M − M−)∂αf

M−
dξdx ≤ C(

√
E(t) + η0 + ε)D(t)

+Cε(t + t0)
−4/3 + C(λ + η0)(‖∂α(ρ, u, θ)‖2 + ‖∂αG‖2

ν),

and∫
R

∫
R3

∂αQ(G,G)∂αf

M−
dξdx ≤ C(

√
E(t) + η0 + ε)D(t)

+Cε(t + t0)
−4/3 + C(λ + ε)(‖∂α(ρ, u, θ)‖2 + ‖∂αG‖2

ν), (3.37)

where one has used the fact that

‖∂αf‖2
ν ≤ C‖∂αG‖2

ν + C‖∂α(ρ, u, θ)‖2 + Cε(t + t0)
−4/3 + C(

√
E(t) + η0 + ε)D(t).

For the third term of the left hand side of (3.36), noting that

∂αLMG = LM∂αG + 2
∑
α1<α

Cα1
α Q(∂α1G, ∂α−α1(M − M−)),

and P1(∂
αM) does not contain ∂α(ρ, u, θ), one gets from (2.19) that∫

R

∫
R3

∂αMLM∂αG

M
dξdx =

∫
R

∫
R3

P1(∂
αM)LM∂αG

M
dξdx

≤ C(
√

E(t) + η0 + ε)D(t) + Cε(t + t0)
−4/3 + λ‖∂αG‖2

ν .

Thus, to estimate the third term on the left hand side of (3.36), one only needs to

estimate
∫
R

∫
R3 ∂αMLM∂αG

(
1
M − − 1

M

)
dξdx. For this, it follows from (2.19) that∫

R

∫
R3

∂αMLM∂αG
( 1

M −
− 1

M

)
dξdx

≤ Cλ

∫
R

∫
R3

ν(ξ)|∂αG|2
M−

dξdx + Cλ

∫
R

∫
R3

ν(ξ)|∂αM |2M−
∣∣∣ 1

M −
− 1

M

∣∣∣2dξdx.

For the second term on the right hand side of the above inequality, one has∫
R

∫
|ξ|≥R

ν(ξ)|∂αM |2M−
∣∣∣ 1

M −
− 1

M

∣∣∣2dξdx =

∫
R

∫
|ξ|≥R

ν(ξ)|∂αM |2
M−

∣∣∣1 − M−
M

∣∣∣2dξdx.

Taking R > 0 large enough and η0 > 0 small enough, when θ
2

< θ− < θ and

|ρ − ρ−| + |u − u−| + |θ − θ−| < η0,
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one has ∫
R

∫
|ξ|≥R

ν(ξ)|∂αM |2
M−

∣∣∣1 − M−
M

∣∣∣2dξdx

≤ C(
√

E(t) + η0 + ε)D(t) + Cλ‖∂α(ρ, u, θ)‖2 + Cε(t + t0)
−4/3.

On the other hand, it holds that∫
R

∫
|ξ|≤R

ν(ξ)|∂αM |2M−
M2

∣∣∣1 − M

M−

∣∣∣2dξdx

≤ C(
√

E(t) + η0 + ε)D(t) + Cλ‖∂α(ρ, u, θ)‖2 + Cε(t + t0)
−4/3.

By (2.18) and a similar argument as for Lemma 2.8, one can obtain∫
R

∫
R3

Q(∂α1G, ∂α−α1(M − M−))
∂αG

M−
dξdx

≤ C(
√

E(t) + η0 + ε)D(t) + Cε(t + t0)
−4/3 + C(λ + η0)‖∂αG‖2

ν .

Combining all the estimates above and choosing λ, η0 and ε small enough, one has

d

dt
‖∂αf‖2 + C‖∂αG‖2

ν

≤ C(
√

E(t) + η0 + ε)D(t) + Cε(t + t0)
−4/3 + C(λ + η0 + ε)‖∂α(ρ, u, θ)‖2. (3.38)

For any 2 ≤ |α| ≤ N , the summation of (3.38) over |α| through a suitable linear

combination gives∑
2≤|α|≤N

[ d

dt
‖∂αf‖2 + C‖∂αG‖2

ν

]
≤ C(

√
E(t) + η0 + ε)D(t)

+Cε(t + t0)
−4/3 + C(λ + η0 + ε)

∑
2≤|α|≤N

‖∂α(ρ, u, θ)‖2. (3.39)

We now turn to the estimate on the macroscopic components, that is, the fluid

variables. Note that in the following estimates, Burnett functions play an important

role.

To obtain the estimates on ∂αM , one may apply P0 to (1.1) to yield

Mt + P0(ξ1Mx) + P0(ξ1Gx) = 0. (3.40)

Consider the case when |α| = 1 first. Applying ∂α to (3.40) gives

1

2

d

dt
‖∂αM‖2 = −

∫
R×R3

∂αP0(ξ1Mx)∂
αM

M−
dξdx −

∫
R×R3

∂αP0(ξ1Gx)∂
αM

M−
dξdx.

