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Abstract

This paper concerns the well-posedness theory of the motion of physical vacuum
for the compressible Euler equations with or without self-gravitation. First, a general
uniqueness theorem of classical solutions is proved for the three dimensional general
motion. Second, for the spherically symmetric motions, without imposing the com-
patibility condition of the first derivative being zero at the center of symmetry, a new
local-in-time existence theory is established in a functional space involving less deriva-
tives than those constructed for three-dimensional motions in [8, 5, 16] by constructing
suitable weights and cutoff functions featuring the behavior of solutions near both the
center of the symmetry and the moving vacuum boundary.
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1 Introduction

Due to its great physical importance and mathematical challenges, the motion of physical
vacuum in compressible fluids has received much attention recently (cf. [32, 41, 26, 27, 28]),
and significant progress has been made in particularly on the Euler equations (cf. [5, 7, 8, 15,
16, 14]). Physical vacuum problems arise in many physical situations naturally, for example,
in the study of the evolution and structure of gaseous stars (cf. [3, 9]) for which vacuum
boundaries are natural boundaries. This paper is concerned with the evolving boundary of
stars (the interface of fluids and vacuum states) in a compressible self-gravitating gas flow,
which is modeled by

Op + div(pu) =0 in Q(t),

Oi(pu) + div(pu ® u) + Vip(p) = —kpVx¥ in Q(1),

p>0 in Q(t),

p=0 on I(t) := 90(t), (11)
V(I(t) = u-n,

(p,u) = (po, uo) on 2 :=Q(0).

Here (x,t) € R? x [0,00), p, u, p and ¥ denote, respectively, the space and time variable,
density, velocity, pressure and gravitational potential given by

U(x,t) = —G/ Py, 1) dy satisfying AV =47Gp in Q(t) (1.2)
Q) x —y|

with the gravitational constant G taken to be unity; Q(¢) C R, T'(¢), V(I'(¢)) and n represent,
respectively, the changing volume occupied by a fluid at time ¢, moving interface of fluids
and vacuum states, normal velocity of I'(f) and exterior unit normal vector to I'(t); k = 1
or 0 corresponds to the Euler equations with or without self-gravitation. We consider a
polytropic star: the equation of state is then given by

p(p) = Ap” for v>1 (1.3)

with the adiabatic constant A > 0 set to be unity. Let ¢ = 1/p/(p) be the sound speed, the
following condition:

—00 < Va(c?) <0 on I'(t), (1.4)



defines a physical boundary (cf. [5, 8, 16, 26, 27, 28]). Equations (1.1), , describe the balance
laws of mass and momentum, respectively; conditions (1.1); , state that I'(t) is the interface
to be investigated; (1.1); indicates that the interface moves with the normal component of
the fluid velocity; and (1.1)4 is the initial conditions for the density, velocity and domain.

The physical vacuum appears in the stationary solutions of system (1.1) naturally. Since
for a stationary solution, one has

vxp(p) = _PVX\IJ»
which yields that in many physical situations,

Vn(c?) = —@VNW € (—00,0)

on the interface, where N is the exterior unit normal to the interface pointing from fluids to
vacuum. The physical vacuum makes the study of free boundary problems of compressible
fluids challenging and very interesting, because standard methods of symmetric hyperbolic
systems (cf. [18]) do not apply directly. Recently, important progress has been made in the
local-in-time well-posedness theory for the one- and three-dimensional compressible Euler
equations (cf. [15, 7, 5, 8, 16]). But for the three-dimensional compressible Euler-Poisson
equations, the gravitational potential ¥ defined by (1.2) is non-local and depends on the
unknown domain €(¢). This will cause certain difficulties in the analysis. Moreover, the
self-gravitation leads to very rich and interesting physical phenomena for compressible fluids
with vacuum (cf. [35, 17, 30, 31, 22, 3]).

First, we address the uniqueness of classical solutions for the above free boundary prob-
lem. The uniqueness problem of free boundary problems for the equations of compressible
fluids is subtle. This is particularly so in the presence of vacuum states. For the physical
vacuum free boundary problem of the 3-dimensional compressible Euler equations, a unique-
ness theorem is proved in [8] in functional spaces which are smoother of one more degree
than the spaces in which the existence theorems are established. This functional space in [7]
involves the weighted Sobolev norms of solutions. In the present paper, we prove a general
uniqueness theorem of classical solutions for 1 < v < 2 (the most physically relevant regime)
only requiring the derivatives appearing in the equations are continuous (indeed, we can only
require that the solutions are in W1°° in the whole domain and C! in a neighborhood of the
boundary). The strategy is to extend the solutions of (1.1) to those of Cauchy problems, for
which the physical vacuum (1.4) is crucial. Due to vacuum, the uniqueness of the extended
solutions to the Cauchy problem is nontrivial because the standard symmetrization method
of hyperbolic system does not apply in the presence of physical vacuum. We use the relative
entropy argument (cf. [10]) and potential estimates (cf. [1]). The advantage of the rela-
tive entropy argument is making the full use of the nonlinear structure of the equations and
requiring less regularity as realized by R. DiPerna (cf. [12]). The proof of the uniqueness the-
orem is valid for both the compressible Euler-Poisson equations and the compressible Euler
equations without self-gravitation. The above approach works for the case when 1 <~ < 2.
For the general case of v > 1, we study the vacuum dynamics of free boundary problems of
the compressible Euler equations without self-gravitation for spherically symmetric motions,
and prove the uniqueness theorem in the class of C' N W ({x € R? : 0 < |x| < R(t)})
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without requiring that the solutions are differentiable at the center of symmetry. Here the
ball Bp is the moving domain. It should be noted that we do not require the vacuum
boundary being physical in this case.

We now turn to the existence problem. For a gaseous star, it is important to consid-
er spherically symmetric motions since the stable equilibrium configurations are spherically
symmetric which minimize the energy among all possible configurations (cf. [22]). As afore-
mentioned, there have been some existence theories available for the free boundary problems
of the three-dimensional compressible Euler equations with physical vacuum (cf. [8, 16]).
However, for spherically symmetric motions, if the compatibility condition of the first deriva-
tives of solutions being zero at the center of the symmetry is not imposed for the initial data,
the initial data are C! only in the region excluding the origin as 3-spatial dimensional func-
tions, but may not be differentiable at the origin. In this case, the general existence theories
in the three spatial-dimensions in [8, 16] do not apply. Moreover, without imposing this com-
patibility condition at the center of symmetry, the coordinate singularity is very strong and
the equation becomes very degenerate near the center of the symmetry. Indeed, the initial
density, po, appears as the coefficients in equation (3.8) in the Lagrangian coordinates. This
gives tremendous difficulties when we use the elliptic estimates to estimate the derivatives in
the direction normal to the boundary. In those estimates, whether the first-order derivatives
of the initial density is zero at the origin or not makes a distinct difference since we differen-
tiate the system in the direction normal to the boundary in the elliptic estimates. We will
choose deliberately a cut-off function whose effective width depending on the initial density
to capture more singular behavior of the solutions near the origin for the case of the non-zero
first derivatives of the initial density. The spherically symmetric solution we construct in
this paper without imposing the above mentioned compatibility condition at origin is C!
smooth only in the region excluding the origin, but W1 in the region including the origin
as the functions of 3-spatial dimensional functions. Therefore, the solution constructed in
this paper is different from those in [16, 8] and exhibits some specially interesting features.
For instance, in the currently available well-posedness theory for the free boundary problem-
s of the three-dimensional compressible Euler equations with physical vacuum, it requires
by [16] or [8] a weighted norm involving Va/ """ u|,_ or 8] TC0"VIG u|,_y to be
finite. However, for the three-dimensional spherically symmetric motion without imposing
the compatibility condition of the first order derivatives of solutions being zero at the center
of the symmetry, we find in the present work a new well-posedness theory with the initial
data less regular than those required in [16, §].

As mentioned above, one of interesting features and challenges in the exploration of spher-
ically symmetric motions is to deal with the difficulty caused by the coordinates singularity
at the origin (the center of the symmetry), besides the one caused by physical vacuum on
the boundary. This is particularly so without imposing the compatibility condition of the
first order derivatives of the solution being zero at the center of symmetry. Indeed, in the
well-posedness theory for spherically symmetric motions of viscous gaseous stars modeled
by the compressible Navier-Stokes-Poisson equations with vacuum boundary was shown in
[14], a higher-order energy functional was constructed which consists of two parts, called the
Eulerian energy near the origin expressed in Eulerian coordinates and the Lagrangian energy
described in Lagrangian coordinates away from the origin. This indicates the subtlety of the
behavior of solutions near the origin and vacuum boundary. In this paper, we find a uniform
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way to construct a higher-order energy functional only in Lagrangian coordinates by choos-
ing suitable weights and cutoff functions which work for both the origin and the physical
vacuum boundary of which the construction is elaborative. It is noted such a strategy works
also for the compressible Navier-Stokes-Poisson equations .

It should be noted here that the detailed proofs of the existence theorems in [16, 8] are
given for a initial flat domain of the form T?x (0, 1), where T? is a two-dimensional period box
in z; and z. Initially, the reference vacuum boundary is the top boundary I'(0) = {z5 = 1}
while the bottom boundary {z3 = 0} is fixed. The moving vacuum boundary is given by
I'(t) = n(t)(I'(0)) with the flow map n(¢). In principle, it would be feasible to extend flat
domains to general non-flat ones, for example, utilizing local coordinate charts and changes
of coordinates to straighten out the boundary for each chart. However, it seems quite
complicated and technically involved. In this article, we give a direct proof for non-flat
initial domains (balls) of the existence theorem for the free boundary problem with physical
vacuum. It should be noted that the general approach we use here is motivated by [16], in
particular on the choice of the weights near the vacuum boundary.

Before closing this introduction, we would like to review some prior results on the free
boundary problems besides the ones aforementioned. There has been a recent explosion of
interests in the analysis of inviscid flows, one may refer to [13, 27, 28, 25, 23, 29, 32| for
compressible motions and to [2, 6, 21, 24, 36, 42] for incompressible motions. Among these
works, it should be mentioned that in [27] a smooth existence theory (for the sound speed
¢, ¢ is smooth across the interface with 0 < o < 1) was developed for the one-dimensional
Euler equations with damping, based on the adaptation of the theory of symmetric hyper-
bolic systems which is not applicable to physical vacuum boundary problems for which only
%, the square of sound speed in stead of ¢® ( 0 < a < 1) , is required to be smooth across
the interface); in [13] the well-posedness of the physical vacuum free boundary problem is
investigated for the one-dimensional Euler-Poisson equations, using the methods motivated
by those in [7] for the one-dimensional Euler equations; existence and uniqueness for the
three-dimensional compressible Euler equations modeling a liquid rather than a gas were
established in [25] by using Lagrangian variables combined with Nash-Moser iteration to
construct solutions. For a compressible liquid, the density is assumed to be a strictly posi-
tive constant on the moving boundary. As such, the compressible liquid provides a uniformly
hyperbolic, but characteristic, system. An alternative proof for the existence of a compress-
ible liquid was given in [37], employing a solution strategy based on symmetric hyperbolic
systems combined with Nash- Moser iteration. As for viscous flows, there have been many
results on the free-boundary Navier-Stokes equations which cause quite different difficulties
in analyses from that for inviscid flows, so we do not discuss the works in that regime here.

The rest of this paper is organized as follows. In the next section, we present and prove
the uniqueness of classical solutions to the three-dimensional physical vacuum problem (1.1)
when 1 < v < 2. The rest is devoted to the study of spherically symmetric motions. In
Section 3, we formulate the three-dimensional spherically symmetric problem and state the
main existence result. Sections 4-8 are devoted to the case of v = 2. In Section 4, we
describe a degenerate parabolic approximation to the original degenerate hyperbolic system.
The uniform estimates for the higher-order energy functional are given in Sections 5-7: some
preliminaries are presented in Section 5, the energy estimates in the tangential directions are
given in Section 6, and the elliptic estimates in the normal direction for interior and boundary



regions are presented respectively in Section 7. With those estimates, the existence can be
shown in Section 8. In sections 9 and 10, we will outline, but with enough details, the
existence theory for the cases of 1 < v < 2 and v > 2, respectively. Section 11 is devoted to
the uniqueness theorem of classical solutions for the vacuum free-boundary problem of the
compressible Euler equations without the self-gravitation in the spherical symmetry setting
for all the values of v > 1, without assuming that the vacuum boundary is physical in the
sense of (1.4).

2 Uniqueness for three-dimensional Euler-Poisson e-
quations with physical vacuum when 1 < v < 2.

For the three-dimensional free-boundary problem (1.1) with a physical vacuum, we prove the
following quite general uniqueness theorem for 1 < v < 2 in a natural functional space. It
should be remarked that the uniqueness theorems proved in [7, 8] are in the functional spaces
which are one more derivative smoother than the spaces in which the existence theorems are
established. Before stating the uniqueness theorem, we give a definition of classical solutions
to problem (1.1).

Definition 2.1 A triple (p,u,$(t)) is called a classical solution to the physical vacuum free
boundary problem (1.1) on [0, T] for T > 0 if the following conditions hold:
1) Q(t) = Up,QF(t) € R? is an open bounded set and 9Q(0) € C?, where QF(t) (k =

1,--+,m) are the connected component of Q(t) satisfying

Q) N Q)=0, 1<j#k<m, tel0,T]; (2.1)
2) (p,u) € CH(D) satisfies system (1.1) and the physical vacuum condition:
—00 <V, (p77') <0 on I'(t) =00(t), (2.2)
where n is the spatial unit outer norm to I'(t) and
D={(x,t): xeQt), te[0,T]}, D=DuUaD.

Due to the regularities of the solution u € C*(D) and 9Q(0) € C? in the definition above,
we can see easily that

U ry= |J oa@) = oD e c*. (2.3)

0<t<T 0<t<T

Indeed, the interface I'(¢) is moving with the fluids given by V(I'(¢)) = u-n on 9€(t), where
V(I'(t)) is the normal velocity of I'(¢); which is equivalent to saying that D is foliated by
the integral curves of the vector fields 9; + u - V,.

The uniqueness theorem is as follows:



Theorem 2.2 (uniqueness for the 3-d problem) Suppose 1 < v < 2. Let (p1,u1,$21(t)) and
(p2, 12, Qa(t)) be two classical solutions to problem (1.1) on [0,T] for T > 0 in the sense of
Definition 2.1, then for t € [0,T],

Ql<t) = QQ(t) and (,01, ul)(x,t) = (pg, UQ)(X, t), X € Ql(t) = Qg(t), (24)
provided that (2.4) holds for t = 0.

Remark 2.3 [t follows easily from the proof that the uniqueness result stated in Theorem
2.2 holds true for the solutions to (1.1) as stated in definition 2.1 but with the regularity
condition (p,u) € C*(D) replaced by a less reqular one:

(p,u) € WH*(D) and (p,u) € C*(Ds UdD;), (2.5)
where Ds C D is a neighborhood of oD.

