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Abstract

This paper concerns the global well-posedness and large time asymptotic be-
havior of strong and classical solutions to the Cauchy problem of the Navier-Stokes
equations for viscous compressible barotropic flows in two or three spatial dimen-
sions with vacuum as far field density. For strong and classical solutions, some a
priori decay with rates (in large time) for both the pressure and the spatial gradient
of the velocity field are obtained provided that the initial total energy is suitably
small. Moreover, by using these key decay rates and some analysis on the expan-
sion rates of the essential support of the density, we establish the global existence
and uniqueness of classical solutions (which may be of possibly large oscillations)
in two spatial dimensions, provided the smooth initial data are of small total en-
ergy. In addition, the initial density can even have compact support. This, in
particular, yields the global regularity and uniqueness of the re-normalized weak
solutions of Lions-Feireisl to the two-dimensional compressible barotropic flows for
all adiabatic number « > 1 provided that the initial total energy is small.

1 Introduction

We consider the Navier-Stokes equations

(pu)r + div(pu @ u) — pAu — (u+ A\)Vdivu + VP(p) = 0, '

for viscous compressible barotropic flows. Here, t > 0 is time, 2 € Q C RN (N = 2,3)
is the spatial coordinate, and p = p(z,t), u = (u',--- ,u™)(z,t), and

Plp)=Rp" (R>0,7 > 1) (1.2)
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are the fluid density, velocity and pressure, respectively. Without loss of generality, it
is assumed that R = 1. The constant viscosity coefficients p and A satisfy the physical
restrictions:

>0, 2u+NXZ>0. (1.3)

Let Q = RY and we consider the Cauchy problem for (1.1) with (p,u) vanishing at
infinity (in some weak sense) with given initial data py and g, as

p(z,0) = po(x), pu(x,0) = poup(z), z € Q=RY. (1.4)

There are huge literatures on the large time existence and behavior of solutions to
(1.1). The one-dimensional problem has been studied extensively, see [9, 18,29, 30]
and the references therein. For the multi-dimensional case, the local existence and
uniqueness of classical solutions are known in [25,31] in the absence of vacuum and
recently, for strong solutions also, in [3-5,19,28] for the case that the initial density need
not be positive and may vanish in open sets. The global classical solutions were first
obtained by Matsumura-Nishida [24] for initial data close to a non-vacuum equilibrium
in some Sobolev space H?. In particular, the theory requires that the solution has small
oscillations from a uniform non-vacuum state so that the density is strictly away from
vacuum. Later, Hoff [10,11,13] studied the problem for discontinuous initial data. For
the existence of solutions for arbitrary data, the major breakthrough is due to Lions [22]
(see also Feireisl [6,7]), where the global existence of weak solutions when the exponent
v is suitably large are achieved. The main restriction on initial data is that the initial
total energy is finite, so that the density vanishes at far fields, or even has compact
support. However, little is known on the structure of such weak solutions, in particular,
the regularity and the uniqueness of such weak solutions remain open. This is a subtle
issue, as Xin [32] showed that in the case that the initial density has compact support,
any smooth solution in C1([0,T] : H*(R%))(s > [d/2] +2) to the Cauchy problem of the
full compressible Navier-Stokes system without heat conduction blows up in finite time
for any space dimension d > 1, and the same holds for the isentropic case (1.1), at least
in one-dimension. The assumptions of [32] that the initial density has compact support
and that the smooth solution has finite energy are removed recently by Xin-Yan [33] for
a large class of initial data containing vacuum. However, this blow-up theory does not
apply to the isentropic flows in general, at least in the case of R3. Indeed, very recently,
for the case that the initial density is allowed to vanish and even has compact support,
Huang-Li-Xin [16] established the quite surprising global existence and uniqueness of
classical solutions with constant state as far field which could be either vacuum or non-
vacuum to (1.1)-(1.4) in three-dimensional space with smooth initial data which are of
small total energy but possibly large oscillations. Moreover, it was also showed in [16]
that for any p > 2,

Jim (IP(p) = P(3) o) + IVl 2geny) =0, (L5)

where p is the constant far field density. This not only generalizes the classical results
of Matsumura-Nishida [24], but also yields the regularity and uniqueness of the weak
solutions of Lions and Feireisl [6,7,22] with initial data of small total energy. Then a
natural question arises whether the theory of Huang-Li-Xin [16] remains valid for the
case of R2. This is interesting partially due to the following reasons: First, a positive
answer would yield immediately the regularity and uniqueness of weak solutions of
Lions-Feireisl with small initial total energy whose existence has been proved for all



v > 1, see [6,7]. Second, this question may be subtle due to the recent blow-up
result in [23] where it is shown that non-trivial two-dimensional spherically symmetric
solution in C1([0, T]; H*(R?)(s > 2)) with initial compactly supported density blows
up in finite time. Technically, it is not easy to modify the three-dimensional analysis
of [16] to the two-dimensional case with initial density containing vacuum since the
analysis of [16] depends crucially on the a priori L6-bound on the velocity. For two-
dimensional problems, only in the case that the far field density is away from vacuum,
the techniques of [16] can be modified directly since at this case, for any p € [2, 00),
the LP-norm of a function u can be bounded by ||p"/?ul| 2 and ||Vu|| 2, and the similar
results can be obtained ( [23]). However, when the far field density is vacuum, it
seems difficult to bound the LP-norm of u by ||p"/?ul|z2 and ||Vul|z2 for any p > 1,
so the global existence and large time behavior of strong or classical solutions to the
Cauchy problem are much subtle and remain open. Therefore, the main aim of this
paper is to study the global existence and large time behavior of strong or classical
solutions to (1.1)-(1.4) in some homogeneous Sobolev spaces in two-dimensional space
with vacuum as far field density, and at the same time to investigate the decay rates
of the pressure and the gradient of velocity in both two and three dimensional spaces
provided the initial energy is suitably small, which turn out to be one of the keys for
the two-dimensional global well-posedness theory.

Before stating the main results, we first explain the notations and conventions used
throughout this paper. For R > 0 and Q = RV (N = 2,3), set

Br = {r € Q| |z| < R}, /fda:é/gfdx.

Moreover, for 1 <r < oo,k > 1, and 8 > 0, the standard homogeneous and inhomoge-
neous Sobolev spaces are defined as follows:

L"=L"(Q), DFr=D;(Q)={ve Ll (Q)|VFeL(Q)},

loc

D]- = D]-,Q’ W’C,T‘ — Wk,T(Q)’ Hk, _ Wk',2’
= {70 R|I11, = [161fOPdE <o},

where f is the Fourier transform of f. Next, we also give the definition of strong solutions
as follows:

Definition 1.1 If all derivatives involved in (1.1) for (p,u) are reqular distributions,
and equations (1.1) hold almost everywhere in Q x (0,T), then (p,u) is called a strong
solution to (1.1).

For Q = RV (N = 2,3), the initial total energy is defined as:

1 1
Co = = 2y —P dz.
0 /Q<2P0!uo\ e (Po)) T

We consider first the two-dimensional case, that is, 8 = R%. Without loss of generality,
assume that the initial density pg satisfies

R2



which implies that there exists a positive constant Ny such that

1 1
/ podx > = /pod:c = _. (1.7)
B 2 2

We can now state our first main result, Theorem 1.1, concerning the global existence
of strong solutions.