(3.41)
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The first term the right hand side of (3.41) can be estimated as follows. Since

∂αP0(ξ1Mx) = P0(ξ1∂
αMx) +

4∑
j=0

〈ξ1Mx, χj〉∂αχj +
4∑

j=0

∫
R3

ξ1Mx(
χj

M
)xdξχj, (3.42)

it holds that

−
∫

R×R3

P0(ξ1∂
αMx)∂

αM

M
dξdx =

∫
R×R3

(ξ1|∂αM |2)Mx

2M2
dξdx ≤ C

∫
R

|(ρx, ux, θx)|3dx

≤ Cε(
√
E(t) + E(t))D(t) + Cε(t + t0)

−4/3. (3.43)

And it is straightforward to check that the other two terms on the right hand side

of (3.42) have the same upper bound as the first one.

To take care of the difference in weights, that is, M and M−, we claim that the

following inequality holds∫
R×R3

∂αP0(ξ1Mx)∂
αM(

1

M
− 1

M−
)dξdx ≤ Cε(t + t0)

−4/3

+C(
√

E(t) + E(t))D(t) + C(λ + ε)(‖(ρ̃x, ũx, θ̃x)‖2 + ‖(ρxx, uxx, θxx)‖2). (3.44)

First, note that

∂αP0(ξ1Mx) = ξ1∂
αMx − ∂αP1(ξ1Mx),

Mx =
( ρ

(2πRθ)3/2
e−

|ξ−u|2
2Rθ

)
x

= M
(ρx

ρ
− 3θx

2θ
+

(ξ − u)2θx

2Rθ2
+

3∑
i=1

uix(ξi − ui)

Rθ

)
.

To prove (3.44), by (3.19) and the two equalities above, it suffices to estimate the

following term as the other terms can be estimated similarly. Set

a(ρ, u, θ) =

∫
R×R3

√
R

ρ
√

θ
Â1(

ξ − u√
Rθ

)M2(
1

M
− 1

M−
)dξ.

Since a(ρ, u, θ) is bounded and differentiable under the assumption (1.24) and (1.25),

one has∫
R×R3

ρx

ρ

√
Rθxx√

θ
Â1(

ξ − u√
Rθ

)M2(
1

M
− 1

M−
)dξdx =

∫
R

a(ρ, u, θ)ρxθxxdx

=

∫
R

a(ρ, u, θ)(ρ̃xθxx + ρxθxx + ρxθ̃xx)dx =

∫
R

a(ρ, u, θ)(ρ̃xθxx + ρxθxx)dx

−
∫

R

(a(ρ, u, θ)ρxxθ̃x + a′(ρ, u, θ)(ρx, ux, θx)ρxθ̃xdx

≤ C(λ+ε)(‖(ρ̃x, ũx, θ̃x)‖2+‖(ρxx, uxx, θxx)‖2)+Cε(t+t0)
−4/3+C(

√
E(t)+E(t))D(t),

where λ > 0 is small enough.

Thus, it follows from (3.43) and (3.44) that

−
∫

R×R3

∂αP0(ξ1Mx)∂
αM

M−
dξdx ≤ C(λ + ε)(‖(ρ̃x, ũx, θ̃x)‖2 + ‖(ρxx, uxx, θxx)‖2)

42



+C(
√
E(t) + E(t))D(t) + Cε(t + t0)

−4/3.

Next we consider the second term on the right hand side of (3.41). Due to (1.10),

it holds that

P0(ξ1Gx) =
4∑

j=0

〈ξ1Gx, χj〉χj =
4∑

j=0

〈ξ1G,χj〉xχj −
4∑

j=0

∫
R3

ξ1G(
χj

M
)xdξχj

=
4∑

j=0

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉xχj+

4∑
j=0

〈L−1
M P1(ξ1χj), P1Θ〉xχj−

4∑
j=0

∫
R3

ξ1G(
χj

M
)xdξχj.

By using the Burnett functions, one has for j = 1, 2, 3,

L−1
M P1(ξ1χ0) = 0, L−1

M P1(ξ1χj) =
Rθ√
Rρθ

B1j(
ξ − u√

Rθ
), L−1

M P1(ξ1χ4) =
2
√

Rθ√
6ρ

A1(
ξ − u√

Rθ
).

On the other hand, one also has

P1ξ1Mx = P1ξ1M
{ |ξ − u|2θx

2Rθ2
+

(ξ − u) · ux

Rθ

}
=

√
Rθx√
θ

Â1(
ξ − u√

Rθ
)M+

3∑
j=1

∂uj

∂x
B̂1j(

ξ − u√
Rθ

)M.

