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Abstract

It is shown in this paper that suitable weak solutions to the 6D steady incompress-
ible Navier-Stokes equations are Holder continuous near boundary provided that either
173 [+ [u(@)Pdz or 772 [p. |Vu(a)*dz is sufficiently small, which implies that the 2D
Hausdorff measure of the set of singular points near the boundary is zero. This generalizes
recent interior regularity results by Dong-Strain [4].
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1 Introduction

In this paper, we consider the following 6D steady incompressible Navier-Stokes equations
on Q C RS:

—Au+u-Vu=-Vr+f,

(SNS) { o u—t (1.1)

where u represents the fluid velocity field, 7 is a scalar pressure, and the boundary condition
of u is given as a no-slip condition, namely

u=0, on 0. (1.2)

The main interests are in the boundary partial regularity for suitable weak solutions to the
equations (1.1).

Recall the development of interior and boundary regularity criteria for the Navier-Stokes
equations in brief. For the three dimensional time-dependent Navier-Stokes equations, partial
regularity of weak solutions satisfying the local energy inequality was proved in a series of
papers by Scheffer [29, 30, 32]. Later, the notion of suitable weak solutions was first introduced
in a celebrated paper by Caffarelli-Kohn-Nirenberg [1], showing that the set S of possible
interior singular points of a suitable weak solution is one-dimensional parabolic Hausdorff



measure zero. Simplified proofs and improvements can be found in many works by Lin
[21], Ladyzhenskaya-Seregin [22], Tian-Xin [36], Escauriaza-Seregin-Sverdk [5], Seregin [25],
Gustafson-Kang-Tsai [17], Vasseur [38], Kukavica [20], Wang-Zhang [37] and the references
therein. Some similar boundary regularity results are also proved, see Seregin [24, 26, 27],
Kang [18, 19], Gustafson-Kang-Tsai [16] and so on. Moreover, it’s worth to mention that
general curved boundary regularity was obtained by Seregin-Shilkin-Solonnikov in [28].

There are only fewer results available in the literature for the 4D and higher dimensional
time-dependent Navier-Stokes equations. In [31], Scheffer showed that there exists a weak
solution in R* x RT, whose singular set has vanishing 3D Hausdorff measure. Later, Dong-Du
[2] proved that, for any local-in-time smooth solution to the 4D Navier-Stokes equations, the
2D Hausdorff measure of the set of singular points at the first potential blow-up time is equal
to zero, and we refer to [3] for recent results with general suitable weak solutions. As it’s
commented in [4], four (similarly, six for stationary Navier-Stokes equations) is the highest
dimension in which all the existing methods on partial regularity could be applied.

Now we turn to the steady Navier-Stokes equations. In a series of papers by Frehse and
Ruzicka [6, 7, 8, 9], the existence on a class of special regular solutions of (1.1) was obtained
for the five-dimensional and higher dimensional case. Gerhardt [12] obtained the regularity of
weak solutions under the four-dimensional case. For NV > 5, it is not known yet whether weak
solutions are regular. In [34, 35], Struwe obtained partial regularity for N = 5 by regularity
methods of elliptic systems (c.f. Morrey [23] and Giaginta [13]). Later, the result of Struwe
was extended to the boundary case by Kang [18]. In a recent paper, Dong-Strain [4] extended
the interior regularity result of Struwe to the six-dimensional space. Their main idea is to
apply an iteration method and a bootstrap argument to get a suitable decay estimate of
L3/2 norm of Vu, then the Morrey lemma implies the required regularity. In this paper, we
generalized the result in [4] and proved the boundary regularity of six-dimensional steady
Navier-Stokes equations. At last, we refer to [10] by Farwig and Sohr for existence and
regularity criteria for weak solutions to inhomogeneous Navier-Stokes equations.

Let us introduce the definition of suitable weak solutions near the boundary.

Definition 1.1 Let Q C RS be an open domain, and T' C O be an open set. (u,7) is said to
be a suitable weak solution to the steady Navier-Stoks equations (1.1) in Q2 near the boundary
I, if the following conditions hold.

