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1 Introduction

In this paper, we consider the following compressible and isentropic Navier-Stokes equations
with density-dependent viscosities

=0, R, ¢t >0,

(pw): + (pu® +p(p)), = (1(p)tz)e,

where p(t,z) > 0, u(t, z) represent the density and the velocity of the gas, respectively. Let the
pressure and viscosity function be given by

p(p) =Ap",  ulp) = Bp*, (1.2)

respectively, where v > 1 denotes the adiabatic exponent, @ > 0 and A, B > 0 are the gas
constants. For simplicity, it is assumed that A = B = 1.

Consider the Cauchy problem (|I.1]) with the initial values

(p, pu)(0,2) = (po, mo)(z) — (p+,m+), as x — oo, (1.3)

where p+ > 0, m+ are prescribed constants.

The large time behavior of solutions to ([1.1)-(1.3) is expected to be closely related to that
of the Riemann problem of the corresponding Euler system

(pu)e + (pu® + p(p))e = 0,
with Riemann initial data
S (p—,m_), x <0,
(p, pu)(0, ) == (ph, mo)(x) = (1.5)
(p4,m), x> 0.

Different initial states produce different type of waves, namely, shock waves and rar-
efaction waves for the one-dimensional compressible isentropic Euler equations . However,
as pointed out by Liu-Smoller [25], among the two nonlinear waves, i.e., shocks and rarefaction
waves, only rarefaction waves can be connected to vacuum. When vacuum appears, the stability
of rarefaction waves to the 1D compressible Navier-Stokes equations is an important issue.

When the viscosity p(p) is a constant, there have been extensive studies on the stability of the
rarefaction waves to the 1D compressible Navier-Stokes equations under the assumptions that
the rarefaction waves and the solutions are away from the vacuum (see [§], [17], [21], [24], [26],
[29], [30] and the references therein). However, when vacuum appears, the well-known results by
Hoff-Serre [13], Xin [37] and Rozanova [34] show that the solutions of the compressible Navier-
Stokes equations with constant viscosity may behave singularly, in particular, in the case that
the fluids jump to far field vacuum. Liu, Xin and Yang first proposed in [27] some models of
the compressible Navier-Stokes equations with density-dependent viscosities to investigate the
dynamics of the vacuum. On the other hand, when deriving by Chapman-Enskog expansions
from the Boltzmann equation, the viscosity of the compressible Navier-Stokes equations depends
on the temperature and thus on the density for isentropic flows. Also, the viscous Saint-Venant
system for the shallow water, derived from the incompressible Navier-Stokes equations with



a moving free surface, is expressed exactly as in (L.I)-(1.2) with @ = 1 and v = 2 (see [9]).
However, there appear new mathematical challenges in dealing with such systems. In particular,
these systems become highly degenerate. The velocity cannot even be defined in the presence
of vaccum and hence it is difficult to get uniform estimates for the velocity near vacuum. The
global existence of generak weak solutions to the compressible Navier-Stokes equations with
density-dependent viscosities or the viscous Saint-Venant system for the shallow water model
in the multi-dimensional case remains open, and one can refere to [4], [5], [10], [31] for recent
developments along this line.

There are a large number of literatures on mathematical studies of — with various
initial and boundary conditions. If the initial density is assumed to be connected to vacuum
with discontinuities, Liu, Xin and Yang first obtained in [27] the local well-posedness of weak
solutions. The global well-posedness was obtained later by [16], [I7], [33], [38] respectively.
The case of initial densities connecting to vacuum continuously was studied by [7], [36], [38]
and [39] respectively. However, most of these results concern with free boundary problems.
Recently, initial-boundary-value problems for the one-dimensional equations — with
w(p) = p*(a > 1/2) was studied by Li, Li and Xin in [22] and the phenomena of vacuum
vanishing and blow-up of solutions were found there. The global existence of weak solutions
for the initial-boundary-value problems for spherically symmetric compressible Navier-Stokes
equations with density-dependent viscosity was proved by Guo, Jiu and Xin in [I0]. More
recently, there are some results on global existence of weak solutions to the Cauchy problem
—. The existence and uniqueness of global strong solutions to the compressible Navier-
Stokes equations (L.I)-(L.3) were obtained by Mellet and Vasseur [3I] where no vacuum is
permitted in the initial density and for 0 < o < % However, the a priori estimates obtained in
[31] depend on the time interval thus do not give the time-asymptotic behavior of the solutions.
The first result about the time-asymptotic behavior of the solutions to the Cauchy problem
— is obtained by Jiu-Xin [19], where the global existence and large time-asymptotic
behavior of the weak solutions were considered in the case that py = p_ > 0 and uy =u_ = 0.
In the case that p = p— > 0 and uy = u— = 0, the vanishing of the vacuum and the blow-
up phenomena of the weak solutions were also obtained in [I9]. One of the key elements in
the analysis in [19] is an interesting entropy estimate which was observed first in [20] for the
one-dimensional case and later established in [Il, 2 3] for more general and multi-dimensional
cases due to the structure that the viscosity coefficients vanish at the vacuum. This entropy
estimate provides higher regularity of the density and played a crucial role in [10, 19} 22] for
global existence and large time asymptotic behaviors of weak solutions.

The stability of rarefaction waves of the 1D compressible Navier-Stokes equations with
density-dependent viscosity was studied in [I§] under general initial perturbations such that
the initial data and the solutions may contain the vacuum. However, in [I§], the rarefaction
wave itself is away from the vacuum. In this paper, we are concerned with the the case when
the rarefaction wave is permitted to be connected to vacuum.

For definiteness, we consider the case of a 2-rarefaction wave such that p- = 0,p4 > 0
in . Similar to [I8], we will first construct a class of approximate solutions satisfying
some uniform estimates and furthermore prove the global existence of weak solutions for the
Cauchy problem of —. To get the uniform energy and entropy estimates in time to the
approximate solutions, we combine the elementary energy estimates and the entropy estimates
in an elaborate way. Note that the elementary energy estimates and the entropy estimates
are coupled to each other due to the underlying rarefaction wave. This is quite different from
the previous works on the global existence and the time-asymptotic behavior of the solutions



to Navier-Stokes equations with density-dependent viscosity where the elementary energy
estimates and the entropy estimates can be derived independently. Moreover, compared with the
case of non-vacuum rarefaction waves in [18], some new difficulties occur due to the degeneracies
at the vacuum states in the 2-rarefaction wave. To overcome these difficulties, we first cut off the
2-rarefaction wave with vacuum along the rarefaction wave curve and then derive some uniform
estimates with respect to both the approximations and the cut-off process. More precisely, for
any v > 0, a suitably small parameter, the cut-off 2-rarefaction wave will connect the state
(p,u) = (v,u,) and (p4,uy) where u, can be obtained explicitly and uniquely by the definition
of the 2-rarefaction wave curve. For any fixed v > 0, one can obtain a weak solution to the
compressible Navier-Stokes equations — with (p—, m_) replaced by (v,vu,) along the
same line as in our previous paper [18]. Thus, in order to get the solution to the original problem
—, we will derive some uniform estimates with respect to both the approximations and
the cut-off process. To this end, the approximation parameters ¢ and the cut-off parameter

v should be chosen in an appropriate way. Thus, as a limit of this approximate solution, a
global weak solution to (1.1)-(1.3]) is shows to exist with the uniform-in-time estimates ([2.18)

and .

Next, we study the large-time asymptotic behavior of any weak solutions to —
under the uniform-in-time bounds and . It is shown that time-asymptotically, the
density function tends to the rarefaction wave connected to the vacuum in L norm. This time-
asymptotic behavior of the density function implies that the vacuum in the far field is essential
and will maintain for all the time. This is quite different from the previous results in [I8] and
[22] where all the possible vacuum states will vanish in finite time. At last, we prove that such
a weak solution becomes regular away from the vacuum region of the rarefaction wave by using
the Di Giorgi-Moser iteration and higher order energy estimates.

Notations. Throughout this paper, positive generic constants are denoted by ¢ and C, which
are independent of ¢, v and T', without confusion, and C(-) stands for some generic constant(s)
depending only on the quantity listed in the parenthesis. For function spaces, LP(Q2),1 < p < oo,
denote the usual Lebesgue spaces on Q C R, := (—00, 00). W*P(Q) denotes the k' order Sobolev
space, H¥(Q) := WHk2(Q).

2 Preliminaries and Main Results

In this section we first describe the rarefaction wave connected to the vacuum to the compressible
Euler system (1.4]). Then an approximate rarefaction wave will be constructed through the
Burger’s equation and the main results of the paper will be given at last.