Then one can obtain from Lemma 2.5 that
4∑

j=0

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉xχj = −(

2κ(θ)θx√
6ρRθ

)xχ4−4

3
(

μ(θ)√
Rρθ

u1x)xχ1−
3∑

j=2

(
μ(θ)√
Rρθ

ujx)xχj.

(3.45)

It is straightforward to show that for j = 1, 2, 3,

〈χj, Mx〉 =

√
ρ

Rθ
ujx, 〈χ4,Mx〉 =

√
6ρθx

2θ
,

∂αP0(ξ1Gx) =
4∑

j=0

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉xxχj +

4∑
j=0

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉xχjx

+
4∑

j=0

〈L−1
M P1(ξ1χj), P1Θ〉xxχj+

4∑
j=0

〈L−1
M P1(ξ1χj), P1Θ〉xχjx−

4∑
j=0

( ∫
R3

ξ1G(
χj

M
)xdξχj

)
x
.

According to the expressions above, the first term of 〈∂αP0(ξ1Gx),Mx〉 satisfies∫
R

〈L−1
M P1(ξ1χ4), P1(ξ1Mx)〉xx〈χ4,Mx〉dx = −

∫
R

(
2κ(θ)θx√

6ρRθ
)xx

√
6ρθx

2θ
dx

=

∫
R

(κ(θ)θ2
xx

Rθ2
+

κ(θ)θxxθx√
6ρRθ

(√6ρ

θ

)
x
+

( κ(θ)√
6ρRθ

)
x
θx

√
6ρ

Rθ
θxx+

( κ(θ)√
6ρRθ2

)
x
θ2

x

(√6ρ

Rθ

)
x

)
dx,

and for j = 1, 2, 3,∫
R

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉xx〈χj, Mx〉dx = −

∫
R

(
μ(θ)√
Rρθ

ujx)xx

√
ρ

Rθ
ujxdx

=

∫
R

(μ(θ)u2
jxx

Rθ
+

μ(θ)ujxxujx√
Rρθ

(√
ρ

Rθ

)
x
+

( μ(θ)√
Rρθ

)
x
ujx

√
ρ

Rθ
ujxx+

( μ(θ)√
Rρθ

)
x

( μ(θ)√
Rρθ

)
x
u2

jx

)
dx.
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Therefore, by assumption H3 and Lemma 3.2, we obtain

−
4∑

j=0

∫
R

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉xx〈χj,Mx〉dx ≤ −d2‖(uxx, θxx)‖2+C‖(ρx, ux, θx)‖4

L4

≤ −d2‖(uxx, θxx)‖2+C‖(ρx, ux, θx)‖‖(ρxx, uxx, θxx)‖(‖(ρx, u1x, θx)‖2+‖(ρ̃x, ũx, θ̃x)‖2)

≤ −d2‖(uxx, θxx)‖2 + CE(t)D(t) + Cε(t + t0)
−4/3, (3.46)

and

−
4∑

j=0

∫
R

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉xx

∫
R3

χjMx(
1

M−
− 1

M
)dξdx

=
4∑

j=0

∫
R

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉x

( ∫
R3

χjMx(
1

M−
− 1

M
)dξ

)
x
dx

≤ C(η0 + λ)‖(ρxx, uxx, θxx)‖2 + CE(t)D(t) + Cε(t + t0)
−4/3. (3.47)

Combining (3.46) and (3.47) and taking λ and η0 small enough give

−
4∑

j=0

∫
R

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉xx

∫
R3

χjMx

M−
dξdx

≤ −d3‖(uxx, θxx)‖2 + C(η0 + λ)‖ρxx‖2 + CE(t)D(t) + Cε(t + t0)
−4/3. (3.48)

Thanks to (3.45), the second term in 〈∂αP0(ξ1Gx),Mx〉 is bounded by

−
4∑

j=0

∫
R

〈L−1
M P1(ξ1χj), P1(ξ1Mx)〉x

∫
R3

χjxMx

M−
dξdx

≤ Cλ‖(ρxx, uxx, θxx)‖2 + CλE(t)D(t) + Cε(t + t0)
−4/3. (3.49)

By the expression (1.11) of Θ, Lemma 2.9, 2.10, 3.2, 3.3 and assumption H3, the

first term involving Θ in 〈∂αP0(ξ1Gx), Mx〉 can be estimated as follows:

4∑
j=0

∫
R

〈L−1
M P1(ξ1χj), ξ1Gx + Q(G,G)〉xx

∫
R3

χjMx

M−
dξdx

= −
4∑

j=0

∫
R

〈L−1
M P1(ξ1χj), ξ1Gx + Q(G,G)〉x

( ∫
R3

χjMx

M−
dξ

)
x
dx

≤ C(η0 + ε + λ)(‖(ρxx, uxx, θxx)‖2 + ‖G̃‖2
ν)

