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Abstract. This paper concerns the 3-dimensional Lagrangian Navier-

Stokes a model and the limiting Navier-Stokes system on smooth bounded
domains with a class of vorticity-slip boundary conditions and the Navier-
slip boundary conditions. It establishes the spectrum properties and

regularity estimates of the associated Stokes operators, the local well-

posedness of the strong solution and global existence of weak solu-

tions for initial boundary value problems for such systems. Furthermore,

the vanishing « limit to a weak solution of the corresponding initial-

boundary value problem of the Navier-Stokes system is proved and a

rate of convergence is shown for the strong solution.
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1. Introduction

The Lagragian Navier-Stokes v model (LNS-«) as a regularization system of
the Navier-Stokes equations (NS) is given by

0w — Av+Tov-Vo+V(Tw) - v4+Vp=0 (1.1)
V-o=0 (1.2)
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which describes large scale fluid motions in the turbulence theory, where
T,v = u is a filtered version of the velocity v determined usually by

u—alAu=v (1.3)
V-u=0 (1.4)

with « > 0 being a constant. This filter u is also called the averaged velocity.
The system can be regarded as a system for this filter, and is also called the
Lagrangian averaged Navier-Stokes equations (LANS). The ideal case, called
the Lagrangian averaged Euler equations (LAE) or Camass-Holm equations,
was first introduced in [14, 27]. The viscosity was added in [15, 16, 28] yield-
ing the LANS which is sometime called viscous Camass-Holm equations.

The global well-posedness for the LANS was first obtained in [21] for
periodic boundary conditions. The convergence of its solutions to that of the
NS equations and the continuity of attractors when v — 0 are also considered
there.

For bounded domains, the situation becomes more complicated since the
LANS is a 4th odder system for the filter u, and only the no-slip boundary
condition 4 = 0 on the boundary was considered by [37] under the assumption
that Au = —PAwu = 0 on the boundary with P being the Leray projection
operator. The boundary effects related to such a boundary condition were
analyzed in [29]. We also refer [21, 24, 29, 37] for more details along this line.

On the other hand, the LNS-a model emphasizes the system (1.1)-(1.4)
as equations for the physical velocity v, which is a regularized system of the
NS equations by filtering some part of the nonlinearity through a global quan-
tity which is then called filtered velocity (see [24] and the references therein).
There are many filtered formulations, which thus lead to many o models(see
[12, 25] for instance). It is also mentioned in [18] in the stochastic Lagrangian
derivation of (1.1), (1.2) that any translation-invariant filter v = T,v may be
adaptable.

Although, there is no any serious difference between the two aspects for
the equations (1.1), (1.2) filtered by (1.3), (1.4) in domains without boundary,
the situation may be different for domains with boundaries. To our knowl-
edge, very little is known to the LNS-a models in domains with boundaries
from this point of view.

In this paper, we investigate the initial boundary value problem for the
LNS-a model (1.1), (1.2) in the following equivalent form

Ov—Av+VxvxThov+Vp=0in Q (1.5)
V-v=0inQ (1.6)

in a smooth bounded domain with the property that both  and 992 have
only finite many simply connected components, where V- and V x denote the
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div and curl operator, respectively.

Once the filter mapping T, is given, equations (1.5) and (1.6) become

a Navier-Stokes type system for v, and for which, some boundary conditions

are needed. Here we consider the following vorticity-slip boundary condition
(VSB):

v-n=0, nxV xwv=Lvon JQ (1.7)

Since there is a boundary, the filter u = T, v can not be determined by solving

(1.3) and (1.4). Some boundary conditions are also needed. We propose that

the filter u = T, v be determined by solving the following Stokes boundary
value problem

u—alAu+Vp=wvin Q (1.8)
V-u=0in
with the VSB:
u-n=0, nxV xu= fuon o (1.10)

We also consider the associated boundary value problem for the Navier-Stokes
equations

Op0° — AV + (V x 0" x 0 +Vp =0 (1.11)
V-2' =0 (1.12)

with the corresponding boundary conditions (1.7) as a singular limit problem
by passing to the vanishing « limit in (1.5)-(1.10).

The equivalence between (1.1) and (1.5) follows from the vector formula
V(u-v)=u-Vo+Vul v -V xvxu (1.13)

for any divergence free vectors u and v.

There have been extensive studies of the Navier-Stokes systems on
bounded domains with various boundary conditions, such as the well known
no-slip condition and various slip boundary conditions. In particular, sub-
stantial understanding has been achieved for the well-posedness of initial
boundary value problems for the Navier-Stokes system with these boundary
conditions and problems of vanishing viscosity limit and boundary layers, see
[3,4,5,7,8,13, 17, 20, 23, 33, 34, 35, 45, 48] and the references therein. Note
that the no-slip boundary condition corresponds to our VSB with 5 = oo.
Yet one of the main motivations for the proposed VSB is its relation to the
well known Navier-slip boundary condition (see [1, 3, 5, 6, 30, 33, 41, 48] and
the references therein). Indeed, the Navier-slip boundary condition (NSB)
says that the fluid at the boundary is allowed to slip and the slip velocity is
proportional to the shear stress (see [39]), i.e.,

v-n=0, 2((S(v)n)); = —yv, on N (1.14)
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where 25(v) = (Vv + (Vv)T) is the stress tensor. Note that
(2(S(v)n) — (V x v) x n); = GD(v), on 99 (1.15)

where GD(v) = —25(n)v is the lower order term due to the geometry of the
boundary, see lemma 3.10. below. In the special case that the boundary OS2
is flat, one has GD(v) = 0. Thus the VSB (1.7) coincides with NSB (1.14).
It should be mentioned that as far as we know, all the previous physical
and numerical studies concerning the NSB deal with only the case of flat
boundaries [1, 6, 31, 32, 42, 45]. Another main motivation for the proposed
VSB (1.7) and (1.10) is that the vorticity formulations of the fluid equations
have played important roles in analyzing fluid motions, and suitable bound-
ary conditions on the vorticity should be important for such formulations, see
[2, 7, 8, 13, 19, 36] and the references therein. For example, the equivalent
vorticity form of the NSB conditions are crucial in the studies of the corre-
sponding boundary value problems in [10, 17], and the VSB (with 5 = 0)
was found very useful to understand the vanishing viscosity limit problem
of the Navier-Stokes equations in [3, 35, 46, 47]. It is hoped that the VSB
conditions proposed here can share light on understanding the fluid motions
in bounded domains.

The rest of the paper is organized as follows: First, as a preparation, we
present in the next section a L? version of the general Hodge decomposition
theory that was stated in [11] for smooth vector spaces, which will be used to
study the Stokes problems associated with various slip boundary conditions.
Then we give general and systematic results on well-posedness and spectrum
properties of the Stokes operators associated with various VSB and NSB con-
ditions in section 3. Our results apply to domains with general topology. It
should be mentioned that all the previous analysis deals with only the NSB
conditions in some special cases. Based on the properties of the Stokes op-
erators, in section 4, we can formulate the initial boundary value problem
of the LNS-av model, (1.5)-(1.10), together with the limit problem of the NS
equations, (1.11),(1.12),(1.7), to be a series of abstract equations in a Hilbert
space for the parameter o € [0, 00). In section 5, we study the well-posedness
of the weak solutions for the LNS-« equations with the VSB conditions for
each a > 0, by the Galerkin method. The local well-posedness, theorem 5.1.,
is obtained by direct estimates on the velocity v, while the global theory, the-
orem 5.2.; is proved by combining energy estimates on both the velocity field
v and the filter u. Note that our approach is somewhat different from [21, 37]
in emphasizing the velocity v but not the filter w. In section 6, we investigate
the vanishing « limit of solutions of the initial boundary value problem of the
LNS-a equations with VSB condition to the corresponding solutions of the
NS equations. The global in time convergence of weak solutions is obtained in
theorem 6.1. similar to periodic case in [21], while local in time convergence
of strong solutions is given in theorem 6.2.. The existence of the global weak
solutions and local unique strong solution for the NS equations with corre-
sponding VSB condition are then followed. Furthermore, some estimates on
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convergence rates are given in theorem 6.3.. Finally, we present some gen-
eralizations in section 7. In particular, a parallel theory holds for the NSB
condition.