(i)ue HY(Q), 7 € L3(Q), Vi € L3 (Q), f € LS(Q);

(ii) (u, ) satisfies the equations(1.1) in the sense of distribution sense and the boundary
condition ulr = 0 holds;

(iii)uw and 7 satisfy the local energy inequality

2/ |Vu|2qbdac§/ [[ul?2A¢ + u - Vo(|ul* + 2m)] + 2 fugdz (1.3)
Q Q

for any nonnegative C* test function ¢ vanishing at the boundary OQ\I" .

The existence of such a suitable weak solution can be found in [8]. The major concern of
this paper is the regularity and the main results can be stated as follows:

Theorem 1.2 Let (u,7) be a suitable weak solution to (1.1) in Bf" near the boundary {z €
Bi,z6 = 0}. Then 0 is a regular point of w, if there exists a small positive constant € such



that one of the following conditions holds,

i) limsup 3 /B+ lu(z)Pdx < e,

r—04

ii)limsupr_2/ |Vu(z)?dz < e.
r—04 Bt

Remark 1.3 The boundary regularity criteria above for the 6D steady Nawier-Stokes equa-
tions generalize recent interior reqularity results by Dong-Strain [4] and boundary regularity
results for the 5D case by Kang in [19]. Here we consider the flat boundary for simplicity,
the results hold true for general C? boundary, which follows from the analysis here and the
standard techniques as in [28].

Theorem 1.4 Let (u,7) be a suitable weak solution to (1.1) in Bf" near the boundary {x €
Bi,26 = 0}. Then the 2D Hausdorff measure of the set of singular points of (u,w) in By is
equal to zero.

Remark 1.5 This theorem follows directly from Theorem 1.2 by the standard arguments
from the geometric measure theory, which is explained for example in [1].

As it will be shown later, Theorem 1.2 will follow from the following partial regularity
criteria.

Proposition 1.6 Let (u, ) be a suitable weak solution to (1.1) in Bf" near the boundary
{x € By,x6 = 0}. If there exists py > 0 and a small positive constant €1 such that

PESHUHis(B;rO) + p(;2||V7T||L6/5(B%) + nginS(B;O) <él

Then 0 is a reqular point of u.

Remark 1.7 There are several remarks in order concerning the proof of the main results.
First, it should be pointed out that it seems difficult to adapt the boundary regularity theory for
5D steady Navier-Stokes system by Kang in [19] to our case, since the key blow-up arguments
there (Lemma 4.6, [19]) are based on the compact imbedding W2(By) < L3(By) which fails
in the 6D case. Our analysis is motivated by a bootstrap argument due to Dong-Strain [4]
for the interior reqularity theory. However, due to the boundary, new difficulties arise. In
particular, there are slow decaying terms involving El/Q(p) in the pressure decomposition in
the presence of boundaries (see Lemma 3.2), where

E(p) = /B | Vu(2)de.

P

This means that EY?(p) and Dy(p) = p~2 || V= HLg(BJr) are the same order in the standard
P

iterative scheme, which seems impossible to obtain an effective iterative estimate by the local
enerqgy inequality as in [4] (more details see Remark 4.2). To overcome the difficulty, we
first derive a revised local energy inequality, see Proposition 2.4, such that there exists a free
parameter in the coefficient of the scaled energy on the large ball in the local energy inequality,
which plays an important role in the required estimate in Lemma 4.1 and yields an effective
iteration scheme.



The rest of the paper is organized as follows. In section 2, we introduce some notations
and some technical lemmas about Stokes estimates and local energy estimates. In section 3,
we prove Theorem 1.2 under the assumption of Proposition 1.6. Section 4 is devoted to the
proof of Proposition 1.6.

2 Notations and some technical lemmas

Throughout this article, Cy denotes an absolute constant independent of u, p, 7 and may be
different from line to line.

Let (u,7) be a solution to the steady Navier-Stokes equations (1.1). Set the following
scaling;:

ux) = du(z), 7z) = Nr(x), fz) = f(0a), (2.1)

for any A > 0, then the family (u*,7") is also a solution of (1.1) with f replaced by f*(z).
Now define some quantities which are invariant under the scaling (2.1):

A(r) = r4 /B+ |u(m)]2dx, C(r)= r3 /B+ |u(x)|3dx;

— -2 2 = - .
E(r)=r /ijxn dr, Di(r)=r= |V | s p0s
1

= — wdx:
B Jpr

D(r)=r3 /B+ \7r—7rBT+|%da;, T+
i

Fo) =+ [ 1f@)ds,

where B;'(zg) is the semi-ball of radius r centered at xg, and we denote B;(0) by B;.
Moreover, a solution u is said to be regular at xq if u € L>(B, (xq)) for some r > 0.