+C(
√

E(t) + η0)D(t) + Cε(t + t0)
−4/3 + C‖Gxx‖2

ν ,

and∫
R

〈L−1
M P1(ξ1χj), Gt〉xx

∫
R3

χjMx

M−
dξdx =

d

dt

∫
R

〈L−1
M P1(ξ1χj), G〉xx

∫
R3

χjMx

M−
dξdx
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+

∫
R

( ∫ (L−1
M P1(ξ1χj)

M

)
t
Gdξ

)
x

( ∫
R3

χjMx

M−
dξ

)
x
dx−

∫
R

〈L−1
M P1(ξ1χj), G〉xx

( ∫
R3

χjMx

M−
dξ

)
t
dx

≤ d

dt

∫
R

〈L−1
M P1(ξ1χj), G〉xx

∫
R3

χjMx

M−
dξdx + C(λ + ε)‖(ρxx, uxx, θxx)‖2

+C(
√

E(t) + η0)D(t) + Cε(t + t0)
−4/3 + C‖Gxx‖2

ν .

Therefore, we obtain

4∑
j=0

∫
R

〈L−1
M P1(ξ1χj), P1Θ〉xx

∫
R3

χjMx

M−
dξdx

≤
4∑

j=0

d

dt

∫
R

〈L−1
M P1(ξ1χj), G〉xx

∫
R3

χjMx

M−
dξdx+C(η0+ε+λ)(‖(ρxx, uxx, θxx)‖2+‖G̃‖2

ν)

+C(
√

E(t) + η0)D(t) + Cε(t + t0)
−4/3 + C‖Gxx‖2

ν . (3.50)

Similarly, the second term involving Θ in 〈∂αP0(ξ1Gx),Mx〉 satisfies

4∑
j=0

∫
R

〈L−1
M P1(ξ1χj), P1Θ〉x

∫
R3

χjxMx

M−
dξdx

≤
4∑

j=0

d

dt

∫
R

〈L−1
M P1(ξ1χj), G〉x

∫
R3

χjxMx

M−
dξdx+C(η0+ε+λ)(‖(ρxx, uxx, θxx)‖2+‖G̃‖2

ν)

+C(
√

E(t) + η0)D(t) + Cε(t + t0)
−4/3 + C‖Gxx‖2

ν . (3.51)

For the last term in 〈∂αP0(ξ1Gx), Mx〉, we have

−
4∑

j=0

∫
R

( ∫
R3

ξ1G(
χj

M
)xdξ

)
x

∫
R3

χjMx

M−
dξdx

≤ C(
√

E(t) + E(t))D(t) + Cε(t + t0)
−4/3 + Cε‖(ρxx, uxx, θxx)‖2.

Combining the above estimates and choosing η0 > 0, λ > 0 and ε > 0 small enough,

one derives from (3.41) that

d

dt

{
‖∂αM‖2 −

4∑
j=0

∫
R

〈L−1
M P1(ξ1χj), G〉xx

∫
R3

χjMx

M−
dξdx

−
4∑

j=0

∫
R

〈L−1
M P1(ξ1χj), G〉x

∫
R3

χjxMx

M−
dξdx

}
+ d3‖(uxx, θxx)‖2

≤ C(λ + ε + η0)(‖(ρ̃x, ũx, θ̃x)‖2 + ‖G̃‖2
ν) + C(η0 + ε + λ)‖ρxx‖2

+C(
√

E(t) + η0)D(t) + Cε(t + t0)
−4/3 + C‖Gxx‖2

ν .
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Similarly, for any 1 ≤ |α| ≤ N − 1, it holds that

∑
1≤|α|≤N−1

d

dt

{
‖∂αM‖2 −

4∑
j=0

∑
α1≤α

Cα1
α

∫
R

∂α1〈L−1
M P1(ξ1χj), G〉x

×
∫

R3

∂α−α1χj∂
αM

M−
dξdx

}
+ d4

∑
2≤|α|≤N

‖(∂αu, ∂αθ)‖2

≤ C(λ + ε + η0)(‖(ρ̃x, ũx, θ̃x)‖2 + ‖G̃‖2
ν) + C(η0 + ε + λ)

∑
1≤|α|≤N−1

‖∂αρx‖2

+C(
√
E(t) + η0)D(t) + Cε(t + t0)

−4/3 + C
∑

1≤|α|≤N−1

‖∂αGx‖2
ν .