2. Preparations and Hodge decompositions

The Hodge decomposition theory plays an important role in the analysis of
vector spaces in a 3D bounded smooth domain, our analysis on the boundary
conditions will be based on this theory. To be self content, we give a simple
L? version below. For more details, we refer [11, 40] and the references therein.

Let @ C R?® be a bounded smooth domain, H*(Q2) denote the stan-
dard Hilbert space with H°(Q2) = L?(£2). Then the following estimate is well
known.

[olls < eIV X vlls—1 + 1V - vlls—1 + |- vl g + lvlls-1) (2.1)
for all v € H(2), s > 1 (see [9, 22]).

Let u € L?(12). Set

u=1v+ Vo,
Note that V-u e H~1(). Let ¢, solve
Apg =V - uin ) (2.2)
g =0 on 00N (2.3)
It follows that
V-v=0inQ (2.4)
Set
DF ={uc L*(Q);V-u =0}
GG ={ue L*(Q);u= Vo, pc Hy(Q)}
Note that
(u, V) =0, Yu € DF,p € Hj(Q) (2.5)
One has
Lemma 2.1. The following decomposition holds:
L*(Q) = DF & GG (2.6)
Let w € DF. Then u - n is well-defined on 092 (see [23]) and
/ un=[ V-u=0 (2.7)
o0 Q
Let ¢ solve
Ap =0in Q (2.8)

Onp = u-n on 02 (2.9)
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Set
v=u—Vp
and
H={uecL?*Q);V-u=0,inQ; u-n=0; on N}
DFG = {ueLQ(Q);u:V@,V-uzo,/ u-n =0}
o0

Hence v € H. Note that

(u,v) =0, Yu € Hyv € DFG (2.10)
It then follows that
Lemma 2.2. DF has the following decomposition:

DF =H@® DFG (2.11)

Note that u = Vi € DFG may not belong to the range of curl, and the
range of curl V x H(Q) is closed in L?(£2). DFG can be further decomposed
to

DFG =CG o HG (2.12)
where
CG = DFGN(V x HY(Q)), HG = DFGN (V x H(Q))*

Let u =V € HG. Since

Oz((va),V<p)=/(99(n><v)~V<p (2.13)

for all v € H'(Q), thus 9,9 = 0, on 95 with 7 being any tangential direction
on 0 which implies ¢ is a constant on each component I'; of 9. So

HG ={Vp;Ap=0,0p =¢; on T;}

consists only smooth vectors, and is finite dimensional, which is called the
harmonic gradient space.

Remark 2.3. CG can also be expressed as
CG={uecL*Q); u=Ve,V-u=0, / u-n =0}
I;

Since CG C V x H(Q), we will call it curl type gradient space.

Note that H N Ker(Vx) is compact in L?(Q) due to (2.1). Set

HH = HN Ker(Vx)

Then

HH={uecL*Q);V-u=0, Vxu=0inQ, u-n=0; on 9N}

This is called the harmonic knots space, which consists only smooth functions
and is finite dimensional (see [11]). Now H can be decomposed to

H=FH®HH (2.14)
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where
FH = Hn (Ker(Vx))*
In conclusion, we have
Lemma 2.4. The following decomposition holds:
L*(Q)=FHeHH®CG® HG & GG (2.15)
Then for any u € L?(€2), it is uniquely written to
u = Pggu+ Prpgu+ Pogu 4+ Prgu + Pagu (2.16)

where Px denotes the projection on the corresponding subspace.

It should be noticed that the space F'H has the following expressions (see [9,
20, 36, 47]).

Lemma 2.5. The space FH can be expressed as

FH={uecL*Q);V-u=0,u-n=0on 0, F(u)=0} (2.17)

FH={uju=Vxv, ve H(Q), V-v =0, nxv=0o0n 0Q} (2.18)

/u~n=0
by

for any smooth cross section ¥ of §2.

where F(u) =0 means

It follow from (2.1) and the fact that HH C V x (FH N HY(Q)) (see
[11]) respectively that

Proposition 2.6.
L*(Q) =V x (FHNH'YQ)® HG ® GG (2.19)
Similarly, in general, it holds that
Proposition 2.7.
H*(Q) =V x (FHNHT™(Q))® (HGN H*(Q)) © (GG N H*(Q)) (2.20)
for s > 0.

It follows from (2.1),(2.2),(2.3),(2.8),(2.9) and the fact that HH, HG
are finite dimensional that

Proposition 2.8. C°(Q) N X is dense in H*(Q)N X, s >0 for
X = FH,HH,CG, HG, GG
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3. The Stokes operators

In this section, we apply the Hodge decomposition theory to the Stokes prob-
lems with both the VSB and NSB conditions. We first consider a special
Stokes problem with the VSB (3.1)-(3.3) and prove theorem 3.1.. Next, since
the topology of the domain is assumed to be general, to avoid the uniqueness
of the solutions for the general Stokes problems, we consider the perturbed
Stokes problem associated with VSB (3.25)-(3.27). Based on theorem 3.1., by
using the Hodge decomposition theory, we prove the associated Stokes opera-
tor is a self-adjoint extension of the associated positive definite bilinear form
(see theorem 3.5.). The proof of theorem 3.5. is constructive, and the tech-
niques can also be used to prove the well-posedness of the non-homogeneous
problem (3.55)-(3.57)(see theorem 3.7.). More generally, we can prove well-
posedness of the boundary value problem (3.63)-(3.65) (see theorem 3.9.) by
construction a contraction map. Finally, we identify the relationship between
the NSB and VSB, and establish a similar theory for the Stokes problem
associated with NSB (3.67)-(3.69).

3.1. A special Stokes problem

Let us start by considering the following special Stokes problem with ho-
mogenous VSB condition

—Au = fin Q (3.1)
V-u=01in .
u-n=0, nxVxu=0on o (3.3)

with f € FH. Set
W = {uc H*(Q); nx (V xu) =0 on,dN}
Then we have

Theorem 3.1. The Stokes operator Ap = —A with the domain D(Af) =
W N FH is self-adjoint in the Hilbert space FH.

Proof. Tt is clear that Ap = —A with the domain W N FH is symmetric.
Since C§°(2) N H is dense in H, it follows that Ap is densely defined due to
the orthogonality of FFH and HH and the compactness of HH. Let u € W.
Since n x (V x u) = 0 on 012, then —Au =V x (V x u) € FH by lemma
2.5., thus Ar maps W N FH to FH. Now, for any f € FH, it follows from
lemma 2.5. that there is a ® € H(Q) satisfying

Vx®=finQ (3.4)
V-®=0in (3.5)
® xn=0ondN (3.6)

Due to proposition 2.7. and lemma 2.1., there is a v € FH N H%(Q) so that
® =V xv+ Pyg® (3.7)
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Note that Pgg® x n =0 on 92. It follows that

nx (Vxwv)=0on N (3.8)
Then V X (Pya®) = 0 and (3.7) imply that
—Av=finQ (3.9)

Thus Ap : W N FH — FH is surjective. If f = 0, then integration by part
shows

IV x o]l =0 (3.10)

It follows that u = 0 due to the orthogonality of FH and HH and then
Ar :WNFH — FH is one to one.

Noting that W and FH are closed in H2(Q) and L?(€2), and

[Av]| < vl (3.11)
we obtain from the Banach inverse operator theorem that

[vll2 < cl|Av]] (3.12)
The theorem was proved. O

Equivalently, we have shown the problem (3.1)-(3.3) has a unique solu-
tion u € H2() for any f € FH.

It follows from the proof of theorem 3.1. that
Vx:H)NQ)w— HF
is also one to one and onto, where
HYQ)={uec H(Q);V-u=0; nxu=0ondQ;(uy)=0,Yoc HG}

It follows from the trace theorem and the continuity of the divergence oper-
ator that H!(f) is closed in H!(§2). Then

[ully < €IV x ull (3.13)
follows from

IV X ul| < flully (3.14)
for any v € H!(Q). This yields immediately that

Lemma 3.2. Let u € H}(Q). Then the following Poincaré type inequality
holds

[[ull < e[|V < ull (3.15)

Let v € FH N HY(Q). Then there is u € H} () such that V x u = v
and

(v,v) = (V xu,v) = (u, Vxv) <|ull|V x| (3.16)
This, together with (3.15), shows
(v,v) < ||V x0|[||V X ull (3.17)
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Thus, one gets

Lemma 3.3. Letu € FHNH'(Q). Then the following Poincaré type inequality
[ull <V X ull (3.18)
holds.