Theorem 1.1 Let Q) = R2. In addition to (1.6) and (1.7), suppose that the initial data
(po,ug) satisfy for any given numbers M >0, p>1,a>1,q > 2, and B € (0,1],

0<po<p, ZT%gE€E L'nH'N Wl’q, ug € H°n Dl, p(l]/2u0 € L2, (1.8)
and
luoll s + [P0z 1 < M, (1.9)
where
T2 (e+ |z[)?log?(e + |z?). (1.10)

Then there exists a positive constant € depending on u, A, 7, a, p, 8, No, and M such that
if
Co <e, (1.11)

the problem (1.1)-(1.4) has a unique global strong solution (p,u) satisfying for any
0<T < o0,

0<p(x,t) <25, (x,t)€R?x0,T], (1.12)
p € C(0,T); L* N H nWha),
2% € L0, T; L' n H' nWha),
Vpu, Vu, 77, \/Zﬁut € L>(0,T; L?),

1.13
Vu € L2(0,T; HY) N LatD/a(0, ; Wha), (1.13)
ViVu € L*(0,T; Wh),
| VPus, ViIVug, iz~ uy € LA(R? x (0,7)),
and :
. 21 |

BNl (1+t) log™ (e+t)

for any a > 1 and some positive constant N1 depending only on o, Ng, and M. More-
over, (p,u) has the following decay rates, that is, fort > 1,

IVu( )llze < Clp)t~ TP, for p € [2,00),
IP( )L < Ot forr € (1, 00), (1.15)
IVw(,8)llzz + [VF( 1)l 2 < Ot

where
w2 ou? —dut, F 2 (2u+ Ndivu — P, (1.16)

are respectively the vorticity and the effective viscous fluz, and C(«) depends on «
besides p, A\,7,a, p, 8, No, and M.



Remark 1.1 [t should be noted here that the decay rate estimates (1.15) combined
with the estimate on upper bound of the expansion rate of the essential support of the
density (1.14) play a crucial role in deriving the global existence of strong and classical
solutions to the two-dimensional problem (1.1)-(1.4). This is in contrast to the three-
dimensional case ( [16]) where the global existence of classical solutions to (1.1)-(1.4)
was achieved without any bounds on the decay rates of the solutions partially due to the
a priori LO-bounds on the velocity field. As will be seen in the proof, the key observation
is the decay with a rate for the mean-square norm of the pressure in (1.15).

If the initial data (pg, ug) satisfy some additional regularity and compatibility condi-
tions, the global strong solutions obtained by Theorem 1.1 become classical ones, that
is,

Theorem 1.2 Let Q = R2. In addition to the assumptions in Theorem 1.1, assume
further that (pg,uo) satisfy

V2po, V2P(po) € L2 N LY, T%°V?py, T°V2P(py), Viug € L2, (1.17)
for some constant 6 € (0,1), and the following compatibility condition:
—uAug — (p+ A)Vdivug + VP(po) = pé/2g, (1.18)

with some g € L?. Then, in addition to (1.12)-(1.15), the strong solution (p,u) obtained
by Theorem 1.1 satisfies for any 0 < T < oo,

V?p, V2P (p) € C([0,T}; L* N L),

0V2p, 29V2P(p), VZu € L>®(0,T; L?),

V/PUt, ViV, VT uy, t/pust, tV2u; € L>®(0,T; L?),
tV3u € L>(0,T; L* N LY),

Vug, 27y, tVuyy, t27uy € L2(0,T; L?),

tV2(pu) € L®(0,T; Lat2)/2),

(1.19)

Remark 1.2 The solution obtained in Theorem 1.2 becomes a classical one for positive
time ( [19]). Although it has small energy, yet whose oscillations could be arbitrarily
large. In particular, both interior and far field vacuum are allowed. There is no re-
quirement on the size of the set of vacuum states. Therefore, the initial density may
have compact support. Moreover, by the strong-weak uniqueness theorem of Lions [22],
Theorem 1.1 and Theorem 1.2 can be regarded as uniqueness and reqularity theory
of Lions-Feireisl’s weak solutions with small initial energy, whose existence has been
proved for all v > 1 in [6, 22].

Remark 1.3 [t is worth noting that the conclusions in Theorem 1.2 and Theorem
1.1 are somewhat surprising since for the isentropic compressible Navier-Stokes equa-
tions (1.1), any non-trivial two-dimensional spherically symmetric solution (p,u) €
CH([0,T), H*)(s > 2) with initial compact supported density blows up in finite time
( [23]). Indeed, as in [32], the key point of [23] to prove the blowup phenomena is
based on the fact that the support of the density will not grow in time in the space
C0,T); H™). However, in the current case, though the density p € C([0,T); H?), yet
the velocity u satisfies only Vu € C((0,T); H¥). Note that the function u € {Vu € H*}



decays much slower for large values of the spatial variable x than w € H*T'. Therefore,
it seems that it is the slow decay of the velocity field for large values of the spatial vari-
able x that leads to the global existence of smooth solutions. Unfortunately, such an
argument cannot be valid for the full compressible Navier-Stokes system since the blow-
up results of Xin-Yan in [33] work for any classical solutions with compactly supported
itial density.

For the three-dimensional case, that is, 2 = R3, we have the following results concern-
ing the decay properties of the global classical solutions whose existence is essentially
due to [16].

Theorem 1.3 Let Q = R3. For given numbers M > 0, p > 1, 8 € (1/2,1], and
q € (3,6), suppose that the initial data (po,uo) satisfy

pos P(po) € H2NW?24, P(py), poluo|®> € L', wg € H?, Vuge H, (1.20)
0<p<p luollys <M (1.21)
and the compatibility condition

—ulug — (p + A)Vdivug + VP(pg) = pé/2g, (1.22)

for some g € L?. Moreover, if v > 3/2, assume that
po € L. (1.23)
Then there exists a positive constant € depending on u, \,~y, p, 3, and M such that if
Co <e, (1.24)

the Cauchy problem (1.1)-(1.4) has a unique global classical solution (p,u) in R3x (0, 00)
satisfying for any 0 < 7 < T < oo,

0<p(z,t) <25, zeR3t>0, (1.25)

pe C([0,T); L3? N H> N W>9),

PeC(0,T;L* N H>NW?249), w e L*>(0,T; LY,

Vu € L0, T; HY) N L*(0,T; H*) N L>®(r, T; H?> N W?24),
Vuy € L?(0,T; L) N L>=(7, T; HY) N HY(1,T; L?).

(1.26)

Moreover, forr € (1,00), there exist positive constants C(r) and C depending on p, Ay,
p, B, and M such that fort > 1,

IVu(-,t)[e < CtHHYP, for p € [2,6],
IPC )l < Clr)e 7, for € (1, 00), (1.27)
IV(V < w) ()2 + [ V(20 + Ndive — P)(-, )|z < Ct,

where if v > 3/2, C(r) and C both depend on | po| 11 (rs) also.



Remark 1.4 It should be pointed out that the large time asymptotic decay with rates
of the global strong or classical solutions, (1.15) and (1.27), are completely new for
the multi-dimensional compressible Navier-Stokes equations (1.1) in the presence of
vacuum. They show in particular that the L?>-norm of both the pressure and the gradient
of the velocity decay in time with a rate t=1/2, and the gradient of the vorticity and
the effective viscous flux decay faster than themselves. However, whether the second
derivatives of the velocity field decay or not remains open. This is an interesting problem

and left for the future.

We now make some comments on the analysis of this paper. Note that for initial data
in the class satisfying (1.8), (1.9), (1.17), and (1.18) except ug € H?, the local existence
and uniqueness of classical solutions to the Cauchy problem, (1.1)-(1.4), have been
established recently in [19]. Thus, to extend the classical solution globally in time, one
needs some global a priori estimates on smooth solutions to (1.1)-(1.4) in suitable higher
norms. It turns out that as in the three-dimensional case [16], the key issue here is to
derive both the time-independent upper bound for the density and the time-depending
higher norm estimates of the smooth solution (p,u), so some basic ideas used in [16]
will be adapted here, yet new difficulties arises in the two-dimensional case. Indeed, the
analysis in [16] relies heavily on the basic fact that, for the three-dimensional case, the
LS-norm of v € D*(R3) can be bounded by the L2-norm of the gradient of v which fails
for v € D'(R?). In fact, for two-dimensional case, some of the main new difficulties are
due to the appearance of vacuum at far field and the lack of integrability of the velocity
and its material derivatives in the whole two-dimensional space. To overcome these
difficulties, first, using the L'-integrability of the density, we observe that the L?-norm
in both space and time of the pressure is time-independent (see (3.18)). This is crucial
to show that the H'-norm of the effective viscous flux decays at the rate of t~1/2 for
large time (see (3.61)) which plays a key role in obtaining the decay property of the L°-
norm of the effective viscous flux. Then, after some careful estimates of the expansion
rates of the essential support of the density (see (3.39)), we succeed in obtaining that,
for large time, the LP-norm of the gradient of the effective viscous flux (see (1.16) for
the definition) can be bounded by the product of (1+¢)® and some function g(¢) whose
temporal L?-norm is independent of time (see (3.59)). Based on these key ingredients,
we are able to obtain the desired estimates on L'(0, min{1,T}; L>(R?))-norm and the
time-independent ones on L*(min{1, T}, T; L>(R?))-norm of the effective viscous flux
(see (3.62)). Then, motivated by [20], we deduce from these estimates and Zlotnik’s
inequality (see Lemma 2.6) that the density admits a time-uniform upper bound which
is the key for global estimates of classical solutions. The next main step is to bound
the gradients of the density and the velocity. Similar to [14-16], such bounds can
be obtained by solving a logarithm Gronwall inequality based on a Beale-Kato-Majda
type inequality (see Lemma 2.7) and the a priori estimates we have just derived, and
moreover, such a derivation yields simultaneously also the bound for L (0, T; L°°(R?))-
norm of the gradient of the velocity, see Lemma 4.1 and its proof. Finally, with these
a priori estimates on the gradients of the density and the velocity at hand, one can
estimate the higher order derivatives by using the same arguments as in [14, 19] to
obtain the desired results.