Proof of Theorem 2.2. The proof is divided into two steps. In step 1, we extend
the solutions of (1.1) to those of Cauchy problems. After that, we use the relative entropy
argument and potential estimates to prove the uniqueness .

Step 1 (extension). Suppose that the triple (p, u, Q(t)) is a classical solution to problem
(1.1) on [0, 7] in the sense of Definition 2.1. We will first extend the solution (p, u) from the
domains Q(t) to the whole domain R? for ¢ € [0, 7] such that the extended functions (p, )
satisfy

(p,0)(x,t) € WH(R* x [0,T7), (2.6)

and solve the Euler-Poisson equations.
Step 1.1. The extension of p is clearly given by

p(x,t) = p(x,t) in D and p(x,t)=0 in R®>x[0,7]\ D. (2.7)

The extension of the vector field u is more complicated. In what follows, we extend it from
Q(t) to a neighborhood of €2(¢), and then to the rest region.
It follows from the condition (2.1) that there exists a small positive constant e such that

QN =0, 1<j#k<m, tel0,T),
where
D)=Vt U{x+sn(x,t): X€dV(t), 0<s<e}, 1<ji<m.
Moreover, € > 0 is chosen so small that the exponential map:
OV () x [0,e] = R*: (X,8) — %X+ sn(X,t) (2.8)

is injective for 1 < j < m (that is, € is less than the injectivity radius of 9 (t)). It should
be noted that the number € > 0 can be chosen uniformly for ¢ € [0, 7], because 9D € C?
(see (2.3) for details). Indeed, denote the second fundamental form of 9€(t) by 0(x,t), then
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10(x,1)]| c@p) = K for some positive constant K7 which may depends on 7. Therefore, the
injectivity radius of 0€2(t) has a positive lower bound for ¢ € [0, 7] (cf. [4]).

Let n € C*(]0, €]) be a cut-off function satisfying
2e

, n(s)=0 for —<s<e

0<n<1, n(s)=1 for 0<s< 3

Oolm

For any x € Q4(t) \ /(t), define the extension of u as

u(x,t) =u(x+ sn(x,t),t) =n(s) [u(x, z) + sVxu(x,t) - n(x, t))] (2.9)

So, we have extended the vector field u from Q(t) to UTL,Q(t) =: Q(t), a neighborhood of
Q(t). For the rest region, we simply define

u(x,t) =u(x,t) in D, U(x,t)=0 for x € R*\ Q.(t) and t € [0,T]. (2.10)

Step 1.2. Next, we verify that the extended functions (p, u)(x,t) defined on R? x [0, T
satisfy (2.6). The key is the differentiability across the boundary 0D := Uy<;<70€2(t).
Before doing so, some notations are needed. For any point (x,t) € 9D, let (79,71, 72) be

a basis of the space-time tangent space of oD at (x,t) and N = n(x,¢) be the spatial unit
outer normal to 9(f) at X. Then (79,71, 72, N) forms a basis of R*. So V. (j = 0,1,2)
and Vy determine all the derivatives 9, and Vy at the point (X,t). For ¢ € [0 T, denote

the interior and exterior sides of 9D (or 09)(t)) by oD— (or 092(t)—) and 0D+ (or 0Q(t)+),
respectively.
For p, it follows from

FeCYD) and 5=0 on R®x [0,7]\ D

that V,,p = 0 on both OD— and 0D+ for i = 0,1,2; which implies that the tangential
derivatives of p is continuous across dD. For the spatial normal derivative, it follows from
the physical vacuum condition:

—00 < Vn(p"™') <0 on 9Q(t)—
that
Vn(p) =0 if 1<y<2 and —oo<Vn(p) <0 if y=2 on 00Q(t)—

because of p = 0 on 9D and the fact
1
Vn(p) = ﬁ/ﬂ?’HVN(ﬁ%l)

As on 57?—1—, it is easy to see that both the tangential and normal derivatives of p are zero
due to p=0in R? x [0,7] \ D. Thus, we have the following regularity of p:

{ﬁeCl (B x [0, T) W' (R® x [0,T]), i 1<y<2, (2.11)

pec (D)nCt <]R3 X [0,T]\D> AWLe (R® x [0,T]),  if =2
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For 1, it follows from u € C*(D) and (2.9) that u is continuous across the interface oD

which implies that the tangential derivatives of u are continuous across 5?); and that Vyu
is continuous across 0D. Therefore, it holds that

uc CHR? x [0,T)) N WH(R? x [0, T)). (2.12)

Step 1.3 We now verify that (p,u)(x,t) solves the isentropic Euler-Poisson equations
point-wisely. Note that

5 t) e O <Q(t)> NCR?) and =0 in R*\Q@), tel0,T],
then we have, by the potential theory (cf. [1]), that for each ¢ € [0,7],

o _ ﬁ(yvt) _ ﬁ(y7t) 1/m3 1,00 (T3
D, t) = /g@ il /R Py € CU(RY) W (R, (2.13)

In view of (2.11), (2.12) and (2.13), we see that the extended functions (p,u) solves the
Euler-Poisson equations in R? x [0, 7]\ D, since p = 0 in this region. As in D, by Definition
2.1, (p,u) of course solves the Euler-Poisson equations.

The remaining task is to verify this on dD. Since the vector field 0y +u - Vy is tangential
to 0D and p = 0 on 0D, then

(0, +1-V)p=0 on 0D+ and 9D —.

It follows from (2.12) and p =0 on 9D that

pdivu =0 on D+ and 9D — .
Therefore, the equation of conservation of mass is verified. Similarly, we have

PO, +T-V)u=0 on 0D. (2.14)
Moreover, for any tangent vector 7 to 513, we have

V.P(3)=0 on 0D, (2.15)
because of p =0 on dD. For any spatial normal N to 9€Q(t), it holds that

VnP(p) = Vn(") = %WN@H)

and N N
—00 < Vn(p"™) <0 on dD—, p=0 on ID.

Thus, we have .
VnP(p)=0 on 0D —.

This, together with (2.15), verifies that

ViP(p)=0 on 9D —. (2.16)



Since
p=0 in R*x[0,T]\ D,
then .
VNP(p) =0 on 0D+,

which together with (2.15) implies that
VP(p) =0 on dD + . (2.17)

Therefore, it follows from (2.14), (2.16) and (2.17) that the left-hand side of the equation of
the balance law of the momentum is zero on dD. On the other hand, in view of (2.13) and
the fact that p = 0 on 8/\13, the right-hand side is also zero on oD.

Step 2 (uniqueness). Now, let (p1,u, Q;(f)) and (p2, ug, 22(t)) be two classical solutions
of problem (1.1) on [0,7] for T' > 0 in the sense of Definition 2.1. We extend those solutions
as above by replacing (p,u,2(t)) by (pi,u;,(t)) (i = 1,2), and denote these extended
functions still by (p;, w;) (i = 1,2). It is easy to see that, for i = 1,2,

Opi + div(pyu;) = 0 in R* x (0,7,
8t(piui) + dlv(pzul &® ui) + pr(pi) = —Iipivx\I/i in Rg X (O,T], (2 18)
pi=0 in R*\ Q;(2),
where
[ 7t
U,(x,t) = —/ pily )dy, x € R? te0,T), (2.19)
R3 X — Y]

k=0or 1, and (2.6), (2.11), (2.12), (2.13) hold for (p,u, (), V)= (pi, w;, (1), 1), i = 1, 2.
In what follows, we define the relative entropy-entropy flux pairs and derive some potential
estimates.

Step 2.1. For i =1, 2, set

u; = (ug,u?,u?)T, m; = (m,},m?,m?)T and U; = (Uf,U;,Uf,Uf’)T,

where 4 , , ,
m] = pul, U =pi, Ul =m], j=1,23.

I 7

Here and thereafter (-)* denotes the transpose. Equations (2.18), , can be written as

3
0U; + > 0 F;(U;) =R,, i=1.2, (2:20)

j=1

where R; = k(0, —p;(Vx¥;)T)T and the flux functions F; = (F?, F}, F2, F?)" are given by

J2307307)

mim} mim?2 mim3\"

Fl(Uz): <m217 #_Fp(pz% : Z7 : l) )
Pi Pi Pi
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1,2 2 92
m;m; m:m m2m;
FQ(UZ) — <m22’ 7% ’ 7% )
Pi Pi
mim? mimd mim}
F3(UZ> = <m§7 ) ) )
Pi Pi
Denote the entropy n and entropy flux function q = (¢*, ¢ ¢*)T b

|mz‘|2

2pi -1

|m,

n(U;) = Lﬂ) W12 (221

p! and q(U ( ;
(U) = 2p; -1 pi

(For x € R*\ Q;(t) and ¢ € [0,T] where p; = 0, we set (m;/p;) (x,t) = w(x,t), i = 1,2.)
Then, we have

where

on(Us) 9n(Us) 9n(Us) 9n(Us)
DWM:( ouy " oul ’ our  ouP )’

. 0¢'(Uy) 9¢'(Uy) 9¢/(U,) 9¢’(U,)
Dq](Ui):( aud ' oul  ouZ  ouP )’

and DF;(U;) represents the Jacobian matrix whose (k,[) element is dFF(U;)/9U}. Easily,
one can derive the equation for the entropy n when U; € Whee:

3
0m(U) + > 0, (Us) + kmy - Vol = 0, i = 1,2, (2.22)

j=1
We can therefore define the relative entropy-entropy flux pairs by

7" (U1, Uy) = n(Uy) — n(U;) — Dn(U;)(Uy — Uy),
¢7(Uy,Us) = ¢/(Uz) — ¢/(Uy) — Dp(Uy)(F;(Uy) — F;(Uy)), j=1,2,3

where 7 and q are defined by (2.21). It follows from (2.18), (2.20) and (2.22) that
3
on* + Z Ox; 4"
[DU(U2) Dp(U1)] Ry — D*p(Us) (Ry, Uy — Uy)
3
— ) D*y(Uy) (05, Ur, F;(Uy) — F;(Uy) — DF;(U;) (U, — Uy)) (2.23)
7j=1
:/<a,02(u1 - U.Q) : vx(\ljg - @1)

- Z D?*n(Uy) (0x, Uy, Fj(Uy) — F;(Uy) — DF;(Uy) (U, — Uy))
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where

lmy |2/ (p1)? +4(p1) % —my/(pr)? —mi/(p1)? —mi/(p1)?

2 _ —mi/(p1)? 1/p1 0 0
DUy = () 0 p 0
_ml/(p1> 0 0 1/;m

Step 2.2. Next, we will estimate the terms on the right-hand side of (2.23). Note that

M= [03 = o1 =701 (o2 = po)] + ol — wf? (2.24)

and

> D*n(Uy) (0, U1, F5(U,) = F(Uy) — DF;(Uy)(U, — Uy))

J=1

=[p(p2) — p(p1) = ' (p1)(p2 — p1)] > O] + Z pa(uly — ) (uh — ) (Do, + O 1))

.|Mw

Then, we have

> D*p(Uy) (0x, U1, F;(U,) — F;(Uy) — DF;(Uy)(U; — Uy))

J=1

< C[Vwi ()| oo 17,

for some constant C' > 0. Therefore, we can integrate (2.23) to get

t
/ n*(x,t)dx S/ n*(x,0)dx + li/ / p2(uy —ug) - Vi (Vg — Wy )dxdr
RS R3 R3

+ C sup ||Vxuy(- HLOO/ / (x, 7)dxdT.
R3

0<r<t

(2.25)

To bound the second term on the right-hand side of (2.25), we need a lemma presented
in [1]: suppose h € L=(R3) is a function having a compact support, then

by e
HVX dy <C ( |h(x)|4/3dx) (/ |h(x)|dx) < 00,
L2(R3) R3 R3

B (X =Yl
where C'is a universal constant. By applying this fact and noting (2.19), we obtain

|V (Wy — ) (x, 7)[* dx
R3

2/3
<C (/ o2 — pu|3(x, T)dX) (/ [p2 — pal(x, T)dX> (2.26)
R3 R3
2/3
<c ( [ ol r)dx) ( [ o2 miltx T)dx)
S(7) S(r)

12



for any 7 € [0, T, where
S(T) = {X : ‘pl —P2|(X77—> > O}? T E [OJT]

By virtue of Holder’s inequality, one gets

2/3
/ |p2 — p1]4/3(x, T)dx < (/ |p2 — pl\z(x, T)dx) (VOIS(T))1/3
S(T) S(7)

and

2/3 1/3
(/ |p2—p1|<x,7>dx) s(/ |p2—p1|2<xm>dx) (Vols(r)) .
S(1) S(1)

We thus achieve, using (2.26), that

9 V(W — Uy (x,7)|2dx < C (/S 1p2 — 1|2 (x, T)dx) (VolS (7).

()
Note from (2.24) that for 1 <y <2,

% - 1
0" (6, 7) ZC) (o2l 1)l e + [l (1) )™ (02 = p2)* + S ol — i > 0.

Then, it yields that
Vi (Wy — W) (x, 7)|° dx
R3
<C (loale ) e+l =) (VOIS [ )

Using this and the Cauchy inequality, we have

/ ,02(111 — UQ) . vx(\lfg — ‘Ifl)dX
R3

S/ pa lug — w|” dx + / p2 | Vx(V2 — Wy)(x, 7)’2 dx
R3 R3
<C(1+ Z(7) / 0 (x, 7)dx,

]R3

where
2— 2/3
Z(r) = llpa () [ (o2 ) 1aoe + [lpa (-, 7)1 )7 (VOIS (7))
Now, it follows from (2.25) and (2.28) that for t € [0, 77,

t
/ 0 (x, t)dx <C' sup <||vxu1(-,7)||Loo+Z(T))/ / 0 (x, 7)dxdr,
R3 0 R3

0<r<T

when

21(0) = Q2(0) and (p1,w)(z,0) = (p2,u2)(x,0).

13
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So, one concludes from (2.6), (2.27) and Grownwall’s inequality that

[ reetax =0, xt e x0.7)
]R3
and

P 1) = (1), (x,1) € R® x [0, 7).

In particular,
Sptpi(-,t) = Sptpa(-,t), t€[0,T],

where
Sptpi( 1) = {x € R®: pi(x,t) > 0}.

This implies that
(t) = Qo(t), t€[0,T].

In view of (2.27) and (2.18), ,, we then see that
u(x,1) = up(x,t), (x,t) € Q(t) x[0,7].

This finishes the proof of Theorem 2.2.