2.1 Rarefaction waves

The Euler system ((1.4) is a strictly hyperbolic one for p > 0 whose characteristic fields are both
genuinely nonlinear, that is, in the equivalent system

u
AN (7)) 2o

u P u) \u

t x



the Jacobi matrix

has two distinct eigenvalues

A(p,u) =u—+p'(p),  Aep,u) =u+pp)

with corresponding right eigenvectors

ri(p,u) = (1, (=1)’
such that
P 2%’

20\/1'(p)

Define the i—Riemann invariant (i = 1,2) by

ri(p,u) - V(puyAi(p, u) = (=1) if p>0.

Si(pyu) =u+ (-

1)i+1 /p \% p;(s)ds,

such that
Vi Silp,u) - ri(p,u) =0,  VYp>0,u.

There are two families of rarefaction waves to the Euler system ([1.4)-(1.5). Here we consider

the case of 2—rarefaction wave connected with vacuum, that is p— = m_ = 0,p1 > 0. Thus

we can define the velocity at the positive far field uy = %. First we give the description of

the 2-rarefaction wave connected with vacuum, see also in details in [25]. From the fact that
2—Riemann invariant is constant:

ZQ(P— = O,U_) = 22(p+vu+)a

we can define the velocity u_ which is the speed of the gas coming into the vacuum region.
Then the entropy condition A2(p— = 0,u—) < Aa(p4,uy) is always satisfied. This 2—rarefaction
wave connecting the vacuum p_ = 0 to (p4,uy) is the self-similar solution (p",u")(&), (£ = §)

of [TA)-(TH) defined by
pr(€) =0, if £<A(0,u")=u_,
§’ if u- < é < )‘2(p+7u+)7 (21)
)\z(er,qu), if 5 > )\2(p+)u+)7

and
Sa(p (€),u"(€)) = Lalpa,us) = D (0,u_). (2.2)

Thus we can define the momentum of 2-rarefaction wave by

(2.3)

T uT if T
R NG GE 2

0, it p"(§)

In this paper, we consider the time-asymptotic behavior toward such rarefaction waves of solu-
tions to the compressible Navier-Stokes equations (|1.1)) with density-dependent viscosities.



2.2 Approximate rarefaction waves
Consider the Riemann problem for the inviscid Burgers equation:

wy +ww, =0, t>0, x€R,

w_, z <0, (2.4)
w(z,0) =
wy, x> 0.

If w_ < wy, then the Riemann problem ({2.4)) admits a rarefaction wave solution w”(z,t) = w"(§)
given by

w-, 7 <w,
T
wr(g) =92 w_<?<uwy, (2.5)
(R T2 wy.

Consider the solution to the following Cauchy problem for Burgers equation

wy +wwy, =0, t>0, z€R,
Wy two | Wy —wo

w(0,z) = wp(z) = + K, /Om(l ) dy. (2.6)

2 2

o0

Here ¢ > 2 is some fixed constant, and K, is a constant such that Kq/ (1+ y2)7‘1dy =1, and

0
7 is a small positive constant to be determined later. It is easy to see that the solution to this
problem is given by

w(t, x) = wo(zo(t,x)), x = xo(t, x) + wo(xo(t, x))t. (2.7)
Then the following properties hold (see [30]).
Lemma 2.1 Let w— < wy, the Cauchy problem has a unique smooth solution w(t,x)
satisfying
i) wo <w(t,x) <wg, we(t,x)>0;
ii) For any p (1 < p < 00), there exists a constant Cpq such that

) _1
lw(t, ) = w (ller®) < Cpdrn
1
|| wa(t) HLP(R)§ Cpg min {(57«7]17%, 57?t71+%}7

1 o1y~ L e
| wee () HLP(R)S Cpg min {57"772 P, "7(1 2)(1 p)5T O =73 }

where 0, = wy —w_, and Cp, Cpy are independent of t;

i) sup |w(t,z) —w" ()] — 0, ast — oo.
zeR

We now turn to rarefaction waves to the Euler system ((1.4)-(1.5)). Set Aa(p+,us) = wy with
p— = 0in (2.4). Then the unique solution (p",u")(§) in (2.1)-(2.3) to the Riemann problem

(L.4)-(L.5) can also be expressed in terms of w"(%) in (2.5)), by
x
)

Il
g

3
—
L

t (2.8)



Correspondingly, an approximate 2—rarefaction wave (p, @)(t,z) can be defined by

A2 (p(t, x),u(t, z)) = w(l +t,z),

(2.9)
EQ(ﬁ(ta Q?), ﬁ(ta .Z')) = E2(/):|:7 u:t)'
It can be checked that (p, @)(t,x) also satisfies the Euler system
+ =0
pr + (pu) (2.10)

(pu) + (pu* + p(p))z = 0,
and properties listed in the following Lemma.
Lemma 2.2 The approzimate 2—rarefaction wave (p,u)(t,x) defined in (2.9) satisfies
_ _ _ _a=3 _
(1) pz >0, uz >0, uz:\ﬁp 2 Pzx;

(2) For anyp (1 <p < o0), there exists a constant Cp, such that

. _1
15,0t ) = () (D oy < Coplawy = w-)n s,
1 (£, M o) < Cpgmin{on' 5,67 (14 4) 147},
(£ o (r) < Cpgmin{on? . 730 3) 5~ 50 (1 4 4) 7150 4+ 65 (14 1) 25},

where § = |py — p—| + |uy — u_| is the strength of the rarefaction wave;

(3) lim sup |p(t,x) — p"(£)| = 0.
=0 zeR
Remark 2.1 For any 1 < p < 400,

T
/0 iz (. )| oyt < C,

where C is independent of T'. Note that in the case p = 1, the constant C in the above estimates
18 not uniform in T. Moreover, the following estimate holds:

T 2 T 11 2
/ e, | e (ot < Cyis / (14 )" "mrdr < opms,
0 0

where C' is independent of T'.

2.3 Main Results

Set

(2.11)



The initial values are assumed to satisfy:

po>0; mo=0 a.e. on{zeR|py(x)=0};

_1
(py )z € L*R), po¥(po,p+) € LYR*E) with p_ =0; (2.12)
mg M4+ mg M4
po(— — —=)? € L'(R*), po(— — —)® € L'(R¥),
P pr po P

where u_ := % since p— = m_ = 0. Note that (2.12) implies that pg € Cp(R) which is the
space of bounded and continuous functions.

Equivalently, the assumptions (2.12)) can be rewritten as

po>0; my=0 ae. on{xe€R|py(z)=0};

ol
(ro ?)e € L*(R), po¥(po,po) € L'(R); (2.13)
m m
po(2 — i) € L'(R),  po( =2 — 1) € L'(R),
Po Po

where (pg, o) := (p, w)(0, x) is the initial values of the approximate 2—rarefaction wave (p, @) (t, x)

constructed in (2.9)).

Before stating the main results, we give the definition of weak solutions to (1.1))-(1.3]) with
the far fields (p+,my). Let T > 0 be given. For any far fields (p+,uy) satisfying p+ > 0 and
any smooth functions (5, @)(t, =) connecting with them, we define

Definition 2.1 A pair (p,u) is said to be a weak solution to (1.1)-(1.3) with the far fields
(p+,us) provided that there exists a smooth functions (p, w)(t, z) with the same far fields (p+,uy)
and p > 0, such that

(1) p>0 a.e., and

pe L=(0,T;L%(R)) N C(0,T] xR), p¥(p,p) € L0, T; L'(R)),
(p°"3), € L®(0,T; L*(R)), Vplu— 1) € L=(0,T; L*(R));

(2) For any ty > t; > 0 and any ¢ € CH(R x [t1,t2]), the mass equation (L.1)) holds in the
following sense:

to
[ wcdsl = [ [ (o+ ypypuco)dsa (2.14)
R t1 R

(8) For any ¢ € C§°(R x (0,T)), it holds that

/0 ' /R {\/ﬁx/ﬁuwt + [(vpu)? + ;ﬂ]u}x}d:pdw (P g, hz) = 0, (2.15)

where the diffusion term makes sense if written as

T ) T
<pauoca'¢x> = _/ / paié pu g drdt — - / / (paié)x\/ﬁu@bxdxdt- (2'16)
o Jr 2a-1Jo Jr

The first main result in this paper reads as



Theorem 2.1 Let o and ~ satisfy that

1
1<y<2, and 1<04<%7 (2.17)

and suppose that (2.13)) holds. Then the Cauchy problem (L.1))-(1.3)) admits a global weak solution
(p(x,t),u(z,t)) in the sense of Definition with the smooth function (p,u) replaced by the
approximate rarefaction wave (p,w). Furthermore, this weak solution (p(x,t),u(z,t)) satisfies

p >0, . t)renrzgic[o - p < C, peCRxI0,T]), (2.18)

sup [ [IV(u— @)l + (612 + p0(p. )] ds

te0,7]JR
T yta—1 _yta—1 ) _ _ _ ) 2

+ {llo7 2 —p 2 )ul? + @up¥(p, p) + pliz(u — 0)* + A(z,t)* }dxdt < C,
0 R

where C' is an absolute constant depending on the initial data but independent of T and A(z,t) €
L*(R x (0,T)) satisfies

/ / p2 Nopdzdat = / / -3 Vp(u — ) pzdrdt

ga ) / / P72 )oy/p(u — W)pdadt, Vg € CF(R x (0,T)). (2.20)

(2.19)

Remark 2.2 It should be noted that there is no requirement on the sizes of the strength of the
rarefaction wave and the perturbations. The class of initial perturbations given by (2.13)) is quite
large compared with those for the case of constant viscosities, [26], [29], [30].