The rest of the paper is organized as follows: In Section 2, we collect some elementary
facts and inequalities which will be needed in later analysis. Sections 3 and 4 are devoted
to deriving the necessary a priori estimates on classical solutions which are needed to
extend the local solution to all time. Then finally, the main results, Theorems 1.1-1.3,



are proved in Section 5.

2 Preliminaries

In this section, for = R?, we will recall some known facts and elementary inequal-
ities which will be used frequently later.

We begin with the local existence of strong and classical solutions whose proof can
be found in [19].

Lemma 2.1 Let Q = R2. Assume that (po,uo) satisfies (1.8) except ug € HPB. Then
there exist a small time T' > 0 and a unique strong solution (p,u) to the problem (1.1)-
(1.4) in R? x (0,T) satisfying (1.13) and (1.14). Moreover, if (po,uo) satisfies (1.17)
and (1.18) besides (1.8), (p,u) satisfies (1.19) also.

Next, the following well-known Gagliardo-Nirenberg inequality (see [26]) will be used
later.

Lemma 2.2 (Gagliardo-Nirenberg) For p € [2,00),q € (1,00), and r € (2,00),
there exists some generic constant C > 0 which may depend on p,q, and r such that
for f € HY(R?) and g € LY(R?) N DY (R?), we have

112 ey < Ol 122 IV £ 2 (2.1)
loloqar) < Cllalldsgd) @ a2 w22, (2.2)

The following weighted LP bounds for elements of the Hilbert space D'(R?) can be
found in [21, Theorem B.1].

Lemma 2.3 For m € [2,00) and 0 € (1 +m/2,00), there exists a positive constant C
such that we have for all v € DV?(R?),

m 1/m
(Y —
(/]1{2 . L_|’$|2 (log(e + |z[*)) ed:c) < Clvllr2sy) + ClIVYl L2 (r2)- (2.3)

The combination of Lemma 2.3 with the Poincaré inequality yields
Lemma 2.4 For & as in (1.10), suppose that p € L°(R?) is a function such that

0<p< My, M< / pdz, pz®c L'Y(R?), (2.4)
Bn,

for N, > 1 and positive constants My, My, and «. Then, for r € [2,00), there exists a
positive constant C' depending only on My, Ma, o, and r such that

1/r
([ ploras) ™ <N+ loalusgn) (10 ollzge + (Dol 29

for each v € {v € D}(R?)] p'/%v € L2(R?)}.



Proof. First, for f € L'(By, ), denote the average of f over By, by

N

By, = f(z)dz.

|BN.| /By,

It then follows from (2.4) that

1
By UBy | = |——— By — v — VB, )dT + —— vdx
v vsr | =15 . (PBy, = p) (v = vpy )do + 15 o
- 1/2 nre (2.6)
<S2MIN o = vy, 125y, + My 2N 0 20 128y,

<8M ||Vl 128y, + Mi°N

N, 1”/0 UHLQ(BN*)a
where in the last inequality one has used the following Poincaré inequality ( [8, (7.45)])
o = vy g2y < NI 90l 2 (27)
Then, it follows from (2.6) and (2.4) that
vy, | < C(My, Ma)NZ ||Vl 12y, ) + C(MLM2)N*le/2UHL2(BN*)a

which together with (2.7) leads to

/ \vy%zxgz/ (v — vy, [*dz +2|By. |lvy, |’
Bn, By, (2.8)

< O(My, M)NS||Vo|12s 5, )+ C(My, Ma) N2 0" 20][25 5,

Finally, it follows from Holder’s inequality, (2.3), (2.8), and (2.4) that for r € [2, 00)
and 0 =4/(4+«a) € (0,1),
/R2 plv|"dz < ||(Pifa)a”L1/cr(R2)||‘U’ri"_MHLM(w)(R?)||P||};ZOU(R2)

<C(1+ ozl @) (N2 (020l p2ge) + 190l 2e)) )

which gives (2.5). This completes the proof of Lemma 2.4.

Next, for V- £ (—0s, 1), denoting the material derivative of f by f2 fi+u-Vf, we
state some elementary estimates which follow from (2.1) and the standard LP-estimate
for the following elliptic system derived from the momentum equations in (1.1):

AF = div(pn), phw =V - (pi), (2.9)
where F' and w are as in (1.16).

Lemma 2.5 Let Q = R? and (p,u) be a smooth solution of (1.1). Then for p > 2 there
exists a positive constant C' depending only on p, i, and A such that

IVF| pm2y + IVl L@y < Cllpt| o w2y, (2.10)
| Fllzoee) + @llzogeey < Clloillaod) (IVulleeey + 1P le@e) ™ (211)

IVullogey < Clioil agady (IVullzagey + [ Pllsz@e) " + CllPlogey.  (212)



Proof. On the one hand, the standard LP-estimate for the elliptic system (2.9) yields
(2.10) directly, which, together with (2.1) and (1.16), gives (2.11). On the other hand,
since —Au = —Vdivu — V+w, we have

Vu = -V (-A)"'Vdivu — V(-A) Vi, (2.13)
Thus applying the standard LP-estimate to (2.13) shows
[Vullzne) < C@)(divul o) + @)
S COIF N r@z) + CO)wllLerz) + COI Pl e r2),

which, along with (2.11), gives (2.12). The proof of Lemma 2.5 is completed.

Next, to get the uniform (in time) upper bound of the density p, we need the following
Zlotnik inequality.

Lemma 2.6 ( [34]) Let the function y satisfy
Y (1) = g(y) +0'(t) on [0,T], y(0) =y",
with g € C(R) and y,b € WH1(0,T). If g(o00) = —0o and
b(t2) — b(t1) < No + Ni(ta —t1) (2.14)
for all 0 < t1 < to < T with some Ng > 0 and N1 > 0, then
y(t) < max{yo,Z} + No < o0 on [0,T7,
where C is a constant such that
9(Q) < =N for (>( (2.15)

Finally, the following Beale-Kato-Majda type inequality, which was proved in [1,17]
when divu = 0, will be used later to estimate ||Vu||p and ||Vpl|r2nne(q > 2).

Lemma 2.7 For 2 < q < oo, there is a constant C(q) such that the following estimate
holds for all Vu € L*(R?) N D%4(R?),

[Vl oo g2y < C ([l divul| oo r2) + [[w]] Lo r2)) log (e + [V Zul| La(r2))
+ C”VU||L2(R2) + C

3 A priori estimates(I): lower order estimates

In this section, for Q = R?, we will establish some necessary a priori bounds for
smooth solutions to the Cauchy problem (1.1)-(1.4) to extend the local strong and
classical solutions guaranteed by Lemma 2.1. Thus, let T > 0 be a fixed time and
(p,u) be the smooth solution to (1.1)-(1.4) on R? x (0,7] with smooth initial data
(po, up) satisfying (1.8) and (1.9).