The following two lemmas about LP estimates on solutions to boundary value problems
for the Stokes equations are well-known, for example, seeing Solonnikov [33], Giga-Sohr [15],
Galdi [11], Seregin [24] and Kang [18].

Lemma 2.1 Assume that Q@ C R" is a bounded open domain , n > 3, 1 < p < oo, and
feLP(Q). (v,q) satisfies the following conditions:

veEW?P(Q), qeWP(Q),
—Nv+Vqg=f, V-v=0, (2.2)
/ qgdr =0, v|sq =0.
Q
Then there holds

[vllw2r @) + lallwir) < Clo, DN fllLr)-



Lemma 2.2 Assume that Bf C R"™ is a bounded open domain , n > 3, 1 < pyg < p < o0,
and f € LP(BT"). (v,q) satisfies the following conditions:

veW™(Bf), qeW"(B),
_AU+Vq:fa VU:O) (23)
U|{xn:0} = 0.

Then there holds

HUHWQ,p(31+/2) + ”qHWI,p(B;F/2) < C(po,p)(HfHLp(BD + HQHLPO(31+) + Hvuwl,po(Bj))'

Recall the interior regular result by Dong-Strain (Proposition 3.7 and (3.33), [4]), which
is necessary in the proof of Theorem 1.2. We write it in a slightly different form.

Proposition 2.3 There exists g > 0 satisfying the following property. Suppose that (u, )
is a suitable weak solution of (1.1) in Bi(xo), and for some py € (0,1), it holds that

ol [ et [ gnempliderd [ (ffde<e
BPo(xO) BPO(xO) Bp0($0)

Then, for 0 < p < po/8, the following inequality will hold uniformly
/ IVu|3dz < Cop’s T3, (2.4)
BP(UCO)

where Cy is a positive constant independent of p.

Next, modifying the analysis in [4] by choosing a new test function, we will derive the
following revised local energy inequality, which improves the local energy inequality in [4]
and plays a crucial role in our proof later.

Proposition 2.4 Let 0 < 4r < p < 1. It holds that

k2 A(r) + E(r)
< Cok4(%)2A(p) + Gk~ (E)*[C(p) + O3 (p)D

win
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S~—
~~
[\
Ot
S~—

where 1 < k < 2 and the constant Cy is independent of k,r, p.
Proof. Let ¢ be a cutoff function, which vanishes outside of B, and equals 1 in B, 5, satisfying
V¢ < Cop™, V3¢ < Cop ™.

Introduce a smooth function as

1
F(x):m, 1<k<

9

AR

which clearly satisfies
—24k>r?
A= ———— < 0.
(21 2P}
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Taking the test function ¢ = I'C in the local energy inequality (1.3), we obtain that
—/ lul2¢ATdx + 2/ |Vu|>¢Tdx
B B

< /B+ [[u|*(TAC +2VT - VC) +u - Vo(|ul* + 27 — QWB:)]dm + Q/B+ ful'Cdx
o
It follows frompsome straightforward computations that
(D (x,t) > Co(kr)™, —CAT(x,t) > Co(kr)™% in B,
Vg < |VI|¢+TIV¢| < Co(kr)™  in By,
ITAC|+2|VD - V(| < Cop™® in B,
from which and the Holder inequality, one derives that

E72A(r) + E(r)

< Cok* (%) Alp) + Cok ™1 ()7 / (Jul® + ul |7 = 7 ¢ [ dee
p r By g
-%Cbr_sz(/[ \jw3dx)§(J/ P de)
Bf B

P

< ok (0)*Alp) + ok~ (2)°[C(0) + C5 (2D ()] + Co(£)*C3 () P (o)
The proof is completed. O
Remark 2.5 Ifk =1 in (2.5), then we obtain the local energy inequality as the interior case
A(r) + E(r)
< Co(2)"A(p) +Co(1)*[Clo) + CHDY )] + Co () CH(p)F (). (26)

Howewver, it seems difficult for us to construct an effective iteration scheme based on (2.6)
due to the fast decay of the second term in the right hand side of (2.6) (for more details see
Remark 4.2). Yet, by choosing a suitable k in Proposition 2.4, we can overcome the difficulty,
see the proof of Lemma 4.1.