To recover the estimate on ∂αρx, one may use Lemma 3.3 to deduce that

∑
1≤|α|≤N−1

d

dt

{
‖∂αM‖2 −

4∑
j=0

∑
α1≤α

Cα1
α

∫
R

∂α1〈L−1
M P1(ξ1χj), G〉x

×
∫

R3

∂α−α1χj∂
αM

M−
dξdx + C

∫
R

∂αu1∂
αρxdx

}
+ d5

∑
2≤|α|≤N

‖∂α(ρ, u, θ)‖2

≤ C(λ + ε + η0)(‖(ρ̃x, ũx, θ̃x)‖2 + ‖G̃‖2
ν) + C

∑
1≤|α|≤N−1

‖∂αGx‖2
ν

+C(
√
E(t) + η0)D(t) + Cε(t + t0)

−4/3. (3.52)

By using (3.35), (3.39) and (3.52), a suitable linear combination gives the following

high order estimate with spatial derivatives:

d

dt

{
C̃3

∑
2≤|α|≤N

‖∂αf‖2+
∑

1≤|α|≤N−1

‖∂αG‖2+C̃2

∑
1≤|α|≤N−1

(
‖∂αM‖2+C

∫
R

∂αu1∂
αρxdx

−
4∑

j=0

∑
α1≤α

Cα1
α

∫
R

∂α1〈L−1
M P1(ξ1χj), G〉x

∫
R3

∂α−α1χj∂
αM

M−
dξdx

)}

+d6

( ∑
2≤|α|≤N

‖∂α(ρ, u, θ)‖2 +
∑

1≤|α|≤N

‖∂αG‖2
ν

)

≤ C(λ+ε+η0)(‖(ρ̃x, ũx, θ̃x)‖2+‖G̃‖2
ν)+C(

√
E(t)+η0+ε)D(t)+Cε(t+t0)

−4/3, (3.53)

where C̃2 > 0 and C̃3 > 0 are some large constants with C̃3 > C̃2.
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3.4. High order estimates with velocity derivatives. Next we estimate the

velocity derivatives of G̃. Taking ∂β (1 ≤ |β| ≤ N) over (3.27) and multiplying the

resulting equation by w2|β|∂βG̃/M− and then integrating the resulting equality over

R × R3, one can get

1

2

d

dt
‖w|β|∂βG̃‖2 −

∫
R

∫
R3

w2|β|∂βG̃∂βLM−G̃

M−
dξdx +

∫
R

∫
R3

w2|β|∂βG̃∂βP1(ξ1Gx)

M−
dξdx

=

∫
R

∫
R3

w2|β|∂βG̃∂βQ(G̃,M − M−)

M−
dξdx +

∫
R

∫
R3

w2|β|∂βG̃∂βQ(G,G)

M−
dξdx

−
∫

R

∫
R3

w2|β|∂βG̃∂βP1

[
ξ1(

|ξ−u|2θ̃x

2Rθ2 + ξ·ũx

Rθ
)M

]
M−

dξdx −
∫

R

∫
R3

w2|β|∂βG̃∂βGt

M−
dξdx.

(3.54)

We will estimate each term of (3.54). For the second term on the left hand side, it

follows from Lemma 2.13 that

−
∫

R

∫
R3

w2|β|∂βG̃∂βLM−G̃

M−
dξdx ≥ ‖w|β|∂βG̃‖2

ν − λ
∑

|β1|≤|β|
‖w|β1|∂β1G̃‖2

ν − Cλ‖G̃‖2
ν .

For the third term on the left hand side, since

∂βP1(ξ1Gx) = ξ1∂βG̃x + ξ1∂βGx +
∑
|β1|=1

∂β1ξ1∂β−β1Gx −
4∑

j=0

〈ξ1Gx, χj〉∂βχj, (3.55)

the inner product of the first term in (3.55) with w2|β|∂βG̃ with the weight M−
vanishes. And by Lemma 2.5 and (2.40), the inner product with the second term is

bounded by ∣∣∣ ∫
R

∫
R3

w2|β|ξ1∂βGx∂βG̃

M−
dξdx

∣∣∣
≤ λ‖w|β|∂βG̃‖2

ν + Cλ

∫
R

∫
R3

w2|β||ξ|2ν−1(ξ)|∂βGx|2
M−

dξdx

≤ CE(t)D(t) + Cε(t + t0)
−4/3 + λ‖w|β|∂βG̃‖2

ν .

For the inner product with the third term in (3.55), one has∑
|β1|=1

∣∣∣ ∫
R

∫
R3

w2|β|∂β1ξ1∂β−β1Gx∂βG̃

M−
dξdx

∣∣∣
≤ Cλ

∑
|β1|=1

‖w|β|− 1
2 ∂β−β1Gx‖2 + λ‖w|β|+ 1

2 ∂βG̃‖2

≤ Cλ

∑
|β1|=1

‖w|β−β1|∂β−β1Gx‖2
ν + λ‖w|β|∂βG̃‖2

ν .

Here, one has used (1.16) and the fact that |β − β1| = |β| − 1.
47



For the inner product with the last term in (3.55), one has∣∣∣ ∫
R

∫
R3

w2|β|〈ξ1Gx, χj〉∂βχj∂βG̃

M−
dξdx

∣∣∣ ≤ Cλ‖Gx‖2
ν + λ‖w|β|∂βG̃‖2

ν .