Set o(t) £ min{1,t}. Define

T
A(T) & sup (O’HVUH%Q) +/ U/p|u\2dxdt, (3.1)
0<t<T 0
and
T
As(T) & sup 02/p|al2dm—i—/ /02|V1'L]2dxdt. (3.2)
0<t<T 0

We have the following key a priori estimates on (p, u).

10



Proposition 3.1 Under the conditions of Theorem 1.1, there exists some positive con-
stant € depending on p, \,vy,a, p, B, No, and M such that if (p,u) is a smooth solution
of (1.1)-(1.4) on R? x (0,T] satisfying

sup p <25, A(T) + Ao(T) < 26,7, (3.3)
R2x[0,T]

the following estimates hold

T
swp p<Tp/d AT+ AxT)+ [ ol PRt < G (3.4)
R2x[0,T] 0

provided Cy < €.

The proof of Proposition 3.1 will be postponed to the end of this section.

In the following, we will use the convention that C' denotes a generic positive constant
depending on u, A, v, a, p, 3, Ny, and M, and use C(«) to emphasize that C depends
on «.

We begin with the following standard energy estimate for (p,u) and preliminary L2
bounds for Vu and pt.

Lemma 3.2 Let (p,u) be a smooth solution of (1.1)-(1.4) on R? x (0,T]. Then there
s a positive constant C depending only on u, A, and v such that

1 1 T
sup /<p|uy2+ P> dm+u/ /|Vu]2dxdt < Cy, (3.5)
0<t<T 2 v—1 0
T
AL(T) < CCy+ C sup ||P2 +c/ a/(|Vu\3+P]Vu\2) dedt,  (36)
0<t<T 0
and T
Ao(T) < CAL(T) +c/ o2 (IVullLs + | PI[L.) dt. (3.7)
0

Proof. First, the standard energy inequality reads:

1 P T
sup [ (Golul?+ =25 Yot [ [ (a9l + o e e < €

0<t<T

which together with (1.3) shows (3.5).

Next, multiplying (1.1)2 by @ and then integrating the resulting equality over R?
lead to

/p|u]2dx =— /u -VPdx + M/Au ~udr 4+ (p+ ) /Vdivu - udz. (3.8)

Since P satisfies
P+ u-VP+ ~vyPdivu =0, (3.9)

integration by parts yields that

- / iV Pdy = / (divu) P — (u- V) - VP)da

= < / divuPdm)t + / ((y = D P(divu)? + Pju;dju;) dr  (3.10)

< </divuPda:> +C/P|Vu\2dx.
t

11



Integration by parts also implies that

/Au udr = —= (HVuHLz /8% (urOgu;)dx
(3.11)
=L (19ulEs), + ¢ [ [VuPas,
and that
. . A+ 1% . 9 . .
(w+ ) | Vdivu - adx = —— ([[divell72), = (A +p) [ divediv(u - Vu)de
oy (3.12)
< ATH (divul3,) +C/]Vu|3d:v
Putting (3.10)-(3.12) into (3.8) leads to
B'(t) + /p|u|2d$ < C’/P|Vu]2dx + C||Vull3s, (3.13)
where \
B(#) £ 2Vl + 2T fdivullf, - /divuPda: (3.14)
satisfies u
TIVuli: = ClIPIL: < B(t) < ClIVull: + CIIP| s, (3.15)

Then, integrating (3.13) multiplied by o over (0,7) and using (3.15) and (3.5) yield
(3.6) directly.

Finally, to prove (3.7), we will use the basic estimates of 7 due to Hoff [10]. Operating
9/0t + div(u-) to (1.1)}, one gets by some simple calculations that

p(i)y + pu - Vil — pAid — (p+ \)9;(divar)
= pdi(—0su - V! + divudiuw?) — pdiv(djudsu’)

) 3.16
— (4 N9 (Opu - Vu' — (divu)?) — (p + A)div(0judivu) (3.16)
+ (v — 1)9;(Pdivu) + div(Pdju).
Multiplying (3.16) by 7 and integrating the resulting equation over R? lead to
([ plikas) +u [ 1viPas < cIvulls + Pl (3.17)
t

which multiplied by o2 gives (3.7) and completes the proof of Lemma 3.2.

Remark 3.1 [t is easy to check that the estimates (3.13) and (3.17) also hold for
0 =R3.

Next, we give a key observation that pressure decays in time.
Lemma 3.3 Let (p,u) be a smooth solution of (1.1)-(1.4) on R? x (0,T) satisfying

(3.3). Then there exists a positive constant C(p) depending only on p, X, 7y, and p such
that

T
AT)+ 4(T)+ [ ollPIadt < Cp)Ch, (3.18)

12



Proof. First, it follows from (2.12), (3.5), and (3.3) that
T
/0 o (IVullds + [ PI4.) dt
T T
< c/o ollpil2s (o ValZa + ol| P|22) dt+C/0 2| P[4 dt

T T
< C(7) (A(T) + Co) /0 oMl dt + C(p) /0 o?|| P||2.dt.

(3.19)

To estimate the last term on the right-hand side of (3.19), noticing that (1.1)s gives

P = (=A)"Mdiv(pa) + (2p + N)divu,
we obtain from Holder’s and Sobolev’s inequalities that

/P2d$ <C|(=A)~ div(pi)l| oo | Pl pascar-v + CI V| 2| Pl 2

. 1/2 —-1/2
<Cllpill garcaren ol 22NN + ClI V| 2 Pl 2

. 1/2 —1/2
<ClIp"?| ™2 2 12 ol o + ClVul| 2| Pl 2
<C||P| 210" 2 + C|| V|| 2| Pl 2,

where in the last inequality, one has used

/pda::/podmzl,

due to the mass conservation equation (1.1);. Thus, we arrive at
I1Pll2 < Cllp* %l g2 + C|| V| 2,

which, along with (3.6), (3.7), (3.19), (3.5), and (3.3) gives
T
AVT) + 42(T) <CR)Co+Cp) [ ol Tullsit.
0
Then, on the one hand, one deduces from (2.12), (3.5), and (3.3) that
o) 3 @, 2 2
| elvattar < [T alo il (196l + IPIE:) de+ CoICy

1/2 o(T) 2 2 _
< CAY(o(T)) /0 (IVul2 + |P|2) dt + C(p)Co
< C(p)Co.

On the other hand, Hélder’s inequality, (3.19), (3.3), and (3.22) imply

T T T
/ o[ Vulbadt < 5/ IVl Ladt + 0(5)/ V| 22dt
o(T) o(T) o(T)

< 6C(p)AL(T) + C(6)C(p)Co-

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Finally, putting (3.24) and (3.25) into (3.23) and choosing § suitably small lead to

Ai(T) + Ax(T) < C(p)Co,

13



which together with (3.22) and (3.5) gives (3.18) and completes the proof of Lemma
3.3.

Next, we derive the rates of decay for Vu and P, which are essential to obtain the
uniform (in time) upper bound of the density for large time.