As a consequence, we can obtain

Corollary 3.4. The operator Ap in theorem 3.1. is the self adjoint extension
of the following bilinear form

a(u,¢) = (V xu,V x ¢), D(a) =Vp =FHNH (Q) (3.19)
m FH.
Proof. From proposition 2.8., a(u,¢) with D(a) = FH N H*() is densely
defined. Due to (2.1) and lemma 3.3., a(u, ¢) is closed and positive. It follows
that there is a self-adjoint operator A with domain D(A) C D(a) such that

a(u, ¢) = (Au, $),Vo € FH N H'(Q) (3.20)

for any u € D(A). It is clear that D(Ar) = WNFH C D(A) and Au = —Au
forany u € WNFH. Let u € D(A) and f = Au. It then follows that f € FH.
It follows from theorem 3.1. that there is a v € D(Ap) such that (3.1)-(3.3)
are valid (with u replaced by v) and

a(v,¢) = (f, ) (3.21)
for all ¢ € Vp. On the other hand
a(u, ¢) = (Au, @) = (f, ) (3.22)
for all ¢ € Vg, hence
alu—v,¢6) = (Vx(u—v),Vxe) =0 (3.23)
for all ¢ € V. Taking ¢ = u — v shows that V x (u—v) = 0. Thus u = v due
to (2.14). Thus D(A) = D(Ar) and A = Ap. O

Denote by VZ the dual space of Vp respect to the L? inner product.
Then the notation of weak solutions can be extended for f € V}: w is called
a weak solution to (3.1)-(3.3) for f € VL if

a(u, ) = (f,¢), V¢ € Vp (3.24)
3.2. The Stokes problem with VSB condition

Next, we consider the Stokes problem with general VSB condition. Since
the domain is allowed to have general topologe, the kernel of —A may be
not empty. To avoid it, we consider the following boundary value problem
instead:

(I-ANu+Vp=finQ (3.25)
Veou=0inQ (3.26)
u-n=0, nx(Vxu)=pPuon 0N (3.27)
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where 8 is a nonnegative smooth function.
Define

V=H(@Q)nNH
W5 = {u€ H*(Q); nx (V x u) = Bu on, dN}
Define a bilinear form as
ag(u, ) = (u,d) + ag(u, @)

where
ap(w.0) = [ Bu-o+ [ (Txu)(Vx0) (3.28)
o0 Q

with the domain D(ag) = V. v € V is said to be a weak solution to the
boundary value problem (3.25)-(3.27) on H for f € V' if

ag(u, ¢) = (f,¢), VoinV (3.29)

where V' is the dual space of V. Based on theorem 3.1., we can prove

Theorem 3.5. The self-adjoint extension of the bilinear form ag(u, ) with the
domain D(ag) =V is the Stokes operator Ag = I + P(—A) with D(Ag) =
Ws N H, and Ag is an isomorphism between D(Ag) and H with compact
inverse on H. Consequently, the eigenvalues of the Stokes operator Ag can
be listed as

1<+ <14+ A= 00

with the corresponding eigenvectors {e;} C Wy, t.e.,

Aﬂej = (1 + )\j)ﬁj (330)
which form a complete orthogonal basis in H. Furthermore, it holds that
1
(L4 M) [ull® < apu,u) < 5 Y [ Agull®, ¥ u € D(Ap) (3.31)
1

Proof. 1t is clear that ag(u,¢) with the domain D(ag) = V is a positive
densely defined closed bilinear form. Let Ag be the self-adjoint extension of
ag(u, ¢). It follows that W N H C D(Ag) and Agu = u + P(—Au), for any
u € WgNH by integrating by part. It remains to show that D(Ag) C WgNH.
Let u € D(Ag) and f = Agu. Since D(Ag) C D(ag) = V, it follows from
(3.29) that

l[ully < |l £] (3.32)

Let n(z) and S(x) be internal smooth extensions of the normal vector g
respectively. Then B(z)u x n(z) € H'(Q). Proposition 2.7. yields

B(x)u x n(z) =V xv+ Vh+ Vg (3.33)

with Vh = Pya(B(x)u x n(z)), Vg = Paa(B(x)u x n(z)) and v € FHN
H?(Q). Tt follows that

IVgllr < cflullx (3.34)
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since g satisfies

Ag=V-(B(z)u x n(z)) in Q (3.35)
g =0 on 99 (3.36)
Since HG is finite dimensional, so
PG (B(z)u x n(@))|i < | Pac(Bz)u x n(x))|| < cfjul| (3.37)
It then follows from (2.1) and lemma 3.3 that
[oll2 < e[V xolly < cljully < cl|£] (3.38)

Integrating by part and noting that n x Vh = 0, n x Vg = 0 on the boundary,
we have

/Q(va)-(VX(b)—i— Bn x (uxn)-¢=(—Auv,d) (3.39)

o0

for all p € H(Q). It follows from n x (u x n) = u on the boundary and the
definition of the weak solution that

[ x =) (V%) = (Pen(f —ut dojé)  (3.0)
Q

for all ¢ € HY(Q) N FH. Note that V x u = V x Prg(u) and Prg(u) €
HY(Q)N FH. It follows that

It follows from theorem 3.1. that Prp(u) —v € W and

1Prr(u) —vll2 < c([[fI] + [[Av]| + Jlul]) (3.42)
Since H H is finite dimensional, it holds that
[ Prr(u)l2 < cflull (3.43)
One gets from (3.32),(3.38),(3.42) and (3.43) that
ull2 < e[l f]] (3.44)
Since Prg(u) —v € W, it holds that
nxVxu=nxVxPpg(u)=nxVxv=_Luond (3.45)
Thus we have shown u € Wz N H. Integrating by part in (3.29) yields
(u—Au—f,¢)=0 (3.46)
for all ¢ € V', which implies
u—Au+Vp=fin Q (3.47)
with p given by
—Ap=0inQ (3.48)
(Vp) -n = Au-n on dQ (3.49)

It is noted that ||Agu| is an equivalent norm of H2(Q2) on W5 N H due to
(3.44) and

[Agull < flull + [Aull < clfulls (3.50)
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for all u € Wg N H. The theorem was proved. O

Let V' be the dual space of V with respect to the L? inner product.
u € V is called a weak solution to (3.1)-(3.3) for f € V' if

ag(u, @) = (f, ), VoV (3.51)

By using a standard density argument, one can show

Corollary 3.6. For any f € V', the boundary value problem (3.25)-(3.27) has
a unique weak solution u € V

Now, let b € H2(89) and b-n = 0 on 9. From the extension theorem,
it has an extension denoted by b(z) € H*(£2). Similar to the proof of theorem
3.5., one can show that there exists a ® € H%(Q) N FH such that

nx (Vx ®)=>bon 0N
It follows that ® solves the following problem:

u—Au+Vp=finQ (3.52)
Vou=0inQ (3.53)
u-n=0, nx(Vxu)=>bon i (3.54)

with f = u + P(—A®) and Vp = A® — P(A®). This fact and theorem 3.5.
for =0 yield

Theorem 3.7. Let b € H=(dQ), b-n = 0 and X > 0. Then the following
problem

A —Au+Vp=fin Q (3.55)
V-u=0in (3.56)
u-n=0, nx (Vxu)=>bon 0N (3.57)

has a unique solution u € H*(Q) for any f € H.

The boundary value problem (3.55)-(3.57) also have a weak formulation

Nuw)+ [(Txu)(Vxo)+ [ bo=(fo). YomV  (35)
Q a0
Similar to corollary 3.4., one has

Corollary 3.8. Letbe H™2 (0Q), b-n = 0. Then for any f € V', the boundary
value problem (3.55)-(3.57) has a unique weak solution uw € V in the sense of
(3.58).

We omit the details of the proof here, and refer to [26] for the definition
of the weak tangential trace H~2 (99).