Next, we handle the terms on the right hand side of (3.54). First, it follows from

Lemma 2.2 that∫
R

∫
R3

w2|β|∂βG̃∂βQ(G̃,M − M−)

M−
dξdx ≤ Cη0‖w|β|∂βG̃‖2

ν +Cη0

∑
|β1|≤|β|

‖w|β1|∂β1G̃‖2
ν .

Lemma 2.11 implies that ∫
R

∫
R3

w2|β|∂βG̃∂βQ(G,G)

M−
dξdx

≤ Cλ(
√
E(t)+E(t))D(t)+Cε(t+ t0)

−4/3 + ε‖w|β|∂βG̃‖2
ν +C(λ+ ε)

∑
β1≤β

‖w|β1|∂β1G̃‖2
ν .

For the third term of the right hand side of (3.54), one has

∫
R

∫
R3

w2|β|∂βG̃∂βP1

[
ξ1(

|ξ−u|2θ̃x

2Rθ2 + ξ·ũx

Rθ
)M

]
M−

dξdx ≤ λ‖w|β|∂βG̃‖2
ν + Cλ‖(ũx, θ̃x)‖2.

It follows from Lemma 2.5, Lemma 3.2 and Lemma 3.3 that∣∣∣ ∫
R

∫
R3

w2|β|∂βG̃∂βGt

M−
dξdx

∣∣∣
≤ λ‖w|β|∂βG̃‖2

ν + Cλ(‖(u1xt, θxt)‖2 + ‖(u1x, θx) · (ut, θt)‖2)

≤ λ‖w|β|∂βG̃‖2
ν+Cλ(

√
E(t)+E(t))D(t)+Cε(t+t0)

−4/3+Cε‖Gx‖2
ν+Cε‖(ρ̃x, ũx, θ̃x)‖2.

Therefore, collecting all the estimates above and choosing λ, η0 and ε small

enough, one deduces that

d

dt
‖w|β|∂βG̃‖2 + C‖w|β|∂βG̃‖2

ν ≤ C(
√

E(t) + E(t))D(t) + Cε(t + t0)
−4/3

+C‖(ρ̃x, ũx, θ̃x)‖2 + C
∑

|β1|≤N−1

‖w|β1|∂β1Gx‖2
ν + C

∑
β1<β

‖w|β1|∂β1G̃‖2
ν . (3.56)

Hence, for any 1 ≤ |β| ≤ N , the summation of (3.56) over 1 ≤ |β| ≤ N through a

suitable linear combination gives∑
1≤|β|≤N

[ d

dt
‖w|β|∂βG̃‖2 + C‖w|β|∂βG̃‖2

ν

]
≤ C(

√
E(t) + E(t))D(t) + Cε(t + t0)

−4/3

+C‖(ρ̃x, ũx, θ̃x)‖2 + C
∑

|β1|≤N−1

‖w|β1|∂β1Gx‖2
ν + C‖G̃‖2

ν . (3.57)
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Next, we will estimate ∂α
β G with |α|+ |β| ≤ N with |α| ≥ 1 and |β| ≥ 1. Applying

∂α
β to (1.9) gives

∂α
β Gt + ∂α

β P1(ξ1Gx) + ∂α
β P1(ξ1Mx) = ∂α

β LM−G + 2∂α
β Q(G,M − M−) + ∂α

β Q(G,G).

Multiplying the above equation by ∂α
β G/M− and then integrating over R×R3 yield

1

2

d

dt

∫
R

∫
R3

w2|β||∂α
β G|2

M−
dξdx −

∫
R

∫
R3

w2|β|∂α
β LM−G∂α

β G

M−
dξdx

= 2

∫
R

∫
R3

w2|β|∂α
β Q(G,M − M−)∂α

β G

M−
dξdx +

∫
R

∫
R3

w2|β|∂α
β Q(G,G)∂α

β G

M−
dξdx

−
∫

R

∫
R3

w2|β|∂α
β P1(ξ1Gx)∂

α
β G

M−
dξdx −

∫
R

∫
R3

w2|β|∂α
β P1(ξ1Mx)∂

α
β G

M−
dξdx. (3.58)

By Lemma 2.8, 2.12, 2.13 and a similar argument as for (3.56), one can obtain

d

dt
‖w|β|∂α

β G‖2 + C‖w|β|∂α
β G‖2

ν ≤ Cε(t + t0)
−4/3 + C(

√
E(t) + η0 + ε)D(t)

+C‖∂α(ρx, ux, θx)‖2 + C
∑

|α1|≤|α|
‖∂α1Gx‖2

ν + C
∑

|β1|<|β|
‖w|β1|∂α

β1
G‖2

ν .