Lemma 3.4 For p € [2,00), there exists a positive constant C(p, p) depending only on
P, 1, A, 7, and p such that, if (p,u) is a smooth solution of (1.1)-(1.4) on R? x (0,7
satisfying (3.3), then

sup (@ (IVul, + IPI) + 20212 < Co. )Co. (3.26)
o(T)<t<T

Proof. First, for p > 2, multiplying (3.9) by pPP~1 and integrating the resulting

equality over R?, one gets after using divu = ST /\(F + P) that
p’Y p+1
P = PPFd
(1P1E), + S P 2MH/ : o
py +1 +1 '
< WHPHEH (p)HFH]ZpH,
which together with (2.11) gives
2(2p + )\) +1 +1
ST PR, + 1P < co)l|FIP
P (IPIZ), + 1P s < COIIFT 0 (3.28)
< C(p) (IIVulf= + |I1PI72) Il
In particular, choosing p = 2 in (3.28) shows
2y —
(I1P172), + mHPHLs < 8o ull72 + C6) (IVullze +11Pl72) - (3.29)
Next, it follows from (3.13) and (2.12) that
B(0)+ [ plifdo < CIPIG + CIVulls
. 3.30
< CulIPIEs + Cllpitllzz (IVull3= + 1P13:) (3.50)
< Cil|PIf2s + 8llp"?al72 + C(p,6) (IIVullzz + [ Pl72) -
Choosing Cy > 2+ 221+ A)(Cy + 1)/(2y — 1) suitably large such that
u
ZHVUH%Z +[IP|72 < B(t) + Co||P|72 < C||Vul72 + C|I P2, (3.31)
adding (3.29) multiplied by Cs to (3.30), and choosing ¢ suitably small lead to
2(B(t)+ CalPIE) + [ (plil? + P) de < CIPIa + CIVullsy (332)

which multiplied by t, together with Gronwall’s inequality, (3.31), (3.18), (3.5), and
(3.3) yields

T
sup ¢ (||Vul32 + || P||72) +/ t/ (pla* + P?) dzdt < C(p)Co. (3.33)
o(T)<t<T o(T)
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Next, multiplying (3.17) by t? together with (2.12) gives

<t2/p|u]2dw> +ut2/lvu|2dx

(3.34)
<2t [ plifds -+ C@E ol (19ulRs +1P1E:) + COEPILe

Choosing p = 3 in (3.28) and adding (3.28) multiplied by (C + 1)* to (3.34) lead to

, 22+ MN)(C +1 ,
(i f oo Dy, ) 4 et + i1,
t

< Ct/(ﬂlU|2+P3) da +C(p)e[lp" il 72 (IVulf2 + 1Pl72)

which combined with Gronwall’s inequality, (3.33), and (3.3) yields

T

sup ¢ [ (pliP 4 P)dot [ £ (Vi + |PIL) dt < CpICo. (339)
o(T)<t<T o(T)

Finally, we claim that for m =1,2,---,

T
sup ™| Pl + / 7| P dt < C(m, p)Co, (3.36)
o(T)<t<T (T)

which together with (2.12), (3.33), and (3.35) gives (3.26). We shall prove (3.36) by
induction. In fact, (3.33) shows that (3.36) holds for m = 1. Assume that (3.36) holds
for m = n, that is,

T
sup (" P|EL, + / £ P42, dt < C(n, )Co. (3.37)
o(T)<t<T (T)

Multiplying (3.28) where p = n + 2 by t"*1, one obtains after using (3.35)

2(2p+ A)
(n+2)y—1
< C(n, p)t" | Pl|42: + C(n, p)Co (| VullF2 + || PlI72) -

(" HPIEE), + PN

(3.38)

Integrating (3.38) over [o(T'), T'] together with (3.37) and (3.18) shows that (3.36) holds
for m = n + 1. By induction, we obtain (3.36) and finish the proof of Lemma 3.4.

Next, the following Lemma 3.5 combined with Lemma 2.4 will be useful to estimate
the LP-norm of pt and obtain the uniform (in time) upper bound of the density for
large time.

Lemma 3.5 Let (p,u) be a smooth solution of (1.1)-(1.4) on R? x (0, T] satisfying the
assumptions in Theorem 1.1 and (3.3). Then for any a > 0, there exists a positive
constant N1 depending only on o, Ny, and M such that for allt € (0,T],

1
/ oz, t)dz > L. (3.39)
By (141) 4
1

log® (1+t)
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Proof. First, multiplying (1.1); by (1+]|z|?)/? and integrating the resulting equality
over R?, we obtain after integration by parts and using both (3.5) and (3.21) that

d
G [+ Py < [ plulda

dt
1/2 1/2
cof ) ()

<C.

This gives
sup /,0(1 +122)2de < (M)A +1). (3.40)

0<s<t

Next, for p(y) € C§°(R?) such that

L if [yl <1,
0< <1, - Vo| < 2,
<op(y) < ©(y) {0 it 1y > 2, [Vl

multiplying (1.1), by ¢(y) with y = dz(1 + )" log~*(e +t) for small § > 0 which will
be determined later, we obtain

d 6
p W(y)dfﬂ—/pvyw-ytdwr 050 log (e +1) /pu-Vyst:v
o o
> — _
=T+ 0% log (e + 1) /”‘x'd‘r (1+ 6)log™(c + 1)
C(M)o

(1+t)log*(e+1t)’

where in the last inequality we have used (3.40). Since a > 1, this yields

(3.41)

NG

/W (y)dx > /po(a:)go(asé)dm — C(a, M)é >

where we choose § = (Ny + 4C(a, M)~ 1.
Finally, it follows from (3.41) that for N; £ 26~! = 2(Ny + 4C(a, M)),

- 1
/ pds > [ pio (5a(1+0) Hog (e +1)) do > 1.
BN, (1+1) 10g2 (e+1)

which finishes the proof of Lemma 3.5.

Next, to obtain the upper bound of the density for small time, we still need the
following lemma.

Lemma 3.6 Let (p,u) be a smooth solution of (1.1)-(1.4) on R? x (0,T) satisfying
(3.3) and the assumptions in Theorem 1.1. Then there exists a positive constant K
depending only on u, A\,~v,a, p, 5, No, and M such that

o(T)
sup  t'7P|| V|2, +/ tl_ﬁ/p]u|2d:vdt < K(p,M). (3.42)
0<t<o(T) 0
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Proof. First, set

A . M1/2 s
v = min TSV € (0,1/2].

If 8 € (0,1), Sobolev’s inequality implies

/PO|U0|2+Vd$< /00|U0\2dx+/PO|U0\2/(1_5)CZ:U

< C(p) + C(0)uol S~ < C(p, M),

(3.43)

For the case that 8 = 1, one obtains from (2.5) that

(2+v)/2
/p0|u0|2+”daz < C(p) </po\u0|2dx + / \Vuolzda:> < C(p,M). (3.44)

Then, multiplying (1.1)2 by (2 + v)|u|”u and integrating the resulting equation over
R? lead to

d
G [oulreds s @) [ (WTuP + (ot N div?) do

< (2+u)y/(y+A)|divu|yu\vyvu|dx+c/,ﬂ|uyvyvu\d:c

2 2
;”/(M+A)(divu)2|u|"dx+(Z”)“/quﬁdx

+C’/p|u!2+”dx+C’/p(2+”)7_l’/2d$,

IA

which together with Gronwall’s inequality, (3.43), and (3.44) thus gives

sup /pu|2+”daj < C(p,M). (3.45)
0<t<o(T)

Next, as in [12], for the linear differential operator L defined by

(Lw)’ 2 pw! + pu -V’ — (uAw + (u + N)d;divw)
= pui? — (pAw’ + (u+ N)dydivw), j=1,2,

let w1 and wq be the solution to:
Lw; =0, wi(z,0) =wio(x), (3.46)

and
Lwy = =V P(p), wa(x,0)=0, (3.47)

respectively. A straightforward energy estimate of (3.46) shows that:

o(T)
sup /p]wl\de—i—/ /|Vw1|2dxdt§ C(p)/|w102dx. (3.48)
) 0

0<t<o(
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Then, multiplying (3.46) by w1; and integrating the resulting equality over R? yield
that for t € (0,0(T)],

1 . .
= (ul Vw72 + (p+ N || divwn [[32), + [ plwr[*da
2 t

:/pw'l(u-le)dx

1/2

(3.49)

C@)p"*in 210" ul| 24 | VP0r |72

1 . _
<5 [ plirfde + (o 30) V3
where in the last inequality we have used (3.45) and the following simple fact:
IV2willz2 < Cllpun]|z,

due to the standard L?-estimate of the elliptic system (3.46). Gronwall’s inequality
together with (3.49) and (3.48) gives

a(T)
sup [V 72 + / / pluin [Pdzdt < C(p, M)|[Vwio| 35, (3.50)
0<t<o(T) 0
and
2 o) P _ 2
sup t|Vwil|72 —i—/ t/p]wl dxdt < C(p, M)||wio||72- (3.51)
0<t<o(T) 0

Since the solution operator wig — wi(-,t) is linear, by the standard Stein-Weiss
interpolation argument ( [2]), one can deduce from (3.50) and (3.51) that for any

0 € [B3,1],

o(T)
sup ' 77| V|7 + / £ / plun [Pdadt < C(p, M)|lwioll%,, — (3.52)
0<t<o(T)

with a uniform constant C' independent of 6.