3 Proof of Theorem 1.2

In this section, we are going to prove Theorem 1.2 assuming that Proposition 1.6 holds ture,
and the next section is devoted to the proof of Proposition 1.6. In fact, due to the Sobolev
inequality in Lemma 3.1, it suffices to assume that

C(r)<e, forany 0<r<rg<l. (3.1)
First, we need some technical lemmas on the scaling quantities introduced before.
Lemma 3.1 For any 0 < r < rg, there holds
3
C(r) < CoE(r)2, D(r) < CoDZ(r). (3.2)

Proof. These follow from the Sobolev imbedding inequality in the six dimensional space.
O



Lemma 3.2 For any 0 < 4r < p < rg, there holds

Di(r) < co<;)3‘ﬁ (B2 (p) + D1(p) + Co(5)* (B2 (0)C5 (p) + F5 (p)). (3.3)

where p > 12, and Cy depends on p.
Proof. Choose a domain Bt with a smooth boundary such that B, C Bt C By. Let v

and 71 be the unique solution to the following initial boundary value problem for the Stokes
system:

—Av+Vm = f—u Vu, divo=0 in BT,
(T)gr = B+| J5+ mdz =0, (3.4)
v = 0 on OBT.

Then by the estimates for the steady Stokes system in Lemma 2.1, one can obtain

108y 5 190 gy + 1920 g ey 2 Ul oy + 19 g
< Co(llu-Vu HL5 o T g )
< Cop*(E2(p)C5(p) + F3(p)) (3.5)
with Cy depending on By
On the other hand, let
W=uU—v, My=T—Tgy —m (3.6)

p/2
Then w, w9 solve the following boundary value problem:
~Aw+Vm, =0, divw=0 in BT,

w=0 on OB*N{xg=0}.
Then the local estimate near the boundary for the steady Stokes system in Lemma 2.2 for

p > 12 yields that

372 v <C 1
1Y || () HLT’(B:;M)— O(E H w ||Lg B+

P

L5 B+) 3” 2HL5 B-‘—/))

It follows from the Sobolev inequality, (3.6), and (3.5) that

30 | v
P
P | Vo ”LP(B:M)

1 1
S (p3 ” VU} HL‘F BJr/ ) )03 H 2 ||L?(B+ ) )
1 1 1
(pg ” Vu HL5 B+ ) 3 H Vo ||L5 B+/) 2 || v HL5 B+/) EH 1 HL%(B:/Q))
1
< Co(E2(p) + B2 (p)C3(p) + F3(p) + Di(p)). (3.7)



Combining the two estimates (3.5) and (3.7) shows that

1 5
Dir) = ([ | Ivpfbdn)t

72

1 5-8
< C()?TQ( | Vo || +r770 | V72 oy )

6
L5 (B;)

(p) + F3(p) + Di(p))

ol

< Go1) (BHp)CH () + FH(0) +C0(;)3_?’(E5(p)+E5(p)C
< co(;)?’i(E%(p) + Da(p) + Co(2)* (B2 ()O3 (p) + F ().

Thus the proof is completed. O
Proof of Theorem 1.2: Take 0 < 167 < 4p < k < rg and set

G(r) = A(r) + E(r) + €6 Dy (r) + e 12 F3 (1).

It follows from (3.2) and (3.3) for p = 12 that
5
2

)2 (E2 (k) + D1(r)) + Co(2)* (B2 (5)C3 () + Fi ()

3.
Di(p) < C'o(g

p
< CO(%)z(E(“) + Fé(“)) + Co(%)g(Dl(fi) +1). (3.8)

Then using the local energy inequality in Proposition 2.4 for k = 1, (3.1) and (3.2), one can
obtain that

Glr) < Co(2)*Alp) +Co(5)'[Co) + CH DI ()] +Co(£)*C3 ()3 (0)
—i—CgE%Dl (T) + Cos%F% (74)
Co(2)*Alp) + Co () <4 Di(p) + Co () e 3 (p) + Coc 2 Fi (r)
+Co€%D1(7“) + Co($)3€.

