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Abstract

In this paper, we study the transonic shock problem for the full compressible
Euler system in a general 2-D de Laval nozzle as proposed in Courant-Friedrichs
[9]: Given the appropriately large exit pressure p,.(x), if the upstream flow is still
supersonic behind the throat of the nozzle, then at a certain place in the diverging
part of the nozzle a shock front intervenes and the gas is compressed and slowed
down to subsonic speed so that the position and the strength of the shock front
are automatically adjusted such that the end pressure at the exit becomes p,(x).
We solve this problem completely for a general class of de Laval nozzles whose
divergent parts are small and arbitrary perturbations of divergent angular domains
for the full steady compressible Euler system. The problem can be reduced to solve
a nonlinear free boundary value problem for a mixed hyperbolic-elliptic system.
One of the key ingredients in the analysis is to solve a nonlinear free boundary
value problem in a weighted Holder space with low regularities for a second order
quasilinear elliptic equation with a free parameter (the position of the shock curve
at one wall of the nozzle) and non-local terms involving the trace on the shock of
the first order derivatives of the unknown function.

1. Introduction

A general de Laval nozzle plays a fundamental role in the operation of tur-
bines, wind tunnels, and rockets. A de Laval nozzle consists of a converging “en-
try” section and a diverging “exhaust” section (see Fig.1. below). In Section 147
of [9], the following transonic shock phenomenon in a de Laval nozzle was de-
scribed by Courant-Friedrichs: Given the appropriately large exit pressure pe(x),
if the upstream flow is still supersonic behind the throat of the nozzle, then at a
certain place in the diverging part of the nozzle a shock front intervenes and the
gas is compressed and slowed down to subsonic speed so that the position and the
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Supersonic Subsonic

Fig. 1. De Laval Nozzle

strength of the shock front are automatically adjusted such that the end pressure at
the exit becomes p,(x). In this paper, we will solve such a problem by establishing
the existence and structural stability of a transonic shock solution in a general de
Laval nozzle for the two-dimensional full steady compressible Euler system when
Pe(x) lies in a suitable scope.

The 2-D full steady compressible Euler system is

div(pu) =0,
div(pu®u)+ VP =0,

1.1
div(p(e+%\u|2)u+uP) =0, (b
P=P(p,S), e=e(p,S),

where u = (u,u),p,P,e and S stand for the velocity, density, pressure, internal
energy and specific entropy respectively. Moreover, P = P(p,S) and e = ¢(p,S)
are smooth in their arguments. In particular, dp P(p,S) > 0 and dse(p,S) > 0 for

p >0,and ¢(p,S) = +/dpP(p,S) is called the local sound speed.
For the ideal polytropic gas, the equations of state are given by

P
(y="1p’
with D,C, and Y (1 < y < 3) being positive constants.
Since the divergent part of the de Laval nozzle to be considered in this paper

is a general small perturbation of a straight angular domain, as in [30], it is more
convenient to use the polar coordinates

s
P=Dp%¢% and e=

(x1,x2) = (rcos0,rsin ), (1.2)
Uy, up) = (Uycos@ — Uz sin0,U; sin 0 + U; cos .
U 0 —U,sin0,U;sinB 4+ U ?] (1.3)
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Supersonic Subsonic

Fig. 2. Transonic shock in a nozzle

to rewrite (1.1) as
9y (rpUy) + dg(pU2) =0,

1 1
3r(PU12+P)+;99(PU1U2)+;(PU12—PUzz) =0,

1 ) 2 (1.4)
8,(pU1U2)+;89(pU2 +P)+ ;pUle =0,

1 P 1 P
o (r(e+ §|U|2+ E)PUI) + g (e + §\U|2+ E)PUZ) =0.

We now describe the class of 2-D de Laval nozzles to be investigated in this paper.
Assume that the nozzle walls I and I3 are C>*— regular with o € (0,1) for

Xo—1<r=,/x24+x3 <Xo+1(Xo > 1), where I;! and I include the walls for

the converging part of the nozzle, while 1]2 and 1}2 consist of the divergent part of
the nozzle (see Fig.2. above). More precisely, let Fiz(i = 1,2) be represented by

0= (-1)6+fi(r), r=Xo (1.5)

with
fir) € C*[Xo,Xo+1] and || fillczapy, xp 1) < & (1.6)

. . T .
where € > 0 is a suitably small constant, and 0 < 8y < — is a fixed constant.

In addition, for convenience, we will assume fi(j) (Xo) =0(0 < j <2) (this is to
guarantee that the supersonic incoming flow is C>* smooth when

(U, ,Uy ,P7,87)(1,0)|,=x, = (U, , Uy ,P,5)(Xo)

is given and the corresponding Bernoulli’s constant is uniform).
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Suppose that the transonic shock curve X and the flow behind X are repre-
sented by r = &(0) and (U (r,0),U;" (r,0),P"(r,0),S"(r,0)) respectively. Then
the Rankine-Hugoniot conditions on X are

PU -~ g 1P =0,
[pU} + P — 5'(9) [pU1Uz] =0,
£(8) (1.7
PUILE] - § g 1pU3 +P] =0,
1 P &(6) 1 P
[PU1(€+§\U|2+5)] 0] [PUs(e+ 5|U|2+E)] =0.

In addition, the following physical entropy condition should be satisfied (see
[9D:
St(r,0)>5(r,0) on r=£&(0). (1.8)

On the exit of the nozzle, the end pressure is prescribed by
P (Xo+1,8) = P, +¢&Py(0) (1.9)
with Py(6) € C3%[—6y+ f1(Xo + 1), 60 + fo(Xo + 1)] satisfying
[Po(0)]lc2e <C, (1.10)

and the constant P, denoting the end pressure for which a symmetric transonic
shock exists uniquely at the position r = rg with ry € (Xo,Xp+ 1) and the super-
sonic incoming flow is given by (U, (r),FP, (r),S, ) in the nozzle {(r,0) : Xo <
r<Xo+1,—6y <6 < 6}. For more details with respect to P, and ry, one can see
Section 147 in [9] or Theorem 1.1 of [30].

The walls of the nozzle are assumed to be solid so that

Ur=rfi(nUi  on IF(i=1,2). (L.11)

By (1.6) and (1.11), one can show easily as in [15] that for suitably small €, the
supersonic incoming flow (U, ,U, ,P~,S7)(r,0) can be extended into the domain
Q={(rn6):Xo<r<Xo+1,—6p+ fi(r) < 0 < 6p+ f2(r)} and satisfies

H(U1_7U2_7P_3S_)(r’0) - (UO_(r)707P0_(r)aSa)HC2~a(Q) < CS’ (112)

here S is some fixed constant. Furthermore, without loss of generality and for the
simplicity of computations, it will be assumed that

(U]_,UZ_,P_7S_)(X(),6) = (U(J_(XO)aOaPo_(XO)aSD

is independent of the variable 6.
As been stated in Section 147 of [9] or Theorem 1.1 of [30], for the given

supersonic incoming flow (U, (r),F, (r),S, ) in the nozzle

{(r,@):XOSrSXQ—Fl,—QQSOSQ()},
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there exits a unique radial symmetric transonic shock solution for the given con-
stant end pressure P, in a suitable scope. Furthermore, the position of the shock,
r = rg, depends monotonically on P,. This solution will be called the background
solution in this paper. Denote by (U, (r), Py (r),Sy) (S is a constant) the sub-
sonic part of the background solution for ry < r < Xp + 1, which can be extended
into the domain {r: ro— 8 <r <Xo+ 1} (8 > 0 is some constant depending only
on the supersonic incoming flow, see Theorem 1.1 of [30]) and the corresponding
extension will be denoted by (U, (r), B (r),S§)-

With these preparations, the main results in this paper can be stated as follows:

Theorem 1.1. Under the assumptions (1.5)-(1.6), there exists an € > 0 such
that for € < &, the problem (1.4) with (1.7)-(1.12) has a unique solution

(U (r,0),U, (,6),P"(r,0),5"(r,0);£(6))

with the following properties:
(i). £(0) € C>¥(0',0%)NC1*[6!,02]. Furthermore, it holds that

||‘§(9)*”0||cl-a[91,92} < Cpe, (1.13)

where (r',0")(i = 1,2) stand for the intersection points of the shock curve with the
nozzle walls and Cy is a positive generic constant depending only on the supersonic
incoming flow.

(ii). (U} (r,0),Uy (r,0),P(r,0),57(r,0)) € C*(Q.)NC*(Q.), and

||(U]+,U2+,P+,S+)(V,9) - (0(;_(’”)’07?,(;_(”)75'3)||C‘1(f2+) < Coge, (1.14)
where £ is the subsonic region given by

Q={(r6):£(0)<r<Xo+1,—60+ fi(r) <0 < 6o+ fo(r)}.  (1.15)

Remark 1.1. For general de Laval nozzles, the C*(Q. ) regularity of the sub-
sonic flow in Theorem 1.1 is optimal even if f;(r)(i = 1,2) is C* smooth. This fact
has been shown in Lemma 3.3 and Remark 3.2 of [27]. On the other hand, if the
divergent part of the walls of the nozzle is straight, then the regularities of solution
can be improved to C2% or even higher, see [5] and [30].

Remark 1.2. It should be emphasized that there is no restriction on the angle
6y of the divergent part of the nozzle in Theorem 1.1. Thus we have removed the
crucial assumption that the nozzle is nearly flat which was required in [5]-[8], [17],
[27]-[30] and played important role in their analysis since in this case, the principal
linearized problem has constant coefficients.

Remark 1.3. Besides the assumption that the nozzle must be slowly varying,
most of the previous known uniqueness and existence results (except [17]) require
that the boundary condition at the exit has to be modified (other than the given
exit pressure in [9]) and/or the shock curve must go through a fixed point on the
wall of the nozzle in advance which makes the transonic shock problem ill-posed
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in general as shown in [27], [29]. This paper has removed all these nonphysi-
cal assumptions and thus solved the transonic shock problem posed originally by
Courant-Friedrichs in [9] for a general de Laval nozzle.

Remark 1.4. Due to the low regularity of the transonic shock solution in gen-
eral de Laval nozzles, the methods in [17]-[18] fail to work for the general case
considered in this paper. In [17]-[18], the compatible conditions for the resulted
second order elliptic equation can be verified in the iteration scheme, which is
based on the geometric property of the straight nozzle. So the uniqueness and ex-
istence result can be obtained in the framework that the approximate solutions are
bounded in C>%(Q,)—norm and the related iteration scheme is contractible in
Ch%(Q,)—norm.

Remark 1.5. It should be noted that the geometry of the nozzle with
£ X0) =0(0< j<2)

and symmetry property of the supersonic incoming flow at X, are assumed just for
simplicity in the presentation of the main ideas. In fact, these can be relaxed by
modifying slightly the analysis here, see [26] for details.