Finally, we estimate wy. It follows from a similar way as for the proof of (2.10) and
(2.12) that
IV (20 + N)diviws = P)l| 2 + [V (V© - w2) | 2 < Clpaba]| 2, (3.53)
and that for p > 2,
IVws|ze < C(/|(21 + A)divwy — Pllze + C||Plle + |V - wa 1o
< dllprial|z2 + C(5,p, 0)|[Vewal 2 + C(5,p, )Cy . o

Multiplying (3.47) by we; and integrating the resulting equation over R? yield that for

€ (0,0(T)],
1 . .
5 (MHVU}QH%Q + (4 N[ divews |25 — Q/Pdlvwgdac>t + /p|w2]2dx
— /pr(u-V'LUQ)d:L'— /Ptdivwgd:n (3.55)
< C(D)||p" 2| 2| 0" F || 2o || Vs || p 20y se — / P,divwydz

< C(p, M)5||p" iz |72 + C(8, p, M) (| Vws|[72 + | Vul 72 + 1)
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where in the last inequality we have used (3.54), (3.45), and the following simple fact:

1

204+ A
1

———— [ P%divud
+2(2M+>\)/ ivudx
< C||Pullgzl|pia]| 2 + C P2l 2| Vul| 2
< 3l ialZz + C(8,p) (IIVullZz +1)

- / P divwedr = — /Pu -V((2p + A)divwy — P)dx

due to (3.9) and (3.53). Gronwall’s inequality together with (3.55) gives

o(T)
sup || Vw32 —i—/ /p|u’)2|2dxdt <C(p,M). (3.56)
0<t<a(T) 0

Taking w19 = wug so that wy + we = wu, we then derive (3.42) from (3.52) and (3.56)
directly. Thus, we finish the proof of Lemma 3.6.

We now proceed to derive a uniform (in time) upper bound for the density, which
turns out to be the key to obtain all the higher order estimates and thus to extend the
classical solution globally. We will use an approach motivated by our previous study
on the two-dimensional Stokes approximation equations ( [20]), see also [16].

Lemma 3.7 There exists a positive constant eg = eo(p, M) depending on p, \, v, a, p, 3,
No, and M such that, if (p,u) is a smooth solution of (1.1)-(1.4) on R?x (0, T] satisfying
(3.3) and the assumptions in Theorem 1.1, then

75
sup [lp(0)]lz < (3.57)
0<t<T
provided Cy < €.
Proof. First, we rewrite the equation of the mass conservation (1.1); as
Dip = g(p) +b'(1), (3.58)
where
DipEpr+u-V (p) £ A b(t) £ ! /tht
= u - s = — s = — .
tP = Pt Py 9\p 21+ A 2M+)\0p

Next, it follows from (2.10), (3.40), (3.39), and (2.5) that for ¢ > 0 and p € [2, 00),

IVEC t)][r < Clp)llpal- )] e

< C(p,p, M)(1+1t)° (HPl/Qa(':t)HB + Hvu(-,t)HLg) 7 (3.59)

which, together with the Gagliardo-Nirenberg inequality (2.2) for ¢ = 2, yields that for

19



r24+4/8and 6= (2r + (1 —B)(r —2))/(3r —4) € (0,1),
b(a(T))]

"0 o2/ (- (r-2)/(a(r1 .
SC’([))/O B2/ 16-1) (1) P2, )| R gy

7 r/(4(r—1
< C(p, M) /0 o~ CrH=B)-2)/(r-1) (227 F|2,) 740D gt

o(T) olT)
< C(p, M) / o~ dt / o?|VF|3.dt
0 0

o r/(4(r=1))
SCX@AD<A (aWMﬂm&2+awvm@QdQ

< C(p, M)Cy/ =),

(Br—4)/(4(r-1)) ( r/(4(r—1))

where in the second, fourth, and last inequalities one has used respectively (3.42),
(3.59), and (3.18). This combined with (3.58) yields that

3p
sup ol < 5+ C(p, M)Cy" < L, (3.60)
te[0,0(T)]

provided
Co < &1 £ min{1, (p/(2C(p, M)))*}.

Next, it follows from (2.10) and (3.26) that for ¢ € [o(T),T],

LEC Ol < CUVul Ol +1PC D)2 + [lpal, Bl )

3.61
< C(p)Cy P12, (3:61)
which together with (2.2) and (3.59) shows
T
[ g IO
35/9 19 4
<c/‘HF OIFLIVEC. o) o

< O MCE™ [ N i 1 [Tl )

o

< C(p. M)CP,

where in the last inequality, one has used (3.3). This shows that for all o(T) < t; <
t2 < T7

blt2) ~ b(t2)| < C(p) [ 1) e

t1

T
< to—t1)+C(p, M F(-,t)|3dt
< gpala =0+ €A [ PGl
1 _ 35/18
< to —t M
_2M+)\(2 1) +C(p, M)Cy™ ™,
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which implies that one can choose Ny and Ny in (2.14) as:

1

Ny = ——
YT oo N

No = C(p, M)CP/'®,

Hence, we set ¢ = 1 in (2.15) since for all ¢ > 1,

Lemma 2.6 and (3.60) thus lead to

35 75
sup  |pllre < ?’) TN < Zp’ (3.63)
telo(T),T)

provided

Co < g0 = min{ey, &2} foreg & [ —5—— e .
— ) ) 4C(ﬁ7 M)

The combination of (3.60) with (3.63) completes the proof of Lemma 3.7.

With Lemmas 3.3 and 3.7 at hand, we are now in a position to prove Proposition
3.1.

Proof of Proposition 3.1. It follows from (3.18) that

T
AL(T) + Ay(T) + / o|P|2.dt < C)/?, (3.64)
0
provided
Co <e3 % (C(p) 2.

Letting ¢ = min{eg, e3}, we obtain (3.4) directly from (3.57) and (3.64) and finish the
proof of Proposition 3.1.

4 A priori estimates (II): higher order estimates

Form now on, for smooth initial data (pg, ug) satisfying (1.8) and (1.9), assume that
(p,u) is a smooth solution of (1.1)-(1.4) on R? x (0, T] satisfying (3.3). Then, we derive
some necessary uniform estimates on the spatial gradient of the smooth solution (p, u).

Lemma 4.1 There is a positive constant C' depending only on T, u, \,v,a, p, B, No, M,
and ||po|| giAwie such that

sup (ol + [Vl 2 + 2 9%]%)
0<t<T

T i) (4.1)
[ (19l + 192l 4 92l ) de < .

0

Proof. First, it follows from (3.32), (3.31), Gronwall’s inequality, and (3.5) that

T
sup || Vul|3. +/ /p|1l|2d:cdt§ C, (4.2)
0

te€[0,T]
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which together with (2.12) shows

T
/0 |Vt .dt < C. (4.3)

Multiplying (3.17) by ¢ and integrating the resulting inequality over (0,7") combined
with (4.2) and (4.3) lead to

sup t/p|a|2dx + /Tt||vu|§2dt <c (4.4)
0<t<T 0
Next, we prove (4.1) by using Lemma 2.7 as in [15]. For p € [2,¢], |Vp|P satisfies
(IVolP)e + div(|Vp[Pu) + (p — 1)|Vp[Pdivu
+pIVplP2(Vp)'Vu(Vp) + pp|Vp[P~>Vp - Vdivu = 0.