For any given smooth and nonnegative function 5, we define the map

T:H>(Q)NH—VCH?Q)NH
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by v = Tv determined by (3.58) with b replaced by fv + b and f = 0. Let
v; € H2(Q) N H and u; = Tv;, i = 1,2. It then follows from (3.58) that

Mluy — ug | + |V x (uy —ug)||® + /89 Blur —uz) - (v1 —w2) =0 (3.59)

Note that
| ” Blur —uz) - (01 —v2)| S el —wall g o o1 —v2ll g () (3:60)
and
||<P||22(Q) < cllelliellar@) < clellllVxell, VeV (3.61)
It follows that
e 2oy — w2 h( (3.62)

2(Q) ©
for A > 1. Take A large enough such that 7" becomes a contraction map on
Hz(Q). It follows that

(2)

Tv=v
has a unique solution ¥ on Hz(Q) and ¥ = TW € H(Q).

~ For any f € V', let v be the weak solution of (3.25)-(3.27) with f =
f—(1=X)P. It is clear that u = v+ ¥ € V is a weak solution of the following
problem:

uw—Au+Vp=finQ (3.63)
V-u=0in Q (3.64)
u-n=0, nx(Vxu)=LPLu+bon dN (3.65)

in the sense that
(u,¢>+/<v xu) - (V x ¢)+/ (Butb)-6=(f.0),VoinV (3.66
Q oN

The uniqueness can be proved in the same way as for theorem 3.1.. We
conclude

Theorem 3.9. Letb € H™2 2(0Q), b-n = 0. Then for any f eV, the boundary
value problem (3.63)-(3.65) has a unique solution u € V' in the sense of (3.66).
Moreover, if f € H and b € H2 (%), then u € H*(Q).

3.3. The Stokes problem with the NSB condition
We can establish a similar theory for the Stokes problem with the NSB just
as with VSB. For completeness, we sketch it here. Consider the following
Stokes problem with the NSB condition.
(I-—Au+Vp=finQ (3.67)
V-u=0inQ (3.68)
u-n=0, 2(S(u)n); = —yu,u on 0N (3.69)
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where 7 is a nonnegative smooth function.
Define ~
W, = {u € H*(Q); 2(S(u)n); = —yu, on, I}

and a bilinear form
d"/(uv ¢) = (ua é) + a’y(ua ¢)7 D(d"/) =V
where
w )= [ queo+2 [ S-S (3.70)
a0 Q

and S(u) - S(¢) denotes the trace of the product of the two matrices.

u is said to be a weak solution to the boundary value problem (3.67)-
(3.69) on H for f € V' if

ay(u,¢) = (f,¢), VoinV (3.71)
where V' is the dual space of V.

To compare it with the VSB case, we first calculate that
Lemma 3.10. Let u € H?(Q) and u-n =0 on the boundary. It holds that
(2(S(u)n) —w x n); = GD(u), (3.72)
with GD(u) = —25(n)u.
Proof. Note that

Opu = %w xn+S(u)n (3.73)
and )
Oru = QWX T+ S(u)T (3.74)
It follows that
2(S(u)n) -1 =0,u-n+0u-1 (3.75)
(nXw)T=0u-n—0hu-7 (3.76)
and
2(S(u)n) -7+ (n X w)T =20;u-n (3.77)
Note that v -n = 0 on the boundary. It follows that
Oru-n=—-u-0n (3.78)
We conclude that
2S(u)yn —w xn) -7=—-2u-90:n (3.79)
Note that L
O-n = i(V xn)x 1+ 8n)T (3.80)
thus

2S(un—-—wxn) - 71=((Vxn)xu) 7—25n)u-1 (3.81)
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Note that
uXT=2An (3.82)
and
(Vxn)-n=0 (3.83)
on the boundary. It follows that
2S(u)n —wxn)-7=-28Mn)u-1 (3.84)
Set
GD(u) = —25(n)u
The lemma is proved. (I

It follows from a simple calculation and by using the density method
that

Lemma 3.11. Let u € H'(Q) N H. Then

zlﬁwyﬂwzﬁwxm«vX@+/(wwyu (3.85)

o0

GD(¢)-u= | GD() ¢ (3.86)
o0 o

As a counterpart of theorem 3.5., we can obtain

Theorem 3.12. The self-adjoint extension of the bilinear form a~(u, ) with
domain D(ay) = V is the Stokes operator A, = I + P(—A) with D(A,) =
V~VA, N H, and Ay is an isomorphism between D(A,) and H with a compact
inverse on H. Consequently, the eigenvalues of the Stokes operator A, can
be listed as

1<T4+M<I+4A =00
with the corresponding eigenvectors {e;} € W, i.e.,
Ave; = (1+Xj)e; (3.87)
which form a complete orthogonal basis in H. Furthermore, it holds that

1

(1 + M)l < ap(uw) <

JAul?, YueD(4,)  (3.88)

Proof. Tt suffices to show that D(A,) C VNVA,OH since the rest is similar to the
proof of theorem 3.5.. Let u € D(A,) and f = A,u. Since D(A,) C D(ag) =
HY(Q)N H, it follows from (3.71) that

lull? < el £1* (3.89)

Let n(x) and v(z) be internal smooth extensions of the normal vector n and
4. Then (y(z)u + GD(u)) x n(z) € H*(R2). Due to proposition 2.7., one has

(v(@)u+ GD(u)) xn(x) =V xv+ Vh+ Vyg (3.90)
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with v € H*(Q) N FH, Vh = Pyc((y(z)u + GD(u)) x n(z)) and Vg =
Paa((v(z)u + GD(u)) x n(x)). Similar to the proof of theorem 3.1., one can
get

[oll2 < €l|V x ]|y < cflully (3.91)
Note that n x (Vh) =0 and n x (Vg) = 0. Thus

/(v x v) - (V X ¢) +/ (yu+ GD(u)) - ¢ = (~Av,¢), Vo €V (3.92)
Q o0

Then the definition of the weak solution and lemma 3.11. imply

/Q(qu)-(quzﬁ)—i—/ yu- ¢+ GD(¢) - u=(f —u,¢), V¢ € 3.93)

o0 r9)
Combine them and note (3.86) to get

/Q(v x (u=0))-(Vx¢) = (Pru(f —u+ Av),¢), V6 €V (3.94)

Note that V x u =V x Ppy(u) and Pp(u) € H(Q) N FH. It follows that
Since Pry(f —u+ Av) € FH, so Pry(u) —v € W, and

|1 Prr(u) —vll2 < c(I £l + llull1) (3.96)
Since HH is a finite dimensional, so
[ Prp (u)l2 < cf|ul (3.97)
It follows from (3.89),(3.91),(3.96) and (3.97) that
[[ull2 < ¢l f]] (3.98)

Note that
(Vxu)xn=(VxPrgu)xn=(Vxv)xn=—yu—GD(u) (3.99)
It follows that
2(S(u)n)r = ((Vxu) xn+ GD(u))r = —yu, (3.100)
The theorem was proved. Il

Similar to the discussion for VSB, we have

Theorem 3.13. Let b € H_%(GQ), b-n = 0, v be a nonnegative smooth
function on the boundary. Then for any f € V', the following boundary value
problem

u—Au+Vp=fin Q (3.101)
V.u=0inQ (3.102)
u-n=0, 2(S(u)n); = —yu, +b on 9N (3.103)

has a unique solution uw € V' in the sense that

(u,({))—l—/aﬂ(vu—&-b)-¢+2/QS(u)~S(<Z)):(f,qb),V(b inV  (3.104)
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Moreover, if f € H and b € H2 (), then u € H*(Q).

4. Functional setting of the LNS-a equation

In this section, we formulate the following boundary value problem for the
LNS-«a system:

ov—Av+Vxvxu+Vp=0in (4.1)
V.u=0inQ (4.2)
u—aAu+Vp=wvin Q (4.3)
V-u=01in Q (4.4)

with the VBS conditions
v-n=0, nxV Xuv=pvon df (4.5)
u-n=0, nxV xu= fuon 0 (4.6)

Due to theorem 3.5., A, = I — aPA is also a positive definite self-adjoint
operator with domain D(A,) = W N H for any o > 0. We have

Proposition 4.1. The linear operator T,, = A7' : H — WzNH is well defined
with uw = Tov € Wg N H given by the Stokes boundary value problem

u—alAu+Vp=vin Q (4.7
V-u=0in 0 (4.8)
u-n=0, nx(Vxu)=pFuon o (4.9)
and is bounded, i.e.
[ull2 < callv]l (4.10)

for some constant c,, depending on a.