3 Formulation and main existence results for spheri-
cally symmetric motions

Starting from this section, we will focus on spherically symmetric motions. For a three-
dimensional spherically symmetric motion, that is,

p(x,t) = p(r,t), u(x,t) =u(r,t)x/r, where u€ R and r = x|, (3.1)
system (1.1) can be written as follows: for 0 <t < T,

0u(r?p) + 0,(r*pu) = 0 in (0, R(t)),

p(Oyu + ud,u) + Opp + dmpr? /07" p(s,t)s’ds =0 in (0, R(t)),

p>0 in [0, R(?)) (3.2)
p(R(t),t) =0, u(0,t) =0,
R(t) = u(R(t),t) with R(0) =1,
(p,u) = (po, uo) on [ :=(0,1).
Here (3.2), , state that r = R(t) is the free boundary and the center of the symmetry does
not move; (3.2). describes that the free boundary issues from r» = 1 and moves with the fluid

velocity; the initial conditions are prescribed in (3.2),. The initial domain is taken to be a
unit ball {0 <r < 1}. And the initial density of interest is supposed to satisfy

po(r) >0 for 0 <r <1 and py(1) =0; (3.3)

14



and the physical vacuum condition:
—00< 0 (p7') <0 at r=1. (3.4)

To fix the boundary, we transform system (3.2) into Lagrangian variables. Without
abusing notations and for convenience, we use z (0 < x < 1) as the initial reference variable,
and define the Lagrangian variable r(z,t) by

Or(z,t) = u(r(z,t),t) for t >0 and r(z,0) = z. (3.5)
Thus (3.2), implies that

r(z,t) T
/ p(s,t)s*ds = / po(y)y*dy.
0 0

Define the Lagrangian density and velocity by
Flat) = pl(r(z,),t) and vz, 1) = u(r(z, ),).

Then the Lagrangian version of system (3.2) can be written on the reference domain I as

O(r*f) + 12 f(9,v)/(8ur) = 0 in Ix(0,7],
fow + 0,(f7)/(0,r) + 47Tf7“_2/ po(y)y*dy =0 in I x (0,T] (3.6)
0 .
f(1,t) =0, v(0,t)=0 on (0,7,
(f,v) = (po, uo) on I x {t=0}.
It follows from solving (3.6), that
2\2  po(z)
0= ()
f(t) r/ Oyr(x,t)
So that system (3.6) can be rewritten as
2 2 Y 2 T
00 (f) oy + 0, [(x_z . ) 1 —|—47Tp0x—4/ poy*dy =0 in I x (0,T),
r r2 O,r rt Jo 3.7)
v(0,t) =0 on {x =0} x (0,77, (3.
v(x,0) = up(z) on I x {t=0},
where the initial density po satisfying (3.3) and (3.4) has been viewed as a parameter.
With the notations
o(z) = p 'z and ¢(z) := 47TZE_3/ poy>dy,
0
and the fact 7, pp > 0 in I x (0,77, equation (3.7), can be rewritten as
2-2/ 1 \" 2 2-1 7/ 1 \7! 2
wowra o () (1) |22 ()7 (55) e ()
r Oy T \r Oy r
) (3.8)

e (2) (0) () <o w10



As v = 2, equation (3.8) becomes relatively simple. However, it should be noted that the
essential parts for 7 = 2 and v # 2 are the same (see equations (7.4) and (9.6) later), so
that the analysis for v = 2 is applicable for general 7. Therefore, we first present the main
results for v = 2 in the rest of this section, following the proof of the results we will then
discuss the case for general v in Sections 9 and 10.

For v = 2, we will consider a higher-order energy functional. To this end, we choose a
cut-off function ( satisfying

(=1 on [0,0], (=0 on [2§,1], |¢'| <so/0,

for some constant sg, where § = §(pg) is a small positive constant depending only on the
initial density pg to be determined in Section 7.1.1. The higher-order energy functional is
defined to be

E(v,) =lovfu( D + ofe( HO+Z{H05’4 o, 0) 5+ 1000
, 2
0 % 3/29p=2 gi+1,, 1/2 45—27 Aj
N L Lol
j—1
3.9
L gy | (3.9)
+ Hat vt Hj—1/2 T('7t)
j—1
+Z{H<035 (O[5 + 160007}
Here and thereafter, we use | - ||s to denote the norm of the standard Sobolev space || - || ms(1)
for s > 0; and define the polynomial function M by
Moy = P(E(v,0)), (3.10)

where P denotes a generic polynomial function of its argument. Now, we are ready to state
the main result.

Theorem 3.1 (existence for v = 2) Given initial data (po,ug) such that My < oo, conditions
(3.3) and (3.4) hold and py € C3([0,1]), there exists a solution v(z,t) to problem (3.7) on
[0,T] for T > 0 taken sufficiently small such that

sup E(v,t) < 2M,. (3.11)

0<t<T

This section will be closed by several comments in order. First, the time derivatives of
v(x,t) at time ¢ = 0 involved in the definition of M, can be given in terms of the correspond-
ing spatial derivatives of the initial data py and uy due to the compatibility conditions of
equation (3.7),. Second, the solution to the spherically symmetric problem (3.2) in Eulerian
coordinates can be obtained from the solution constructed in Theorem 3.1, since the La-
grangian variable r € H? and 9,r has a positive lower-bound. Finally, we can transform the
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solution of problem (3.2) back to solve the three-dimensional problem (1.1) in W*°(Dr),
where

Dr={(x,t): xeQt), te[0,T]} and Q) = {x e R®: |x| < R(t)}.

In fact, one can obtain a function p(x,t) and a vector field u(x, t) via (3.1) for (x,t) € Dr
since u(0,t) = 0, and verify that (p,u) € CY(D%) N Wh*°(Dr) and (1.1) holds in D, where

Dy = Dz \ {0} x [0,T].

However, (p,u) may not be in C'(D7) if the compatibility condition of the first derivative
being zero at the origin is not required.

4 Parabolic approximations
Let v = 2 from this section to Section 8. Equation (3.7), reads

roOw + [:UZUQ/(TQT'Q)]/ —22%0%/(r*r') + a'po /r* =0, in I x(0,T), (4.1)

where and in what follows, the notation ' denotes the d,. For u > 0, we use the following
degenerate parabolic problem to approximate (3.7):

221 o2 ad 2 2u o\]’
xodw + [02 5 /2} —2—— +x2¢0—2 = — {(:}00)2 <—> ] in I x (0,7,

r2r x rir r T T (42)
v(0,t) =0 on (0,77, ’
v(z,0) = uy(z) on I.

As in [7, 8], one can show easily the existence and uniqueness of the solution v, to the
above degenerate parabolic problem in a time interval [0, T),] with sufficient smoothness for
which our later arguments are legitimate by smoothing the initial data and using the fixed
point argument. Next, we will give the uniform estimates independent of ;1 to obtain the
compactness of the sequence {v,} and a common time interval [0, 7] in which the problem
(4.2) is solvable for any u > 0, that is,

Lemma 4.1 For any fized p > 0, let v, be the smooth solution of (4.2) in [0,T,]. Then
there exist constants C' > 0 and T € (0,7T,] independent of j such that for the higher-order
enerqy functional

E(t) := E(v,,1t) (4.3)

defined in (3.9) satisfies the inequality

sup E(t) < Mo+ CTP ( sup E(t)) , (4.4)

t€[0,T t€[0,T

where P(-) denotes a generic polynomial function of its argument, and My is defined in

(3.10).
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We will establish the energy estimates in the tangential directions of the boundaries and
the elliptic estimates in the normal direction to prove this lemma. In what follows, for the
sake of notational convenience, we omit y in vy, i.e., we denote v, by v without ambiguity.
Before performing the detailed estimate, we list some preliminaries which will be often used
later.

5 Some preliminaries

In this section, we will present some embedding estimates for weighted Sobolev spaces,
and derive some bounds which follows directly from the definition of the high order energy
functional (3.9) and the a priori assumption.

Embedding of weighted Sobolev spaces. Set

d(x) = dist(x,0]) = min{x,1 —x} for z € I. (5.1)

For any a > 0 and nonnegative integer b, the weighted Sobolev space H**(I) is given by
H*(I) = {d“/QF e L*(I) : /d“|D’“F|2dx <oo, 0<k< b}

with the norm ,
| F| e = Z/d“|D’“F|2dx.
k=0

Here and thereafter, we use f dx = f ; dx to denote the spatial integral over the interval I.
Then for b > a/2, it holds the following embedding (cf. [20]):

Ha,b([) SN Hb_a/2(_[)
with the estimate
[ Elp-as2 < ClF[| gae- (5.2)

In particular, we have
||F||%_a/2 < C’/d(x)“ (|F(x)|2 + |DF($)|2) de, a=1 or 2. (5.3)

Some consequences of (3.9). It follows from conditions (3.3) and (3.4) that o(z) is
equivalent to the distance function d(z) defined in (5.1). Hence, the definition of the energy
norm (3.9) and the embedding (5.2) yield that

(08, 000") (0|2, +1|(0380) (0], + lo0) (02 < CE@®, (5.4
Therefore, it holds that for any p € (1, c0),

||(x’1v, v, 0", 2T O, 0O, O, oV, 00}, 00} v) ('>t)HLoo

+|[(0w', a0, B}v, ad}') (-, 1)||,, < CVE(®),
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where one has used the fact that in one space dimension, |||z~ < C||-[j1 and ||||zr < C|-||1/2
(1 < p < o). Besides, another type of estimates are also needed. Noting from (3.9), (5.4),
and the simple fact that for any norm,

t
070 )| = |67 (-, 0) + /aj“ (-, 5)ds
<ot 0+ [ i) as
SHag '7 H +1 sup Hangl '78) ) .]:0717273a
s€[0,t]

one can get

3
2
Z {H Uaj ’t)H(S—j)/2 + Haj H (3—7) /2}

R R I B T e ]

which implies in the same way as in the derivation of (5.5) that for p € (1, 00),

(5.6)

(27", ov', O, o', obfv, 0d}v) (-J)Him

+ H(v’, ov”, 0, a@fv') (-,t)”ip

(5.7)
< Mo+ CtP |(supF | .
[0,¢]

It should be noted that this paper concerns the local existence, so we always assume the
time variable ¢ < 1.

The a priori assumptions. Let M > 0 be a large constant (for instance, M = 2My+1).
Suppose that for T' € (0, M /2],

[o(-, )]s < M, t€[0,T].
Then it holds that for (z,t) € (0,1) x [0, 7],
r(z,t)

T

< <7'(x,t) <

< (5.8)

l\DIOJ
| —
N W

N —

This can be achieved by noticing that r(z, 0) = z and for any (z,t) € (0,1) x (0,77,

[t
t

/ v'(x,s)ds
0

In the proof of Lemma 4.1, the time ¢ > 0 is taken sufficiently small so that the bounds (5.8)
are always true.

v'(0x, s)dOds| <t sup ||V (s)]1 < MT <

s€[0,t]

N —

:
|-
X

1
I —1] = <t sup ||V'(s)|[1 < MT < 3

s€[0,t]
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6 Energy estimates

The purpose of this section is to derive a bound for

up (Ilvaaagolls + loasll; + llat]s) -

It should be noted that the estimate ||0{v||o is needed because the solution,we seek, satisfies
v(-,t) € CY(I). By the Sobolev embedding, one needs to estimate |[v(-,t)||2. Due to the
degeneracy of the equation, one time derivative of the solution is equivalent to the half of
the spatial derivative.

We first derive a general equation for time derivatives. Taking the (k + 1)-th time
derivative of equation (4.2), gives

/!
00 — 2 {02 { v o, o a%'” Pl [3 ML xSafv'}

r3r’2 g r2p3 ot xz | rir’ x 32
, (6.1)
24 o (05 / 2 r 0 2 ok a?
== 2 Iy + IV — 27— 311 + I5] — o=,
. [(a:a) ( . + {U (11 + 12]} . 3121 + Iyo] — ¢poa"0; 2
where
k—1 N
ot () - S e () (%),
r3r’2 p r3r’2 g prs r3r x
w [TV v — k—1 gk x
_ I __ —1 —« o ./
112 - at (7“27"/3) 1,_2 /38tU - Zcoc at ( 2 /3> (at v )7
a=0
xt v  oFy A xt 0% (62)
U k—1ak—a t
for =0 (T4T’E) oyl g ZO& % (7"47"’) ( x > ’
a=0

3 39k, ./ k-1 3
122 — ak v . x atv — Ckflakfa x (aav/)
E\ p3pr2 732 E :0 et t r3y72 t
o=

Here and thereafter, C*~! = (k — 1)!/[(k — 1 — a)la!].
Multiplying (6.1) with k& = 4 by d?v and integrating the resulting equation with respect
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to space and time yield, by virtue of integration by parts, that
xo , 2? /o 2 T (O ,
/ {7(@%) o { (00M)? + ﬁ(gf)ﬁ)) +2 (Ea;*v) (00 )de
t
+2u//[0( U)}dxds
0 x
' i) at T4\ x? 0 o4 41
= 1 (00 + 30, ( 1 (Eatu) +20, (5 <;at U) (08"
X drds — 2/ [0%(I1 + L2)(O)V") + (/)0 (3101 + I52)(O)0)] dads
0

- /t/quQaaf (2 /r?) (0 v)dxds
0

:ZJ1 — 2J2 — Jg.

t

0

(6.3)

In order to estimate the terms on the right-hand side of (6.3), we notice that for all
nonnegative integers m and n,

rmr/n

g+ (‘”—> ‘ < O3, k=0, .4, (6.4)

which follows from simple calculations and the a priori bounds (5.8). Here

~

Jo= o]+ V), Ji= |z 00| + 10| + 32, Fo = |z 0M| + |02] + F1J0,
Js = |27 00| + [0}V + J2TJo + J3, Ja = 2710} v] + |0}0'| + J3Jo + J2J1.
It follows from (3.9), (5.5), the Hélder inequality and ||(o, po)||z~ < C that
130/l e < ||z7 0| o + V]l e < CEY2,
13110 < 27" 00| o + 11011 + 130170 < CP(EY?),
Rallo < [J=7" 070l + (|07l + 11l 50ll o < CP(E'),
0%l < C [[020] o + 002 + C 131l [oll = < CP(EY),
o3l < € 20l + 10024, + 03l ol + € [1lE < CP(EY)
Jodaly < 080l + Jo0to, + Nl ol + ol il < CPEV2)

(6.5)

for any p € (1,00). Here and thereafter P(-) denotes a generic polynomial function. In
particular, we have for m > 1 and k=0, --- ,4,

(2
Tm

where 7, equals J;, modular the terms involving spatial derivatives such as 9}v' (i = 1,2, 3, 4).
Similarly, one can use (5.6) and (5.7) to show that for p € (1, c0),

< CT,, satisfying ||2Zy||, < CP(EY?), (6.6)

13017, + 131Dl + o207, + loFs(t)]lg < Mo + CLP <s[,u1]> E) , (6.7)
0,t
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IZo() 17 + 1T @)l + 2 Za (B) |7 + IT2@)llg + |2 Z5(D) g < Mo + CLP (FEUI]) E) - (68)
0,t