Thus,
d
—||v < CO(1+ ||[Vul[z) ||V C||v?
Z9pllzs < COL+ [ Vullz) IVl o + CIV2ull o ws)
C(1+ [[VullL=) [Vl Lr + C|lpt| e,
due to
IV2ul| e < C (|lpitl|ze + [V P o) , (4.6)

which follows from the standard LP-estimate for the following elliptic system:
pAu+ (u+ \)Vdive = pu+ VP, u—0 as |z| = .
Next, it follows from the Gargliardo-Nirenberg inequality, (4.2), and (2.10) that
[divul|zee + [lwl[Loee < Cf|Fllzee + C[[P[Le + Cllw]| Lo
< C(g) + C@IVFIL ™ + C@l Vel 7 @)
< O(g) + C@llpa] ™,
which, together with Lemma 2.7, yields that
IVullzee < O ([[divul| e + [|lwl[z) log(e + [|V2ul|4) + C||Vul 2 + C
< C (1 + llpall 2 ) log(e + llpil i + | Vpllze) + C (4.8)
< C(1+ |lpilza)log(e + [[Vpl|La)-
Next, it follows from the Holder inequality and (3.59) that

-1)/(¢*-2) -|q(q2—2)/(q2—2)

. .2
it o < [lpil| 7 o]

ol 1) /(a2 — ) ] a(¢—2)/(¢*>-2)
< Clpall 7812 (11pM 2 12 + Vil 12

_ . _ 2_
<C”pl/2u||L2+CHP1/2UH2(q 1)/(q? 2)||VUH%(2‘1 2)/(q 2),

which combined with (4.2) and (4.4) implies that
T 1+1/
| Qo+ o) ar

<c / (16202 + Va2, + 2020 g
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Then, substituting (4.8) into (4.5) where p = ¢, we deduce from Gronwall’s inequality
and (4.9) that

sup ||Vpl|lLe <C,
0<t<T
which, along with (4.6) and (4.9), shows
T 1
/ (HVQuH(qu Va4 tuv%y\%q) dt < C. (4.10)
0

Finally, taking p = 2 in (4.5), one gets by using (4.10), (4.2), and Gronwall’s inequal-
ity that

sup ||Vpl|rz2 < C,
0<t<T

which, together with (4.6), (4.4), and (4.10), yields (4.1). The proof of Lemma 4.1 is
completed.

Lemma 4.2 There is a positive constant C' depending only on T, pu, A, 7, a, p, B, No, M,
and ||V (Z%po)|lL2nra such that

sup (2%l pinpiawre < C. (4,11)
0<t<T

Proof. First, it follows from (2.3), (3.40), (3.39), and (2.8) that for any n € (0, 1] and
any s > 2,
|luz™||psn < C(n,s). (4.12)

Multiplying (1.1); by Z¢ and integrating the resulting equality over R? lead to

d
p pxdx < C/p]u\:ﬁ“_l log?(e + |z|*)dx
< Cllpz* | sy srva 0z T
< C/p:i‘“d:c +C.
This gives
sup /p:?:ada: <C. (4.13)
0<t<T

Then, one derives from (1.1); that v £ pz® satisfies
v+ u- Vv —avu-ViogT + vdivu = 0,
which, together with some estimates as for (4.5), gives that for any p € [2,¢]

(IV0llr)e < OO+ [ Vul o+ llu- Vlog ] )| Vol s
+ Cllollz= (I1VullV log lllzo + | [ul[ V2 log /[0 + V>l »)
< C(L+ [Vallyra) [V 1o (4.14)

+ Cllolzse (IVullzs + 1z |72 e + [0 10
< COU+ I V2ulls + [ Vullwra) (1 + [IVellis + 1| Vellza),
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where in the second and the last inequalities, one has used (4.12) and (4.13). Choosing
p = q in (4.14), we obtain after using Gronwall’s inequality and (4.1) that

su YV (pz® < (.
OgthH (PZ) e < (4.15)

Finally, setting p = 2 in (4.14), we deduce from (4.1) and (4.15) that

sup |[[V(pz®)[|2 < C,
0<t<T

which combined with (4.13) and (4.15) thus gives (4.11) and finishes the proof of Lemma
4.2.

Lemma 4.3 There is a positive constant C' depending only on T, pu, A, 7, a, p, B, No, M,
and ||V (Z%po)|lL2nra such that
T
sup t (le/QutH%z + HVuH%J +/ t|Vug||2.dt < C. (4.16)
0<t<T 0
Proof. Differentiating (1.1), with respect to ¢ gives
puy + pu - Vuy — pAug — (p+ A)Vdivuy (4.17)
= —pi(u +u-Vu) — puy - Vu — VP, ’

Multiplying (4.17) by u; and integrating the resulting equation over R?, we obtain after
using (1.1); that

Ld
2dt
:—Z/pu-Vut-utdx—/pu-V(u-Vu-ut)dx

plug|2da + / (1| Vue)® + (p+ A (divug)?) do

—/put-Vu'utdx—i—/Ptdivutdaz (4.18)
< c/p\uuut\ (Ve + [Vuf? + \quguDdx—i—C/p]u\Q]VuHVut\dx
+C [ plufVuldo + CO)|PIE: + 5V

Each term on the right-hand side of (4.18) can be estimated as follows:
First, the combination of (4.12) with (4.11) gives that for any n € (0,1] and any
s> 2,

" ull porm + Nz ™| Lorn < C(n, 5). (4.19)
Moreover, it follows from (2.5), (3.40), and (3.39) that
o' Pudllps < Cllp" Purl r2 + Cl V|2, (4.20)

which together with (4.19), (4.2), and Holder’s inequality yields that for § € (0,1),
/p|u|\ut| (V| + [Vaul? + [u]| V2u]) do
< COllpull ol o 2uel| 510" el 167 (V| 2 + (Va2
+ ClloM ul|2aa oM 2l 102 2| V20 2 (4.21)
< Cllo 2l (102l z + 19l 2) " (Il + 192l 2 + 1)

< oIVul3s +C@) (IV2ula + 10 2l +1)
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Next, Holder’s inequality, (4.19), and (4.20) lead to

[ P 1vullFuddo+ [ olusfVuldz
< Ollp2ul 26|Vl g1 [ Vuell 2 + [Vl g2 0" 20 36710 2ue | (4.22)
< o1Vuil3 + ) (IV2ula + 10" el 22 + 1) -
Next, it follows from (4.19), (4.2), and (4.11) that
I1Pilze < Cllz™ul 2o I} 12V pl| o + C| V] 12 < C. (4.23)

Finally, putting (4.21)-(4.23) into (4.18) and choosing d suitably small, we obtain
after using (4.6) and (4.1) that

% p\ut|2dx+u/\Vut|2da: §C/p|ut|2dx+0/p|11|2d:1:+1. (4.24)

It follows from (4.6) and (4.19) that
IVl + 19720 - V2
< O+ Cllp %l 2 + Cllp"ull 1o | Vull 352 V2l 5
< O+ Cllp2illzz + 5 IVull 2,
which together with (4.2) shows
IVl + 19 2ull 2 < Cllp* %4 2 + C. (4.25)

This combined with (4.24), (4.2), and Gronwall’s inequality gives (4.16) and finishes
the proof of Lemma 4.3.

;From now on, assume that (p,u) is a smooth solution of (1.1)-(1.4) on R? x (0, 7]
satisfying (3.3) for smooth initial data (po, uo) satisfying (1.8), (1.9), (1.17), and (1.18).
Moreover, in addition to T', u, A, 7, a, p, 8, No, M, and ||V (Z%po)|| 2ALe, the generic pos-
itive constant C' may depend on ||V2ugl| 12, [|2°°V2po|| 12, |Z%° V2P (po)| 12, and ||g]l 2,
with ¢ as in (1.18).

Lemma 4.4 It holds that

T
sup (102 ulze + [Vl ) + [ [Vurl3edt < C. (4.26)
0<t<T 0

Proof. Taking into account on the compatibility condition (1.18), we can define
Vou(z,t =0) =g. (4.27)
Integrating (3.17) over (0,7") together with (4.27) and (4.3) yields directly that
T
sup [lp il + [ [Vt < C.
0<t<T 0

which, along with (4.25) and (4.24), gives (4.26) and finishes the proof of Lemma 4.4.