Physically interesting problems involving transonic shocks have been investi-
gated extensively in many important situations (see [3]-[11], [14], [16], [21]-[24],
[26]-[35] and the references therein). Steady transonic shocks in multi-dimensional
nozzles have been also studied recently by many authors for various boundary con-
ditions ([5]-[8], [16]-[18], [21], [26]-[30], [34] and so on). Most of these known
works deal with the uniqueness and existence of piecewise smooth transonic shock
patterns in nozzles with slowly-varying cross sections either for various exit bound-
ary conditions other than (1.9), or the given exit pressure condition (1.9) but with
the additional condition that the shock curve is required to go through a fixed
point a priorily. Until recently, the first positive result confirming the transonic
shock pattern proposed by Courant-Friedrichs [9] has been established by the au-
thors in [17]-[18] for a class of 2-dimensional finite nozzles with straight divergent
parts without additional assumptions on the shock position. In this paper, we will
study the Courant-Friedrich’s transonic shock pattern in a class of general de Laval
nozzles described in (1.5)-(1.6) and thus remove the stringent condition that the di-
vergent part of nozzle is straight in [17]-[18]. As is pointed out in Remark 1.1 and
Remark 1.3, some new phenomena appear here.

‘We now make some comments on the key ingredients of the analysis in this pa-
per. Since the supersonic flow with the given entrance conditions can be obtained
in the whole nozzle, the transonic shock problem of Courant-Friedrich’s is re-
duced to a free boundary value problem (with the transonic shock curve as the free
boundary) of the full steady Euler system on the subsonic domain, where the Euler
system is a mixed hyperbolic-elliptic system. Since the hyperbolic modes depend
only on particle pathes, it turns out to be crucial to be able to introduce a globally
defined Lagrangian coordinate to straighten stream lines. In the Lagrangian coor-
dinate, the 2-D steady full Euler system on a subsonic domain can be decomposed
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formally as: a first order elliptic system for the pressure and the angular velocity,
and hyperbolic transport equations for the entropy and the Bernoulli’s function.
However, the given exit pressure condition (1.9) becomes a nonlinear non-local
boundary condition in the Lagrangian coordinate. To overcome this difficulty, one
may introduce a potential like function ¢ which satisfies a second order nonlinear
elliptic equation in the subsonic domain and a localized boundary condition at the
exit of the nozzle. Reformulating the problem by first solving the hyperbolic equa-
tions for the entropy and the Bernoulli’s function and fixing the free boundary,
we can obtain a nonlinear boundary value problem on a fixed domain for a sec-
ond nonlinear elliptic equation containing non-local terms (due to the hyperbolic
modes) and an unknown constant (the intersection point of the shock curve with a
wall of the nozzle), i.e., (3.33), and an ordinary differential equation for the shock
curve, (3.3). We then apply the contraction principle to study such a nonlinear
problem. The key here is to design a careful iteration scheme which approximates
the downstream subsonic solutions and the shock curve simultaneously. The main
ingredients in our analysis are to investigate the solvability and a priori estimates
for a linear boundary value problem of a second order linear elliptic equation with
non-local terms and an unknown constant (see (4.1)) in a weighted Holder space
with lower regularities. Note that non-local terms in the problem (4.1) contain
the trace of the first order derivative of the unknown function, it seems to be dif-
ficult to apply the Lax-Milgram theorem and the Fredholm alternative to obtain
the solvability of H '_ solution as in [19], [21] where the facts that the non-local
terms contain only the trace of unknown function itself and the solution has C>*
regularity are crucial.

The main advantage of the Euler-Lagrange coordinate transformation defined
by (2.1) in the next section is to straighten the stream lines. For nozzles with
straight divergent walls in [17]-[18], since the compatible conditions are satisfied
at the corner points in the subsonic domain, then the uniform C 2.0 estimates for the
subsonic flow are obtained. Due to the loss of regularities in the difference of two
different stream lines, the contractible estimates can be obtained only in CH% norm.
So one can use the Banach contractible mapping theorem to obtain the existence
and uniqueness of the transonic shock solution. For general de Laval nozzles in
this paper, such compatible conditions at the corners are lost. At the corner points
intersected by the free shock curve and the curved nozzle walls, the C* regularity
for the entropy is optimal. Then by the transport equation for the entropy and the
fact that the walls of the nozzle are stream lines, the entropy has only C* regu-
larity near the walls of the nozzle. The low regularity of the entropy will effect
the regularities of other physical quantities (the velocity and the pressure). And
then it is difficult to obtain the contractible estimates in suitably weighted spaces.
Fortunately, since the stream lines are all in y;-direction under the Euler-Lagrange
coordinate, the loss of regularities in the difference of two different stream lines
can be avoided. So the uniform estimates and contractible estimates can be done in
the same weighted Holder space and finally one can prove that the transonic shock
solution with global C* regularity exists uniquely.

The rest of the paper is organized as follows. In §2, we will show first that the
Lagrange-transformation can be globally defined for the transonic shock solution
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in Theorem 1.1 and then reformulate the 2-D problem (1.4) with (1.7)-(1.12) to
obtain a second quasi-linear elliptic equation for a potential function ¢, which is
coupled by an equation for the shock curve z; = y(z;) together with some nonlin-
ear boundary conditions. See (2.19)-(2.25) in §2. In §3, we analyze and simplify
the resulted problem in §2 further to obtain a second order elliptic equation con-
taining some non-local terms involving the trace on the shock of the first order
derivatives of the unknown function with an unknown constant and an ordinary
differential equations for the shock position, see (3.33) in §3. In §4, we focus on
the linearized elliptic equation of (3.33) which contains an unknown constant and
some nonlocal terms. By establishing a priori estimates in a suitably weighted
Holder space, we can show that such a linear problem can be solved uniquely and
the unknown constant can be also determined simultaneously. In §5, making use
of the uniform estimates for the linearized problem in §4, we can define an itera-
tion scheme to complete the proofs on Theorem 2.1 and Theorem 1.1. In addition,
some elementary computations and properties, which are used in §3 and §4, are
given in the Appendix A and Appendix B respectively.

2. The Lagrange-transformation and reformulation of the transonic shock
problem

In this section, we reformulate the nonlinear problem (1.4) with (1.7)-(1.12) to
obtain a second order elliptic equation for a potential function ¢ with an unknown
constant and some nonlocal terms, a first order partial differential equation for the
special entropy ST, and an algebraic equation for the density p™. To this end, it
is technically important to use the Lagrange coordinates (yi,y2) = (r,y2(r,0)) as
in [25]. Based on the structure of the desired transonic flow pattern, the function
y2 = y2(r, 0) can be piecewisely defined as

%:—p’Uz’, %zrp*U;, it (r0)ec.,
%:_P+U2+a %zrp+U1+, it (16) €., .1y

y2(Xo0,—60) =0, »(Xo+1,—-60+fi(Xo+1)) =0,
where
Q ={(rn0):Xo—1<r<&(0),—0+fi(r) <0<+ f2(r)},
Q,={(r,0):£(0)<r<Xo+1,—6+ fi(r) <0 <8+ fo(r)}.
It follows from the expected regularity for the piecewise smooth solution
(U, Uy, P, 57)

in Theorem 1.1 and the first equation in (1.4) that y2(r,0) is well-defined in the
domains £, respectively. We now illustrate that y2(r, ) is actually well-defined
inQ={(n0):Xo<r<Xo+1,—6p+ fi(r) < 6 < 6y+ f2(r)} and belongs to
Lip(Q).



Transonic shocks in De Laval nozzle 9

It is noted that along the nozzle walls I;%(i = 1,2),

d . 9 9
n(r (<160 + (1) = 52+ £ (1) 5a = —pUa+ £{()rpUL.

Thus, the solid wall boundary condition (1.11) yields
d . .
Eyz(r, (=)@ + fi(r)) =0 on I[*(i=1,2).
This, together with boundary conditions in (2.1), shows that

y2(r, =60+ fi(r)) =0

holds true on the whole I';2. Similarly, one has

y2(r60+fo(r)) =M for reXo—1,r,
y2(r6o+ fo(r) =My for relr* Xo+1],

where M and M| are two constants to be determined, and (72, 8?) is the intersection
point of r = £(0) with I;2.

To show that y,(r, ) is well-defined in Q and belongs to Lip(£), one needs
to verify

9y2(5(6)+0,6)  9y2(5(6)—0,6)
a6 N 26 ’

where the notations y,(&(6) 40, 0) stand for the limiting values of y,(r,0) when
(r,0) tends to (£(0),0) in Q. respectively.

Indeed, it follows from a direct computation that on r = £(6),

2.2)

9y2(§(6)+0,6)

00
dy p dy
= S2(6(0)£0.0)E(0) + 52(5(6)%0.6)

—&'(0)pT Uy +&(0)p™ Uy

Combining this with the jump condition (1.7) yields (2.2) directly. It follows
from (2.1) and (2.2) that M; = M with

Bo+2(Xo) _ _ B
MZX()/ p (Xo,B)Ul (Xo,0)d6 = 2X060p, (XQ)UO (Xo)
J—60+f1(Xo)

and further y;(r,0) € C(Q). This, together with Theorem 1.1 (ii), implies that
y2(r,8) € Lip(Q) N C>%(2_)NC*>%(2,). The Jacobian matrix of the transfor-
mation, (r,0) — (r,y2(r,0)) = (y1,y2), is

W) (1 0
a(r,0) —pUs rpU

which is reversible.
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This coordinate transformation is called the Lagrange transformation. Under
such a transformation, the domain

Q={(rn0):Xo<r<Xo+1,-6+fi(r) <0 <6+ fo(r)}

is changed into [Xp,Xo + 1] x [0, M], and the system (1.4) can be transformed into

1 U,
o | —— -9, — ] =0,
“()’1PU1) }2(y1U1>

P PU, P p(Uy)?
P u+)_a, (>_ - o,
I ( "oy 2\ U yipUi  y1pUi (2.3)
ayl ()’IU2) + a.Vz (ylp) =0,

1 1 P
oy, (e + E(Ul V= (Uh)*+ p) =0.

2

Moreover, the nozzle walls I;> and I3 are changed into y, = 0 and y, = M
respectively.
Suppose that the transonic shock curve X and the flow field behind X are de-

noted by y1 = y(y2) and (U;" (), U;" (), P (), 8 (v)) respectively in the (y1,y2)
coordinate. Then the Rankine-Hugoniot conditions on X become

1 , U
— |+ —|=0,

)+ ¥ 022
PU,

P , _
[Ul—FM]‘F‘I’()’z)[ﬁ] =0, 0.4)
[Ua] — ¥/ (»2)[P] = 0,

1 P

1 > 2
“U+ U2+ =] =0.
[e+2 1+2 2+p]

In addition, the conditions (1.8)-(1.11) become

ST(y)>S8"(y) on yi=w(y), (2.5)
P (Xo+1,y2) = P, +€Ry(6(Xo+ 1,y2)) (2.6)

and
U =yiflo0Uy  on P (i=1,2), 2.7)

where the function 8 = 6(Xy + 1,y,) is given by

1
DU X0+ Ls)

Y2
6(Xo+1,2) = —60-+ fi(Xo+1)+ [ ds, (2.8)
0o (Xo

1
following from 9,0 = o UT forye{y:y1 € (v(3»),Xo+1),2 € (0<M)}
y1 1

and 0(Xp + 1,0) = —6y + f1(Xo + 1). Here it should be emphasized that the exit
pressure condition (2.6) becomes non-local and nonlinear in the Lagrange coordi-
nate and will require special care, see Part 4 of §3.
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To simplify the problem (2.3)-(2.7) further, one notes the first equation in (2.3)
and may introduce a potential function to reduce the system (2.3) into a second
order equation with a nonlinear boundary condition at the exit.