Next, we estimate the terms on the right-hand side of (6.3). For Jy, it follows from (6.4),
(6.5); and the Cauchy inequality that

t 2
J <C / {||30||Lm / [(o—a;*v')2+ (Zatv) }dm}ds <ct <sup E3/2> | (6.9)
0 z [0,]

For J,, an integration by parts leads to

t

Jy = / [0(111 + 112) (00" + (31 + I) (%aﬂ)} dx

0

t 6.10
— / / [0(&5]11 + 0u112)(0OM) + (30,51 + Oy120) (gafv)} dxds ( )
0
:ZJ21 - J22.
For Jys, noting from (6.2) and (6.4) that
4 3 o 4 le]
B o T o N v\ |
10111 | = ;Ca 0; (7"37"’2> (7)‘ < C; Ji-a (7> ;
we can then obtain, using (5.5), (6.5) and the Hélder inequality, that
lodcTully <ClI3oll o |02l + C Il s [|0F0]] 1 + C 132llo [|070]] o
+CloFslly |27 0| o + C lloTally ||z ] ;e (6.11)
<CP(EY?)E">.
Similarly, one can show that
|00 T2 |, < CP(EY?)EY2, (6.12)
It follows from (6.4), (5.5), (6.5) and the Holder inequality that
lo0iT1allg + o0 22|l
<C Rl 0010l + € 13l 000+ € el o380 o1
+ ClloJsll s 10:0"]] s + ClloTallg [[0']] 1o
<CP(EY*)E"2,
Therefore, it follows from (6.10)-(6.13) and the Holder inequality that
t
[l £C [ [(lodutully + lodutial ) o0,
" (6.14)
+ (lodidally + lodidaslly) ||(o/2)0|| ] ds < CtP <sup E) :
[0,¢]
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The term Jy; can be estimated as

[l <My + € ([lo0 )5 + | (o/)atv@)]5)
C(@) lo([Tn] + [Tia| + Taa] + [ T2) (8)lg
<M, +€ (HJ@?U'(t)Hi + H(a/x)@fv(t}”i)

+ (0 Z (Hgsg_a@)afv(t)((z + Haﬁs_a(t)@?v'(t)llg) ,

where € is a small positive constant to be determined later. Here we have used (5.2), (6.4),
the Holder inequality and the Cauchy inequality. By virtue of (3.9), (5.5), (6.5) and (6.7),
we obtain

[So(87v(®)|, + [|3o(®)adiv' (1),
Jo(t) (afv(())%—/o 8?‘1)(3)(13) ) Jo(t) (a@f’v'(O)—i—/o a@f‘v’(s)ds)
< 3@l ([[07v(0)]] 1o + [|o 07w (0)]] )

+ [ (o), + 008/ )l,) ds 13606~

i

0

<M, + CtP (sup E> )

[0,2]
Similarly, one can show that

> (|Za-ttn)], + lods-atre ol

a=0

< [3ully (070 (0 HLoo+||0'32’ >HLOO)+/O (107u()]] . + o020 ()] ) ds 312

- dyv(0 , b 0%u(s , N

+ ool o (’ t + |6 (o>|\L4) +/0 ( = x() + || 67w (g)HO) ds |03zl 1
0

- v N 0w(s , N

#lodall (|2 o <>HLOO)+ L2 10w, astodal,
LOO
<My + CtP <sup E) )
[0,¢]

Therefore, we have arrived at

| Ja1| < Ce)

My + CtP (sup E>

[0,¢]

e (oot + lle/m0te]s) (6.15)
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It remains to bound Js. Note from (6.6) that
t
< [ 10l 207 (a) () o0t | s

<C'lpoll (Sseltg onafv(s)HO)/ |27 (/) (s)]|, ds

2 (6.16)
(/ ||x85 2/r Ho > —l—e(supHxa@f’vHo>
[0,t]

<C(e)tP (supE) —i—esupH:ca@E’vHO,

[0,2] [0,2]

where € > 0 is a small constant to be determined later.
In view of (6.3), (6.9), (6.10), (6.14), (6.15) and (6.16), we see that

2 2 t
AP T S I SRR S Y 4,
/{ 2 (@v) +7’27” {T’Z(Uatv) +3r2 (:z:at ) +2rr’ <q:8tv) (Uatv)l}dxo
t 5.\ /12
+2u/ /{xa (%)] dzds
0

<C(e) | Mo+ CtP (sup E) € (Ha@fv’”i + ||(a/x)8va§ + sup Ha:cr@fv”i) :
[0,¢]

[0,]

Since |

(vTadPv) (-, 0)]|2 can be bounded by My due to (6.1) with k = 3, and

LL’Q- 2

1 1 N2 T2 (0 oy \? T (0 4 4
?“2’]“/ _ﬁ(aﬁtv') +37”_ (;(xﬂ) +2W <E(9tv> (Uat'l}/)

x2_1

e 2r,2(0830'>2+f—z< 84> +(\N (00}) + V2 (20, ))2]

()

132

[ 1 4/ xQ 9 4
27‘27“ | 2r ’2( o0,)" + r2 (Eaﬂ}) }
>C [(U@f "2+ (ax_lafv)Q] ,

where the a priori lower bounds for 1/r" and z/r were used; then we have

t 5.\ /12
Ivaworo; + o0 O + oo otetol; + [ {xa (%)] drds
0

<C(e)

[0,]

My + CtP (sup E)

4 700y]|2 O 2 5,112
+ Ce (Ha@tv (t)HO + H—@tv(t)H + sup H:Ua@tho) )
X 0 [0,¢]
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which implies, by choosing € suitably small, that

2

t 5 !
sup <H\/E&§E’UH§ + ||08?le§ + H(o/x)@va?)) —l—,u/ xro (Q) (s)|| ds
[0,¢] 0 z
(6.17)
<My + CtP (sup E) )
[0.]
The weighted Sobolev embedding (5.3) implies
[otolls <¢ ([loatello + [[oatvlls) = € (|leto/a)arvll; + [|ooiv'|5)
<C (l[te/maiolls + looi/|l7) -
and we then obtain that
5,112 4,2 42 ! R ANINIE
S[(l)ltf]) <H\/EGtUHO + |[ea/' || + H@thO) +u/0 zo | = (s)|| ds
<My + CtP (sup E> ,
[0,2]
or equivalently
5 2 4 2 4 2 t 8?1) ' 2
Séltp <H\/ﬁ(‘3th0 + ||odtv||; + H@tUHO) —i—u/ o | —— (s)|| ds
o ’ (6.18)
<My + CtP (sup E> )
[02]

7 Elliptic estimates

In order to estimate the derivatives in the normal direction (the spatial derivatives in La-
grangian coordinates) which can not be obtained by energy estimates as in the last section,
we employ the equation to perform the elliptic estimates. Since the degeneracy of the equa-
tion near the origin x = 0 and the boundary x = 1 is of different orders, for example, in
equation (4.1), the coefficient of dyv is of the order z* as z — 0, and of the order (1 — z) as
x — 1, we separate the interior estimates and the estimates near the boundary by choosing
suitable cut-off functions. To this end, we first identify the leading terms and lower order
terms of the equation. Notice that

3 k 2 / 2 4 k 3
_{02{ r v, @ a’w” +%[3x 00 | 2 gt | = (80 + 1 + Ba), (T)

t t
7,37,/2 T 7’27”3 T4T” T 7,37,/2
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where

q kv

N9 =00 + o ( ) 0’%’ + [ L =H,+4 (%)/afv,

kv
oo ()2 ( )y
(7.2)
o
(2 e
2\ ofv 22\ v (L kv’ x? Y
e ()2 () (2 (2 (e

and

X

k1 19k, ./ 1 qk 1 2 8fv /
Hy = 00;/v" + 20'0/'v —208tv/x:E (xo)” | — . (7.3)

T

We can then rewrite (6.1) as
1 k}+2 ag / A 1 2 !
Hy + po:Hy =§$8t U_4<E> atv—fh—fn—; [0 (]11+f12)]
o L ookt a? .
+ (5> (3121 + Iz9) + §¢$ 0y ol g,

where Ill; 112, ]21 and ]22 are given by (62)
In order to obtain estimates independent of the regularization parameter u, we will also
need the following lemma, whose proof can be found in [7]:

Lemma 7.1 Let > 0 and g € L>=(0,T; H*(I)) be given, and let f € H'(0,T; H*(I)) be
such that
f+/1’ft:ga ll’l(O,T)XI

Then
1l rsas(ry) < Cmax {[[£(O)ls gl 0.3t } - (7.5)
As an immediate consequence of (7.4) and (7.5), we see that for any smooth function §(x),
sup [|Hollo < C (HﬁHo(O)Ho +sup HﬂgHo> : (7.6)
[0,] [0,]
sup I1BHollo < C <||5H6(0)||o sup ||ﬂg'||o) : (7.7)
0.t 0,

Clearly, the weighted norm of 9Fv” (or OFv™) can be derived from the corresponding weighted
norm of OF?v (or 9F?v’). Based on the energy estimate (6.18), we can then obtain the
estimates of 93v” and 90" associated with weights. Furthermore, with the estimates of
spatial derivatives of 92v and 9?v, one can get the weighted estimates of higher-order spatial
derivatives of d,v and v.
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7.1 Elliptic estimates — Interior Estimates

For the elliptic estimates, since the degeneracy of the equation near the origin x = 0 and
the boundary x = 1 is of different orders, we will first choose a suitable cut-off function to
separate the interior and boundary estimates. The key is to match the interior and boundary
norms in the intermediate region.

7.1.1 Interior cut-off functions

The interior cut-off function ((z) is chosen to satisfy
C=1 on [0,d], ¢=0 on [20,1], |C] < s/, (7.8)

for some constant sp, where § is a constant to be chosen so that the estimates (7.13) and
(7.19) below hold for all £ = 0,1,2,3. The choice of § will depend on the initial density py.
Since

o'(x) = po(x) — zpy(), 0'(0) = po(0) >0,

there exists a constant dy (depending only on po(z)) such that for all z € [0, dg],

mo < po(z) < 3mg, mo < o'(x) < 3mg, where mgy = po(0)/2; (7.9)
and then
moz < o(z) < 3mez, = € [0,d). (7.10)

Set my = maxo<.<s, {106(2)|, |p6(x)|}. Then for all z € [0, &),
lo()/x =o' (z)] = |zpo(x)| < maz, [o" ()] < 3my. (7.11)

Analysis for Hy. To this end, we rewrite Hy as
Hy=of"+20f — QU'i, where f = Ofv. (7.12)
x

Multiplying Hy by the cut-off function ¢ with 6 € [0, do/2], one may get
P
lottll = go 15+ 416513+ 4 oo’ (L)) +4 [ corcosae
0

— 4/C0f”§0’ (g) dx — 8/(0’f’§0' <£> dzx.

2 / Cof"¢o’ f'dz = — |ICo' 12 — / (") o |f' de

Observing that

26
2= ||CU,f'||(2)—C(m0,So)/5 |f'[* dz — C(mo,ma) [ICf 5
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and

- / Cof'co’ (g) dr = / (¢20") o <£) fldx + / o’ (a’ - %) (g) fldz

e fl+ [ ¢ (S-o) I ds
2) dz

26
> 61} = Clomo.so) [ (W +|L

(2

we have, using the fact o’(x) > my on [0, 20], that

2
- ||<f’||§] ,
0

2

2
ol = 6o 1+ 2 o' 1 + o (£)
0
2
(ool ()] o forrer (2))
0
26 2 )
— C(mO;SO)\/(; <|f’|2 —+ ‘g > dr — C(m07m1)6 [HC (g) 0 + ||§f/||g]
2 2 25 2
> 6o f"llo + 3mg 1< llg +m Q(g) - Cloma,s0) [ (lf’|2 " E ) da
f 2
~ Cmg, )3 [H< (D] + ||<f'||§] .
0
Therefore, there exists a positive constant 6; = d1(mg, m1) such that if § < min{dy/2,d1},

2 26 2
(- (4 ) o

2

2 2 oF
oot + oot (%)
0

1 1
2 2 2
ICHollS = 6o s+ 5m3 11 + 5

or equivalently

26 PV (7.13)
SC(’I’I’LQ) ||CHO||(2) —I— C<m0’80)/5 [(8?@’)2 + (t_) ] dﬂf

X

Analysis for H|. To estimate H{, one needs also to compute the 1st spatial derivative
of Hy. Clearly,

Hy+ 20" <£ — f’) =of" +30' f"— 20 (g) —: Hy, where f=0d"v. (7.14)
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For any function f = §(z,t), it holds that
it — o (o) — 0 (L) 450 (L . _ 193
If=0 |z = 0’ + 50 , 71=1,23; (7.15)
x x x

so Hy can be rewritten as

~ f ! kv !
Hy = oxg" + 3 (o) ¢ +40'g, where g= (—) = (t—> ,
T T
Thus,
Hy—3(c'z —0) g =oxg" + 604 + 40'g. (7.16)

Multiplying this equality by the cut-off function ¢ with § € [0, ] and taking the L?-norm
of the product yield

~ 2
[cHo+3¢(0's =) 9| = lIcowg 5+ 36 Icog'll; + 16 IICo'gl;
(7.17)

+12 / Coxg"Cog'dr + 8 / Coxg" (o’ gdx + 48 / Cog'Co’gdx.
The last three terms on the right-hand side of (7.17) can be bounded as follows:
—2/C0xg”éag’div = / (o%) || da =3[ Cog/l + 2/CC’$ log'|” da
+ 2/@0(0'95 — o) g dx,

/(axg”{a’gdx = /C20 (o'x — o) ¢"gdx + /C202g”gdx
= / 2o (d'x — o) gg'dr — Z/CCIJQQg’dm — Q/QQUJ'gg’dx — ||Cag'||(2)
and

—Q/CZUJ’gg/dx = HCa’gHg+2/CC’aa’g2da:+/Czaa’/gzdﬂc.
It then follows from (7.17) that
[¢og" 5 + 10 1¢og'll

= HC?[O +3C(c'x—0)¢

z—i— 12 [/ C'zlog| d.r—{—/CQU(a'x —0) |g'|2d:1:]
-8 {/ o (0o'x — o) gg”dx—Q/(C’azgg’dxl + 24 [Q/CC'JU'QZd:C—l—/CZUU”dexl
=112 AT 2 2 2 2 2
<2[cfh|, + Cloma, )3 [} + 6o/} + 1] + Clomacso) [ (09 + 4] o
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Therefore, there exists a constant do = d5(mg, my) such that for § < min{dy/2, 5}, it holds
that

1 2 2
5 ICg"lly +51I¢og'llo

~ 2 26 (7.18)
<2|(/(Hol[ + C(mo, m1)d [[Cgllg + C(mo, 50) | [(09')* + ¢°] da.
0 5

To handle the term [|Cgl|Z, we need an additional estimate which follows from (7.16), that is

lco'all; <Cma) | ¢

2 "2 712
oo+ lcog'I
2 ) 26
<C(mo) |[¢Hs | + Clmo, ma)3 Cg} + Cmo, 50) / [(09)? + ¢*] da,
5
where we have used (7.18). Hence, it holds that

2 2 2
ICozg”[lo + I<odllo + ISa’glly

~ 26
<Clomo) [[¢F |, + Clomo,m)6 1ol + Clom 50 / [(09')? + ¢*] da.