=

IN

Applying the inequality (3.8) twice yields

Gr) < Co(5)'(

Set r =63p, p =0k with 0 < § < %. The above inequality yields that
G(r) < Col0> + 567 4107 425075 + c167 %) G (k) + Coe30™ 3 + Coes 6 + Coet™.
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Thus choosing 6 small at first, and then € small, one can get

)

Col0® + 630 4107 4 c5075 4 c1207%) <

N

Coe30™ % + Coes 00 + Cpef 9 < &3,

where €1 is the constant as in Proposition 1.6. Thus we obtain the following iterative in-
equality

Glo') < %G(H) 43, (3.9)
On the other hand, it is easy to see that
G(ro) < Co,
where C depends on g, ||u||H1(B;r), ”VpHLg(B;“) and ”fHLG(Bf)' Then the standard iteration

arguments for (3.9) ensure that there exists 71 > 0 such that
G(r) <3¢ forall re(0,r). (3.10)
Next, due to Lemma 3.2, (3.10) and f € L5(B;"), there exists r > 0 such that

Di(r) < Co(2)2(e)* + Da(p)) + Co(2)%e}, O <r<p<ry<r,
F(p)<e}, 0<p<ry<ry.

Then a standard iteration argumemnt yields that there exists r3 > 0 such that

Dy(r)+ F(r) < Coai'/g for 0<r<rs<ry.

Combining (3.10) and the above inequality, we get

C(r)+ Di(r)+ F(r) < Coe‘rf/z for 0<r<rs.

We can assume that Coei/ 2 < 1 without loss of generality. Hence the proof of Theorem 1.2
is completed due to Proposition 1.6. 0

4 Proof of Proposition 1.6

This section is devoted to the proof of Proposition 1.6. To overcome the lower order term
EY/ 2(p) from the pressure decomposition, we’ll make full use of the revised local energy
inequality in Proposition 2.4 and the decay estimates (3.3) in order to derive an effective
iteration (for more details, see the following lemma and Remark 4.2). Finally, we improve
the decay of Vu by a similar bootstrap argument as in [4], and carry out the boundary
estimates as in [24].



Lemma 4.1 Let p > 0 be a positive constant. Then there exists a 0py, which is suitably small

and independent of p, such that

1 _g-L
02 A(Gop) + E(00p) + 0, D3 (60p)
1. 1 —6+L 3 2
< ;105.40) + B(p) +6," " D(p)] + Co(E3 (p) + EX(p) + Fi(p)),

where Cy is a positive constant independent of p.
Proof. For any 6 € (0, %], Proposition 2.4 with r = 6p and (3.2) yield that

kE~2A(6p) + E(6p)
< Cok*0*A(p) + Cok ™07 [C(p) + C3 (p) D3 (p)] + Cof 23 (p) F
< Cok 02 E(p) + Cok™ 1072 [E2 (p) + E (p)D1(p)] + Cobd 2E3 (p) F

Wl
W=~
s
=

By choosing p = 600 in Lemma 3.2, one hets
D1(0p) < Cob* 15 (E3 (p) + Di(p)) + Cob2(E(p) + F3(p)).
Hence
D3(0p) < Cot® 55 (E(p) + D3(p)) + Cot ™4 (E*(p) + F3(p)).

Set
G(r) =k 2A(r) + E(r) + v 'D3(r), and r = 6p,

with v > 0 to be decided. It then follows from (4.2) and (4.3) that

G(0p) < Cok'6?Elp)+ Cok ™02 [E2(p) + E2(p)Di(p)] + Cob B2 (p)F3 (p)

+Coy 10575 (B(p) + D3(p)) + Cov 10~ (E%(p) + F3(p))
Cok'0*E(p) + Cok™ 072 (E3 (p) + 72 E(p) + 42 D3(p)) + CovE(p)
+Coy 10973 (E(p) + D(p)) + Coy 07" (E2(p) + F (p))

Colk*0% + k107372 + v + 71650 + 65~ 5]G(p)

+Cok 03B (p) + Cor 074 (E%(p) + F3 (p)

IA

IN

Choosing k = Ofi, v = 967%, we get

Colk 0% + k107372 + 4+ 4105 50 + 0555 < Cyf50.