Indeed, the first equation in (2.3) implies that there exists a potential function
¢ (y) such that

U 1

Md = U’ 8y2¢:y1PU17

0 (Xo+1,0) =0. 2.9)

Due to the fourth equalities in (2.3) and (2.4), the following Bernoulli’s law
holds:

1, 1 y P
2U1+2U2+y_1p B (2.10)
Py (Xo)

ith B = 1(U;)2(X0) + -+ :
wit Z(UO ) ( 0) + Y— 1 P(;(Xo)
Since the entropy S is invariant along each stream line behind the shock, the
equation of state implies

P=A(y2)p?, 2.11)

here A(y,) is a function depending only on y; in the subsonic region. It is noted
that the function A(y») is to be determined by the incoming flow

Uy 0),Uy; (0),P~(v),S ()

and the Rankine-Hugoniot conditions (2.4) on the shock X, given by y; = y(y2).
Thus,

1+(Y1a)*1¢)2 Y —1
+ A 1 =B. 2.12
01pa,0)7 -1t 0DP .

In addition, the third equation in (2.3) gives that

ylaﬂd’ " o_
9, (payqu > + 0y, (MA(2)pY) =0. (2.13)

The Rankine-Hugoniot conditions (2.4) on y; = y(y;) can be rewritten as

V) = (3% 5 (W02)) (497~ P (y02)2),
o 1 . . U2 (W(y2)7y2) /
= ST weT (P Vot ) ¥ O
1 - P~ (y(y2),y2)
F(yz)payﬂ+W(yz)3yz¢APy7U1 (‘I/(yz),yz)Jr(p,Ul,)(w( ) v2)
_ (P ) (y(2),y2)
(vomorane ST v

(2.14)
And the boundary conditions (2.7) become

0,0 =fly1) on yy=(i—1)M, i=1,2. (2.15)
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Most importantly, due to (2.8), the integral-type boundary condition (2.6) on
the exit of the nozzle becomes a nonlinear boundary condition

P=P,+ePy(—60+ fi(Xo+1)+0(Xo+1,y2)) on yi=Xo+1. (2.16)

In order to treat the free boundary problem (2.12)-(2.16), one may first convert
it into a fixed boundary problem. Thus, set

y1—y(y2)
Xo+1-y(n) ’ (2.17)

2=»n

1 =

with N = Xo + 1 — rp.
Under the transformation (2.17), the subsonic domain

{01,2) 1 w(2) <y1 <Xo+1,0 <y, <M}
is changed into
Ei ={(z21,22):0<z1 <N,0< 20 < M}. (2.18)
The equation (2.13) becomes such a divergence form

9, (N1(V9,A, ) + 0y, (N2(V9,A, y)) +N3(V$,A, y) =0, (2.19)

N _( N )2 9,0
1= Xo+1—y(z2) ( ¢+XO++VVI/,((ZZ))821¢)
(@ =Ny'(z) ,
X 1= i) 2P
N =A(Zz)py—A+(Po+(Z1))y (2.20)
N9, ¢
Xo+1—y(z)
(W(z2) + % (Xo+1—w(z2)))p (0 ¢+XO+ZI' a(Zz) V'(22)0,9)
V' (22)
BT

While the Rankine-Hugoniot conditions, (2.14), can be rewritten as for z; = 0
and z, € [0,M],

N3 =

1
A(z22)pY =P~ (¥(22),22)
( XOHIXW(Zz) 9, ¢

“\b(

V() =

) —UZ(IJI(ZQ)7Z2)> (2.21)
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and

azz (P
_ ! LU (v())
V)P U WE)) YU (E).2)
1

V' (z2),

V’(ZZ)P (azz¢ - XO_,_+V,(Z2)W/<Z2>3Z1 ‘p)
N

) (200 g V)00 AP

. P (W(22),2)

VR G ) )

] Ndo (U (v
V(o) (W s - ) a))

Meanwhile, the fixed wall conditions (2.15) and the given exit pressure condi-
tion (2.16) are changed respectively into

(2.22)

Xo+1-y((i—1)M)

99 = fi (w((i—1)M) + N ) (2.23)
onzy=(i—1)M(i=1,2) and
P =P, +€ePy(—60+ f[i(Xo+1)+¢(N,22)). (2.24)

In addition, the Bernoulli’s law (2.12) becomes

+(W(2)+ $ X0+ 1 - V() (grymy 849)
z21—N

2p2(w(zz) + ¥ Xo+1-v(22)))*(059 + gty V' (22)949)°
+F71A(zz)py—1 =B. (225)

Thus we have transformed the free boundary value problem (2.3)-(2.7) into a
boundary value problem (2.19)-(2.25) on the fixed rectangle E . To prove Theo-
rem 1.1, we will use some weighted Holder spaces introduced in [12].

For x = (x1,x2) and y = (y1,y2) € E4, set

dy = min{xy,M — x»},dyy = min{d,,d,}.

Form e NU{0},0< a < 1,0 €Randu € C"*(E,), one defines

Wi, = sup & T IDPY], k=0, m
v IB|=k
B _DB
(o) max (m+a+0,0) |D u(x) D u(y)|
ul) .. = sup d ;
[ ]m,ot,E+ |ﬁ\ X,y |x—y|°‘

)\, = VIl + ]S,

i=0
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with the corresponding function space defined as
Hya(Ev) = {u € O (E4) s ul g, < +o°).
Similarly, for I' = (0, M) and v(z2) € C"™*(I"), one can define [v],(z());r, [v]fﬂur,
HvHEnG()x r and H}n"& (I") respectively.

In addition, in the case of no confusions, we often neglect the subscripts E. or
(o)

I' in the norms [|u||,, o,

or ||v]] £nct>x - Tespectively.

Remark 2.1. As shown in [12], for any nonnegative integers m and [ with m > [
and a,f € (0,1) with a > B, the space H,E,Tolfﬁ )(E+) can be embedded into the
Holder space C'P(E ;). Moreover, the following estimate holds

Y J
1Ullpz,) <CIUNGa P VU € Hyg P(ES).

It is noted that the Lagrange coordinate (y;,y,) and the Euler coordinate are
equivalent when the solution belongs to Lip(Q2) NC>%(2_)NC>%(R, ), which
has been shown in the discussions of (2.1)-(2.2). Then by a direct verification,
Theorem 1.1 follows from the following result:

Theorem 2.1. Under the assumptions (1.5)-(1.6), there exists an & > 0 such
that for € < g, the boundary value problem (2.19)-(2.25) has a unique solution

(0(2):A(z2), ¥(z2)) € Hy gy “(E+) x H ;0 (0,M) x Hy .~ (0,M) with the fol-
lowing estimates

N _ 11—
10() =96 )5+ 1AG2) A Il + W) —rolly ' < Ce. (2:26)
+ 2 + S
where 7)) = ——F———%—— A7 = De e , and the positive constant C de-
%0 @) = o )Ty ()™ P
pends only on ¢, 6y and the supersonic incoming flow.

Remark 2.2. In fact, it can be verified directly that ¢0+ (z2) is the potential
function defined by (2.9) corresponding to the background transonic shock solu-
tion (Uoi,O,Pf,S(jf;ro).

Remark 2.3. It follows the estimate (2.26) that the solution
(U}, Uy P, STy(12))
of the problem (2.3) with (2.4)-(2.7) satisfies
10,0y, P7,87) = (U, 0, By, S5 llco + W (32) = rollera < Ce.

Thus (r,0) = (y1,0(y)) defined by the inverse transform of (2.9) and (2.1), is
in C1**, and the solution of the problem (1.4) with (1.7)-(1.12) is obtained, which
satisfies the estimates in Theorem 1.1.
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3. Reductions of the problem

In this section, we reformulate the nonlinear boundary problem (2.19)-(2.25)
so that an elaborate iteration scheme can be constructed in §5.
Forz € E;, set W = (W, W, W) with

Xo+1—-vy(z2)

N 21712)_¢()+(Z2)7

Wi(z) = ¢(y(z2) +
Wa(z2) = A(z2) — A,
W3

(z2) = y(z2) —ro.

(3.1)

Define

(x]

5= W WL, W) |5 @+ Wl ) < 6,Wi(N,0)=0},  (3.2)

with & to be determined. Note that W (N,0) = 0 due to the normalization condition
in (2.9).

Itis clear that for any W = (W, Wa, W3) and W' = (W], W}, Wi) € E5(i = 1,2),
one can obtain the corresponding (¢,A(z2), ¥(z2),p) and (¢:,4;(z2), ¥i(z2), pi(2)
respectively by (3.1) and (2.25).

Our main strategy to solve the boundary value problem (2.19)-(2.25) is by
an elaborate iteration scheme to decouple effectively the hyperbolic mode from
the subsonic Euler system and take into account of the location of the transonic
shock. To this end, we will transform the problem (2.19)-(2.25) further to obtain
the principle parts. This will be done by the following five parts.

For conveniences, in what follows, we will use the conventions that:

O(x) means that there exists a generic constant C > 0 depending only on the

supersonic incoming flow and ry such that ||O(x)|| gfaa) <Ck.
Part 1. Reduction for the shock location

It follows from (2.21) that
W3(z2) = a10, Wi + Fi (VW;,Wa,W3) on z; =0, (3.3)

1
(Ag (P )(r0) = Py (r0))pg (r0) 9z, 9y

Fl (VW17W27W3)

where a1 = > 0, and

= 1 % X0+1ﬁ’v/(12) % Wi
- A(n)p? - P (¥(22),22) o — N 9
p( Z2¢ XO+1_W<22) Wl(zz) Z1¢>
1 aZ1VVI U{(W(Zz)722)

Py (r0)—Fy (r0) pg 09 Alz2)p? =P~ (y(z2),22)°

We claim that F (VW;,W,, W3) is a higher order error term.