Thus, there exists a constant d3 = d3(mg, m;) such that

" / 1 ~ I 2 /
Icowglls + lI6og'l} + 5 ISl < Clmo) |[¢Ho| + Cmo, s0) / [(09')? + ¢°) da.

provided 0 < min{oy/2,ds,05}; where we have used the fact o’(x) > mg on [0, d]. It then
follows from (7.15) and (7.14) that
2
v\’
(%)
0

2 2
ot are

2

~ |2 20 " 6’% '
<C(mp) HCHO 0+C’(m0,so)/ ak| + (%) dz
5
) (7.19)
7112 k! 2 8{6'0
<Cmo) [CHYlIG + Cmo,mn) | ¢t + |l¢=
0
2
26 /12 k /
—l—C’(mO,so)/ o' —i—‘(@) ‘ dx.
5 x
A Choice of §. Choose
0= Hlin{60/2,61,(52,53}7 (720)

then the estimates (7.13) and (7.19) hold for all £ =0, 1,2, 3.
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7.1.2 Interior estimates for 9}v and 9?v

Consider equation (7.4) with & = 3, that is
1 5 g / 3 1 2 /
Ho + u@tHo :éﬂfat’l) —4 (;) 8t’U — ﬁl — ﬁg — ; [0’ (Ill + Ilg)}

” L (2 (7.21)

In order to bound ||(Hyl|| by applying (7.6) with 5 = ¢ given by (7.8), we need to estimate
the L%norm of the right-hand side of (7.21) term by term. For this purpose, we first derive
some estimates which will be used later. In addition to (5.5), (5.6) and (5.7), we have some
interior bounds:

H(C@tv', Coop”, COlv, Co@f’v’) (~,t)||Loo < CVE(t),

1(¢OFv) DI+ [1(Godv, o) Gl + 1(Cov) (D)5 < Mo + CtP (S“P E) " (7.22)

[0,2]
l(cv', ¢ov”, ¢OFv, Cotpt!) (1)} < Mo+ CLP (sup E) :
[0,2]
which implies

1631l < 7700 o + 160 | + I30llF o < CP(EY),

~ — 2
1@ <2 (Joelf} + 160115 ) < My + CHP (s[ul]a E) ,
0,t

16001 <  (la= R0l + lcom |2+ 130 16l ) < Mo+ Cep (Sﬁ' E) |
®

This, together with (6.5) and (6.7), yields that for p € (1, 00),

130l oo + 1311l o + 131l 1 + 1321l < CP(EY?),
(7.23)

3070 +1¢To )7 + 13105 + €320 lg < Mo + CLP <s[(1)11}3 E) .
,t

In a similar way as the derivation of (6.4), we have that for nonnegative integers m and n,

m /
x
akJrl
3 rmr/n
v /
=11+ ()
x

21 = ’aﬂ)//’ + ‘ (@>
i

2 /
£ = 02" + ‘ @)
xr

<C&, k=0,1,2 (7.24)

where

+ |T”| 7

!
+ RoJo, with Ry = ‘(f)
X

+ RoJ1 + LoJo,

+ RoJ2 + LoJ1 + £1J0.

31



It can be checked (see the Appendix) that the following estimates hold:

IRollg + loRoll e < Cts[ul? VE,
0,

1€oll + lloLoll 7o + o Lill7n + [ICo Ll + o Lally < CP (E(t)) + CtP <S[311]) E) ' (7.25)
t

16Lollg + o Lollzs + lI¢oLollzw + lloLillg + I¢oLally < Mo + CLP (S{MI}) E) ,
0,t

with || - || denoting || - (¢)]|-

Next, we will bound ||{ Hpl|| by the terms on the right-hand side of (7.21). It follows from
(5.6), (6.18) and the lower bound of py(z) in the interior region that

Hg (%x@f’v ~4(2) afv) (t)

(7.26)
< C||Vxadju(t)||, + C [|gfu(t)||; < Mo + CtP <SupE> .
[0,%]

2 2
chg e Zopu()| + ot
0 Po 0

For $)1, noting from (5.5) that

X

ot

LDO

1
- ;(1—7"/)

T r
<72l
Lo r X Lee

. / (7.27)
< O/o (HEHW 1) ) ds < C (Sup @) ,

[0,2]

r'(x,t) .

we have
4 2 3 2 2 2
9 x x x
||Cﬁl(t)||0 S C{ rdy! B =S + r3r/2 -1 =S + r2r3 -1 Loo}
o2 (7.28)
x| 2= + HC@EU’HE < CtP(supF |.
0 [0,¢]
For $),, it follows from (3.9), (7.27) and (7.25), that
3 2 2 2 83’0 112 )
||Cﬁ2(t)||(2) < {’ P32 1 . - P23 1 Lw} { Co (t?) . + HCU@?U”HO
(7.29)

+ C ||oRol[3 (Haf’v/xH(Z) + ||Cafv'||(2)> < CtP (sup E> :

[0,¢]
3\ / 3.\ /
b ()=l (%)
x 0 x
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0
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Next, we will handle the terms involving I;; and [15 as follows,
2

< C||¢(Ii1 + L)y + ClI¢o(In + L)' |13
0

‘C [11+I12)],

2
SCZ 1¢3o—a (1070 /2] + |05V g + C D 11¢oLama (1050 /x| + [070'])g

a=0 a=0
2
+ CZ ||C32_a (|0 (87?‘11/33)/‘ + |<78t°‘v”]) Hz
a=0

2
<O {ICT-a 1070/l + 1070 | + |00F" g + 160 Laa (1950 /2] + 070D }
a=0

Here we have used (6.4) and (7.24). It follows from (3.9), (5.5), (5.6), (7.22), and (7.23) that

Z»lcaz o) (1070 (1) + |2 oo () )|

- v , v , -
<ol (] 0| e, )+ [ (|2 + o) aslaol-
0 0
N 9 (0 ) ks , N
+||JIHO<‘ ﬂ;( ) + [|¢ow (O)HLOO> +/0 <‘—tv +Hava0) ds |3l pee (7-30)
L 0

e (Hﬂ ot Hv’(@)HLw) + / (\ o

<My + CtP (sup E) )
0,7]

; Hcatv'nm) s |3,

Lo

Similarly,
Z 1CTamalt) (000") (B), < Mo+ CtP (S[;}g’ E) ;
and
Z ICoSamalt) (0F0/x] +1080')) ()] <My + CtP <T§E E) -
Here we have used (7.25), 5 to derive the last inequality. Therefore, it holds that

2

HC Iy + I2)] (1)

< My+ CtP (Sup E) . (7.31)
0

[0,]
0 (1o + |22 @

<My+ CtP <sup E) )
[0,2]

In view of (7.30), we obtain

8a
T

’ (7.32)
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Noting from (6.6) and (6.8) that

Joxat (%) @

one then derives from (7.6), (7.21), (7.26), (7.28), (7.29), (7.31)-(7.32) that

2
<C||xZs(t) || < My + CtP (sup E) :

0 [0.¢]

sup ||CHolls < My + CtP <supE> :
[0,¢] [0,¢]

In view of (7.13) and (5.6), we can therefore obtain, for any s € [0, ¢],

Icoasv" (s)[[s + [[coiv' ()] + HCaT“ .
26 3u(s)\”
<C'(my) ||CH0(S)||(2) + C(mo,so)/6 (930 (s))? + (at x( )) ] dx

26
<Cmp [cHl; +C [ [(0010) + (3tots)] de
R

<My + CtP (sup E> + My + CsP (sup E)
[0,¢] [0,s]

<My + CtP (sup E> ,
[0.1]

where we used the fact that o(z) > md on [4,2]. This, together with (5.6), implies that

3 2
sup (Hgaafvnz + HC@?UH? + HC (@) > <M, + CtP (sup E) . (7.33)
[O’t] Z 0 [0715}
It follows from (7.33) and (3.9) that
I 9 112 0% 2
sup HCJ@tv||2+ HC@th1+ C| — <My+CtP |supF |. (7.34)
[O’t] Z 0 [0715}

7.1.3 Interior estimates for J,v and v.

Consider (7.4) with & = 1. The basic idea is to apply (7.7) with 5 = (. As before, we first list
some useful estimates here and then deal with ||(H{)||, later. Note that for all nonnegative
integers m and n,

"
xm
O
rmrln

, "
0= ’(%) ’ + V"] + Ro&o + (R1 + RE) Jo with Ry = || + ’(2) '

<o, (7.35)
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It follows from (3.9), (5.6), (7.15) and (7.22), that

() F oWl <€ v=2(2) + ol < OVEQD),
" 2 / 2
o (3) @] @l <20 o =26 (T) @) +20¢o" @l

< My+ CtP (sup E) :
[0,¢]

We then have, by (7.23), and (7.25), ,, that

oRi(t)], < t 03” ov"||, | ds < CtP supVE |, 7.
R0l < [ (| (2)] +levty) as < c (m}f ) (7.36)
ool <o (2)" 0]+l Ol + loRa(0 I2a(0

+ (loRa®)llg + oRo () IRo(t) ) [0(8) (7.37)

<C\/E(t) + CtP (sup \/E) ,
[0,¢]
e sc\ o (3) O] + U@l +C R 12000
+C(IoRi(B)ly + loRo(Oll = [Ro(Ollg)? 130(0)]2- (7.38)

<My+ CtP (sup E) )
[0,2]

Now, we are ready to deal with ||(H{||,. For £, it follows from (3.9), (7.27), (5.5), (7.22),
and (7.25), that

I4 2 3 2 I‘2 2
/ 2
HCﬁl(t)Ho SC{’ W -1 L + P32 1 . + r2pi3 1 Loo}
ékv 2 2 "2
2N+ oI + o (739
1

[0,¢]

+C|Roll2 {Hcaﬂ/”iw + Hatv/a:Hioo} < CtP (Sup E) .
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For $),, it follows from (3.9), (5.5), (7.25),, (7.22) and (7.36) that

¢ <C I1Roll2 {1900/ 12e + 1600 e + 1o @uv /Y e + oD |2}
+C (IRl NloRoll2 + loRal2) {1000 /213 + IcO N}

o] e (2
)|

+|]C8tv”||(2) <CtP|supkFE |,
0 [0,¢]

I<o (O /) || oo < ClIC2 (D0 /) || oo < CIIC (010" = Opv /)| oo
<C < C¢on" = 2¢(9v/x) ||, -

o () =l (5)
0 0

For the term involving I1; and I12, we have from (6.4), (7.24) and (7.35) that

[o{z e ]

<CI¢(Iiy + L)y + C NS + T2)'llg + [[So (T + T2)" [l
<CCoQ(Jv/x| + [v'Dly + C Lo (Jv/2] + [V + |o(v/2)| + |ov"])]],
+ C|¢To (Jv/x| 4+ [ + [(v/2)| + [0"| + |o(v/2)"] + [ov"]) ]|, -

2

+ [[Cod™|?
0

2

3 2

1 a? (7.40)
7”27“/3

+

LOO

7“37°’2

since

Note that
6o Q) (1o/al + 10D (B
t 2
<2(|¢aQ(B)[Ig lv(t) /2|70 +2 (HCUQ(f)Ho 10" (0)]] oo + IIUQHO/0 10| 1o dS)

(0,¢]

<My + CtP (sup E> ,

where we have used (5.5), (5.7), (7.22),, (7.37) and (7.38);

1620 (t) (fo/x] + [0/ + o (v/@)| + |ov"]) (D)lg < Mo + CtP (S[UI}) E) :
0.t
due to (7.25), 5; and
1630(8) (lo/al + '] + [(v/2)| + [v"] + lo(v/x)"| + |ov"]) (t)llg < Mo + CtP (S{urf E> :
0,t

since

lo(v/2)"| < Clz(v/z)"| = Clv" = 2(v/z)|
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and

1630(8) (1" + lov™]) (#)lg
< |:||<30(t)||L°°(HUH(O)”0+||O-UW(O)||O)+ IICJo(lt)IILoo/O (€O [lg + IS O™ l,) ds

<M, + CtP (sup E) :
[0,¢]

Then, we have arrived at

HC{ (I + 1)) }/(t)

In a similar but easier way as for (7.41), one can show

2

< My+ CtP (sup E) . (7.41)

0 [0,¢]

Finally, the last term in (G’ can be bounded as

e (2o

¢ [(0/2) (3121 + L)) HO < My + CtP <sup E) : (7.42)

[0,]
x? 22\’
ot ()], veler (3,

<C||Czqll} + O ||¢a2e || (7.43)

2 2

+C

<c|

0

<CIGalls + € [[¢(?/o)oes s < My + CtP (?“?E) ,
0,t

due to (7.23),, (7.25), and the lower bound of py in the interior region.
It follows from (7.7), (7.4), (7.33), (7.39), (7.40), (7.41)-(7.43) that

Sup ICH] ||0 < My+ CtP (Sup E) + C'sup Hga%”l < My+ CtP (sup E)
[0,t [0,¢] [0,¢] [0,¢]
In view of (7.19) and (5.6), we can then obtain

sup ([[Go0” 3+ 10"y + |¢ @/ ||y
[0,¢]

<Csup [[CHyll + €O/l + 1160w + C(@)sup [Ilo0" I+ 1913 + vl

<My + CtP (sup E) ,
[0,¢]

where we used the fact that o(x) > myd on [0,25]. This, together with (5.6) and (7.22),
produces that

2
> <My + CtP (sup E) . (7.44)

1 [0,¢]

o
sup (ncaatvui T licoml? + Hc (—)
[0,¢] Y

37



Then we can derive from (7.44) and (3.9) that

(0,¢]

sup (Hgavug +lcoll? + Hg (%) Hj) <My + CtP <sup E) . (7.45)

7.2 Elliptic estimates — boundary estimates
For the boundary estimates, we introduce a cut-off function x(x) satisfying

x=1 on [§1], x=0 on [0,0/2], |X'| <so0/I, (7.46)
for some constant sq, where 0 is given by (7.20). Let

B =c0fv" +20'0F = Hy + 200 v/ x. (7.47)
Since for any function h = h(z,t) and integer ¢ > 2, it holds that