The following higher order estimates of the solutions which are needed to guarantee
the extension of local classical solution to be a global one are similar to those in [19],
so we omit their proofs here.
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Lemma 4.5 The following estimates hold:

sup_([1a% V]l + 170 V2P 12 ) < C, (4.28)
0<t<T
T
sup t||Vue||32 + / t <Hp1/2UttH%2 + ||V2ut\|%2) dt < C, (4.29)
0<t<T 0
sup ([V?pllra + [V?P|1s) < C, (4.30)
0<t<T

sup t (Ilpl/%tllm + [|VPull p2rpe + [ Vug|| g + |!V2(pu)IIL<q+z>/z)
0<t<T
T (4.31)
+/ 2 (| Vuge]|22 + Juwz"|22) dt < C.
0

5 Proofs of Theorems 1.1-1.3

With all the a priori estimates in Sections 3 and 4 at hand, we are ready to prove
the main results of this paper in this section.

Proof of Theorem 1.1. By Lemma 2.1, there exists a T, > 0 such that the Cauchy
problem (1.1)-(1.4) has a unique strong solution (p,u) on R? x (0,7}]. We will use
the a priori estimates, Proposition 3.1 and Lemmas 4.1-4.3, to extend the local strong
solution (p,u) to all time.

First, it follows from (3.1), (3.2), and (1.8) that
Ay (0) + AQ(O) =0, po<p.

Therefore, there exists a 71 € (0, 7] such that (3.3) holds for T = T7.
Next, set

T* = sup{T'| (3.3) holds}. (5.1)

Then T* > Ty > 0. Hence, for any 0 < 7 < T < T* with T finite, one deduces from
(4.16) that for any q > 2,
Vu € C([r,T); L*> N LY), (5.2)

where one has used the standard embedding
L®(r,T; HYNHY(r,T; H ') — C ([r,T); L), for any ¢ € [2,00).
Moreover, it follows from (4.1), (4.11), and [21, Lemma 2.3] that

p € C(0,T); L' n H' n W), (5.3)

Finally, we claim that
T = oo. (5.4)

Otherwise, T* < oo. Then by Proposition 3.1, (3.4) holds for 7' = T*. It follows from
(3.5), (4.11), (5.2) and (5.3) that (p(z, T*), u(z, T*)) satisfies (1.8) except u(-, T*) € H”.
Thus, Lemma 2.1 implies that there exists some 7" > T, such that (3.3) holds for
T = T**, which contradicts (5.1). Hence, (5.4) holds. Lemmas 2.1 and 4.1-4.3 thus
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show that (p,u) is in fact the unique strong solution defined on R? x (0,7] for any
0 < T < T* = 00. The proof of Theorem 1.1 is completed.

Proof of Theorem 1.2. Similar to the proof of Theorem 1.1, one can prove Theorem
1.2 by using Lemma 2.1, Proposition 3.1, and Lemmas 4.1-4.5.

To prove Theorem 1.3, we need the following elementary estimates similar to those
of Lemma 2.5 whose proof can be found in [16, Lemma 2.3].

Lemma 5.1 Let Q = R3 and (p,u) be a smooth solution of (1.1). Then there exists a
generic positive constant C' depending only on p and X such that for any p € [2, 6]

IV o + |V 2o < Clpitl| 1, (5.5)
IF o + llwllze < Cllpal| S22 (| Wul| 2 + || Pl|2) ¢ P/ ) (5.6)
IVullze < C(IF | + |0l o) + C|| Pl o, (5.7)

where F' = (2pu + N)divu — P and w = V X u are the effective viscous flux and the
vorticity respectively.

Proof of Theorem 1.3. It suffices to prove (1.27). In fact, it follows from [16, Propo-
sition 3.1 and (3.6)] that there exists some ¢ depending only on u, A, v, p, 3, and M
such that

sup ([Vullz + ol ones + 10212 )

1<t<oo

o (5.8)
+ [ (I9ulls + 192l + [ ValE.) e < C.
provided Cj < €.
If v < 3/2, it then holds that
3
S pllae <€ sw o7 < C (5.9)
1<t<oo 1<
If v > 3/2, since pp € L, (1.1), yields that for ¢ > 0,
[ ptatids = [ mid
which combined with (5.8) implies
2/3
sup |[|pll sz <C sup |pllfi” < C. (5.10)
1<t<oo 1<t<oco

Similar to (3.20), one deduces from (1.1)2 that
P = (—=A)"Ydiv(pu) + (2u 4 N)divu,
which together with the Sobolev inequality gives

P12 <C|[(=A) " div(pi)| 12 + C||Vul| 2
<C|lpitl] yos5 + C|| V| 2
1/2 .
<Cllpll¥ 1ol 2 + ClIVull 2
<C||p"2i| 2 + C|[ V|| 2,
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where in the last inequality one has used (5.9) and (5.10). This combined with (5.8)
leads to

oo

/ | P||3.dt < C. (5.11)
1
Next, similar to (3.27), for p > 2, we have
P py—Ll o1 py—1
(1PI), + E 1P = ~2; [ PrPaa, (512)
which together with Holder’s inequality yields
py—1 1 1

(I1PI,), + mHPH%l < C)IIF|IT:- (5.13)

Next, for B(t) defined as in (3.14), it follows from (3.13) and (5.7) that

Bw»+/mm%xscuw%+«mvw%

(5.14)
< Cil|P|7s + ClIF |75 + Cllwlzs-
Choosing Cy > 2+ 221+ A)(Cy + 1)/(2y — 1) suitably large such that
i
$1Vulle +1IPILe < B(#) + G| Pl < Cl[Vulfz: + C|I P2, (5.15)

setting p = 2 in (5.13), and adding (5.13) multiplied by Cs to (5.14) yield that for
t>1,

2 (B(t) + Co||P|12.) + 2/ (pla)* + P?) dz
5.16
< CIFIa + Clwls (516
< |lp"ill72 + C (IVulliz + 1Pl72)
where in the second inequality we have used (5.6) and (5.8). Multiplying (5.16) by ¢,
along with Gronwall’s inequality, (5.15), (5.8), and (5.11), gives

sup ¢ (IVulZe+ |PI3) + [t [ (plil? + P dat < c. (5.17)
1

1<t<oco

Then, multiplying (3.17) by t? together with (5.7) gives

<t2 / p|u\2dx> o2 / Valdz
t

(5.18)
< 2t/p|u|2dx + CPFIL, + CPllwl[Le + 2| P,

Setting p = 3 in (5.13) and adding (5.13) multiplied by 2(2u + A\)(C + 1)t2/(3y — 1) to
(5.18) lead to

, 202+ \)(C +1 ,
(ﬂ/ﬁw&m+ 2 %WPMQ + Vil + Pl
t

3y—1
< Ct/ (plu|? + P?) dz + C#*||F|| 14 + Ct|wl| 74
<Ct [ (plaP + %) do -+ C2p il (| Tula + 1Pz

<Ct [ (pla + P%) do-+ 2o il (020l + Vule + [IPIE:).
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where in the second inequality we have used (5.6). This combined with Gronwall’s
inequality, (5.17), (5.8), and (5.11) yields

oo
swp ¢ [ (pliP+ P o+ [T (Wil 4P <C (30)
1<t<oo 1
This combined with (2.12) gives (1.27) provided we show that for m =1,2,--- |
oo
sup ™| Pl + / £\ P, dt < C(m), (5.20)
1<t<oo

which will be proved by induction. Since (5.17) shows that (5.20) holds for m = 1, we
assume that (5.20) holds for m = n, that is,

sup || PI[3EL, + / P+, dt < C(n). (5.21)
1<t<oo

Setting p = n + 2 in (5.12) and multiplying (5.12) by t"*! give

2024+ )
(n+2)y—1
CE"|PI2s + C)t" | Pl | F | o

(P, + I PIEE,

(5.22)

It follows from the Gagliardo-Nirenberg inequality, (5.5), and (5.19) that

/1 | Fllpdt < C / |FIY2 v F| 2a
<c / il 21 pi] /2t

<c / 2 v Rat
1
<c

which, along with (5.22), (5.21), and Gronwall’s inequality, thus shows that (5.20) holds
for m = n+ 1. By induction, we obtain (5.20) and finish the proof of (1.27). The proof
of Theorem 1.3 is completed.
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