16 JUN L1, ZHOUPING XIN, HUICHENG YIN

Indeed, set

My (YW, Wa,W3) = pi 02,0 — poo, ¢ + PWi(22)0:, Wi,

Xo+1-y(2)

N
Ws3(z2)0;, Wl) ,

Xo+1—-y(z2)
M3 (VWi Wo, W3) = Py (ro) —A(z2)p” + P~ (¥(22),22) — Py (ro),
My(VW,Wo,W3) = A(z2)p" — P~ (W(22),22)-

Mz(VWhWZvWS) = p(822¢ -

(3.4)
Then F; (VW;,W,,W3) can be expressed as

Fi (YW, W), W3)
_ 1 y {9ZIW1M1 (VWi, W2, W3)
Py (ro) — Py (ro) My (VW1,Wa, W3)
N
x0+17w(zz)811wl _ M3 (VW1,Wo, W3)
Fnwwe, )~V V&2 [ G W ws)
(VW1 Wa, W3) 4(VW, W2, W3)

;Wi y W3 }
Mz(VW17W27W3) Xo+1— 1//(22) '

-U, (Y(z2),22) + (3.5)

A direct computation shows that
; N
=—0d,00 (pi —p) — pid, W + ————
Z2¢0(p p()) Pi0z, 1+Xo+l_w
M, (VW117W213W31) - M, (VW127W227W32)

:azz¢l (Pl —Pz) +P2812 (W11 —le)
. N
Xo+1—-y1)(Xo+1—w2)

N
+ X%o+i—vs ((W3l ) 0., Wi (p1 — p2) + 20, W} (W3 — w3

T pa(W2Y 0, (W —WE)).

pi(Wff)/aZIWIia i=1,2,

p1(W3) 0, Wi (W5 —W7)

Combining this with the definition of the space =5 and the estimate (A.3)-(A.4)

in Lemma A.2 yields

M, (YW, W3, W)
=0(1)(pi — pi) + O(1)VW{ + O(8*)Wi(z2) + O(8) (W) (22)
=0(6),

M, (VWII ) W2] ’ W31) -M (VW127 W22v W32)
=0(1)(p1 — p2) + O()V (W} —=W,) + O(8%) (W3 —W5)

+0(8) (W5 —W3)'(z2)-
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Similarly, one has

M, (VW{, W3, W3) = 0(),
Mo(VW], W3, Wi) = 0(1)(0(1)+0(8%)) = 0(1),
M3(VW1ivW2ivW3i) 0(1)([)1 P )JrO(l)WZi

1

+
(=)

(Po_ (syi(z2) (1fs)r0)ds~W3" (3.6)
P~ (vi(z2),22) — Fy (Wi(22))
0(8)+0(e),
M4(VW1ivW2ivW3i) = 0(1)7

_|_

M (YW Wy W3 ) — M (VWE, W3, W)
= 0(1)(p1 —p2) +O()V(W] —Wy)

+0(8%) (W5 —W5)+0(8) (W —W3)'(z2), j=1.2
M (VW Wi wih ka(VWf,WZZ,Wf)

(3.7
= O0(1)(p1 — p2) + O(1)(Wy —W5)
1
+ [ @P ) v () + (1= 9)ya(e) a)ds- (W = W3)
=0(1)(p1 —p2) + O(1)(Wy —WZ) +O0(1)(W5 —W5), k=3,4.
Substituting (3.6)-(3.7) into (3.5) and applying Lemma A.1 yield
Fl (VWllaWZIaW'}f)
=0(81)+0(8(8+¢€))+0(¢)
=0(8*+¢),
F((YW Wy, W3) — Fi (VWP W3, W5)
=0(8)d,, (W —Wy)
4
O(8+e) ). (M(YW, Wy, W3) — Mi(VW, W3, W5))
1:1
+0(8+&)(Wy — W) +0(1)(U; (yi(22),22) = U (¥2(22), 22))-
Thus it follows from (1.12), (3.7), Lemma A.1 and Lemma A.2 that
IR (YW WE WD < Co(8%+e), i=12, (3.8)

and

1 1 1 2 2 2 —a
IR (VW W3 W) — (VW2 w2 W) || &)

2y ((—a) 1 2)(=1-a) (3.9)
<Co(8+e)( | (YW —WP), Wy —W3) 1o +IWs =Wil, :
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This verifies that F; (VW;,W,,W3) is a higher order error term, which can be
controlled as seen later.

Part 2. Reduction of the boundary condition for the momentum on the
shock curve

It follows from the first equation in (2.22) that
aZZWI (0722) :FZ(VW17W27W3)7 (310)
where

F (VW , W), W3)
1 1 V' (22)U, (¥(22),22)

v(22)(p U )(W(z2),22)  rolpg Uy )(ro)  w(z2)(p~Up ) (W(22),22)

Since
1 1

w(@2)(p Uy )(W(22),22)  rolpg Uy (r0))

then F, can be estimated as for F; (VW;,W,, W3) to obtain

1B (VW Wi, Wi | < Co(8% +¢), i=1,2, (3.11)

Lo
and
B (YW W W) — B (vw2, w2 w2) |

1 2 1 2y (o) 1 2)(~1-0a) (3.12)
<Co(8+e)( I (VW] =Wi),Wy —W3) I, +1IWs =Wl .

Part 3. Reduction of the boundary condition for the entropy on the shock
curve

It follows from the second equation in (2.22) that

1

+ A Y_IM VW,W,W
V(22) Mo (VW ,Wo, W3) V(22)A(z2)p L (VWi Wa, W3)

P (y(22),22)
(P~ U )(vw(z2),22)

N
— A Y0, & —
XO + 1— W<Z2> (Zz)P <1 ¢

=U; (y(z2),22) + (3.13)

(P~U, )(y(22),22) )

- lp’(zz)lll(ZZ)( v(22)U; (v(22),22)

with M, (VW , W), W3) defined in (3.4).
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Note that by direct computations, one may get

1 1
v (z2) My (VWy,Wa, W3)  1roM>(0)

- r21\/112(0) (Y (22) M2 (VW1 W, W3) — roM>(0))
oM

+2/1/1 (v (z2)Ma (YW1, W2, W3) — oM (0)) s
0 Jo (tsy/(
1

sdids  (3.14)

)
2)My (VW ,Wa,Wa) + (1 — st)r()Mz(O)))
1
r0(Pg (70))20z, 95

S0,W1 +0(5° +¢)

= W; — (P—py)

~ropg ()9, 0
1

~ ropg (70)(9:,97)

and

Y (22)A(z2)p" ' Mo (VW1 Wa, W3) — roA¢ (g (ro))? ' M2(0,0,0)
=ro(pg (r0))7 02,05 Wa(z2) +Ag (g (r0))7 02,05 Wa(z2)

+¥r0Ad (Pg (0))7 192,05 (P — g (r0)) + roAg (pg (r0))70:, Wi

+0(8% +¢), (3.15)
- P~ (¥(22),22) - Fy (r0)
U (W(Zz),zz)-F — -U, (VO)—f
: (P~ U N (w(z2),22) 0 (Po Uy )(ro)
Py (ro) 2
=————— Wi(z20)+0(6" +¢),
ooy U (o) OO )
where one has used (1.12) and (2.3) for the background solution.
1
On the other hand, it follows f A.13) and 9., ¢" = —————— that
n the other hand, it follows from ( ) and d,, ¢, (70+Z1)p0+U0+ al
P —py (r0)
Py (r0) ((UJ(Vo))2
= W3(z2)
Alpg (o)~ (U )2\ 10 416
ropg () (UF (031~ o o)) W02 )
+O(52+8).
Substituting (3.10) and (3.14)-(3.16) into (3.13) yields
Wa(z2) = aaWs(z2) + F3(VW1, W2, W3), (3.17)

(v—1)(Fy (ro) — Py (r0))
ro(py (r0))?

where a; = > 0, and F3(VW;, W, Ws) satisfies

IE (YW W W < Co(82 +e), i=1.2, (3.18)



20 JUN L1, ZHOUPING XIN, HUICHENG YIN

and
IF5 (VW Wa W) — B (YW, W2, W3 |

1 2 | 2y (|(—2) 1 2)(=1-0a) (3.19)
<Co(8+e)( | (VW =W),Wy —W3) I} + IW5 = Wi, :

a

Part 4. Reduction of the given exit pressure condition

Note that (2.24) implies that on z; = N,

pP—py
1 P, 1=y P, eP(0(Xo+1,22)) 2

_ ! _ W 0(8 3.20
}/(Ag) 7( L 5+ A +0(6°+¢), (3.20)

where the term O(82 + €) follows from the estimates in Lemma A.2-Lemma A.3
and the expression

2
B(XQ—I—l,Zg):—60+f1(X0+1)+/0 aZZ(P(N,S)dS. (3.21)
Due to (1.10), one can derive that

IR(6(V.22) I} o < Co. o)
[Po(81 (N, 22)) = o (B2(N.22)) 1 " < Coll, (W = W) 1,
where 6(N,z;) and 6;(N,z,)(i = 1,2) are defined by (3.21) with ¢ and ¢; respec-
tively.
By an analogous treatment as in (3.16), we can obtain from (A.3) in Appendix
A and (3.20) thaton z; = N

1
d,, W,
Xo+ 1)2(p )2(905 )3 2

! ! Y At (ptyr-2
_Y<@b+0%mﬁ%@ﬂﬁﬁ+ﬁhﬁA0m0) )X (3.23)

1-y
P, TPEW276A3P0(9(N,Z2)) 5
— +0(6" +¢).
(AS ) (45
It follows from (3.22) and (3.23) that
L,Wi(N,22) = asWa(z2) + F4(VW,W2,W3) on z; =N, (3.24)
where
1)y +
1 R 9599 Y 24+ AV 3
a3,y(Aa_)(y+l)/y< par +,J/_1(X0+l) A() (pO) (az2¢0 ) >0»
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moreover, Fy (VW) , W5, W3) satisfies
1B (YW WA WHI ) < Co(8 +e), i=1.2, (3.25)
and
IE (YW W3 W) — iy (VWR W3 W) |

1 2 1 2\ |(~a) 1 2|(=1-a) (3.26)
<Co(8+e)( [ (VW) =Wi), Wy =W3) [y o + W5 —Wi[|5 .

Part 5. Reduction of the elliptic problem

Rewrite (2.19) as

HMI\)

0:;(ajy3(21) 0, W) + a6 (21)9:, Wi +az(21)Ws (22)

21—
N

A (g (@) Wi )

— )as(21)d, 95 Ws(22))

N s i W)+ (LB 627

+

% (

2
Z Frra (VW Wo, Ws) + F (VW W, W3)  in - E4,

where

1
W)= ey
A(AS,pg (21))
APy (z1)) = (Uy (21))?) g (1) (ro+21)(9:, 9 )3

>0,

a5(21) = (C2(

(a1) = :
dole) = (ro+z1)py (21)0, 05

wr(zr) = (g (21))" *(Ag.pq)
T 2As @) - U @)L v

(07 P <o
(3.28)
and
F5(VWi,W2,W3) = —N1(V@,A, ) +aa(z1) 9, W1 + N A+(Po )Ws(22),
Fs(VW1,Wp,W3) = —N2(V9,A, y) +as(z1)d, W
Jr( —¥)as(z1)0

00
200 Wi(z2) + a7 (z1)Wa(z2),
ro+21

L ag (o (20)Wi(za).