Summing over |α| + |β| ≤ N with |α| ≥ 1 and |β| ≥ 1 through a suitable linear

combination of the above inequality implies∑
(α,β)∈Λ

[ d

dt
‖w|β|∂α

β G‖2 + C‖w|β|∂α
β G‖2

ν

]
≤ C(

√
E(t) + η0 + ε)D(t) + Cε(t + t0)

−4/3

+C
∑

1≤|α|≤N−1

‖∂α(ρx, ux, θx)‖2 + C
∑

1≤|α|≤N

‖∂αG‖2
ν , (3.59)

with the set of indices defined as Λ = {|α| + |β| ≤ N ,|α| ≥ 1, |β| ≥ 1}.
Then a suitable linear combination of (3.57) and (3.59) gives the following high

order estimate:
d

dt

{ ∑
1≤|β|≤N

‖w|β|∂βG̃‖2 + C̃4

∑
(α,β)∈Λ

‖w|β|∂α
β G‖2

}

+C
( ∑

1≤|β|≤N

‖w|β|∂βG̃‖2
ν +

∑
(α,β)∈Λ

‖w|β|∂α
β G‖2

)

≤ C(‖(ρ̃x, ũx, θ̃x)‖2 +
∑

2≤|α|≤N

‖∂α(ρ, u, θ)‖2 +
∑

1≤|α|≤N

‖∂αG‖2
ν + ‖G̃‖2

ν)

+C(
√

E(t) + η0 + ε)D(t) + Cε(t + t0)
−4/3, (3.60)

where C̃4 > 0 is a large constant.

Finally, a suitable linear combination of (3.31), (3.53) and (3.60) implies that

d

dt
E(t) + C0D(t) ≤ C1(

√
E(t) + η0 + ε + λ)D(t)
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+C2ε(t + t0)
−4/3 + C2g(t)‖

√
η(t)‖2, (3.61)

with E(t) and D(t) defined by (1.20) and (1.21) respectively, and E(t) given by

E(t) = ‖G̃‖2 + C̃1

( ∫
R

η(t)dx −
∫

R

∫
R3

L−1
M P1[ξ1(θ ln M)xM − 3

2
u1xξ

2
1M

] G̃

M
dξdx

+C(λ+ε)

∫
R

ũ1ρ̃xdx
)
+C̃5

{
C̃3

∑
2≤|α|≤N

‖∂αf‖2+
∑

1≤|α|≤N−1

‖∂αG‖2+C̃2

∑
1≤|α|≤N−1

(
‖∂αM‖2

+C

∫
R

∂αu1∂
αρxdx−

4∑
j=0

∑
α1≤α

Cα1
α

∫
R

∂α1〈L−1
M P1(ξ1χj), G〉x

∫
R3

∂α−α1χj∂
αM

M−
dξdx

)}

+
1

C̃6

( ∑
1≤|β|≤N

‖w|β|∂βG̃‖2 + C̃4

∑
(α,β)∈Λ

‖w|β|∂α
β G‖2

)
.

Here, by choosing C̃6 > 0 and C̃5 > C̃1 as some large constants, one can show easily

that there exists a positive constant C̄ > 1 such that C̄−1(E(t) − ζ(t0)) < E <

C̄(E(t) + ζ(t0)) where ζ(t0) → 0 as t0 → ∞.

Assume a priorily that E(0) ≤ aε0 and for some T1 > 0,

sup
0≤t≤T1

E(t) < b(ε0 + ε),

with b = max{3aC̄2, 3C̄C2}. We can choose ε, η0 and λ small enough such that for

0 ≤ t ≤ T1

C1(E1/2 + η0 + ε + λ) < C0.

Then (3.61) and H4 implies that

sup
0≤t≤T1

E(t) < E(0) + C2ε + C2Cgε sup
0≤t≤T1

E(t).

Choosing ε > 0 small enough so that C2Cgε < 1
2
, we can obtain

sup
0≤t≤T1

E(t) < C̄ sup
0≤t≤T1

E(t) + C̄ζ(t0) < 2(E(0) + C2ε) + C̄ζ(t0)

≤ 2C̄(C̄E(0) + C2ε) + 4C̄ζ(t0) ≤ 3C̄(aC̄ε0 + C2ε) < b(ε0 + ε),

where t0 is chosen to be large enough. This together with the local existence theorem

yields the global existence of classical solutions for small perturbations.
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4. Application to Nonlinear Stability of Rarefaction waves

Now we apply Theorem 1.1 to study the large time asymptotic behavior of the

global solution f(t, x, ξ) to the Boltzmann equation when the initial data is a small

perturbation of a rarefaction wave profile. Let

f(t, x, ξ)|t=0 = f0(x, ξ) →

⎧⎪⎨
⎪⎩

ρl√
(2πRθl)3

exp
(
− |ξ−ul|2

2Rθl

)
, x → −∞,

ρr√
(2πRθr)3

exp
(
− |ξ−ur|2

2Rθr

)
, x → +∞. (4.1)