IxoRII5 + Ixo'Blly < lIx ok + o' R[5 + C ||o*/2A]];,

7.48
o2+ o 2o h] < 4 o2 ok io'h) [+ C o -
We can see that
x| + [no 205t < 4 o 2B+ C oot 2 k=3
o2+ o' |2 < INBIE +C o282, k=2, 7.49)

Hxa3/28tv”’H§ + ”)(0'1/20',3151]/,”2 < 4||xo'* (B - 20”&1}’)“3 + O oo |2, k=1;

o I3+ xos"|12 < Ix (B' = 20"0)[2 +C o |[3, k=0,

Thus, we need to deal with ||o*/2xB||lo when k = 3, ||xBl|o for k = 2, ||c"/>xB’||o when k = 1
and ||xB’||o for & = 0. The proof of (7.48) is left to the appendix.
7.2.1 Boundary estimates for 9%v

To estimate ||xB||o with & = 2, we consider equation (7.4) with k = 2. To this end, we will
first list some useful facts. Similar to (5.6), one can obtain also

”(01/281‘/27/7 o202 oM oS ") (.715)”(2) < My + CtP (sup E) . (7.50)
(0,¢]
Setting || - || = || - (¢)||, we can summarize from (6.5), (6.7), (7.25), (7.36) and (7.27) that

/7 =1 oo + [11/7" = Ul oo + [Rollg + loRoll o + loRA[lg < CLP (Sup \/E> ,

[0,2]

I30llz + I131llzs + ool + lloLill7e < OP (E(t)) + CtP (S[)(l)lg E) : (7.51)

130llZe + 13015 + loLoll 7o + llorLallg < Mo + CtP (sup E) :
[0,¢]
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Next, we will deal with the terms on the right-hand side of (7.4). It follows from (5.6)
and (6.18) that

HX (%x@fv —4 (%)/@21}) (t)

(7.52)
J) ||82 Ho < My + CtP (supE) :
[0,¢]

2

0

<C|ato)|,

For $); and $)9, by virtue of (7.51),, (3.9), and Hardy’s inequality, one has

x4 2 3 2 2 2 )
2
e R = == I
(7.53)
<CtP (supF |,
[0.%]
2 2 2112 x? ’ a? :
)} <CloRalie ool + 4 S = 1) 4] s
Loo Loo

x (lodzolly + |00} (7.54)

<CtP (supkF | .
[0,¢]

For the term involving I3, and I12, we derive from (6.4) and (7.24) that

2
<O Y {IN@alt) (970] +1080] + o)) (D)1

0 a=0,1

1
HX [ (I + -712
o

(7.55)
+ [[xo€1-a(t) (0] + |05 0']) (t)Hg} < My + CtP <sup E) :

[0,¢]

Indeed, it follows from (5.5), (5.7) and (7.51) that

> (IB1—a®Iv®)l + loLi—a(t)fv()]13)

a=0,1

<C (I3:®llg + loLu®lg) @)1z + C (o)l + loLo(®)ll5) 10w ()7

<My + CtP (sup E> ,
[0,1]
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> IRal®) (197 + loogo"]) ()l
<o)l (190" (0) ][ s + 000" (0)]] 4) +/ (l[ozv[ly + [lodzv”[|,) ds 130 ()]l

+ 31Ol (10" (O] oo + o (0)]] o) +/0 (100" 1 + [lo 0 || La) dis 32 ()] s

<My + CtP (sup E)
[0,¢]

and

S lo€ia(®)d (1)]2 < My + CtP <sup E)

a=0,1 (0.,2]

o (7.55) follows. Similarly, one can also obtain

Ix(0/2) (312 + L) ()|I2 < My + CtP (s[ul:]) E) . (7.56)
0,t
Finally, one has
Ig 2
de)ﬂaf (T—2) (1) 0 < CL@)|E < My + CtP (S{(l)l}}) E) : (7.57)

Here (6.6) and (6.8) have been used. Applying (7.6) with £ = 2 and 8 = x, with the help of
(7.4), (7.52)-(7.57) , we obtain

sup IxHo||? < My + CtP (sup E)
0.t [0,¢]

In view of (7.47) and (5.6), one can thus get
S[UI]D IXBl: < ZS[uI;}) IxHo |2+ C (8 sup H82UH0 < My + CtP (sup E>
0.t 0t

[0,¢]

It follows from this, (7.49), and (7.50) that

S[éll]) (HXJ@%HHO + HXJ/&?U’Hz) < S[(l)lz}[]) <||xB||(2) +C Hgl/wfy/uz) < My + CtP (S[(l)lg) E) :
This, together with (5.6), yields that
[0,¢] [0,t]

due to the estimate:

sup (HXO’@EUH; + Hxafvni) < My + CtP (Sup E) , (7.58)

[0,¢]

sup Hxafv'Hi < sup (C Hxaafv’Hi +C ngfafvf||§> < M, + CtP (Sup E) .
[0,¢] [0,¢]
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7.2.2 Boundary estimates for v

Consider now (7.4) with & = 0. Our goal is to bound ||xB'||,. It follows from (5.6) and
(7.58) that

HX (%x@fv 4 (%)v) (t)H: < O x|} + C Ju(®)|? < My + CtP <Sup E) . (7.59)

[0,¢]

For $; and $),, it follows from (3.9), (5.5) and (7.51), that

2 2

4

R |
7’47’/

3 2

T

-1
72,13

+ ~1

LOO

+!

732 [0

2
(02 <C {\ } ol
g (7.60)

+C ||ROH§ {||"U'Hioo + Hv||ioo} < CtP (sup E)

[0,t]
and
2 2 2 2 2
01 <C IRol {1012 + 1o/ + 0w I3}

2 2 2 2 2
+C (IRollE o Role + o Ral?) {1012 + ']}

x? ? 2 2 (761)

+C{' peavo R . + ‘ o i Lw} {||UU lo + ||U||2}

<CtP (Sup E) .
[0,¢]
Using (5.6), one has
2\1 |7
HX {m?at (ﬁ)] ®)| <CO) o)} < Mo+ CtP (Sup E) . (7.62)

0 [0,2]

It yields from (7.7), (7.4), (7.59)-(7.62) that

sup ||xHy||2 < My + CtP (sup E) :
[0,4] [0,

In view of (7.47) and (5.6), one gets

sup [|xB'[[5 < 2sup |[[xH||3 + C () sup ||v]|? < My + CtP (sup E) -
[0,¢] [0,¢] [0,¢] [0,¢]

We can then obtain, using (7.49),, (5.6) and (7.50), that

sup (Ihxoe” s + lhx's"l5) < sup (I (B = 2070 + € o2
7t 7t

< Caup (B + 1115 + (]2 )) < Mo+ C1P (S[;l}f E) -
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This, together with (5.6), yields

up (Ixovlls + Ixvl) < Mo+ CtP (S[m? E) : (7.63)
0t 0t

since

sup [xe” [ < sup (€ xov |3+ C llxo""|7) < My + CtP <sup E) .
[0,¢] [0,¢] (0,4]

7.2.3 Boundary estimates for v

Consider equation (7.4) with & = 3. As before, we list here some estimates which will be
used later. First, it follows from (7.34), (7.58), (7.45) and (7.63) that

sup (o3 + ol + 02+ 20]}) < o+ o <S[5H])E) . (7.6
it it
Moreover, we have the following estimates for d;v and dPv:

H (01/2@2}/7 Ul/zatsv) ("t)Hioo + H(Ug/zﬁtvﬂ, 03/285"0’) (.,t)Hiw < CE(t); (7.65)

and those for J and £:
- 2
0% (31, 021) ()|, < CP(E()),

(7.66)
130, 7L0) (- D)lI70e + (31, 0L1) D)5 + 132, 0L2) (1)l < Mo + CtP (S[UI?E) :
0,t

The proofs of (7.65) and (7.66) will be given in the appendix.
We are now ready to do the estimates. First, (5.6) and (6.18) imply that

o (3ot —(2) a20) 0] <o (Jtaorazucoll; + Jorool)

(7.67)
<My + CtP (sup E) )

[0,¢]
2
1
LOO

X {Ha”%f’v”i + Hal/Qafv'Hi} < CtP (supE) ;

[0,¢]

For $); and )., it follows from (3.9) and (7.51), that

2 2

4

T 2

3 x

-1

_|_

LOO

_|_
LOO

[xo255.(t)]|; < 0{

7“47“’ ?”37"2 T‘27"3

(7.68)
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[xo"25:(0)]l <C loRoll2 ([lo208u]5 + [l 2080 |7)

e {
<CtP (sup E) .
[0,¢]

For the term involving I;; and I1, one can derive from (6.4) and (7.24) that

2

+
oo

3 2

T

-1 -1

Lo Ho (7.69)

7“37“’2 TQT’?’

2
} 0%/ (330, 83", 030"

1 2
XO'l/QE [0'2([11 -+ [12)]/

0
2

<O {Ino 2w (1050l + 1052 + o0z D3 + X028 (1050] + 10525}

a=0
Note that

ZHO_I/2~ aa /| + |O_aa //|

M,

= lldollLoo (loze'llg + lodzv"[lo) + 131llo (I 20’ (O] poc + [Jo* 200" (0)]] )

[P

t
= [ Rl + oot ) s o 23l Bl (1l + )

<M, + CtP (sup E) ,
[0.2]

where we have used (3.9), (7.64)-(7.66) and || - ||z~ < C|| - ||1. Similarly, one has

ZHO’3/2£2 o008 ( Ho <ZH(71/2 (0L 4 8%’“0 < My + CtP (supE)
a=0

g [0,1]

and

2

> (o232 albdzeo®|ly + lo*2 22 ooz}

a=0

<C (3l + o Lal) 1012w + C (1312 + o Lil2) 1002
+ O (|30l + loo]2) [|020]

<My + CtP (sup E> ,
[0.1]

where we have used (5.6), (5.7), (7.64), (7.66), and || - ||z < C|| - ||;. Hence, it holds that

1 2
XO'I/QE [0’2(111 + 112)]/ (t)

< My + CtP (sup E) , (7.70)

0 [0,%]
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Similarly, one can also obtain easily that

||X01/2(J/x)(3[21 + [22)(15)”(2) < My + CtP (Sup E) . (7.71)
[0,¢]
Finally, one has
7 ?
‘ xo' g0} (—2> B < Cl2Zs®)])Z < My + CtP (sup E> : (7.72)
r 0 [0,4]

Here (6.6) and (6.8) were used. Now, it follows from (7.4), (7.67)-(7.72), by applying (7.6)
with f = yo'/?, that

sup HXO'1/2HQH(2) < My+ CtP (sup E) .
[0,t] [0,]

Thanks to (7.47) and (5.6), one can then get

sup HX(71/2BH§ < 2sup Hxal/zHoHi + C(0) sup H@fv”i < My+ CtP (sup E) )
[0,¢] [0,¢] [0,¢] [0,¢]

It then follows from (7.49), and (5.6) that

s (o200, + [ “af ) < s (3 2B+ C o)

<M, + CtP (sup E) .
[0,]

This, together with (5.6) and the Sobolev embedding (5.3), yields

S[élf]’ <HXU3/26§”UH”§ + Hxal/zaf’vfuz - ||X8§”va/2> < My + CtP (SE(I)ltI}) E) : (7.73)

because of

sup Hxal/zafv’Hz <sup (C’ ”)(03/28?1/“(2) +C HXJI/ZU’af’U’H(Q))
[0,1] [0,7]

< S (C |xod2'|2 +C on—l/zgrafu“i) < Mo+ CtP <S[élt}]) E)

and

sup HX@?UHT/Q <sup (C’ H01/2afv||(2) +C ngl/wf’v’Hz) < My+ CtP (sup E) )
[0,4] [0,1] [0,4]
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7.2.4 Boundary estimates for 0,v

Consider equation (7.4) with k = 1. Our goal is to bound || xo'/2B'||,. It follows from (5.6)
and (7.73) that

1 o\’ '
1/2(— Fv—4(—) o ) (t)
X0 xro;v v
‘ 27t (a:) ¢ 0

(7.74)
<C H@f’v(t)”i + Hxalﬂé?f’v'(t)Hz +C(6) |0 (t)|)? < My + CtP (sup E) :

2

[0.]

For $; and )., it follows from (3.9), (5.5), (5.7), (7.51), and (7.65) that

) :L'4 2 3 2 .TQ 2
1/2 &1 _ _ _
”XU ﬁl(t)”(’ SO{ rir! ! oo + r3r/2 oo + r2r3 ! Loo}
ol 9112 1/29 || 775
x (Nowlly + llow'|ls + || 2an" |, (7.75)

+CRol} {200 + o} < 1P (735 E>

and
O]
<CIRoll; {100} + |0 200 [ + 0200”30 }

+C (IRl loRoll} + loRal13) {0001 + o200 3. }

e {
<CtP (sup E) .
[0,1]

For the term involving I;; and I49, it follows from (6.4), (7.24) and (7.35) that

1 I
‘ XO'l/2 {— [0’2(]11 + ]12)}/}
d 0

<C||xa®?Q (Jv/ax| + 0|, + C [|xo* Lo (Jv/2| + [v'] + o (v/x)'| + |ov"])]|,
+C||xo 30 (|o/a| + '] + |(v/x)| + [0 + o (v/x)"] + |ov"])]],
<C|xa**Q ([v] + v, + C [[xo Lo (Jo] + [ + [ov") |,
+C HXUUQ% (Jo| + [V'| + "] + |av”’|)H0.