Remark 2.3 The important case of the shallow water model, i.e., « = 1,v = 2, is included in
our theorem.

Remark 2.4 For any far fields (p+,us) satisfying p+ > 0 and any smooth functions (p,u)(t, x)
connecting with them, one can also obtain the existence of weak solutions in the sense of Defi-
nition in a similar way (see [23] for the weak solutions in the case of p+ >0 and uyx =0).
Howewver, in order to get the uniform in time estimates in —, it seems that the far
fields (p+,u+) should be specified and in Theorem[2.1] the smooth function (p,w)(t,z) is replaced
by the approzimate rarefaction wave (p,u).

The next result concerns on the asymptotic behaviors of the weak solution, which can be
stated as

Theorem 2.2 Let a and v satisfy (2.17) and suppose that (2.12) holds. Suppose that (p,u)(z,t)
is a global weak solution of the Cauchy problem (1.1))-(1.3]) in the sense of Deﬁnitian satisfying

(2.18)) and (2.19)). Then it holds that

lim sup |p(t,z) — p(t,z)| = 0. (2.21)
t——4o00 zeR
Consequently,
lim sup |p(x,t) — pr(§)| =0. (2.22)
t—%0 2R t
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Remark 2.5 A direct consequence of Lemma (2), (2.19) and (2.22)) is the following time-

asymptotic behavior of the density function:

Jim (o 0) = "G lpogry =0, V2 < p < oo (2.23)

Remark 2.6 Theorem implies that for any weak solution (p,u) to the Cauchy problem
(LI)-(1.3) with the far fields given by the vacuum state and (p4,us), if (p,u) satisfies the
bounds (2.18)) and (2.19), then the density function converges to the 2-rarefaction wave to the
corresponding Euler equations connecting the vacuum state and (p4,uy) in sup-norm ast tends
to infinity. Consequently, the initial vacuum at far field will remain for all the time, which
is contrast to the case of non-vacuum rarefaction waves studied in [18] where all the possible
vacuum states will vanish.

Finally, we can obtain the following higher regularity to the velocity function u(t,z) to a
global weak solution (p,u)(t,x) of the Cauchy problem (I.1))-(1.3)) in the sense of Definition
satisfying (2.18) and (2.19)) in the region away from the vacuum region of 2-rarefaction wave

(p",u")(§)-

Theorem 2.3 (Regularity of the solution away from the vacuum) Let (p,u) be a weak solution

to the Cauchy problem (1.1)-(1.3) satisfying (2.18)) and (2.19). For any fized o > 0, there exist
a straight line x = \§t with \§ = /\2(P7U)’(p,u):(0,ug) defined in (5.1) and a large time Ty, such
that if (t,x) € Qp :={(t,z)|t > T,,,x > A\Jt}, then the density has the lower bound

o
t > —.

Furthermore, for any (t, z«) € Q5 and for any r,s > 0 such that Q; 5 := By (24) X (ts, txt5] C Qp

with By(x.) being the ball with the radius r and the center x., there exists a constant o € (0,1),

such that

ap, 20 % 0o
u€ Clo((): : ( r,s)a u € Lloc(t*ﬂt* + S7H1{)C(B""(x*)))7 (2 24)

ut € LIZOC(Q:’78)7 u € L%oc(t*?t* + 87H1200(B7"(x*)))'

3 Existence of a weak solution

We first study the following approximate system:

x = b R7 t )
{pt + (pu)z =0 x € >0 (3.1)

(pu)i + (pu® +p(p)), = (pe(p)tiz)z,

where pi-(p) = p®+ep? with e > 0 and 0 = % This kind of the approximation ep? was first used
in [I7) and 0 = % is crucial in getting the lower bound of the approximation density function to
enure the existence of approximate solutions.

To overcome the difficulty caused by the vacuum in the rarefaction wave, we first cut off the
rarefaction wave along the wave curve. More precisely, for any v > 0 suitably small and to be
determined, let (v, u(v)) be the state such that

Yo(v,u(v)) = Ba(p+,ut),
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. . . o 27 a1 .
where 2-Riemann invariant ¥a(p,u) = u — ~Y5p 2 . Then (v,u(v)) is connected to (p4,u) by
a non-vacuum 2-rarefaction wave given by 8/)5, u,,)(%). Then it holds that

x x
6 = () (D) < v
o) 2y 2t . . . .
ne can compute that u(v) = ~5v"2 +3s(py, uy ). So the corresponding smooth approximate

2—rarefaction wave (p,,u,) described in Section 2.2 can be constructed by setting
)\2(V7u(V)> = W—, )\2(p+7u+) = W4

Consequently, (p,,4,) will converge to (p, u) point-wisely as v tends to zero. In fact, v = v(e)
will be chosen suitably such that v(g) — 0 as e tends to zero.

The initial values (po,mo) can be regularized in a similar way as in [18] such that

v,vu(r)), as xr — —oo,
(p, pu)(O,x) = (POa,mmOa,V) - ( ( )) (32)
(p+,my), as x — +oo,

and
1 2
poev () > min{v, S }, VazeR, (3.3)

for suitably small ¢, > 0.

Furthermore, po. . satisfies
Poc ¥ (pocs o) — po¥(po, o) in L), (pG2,"")e = (pG /%), in L2(R).

Since in the following paper «, v satisfy (2.17)) and we choose v = 5%, it holds that

l/ﬁm%m$m=<sﬁfdﬁw@wﬁmsa
R R

1
a—3

While mo. ,, satisfies

Moe,v _ mo _ X
poey(— — uoy)2 — po(— — u0)2 in L'(R),
e,V £0
and o .
, - 0o _ .
2 =Y uou)?’ — po(— — uo)3 in Ll(R).
POoe,v Po

For any fixed T" > 0 and ¢,v > 0, we will first construct smooth approximate solutions
(Pevy Uew)(,t) to with initial values (p, pu)(0,2) = (poe,v, Moe,v)(z) defined in [0,T]. To
do this, a key step is to get the lower bound of the density. Then the global existence of
weak solutions to — can be proved by compactness arguments. We intend to deduce
the uniform energy and entropy estimates with respect to ,v such that one can pass to the
limit e, — 0. Due to the closeness to the vacuum of the rarefaction wave, we will have
to combine suitably the elementary energy estimates with the entropy estimates to get the
following estimates which are crucial to prove our main results.
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Lemma 3.1 Suppose that the conditions in Theorem are satisfied and that (pe .y, uey) is a
smooth solution to (3.1)) satisfying pe,, > 0. Then for anyT > 0 ande,v > 0 witheIn(1+7) < C
and €,v sufficiently small, the following estimate holds

— \2 oz—l 2 2 2 _
sup {Pe v(Uep — )" + [(Pe v )x} te [(ln ps,l/)ﬂc] + PV (Pe v pu)}(fE, t)dx
te] OT]

/ / { ) x P(pew) = p(pv) = P'(Pv) (P — ﬁy)} + e (y)o (e — ) (3.4)

2 2
‘|‘pa,u |:(U5,1/ - ﬂy)x] + |:(p€,l/2 — Pv 2 )x] }(-f, t)d.fdt < C.
where C' > 0 is a universal constant independent of e,v and T'.

In the following, the subscripts ,v in the approximate solution (p.,,u.,)(t,x) and the
subscripts v in the approximate solution (p,, 4, )(t, ) will be omitted for simplicity.