(4.1)

(4.2)

(4.3)

Finally, 6 is chosen so small such that the required inequality (4.1) holds. The lemma is

proved.

10
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Remark 4.2 It should be noted that Proposition 2.4 is crucial in the proof of Lemma 4.1.
Recall the local energy inequality (2.6) as in [4] and the pressure decomposition in Lemma
3_6

Di(r) < oo(g) # (B2 (p) + Di(p) + Co(5)* (B2 (0)C5 (p) + F5 (p), (4.4)

for 0 < 4r < p <1 and p > 12. The two inequalities indicate that A(r), E(r), and D?(r) are
the same order, hence it is natural to try to derive an iterative inequality for the following
scaled quantity:

GOy = AW + B) 77 DY), T =0,
with v > 0 to be decided. It then follows from (2.6) and (4.4) that (as in Lemma 4.1)

12 12

G(0p) < Col6>+ 0732 +~v+~716°"% +6° 5 ]G(p)
+Co0 % (p) + Coy 1074 (E(p) + F5 (p)) (4.5)

In order to obtain Proposition 1.6, one needs the smallness of
Colt? + 7373 + 7+~ % +6°77],

however, which seems to be impossible.
To overcome the difficulty above, we make use of the free parameter in the revised local
T

energy inequality (2.5) such that the term (;)ZA(p) in (2.6) plays an important role, and
consequently we obtain Lemma 4.1.

1
For ap = logj and any small § > 0, we will prove that there exists an integer m = m(J)
and an increasing sequence of real number {a}" ; € (a,2) with oy, > 2 —4. For these fixed
0 and m(J), we obtain the following proposition.

Proposition 4.3 For py € (0,1), there exits a small constant g > 0 satisfying the following
property that if

C(po) + D1(po) + F(po) < eo,

then, for any given § > 0, any 0 < p < po/8 and |zo| < po/8 with xg = (2, x6) and x¢ = 0,
there exists an increasing sequence of real numbers {ag} € [o,2) with oy, > 2 — 0 such
that the following inequality holds uniformly

A(p, 1‘0)—|—E(p,l’0)—|—C%(p,$0)—|—D%(p,l’0) < Copak’ k=0,1,---,m (4'6)
where Cy is a positive constant depending on 6 and k, but independent of p.

Proof. We will prove this by indiction. Without loss of generality, assume that 2’ = 0. By
Proposition 2.4 and (3.2), it holds that

A(po/8) + E(po/8)

1 1

< CoAlpo) + Co[Clpo) + C3 (po) D1 (po)] + CoC'3 (po) F'3 (po)
< CoC3(po) + Co [C(po) + O3 (po) D1 (po)] + CoF2 (po)

2 4
< Coleo+e0% +ed +¢8).



Thus we can choose 3 > 0 first, then g9 = £¢(e3) > 0 small enough such that

C’O(Eé +e3) <1/4, Co(eo + eo? + €§ + e§) < e3/4, (4.7)
and

2(p0) = 02 Alpo/8) + E(po/8) + 05" D2(po/8) < e, (4.8)
It follows from (4.7)-(4.8) and (4.1) that

e(08po) < es. (4.9)
Furthermore, by (4.9) and (4.7), one has
Col BB po/8)% + B0 p0/9)) < 1.

Then (4.9) and (4.1) imply that

1 _ _
(05p0) < 50005 p0) + C1(65 po)*,

where O is a constant independent of k& and we have used that fact that f € L%. One can
iterate the above inequality to reach

k-1

o) < (3) (o) + Crob (Y (057
j=0
< (%)k[w(po) + 12—02196‘[)3] < (%)’“[e@(po) + 12_019003]-

1

For p € (0, po/8), we can find k such that 6552 < p < 915_1%0. Note that ag = loggo, then we
have

C(6o) (65" po)
C00) 5)* [ (p0) + b

3 —6+75 2
05 A(p) + E(p) + 0, ' Di(p)

IN

IN

1

C(00) 08" ) + b

201 4
< Copp™®

IN

< C(60)p™ [¢(po) +

where Cy = Cy(0o, ¢(po), C1,p0). By (3.2) in Lemma 3.1, we can get similar estimates for
C(p), thus the case k = 0 is proved.
Assume that (4.6) is true for m =k, i.e.