F7(VW17W27W3) = _N3(V¢7A>W) +a6(zl)8ZlW1 - N
(3.29)
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For the last three terms in the left hand side of (3.27), due to the Bernoulli’s
law (2.25) for the background solution, a direct calculation yields

21—
N

Ag (Pg (21))W3(22)

(1—*)05(21)3@% Wl
ro+2z1

(17*)a5(21) 22¢0 W( ))

o0
Z
! ro+21

—~

A+(P0 )W (12)) + 0., (

Z\H

(z2) — 7(1_N)A+(Po) 719, pd Wi(z2)
=0.
This is one of the main observations here, which makes it possible to define

F;(i=5,6,7) in (3.29) so that each F; is high order as shown below.
Thus, (3.27) takes the form

2
Z (aj43(21)0;W1) + ag(21) 9z, Wi + a7 (21) W5 (22)
j:
2
Z O Fira(VW1,Wo, W3) + F7 (VW ,Wo,W3) in E,.
Next, we analyze the properties of F;(VW;,W>,W3) (j = 5,6,7) defined in

(3.29).
Since it follows from the definition =5 and the estimate (A.14) imply that

Ni(V¢i,Ai, wi)

_( N )2 aleIi

T\N+0(8) (pf +0(8))(0,97 +0(8))
s 4 0@ e +0(3)7 (W) e
SFaar G~ AT ()04 (2) +0(8°),

so substituting this into the expression of F5(VW;, Wy, Ws) yields
IFs (YW, WA, W < €8% < (82 +e).
Similarly, we can obtain for j =5,6,7,
I (VW Wi, W < Co(82+e),  i=1.2 (3.30)
and for j =5,6,7,
| VW W W) — F (VW W W3

1 2 1 2\ (@) 1 2(~1-a) (3.31)
<Co(S+e&) ([ (YW = W), Wy —W3) |1} o + W = Wil ).
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On the other hand, the boundary condition (2.23) can be rewritten as

9. W 21.0) = £ (W(O) (o 1= w(0)a ).
(3.32)

90 Wi e1.M0) = 4 (WMD) + 3y (o 1= (A )z ).

Based on these reductions in Part 1-Part 5, the nonlinear problem, (2.19)-
(2.25), is reduced to the following problem:

[\S]

Z - (@j43(21) 9, Wi ) + a6 (21) 0, Wi + arazan (21) 9, Wi (0, 22)
]:

kZZ: 9, Fr (VW1 W, W3) + Fio(VW,Wo,W3)  in Ey,
W1(0,22) = B2(VW1,W2,W3)(0,22),
Wi(N,22) = azas <w3(0) ra /0 3., Wi (0,s)ds> (3.33)
+ F11(VW1,W2,W3)(0,22),

2. Wi(21,0) = FL(W(0) + 3 (o + 1~ w(0))ay),

02 Wia1,M) = FHWM) + 3 (Xo-+ 1= W(M))z),

Wi(N,0) =0,

coupled with (3.3) and (3.17), where

F3(VW,Wa,W3) = F5(VW, W, W3),

Fo(VW1,Wa,W3) = Fs(VW1,Wo,W3) —a7(z1) 0, F5(VW1, W2, W3)(0,22),
Fio(VW1,W2,W3) = F;(VW1, W2, W3) — azaq (1) Fi (VW1, Wa, W3)(0,22),

22
Fii (VWi W2, W3)(0,22) = alazaa/o Fi (VW1,W2,W3)(0,5)ds
+ a3 F3(VWi,Wa, W3)(0,22)
+F4(VW1,W2,W3)(N,ZQ).

Furthermore, it follows from the estimates (3.8)-(3.9), (3.18)-(3.19), (3.25)-
(3.26) and (3.30)-(3.31) that for each W' € Es(i=1,2),

11
Z||F (VWL WL WD < Co(82+e), i=1,2 (3.34)
5
and
c | 2 12 2y (—o)
ZHFj(VW1aW2,W3)—Fj(VW1,W27W3)||1,a
J=8 (3.35)

_ -
§C0(5+8)<||( W) W)W - w2) | wd w2
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In order to solve the nonlinear problem (3.33) coupled with (3.3) and (3.17),
we first consider a related linear problem corresponding to the nonlinear problem
(3.33) in the next section. In addition,it should be emphasized that the bound-
ary conditions on Wj(z) in (3.33) are the “tangent differential” conditions other
than the usual Neumann boundary conditions, moreover, the positivity of ay,a,,as,
a4(z1),as(z1) and the negativity of a7(z;) in (3.33) will play a crucial role in show-
ing its solvability and deriving the related estimates (see the problem (4.1) with the
assumptions (4.2) and the Proposition 4.4 in §4 below).

4. Solvability and a priori estimates on some second order linear elliptic
equation with nonlocal terms and an unknown constant

The key step to solve the nonlinear boundary value problem (3.33) is to con-
sider the following second order linear elliptic boundary value problem with an
unknown parameter and nonlocal terms

nglS

0z (i(z1)9zu) + b3 (21) 0z u+ ba(21) 9, u(0,22)
1

2
=Y 0.k +s(e) in E.,
j=1

9,u(0,22) = g1(22), 4.1)
22
Ouuz) = bs (x4 [ 2,0.5)d5) + a2,

821M(Z130) = gS(Zl),
aﬂu(ZlaM) = g4(Z])a
u(N,0) =0,

where b;(z1) € C7[0,N)(1 < i < 4), g; € H ;) (0,M) (j = 1,2), g € C"*[0,N]

(k=3,4) and ; € Hl(;a) (E+)(I = 1,2,3). Assume further that there exist two
positive constants by and By with by < 1 < By such that

4
Y bjlles +1bs| <Bo, bi(z1) > bo(i=1,2,5), by<—by.  (4.2)
=1

For convenience, we set

"y =u— (12/“ ga(s)ds+(1—2) /'Z‘ g3(s)ds). 4.3)

M /N M’ Iy



Transonic shocks in De Laval nozzle 25

Then (4.1) is reduced into

N

Il
-

0;; (bi(z1) 011 ) + b3(21) 0z u1 + ba(z1)0; u1 (0,22)

z,h3+j 2)+he(z) in Ei,

“M"’

I, u1(0,22) = gs(@), (4.4)
22
1 (N, 22) :b5(1<+/0 32,11 (0,5)ds) + g6 (22),
d,u1(z1,0) =0,
8Z1Lt1 (Zl,M) = 0,
u1 (N,0) =0,
where
) =i+ gy [ (a1ls) (),

2
o(22) = () b(g4 2—;2w>g3<o>)
ha(2) = i (2) <>( sa(a) + <1—Zz>g3<m>)7

M
hs(z) = ha(2),

ho(e) = (@) ~ba(en)  Bsten) + (1~ Dhea(a)

(4.5)

~oute) (200 + (1= 2)a0)).

Noted that the problem (4.4) is not a standard one for second order linear ellip-
tic equations since it involves a free constant k¥ and non-local terms containing

2
d;,u(0,z2) and / d;,u(0,s)ds. Thus it seems to be difficult to use Lax-Milgram
0

and Fredholm Alternative Theorem to obtain the solvability in H'(E ) as in [19].
To overcome this difficulty, we intend to apply a continuity method in Chapter 5
of [13] to obtain the existence of (4.4). The key here is to obtain some a priori
estimates of the solution u; (z) in the weighted Holder spaces introduced in §2.

To this end, we first need a lemma.

Lemma 4.1.1f g6(22) € H| o (0,M) and h;(z) € H\ ;) (E;.)(j =4,5,6), then
the following boundary value problem
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e

L(uz) =Y 0, (bi(z1)0;u2) + b3(z1) 0y, ur

1

e

Il
R

d:;hjy3(z) +he(z), in Ei,
j

BZII/Q(O,Z

2) =0, (4.6)
22
mmm:Agmwx
/ 86

ur(z1,0) =

Zl7

has a unique solution u,(z) € HZ(_a -9 (E+) such that

6
—1— — —
izl < (L Imelll o + lge i o). @7
k=4

Proof. As shown in Chapter 8 of [13], (4.6) has a unique solution
uy € C**(EL)NCY(Ey).

It remains to show that u, has a higher regularity in £, and admits the estimate
(4.7). The idea of this proof is somewhat similar to that in [12] and [20]. However,
for the reader’s convenience, we still give the details of the proof.

Set

i(2) = 12(2) ~ [~ go(s)ds “8)

then the problem (4.6) is equivalent to

2
28 i(z1 az,“2)+b3(zl a11’42 Z‘?z,hj-% 7)+he(z) in Ey,
i=1

0, 112(0,22) = i (N,z2) = 0,
i2(z1,0) = d2(z1,M) =0
4.9)
with

hi(z) = hi(z) fork=4,6, hs(z)=hs(z)—b2(21)g6(z2)- (4.10)

In order to derive the estimates on the solution i, of (4.9), we will carry out
the following four steps.

Step 1. The L™ estimate of ii;
Set

vi =G (1 +(z1 — %)2+G2(Z§x+ (M—Zz)a)>7
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6
() 4
where G = ]; 11| and G2 = =5
Then a direct computation yields

L(v1) = —b2(21)G1Gra(1 — @) (252 + (M — 22)*?)
+ ((b/l (Zl) +b3(21))(2Z1 —N) +2b1(Z1)) G
< —boG1Gra(1— ) (25 2+ (M —22)% %) +2Bo(1+N)G,

1
< —5h0GiGa(1 - ) (2872 4+ (M —2)* 7).

Thus, for a suitably large positive constant C independent of ||fz, I g—aa) (j=4,5,6),
we have .

L(CV1 :Eﬂz) <0 in Ei,

811 (Cv1 + ﬁg)(o,zz) < O,

(Cvi £12)(N,z2) >0,

(CV1 iﬁz)(zl,()) = (Cv1 iﬁz)(Zl,M) > 0.

This, together with the comparison principle, yields

6
izl < C Y [l @.11)
j=4

Step 2. The weighted L™ estimates of /i, near the corner points (N,0) and
(N,M) of E;.

In this step, we focus only on the analysis of f, near the corner point (N,0)
since the corner point (N, M) can be treated similarly.

Following the arguments in [1], [2], one can define a comparison function in
polar coordinates as follows

~ 2 ~ ~ ~
va(F,0) = ﬁf”asin (m(e)) —fltegipltog, z <6<rm (412
sin(-5%) 2
where 7= /(z1 —N)*+23, 0 = arctan— Z_ZN + 7, and
~ l—-a 3+a . =« . ~ T

Due to m(Z) +m(m) > 7 and sm(%) +m(x) < x, then

2sin(m(r))

1
sin(m(%)) - 1) = fHa(cas(lea) B 1)' (“4-13)

v (F,0) > f”“(

Without loss of generality, we assume that

bi(N) =by(N) = 1. (4.14)
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A simple computation shows that
(0= 1)3a+5) 4
1
2sin(5%)
< —a(l+a)f* Lsin®1(8).

Let ro > 0 be small and fixed and set By = By, ((N,0)) NE,. Then it follows
from (4.11), (4.13) and (4 15) that there exits a suitably large positive constant C

independent of Hh || ( Jj =4,5,6) such that
L(Cvz:tﬁz) <0 in B:g,
Cvy£iy >0 on 9B} NJE,,
Cvytiy >0 on 9B N{F=ro},

Avy = sin(m(6)) — ot(1+ )7 'sin*' ()

(4.15)

6
where C = Cry '@ Z [|A j||§7aa>. Then it follows from the comparison principle
j=4
that

6
li2(z)| < C Y IRl 7+ in B (4.16)
j=4
Step 3. Some estimates for a related auxiliary problem
To estimate i, near the left corner points, (0,0) and (0,M), in E, we need to

consider the following boundary value problem with the homogeneous Neumann
boundary condition at z; = N,

2
Zgz, i(21)0,v) +b3(21)0 Z hi3(z)+he(z) in Eq,

&ZIV(O,ZZ) = aZIV(N,Z2) = O?
v(z1,0) =v(z1,M) =0.