Proof: Step 1. Energy FEquality
It follows from (3.1f)2 that
put + puty + p(p)z = (pe(p)tiz)z- (3.5)

Subtracting (3.5)) from the second equation of (2.10]) gives

p(u—1a)t+ pu(u—a)z + (p(p) — p(p))z + (p — p)ut + (pu — pt)iy = (pe(p)(u—0)s)s + (ua(p)l(tz)x)-
3.6
Multiplying by u — u yields

[T (2T = ) o) — p() — [ — )]

(o) [(w = )] = [e(0)] (= @)+ ()it (u = @) = [(p = )i+ (pu — pi)its | (u— ).

xT

(3.7)
Note that ¥(p, p) defined in satisfies
P00, 7)| + [pu(pp)] + (u=w)alp(p) = p(P)) + 10 |07 = 77 =70 (p = p)]
= 2y, &
It follows from and . ) that
u— )2
P AY L p9(p,5)] + Hiat,2) + () [(u = @] + @07 = 77 =70 — p)
2 t
= [1e(p)] i )+ it = @) = [(0 = P+ (pu— pyes + 22— )] u — ),
(3.9)
where
_ pu(u—u)? St (e &) (ol — p(3)) i)
Hy(t,z) = 5 + pu¥(p, p) + (u — @) (p(p) — p(p)) — pe(p)(u — ) (u — )
Since

5 “(p—p) = plu — @)y,

(p— Pt + (pu — pi)i,
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we obtain

2

[p(u o) 9 p¥(p, ﬁ)L + Hiy(t, ) + pe(p) [(u - a)x]Q s [pv S =i p— 5)

(3.10)
ol = )%, = |p1o(p)| e =) + pe(p)itza(u — 0).

Step 2. Entropy Equality
Rewrite (3.6]) as

plu—1u)e+ pu(u—a)e + (p(p) = p(p))z+ (p— p)lis + (pu— pit)tiy = [(p"‘lﬂpe Dpuz| . (3.11)

x

Note that
(677" 20" pue| = =p(e2(0))at = P2 (9)) (3.12)

where 027 (p) with 6 = 3 is defined by

a—1 0—1
P e it atl,a>0,
(p) = a—1 0—1

if a=1.

Thus (3.11)) becomes

p(u—1u)e+ pu(u—u)e+ (p(p) = p(P))z + (p— Pt + (pu— pU) iz = —p(£2° ()t — pu(@?’s(f))m)-
3.13

Multiplying (3-13) by (¢2(p))s shows that

(e D]y [ D] [ gy o]+ [putu— e (o)),

—(u =) [ (p))ar + P22 (P))aa| + (27 () (B0) = P(P)) (3:14)
(2 (0)) [(p — )i + (pu = pii)iia| = 0.

Combining (3.13)) with (3.14 - yields

Golw—m+ o0} + fou -+ @]} +@- o) - o)

(@2 (0)ap(p) = D))o + (w = @) [(p = )i + (pu — pi)i

(2 () (0 = Pt + (pu — pi)ia| = 0.
(3.15)
Step 8. A Priori Estimates

It follows from and - that

{;p[w-mwgm] £ )} + {Gou (=) + @2 0):] + oo, )

+<u—u>< (0) = p(P)} +uz[<p>—p<p> P (0)p = p)] + plu ), (3.16)

[ p — p)it + (pu — pu)tig + p(p)e p(ﬁ)z} =0.
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Now we deal with the last term on the left hand side of (3.16)). Note that

N\ N\ _ N\ PP\P)x
(p = p)ut + (pu — pu)ty + p(p)e — P(P)z = p(u — W)ty + [p(p)z - (p) , (3.17)
and
(@2 (P))x = P2 pu + 0" pa- (3.18)
Thus
(20| (p = )it + (pu = p)iia + p(p)s — p(p):] 10
« 0 = 3.19
_ (PP o\ a—2 9—2 ~ pp(p)a
—(a +89)x(u )ty + (0™ “pa +ep pz)[p(p)x 5 ]
Direct computations show
o pp(p
P 2pe [p(p)x _ el )x]
. 4’y |:( a+'2yfl _ 7a+;l71) i|2 i |: 8’)/ (7a+'2yfl) ( a+'2771 _ a+;71)
")/ at+~y—1 _y—a—1 . — ’y at+vy—1 at+vy—1 _aty—1
2 z 2 — — 2 . 2 — 2
a(azy_l)(p )aP (p p)]z (a+7_1)2(p )az(p p )
’y atvy—1 _y—a-—1 a o
(3.20)
and
- PP(P)x
P2 pa [p(p)x— (p)
4ry 0+y—1 0+y—1 72 8 04y—1 0+y—1 0+y—1
(0+,Y2_1)2|:(p p 2 )m} +|:(6+7_1)82(p 2 )xp 2 P2 )
_ Y 794»;/71 777371 0 _ _0 _ Y 79+’2yfl 9+’2yfl - 70+'2yfl
-1 1)(p )ap (" —p )L iy —12 1)2(,0 )z (p p )
ol 04v—1_ y—6-1 o 0
(3.21)
Substituting (3.19)-(3.21)) into (3.16|) gives
1 — .l 2 — - = /(= 5
{50 [@=0)+@2%)a| +p¥(p,0)}, + Hault.2) + e [p(o) = p(2) ~ ¥ () (0 — 0)]
a 0
2o P~ P . 4y aty—l  _aty-l 2
el Z“%+<a+€ekw'“?”*mgw—n4@ SRS
Y 0t+y—1 _O0ty—1 _ Y _aty—1 aty—1 _ aty—1
+a(9+g_1)2[(p T —p 2 ):v} —(a+7_1);(p Jaz(p 2 —p 2 )
Y _0+y—1 0+~—1 _ _04n—1 _ Y _aty—1 _y—a—1 a o
tegry P el —p ) S (07 e | (00— )

g [T ] =)
(3.22)
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where

Ho(t,2) = pu[(u— )+ (¢20 ()] + pu(p.7) + (u— 1) (plp) — p(2))

2 8fy 1 1 41
_aty— aty— _aty—
s _1)2(/) > Julp 2 —p 2 )
2y _oty=1. _y—a=l _
—m(ﬁ’ 2 )ap 2 (p" =) (3.23)
8y O+y—1 0+y—1 O+y—1
+£(9+771)2(P > Julp 2 —p 2 )
2y O4v—1_ _y—6-1
o P * P (0’ = 7"

Multiplying (3.22)) by « and then adding up to (3.10) and noticing that [,ug(p)] = (p®)e+e(p?)s
x
in the right hand side of (3.10|), one can get

T

{2 [w-m+ @2o0.] + s @ 10900} + [ata(t. ) + it 0)]

Hat Do) = 9() =)o~ ] + (et Dplu— 1% + 5+ [(0 =) ]

4oy aty=1  _aty=1, 72 4oy Oty—1 0471
T i Y I [P
CETE=E (p p ) 5 (p Pz )
!
= paﬂxcfc(u - ’l_L) + 5[p€ﬂxx(u - ’l_L) + (1 - 5
80&’}’ _oaty—1 aty—1 _aty—1
m(ﬂ 2 aa(p 2 —p 2
2’7 Sy «a puet =TI — 0 —0
Y [(ﬂ 2 )ap 2 L(p ) GO+ [(p 2 )up 2 L(p p)

Integrating (3.24)) over [0,¢] x R with respect to t,z gives

2

/{a [<u—u>+<w0<p>>42+m;m
+ [ ] {0 o) ) - 5o - ] + (e + Vptu— 1,

Vi%s% aty—1 aty—1 2
+(p™ +p”) [( U)x} + Wiv_lz [(P 2 —p 2 )ac] (3.25)
Oty— O+y—1

- fji ™ [(pT _ )x] }dmdr
po(uo — 1p)?

- /R {200 [0 —10) + (e (po))a] + 20T (g 1) 0, o) e+ 1,

+ (a+ 1)p¥(p, p) (1, )de

where

«
/ / P 0= 1) + € [P (= )+ (1= S) (ot — W)
aty—1 aty—1 _aty—1 80(’7 _O+y-—1 O+~y—1 _0ty—1

5P 2 Jax(p 2 —p 2 )+5m(0 2 axlp 2 —p 2 )

(a+7 —1)?
2 2ary

_(a;r;y_l)[(p(’?’_l)xp”_?_lh(pa_pa)—gmv_l)[(p el

1=1
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We now estimate the right hand side of (3.26)) terms by terms. First,

L = //puwu—uda:dT

u—a)p*” 2umdmd7'

/ / Vol (3.27)
/ / Vp(u—u)p®” 2U:vx[1‘{0<p<20+} + 1 gpzap, yldzdr

=111 + 12,

where and in the sequel 1|q denotes the characteristic function of a set Q C (0,¢) x R.