A(p) + E(p) + C5(p) + D¥(p) < Cop™. (4.10)

When m = k + 1, we will estimate A(p) + E(p).

12



Let a+ 8+~ =1, with «, 5,7 € (0,1) to be decided. By Proposition 2.4, (3.2) and the
assumption for m = k, one can obtain that
Alp) +B(p) < Cop™A(p™7) + Cop ™ E(p7*7)3
+Cop 3 B(p7)2 Dy (p77) + Cop ™ B(p* )2 Fi (p7*7)
Cop**A(pP*7) + Cop > B(p717)2 + Cop™ 29F 2 (p°+7)
+Cop " B(p" )2 D1 (p"1).

M=

IN

(p

It follows from (4.10) and f € LS that

Alp) + E(p)
Co 2a+(5+7)ak+cp—3a+

(ﬁ—o—w)ak

IN

Cop—ga+3(6+w) i Cgp_3aE(pﬁ+7)%D1 (0%+)
< Copak+(2fak) + Copak(1+§+§fa)73a + Copf%a+3(,6’+'y) + Copf?)aE(pB%y)%Dl(p,BJr'y)'

(4.11)
For the last term, by Lemma 3.2 with p = 12 and (4.10), one can derive that
_ 1 (Btr)a 58 o _
p SaE(pBJr’Y)QDl(pﬁJr'y) < Cop Bap 5 k(PQ P 2’“ +p Zﬁpvak +p 2ﬁp2’7)
(B4+7)a o
< Cop 2 k(p%p%_i_pprvak)
< C()pak(lfa §)+2ﬁ 3a + Copak(1+27ozf§)73a72,8 (4 12)
Since ay, < 2, one can choose
Qg day 100
o= ——, ﬂ = TAn = Y= =
100 + Hay 100 + 5oy, 100 + 5oy,
Now we define a1 as :
— i B v 3
arr1 = min{og + (2 — o), ap(l + 5 + 5~ ) — 3a, —50 +3(8+7),
)
ak(l—a—§)+§5—3a,ak(1+f—a—§) 3a — 20}
(1024 0y 14T+ Gay 300+ Fon 107+ 20y, 130 + 20y, )
= min Qs Qs ,
100+ 5ag ¥ 100 + 5ay F 100 + bay, ' 100 + bay " 100 + Sag ¥
102 4 4oy,
= — 2).
100 + 5oy, 2k € (48:2)
Thus it follows from (4.11) and (4.12) that
Alp) + E(p) + C3 (p) < Cop™+1, (4.13)

where C(p) is estimated directly by using Lemma 3.1.
Next, we estimate D1(p). Since aj11 < 2, by Lemma 3.2 with p = 12 , the inequality

5 1 _ 1 1 1
Di(yp) < Coy2(E>(p) + Di(p)) + Coy 2 (E2(p)C3(p) + F3(p))
5 5 %k+1 -2 Qg1 _92 9
< Co(v2Dilp) +v2p 2+ p™ ! +977p7)
5 At
< Co(v2Dilp) +7 20 27)
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holds for any ~,p € (0,1
For fixed p1 € (0,£), let 6 = % — % . Then we can iterate the above inequality to
reach

5 _ _ _ Sk41
Di(y"p1) < Co[y2Di(v™ o)+ 2 (v o) 2 ]
Sm = ~2, 0j(m—1  Zkrl
< Co[v2"Di(p) + Y (™ )2
=0
_ -1
Okt1 (5 Okt . Bl 2 _ Ok41 kil
< Go[(p) F AT M T T () T )]
j=0
Qpt1 _ 1 Qpt1
< Gl T (o) ]

< Go(y"p) T
where we have used apy1 < 2, and Cp is independent of m. This yields the desired estimate
for D(p). Combining this with (4.13) shows (4.10) for the case k + 1. Hence (4.6) is proved.
Finally, it follows from the choice of ay, that oy is increasing as k — oo, and ap < 2.
Thus there exists a limit & of oy satisfying 0 < & < 2. By the definition of a1, we claim
that & = 2. The proof is completed. O
Proof of Proposition 1.6: It follows from Proposition 4.3 that, for any small § > 0
and 0 < p < po/8, there hold

| @k < e, (.14
P
/B+ Vu(@)]? < Cop'™?, (4.15)
P
/B u(@)Pde < Cop®2%. (4.16)
P
By (4.14), there exists p1 € (p/2, p) such that
/S+ lu(z)|?dx < Cop®~°, (4.17)
Pl

where S} = {z;|z| = p1, 26 > 0}.
Let v be the unique H' solution to the Laplace equation

Av=0, in Bj,

v=0, on 9IBJ N{x;z¢ =0},
v=u, on Sj.