As shown in Chapter 8 of [13], (4.17) has a unique solution 17
v e C**(EL)NCH(E:\{(0,0), (0,M),(N,0), (N.M)}) NC(EL).
In a similar way as in Step 1, one can prove
6
vl < € Y il - (4.18)
i=
Set
¥(z) = j

v(z), bi(z1) = bi(z1)(i = 1,2), h4(z) = ha(z) — 14(0,22), hs(z) = hs(z),
he(2) = he(z) — (P} (z1) +b3(21))9;,v(z), for0 <z <N;
9(z) = ¥(—=21,22), bi(z1) = bi(=21) (i = 1,2), ha(2) = —ha(~21,22),

) = hs(—z1,22),h6(z) = he(—z1,22), for =N <z; <0;

=bi(2N —z1)(i = 1,2), h4(z) = —hs(2N — 21, 22),
z) =

R 6(2N —z1,22), forN <z; <2N.
4.19)
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Then ¥ solves the following problem

azl";(iszZ) - azl \7(2N,Z2) = 07
‘7(2170) = V(Z],M) =0.

It follows from the Schauder interior and boundary estimates in Theorem 8.32
and Corollary 8.36 of Chapter 8 of [13] and the definitions in (4.19) that

5
Wlcraqe,) = I¥lcree.) < €1l + 3 illages + lisli- )
i=4
&7 )
< ¢(Ivlem+ X, W2+ 131 ).
j=4
Combining this with the estimate (4.18) and the interpolation formula yields

6
Wlerez) <C Y IR L. (4.20)
j=4

Next, we derive the Héfalfa) (E4) estimate on v.
By (4.17), d,v solves

bi(z1) - 2 bi(z1)\,  by(z1) +b3(z1)
22 (0, + 3000 + (G2 + AEERE)) 3,
2
3. hisa(2) + ,
. (21 i3 (2) + 6(2))(b’1(11)+b3(zl)>8 .
! by (z1) ba(z1) o -
(9:v)(0,22) = (2, ) (N, 22) =0,
(9:v)(21,0) = (9, v)(z1,M) = 0.

Letz) = (z(l), zg) be any fixed point in £, . Without loss of generality, we assume

0 0
D<M-PHandset B =E . N{z: 3 << 3%} By the Schauder estimates in
Chapter 8 of [13] and the standard scaling argument, one has

WZ ((Zg)lﬁl ||Dﬁ 9z V||L“(E$) + (Zg)|ﬁ\+a [DB 9 V] a;ER)
=1

6
< €190l o) + G X I+ )l )
i—4
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Combining this with the boundary conditions on z, = 0,zp = M in (4.17) and
the estimate (4.20) yields

Mw”,+2( W%W%wmw+@ﬁw%ﬂmﬁ
IBl=1

6
Wleraz + 1901 o <Y Ihll 2.
i=4

This, together with the equation (4.17), yields
(“1-a) _ N2 7 ()
Wlse " <CY lhillig" (4.21)
i=4

Step 4. The C'"%(E ) estimate of i, and the proof of (4.7).
It follows from (4.9) and (4.17) that ii, — v satisfies

L(iiy—v)=0 in Eq,

821 (122 — V) (O,Zz) = 0,

(2 —v)(N,22) = —v(N,22),

(2 —v)(z1,0) = (up —v)(z1,M) =0,

(4.22)

6
with [v(V,22) 152~ < C Y IIAul|{ ) as shown in (4.21).
i=4
Set W(z) =i —v+0,,v(N,0)z2. Then |W (N, z2)| < C||v||cra|z2|' T and W (z)
solves

L(W):O in B,
W(z1,0) =
W(N Z2) (N Zg)-}—azv(N,O)Zz

As in Step 2, one can obtain
W) <CIV(N,22) e T in B =Bs((N,0))NE, (4.23)

for some 7y > 0.
. 1
For any fixed point 2° = (9,29) € Bj/z, letdo =5 () —N)2+(29)2. Then

by Corollary 6.3 and Corollary 6.7 in [13], together with the scaling technique in
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the proof of Theorem 6.2 in [13], one has

Z d‘ﬁ‘||DﬁW||U° n+ Z &% [DPw],,

|ﬁ| 0 = Bd /z(ZO)

<C( I, oy + y d'”‘na“vv N,2)llim(ap 2300)
=) ' (4.24)

I\sz2+a [B“W N7Z2)]
u

—1—
C(IW (s, () + a5 IV, 2) 50 )

(X;(dz() /2,3{,2’20))

2
Since do > % then substituting (4.21) and (4.23) into (4.24) yields

0\(B—a=1)+ | pB _ [D
0<|%‘|,<2(Z2) | WHL (Bd / +|ﬁ|ZZZ2 W]“Bjo/z(zo)

.
<Cvlsy .

(4.25)

Away from the corner points, by the interior and boundary estimates in Chapter
6 of [13] (or Theorem 5.1 in [12]), we can also obtain an analogous estimate as in
(4.25). This, together with (4.8), (4.10) and (4.21), yields

(~1-a) > (ca) (~a)
luallyg ™ <COY Mhilly g + llgslli o)
i=1

Therefore, (4.7) is shown and the proof of Lemma 4.1 is completed. O
Based on Lemma 4.1, the second order elliptic equation in (4.4) can be changed
into a homogeneous one.

Indeed, set
U3z = uyp — Un.

Then
2
28 Zl 8Z,u3)+b3(zl)8zlu3 +b4(zl)8zlu3(0 Z2) 0 in E,,

i=1
d,u3(0,22) = g7(22),

o (4.26)
822u3 (N,Zz) = bs <K‘—|—/O (911u3(0,s)ds>,
u3(z1,0) =0,
dyu3(z1,M) =0,
where

g71(2) =gs5(z) — (9z2u2 (0,22). 4.27)
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Note that (4.26) is a mixed Dirichlet-tangential derivative problem. The solv-
ability conditions for this is

M M s
/ g7(s)ds = bs <MK +/ / d,u3(0, t)dtds) , (4.28)
0 0o Jo

which will be used to determine the unknown constant K.
(4.26) is reduced to a Dirichlet problem by setting

M Z M
Uy = u3 _ZMZ/O g71(s)ds, gs(z) = /0 ’ 7(s )ds— M o g7(s)ds.  (4.29)

In this case, (4.26) becomes

aglS

azi(bi(zl)azilm)—|—b3(Z1)azlu4—|—b4(Z1)azlu4(0,Zz)=0 in Ey,

— =

0722) = gS(ZZ)a

. 430
us(N,z2) = bs (/02’2/0 &Zlu4(0,t)dtds——/ /aﬂm Ot)dtds) 30

u4(z1,0) =0,
M4(Z1,M) = Oa

U4

where
leslls e @ < Cligrll\ o, gs(0) = gs(M) =0. 4.31)

We now focus on the linear problem (4.30) in order to solve the problem (4.1).
This will be done by a separation variable method together with the continuity
method in a weighted Holder space.

Lemma 4.2. (A priori estimate of Hu4|\§_al “%) Let uy € Hz(;;_a) (E+) bea
solution to (4.30). Then

11— 11—
luallSy ' < Cllgslsy @ 432)

Proof. Note that {sin( % 7z2) b forms a complete orthogonal basis in Hj} [0, M]

according to Theorem 8.37 in [13], u4 is a solution of (4.30) in H2( - a>, and

gs satisfies (4.31). It then follows from Remark B.1 in Appendix B that for any
o €(0,0)

ZX 71)sin( 71722) in C"%([0,M]) for z; €[0,N],

(4.33)
Zgg,,sm —nz) in CH¥(j0,M])

and " .
11—
Y &3+ Y nlgd, < Cllgsliy @) (4.34)

n=1 n=1
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Moreover, due to us(z) € H. (_l_a), then for each positive integer n,
2,0 p g

2 M .
Xn(Zl) = M/O u4(Zl,Z2)Sll’l(%ﬂ:Zz)d22 € CLa[OvN] mC27a(OaN)7

which solves the following problem

a <b1 (z1)X) (z1 )) +b3(21)X(z1) — bZ(Zl)(%)z)(n (z1)

dz;
+b4(21)X,(0)=0 in (O,N), 4.35)
Xn(O) = 88n;
M>
Xo(N) = ~bs 15 X,(0).

Next, we establish the L™ —norm estimate of X,,(z; ). Without loss of generality,
we assume gg, > 0 since the analogous analysis can be given in the case of gg,, < 0.

First, we claim that X/, (0) <O0.

If not, namely, X,ﬁ (0) > 0, then it follows from the maximum principle that
X, (z1) achieves its positive maximum at z; = 0 due to X,,(N) < 0 and by < —bg by
the assumption in (4.2). However, this is contrary to X (0) > 0. Thus, X, (0) <0
holds true.

n NI
Second, we show that if 1. (n—)2 <X, (0) <0, then
byg "M
By By
X, <(1l+—4+—= .
| n(z1)| = ( + bO + b(z))gSn

In fact, if X, (z1) attains its positive maximum at some interior point z{ € (0,N),
then X (z9) = 0 and X,/ (z9) < 0. It follows from the equation in (4.35) that

bi ()X, () bz(Z?)(%an(Z?) +b4(21)X;(0) = 0.

This yields
nw

0p) Xa(@) < ba(e)X(0).

ba(29)(

B
It follows from the assumptions on b3 (z;) and b4(z1) in (4.2) that X,,(z(l)) < b—g gsn-
0
If X,(z1) attains its negative minimum at some interior point z; € (0,N), then
X/ (z1) =0and X' (z1) > 0. Thus the equation in (4.35) shows that
= nw 2 = = /
ba(21) (57 ) " IXa(21)] = —ba(21)X,(0) <0,

which yields a contradiction. Therefore,

By B
()| < max{X, (). %, (0). KW} < (14 32+ 22)gsn
0
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. g8n (MT\2 By | B
Finally, how that for X/ (0) < —222 (=), |X, <(1+—=+-—=)gs
inally, we show that for X, (0) bo(M) 1X,(z1)] < ( +b0+b(2))g81

holds.
Indeed, for X, (0) < — ‘iﬂ (%)2 < 0, then X,,(N) > gg, holds. This means that
0

X, (z1) only attains its minimum at some interior point in (0,N). It follows from
the minimum principle that

by  M.2_, .
~ 20022 x0) < X, (z1).
BO(M) a( )_ererl[(l){lN] (21)

On the other hand, min X,(z;) < X,(0) = gg,. Thus,
21 €[0,N]

BOgSH ni.2 /
— — )" <X (0) <O.