Rewrite I15 as

t _1 _a_, _a—1
112 = A /];l \/IB(U - a)ﬂmr[( 4T3 — Y ) + P 2]1’{022P+}d:€d7

(3.28)
= 1112 + 1122
Using Lemma (and its Remark 2.1) and noting that « > 1, one has
i+ 1 <€ [ 1A= D)l ae
<O sup VA= Dlm / [ (3.29)
<C sup lle(u—u)llL2
t€[0,T]

and

t

_1 —a_L _

Iiy <C sup |/p(u—1a)lp2wy sup [[(p*72 —p 2)1\{pzzp+}!\Lz<R)-/ |taa| Lo (mydT
te[0,T te[0,T] 0

_2 _ _1 1
< Cn%it sup ||v/p(u —u)|lp2my sup [[(0*2 = P 2)1>2p, 3 L2 (R)

t€[0,T) t€[0,T]
2 ol
< 0na [ sup VA= Dl + sup 16 = 77l )
te[0,7T] te[0,T]
(3.30)
Note that if o and ~ satisfy
1
1<a<lle, (3.31)
then 2(ov — 1) <, and then
a—1 —a—1y2 a—1 _a—L\9
_ 1 _
p—too  p¥U(p,p) p—too p¥ — pY —yp7 1 (p — p)
Thusif 1 < a < VTH, then
sup [[(p"7% = 0271 pz2p 32y < C sup 0% (0, 5)l| L (wys (3.33)
t€[0,T) t€[0,T

for some uniform constant C > 0.
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Substituting (3.28]), (3.29), (3.30) and (3.33)) into (3.27)) yields

2 _ _
I < Cnptat [ sup ||v/p(u —@)||72g) + sup ||p\IJ(PvP)||L1(R)} +Cy. (3.34)
t€[0,T] t€[0,T]
Next, I can be rewritten as

I —5/ / PPlge(u—a) + (1 — 3)(P9)x(u—ﬂ)ﬂx}dxd7
_5/ / 0 (= @) = (1 = ) (u = )0, | dadr (3.35)

= Io1 + Io9,

First, since 0 = %, it follows that

I —s/ / 20ty /p(u — w)dzdr

< Ce s [lypu—)lam / e 22 (3.36)
telo

< Ce sup ||\f(u—u)\|L2
t€[0,T7

On the other hand,
e [ t
Ipg < = / / P [(u — )| 2dzdr + Ce / / PPl drdr, (3.37)
4Jo Jr 0o JR

while

t
8/0 / 2dl’d7’ = 6/ / 1|{0<p<2p+} + 1|{p>2p+}]u dl’d’T

_5/ / P10 perpny + [(07 = P7) + 7 }1\{p>20+}}u dxdr

< Cem(1+1) +.C= sup (6" = )iz oscn / -
c

< Celn(1+T)+ Ce sup |[p¥(p, )|l (w)

t€[0,T]
(3.38)
where in the last inequality we have used the fact that
lim (- /_’0)1‘{/122/4} —0
p—too p¥(p, p) ’
since0:%<1<7.
Substituting the estimations (3.36))-(3.38]) into (3.35]), one can get
I, <Celn(1+T)+ / / (u — ),)*dxdr + Ce sup 1o (p, P)|l L1 (R)
tel0.1] (3.39)

+Ce sup |[[/p(u—1u)|r2(r)
te[0,T]



It follows from the fact that

aty—1 _aty-1 2y

o p 2 —p e
lim — =1,
p—0 p¥(p, p)
that for any € > 0, there exists 6. > 0, such that if 0 < p < é,, then
’ aty—1 _a+"/—1’%
2 — 2 aty—
12 i 1 <e
p¥(p, p)

Fix e = %, then there exists d1 > 0, such that if 0 < p < §1, then
2 2

aty—1 aty—1 2y
P g
— - 1| < )
p¥(p; p) 2

thus for any p > 0,

aty—1 aty—1

1 3
PV p)<lp 2 —p 2 7T < 2P¥(pp), if 0<p=iy.

Similarly, it follows from the fact that

aty—1 7a+w 1 2y

i P2 P [0

p—0 p¥(p, p) ’

that there exists 61 > 0, such that if 0 <p < §1, then
2 2
at+vy-—1 _aty—1 2y

lp 2 —p 2 [eR T |<}

p¥(p,p) 2’

thus one can choose v < §1 such that for any p > 0,
2

aty—1 aty—1

1 2y 3 -
PV p) < lp 2 —p 2 !a+3—1§§p‘1’(p,ﬁ), if v<p<d..

The term I3 can be estimated as follows. Since

_aty-1 a+y—1_aty-3_ a+v—1, _a_
(p 2 )mm:(fp 2 Pz)xZT(PQUw)w
o+ _17Q7 o+ -1 al
I e Bl P R G s D P )

27 4y

and
atl—y2>22-v2=20,

one can rewrite I3 as

406\/7 a 80[2 atl—y aty—1 at+y—1
I p2u A44444447_2 2 ) 2 — 2 dxd
3= // a+7—1 uww+a+7 1xP (p p )dxdT

<9//!wmz|“”l—f3*mmf

a+'y 1 at+y—1
—q//r%m>u = 0F) (Uiospssy ) + s, <peops, wpsy

+1|{5%§PS20+1 5% <p<pi} T 1|{PZ?P+})d$dT

= I31 + I3o + I33 + I34.

1
2
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(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)



Direct computations lead to

t
aty—1 aty—1
Iy < Uy, U —p 1
0 <C [ [ Wil 10" =0 Mgyl 2, dode
t
aty—1 aty—1
< (C su 2 —p 2 1 i ,ﬂ2 dr
<€ sup 16°F P opmil, PR
(3-43) =
< O sup [p%(p0, p)ll 1wy
te[0,T]
a+1 _
< sup [[p¥(p,p)llz1w) + Ca-
8 te[0,T]
Similarly, due to ([3.46)), one has
a+1 _
I3 < sup_|[[p¥(p, p)lz1(r) + Ca-

t€[0,T]

On the other hand,

t _ _ at+y—1 _
Ly < C /O [R | @ams ) 2y (05— 7

at+vy—1
; )1!{5% <p<2pi, 8y <p<py) 2wy dadT

t

aty—1 _aty—1 - m

<Csup [[(p 2 —p 2 )lgs, <p<op,, 51<p<p+}HL2(R)/ H(sz,Ui)HL%R)dT
te[0,T] 2 2 0

1
< C sup Hp\I](pvﬁ)Hil(Ry
te[0,7

where one has used the fact that

aty—1 _aty—1 9
(02 = 27 ) U5, <p<ops, 5y <pps)
2 2

p¥(p,p)

Moreover, I34 can be estimated as

a+ aty—1

t -1
Ly <C /0 /R (@ B2 ol (05 = 557 ) Lm0y 1y

t
at+y—1 _oaty—1 _ _
<C sup (6"F = 0" i [ e ) eimyds
te[0,7) 0
2 _
< Cn#*tt sup [[p¥(p, p)ll L1 (w)s
te[0,7)
due to the facts that N o
2 —p 2 1
lim ‘p P — ‘ {p22p+} g C’
p—too p¥(p; p)
since o < VTH implies X
O[—F%S’y, e, a<~vy+1
Now we turn to the term I5. First,
_aty=1  _gy-a-1 a+vy—1, -1 _
("3 )ap | = T e (T
a+vy—1_y-1_ a+vy—1(H—-1),_
— P2 sz'+ ( )( )(Ux)Q.

2\/7 4y
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(3.48)

(3.49)

(3.50)

(3.51)
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Thus . . R
s :/0 /R(a—kv—l)[(p 2 )ep 2| (P — p7)dudr
< C/ot /R |tz T2 (0% = )| (Uo<p<op, s + Lgpsp,y)dzdr
= I51 + Iso.
One has

t
it € [ Wn ) 6 = 7)ozl o
t
<C sup H(Paﬁa)1|{0§p§2p+}\L2(R)/ | (tae, 62) || 22 () dT
t€(0,7) 0

1
< C sup [[p¥(p, p)lI 71 (R
t€[0,T]

due to the fact that
(0™ — P*)*Ll{0<p<2p. } _ (v = D(p* = 1*)*Ll0<p<2p, }

p¥(p, p) pY =" —yp" " Hp —p)
(P** 72 +p** ) (p = p)*
<C ) 10<p<2p4}

<C,

where one has used 1 <y <2 and a > 1.
On the other hand,

t
Iy <C /0 (a2 | e o | (0% = 5L gp3p | 3y

t
< C sup [0 = PN pmapslli) / (fime 82) | ey
t€[0,T] 0

_2 _
< Cnttt sup |[[p¥(p, p)llL1(m);

te[0,7
due to the fact that
lim |pa - pa|1‘{p22p+} — lim (’7 - 1)|pa - ﬁa|1‘{p22p+}
p—too p¥(p, p) p—too pY —p¥ —p’~Hp — p)

<C, if a<n.