Now we extend v(x) from BJ to B,,. For convenience, we still write z = (2, 26) and
define v(z) to be the odd extension of v(x) from B to B, as:

5(55’ 556) _ U(.ZL‘/,w(;) Z6 > 07
’ —v(2', —x6) w6 < 0.

14



Moreover, we set

u(x

/ .’Eﬁ) _ U(IE’,J/‘(;) e Z 07
’ —u(z', —xg) e < 0.

Obviously, v(x) satisfies

{ Av(xz) =0, in B,
v =1, on S, ={z;|z|=p1}.

Then by the standard estimates for harmonic functions and (4.17), we get

sup [Vol < sup |V3] < Copy® [ [i(o)ldo

B/—J:/z Boy 2 Sp1

< Cop;® / | lu(@)ldr < Cop~ 17972, (4.18)

Pl

On the other hand, we let w = u —v € Hl(B:{l), then w satisfies the stationary Stokes
equation

2%

Aw—Vr=u-Vu—f, in Bf
w =0, on 0B} .

Then by the classical LP estimates for Stokes equations in Lemma 2.1, we have
||V7UHL6/5(B;1) < COPI||UHL3(B;1)HVUHH(le) + COPIHfHLfS/S(B;rl)'
This, together with the assumption that f € LS(B]") and (4.15)-(4.16), yields that
IV@ll o555y < Copi™* + Copi < Copi . (4.19)

Since |Vu| < |[Vw| + |Vo|, combining (4.18) and (4.19), for any r € (0, p/4), we obtain that

/ \Vu|gd:c < Cop® 30+ CorSp530,
B

Taking r = %pgfﬁa, we derive that
/ |Vu]gda: < Coyr?, (4.20)
Bf
where
6-50 24 L1
=% _1 ERETE
£—q90 95 10

for a sufficiently small § > 0.

It should be noted that (4.20) and Proposition 2.3 imply that u is Holder continuity in a
neighborhood of xg, where xy € B:;J /8" In fact, the following arguments are similar to that
in [24] and we sketch its proof for completeness.

Let I' = {z;|z| < po,z6 = 0}. For any xp € B::()/S’ we define ' = dist{xo,I'} =
dist{zg,z*} with z* € T.
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Case I: ' > pg/32. Note that B, (xg) C B;LO/Q(;U*), then one has

[ e [ e PR [ |fPde
B_/(x0) B,/(z0) " B, (z0)

T

< Co(Clpo) + DY (po) + F(po)) < Cole +€¥?) < en.

Hence by (2.4) in Proposition 2.3, we obtain, for any 0 < p < 1’/
/ IVu|3dz < Cop’s T35. (4.21)
By (o)

Case II: 1/ < py/32. First, for r'/2 < p < po/32, since B,(xq) C BZ;(I‘*), the boundary
estimate (4.20) yields that

/Bp(aco)ﬁB+

1

Valbdr <Gy [ Vultds < Gop¥ th (4.22)

ij(:t*)

On the other hand, if p < 1'/2, then B, (x¢) C BZ;, (z*). By (4.6) in Proposition 4.3, one has

1"'_3/ u|®dx + T’_3/ |m — 7 ,(mo)]3/2d9§ + 7“'3/ |fIPdz < Cor’ < e,
B./(z0) B, (z0) " B, (z0)

7‘/

if po is sufficiently small. Again, one can use (2.4) in Proposition 2.3 to derive that
/ \Vu|gdx < Cgp%+%, Vo<p<r')/2 (4.23)
Bp(xo)
Combining the inequalities (4.20)-(4.23) shows that for any z¢ € B;:)/g and 0 < p < po/8,

/ IVu|3dz < Cop’s T35. (4.24)
BP(IO)mB;r

Then the Morrey lemma yields that u is Holder continuity in a neighborhood of 0. Hence we
complete the proof of Proposition 1.6. O
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