We now estimate the nonlinearity. Let v € V' C H so that T,v is defined.
Set

B(v,u)=P(Vxvxu), YueWsg veV (4.11)
B,(v) = B(v,Tyv), veV (4.12)
for a > 0. Then we have
Lemma 4.2. The nonlinearity By (v) : V — H is locally Lipshitz for oo > 0.
Proof. Clearly, B, is well-defined due to (4.10). For any vy, vo € V,
| Ba(v1) — Ba(v2)|| < ||V X (v1 —v2) X Tov1 —V X vg X Ty (v1 —v2)|| (4.13)
Note that for all ¢ € V', ¢ € L>=(Q),
19 % (6) x %] < ellélla 6]l =o (4.14)

and
[w[|7 o0 () < ellwlla]wll2 (4.15)
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It follows that
[Ba(v1) = Ba(v2)|| < c([lvrlls + [lo2ll1) ][ (v1 = v2)ll2 (4.16)
which implies the lemma. (I
We now can formulate the initial boundary problem of the LNS-« equa-
tions (4.1)-(4.6) as an abstract equation
v' — PAv+ B(v,u) =0 (4.17)
u="Tyv (4.18)

on H, with a parameter « € (0, 00).

The weak solutions of the initial boundary problem can be defined as
below.

Definition 4.3. (v,u) is a weak solution of (4.1)-(4.6) with o > 0 for LNS-
« equations with initial data vy € H on the time interval [0,7T) if v €
L2(0,T;V) N Cu([0,T); H), v € LY0,T;V"), u € L2(0,T;V N H3(Q)) N
Cw([0,T); Wg), u' € L*(0,T;V) such that
(v, w) 4+ ag(v,w) + (B(v,u),w) =0, a.e. t €[0,T) (4.19)
u="Tyw, ae. t€[0,T) (4.20)
for all w e V.

For the special case a = 0, we define also the corresponding weak solu-
tions for the NS as follows

Definition 4.4. (v,u) is a weak solution of (4.1)-(4.6) with a = 0 (NS equa-
tions) initial data vg € H on the time interval [0,T) if v,u € L?(0,T;V) N
Cw([0,T]; H) and v',v" € L'(0,T;V’) such that

(v, w) 4+ ag(v,w) + (B(v,u),w) =0, a.e. t €[0,T) (4.21)
u=wv, a.e. t€[0,T) (4.22)
for all w e V.

For later use, one can also define the fractional powers of the operator
Ap =1— PA in theorem 3.5., A3 : D(A3) — H for s > 0 by

oo

Aju =Y (1+X) uje; (4.23)

j=1
for uw € 3277, uje; € D(A3), where

Ap) = U_ZUJ€J7Z 14 X)% |y |* < 00 (4.24)

equipped with the graph norm
[l as) = (A3 u, A5 ).
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It can be checked easily that A} : D(Ag“) — D(A}) is an isomorphism

for all s, ¢t > 0, D(AL) = D(As) = HA(Q) N Wp, and D(A3) = V with

equivalent norms ||u\|D(A%) and H'(2)-norm. Denote by D(Ag®) the dual
E

space of D(Ag) for any s > 0. Then the operator Ag can be extended to an
operator: H — D(A5*) by

(Aju,v) = (u, Ajv), Vue H, wve D(AR) (4.25)
It follows from the definition that
ol = 457, Ve D(45") (4.26)

and A® : D(A;H) + D(A}) is an isomorphism for s, t € R, and furthermore,

s+t

1A ull” = (A5 u, A u) < [|Ajul|[|[Afull, Vu € D(A%) N D(Aj) (4.27)
holds true for all s, t € R.

5. Well-Posedness of the LNS-a Equations

In this section, we investigate the well-posedness of the initial boundary value
problem of the LNS-a equations (4.1)-(4.6) by a Gelerkin approximation
based on the orthogonal basis given in theorem 3.5..

5.1. Local well-posedness

We start with the following local well-posedness result.

Theorem 5.1. Let vg € H and o > 0. Then there is a time T* = T*(vg) > 0
such that the problem (4.1)-(4.8) has a unique weak solution of (v,u) with
initial data vy on the interval [0,T*) in the sense of definition 4.1 for any
T € (0, T*), which satisfies the energy equation

%HUHQ + 2ap(v,v) + (B(v,u),v) =0, on [0,T] (5.1)
in the sense of distribution. Furthermore, if vg € V, then
ve L*(0,T; W N H)NC([0,T); V) (5.2)
v € L*(0,T; H)
and the energy equation
%aﬁ(v, v) + 2||PAv||? + 2(B(v), —Av) = 0 (5.4)

is valid.

Proof. Let vy € H. Consider the following system of ordinary differential
equations

v (t) + Aj; () + g;(V) =0 (5.5)
v;(0) = (uo, €;) (5.6)
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j=1,---m, where V = (v;) and
9:(V) = (B(E1"vjej, um), €) (5.7)
U, = To(X7"v;€5) (5.8)
Note that all norms are equivalent in a finite dimensional linear space. It
follows from lemma 4.2. that (g;(V)) is locally Lipshitz in V and thus the

systems is locally well posed and equivalent to the following partial differential
equations

vl (t,2) — PAvy(t,x) + P B(Um, um)(t,x) =0 (5.9)
U, = To (70 €5) (5.10)
Um(0) = P (vo) (5.11)

where vy, (t,x) = X7";(t)e;(x), and P, is the orthogonal projection of H
onto the space spin{e;}7".

Taking the inner product of (5.9) with v,, and noting that

(P BV Ui )y Up) = / V X Uy X Uy - (Vy)d (5.12)
Q
one can get
d
Zllomll® + 205V, vin) + (B(vm, tn), vm) = 0 (5.13)
It follows from the definition of T,, that
[(B(ms )y vm)| < cllvmllilomllumll @) < clomlillvml®  (5.14)
Note that
[6l1* < cllollf < clgl® +as(e, ¢)) (5.15)

for all ¢ € V. It follows that

d
Zloml® + as(m, vm) < e(lom|* + Dllom|® (5.16)
Hence, there is a time 7" > 0 such that
{vm} is bounded in L>°(0,T; H)

{vm} is bounded in L*(0,T;V)
Note that for ¢ € V,

[(Agvim, @)| < [(vm, @)| + |ap(vm, 9)] (5.17)
which implies that
{Agvp} is bounded in L*(0,T; V') (5.18)
Since
[tmll Lo (@) = el Tavmll2 < cllom| (5.19)

it follows that
|(Prr B(Viy um ), @) = [(V X Uy X Uy Py @) < Clloml1llvml|lll@ll (5.20)
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for all ¢ € V', which implies that
{ Py, B(Um, um)} is bounded in L2(0,T; V") (5.21)
Hence
{v!} is bounded in L*(0,T; V") (5.22)
By using a similar argument in [20], it shows that there is a subsequence also
denoted by vy, and a v € L>(0,T; H) N L*(0,T; V) such that

U, — v in L*(0,T; H) weak — star (5.23)
Vm — v in L*(0,T;V) weakly (5.24)
Vm — v in L2(0,T; H) strongly (5.25)
Consequently, u,, = T,v,, has the property:
U, — Tav in L(0,T; Ws N H) weak — star (5.26)
U — Tov in L*(0,T;V N H*(Q)) weakly (5.27)
U, — Tov in L2(0,T; Ws N H) strongly (5.28)

Passing to the limit of a subsequence, it is showed that (v, u) is a weak solution
in the sense of definition 4.3.. It also follows that the energy equation

d
@II’UH”?%(%’U) + (Ba(v),v) =0 (5.29)
is valid on the interval [0, 7] in the sense of distribution.
Let v; and vy be any two solutions. Then w = v; — vy satisfies the
following equation
w' — PAw + P(By(v1) — Ba(v2)) =0 (5.30)

and the energy equation
d
Wl 4 2a5(w, w) + (Ba(v1) = Ba(v2),w) = 0 (5.32)

It follows from the local Lipshitz continuity stated in lemma 4.2. and the
Gronwall inquality that
lwl® < e(T)[[w(0)]*  on[0,T] (5.33)

which implies the uniqueness of the solution. Consequently, the convergence
of the whole sequence follows.