Finally, we estimate the terms I, and Ig. As for I3, one has

041 O+~—1 6443 0+~v—1, 0_
(p ):c:c:(+p : px)x:W(pQUI)I
0+~v—1_0_ 00 +~—1) o+1—
:+p2uzx+ul) >,



therefore,

t 0+1— 0+1— 0+1—
102 Ce [ [ fw g™ a0 H = 555 dade
0 R

_ t 04+1— 041—
sceu%l/ / (@i, )| (075 — 575 dudlt
0 R

0—1
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t L 6+1—  _O+1—y
= Cev'3 / /R (s B2)| (05 = 55 ) L ospes) + Lz <peaps) + Lipsap. ) dudt

= Iy + Lyo + Iy3.

(3.52)

Recall the following useful fact that for any given C' > 0, there exists a constant 3 € [0, 1] such

that

_ 1 _ _ _
p¥(p,p)1lj0<p<cy = p— [07 —p =0 Hp - P)} 1l0<p<cy

= [Bp+ (1= 3)2]"" (0 = P’ Lljopscy
> max{p;,C} " *(p - p)*,
provided that 1 <~ < 2.
One can compute that

0—1 t _ _ Oty—1 _
In < Cev' /0 /R (s 72) | 2y (05 = 7

Ot+vy—1
: Li0<p<zy 2 wydadr

t
o-1 94y-1  _Oty-1 L
<Cevz sup (p 2 —p 2 )1{0<p<;}”L2(R)/ (@, B3| 2y d
t€[0,T] 0
3(0-1 I12
< Ceval )tesgépﬂ 1P (0, )17 gy
where one has used the facts that
O+~y—1 _64y—1 oty-1 _Oty-1
(P2 —p * Plogpeyy (07 =7 Plpgpcy) o
p¥(p,p) - (p+)72(p — p)* ’ ’
and the function
0+~v—1 _O0+~-—1 2
(> —p >7)
(p—p)?
is monotone decreasing in p € [0, ], that is,
O+y—1 _O+q—1 0+y—1 _6+y—1
o> =P ™ Flpospey 0 (05 =5 =) s o

(p—p)? p—0 (p—p)?
Moreover, it holds that

-1 ¢ B B O+y—1 _
Ly < Cev'3 /0 /R (e ) 2y (05 — 5

O+~y—1
Tz <peapllzmydedr

t
0—1 O+y—1 _0+y—1 _ _
< Cev > S[%I;] [(p 2 —p 2 )1{;§p§2p+}”L2(R)/O ||(um,u§)||L2(R)dT
tel0,

Vg(9—1

IN
Q

€ ) sup lp = pllr2(r)

t€[0,T]

w
AV}
&

30 N
Cev2=D sup [|p%(p, p) |1} )
t€[0.7]

(3.53)

(3.54)

(3.55)
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where in the third inequality one has used the fact that there exists a constant § € [0, 1],

0+y—1 _O+y—1

(02 =P 2 Pl
(p—p)?

=(0+v-12[Bo+ (1 - 05" 1 ucpeop
< (0+~— 1)2(3)9_1.
And then

o1 [t O+~y—1 641 o
ILis < Cev'3 / /R 1655 = 5™ F )0y o1 ) (e 82| ey dl

t
o-1 0ty—1  _64y-1 o
<Cevz sup [[(p 2 —p 2 )1{p>2p+}HL1(R)/ (s @3) || oo (rydT (3.56)
t€[0,T] 0
o-1 _
< Cevz sup |[|p¥(p,p)llL1(w),
te[0,7]
since o o1
Y= _ Y=
o = )y
lim — =0.
p—-too p¥(p; p)
In summary, by combining (3.54)), (3.55)) and (3.56[), one can arrive at
1< a3V [ sup [p¥(, )l +1]. (3.57)
t€[0,T]

Finally, Is can be estimated similarly as for I, and the details will be omitted for brevity.

: 39 1., 2 .
For definiteness, we take ev2(@1) = €2, i.e.,, v = €3 since § = % Consequently, choosing ¢

such that £In(147) < 1 and ¢ suitably small and combining all the above estimates shows that

for o and ~ satisfying (2.17)),

o—

tes[lé%]/ {p(u—a)Q—i- [(5_

[NIE

)wr + &2 [(lnp)gj2 + p¥(p, ﬁ)}(:):,t)d:c

N[ =

R
+f ' [ {aelpto) =20 =910 = )] + ptu = @i+ 7+ ) [w— ] P
+ {(p”g_1 T )mr + 6{(p9+g_1 o )Ir}(:):,t)d:cdt <C.
Thus Lemma [3.1] is proved. U

The following lemma is the key point to get the existence of the approximate solution
(Pey, Uew)(t, ) with v = €3,

Lemma 3.2 There exist an absolutely constant C' and a positive constant C(e,v,T) depending
on eg,v and T such that

0<Ce,,T) < pe,y < C. (3.59)

Proof: From the Gagliardo-Nirenberg inequality:

ey < Cllfall 2oy I £l TRy



where 0 < 8 < 1,1 < p < oo to be determined, and (3, p satisfy

p_1-8
2 p
we have
ol a1
sup [[p*72 — p* 2| Lo (R)
te(0,7)
1 _a—1 a—1 _a—L1-p
<O sup (775 = 5" Bl lamy sup ll07F = 2L,
te€[0,7 te€[0,7
<c 3 4 (Dl ab o
> sup |[[|(p )sz(R) (P )l‘”L?(R) sup ||p HLP(R)
te[0,7 te[0,7

_1 —a—L,1—
<C sup [[p*7z —p” QHLp(ﬁR)a
t€[0,T)

due to the fact that
1

_1 a2 _
1 Fhallzery = (@ = ) 2wy < Cllaellam < C.

Since

1 12
O A Rl ]
p—0 p¥(p,p) ’

there exists a positive constant (5 , such that if 0 < p < 6 , then

1
04_5 _p 5‘20471

p¥(p,p)

1|<1
27

|!p

thus, for any p > 0,

1 1,_2vy

1 _ 1 41
2PY(p,p) < [p72 — pz e

<

DO o

Similarly, there exists a positive constant 511, such that for any p > 0,

p¥(p,p), if 0<p<éi.
2
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(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.66)

1 _ 1 1 2y 3 . =
3P¥(p.0) < |p*72 = 27T < SpW(p,p), if 0<p< 0L
Set 5
v
= € 2,2
p=5— €122
Then for such p = —1 and v € (1,2], one has
1 1 1
p* 2 — 3PP "2 = p 2
20 (p, ) 1|{61%§p§2p+, ) <p<pi} <C (=) 1‘{61%§ps2p+, ) <o) <C, (3.65)
and )
TR TR (r = D))ptE — g
lim — = lim — — —— =y —
p—too  p¥(p,p) p—too pY —pr — 1" Hp — p)

Thus it follows from (3.66)) that

P72 = 52 P < CpU(p, p), if p > 2ps.

(3.67)



24

Collecting (3.63)), (3.64])), (3.65)) and (3.67)) gives that

11 1 1
It = iy = [ 167 = s
1 1
= [ "2 = p" 2 P(Lo< ooty + Lt <p<op, . 0<p<s?
/R ( {0<p< %} {%_p_ p+, 0<p< %} (3.68)

st <peap, 8 <pepiy T ioz2psy)da
2 2

SC/PWAWUSG
R

Substituting (3.68)) into (3.60) yields the uniform upper bound for p. (¢, z).

Next we derive a lower bound for p. (¢, z). Since lim,_o p¥(p,p) = p7 > 7, then p¥(p, p)
is bounded away from 0 on [0,3p]. Thus one can deduce from the bound on p¥(p,p) in
L>(0,T; L*(R)) that there exists a constant C; = Cy(v,T) > 0, such that for all ¢ € [0, 7],

1

meas{z € R|p(x,t) < - — /
inf 10,17 PY(P: D) J{zeRip(a,)<Lp(at)}

pla,t)} <

p¥(p,p)(z,t)dz < Ch.

N | =

Therefore, for every zp € R, there exists M = M (v, T) > 0 large enough, such that

/ pe(x,t)de > / . pev(z, t)dx
lz—ao| <M {lz—zo| <M}IN{zER|pe v (2,t)>5 ()}

- ;é?,tf) pla. tymeas{ {la — wo| < M} 1 {z € Rlpe  (a.1) > %’(m,t)}}
1

— gmeaS{ﬂﬂf —zol < M}n{x e Rlp.p(z,t) < §ﬁ($’t)}c}

> 2(2M 1) >0,

for all t € [0, 7.
Due to the continuity of p. ,, there exists x1 € [xg — M, xg + M] such that

1 v
J(z1,8) = —— Sz, t)de > ——(2M — Cy).
Pe, (z1,1) oM |z—xo\§Mp£’ (z,t)dx 4M( 1)

Thus,

o

|In pe 1 (20,t)] = |In pep(x1,1) —i—/ (Inpep)z(z, t)dz|

1
1
< [ pe (w1, 8)] + [0 pep)a (- )| L2(ry 21 — ol
< C(e,v,M,T) + C-M?.