Here ρr, θr > 0, ur = (u1r, 0, 0) and ρl, θl > 0, ul = (u1l, 0, 0) are constants such that

the Riemann problem of the compressible Euler equations⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ρt + (ρu1)x = 0,
(ρu1)t + (ρu2

1 + p)x = 0,
(ρui)t + (ρu2

i )x = 0, i = 2, 3,(
ρ
(
e + |u|2

2

))
t
+

(
ρu1

(
e + |u|2

2
+ pu1

))
x

= 0, (4.2)

(ρ, u, θ)(t, x)|t=0 = (ρr
0, u

r
0, θ

r
0)(x) =

{
(ρl, ul, θl), x < 0,
(ρr, ur, θr), x > 0, (4.3)

admits a centered rarefaction wave solution of the third family. Here the equations

of state are corresponding to the monatomic gas, e = θ and p = 2
3
ρθ with the

gas constant R = 2
3
. A centered rarefaction wave in the third family, denoted by

(ρR, uR, θR)(x/t) with (ρr, ur, θr) ∈ R3(ρl, ul, θl), satisfies

R3(ρl, ul, θl) ≡
{

(ρ, u, θ)
∣∣∣S = S, u1−

√
15k

3
ρ1/3 exp

(S

2

)
= u1r−

√
15kρ1/3

r exp
(S

2

)
u2 = u3 = 0, u1 < u1r, ρ < ρr

}
,

where ⎧⎨
⎩

S = −2
3
ln ρ + ln(4

3
πθ) + 1 = −2

3
ln ρl + ln(4

3
πθl) + 1

= −2
3
ln ρr + ln(4

3
πθr) + 1 = S,

k = 1
2πe

. (4.4)

Note that along a given R3 wave curve, the third characteristic speed, λ, satisfies

the inviscid Burgers equation

λt + λλx = 0.

Hence, a smooth rarefaction wave profile can be constructed as [20] with a parameter

ε > 0 as follows. Let λ satisfies

λt + λλx = 0,

λ(0, x) =
1

2
(λr + λl) +

1

2
(λr − λl) tanh(εx), (4.5)
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where

λl = λ3(ρl, ul, θl), λr = λ3(ρr, ur, θr).

Then the smooth rarefaction profile (ρ, u, θ)(t, x) is defined by

(ρ, u, θ)(t, x) = (ρA, uA, θA)(t + t0, x), (4.6)

where t0 = 1
d1ε2

with d1 > 0, and (ρA, uA, θA)(t, x) satisfies

uA
1 (t, x) +

√
15k

3

(
ρA(t, x)

)1/3

exp
(S

2

)
= λ(t, x), i = 1, 3,

uA
1 −

√
15k

(
ρA(t, x)

)1/3

exp
(S

2

)
= u1r −

√
15kρ1/3

r exp
(S

2

)
,

θA(t, x) =
3

2
k
(
ρA(t, x)

)2/3

S, uA
2 = uA

3 = 0. (4.7)

In what follows we assume

|ρl − ρr| + |ul − ur| + |θl − θr| < η0, (4.8)

1

2
sup

(t,x)∈R+×R

θ(t, x) < inf
(t,x)∈R+×R

θ(t, x). (4.9)

Notice that ε appears in the initial data for (4.5) for the spreading of the wave, while

η0 represents the strength of the wave in condition (4.8).

We recall some properties of (ρ, u, θ)(t, x) from [20] in the following lemma.

Lemma 4.1. The smooth rarefaction wave (ρ, u, θ)(t, x) constructed in (4.6) has

the following properties:

(i) u1x(t, x) > 0 for all (t, x) ∈ R+ × R.

(ii) For any p (1 ≤ p ≤ ∞), there exists a constant C(p) > 0 depending on p such

that

‖(ρ, u, θ)x(t, x)‖Lp ≤ C(p)(t + t0)
−1+ 1

p ,

‖ ∂j

∂xj
(ρ, u, θ)(t, x)‖Lp ≤ C(p)(t + t0)

−1, j ≥ 2.

(iii) (ρ, u1, θ)(t, x) solves⎧⎪⎨
⎪⎩

ρt + (ρu1)x = 0,
(ρu1)t + (ρu2

1 + p)x = 0,(
ρ
(
e + |u1|2

2

))
t
+

(
ρu1

(
e + |u1|2

2
+ pu1

))
x

= 0. (4.10)

(iv) lim
t→∞

sup
x∈R

|(ρ, u, θ)(t, x) − (ρR, uR, θR)(x/t)| = 0.

It follows from Lemma 4.1 and a direct calculation that the smooth rarefaction

profile (4.6) satisfies all the assumptions H1-H4. Hence, the nonlinear asymptotic
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stability theorem of the smooth rarefaction wave, Theorem 1.2, is a consequence of

Theorem 1.1.
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