It follows from this and the arguments in the second step that

B2 B2
Xa(z)] < (1+ 2+ —2)gsa.
bo ' b3

Collecting all these cases yields
[Xnl| 2= < Clgsal, (4.36)

where the generic positive constant C independent of 7.
This, together with (4.33)-(4.34), shows that

lusllz= < Cllgslls . 437)
In addition, one has

luallcra < C(lluallz=+ llgsllcra + lua(V,22) [ cra)
< C(lluall= + llgsllera + 110z, a0, 22) =)

Combining this with (4.37) and the interpolation inequality yields
11—
Jusllere < Clgsllya -

Finally, we have

717
luall g~

—1—
SC(Iu4||Lw+||b4<z1>amu4(o@>|ca+||g8|§,a @

2 S ) M rs (—1-a)
+H/0 /0 8Zlu4(0,t)dtds—M/0 /0 9.,us(0,1)drds|, ,

—1—
< C(lluallz=+ Nusllcre + lgslsa )
J
< Cllgs|lS .

Consequently, the proof of Lemma 4.2 is completed. 0O
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We now prove the existence by a continuity method, thus we start with the
special case that the principal part of the elliptic operator is the Laplacian operator.

Lemma 4.3.If G(z;) € Hz(;lfa) (0,M),G(0) = G(M) = 0, then the following
problem
AU —-0,U(0,22) =0 in E,
U(0,z2) = G(z2),

U(N,z) = (/ /8Z1U0s)ds——/ /aleos) ) (4.38)
U(z1,0) =
Uz, )—

has a unique solution U € Hz(lefa) (E.) which satisfies
11— 11—
1015~ <ClGl - (4.39)

Proof. Due to G(z2) € Héfalia) (0,M) and G(0) = G(M) = 0, then by Remark
B.1 in Appendix B, we have

ZGksm Zrzn) in CYYOM], 0<d <a, (4.40)

2 M k
where G, = M/o G(zz)sin(ﬂﬂ:zz)dzz (k=1,2,---).
For each k(k = 1,2,---), consider the following problem

2
5 i(a) ~ GymPH(a) ~H(0) =0,
Y:(0) = Gy, (4.41)
2
Ye(N) = —bs (,ffﬂ ¥/(0).

A solution to this problem is given by

Yi(z1) = Ckexp(kﬂz1)+Ckexp( A]j[nm) I]:[(Ck C?)
with Ci (i = 1,2) satisfying
(1- f)ck+<1+£4>ck G
(expl4-7N) — (1~ bs) )] (442)

0.

k M
+ (exp(— 3 7N) + (1= bs) 1) CF
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Note that the determinant of the coefficient matrix in (4.42) is a negative num-
M
ber, which is less than —2boa, then the algebraic system (4.42) has a unique

solution (C},C?) for each k € N since ¥;(z) is the unique solution to (4.11).
By (4.40) and (4.41), we can easily verify that

u k
U,(z) = Y, sin(—7nz
(2) k; k(21) (anz)

is a unique smooth solution of the following problem

AUn_aZIUn(()aZZ) =0 in E+a
Un(0,22) = G"(22),

D[S o) M s
Un(N,22) = b5( / 3., Up(0,1)dtds — 2 / / 2, Un(O,t)dtds),
Jo Jo M Jo Jo

Un(Zl,O) = 07
Un(ZbM) :Oa

with
" Grsin( in C'j0,M
G'(z2)=) G —7 : .
(22) k; kSl”(M 22) in [0,M]
By the argument as in Lemma 4.2, one arrives at

[Unllor <CING [0, [[Un = Unllr.or < ClIG" = G| 1,00- (4.43)

Since {G"(z2)} converges uniformly to G(z2) in C1%'[0, M], then there exists
a unique U(z) € C% (E..) which solves the problem (4.38). By the Schauder in-
terior and boundary estimates in Chapter 8 of [13], it holds that

U(z) € C**(E,)NCY¥(Ey).
In addition, by Lemma 4.2, U(z) admits
11— 11—
10@Isa® <l .
Thus, the proof of Lemma 4.3 is completed. O

Based on Lemma 4.1-Lemma 4.3, we can show the solvability of (4.1) and
give some related estimates.

Proposition 4.4. (Solvability and Estimates). The problem (4.1) has a unique
solution (u, k) € Hz(;l_a) (E+) x R such that

2
717 —
Hu||(2u ) 4| SC(Z‘,l\giHE,o:x)Jr
— 4

4 3
lgillcre+ Y ImellS ). (4ad)
i= j=3

k=1



Transonic shocks in De Laval nozzle 37

Proof. Due to (4.3), (4.5)-(4.6), and (4.26)-(4.29), it suffices to prove that the

boundary value problem (4.30) has a unique solution uy € Hé;x]*a) (E4+) which
satisfies

lualls o~ < Cligsllse @ (4.45)

To this end, we will employ the method of continuity (see Theorem 5.2 in
[13]).

First, we set

u5u4gs<zZ><1(fv‘)2>. (4.46)

Then (4.30) is equivalent to

0, (bi(21)0z,us) + b3(z21) 9z, us + ba(z1) 0z, us(0,22)

[N

i=1

=, () ) -9 (B0 (- G D))

.
+2b3(Zl)gS(Z2)Nl in E.,

(4.47)

us(0,22) =0,

us(N,z2) = (/ / 3., us(0,1)drds — —/ / 9., us(0 t)dtds)
us (Zlvo) =0,
us (Zl 71‘4) =0.
Next, we consider a family of operators L, (¢ € [0,1]) defined as
Liv=(1-1) <Av —d, v(0,22)>

(4.48)

'H(Z BZ, i(z1 azlv +b3(z1)0;, v+ ba(z1)0;, v(0, Zz))

which maps the Banach space

B :{v e Hi, (EL) : lISy ¥ < +o0,0(0,22) = v(z1,0) = v(z1,M) =0,

2 S o) M s
v(N,22) = bs ( /0 /0 2.,v(0,1)drds — /O /0 8Zlv(0,t)dtds>}

(4.49)
into the normed linear space

2 3
Bz={¢=28z,-<pi+<p3:2||<m5,0?" <+°°} (4.50)
i=1

j=1



38 JUN L1, ZHOUPING XIN, HUICHENG YIN

with a norm defined as

3
lole= it Y lolia’
j=1
=) %0 +¢s
i=1

Then it follows from the arguments in Lemma 4.1-Lemma 4.2 that for any 7 € [0, 1]
and any v € By,

||v||§,;'*°‘> < C||Lyv][3,. 4.51)

In addition, for any g € B, the arguments for Lemma 4.1 and Lemma 4.3 show
that the following problem

Lyv = in E,
{ =8 * (4.52)
v E By
has a unique solution u satisfying the following estimate
(-1-a)
HVHZ,a <Cllglls,- (4.53)

Based on (4.51)-(4.53), it follows from Theorem 5.2 in [13] that (4.30) has a
unique solution uy € Hé;lfa) (E;) satisfying (4.45). On the other hand, it is noted

1 1 M M s
that K can be solved from (4.28) as k = — (— / g7(s)ds— / / 0, u3(0,1)dtds).
M *bs Jo Jo Jo

Therefore, the proof of Proposition 4.4 is completed. [

5. Proofs of Theorem 2.1 and Theorem 1.1.

According to the reformulation in §3, we need to solve the nonlinear coupled
system (3.3), (3.17) and (3.33). This will be done by an iteration scheme. Note that
due to (3.1), for each W € Zj, there corresponds to a triplet

(0(2),A(z2), ¥(22)). (5.1)

The iteration procedure will be divided into the following three parts:

Part 1. The determinations of the approximate stream function and the
shock location at one nozzle wall.

For given W € Eg, the new potential function W; and the new shock location
W;3(0) at the lower nozzle wall are obtained by solving the linearized problem
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associated with (3.33):

i d;; (aj3(z1 8ZJW1) +ae(z1)0, Wi +arazaz(z1)9:, W1 (0,22)
. 2
]; Oz Fis7 (VW1 , Wa,W3) + Fio (YW1, W2, W3) in  Ey,
Wi (0,22) = F>(VW;,Wa,W3)(0,22),
azzwl (N, 22) = azas <W3(0) rar /0 Yo W, (0,s)ds> (5.2)
+ Fi1 (VW1 Wa, W3)(0,22),
9 (21,0) = FL(W(0) + (Ko 1~ ¥(0)2),
W1 (21, M) = M) + (Ko 1= W(M)21),
Wi (N,0) =0,

where ¥ is given in (5.1).
It follows from Proposition 4.4 that (5.2) has a unique solution

(W1, W3(0)) € Hy, ¥ (E+) xR
such that

IWillse @ + W3 (0)]

11 2
<o (IR W I+ X ITW e+ L e )
i=8 j=1
<Co(8*+¢),
(5.3)
where the last inequality follows from (3.11), (3.34) and (1.6).

Part 2. The determination of the approximate shock position.

The new shock position, W3, can be obtained by solving the linearized equation
of (3.3) as
W;(z2) = a10, Wi + Fi (VW1, W2, W3), (5.4)
with the initial data W5(0) given in (5.3).
Thus, the solution W3 of (5.4) exists uniquely and satisfies

IS < Co I+ A 00+ I W W W) 2 55

<Co(8%+e),

where the last inequality follows form (3.8) and (5.3).
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Part 3. The determination of the approximate entropy function.

Due to (3.17), one can define the new entropy W» (z2) by
Wz(zz) = ang(zz) +E3(VW1,W2,W3). 5.6)
It follows from (3.18) and (5.5) that

m%mz“<q(m%m;”+wavmﬂ%ﬁ%mtﬁ) 57

<Gy (6 2 + £ ) .
Based on those estimates in Part 1-Part 3, we can now show Theorem 2.1.
Proof of Theorem 2.1. Theorem 2.1 will be proved by the contractible map-

ping theorem based on the iteration scheme in (5.2), (5.4) and (5.6).
Indeed, due to (5.2)-(5.7), we can define a mapping T as follows

T(W)=W, (5.8)

where W = (W, W5, W3) € &5 and W = (W, W, W3). It follows from the estimates
(5.3), (5.5) and (5.7) that T is a continuous mapping from X into itself for prop-
erly chosen 8 = O(1)(¢g) > 0.

It suffices to show that T is contractible.