Consequently, we can get that there exists a positive constant C'(e,v,T') such that
pz—:,l/(an t) Z 0(67 v, T)7

for any zp € R and t € [0, 7. O

With the lower and upper bounds on p.,, we can get the existence of the approximate
solution (pg,u, ue,)(t, ) by a similar argument as in [32]. In order to pass the limit ¢ — 0 with

v = 5§, we need the following higher estimates on the momentum.
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Lemma 3.3 There exists a positive constant C(T') independent of €,v, such that

sup /p€y|us,, u,,| txdaH—/ /ps,, ugl,—ﬂ,,)x]Q\u&l,—dedtSC(T).

t€[0,T]

The proof of Lemma, can be done along the same line as in our previous paper [I8] and we
omit the details for brevity.

Now Wich these uniform in e, estimates at hand, we can pass the limit process ¢ — 0
with v = €3, obtain the existence of the weak solution (p,u)(t,x), and get the uniform in time
estimates in Theorem 2,11

4 Asymptotic behavior of weak solutions

In this section, we will study the asymptotic behavior of a given weak solution (p,u)(t,z) to
the Cauchy problem (1.1)-(L.3) in the sense of Definition satisfying (2.18) and (2.19). We
assume that the solution is smooth enough. The rigorous proof can be obtained by using the
usual regularization procedure.

Proof of Theorem 2.2t For any s > 1, by the uniform upper bound of p, it holds that

0" = p°|* < Clp—pl*.

Hence it follows from (12.19) and (3.53) that

[r=pPar=c [ p-prar<c (4.1)
R R

Similarly,

[ =pPaz<c [ p-pPar<c [ (p-pa<c (42)
R R R

for any A > 1.
Set b = O‘+7_ . Then one gets from and (3.53) that

/ / {[(0" = P")a)? + alp — p)? }dwdr < C.
0 JR

For s > b+ 1, it holds that

=P = [ 10 e

=2 / (0" =) (p" = p°)ada
=2 / (0" = 2" = P")ap® ™ + (")ulp*™" = p°")de
< Cll = Pl I = el + C | el =)™ = 5~

< 110* = Pl (2 — 2)allzzmy + C /R dalp — p)2da.
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Consequently,

t
[ st

zeR

<C swp 5 = 2 amy / 16" = 7 )alZa gyt (4.3)
t€[0,T]

+C sup |p—pl7s R)/ / Ui (p — p)°dxdr
t€[0,T
< C.

Moreover, applying (4.2)) leads to

// p° = 0°) (p° — p°)* dadt

_/ {sup(p - p°)* /(ps—ﬁs)mdw]dt (4.4)
0 “zeR R '
st>/0f—ﬁfwx/swwf—ﬁfﬁscz vi>1.
t€[0,T] /R 0 zeR
Set
10 = [ (0 =),
R
Then
f(t) € LY(0,00) N L%(0, 00)
due to (4.2) and (4.4).

Furthermore, direct calculations show that

GO =@ 2)s [ (0= = e
== 2s [ (7= e — 7 )
= @+ 2)E+2s [ (0= = )l =
s as(s 1) [ (0= ) g p i)
— 23+ 2)s [ (0= p P = ) (- 1) (4.5)
-+ 2E+2)s [ (0= 7 = ) = e

S 3+2l s—1

+(4+2)s(s—1) [ (p°— pr(u — @)dx

+(4+20)s S_iuii 3+2l(p e — 0" o) da
= Ji(t) + Jo(t) + J3(t) + Ju(t)
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Now we claim that J;(t) € L?(0,+00), (i =1,2,3,4). In fact,

82
Rt = 420G +20 /@t¢W“Ww—mW*W—ﬁn+w*—ﬁﬂ@mdx

b R
4+ 20)(3 + 21)s> . .
:( )( ) R(p )2—&—2[\/»( ) 2s—b— (p _p) dx
4+2z 3+2ls2 5 N R S A
+! = P p(u—w)p 2 (0" = PPN (P)ade

SCH\/ﬁU—U 2@ ll(0° = ")l r2(w)

+C ol = D) 2@ll(0° = 27 (0" = ") (2")al 2w
< Cllyp(u— D) 2@l (0" = 2)allr2(m) + Cllv/p(u — @)l r2r Hux(P—ﬁ)IILZ(R)

(4.6)
Thus,
t t
/ [ Ji(t)[Pdt < C sup |[ly/p(u — ﬁ)||%2(R)/ 106" = 2")xlf 2yt
0 t€[0,7] 0
t
+CSM)wmw—ﬂwém_/wmm—ﬁwémﬂt
te[0,T]
<C sup lvp(u ”LQ(R / (o ||L2 Ryt (4.7)
t€[0,T
waf D)2 //%ppmw
t€[0,7]
< C.
The fact that J;(t) € L?(0,4+0o0), (i = 2,3,4) can be shown similarly.
Thus d
—f(t) e L? :
% 71) € (0, +00)
Combining the fact that f(t) € L'(0,+00) N L>(0, +00), one has
f(t) —0, t— 4o0. (4.8)
Let m > 1 be any real number to be determined later. One has
|@—fm—d‘p—p Joda]
=i [ 6= = e
~s\m— 1 a—1 s—a+1 —s—1
—ms [ (0"~ 7 [ P B - g (4.9)
— 00 o — b
_ L 3=y _
<Ol =) M M@anﬂmm+w?wﬂmm}
< Clp* = )" e wy
Choosing 2(m — 1) = 4 + 21 yields
sup |(p® — p°)™| SC’f%(t) — 0, as t— +oo. (4.10)

zeR
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Therefore,
lim s —-p’|=0.
L sup p° = p°| =
Now we prove that lim sup |p — p| = 0.
=400 zcR
Since s
i P =7l
im ————
=0+ [p* = p°|

then for any o > 0, there exists d, > 0, such that if 0 < p < §,, then

=1, uniformly in p,

| |p_ﬁ|s

S =S _1‘§0-
|p* — p¥|

Thus, fix 0 = %, then if 0 < p < é:= 5%, one has for any p > 0,

_ 3
lp—pl> < Slp" = 7°l. (4.11)
Now
lp—p|° = |3P— /7|s(1{0<p<5} + 1{p>5o<p<é} + 1{p>5 p>é})
< 5\ P Lo<pcoy + Cslp® = PP pos0<p<y + Colp® = D711 5s5 o iy
Therefore,

P> =0

sup [p — p[° <Casup|p —p|+0<ssup|p
zeR zeR zeR

I

as t — 400, which implies that
hm sup |[p — p| = 0.

=00 2cR

The proof of Theorem is finished.

5 Regularity of the solution away from the vacuum

In this section, we will prove Theorem [2.3] that is, we will show that away from the vacuum
region of the 2-rarefaction wave (p”, u")(§), any weak solution (p,u)(¢, ) to the Cauchy problem
(1.1)-(1.3]) satisfying (2.18) and (2.19) becomes regular as stated in Theorem

Due to the definition of the 2-rarefaction wave p"(¢,z) in (2.8), for any fixed o > 0, there
exist a unique u, such that (p,u) = (0, u,) lies on the 2-rarefaction wave curve. In fact,

_ 2
v—1

(e

-1
o2 +E2(p+vu+)a (51)

. . . . 2 ol .
since 2-Riemann invariant Yo(p,u) = u — W—ﬁp 2~ is constant along the 2-rarefaction wave

curve. Due to the expanding property of the 2-rarefaction wave, we have the lower bound of
the density function p"(¢,z) of 2-rarefaction wave on the right of the straight line x = AJt with
A = Xa(o,uy) = )\Q(p,u)|(p’u):(0,ug), that is,

pl(t,x) >0, if x> A\t. (5.2)
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Thus it follows from the asymptotic behavior (2.22) of p(t,z) that for § > 0, there exists a
large time T, such that if ¢t > T, then

- o
lo(t, ) = p" (8 )l m) < 5 (5.3)
Therefore, in the domain
Qp = {(t,2)|t > T,z > Nt} (5.4)
it holds that o
p(t,x) > 5 it (t,x) € Q.