By the standard continuation method, there is a 7* > 0 such that the
weak solution does exist on [0,7T] for all T < T*, and if T* < oo then

lo@®)|| = co,as t — T
Let vy € V. Taking the inner product of (5.9) with —PAw,, and noting that
(P, BV, Um,), —PAvy,) = (B(Um, U )y —PAvy,) (5.34)
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one gets
%a,@(vm,vm) + 2| = PAv,|12 + (Ba(vm), —PAv,,) =0 (5.35)
It follows that
%aﬁ(vmvm) + I = PAvn [ < ol lumlZ o) (5.36)
Due to
[um L= (@) < callvml (5.37)

vy € V, the bounds of v, in L?(0,T;V), and the Gronwall’s inequality, one
has
{vm} is bounded in L*°(0,T;V)
{vm} is bounded in L*(0,T;Ws N H)
which, together with the uniqueness, implies that the whole sequence indeed
converges in the sense

Um — v in L(0,T; V) weak — star (5.38)
Uy — v in L2(0,T; Ws N H) weakly (5.39)
Uy — v in L*(0,T; V) strongly (5.40)
This completes the proof of theorem 5.1.. O

5.2. Global well-posedness
Now, we prove the following global well-posedness result.

Theorem 5.2. Ifvg € H,a > 0, then the solution v obtained in theorem 5.1.
is global, i.e., T* = T*(vg) = 0.

Proof. Let v be the weak solution on the interval [0,T]. Then,

u =Ty € L=(0,T;Ws N H) (5.41)
Taking u as a test function yields
(v’,u) +a5(vﬂu) + (B(Uvu)vu) =0 (542)
Since v = (I — aPA)u, then
d
2(v',u) = ﬁ(HuHQ + aag(u,u)) (5.43)
in the sense of distribution on [0,T]. Note that
(B(v,u),u):/(va)xu~u:O (5.44)
Q

It follows that
d
—(Jull* + aag(u,u)) + 2( Bu-v—i—/(va)-(qu)):O (5.45)
dt o9 0

Due to the smoothness and the boundary condition for w, it holds that

/Q(va)-(qu)=— mﬁu-v—i—/ﬂ(—Au)-v (5.46)
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Consequently
%(HUH2 +aag(u,u) + 2(ag(u, u) + of[PAu]?) = 0 (5.47)
It follows that
(llull® + aag(u, u)) < (uoll* + aas(uo, uo)) (5.48)
and .
/0 (ag(u,u) + a||[PAu||*)dr < (|Juol|* + aas(ug, up)) (5.49)

On the other hand, it follows from the energy equation (5.1) and a similar
argument as for (5.17) that

d
Zlol* +as(v,0) < clofl* +1 (5.50)
Noting that
lvll* < e(lul]* + a®||PAul|?) (5.51)
it follows that .
ol + [ astwe) < (552
0
for some constant ¢ depending only on vg and «. Thus T* = co. The theorem
is proved. Il

6. Vanishing o Limit and the NS Equations

In this section, we investigate the vanishing « limit of the solutions of the
LNS-« equations (a« — 0) to that of the NS equations. We will prove both
weak and strong convergence results. Then, the global existence of weak so-
lutions and the local unique strong solution to the NS equations with the
VSB condition are followed.

6.1. Weak Convergence and Global Weak Solutions of the NS
We first prove

Theorem 6.1. Let vop € H, and (v*,u®) be the global weak solution stated
in theorem 5.2. corresponding to the parameter o > 0. Then for any given

T > 0 there is a subsequence u® of u® and a (v°,u) satisfying
v? € L2(0,T;V) N CyW([0,T); H) (6.1)
(%) € L3 (0, T; V") (6.2)
such that
v* — % in L*(0,T; H) weakly (6.3)
v =¥ in LZ(O,T;D(Ag%)) strongly (6.4)
u® — 0% in L*(0,T; V3) weakly (6.5)

1

u® — 0% in LQ(O,T;D(A;“)) strongly (6.6)
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Moreover (v°,v°) is a weak solution of the initial boundary problem of the

NS equations (4.1)-(4.6) with « = 0 and satisfies the energy inequality
d
%”’UOH2 + 2a5(v°,v%) <0 (6.7)

Proof. Let vo € H, T > 0, and (v*,u®) be the global weak solution to (4.1)-
(4.6) corresponding to 1 > « > 0. It follows from (5.47) that

t
[u®]* + aag(u®, u®) +/ (ap(u®,u®) + ol PAu|*)dr < c (6.8)
0
for some constant ¢ independent of . For any ¢ € Wg N H, we have
(B(v™,u%),¢) = / (Vxv* xu)pde =1+ I1 (6.9)
Q
where
I= / (n xvY) - (u® x @)dS (6.10)
o0
7= / ¥ (—u® -V — ¢ - Vu®)de (6.11)
Q
Since u-n =0 and ¢ - n = 0 on the boundary so
u® X ¢ = An on 0N (6.12)
Hence
I1=0 (6.13)
To estimate I1, we note that
I/ *-Vo)da| < c([[u®| + | PAu®|)[u(ls@) Vol Loy (6.14)
@ @ @ and @ o 1
[ul1Za () < ellullllulle < ellu[[= (lu®]| + | PAu]])= (6.15)
IVollLe) < el Asdl] (6.16)
Then, due to (6.8), it holds that
[ 0" - V)| < cl(as(u.u) +all A + ol PAW ) | 4]
(6.17)
Next,

I/ (¢ Vu®)da| < c([[u]] + | PAu®[)[[u® |1 [ Lo () (6.18)
which implies that

| / - Vu®)da| < e((ag(u®,u®))? + al|[PAu]| + of|[PAu®||2)]| Apd|

(6.19)
Then for a < 1,

(B(v®,u®),¢)| < e(1+ (ap(u®u))? +af|PAu|?)|Asd|  (6.20)
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It follows from (6.8) and (6.20) that B(v®,u®) and then % (v) are uniformly
bounded in L (0, T} D(Ail)). It follows from (4.7)-(4.9) that

(1 — )ug’ + adg(ug’) = vf,
which yields immediately
(L= a)llAZ uf | + allA5 " uf|* = || A5 o2

Then
1A ug|]® < 2[|A5" ofl|?

for 0 < o < 1. This shows that §; u® are uniformly bounded in L3(0,T; D(Agl))
as 0y v* are. Note that (6.8) also implies that (u®) are uniformly bounded in

L?(0,T;V) and the duality between V = D(Aé) and D(Agl) with respect
to the inner product of D(Ag 1) ie.,
1 1 T
(45 T, A, 4¢) = (AZu, Az'9)

By using the standard compactness argument (see [21, 20]), one can show
that there exist a subsequence u® of u® and a v° such that

u® — % in L*(0,T; V) weakly (6.21)
u® — v in L2(O,T;D(A;i)) strongly (6.22)
Note that
|(B(v™,u®) — B(v°,2°),¢)| < T +1I (6.23)
where
I =|(B(u®—v°u*)+ B’ u* —°), ¢)| (6.24)
17 = ol (B(PAW®, u®), 9) (6.25)
Similar to (6.9) and (6.13), integrating by part yields
(B(u® — 0, u® |_|/ Vet é-Vu)  (6.26)
Note that
|/ *- V)| < cllu — o [u]? HuallLe(Q IVollLs) (6.27)
lu = o?* < eu® =o° - flu® =0y (6.28)
D(A, %) D(AF)
e R [ | (6.29)
D(Al)

This, together with (6.8), shows that

1 1 1
I/(U“—vo)\-(u“-W) <cfu® =02, [lu® —wollf [Ju®F | Asell (6.30)
Q D(A; ")
Hence

1 3 3
I/(uo‘ =) (Vo) <clu® =017y (JullF + 1000 Asgll (6.31)
Q DA, %)

B
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While
I/ (¢ Vu)| < flu® = [ul1]1pll Lo (@) (6.32)
It follows that
o 0 «@ « 0 3 « g 0 g
I/(u =) (u* Vo) <cllu®—v7|2 _y (ullf +[[v7lI{)Agell (6.33)
Q D(A,*)

Then

(B(u® =", u®),9)| < cflu ~ UOI\Z(

B

5 5
1)(1 +lulF + 1000714l (6.34)

Similarly, one can obtain

(B, u® =), 0) < ellu® =212, (14 u®]l{ + |00 F)As¢ll (6.35)
D(A; ")
It follows that

1 5 5
I<clu® =22 L+ [lullf + 10091 Asl (6.36)
D(Az*)
Similarly,
|(B(PAu®, u®),¢)| = | S (PAU®) - (u® -V + ¢ - Vu®) (6.37)
)
Then
[(B(PAu®,u®), ¢)| < c[|[ PAu?||[[u®||1[| Aso|l (6.38)