ZL’3

(7.76)

[)32

-1

+
Lo

7,37,/2 7,27,/3

2
AL Hiemauy o o)
o>

Note that one can derive from (7.64) and (7.51), , that

IxLo(®)llg <C ([v®)lly + IRo()llg I30(t)l =)* < Mo+ CLP (S[élg E) :
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Ixe Q)5 <Cllv(®)ll; + C lov" (1)l + C [R5 loLo(®) 7 + C (loRa (1)l

loRo(®)]l = [Ro(t)l0)? 130D < My + CLP (‘Tﬁfﬁ’ E) ;
,t

which implies, due to (7.64) and (7.66),, that

IxoQ®)llg + IxLo(®)llg + IXTo ()17 + lov(®) 5 + o3 < Mo + CtP <s[(1)1t1? E) _

So, we obtain

{2 o+ ) ]

<C lIxaQlig Ilollz + C lIxLolly (Ilvl3 + llovl13) + C IxFolz (I0ll3 + llowli3) (7.77)

2

<My + CtP (sup E> ,

(0,¢]
where we have used the fact that || - ||~ < C|| - ||;. Similarly, one can show that
2
[xo"/? [(0/2)(3Ln + In2)] (8)]] < My + CP (s[uﬁ) E) : (7.78)
0.t

It follows from (5.6), (7.25), and (7.65) that

1/2 292 17_2 , ’
X0 qu at T2 (t>
0

2
<C (100l + oll = lollo + [0l [[v'llo)* + ClI Rl (1050 + [[0]7) (7.79)

2 2
<C (0], + [0]2)* = CIRol2 (18w + [W]2)? < Mo+ CtP (THI])E)
0,t

It yields from (7.4), (7.7) and (7.74)-(7.79) that
sup Hal/QxHéH?) < My+ CtP (sup E) ,
[0,¢] [0,t]
which implies
sup Hgl/2XB/H(2) < sup (2 Hgl/2XH(’]H(2) + C(9) ||8tv|ﬁ> < My + CtP (sup E) :
[0,¢] [0,t] 0,¢]

due to (7.47) and (5.6). We can then obtain, using (7.49), and (5.6), that

sup <HXU3/2815U”/||(2) 4 HXO’1/2U/atv//H(2)>
[0,¢]

<sup (4 HXJ1/2 (B — 20”@”’)“3 +C ||UatU"||(2)>
[0,¢]

<Csp (Ino B, + 1o + 0w I3) < 3+ Cop <s[35 E> |
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This, together with (5.6) and the Sobolev embedding (5.2), yields

s[u]g]) <HX0'3/23W’"||3 n Hxal/zatvuui + Hxathg/Z) < My+ CtP (s[ul]a E) : (7.80)
0,t 0.t

8 Existence for the case 7 =2

Summing over inequalities (6.18), (7.33), (7.34), (7.44), (7.45), (7.58), (7.63), (7.73) and
(7.80), we find that

supE < My+CtP |supE |, t€[0,T];
[0,¢] [0,¢]

which implies that for small T,

sup FE(t) < 2M,.
te[0,T] (> ‘ (8-1)

With this p-independent estimate, one can use the standard compactness argument [7] to
show the existence of the solutions to the problem (3.7) for some time 7.

9 Casel<vy<?2

In this section, we use similar arguments to those used to deal with the case for v = 2 to
handle the case for general . It should be noted that the value of v determines the rate of
degeneracy near the vacuum boundary, since py appears as the coefficient in front of d;v in
(3.7) and the physical vacuum condition indicates that po(x) ~ (1 — x)v%l as x — 1. Thus
the smaller value of ~ is, the more degenerate equation (3.7) is near the vacuum boundary.
Although the rate of degeneracy near the origin is the same no matter what v is, we need
higher order derivatives in the energy functional to control the H*-norm of v (and thus the
C'-norm of v) for smaller v, since we have to match the norms in the intermediate region.
We first define the higher-order energy functional for 1 < v < 2. Set

v:i=02-7)/(2y—-2)>0, [:=3+2[1/2+v],
where [-] is the ceiling function defined for any real number ¢ > 0 as

[q] :=min{m : m > ¢, m is an integer}.
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Define

E(v,t) == ||o(o /) 8l'( HO+|| (o)) 0k ,t)||0

+1

2 J . . 2
n {H 3/2+V8l 2]+18‘7+1 H + Hgl/2+u8£—2j+18;1)(-,t)HO}
) =0
=1 J o 2
n Z { ‘ 2+Val 2]834—2 H Z ’ O_l—l—uai—QJ@;-Hv(-, t) H }
> 2 0 (9.1)
l+71 —2j+1 2
2 o,
HC A (-,t) I Hgal Ty 0| + Ct—v(.’t)
— J+1 J x j
Jj=1 !
i , 2
- 9 81—2]
Z Hco_al 2j ( + Hgal 2] ) + < t U(,7t> )
J=1 J+2 i+l j
- J

where, as before,
(=1 on [0,0,], C=0 on [20,,1], [¢] < so/d.

Here 0, is a given constant depending on py and vy which will be determined in (9.9) later.
It follows from the Hardy type embedding for the weighted Sobolev spaces (5.2) that

I+1
2

<0 |0t ai|? < OF, (9.2)

lollz < ol s
i=0

+v)

which indicates that the high-order energy functional E is suitable for the study of the
physical vacuum problem (3.7) when v € (1,2). In fact, the norm chosen in (9.1) is in the
same spirit of but slightly different from that in (3.9) for v = 2. Since the energy estimate
gives the bound of

Vo (o/a) ()|, + [[oo/z) ), + [|(o/2) oko®)],

from which we can derive the bound of ||0v|o for v = 2. But for v € (1,2), we cannot
improve the spatial regularity as that for v = 2 due to v > 0 (or equivalently, the higher
degeneracy of the equation). So, the norm chosen for 9/ %v (i = 1,2,---) is based on ||0%v]|o
for v = 2 and on Ha(a/x)”@év’(t) for v € (1,2). This is the difference between (3.9) and
(9.1).

For p1 > 0, we use the following parabolic approximation to (3.7);:

s [ () ()] -5 ()7 () e (52)
=GO O RS CONOI

48

lo

(9.3)




which is the general form of (4.2), for v = 2. This approximation matches the energy
estimates and elliptic estimates in the sense that one can derive the uniform estimates with
respect to p. The existence and uniqueness of the solution to the approximate parabolic
problem with the same initial and boundary data as in (3.7) can be checked easily as before.
To reduce the length of this paper, we will only derive the a priori estimates that guarantees
the existence of the solution to problem (3.7).

9.1 Energy estimates

As for v = 2, taking the (k + 1)—th time derivative of (9.3) yields

o0k 0 - {02 [m (O () B (R a] }
e () () Bea-n (7 () ]

() o2 () T ) ]
= {0 (v — 2Wan +9Waal) ~ 2% (27 = )WWar + (3 — W

! 2
+ 2uox (f) (27 — 2)W1y + yWis] — gzﬁax%)f“ (%) ,

x
where
et (7 (2)'9) - () %
- (<§>2V—2 (%>v+1 v/) - (§>27—2 (%)’Y‘H o
=t ()7 () 5) -6 ()%

et (7 ()0 ()

Comparing it with (6.1) for v = 2, we have to deal with an additional term, the last term
on the left-hand side of (9.4), which does not appear in (6.1). To do so, we introduce a
weight (o/x)% (or equivalently, o), which is 1 for v = 2. Multiply (9.4) with k = [ by
(o/2)?*0 v and integrate the resulting equation with respect to time and space to get

vz (o) 8 o).+ ||o(a/) 8l @) + || (o/2) + dbu ()],

— ~ (9.5)
<My+CtP |supF |,
[0,¢]
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provided that ¢ is small. Here M, = P(E(0,v)) is determined by the initial density po. It
should be noted that (9.5) is the energy estimate parallelling to (6.18) for v = 2.

Based on this energy estimate, we can derive the higher-order spatial derivative of 9! ‘v
and 0/ "?v associated with weights, respectively. Inductively, the weighted spatial derivative
of 07"y and 9/"%v (i = 2,3,---) can then be achieved. Next, we use elliptic estimates to
obtain the other norms in the higher-order energy functional. This is done by the interior
and boundary estimates.

9.2 Elliptic estimates — interior part

To obtain the interior estimates, the key is to choose a suitable cut-off function to separate
the whole region into interior and boundary regions such that the energy norms can be
matched in the intermediate regions. For this purpose, note that

% {02 {(27 - 2)%” + fyﬁfv'l }/ 97 {(27 - 1)% +(y— 1)8{%’] + 2y (%)/ k!
= 7Ho + (67— 4)(o/x) 0fv +2yva ( ) ok

= [Ho + 2va(o /) 0fv' — 2v(o/x) Ov] + (67 — 4+ 2v7) (0 /z) Ofv

= (o)™ [(@o)? (o /) (@hv/2) | + (67— 4+ 209) (0 /Y Do,

where Hy is defined in (7.3). Then equation (9.4) reads

[Ho + 2vx <x> o' — 2v <z>/ va}
—20F 2y — (67 — 4 + 2v7y) ( ) oy — = {0 (27 —2)Wi + 7W12]}

27 (2 — )W+ (7~ )W —m( ) 1620 = 2491 + ool ()
el G e )
-0 (&) () e[ () - ]
e (G e ()7 () A |7 () o]

(9.6)

+22
T

In the interior region, one can see easily that the main part of the left-hand side of (9.6) is
Hy. So, we analyze Hj to determine the length of the interior region, J,. Taking the i-th
(1 > 2) spatial derivative of Hy (i = 0,1 has been treated in the case of v = 2) leads to

H(()Z) — Hy; = of2 4+ (1 + Q)U/f(lﬂ) — 20’ (i) =: Hy;, where f=0fv (9.7)

Xz
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and
i

(i—a)
Hy; Zcz (afl+2 a +2ZCZ a+l (i+1—a) 2201 (a+1) (f)

a=2

is the lower-order term. Here g(¥ denotes 0% g(x,t) for any function g(z,t). Note that

() () -1
- () () e

Then Hy, (1 =2,3,--+) can be rewritten as
- AR AN
Hy; =oxg" + (i +2) (oz) ¢ +i(i + 3)o’g, where g = (—) = (t—) ;
T x
or equivalently,
Hy — (i +2) (0'z —0) g =oxg” +2(i +2)og +i(i +3)o'g

Therefore, we obtain that

|¢Fo — (i +2¢ (o'~ 0) z

= lICong |2+ 4G + 2)? [Cog'|2 + (i 4+ 3)% | Co'gll2 + 4(i +2) / Cong'Cogds

+ 2i(i + 3) /(axg”{a’gdm +4i(i + 2)(i + 3) / Cog'o'gdx,

and
ICozg"|lo + 2 [(i +1)% + 1] [[Cog'llo +i(i +3) (i +i — 2) [|Co'gllq
= HCI;TOZ — (@ +2)(c'r—0)d ’

rd(i42) { [caioglars [ ot o) |g'|2d4

—2i(i + 3) {/CQ o) gg"dr — /CC'U gg’dx]

+2i(i+2)(i + 3) [2 / (oo’ g?dx + /C2aa”g2d:c]

~ 2
<2|[¢Hoi|, +Ci.mo,mu) [[Iomg”l} + IGog I + l1CallE]

26
+Clivmaso) [ (09 + 7] de
s
So, there exist constants §; = (4, mg, my) (i = 2,3,---) such that for § < min{dy/2,;},
1 . 1. ) )
5 I¢oeg"lly + [+ 1) + 1] [Iog'lg + 5l +3) (* + i — 2) mg [|Cgll

~ 2 26
<2 HCHOZ o + C(i,mo, SQ)/ [(gg/)Q + 92] dl‘,
§
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where one has used the fact o’(x) > mg on [0, Jg]. Consequently,

9 25
IGazg”llg + lIog' o + NI¢ally < Cim) TG mo, 80)/5 [(0g")* +9°] dx.

CHy,

It then follows from (9.7) that, for each i > 2,

kN (@)
e k) 2 [+l )+ e ()
0
- . (9.8)
. 26 . 2 k (@) 2
<C'(i,mo) {HCHS” ‘||§} +C(iam0,80)/ ‘(atkv)(lﬂ)‘ + ‘ (%) da.
)
Choose
(S»y = min{50/2,51,52,53,52, 5?1} (99)

(Thus 0, depends on the initial density po(x) and ~.) With this d.,, we can derive from (9.8),
(9.6) and (9.5) that

+
EN ' 9 gl-2+1
Z HCUal 2j+1,, i Hcai—mﬂv + e v (t)
— Jj+1 J .-
- o
% L (9.10)
: o= — ~
Hgaa’ 2Ty +Hca§‘23v o Y@y < My+ctp [ supE
= j+2 j+1 i [0,¢]

This completes the interior estimates. Next, we show the boundary estimates using the same
argument as that in Section 7.2.

9.3 Elliptic estimates — boundary part
As before, we can introduce a cut-off function as
X = 1 on [5’77 1]? X = 0 on [075’)//2]7 |X/| S 50/5’77

for some constant sy, where d, is given by (9.9). Note that in the boundary region, = €
[0,/2,1], the main part of the left-hand side of (9.6) is

B, == 00fv" + (2 + 2v)d' O/
Taking the i-th (i > 0) spatial derivative of B, yields
By) — By = 00F0™ 4 (i + 2 + 20) 0’ O = Ew’v
where

B’yz _ Zoz ak (i+2—a) +2 14+v ZOZ (a+1) ak (i+1—c)

a=1
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denotes the lower-order term. Since for any function h = h(x,t) and integer i > 0, it holds
that

HXO'3/2+Vh/H(2) + Hxa1/2+”0'hH§ < 4||xo' T (o' + (i + 2+ 2V)O’lh)||(2) +C HaH”hH(Q) ,

HXJ%”h'Hi + ||X01+VU/hH(2) <4|xo" (oh' + (i +3+ 2V)O'/h)||(2) +C ||o** | (2) ;

then we have

+1

2
Z { “X03/2+Vai_2j+1@£+lv

2

[—25+1 qj
+ HXO_I/Q—H/at ]+ 8,{1}
=1 0

2 — -
’ } < My+ CtP (sup E)
0 [0,2]
(9.11)
2 — ~
} < My+ CtP (sup E) .
0 [0,1]

This yields the desired is elliptic estimates on the boundary.

-1

2
Z { Hxazwaiﬁjaimv

2

[—25 g
+ HXUH”@ 190ty
=1 0

9.4 Existence for case 1 <y <2
It follows from (9.1), (9.5), (9.10) and (9.11) that

E(t) < My + CtP <Sup E<s)> , te0,T];
s€[0,t]

which implies that for small T,

sup E(t) < 2M,.
te[0,7

With this a priori estimates, one can then obtain the local existence of smooth solutions in
the functional space for which sup;co 71 F(v,t) < oo provided that E(v,0) < oo (E(v,0) is
determined by the initial data and their spatial derivatives via the equation), by using the
parabolic approximation in (9.3) in a similar way as before.

10 Case 7> 2

In this section, we deal with the case when v > 2, which is easier than the case when
1 < 7 < 2 because the rate of degeneracy of equation (3.7), near vacuum states is lower and
less derivatives are needed to control the H?-norm of v. Set

v=(2-7)2y—-2) € (-1/2,0).
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The higher-order energy norm is chosen as follows:

B(w.) = lo(o/2 0 (]2 + | (o) 0tu(- 1)

+z@wmwww1 Oll+ Yol
+Z {||0,2+1/84 2Jay+2 Ho+ Z H01+u84 2Jal+1 Ho}

=1 i=—1 (10.1)
85 2] 2
+Z 6007 (- 1)1, + 1[¢OF o, 1) + ()
j—1
4-2j, 12, 2 a;**%
+Z 600t )|I7,, + 16000 D[S, + || ()
J

Here ( is defined in (7.8). It follows from Sobolev embedding (5.2) that

3
loll3 < llvll3-, <> llo**dioll < CE.
i=0
As before, we can show
E(t) < P(E(0)) + CtP <sup E(s)> . telo,T];
s€[0,t]

which implies that for small T,
sup E(t) < 2P(E(0)).

te[0,T]

With the above estimates, one can then obtain the local existence of smooth solutions in the
functional space sup,¢(o 7 E(t) < oo.