So in the domain €),, any vacuum states vanish and thus the higher regularity of the weak
solution (p,u)(t,x) can be expected as stated in Theorem In the following, we give the
proof of Theorem First we establish the local uniform boundedness of the velocity u(z,t)
by the De Giorgi-Moser iteration method. To this end, we rewrite the momentum equation as

a—1

we A+ utty + 7" pr = p* ttge + ap® T patt, (5.5)

For any (t«,7«) € €, and for any r,s > 0 such that Q ; := B,(24+) X (t«, tx + 8] C Q0, and

for any test function ((z,t) € Wzll( +s) satisfying 0 < ¢ < 1, one can get from the uniform
estimates in (2.18)) and (2.19) that

sup /B " [(“_ﬂ)2+p§+(p—ﬁ)2] (1’7t)dx+/:/ . [(u_ﬁ)i—k(p—ﬁ)g dxdt < C. (5.6)

te <t<ti+s

It follows from the construction of the rarefaction wave (p,u)(x,t) that

t
sup / (u® + p2 4 p*)(x, t)dz + / / (u2 + p2)dzdt < C. (5.7)
ta<t<tu+s JB,(z.) te J By (ax)

Multiplying the equation (5.5) by ¢(?(u—k), for any k¥ € R and integrating the resulted equation
over By(zx) X (ts,t] for t € (t*,t* + s], one arives

/ Clu— k)% (x,t) d:}c—i—/ / — k)4 2 dxdt
B'r(x*) tx r x*

2 3
2/BT(1*)C( 1z, ty) dm+/t*/r CC(u— ) +§C<x[(u—k')+]
=07 2peCPu = k)4 + p* TG (u )++p 2pxuxg2(u—k)+}dxdt

t
<5 Cu-wieedsrg [ [ k)R
Br(f*) 8 tx r(x*)

-2
“ /t /Bm*) {061+ 16w = B2 + <Gl = k)41 + pelc?(u — k)

+lpa 2% (u — k)3 }dadt,

where in the last inequality one has used the fact

0% 2 prue®(u = k)4 < ClpallCus|C(u —k)+
= Clpa|(Cu)e — Coul¢(u — k)4
< Clpal[(Cu)alClu = k)4 + ClpalClCal(u — k)
= Clpall[¢(u — k)]l (u — k)4 + ClpalClCal (u — k)7

< 2A G = )T+ Ol B+ Ol — B2



30

Thus from (5.8)), it holds that

t
2 - 2 B )
/BT(MC (u k)+(a:,t)da:+/t* /T(x*)[C(u k)4 2dzdt

t
_ _ 5.9
<Cf  Cu-mitdto / / R (SRS IOR (5.9)
+C|Cl[(uw = k)] + 02| C(u — k)4 + |p22¢P (u — k;)i}dwdt.

Now the last three terms in the last integral of (5.9) can be estimated by

()

t t
/t / GGl Pazar < 0 / 1ot — k)| 25, (o 1€t — B2 [ 225, oy

t t
gC/ / |Cm2u—k2dxdt+0/ / C(u — k)i dzdt
t* r m* t* r -T*

c / / Gl = k)2 dadt + C [ (1¢(n = k)12 o) 10 = B4 22, o

c / / 1ol (u — k)2 dadt + C / 1C (0 = K)o
c / / Gl (u— k)2 dudt + C / 1€ = k)4 220, oy NG = K)4Ta 28, oy

tx x*

+C ) HC( k)1 ]|7 (By(2.))

IN

IN

IN

(5.10)
/ / Ip2lC3(u — k) 4 dadt
Ty r m*
’pr (u_ )-l—dxdt
Q.o lu>k] (5.11)
< OlC(u = k)t llzso; ol 6 (@, Nusk]) '
N 1
< ?IIC(U — k)t lvac@r ool 2(qr ) 1Qrs O [u > K]J3
N 2
< SlCu = k)l gp ) + ClQ7s N [w > KI5,
and .
/ / 2|2 (u — k)3 dadt
ty J Br(zy) .
< Csup [ pell 2B, (2.) / 1¢(w = k)17 (5, (20 A
t t (5.12)

t
< C N =)+l @lllc = k)l @) dt

t t
H[C(u — k) +lalfe(p, @ dt + C | 1IC(w = k)1 1725, (o) dt-
(By(2.)) t (By(2.))

Note that in - the space Va(Qy,) is defined by Va(Qr,) = {f € L*(Q}.,) | [flvac@z.) <
+oo}, with the norm

1flva@sy) =ess sup |[F(C )2, ey + 1 fellz2s )
tE [t tats] ’
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Substituting (|5.10] into (5.8) implies

/ Cu—k) xtda:+// (u — k)1 )2dadt
BT(:B*) tx r -'E*

/ CHu — k)2 (, 1) dm—i—C’// CX(u — k)3 dzdt (5.13)
B'r(x*) tx rx*
. 2
it~ )+ gz, + € / / (G 1) R dadt + €13 O > B
’ ty (T

Applying Gronwall’s inequality to ((5.13|) gives

txts
sup / Clu— k)% (x,t) d:v+/ / ] dxdt
1 <t<ty+s Br(l‘*) ts 7"
tx+s 2
§/ CQ(u—k)Jr(x,t*)dw—i-C’ / \Q]+|Cx\ )(u—k) dzdt + C|Qp s N [u > k]|3.
BT(f*) B, QE*

(5.14)
With the estimate at hand, one can show that u is bounded above locally by the clas-
sical De Giorgi-Moser iteration method and choosing suitably k. Similarly, one can obtain the
estimates to (u — k)_ as in ((5.14). Thus we can get the lower bound for u locally. Furthermore,
one can get the local Hoder estimates of u by the classical parabolic theory, that is, there exists
a positive constant ag € (0, 1), such that

we T Q).

loc T8

In the following, we will further show that the weak solution u(x,t) is in fact a strong solution
locally as stated in Theorem [2.3] Rewrite the momentum equation as

pu + putiy +vp" L pr = pPUpe + ap® L prug. (5.15)

Multiplying (5.15) by ¢?u; and integrating the result over B,(wy) X (t«,t] with t € (ti,ts + 5),
one can get

/ / pCPuZdrdt
tx rir*)

/ / puC UpUgy — 7p7_1pw42ut + pO‘CQUtum + apa_lpmumg2ut> dxdt
t* x*

/ / pC2U%dl’dt+C/ / pu2C2u2 +p2’y 3 2C2
2 tx 7‘(:17*) tx T'T*)
ppRalen 2 g p2am8e2p2y x)dmdt

(5.16)

| /\

By the uniform upper bound and lower bound of the density p(x,t) in the domain £, and the
local boundedness of the velocity u(zx,t), it follows from (5.16|) that

/ / Cutdrdt < C/ / C2u2 +¢2p2 + R, + Cpiu w) dxdt
t* 7‘(1‘*) t* r .1’*

<c / / [Clu—ap+ o2+ @+ )] dedt (517)
t ' (T4)

+C / / Czu + C2p2u x)dwdt
tx T(I*



32

Note that

t t
/t / | Gttt < / 10228, oy 1N e, gy

< sw o pels / Cttall 2, (et e 25 o
tE(t* t*+8]

<ﬁ/ / 2 d:cdt+Cg/ / (CPul + Cu?)dadt
t* r $* 'r(z*)
<5// ¢ dadt + Cs,
te J Br(z)
(5.18)

where (3 is a small positive constant to be determined and Cj is the positive constant depending
on (3.
Thus it follwos from (5.7)), (5.18) with 8 =1, and (5.17) that

t t
/ / Culdrdt < C +C / / ¢ dxdt. (5.19)
ty J Br(x«) ts J Br(xx)

Multiplying (5.5) by ¢(2u., and integrating over B,.(z4) X (t.,t] with t € (¢, t. + s), one can get

t
/ / p* 12 dadt
tx ; T(CL'*)

(5.20)
= / / <C2utu;rz + CQUUxua;x + ,ypnychzum - Ozpo‘fszug;CQum)dmdt.
tx r(f*

Note that
€2utumc = (gzutux)x C2uxuxt — 20 upuy
C2 2 (5.21)
= (Czutux)x - (5" 9 )t + CCtU — 20z utty,

thus it holds that

t 2,,2 t
/ / Cuguggdrdt = — / ¢y (z,t)dz + / / (CCu? — 2¢Cupug)dxdt.  (5.22)
te B (x2) Br(z) 2 te B (x2)

Substituting ((5.22)) into (5.20) gives

1
- / CPul(x, t)dx + / / ¢l dadt

= / / <Cgui — 2CCupuy +C Uy Uy + prc2um - %uzCQum>dazdt
T r(.T*

S,B/:/T(x*)(@ + %2 )dxdt—l—CB/ /T(x*) [(C152+Cm) (2 +ud) + Cplu x]dajdt

(5.23)
Combining the estimates (5.18)), (5.19) and (5.23)) and choosing both 3 suitably small, we can
get

t
1/ C*ul(z,t)dx +/ / C(u? + u?))dxdt < C. (5.24)
2 Br(x*) tx r(:l?*)

This completes the proof of Theorem [2.3]
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