It follows that
IT < caz (af|PAu|* + [[u®[[})]| 6|2 (6.39)
Tt follows from (6.23),(6.36),(6.39), (6.8) and (6.21) that

B(v®,u®) — B(v°,v%) in L*(0,T; D(Agl)) strongly  (6.40)
which enables us to pass the limit in (4.19)-(4.20) to show that v" satisfies
(%), 0) + ap(v°,6) + ((V x v%) x v°,¢) =0, a.e. t (6.41)
for all ¢ € C>°(Q) NV in the sense of distribution on [0, 7]. Note that v* €
L2(0,T; V) implies (v°)’ € L3 (0,T; V). Thus (6.41) is also valid for all ¢ € V.
Due to (5.47), it holds that
d
a(”u“‘”2 + aag(u®, u®)) + 2ag(u®,u®) <0 (6.42)

Passing to the limit and noting the weak lower semi-continuity of the norm,
one gets

Do) + 20500, 00) <0 (6.43)
Note that
(v* =, ¢) = (u* =", ¢) + oz((Agua,Aggb) — (u*,¢)) (6.44)
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for ¢ € D(Agi). Then

o =l <=yt ca (o PAGE + ut3)

B B
It follows that

v — 0% in L2(O,T;D(Ag%)) strongly (6.45)
Note that
(v* —0°, ¢) = (u* —°, ¢) — a(PAu*, §) (6.46)
It follows from (6.8) and (6.21) that
v* — o in L*(0,T; H) weakly (6.47)
Hence, the theorem is proved. O

6.2. Strong Convergence and the Strong Solutions of the NS

We now turn to the strong convergence of the strong solutions of the LNS-«
to that of the NS equations, and prove

Theorem 6.2. Let vy € V and (v, u®) be the strong solution stated in theorem
5.1. corresponding to the parameter o > 0. Then there is a T > 0 and a
v in L>(0,T;V)N L*(0,T; Wz N H) such that

v* = v in L2(0,T; Ws N H) weakly (6.48)
v® — 0% in L*(0,T;V) strongly (6.49)
u® — v° in L*(0,T; Wz N H) weakly (6.50)
u® — v° in L*(0,T; V) strongly (6.51)

with v° being a weak solution to the initial boundary problem of the NS equa-
tion (4.1)-(4.6) with a = 0 which is unique and thus called the strong solu-
tion. Consequently, it can be extended to the mazximal existence time interval
[0,T%) such that if T* < oo then

91 — o0, as t — T*

Moreover, the following energy equation holds:

aa,g(vo, v0) + 2||[PAV°|]2 — 2(B(vY,0%), PAVY) = 0 (6.52)

Proof. Tt follows from the energy equation (5.5) that
D 050", 0%) + PO < | B u) (6.53)
Note that
1B P < e [ 19 % 0 Pl Pde < 9 x 0" o o ooy (659

IV % 0%y < c(llv®]] + [IPAv])[[o*]|2 (6.55)
[u Loy < cllu®(lx (6.56)
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and
lu®ly < eflv*|la (6.57)
which follows from the fact that
[u®]|? + cag(u®,u®) = (v*,u®) (6.58)
ap(u®,u®) + af| PAu®|* = ag(u®,v®) (6.59)
Consequently,
L ap 0) + [ PAC < e+ DRl (6.60)

Combining this with similar estimates for (5.17) yields

d a a o 1 a a ~ a o))<
(I + a0, 0%)) + S ([0°I° + [ PAC?) < e(1 +as(v®, v%))” (6.61)

Comparing it with the following ordinary differential equation

Sy =c(1+y)°
with y(0) = ag(vo, vo) shows that there is a time T such that
v® is uniform bounded in L>(0,T; V)N L*(0,T; Wz N H)
It follows from this, (6.55)-(6.60), and (4.19) that
(v*) is uni form bounded in L*(0,T; H).

Hence, by using the standard compactness argument, we find a subsequence
v of v* and a v” such that

v — o in L*(0,T; Ws N H) weakly (6.62)

v — o in L*(0,T; V) strongly (6.63)
which enables one to pass to the limit to find v € C([0,T]; V)NL*(0,T; WgN

H) buch that (v ,v0)is a (strong) solution of the NS equations.

Let v) and v§ be two strong solutlons to the Navier-Stokes equations with

same initial data. Set w = v{ — vJ. Then

Hw||2 + 2ag(w, w) + 2(B(v?,vY) — By(v9,29),w) =0 (6.64)

Note that

[(B(v7,0}) = B(vy, v3),w)| < [(B(w,}),w)| + |(B(vy, w), w)|
< ag(w,w) + c([[o}] | (1) + IV x 02| [w][?

which, together with (5.53) and Gronwall’s inequality, yields [|w|| = 0. Thus
we have obtained the uniqueness of the strong solution to the initial boundary
value problem for the Navier-Stokes equations. By the standard continuation
method, the strong solution can be extended to the maximum existent time
interval [0,7%) D [0, T, and the energy equation follows from the smoothness
of the solution. Consequently, the convergence of the whole sequence of v®
follows.
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Finally, we prove the convergence of u®. It follows from (4.3) that
V xu® —aA(V xu®) =V xv*, in Q (6.65)
Taking the inner product of above equality with —A(V x u*) and integrating
by part, we can get

[Au|)? + | (Vx)3u®|| = (Au®, Av®) + . Au® - Bv* —u®)  (6.66)

To handle the last term on the right hand side above, we use the fact v*—u® =
n x ((v* —u®) x n) on 0N and the Stokes formula to get

Au® - (B0 —u®)) = Au® - (n x (B(v* —u®) x n))
o9 re)

_ /8 (e Au) - (B =) x ) (6.67)
/(v X (Au)) - (Bu® — ™) x n) — / Au® -V x (Bu® — ™) x n)
Q Q

where we have extended 3 and n smoothly to Q. It follows from (4.7) that
[0* = u®[]? = (—adu®,v® —u®) < al|Au|| [Jv® — u®]]
which yields
[ —u®|| < al|Au?| (6.68)
It follows from (6.57) and (6.68) that

1 « «
< ZlIAw|P 4t (6.69)

/Aua~V X (B(u® —vY) xn)
Q

for suitably small «. Using (6.68) again gives
oV x Au) - (B(u® —v*) x n)]

< fa/ IV x (Au®) > + o Le||u® — v*||?
Q

2 (6.70)
1
< 504/ IV x (AU 2 + cal|Auc|?
Q
Collecting (6.66),(6.67), (6.69) and (6.70) leads to
[1Aw|2 + o |(Vx)? u®[]* < el [v*]13 (6.71)

for suitably small «.. This, together with the bound of 9, u® in H, implies the
desired convergence in (6.50),(6.51). Thus the theorem is proved. O

6.3. Estimates on Convergence Rates

Finally, we study the rates of convergence in the case of strong solutions.
We start with the case that the limiting Navier-Stokes system has a strong
solution.
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Theorem 6.3. Let vg € V and v° be the strong solution to the Navier-Stokes
equation with initial data vy on any given finite interval [0,T] with T > 0.
Then there exists a ag > 0 such that for each o € (0, o], the LNS- with
the initial data vy has a unique strong solution (v*,u®) on the same interval
[0,T] satisfying

sup._[|(v%,u®) — (@, o) ||? + / 1%, u%) — (00, o) B(t)dt < ca (6.72)

0<t<T

T
sup |[Jv® — |3 —|—/ o™ — | |3dt < ca? (6.73)
0<t<T 0

with ¢ being a positive constant depending on v°.