11 Uniqueness of spherically symmetric motions for

the three-dimensional compressible Euler equations
For the free-boundary problem of the compressible Euler equations without self-gravitation,
we can prove that the uniqueness theorem is true for all values of v > 1 in a natural functional

space for the spherically symmetric motion. (Indeed, a similar argument can be extended to
the general three-dimensional motion.) In this case, problem (3.7) becomes

.
po(””> Oy + 0, KZ;DJ } —0 in Ix(0,T],

v(0,t) =0 on {z =0} x (0,71,
v(z,0) = up(x) on I x{t=0},

where the initial density po satisfies (3.3). For problem (11.1), we have the following result:

(11.1)
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Theorem 11.1 (uniqueness for Euler equations) Suppose v > 1. Let vy and vy be two
solutions to the problem (11.1) on [0,T] for T > 0 with

ri(x,t) =z + /t vi(z, s)ds, i=1,2.
0
If there exist some positive constants wy, wo and ws such that
wy <ri(z,t) <wy and |ui(z,t)| <ws, (x,t) €[0,1] x [0,T], i=1,2, (11.2)
then
vi(z,t) = va(x,t), (z,t) €[0,1] x[0,T] (11.3)
provided that vy (x,0) = ve(x,0) for x € [0, 1].

The solution to the spherically symmetric problem of Euler equations in Eulerian co-
ordinates can be obtained from the solution to (11.1). Denote this solution by (p,u)(r,t)
(0<r<R(),0<t<T). For (x,t) € R3 x [0,T] with |x| < R(t), we set

p(x,t) = p(x[,), u(x,t) = u(|x|, t)x/]x] (11.4)
Then (p,u, R(t)) is a solution of the following free boundary problem:

(

Op + div(pu) = 0, 0 < |x| < R(t), tel0,T],
O(pu) +div(pu®@u) + Vi(p?) =0, 0<|x| < R(t), te]0,T],
p>0, 0< [x| < R(t), te[0,T],
p=0, x| = R(t), te0,T], (11.5)
u(0,t) = 0, telo,T),
V(0Br)) = ulapg, ' 1, t € 0,7,
L (P, 0)(x,0) = (po, wo)([x]), x| < Ro,
where Ry > 0 is a constant, By = {x € R® : |x| < R(t)}, V(0Bg) and n represent,

respectively, the normal velocity of OBp() and exterior unit normal vector to dBpy).
As a direct consequence of Theorem 11.1, we have

Corollary 11.2 Let~y > 1. The solutions (p,u, R(t)) of the form (11.4) to the free boundary
problem (11.5) are unique provided they satisfy the following regularity conditions:

R(t) € C'([0,T]) and (p,u) € C'NW" ™ ({(x,t) € R* x [0,T]: 0 < [x| < R(1)}).

Proof of Theorem 11.1. We first present the proof for the case of v = 2 for simplicity.
When v = 2, equation (11.1), reduces to

3| 2y =0 i Ix(0.7),

2 7/ 2 .3

x o’ x

zodir + | o o
x r3r
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Set
9(93',15) = 7“2(1','[5) - Tl(xvt)7

then
2 2 ' 2 3 3
820 — |o? [ - X 20 (22 )Y =0 in Ix(0,T] 11.6
TIG [U (7‘%7"12 r%réQ + x \rir r%r’Q m (0,71 ( )

Multiplying (11.6) by 0,0 and integrating the resulting equation with respect to x, we
have

1 2 2
L9 o @6)?dn = — /02 (% - %) (,9') da

2dt T rar)
- 2/"—2 (f—g fg) (0,0) dx
x \riry o orsrh
Note that
2 2 3 3
# % = A8 + Ay(6/2) and % - Tgré = Al - Au(6)),
where

2 2
T 1 1 1 1 T T\ T I
z\% 1 1 z\° 7z z\?| z x
T1 7“1?"2 7’2 1 172 T2 172

Since r;(0,¢) = 0 and v;(0,t) = 0 (i = 1, 2) for t € [0,7], the bounds in (11.2) give the
following bounds:

wy < ri(w,t)/x <wy and |vi(x,t) /x| < ws, (x,t) €[0,1] x [0,T], i=1,2.
Then, using the integration by parts and the Cauchy inequality, we can get that
th/{xa (8,0)* + o [A1(0) + 2A45(0/2)0 + 2A4(0/x)?] } dx
:/02 b(atAl)(e’f + (0, A2)(0/2)0" + (8tA4)(9/:U)2] dz
(11.7)
+ /02(A2 — 2A43)(0,0/2)0 dx
<C(wy, ws, ws) / o [(0) + (6/2)%] de + 2ws / o2 | Ay — 244) |0/] d,
where C'(wy, wy, w3) is a positive constant depending on wy, wsy, ws3; because

|0nAL] + |00 As| + |00 As| < Cwr, ws) (fvr /] + [va/2] + V1] + [v5]) < Clwy, wa, ws)
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and
10,0/ x| = |(vy — v1) /] < 2ws.

To estimate (11.7), we need the following a priori assumption: there exists a small positive
constant € such that

0" (z,t)] + |(0/x)(x,t)| <€ for all (z,t) € (0,1) x [0,T]. (11.8)

Thus, a simple calculation yields that

e\’ 1\ _ 7

Ai > (2 = C(wr, w2)eo) (r_1> (r_/> > 1
1

<2

4

< 1
4 11 1
Ay > (3 = Cwy,ws)ep) < > > T <r£1) r_’;
1
(0,

which implies that for (z,t) €

AL(0)? 4 245(0/2)0 + 244(0/)? 21 (%)2 (%)3 @) + g (%)4% (92 119)
>k (0)? + ka(0)2)?.

=~

Here k; and ko are positive constants depending on w; and wy. We use the cancelation of
the leading terms to estimate of [ o?|Ay — 2A3||0'| dz. Note that

z\?/1)\? 0
T (] x

2\* [/ 1)?
./43 = (—) (—/> + C(wl,w2)|€/|.
T1 U1

It then follows from the Cauchy’s inequality that
/02 | Ay — 243 16| dz < C(wy, wy) /02 [(6')* + (0/2)?] da. (11.10)

In view of (11.7), (11.9) and (11.10), we see that

1

2 / (25 (00)° + k1(00')? + ka(00/x)*] du(t)

§% / {zo (8,0)° + o [AL(0) + 2A45(0/2)0 + 2A4(0/x)?] } da(t = 0)
+ C'(w1, wa, wg)/o / [(00')? + (00/2)?] da

<C(wy, ws, w3) /0 t / [(00)? + (00/2)?] du
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provided that vy (z,0) = va(x,0). So, it gives from Grownwall’s inequality that for ¢ € [0, T7,
/ (20 (0,0)* + k1 (00')? + ka(00/x)?] (2, t)dx
< exp {C(wr, ws, ws)T) / (20 (810)? + ka(08)? + ka(06)2)?] (x,0)dz = 0,
if v1(z,0) = va(z, 0); which implies directly that
va—v=00=60=0/x=0, (z,t) € (0,1)x[0,T7,
because of o(x) > 0 for all z € (0,1). This verifies the a priori assumption (11.8) and

completes the proof of Theorem 11.1 when ~ = 2.
When 7 # 2, equation (11.1), reduces to

ORI O]
g

which implies that
!
IONGEICICY
o° | — — | -0 | — —
o? s\ 1\ 2\ 1\
E CRORCRO

o0} 0—

Set
vi=(2-7)/(2y-2).
Multiply the preceding equation with (o/x)* 9,0 and integrate the product with respect to
time and space. Then using the same argument as to the proof of v = 2, we can show that
(11.3) is true for vy # 2.
This finishes the proof of Theorem 11.1.

Acknowledgements
Luo’s research was partially supported by NSFC grant # 11271219/A010801. Xin’s
research was partially supported by the Zheng Ge Ru Foundation, and Hong Kong RGC
Earmarked Research Grants CUHK-4041/11P, CUHK-4048/13P, a Focus Area Grant from
The Chinese University of Hong Kong, and a grant from Croucher Foundation. Zeng’s
research was partially supported by NSFC grant #11301293/A010801.

58



Appendix
In this appendix, we verify (7.25), (7.48), (7.65) and (7.66).

Verification of (7.25). For Ry, it follows from (3.9) and (5.5) that

ol =< [ (]| (%)

t N/
< —
loRo(t)]| - _H/O o(2) ds N

t /
/ x(g) ds
0 xXr
- EH e Hav”HLw) ds < Ctsup VE.

t
[
0 L [0,t]

Next, we will show (7.25),. It follows from (7.23),, (5.5) and (7.22), that for p € (1, c0),

+ ||v”\|0) ds < Ctsup VE,
0 [0,t]

t
/ ov"ds
0 oo
t
/ ov”ds
0

i

<C +

Lo

Lo

1€o(®)llg < 10"l + 1 (w/)'llo + [Rollg S0/l e < CVE() + Cts[élg E,

loLo(t) = < o]l = + €|

U ~
V2| 0ol 130l < CVE) + Ctsup E,
- [0,4]

atU

e R e P A
Lp

+ [[0Loll < 10l < CP (\/E(t)) +CtP (sup VE) :

(0¢]

lo(®)ll o < 00"l + c]

" / av ~
el <1600l +€ o (00 = %) |+ foRollm Il
LOO
+ lo€oll e I3oll = < CP (VE®) +CtP <s[u1]a m‘) ,
0t

loLa(t)lly < [lo0pu"], +C |20 — L

ly

+C OFv
xz

+ o Lillo [0l e < CP (VE(t)) + CtP (sup \/E) .

[0,2]

+lloRoll L 1921l + [l Loll < 131l
0

We now turn to the proof of (7.25);. It follows from (5.6), (5.7), (7.23), and (7.22), ; that

18I < (16"l + 1CCo/2) o + [Rollo [30ll,)? < Mo + CtP (Té?f E) |
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~ 2
loLo(®)l|zs < (00"l + C 1o = v/ 1o + lloRo ]l 1o 130l )

<My+ CtP (sup E) ,
[0,¢]

Lo 7w < (1€ov" |l oo + ClICV" = Co/a | e + loR0ll oo 110l )

<My + CtP (sup E) ,
[0,2]

lo£1()ll5 < (lod”llg + C 103" = (8w) /g + loRoll = 131l

oLl [Foll,0)? < Mo + CtP (wa E> |
0,

ISoLa(t)ll < ([[Codfe” (|, + C [ (070" = (@Fv)/x) [y + loRoll o N1€T2ly

~ ~ 2
+11¢oLoll oo 1131llg + o Lallg 1¢J0ll70e) ™ < Mo + CP (S[ul}3 E) :
0,t

Verification of (7.48). Note that

(o + io'B)} = Ixom |+ o hl} + 21 [ oo'hilda

and

21 /X oo’ hh/dx = —i /(X O'O') h2dx
5

> —i||xo’ h||0 —C(i Hxal/2h|| —C(i 5)/ xoh?dx
5/2

> —i|xo'h|2 - C(i,6) ||o"/?]|;.
Then we have for i > 2 that

oI+ Ixo R < oW+ i — 1) [xo'BIE < I ok + io B2+ C [0
This is (7.48),. Next, we will show (7.48),. Note that

||01/2X (oh’ + ia’h)Hi = Hxag/zthi + 2 Hxal/Q 'hHO + 22/X2020’hh’d$
and

2i/x20'20'/hh/dl’: —i/ (Xzaza/) h2dx
—2i ||X01/20'h||0 C(i)|lxoh|i — C(i,0) /;2 xo?h*dzx
> — 2i||x02o'h||; — C(i,d) |oh|?.

60



Then, one has for i > 2
HXO'3/2h/Hz < HXJ3/2h'||§ +i(i —2) ||x01/20’h”§ < ||X<71/2 (oh' + ia’h)”i +Cloh|2.

Since the estimate on ||X01/ 20’ h” , 1s missed, one has to use Minkowski’s inequality to find
it again. That is,

Ixo?a'hl| < & | xo*a'h|, < (|[x” (o' + io'B)|, + [[xo™2H]|,)"
<2 (|xo"” (ot +io )y + o n' ;)
<3 |[x0"/2 (oh' +io'h)|, + C ohl;

provided that ¢ > 1. Therefore, we obtain

||Xa3/2h’H§ - ||X01/20’h||z < 4||xo'? (oh + ia'h)Hz +C|loh|?.

Verification of (7.65). In view of (3.9), one has
[(6¥200", o203 (-, 1)||; < CE(®),

which implies
(200", o%203') (-, 1)]||:.. < CE(t).

Using the embedding W4/3(R) ¢ W3/42(R), one has
| 20%v(t)]|,. <C||o*?0}

= C o200 ]lyyar < C 1o 00|y

, < CVED),

“H3/4

<C [l 2070] o + C || (207 0)’

L4/
since
||01/28fv(t)HL4/3 < ||01/28,?UHL2 |1]jze £ C H@f’v”o < CVE()
and
(200 )], <15 s+ C 080
<||o* 2030 |y + Cllo™ 2 oo 1070 s
<|o'20}]|, + C Hc’?f’le/Q < CVE().

Here we have used the Hélder inequality and the fact || - ||» < C|| - ||1/2 for any p € (1, c0).

Similarly,
o' 20| . < CVE(t).
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Verification of (7.66). One can obtain (7.66), by using (5.5), (7.65) and (7.51), ,, since

101231 (1)]] ;0 < CllOw/al 1 + |00 || o + IFoll7 < P ( E(t)> ;

o220 C (16700 . +]}0" O = B0/ + 00
+lloRoll o |0 231 ]| e + 00l 1o 1T0]l )

<CP (@) +CtP (Sup x/E) .

[0¢]

For (7.66),, it follows from (7.64), (5.6), (6.7) and || - ||z < || - |1 that

and

3()1F < € (lo/alfm +1013:) < € (lo/all} + 0I3) < Mo+ CeP (sfélg E) ,

||\~51(t)||(2) < My+ CtP (S[HI])E> ,
0.t

13200115 <C 880/l + 1270/ [3 + 10l 1015) < Mo +CeP (‘?ﬁt‘i E) |

2 2 2 2 ~ (12
o 2o(t) <C (0" 3 + I = 0/l + o RoN - 0113 )

2 2 2 2 ~ 112
<C (lovlls + llvlly + o/l + loRollz 30l ) < Mo + CtP <S[élf]) E) :

loa(t)2 < Mo+ CtP <sup E> ,
[0,¢]

los(t)llg <C (|lo07v" ||, + 1070 = 0fv/[|, + lloRoll 1o 1321l + lloLoll o 131115

+loLi]l, H30HL00)2 < My+ CtP (S[UI}) E) ,
0,t

where we have used (7.25), ;.
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