For any given two states W' = (VAVAI] W), Wi) and W2 = (W2, W2, W2) in Z5
with the corresponding functions (@1,A1, 1) and (¢,,A, ) respectively, we set
TWH=w, i=12
with W! = (W, W, , W) and W? = (W2, W3, W3).
Due to (5.2) and the estimate (5.3), one has

— — — l — — —
I =W~ + W (0) — W3 (0)]

11
gb(ZHEWWLWLWbEWWﬁW£Wij)
i=2,8
2 o1 won(-1-a) 9
+Zﬁww%—%ha)
=1
<C Wl w2150 it w2 % i w2 )
<Coe| |W; Tlhe Wy =Willi " + W5 —=W5[|; 4 ,

where in the last inequality, one has used (3.12), (3.35) and (1.6).
In addition, it follows from (5.4) and (5.5) that

- - 717
Wy — W3S

—_ — 717 —_ —
sa(w¢—m2% “ 4 W} (0) — W2(0)

+ ||F1 (VW117W21 ,W32) _F1 (VW127W22?VV32)||2,060‘)> :
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Combining this with (3.9) and (5.9) yields

- - 11— - I 11— o I _
2 “>scoe(z W - w2 "”+||w§w§||§,;‘>). (5.10)
=13

Similarly, by (5.6)-(5.7) and the estimates (3.19) and (5.10), one can arrive at

- - — A S —1— A A~ —
I =2 SC0€< Y I W2l “)+W;—w§n§,£>)~ (5.11)
i=1,3

Therefore, the estimates (5.9)-(5.11) show that

(X I =W g w21 )
= (5.12)

- - 717 - - —
<coe(( X I = WAIGL+ I3 WAL,
i=13

here the constant Cp > 0 depends only on «, 6y and the the supersonic incoming
flow. Thus, for suitably small &, (5.12) implies that the mapping T is contractible
in Zg. This means that there exists a unique solution W = (W, W,,W3) € E5 which
solves the nonlinear problem (2.19)-(2.25), in particular, 8 = O(€) can be chosen.
Consequently, the proof of Theorem 2.1 is completed. O

Proof of Theorem 1.1. This follows from Theorem 2.1, the Lagrange coordi-
nate transformation determined by (2.1), the transformation (2.17), and the esti-
mate (2.26). Thus, the proof of Theorem 1.1 is completed. 0O

Appendix A. Appendix A. Some basic estimates used in §3

In this Appendix, we give some basic estimates and computations which have
been used in §3.

Lemma A.1. If Q;(z) € Hl(;a)(EQ(i = 1,2), then there exists a generic con-
stant C > 0 such that

101202 < Cloll 10l . (A1)
In addition, if \;| < C holds, then
0:2(2)
O1 (- - -
||@||§,;‘> <clailli ol (A2)

Analogous conclusions hold for space H f;xa) (') with ' = (0, M).

Proof. This can be verified by direct computations, we omit the proof here.
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Let 5 be defined by (3.2). For Wi = (W}, W}, Wi) € E5(i = 1,2), denote by
(0i(2),Ai(z2),¥i(22),pi(z)) (i = 1,2) the corresponding functions obtained from
(3.1) and (2.25) respectively. Then one has:

Lemma A.2. It holds that
Ioilie” <c (A3)

and

— — —1—
i —pall 3 < c( (VO — W), W — W) [ e — w2l

(A4)
Proof. It follows from (2.25) and a direct computation that

Ms (Vi) Y y+1 .
_ T A ™ — Bp: =172 AS
Me(Vi) Ty 1P ey =05 (A-3)

where Vi = (VW] Wj,W}) and
Ms(V')
R T R v o (e P 7c)
N Xo+1-vwi(z))

z 2
:2(1//,-@) + N'(Xo +1- W(Zz))> X

2
21— N , i
O i+ ————(22)0;, W} | .
< 2, i Xo+1— vi(z2) Vi (22)0;, l)
1 _
Since 2B — rir+ 1 >Ai(zz)piy ' < 0 for subsonic flows, then by the implicit

function theorem and (A.5), there exists a smooth function F'(+,-) such that

Ms(V') ..
=F = Wi =1,2. A7
pl (MG(VI)7 2)7 14 9 ( )
We now prove (A.3).
First, it is easy to know
|pillce <C. (A.8)

In addition, due to Wi € Zg, then a direct computation yields
Mo (V') = 2((r0 +21)9:,85)*| < €8, |M;(V')||cx < C(j =5,6).
This, together with Lemma A.1, yields

M5(Vi) i MS(Vi) (1-a)
Me(Vi)’ 2) (VMa(V")’

IVpill ) = |VE( vl Y <c. (A9)
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Consequently, (A.3) follows from (A.8)-(A.9) directly.
Next, we show (A.4).

Since
P1—pP2
1 2
_ / w( %ZE‘V/I;JFU— )%Zgzi,swzl+(l—s)w22>dsx
Ms(V") M5
<M6(Vl) Me( W

and as in the proof of (A.3), one has

1 1 2
||/0 vF <SMS(V) - MV —s)W22>ds||§’aa) <c.

Me(V'!) Me(V?)
Then
Ior—pall < € X Iy -0+ W ). cato
i=5,6
On the other hand,
Ms(V') —Ms(V?) = 0(8)d,, (W' —W?) +0(8%) (W4 — W3) (A.11)
and

Mo(V') = Ms(V?)
=0(8)0;, (W' = W) +0(1)3,, (W] —Wp) (A.12)
+O(1) (W3 —W3) +0(8) (W5 —W5) (z2),
here the notation O(x) means that there exists a generic constant C > 0 such that

lo(x) {4 < cx.
Thus, substituting (A.11) and (A.12) into (A.10) yields (A.4), and the proof of
Lemma A.2 is completed. O

Lemma A.3. It also holds that
v @)
+ 4+ +\2 "2
r—1 Cz(Ao Py )— (UO )
1
— X
Py (2(Ag.py) — (Ug)?) (A.13)

HPi—PJ‘F

( 0., Wi N (1-3)w ) T
(ro+21)%(95,00 )>  (ro+21)3(9, 9 )%/ "¢
<Cé8?%.
Proof. It follows from the estimate (A.4) that
loi—pg I &

(A.14)
<c(||vwl||1a W )<06
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By (2.25), one has

1
_ 1 B 9, Wi (1-F)W; (A.15)
2ro+21)20,00 )2 (ro+21)2(0,07 )}  (ro+21)3(9, ¢ )?
+ (0(1) VW] + 0(1)Wi + O(1)(Wi)')*.

Similarly, the estimates (A.3) and (A.14) imply

(807 — ST ile)p!™) — (B(pg )~ 15 (6))

(i (@2~ agpi ) +0(8) ) (o i)~ L
+ (0(1)VYW] +O0(1)Wi + 0(1)Wi + 0(1)(Wi))*.

Combining this with (A.15) yields (A.13) and thus the proof of Lemma A.3 is
completed. O

Bp? — %A (22) (p)*"!

Appendix B. A property of Fourier series
In this Appendix, we will give an elementary property for the Fourier series of

periodic functions with C1:% regularity.
It is well known that if f(x) € L?[—r,x], then

= Z aycos(kx) + bysin(kx)) in  L*[—m, 7] (B.1)

ap = %/” f(s)ds

f/ f(s)cos(ks)d k=1,2,--- (B.2)

with

by f( )sin(ks)ds, k=1,2,---.

Let {S,(x; f)} be the n—th partlal sum of the Fourier series of f(x) are defined
as

Su(x; f) =ao+ i (ak cos(kx) + by sin(kx))
k=1 (B.3)

1 7 sin((n+1/2)t) R
:E/_ Wf(x—t)dz, n=0,12-,

where f(x) is the 27 periodic extension of f(x).
For 0 < a < 1, and g(x) € C*[—m,n] with g(—x) = g(x), {S,(x;g)} has the
following property:
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Proposition B.1. For any o’ € (0, @),
Tim [15,(6:) ~ 8(3) | car gz = O- (B.4)
Proof. Since S, (x; 1) = 1, so (B.3) yields

1 T sin((n+1/2))
_ﬁ/,,, sin(7/2)

where g(x) is the 27 periodic extension of g(x).
The proof on (B.4) is divided into two parts as follows.
Part 1. The estimate on ||S,(x;g) — g(x)|| =
Forany 4 € (0,1),

Sn(x;8) —8(x) (8(x—1) — &(x))dr, (B.5)

1 1 . .
o R LI

(2/2)]
1 sin((n—l—l/Z)t) R . (B.6)
=/ e i) B0 g
=L+
Due to % < |sinx| for |x| < 1, then
2
h<llglee [ 1% de < = lgllcan”. (B.7)
lr|<2 o
Next we deal with I,.
Since g(x) € C*(R), there exists a function g(x) € C'**(R) such that
1Z(x) — &(x)llcw <22,
Thus
1 sin((n+1/2)t) , _ 3 212
< i S S _)—
b= ./;Lgmgn sn(r2)  BF =) =gt + o
(B.8)
2
~ 2 T sin(1/2)
Integration by parts in I gives
1 1
R S PN R R .
I < 7 8= 2) = 80|+ g R+ ) =20
1 B - 1 . .
+mfg(3€—”)—g(x)|+m|g(x+”)—g(x)|
T 1 )
—_— —— |8 (x—1)|dt
172 hen T € 00 B9)

1 1
n+1/2 5 |18 —1)—§& dt
+ n+1/2 Ja<y<x |sin(z/2)]? ‘g(x ) g(x)‘

< (2 gl
=nr12\a " a2z ) 8ler
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So for fixed A € (0,1), one has
Iy —0 as n— oo, (B.10)

Combining (B.6)-(B.10) yields
1Sn(x;8) —g(x)||z= — O as n— oo, (B.11)

Part 2. The estimate on [S,(x;g) — g(x)] o
It follows from (B.5) that

(Su(x:8) — 8(x)) — (Su(y:8) —g())

% sin((n B.12
:zln/_nss(inz;/lz/)z)t)((g(x—t)—g(X))—(é(y—t)—g(y)))df- 12

It can be verified directly that

[(8(x—1) = 8(x) = (§br—1) = 4()]

o el (B.13)
<2gllce e —y* [ “.
For any A € (0,1), one has
| (Sulxs8) —g(x) = (Su(r:8) —g(v))]
1 1
<— ——(gx—t)—gx)) — (g(y—1t)—¢& dt
_27'5/\1|§)L|Sln(l‘/2)||(g( )—8() — (=1 —20)|
1 sin((n+1/2)r)
— ———— L (gx—1)—8(x)) — (8(y—1t)—&(y))dt
> /mt‘g (i /2) (8= =8() = (0= —8M)dr| 5 14
212 «
i)
— 22’2 [04
:13+I4+m|x—y| .
Similar to the proof in (B.7), (B.13) yields
L < a_a,llchM“’“ e —y|*. (B.15)
Following the arguments in (B.9) shows that
1 8 lom
<———( 2+ =5 )18l cralx—y|*. .
I4n+1/2(/1+ e >||g|c1. x| (B.16)
It follows from (B.14)-(B.16) that
[Su(x:8) — ()] — 0 as n— oo, (B.17)

Thus, (B.4) follows from (B.11) and (B.17), and so the proof of Proposition
B.1is completed. O
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Remark B.1. If # € C1%[0, ] with 2(0) = h(x) = 0, let

Bx) = h(x), 0<x<m, B.I8
W= —h(=x), —-m<x<0, 19

then the function A(x) € C!"*[—x, 7] and its 27 —periodic extension f:z(x) belongs
to C1*(R). By Proposition B.1, for any &’ € (0, &), it holds that

1S, (x; ) — l_a(x)HCm/[_n_’n] + 1S (x: ) — h(x) || 1.0 o~ 0 as n— oo.

_ Moreover, it also follows from (B.1)-(B.2) and the odd symmetric property of
h(x) in (B.18) that for x € [—7, 7],

_ L _ 2 [T
Sp(x;h) =Y hysin(nx)  with h, = - / h(s)sin(ks)ds.
k=1 0
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