Proof. Thanks to the local well-posedness of the strong solution to the initial-
boundary value problem for the LNS-a and the standard continuation ar-
guments, theorem 6.3. will follow immediately from the following a priori
estimates. (]

Proposition 6.4. Let Ty € (0,T] and (u®,v*) be the strong solution to the
LANS-a with the initial data v° on the interval [0, T] with the property that

I[®]2(¢ / [0 2(r)dr < co for t € [0,T}] (6.74)

with a positive constant co depending only on T and v° € L*(0,T : V) N
L7(0,T : Wg). Then there exist uniform constants a1 and ¢ with the same
dependence as co such that

sup |[|(v®,u®) — (0%, 0%)||* + /01I\(va7uo‘)—(voavo)\lf(t)dtéca (6.75)

0<t<T)

T
wp (10" = OF@ + [l RO el 676)
0

0<t<T,
for a € (0, ay].
Remark 6.5. Assuming Proposition 6.4. for a moment, one can verify the a
priori assumption (6.74) by choosing
T
o =14 sup [0+ [ o0l
0<t<T 0

and using (6.75) and (6.76) to choose . Thus (6.75),(6.76) hold for Ty =T
This yields theorem 6.3. immediately. It remains to verify proposition 6.4.
Proof of Proposition 6.4. Set w = v® — v°. Then it holds that for ¢ € [0,T}],

d

ZwlP®) + 2a5(w, w)() + 2B, u®) = B@",u"),w)(t) =0 (6.77)
Note that

2(B(v*,u®)—B(v°,v"), w) = 2(B(v*,v*)—B(v°,v°), w)+2a((Vxv*) x P(Au®),

w)
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(B(v®,v*) = Bu",0°), w)| = [(B(w,v"), w)| < cl[o’][2 [Jw]l1 [Jwl]|
[(V xv®) x P(Au®), w| < e [P(Au®)[ [[o®]]2 [[w] |1
It follows that for all ¢ € [0,T1]
%HwHQ(t) +ag(w, w)(t) < c(1+ [0°)3)[wl]® + ca®||P(Au®)|[* 073 (6.78)
Due to (6.59), (6.60) and (6.74), one has
ol |P(Au®)||> < ccy  forall t € [0,T1] (6.79)
which, together with (6.78), yields
%lleQ(t) +ag(w,w)(t) < c(1+ [[0°]3) [w]*(t) + ccoalv™[3(t)  (6.80)
Since w(0) = 0, so Gronwall’s inequality leads to
supocicr, [[w(@)IP + o llwl f(2)dt
@mwf?“+”@@w>/ﬂhﬂﬁwﬁ (6.81)
0

IN

< cacgeccl = o

with ¢; depending only T and the L?(0,7 : H?)-norm of v°.

To prove (6.75) for u®, we note that (4.3) implies that

Ju® — 0% + aag(u®,u® —v%) = (v* — 0% u® —°) (6.82)

ag(u® — 0% u® —v?) + a(P(Au®), A(u® —v°)) = ag(v® —v°, u®* — v")6.83)
It follows from (6.82), (6.83), and (6.74) that

lu = 0P + o — Pt —0%) < [} = o0+ a0g(0 1) (o
< o+ cepa ’

Since
a(P(Au®), A(u® — u)) al|[P(Au®)||? — a(P(Au®), AvP)

1
sllP(du)| = Z|Ac |

Y

This, together with (6.84), shows that
ag(u® — 0% u® — %) + o |[P(Au®)|* < ag(v™ — 0%, 0 — v°) + o] Av°||f6.85)
Hence, one obtains from (6.82), (6.84), and (6.85) that
T
sup [Ju =2+ [ u— Ot < s
0<t<Ty 0

This completes the verification of (6.75). It remains to prove (6.76).

By the definition of strong solutions, one has that for a.e. t € [0, T3],

d
ﬁag(w,w) + 2||PAw|* + 2(B(v*, u®) — B(v°,2°), PAw) =0  (6.86)
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Rewrite the last term on the left hand side above as
2(B(v*,u®) — B(v",0%), =P(Aw)) = I + 11
One can estimate each term as

11| = [2(B(v™,v") = B(v",2°), =P(Aw))| < c(|[v”||2 + |[v]]2)|[w]]y || PAw]]

1 1
(12| = [2a((V x v%) x (PAu®), PAw)| < c*[[PAu ||y [[o*[|F [[v%]|3 [[PAw]|
It follows that for a.e. ¢t € [0, T1],

9 s, 0) (1) + [P0
< c(1+|[00l13 + [ 13)ags (w, w) (6.87)
+ea?|[PAC| 3 [Jo* ]|y [[0° |2 + co?||[PAu?|? ||v*]3
As a consequence of (6.57), (6.74) and
of |[P(Au)[y = [Ju® — v° ||y
one has

co® ||[PAuS ||y [[v*]]1 [[v*]]2
cffv® —u®|[F [Jo*[|1 [[v*|l2 . (6.88)
cllv |1 [lolls ap(w, w) + cflu® = vP[[F[[v*||1 [[o¥]]2

IAIA

Tt follows from (6.87), (6.88), and (6.79) that

d .
208w, w) + vl Agw|?
(L +[[0°113 + [[v]3)as (w, w) (6.89)

IN

1
+eeg [Ju® = 0|f [[v]]2 + ccoar| v ][5

Consequently, we can get

T
sup [[w(t)|? + / (b)) [2dt

0<t<Ty
T o 1
= / e S AR IBHI IR [ecoalo® (1) 13 + el flu® — vO|2 [[u®||2] de
0 T
< clam/ [ — 002 [0 2 dt
0
T % T 2
< aata / [ — o] 4dt / o [2dt
0 0
1
T 2 .
< cratea(h+0)R) (/ ||ua—v°||%dt> <crat
0

where we have used (6.75). Thus (6.76) holds, and the proposition is proved.
O
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Remark 6.6. It is not clear to us whether the stronger estimate as (6.73) holds
for u® under the assumptions in theorem 6.3.. However, under the additional
assumption that the strong solution v* € L°°([0,T7], H?), there holds also

T
sup |\ua—v0\|§+/ [ — 0|2 dt < ca (6.90)
0<t<T 0
This follows from
ag(u® — v u® — %) + a(PA(u® — v°), PA(u® — v%))
= ag(v® — % u® — ) + a(—PAV?, PA(u® —vY))

(due to (6.83)) and (6.73).

7. Concluding Remarks
We conclude this paper with a few remarks on related issues.

Remark 7.1. In exact same way, we can study the boundary value problem
of LNS-« with NSB:

ow—Av+Vxvxu+Vp=0in (7.1)
V-v=0in Q (7.2)
u—alAu+Vp=vin (7.3)
V-u=01in Q (7.4)
v-n=0, 2(S()n); = —yv, on IN (7.5)
u-n=0, 2(S(u)n); = —yu, on 9N (7.6)

The functional setting is similar to that of (4.1)-(4.6), and all the results
stated in section 4-6 are also valid.

Remark 7.2. The non-homogenous boundary value problems of LNS-a with
VSB:

Ov—Av+Vxuvxu+Vp=0inQ (7.7)
V-v=0inQ (7.8)
u—aAu+Vp=vin (7.9)
V.u=0inQ (7.10)
v.n=0,nxVxv=pv+bon o (7.11)
u-n=0 nxVxu=pv+bon (7.12)

can also be considered by using a homogenous method to reduce it into
Ov—Av+V xvxu+Vp=¢£in ) (
V-v=0in (
u—aAu+Vp=0v+mn,in Q (7.15
V-u=01in Q (
v-n=0, nxV xov= v on d) (
(

u-n=0, nxV xu=pPuon I
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for some ¢ and 7, as was done for the steady homogenous case in Section
3. Similarly, the non-homogenous boundary value problems for LNS-a with
NSB may be established too.

Remark 7.3. In the functional settings, the parameters associated with the
velocity v and the filter v can be different, and different type boundary con-
ditions, VSB or NSB, may be also allowed. However, in this case the analysis
in the global existence and the vanishing a limit seems very difficult since
(5.47) does not hold, there are some boundary terms arising, and the energy
estimate in (5.16) depends on «. Yet the local well-posedness theory can be
established by the method discussed in this paper.

Remark 7.4. Our approaches works also for other a models. For instance,
one can consider the following Leray a model:

Ov—Av+u-Vo+Vp=0in (7.19)
V-v=0in (7.20)
u—alAu+Vp=vin Q (7.21)
V.ou=0inQ (7.22)
v-n=0, nx(Vxwv)=pvon o) (7.23)
u-n=0, 2(S(u)n); = —yu, on 9N (7.24)

which allowed different boundary conditions between the velocity v and the
filter w. In fact, this model is easier to analyze than the LNS-« since it has
the following energy equation

d
Zlel® + 2050, 0) =0 (7.25)

which yields the global existence directly, and the corresponding convergence
result is better both in v®* and u® than that in theorem 5.1..
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