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ABSTRACT. We describe recent progress on QH* (G/P) with special emphasis
of our own work.

1. INTRODUCTION

How many intersection points are there for two given lines in a plane? How
many lines pass through two given points in a plane? It is the main concern in
enumerative geometry to find solutions to such questions of counting numbers of
geometric objects that satisfy certain geometric conditions. There are two issues
here. First, we should impose conditions so that the expected solution to a counting
problem is a finite number. Second, we will work in the complex projective space,
so that Schubert’s principle of conservation of number holds. Then we ask for this
invariant. For instance to either of the aforementioned questions, the solution is a
constant number 1, if the condition is imposed precisely as “two distinct given lines
(resp. points) in a complex projective plane P?”.

Information on counting numbers of geometric objects may be packaged to form
an algebra. For instance for the case of a complex projective line P!, basic geo-
metric objects are either a point or the line P! itself. There are only two pieces of
non-trivial enumerative information among three basic geometric objects. Namely,
(a) (pt,line,line)g 3,0 = 1, telling us that a point and two (same) lines intersect at
a unique intersection point; (b) (pt, pt, pt)o,3,1 = 1, telling us that there is a unique
line passing through three (distinct) given points. Incorporating all these enumera-
tive information together, we obtain the algebra C[z, q]/{x? — ¢). Here the identity
1 and the element x stand for the basic geometric objects, a line and a point, respec-
tively; ¢ stands for a line, the geometric object to be counted; the aforementioned
counting numbers are then read off directly from the algebraic relations 1 x x =
and z *x x = ¢, in terms of the coefficient N1 0 of z and the coefficient Nl*q of g,
respectively. In modern language, we are saying that the quantum cohomology ring
QH*(P!) of P! is isomorphic to C[z, q]/(2% — q) as an algebra.

The concept of quantum cohomology of a smooth projective complex variety
arose from the subject of string theory in theoretic physics in 1990s, and the termi-
nology was introduced by the physicists [09]. The coefficients for the quantum mul-
tiplication are genus zero Gromov-Witten invariants, which were rigorously defined
later (by means of virtual fundamental classes in general) via symplectic geometry
[95] and via algebraic geometry [54]. As a first surprising application of the big
quantum cohomology, Kontsevich solved an old problem in enumerative geometry
on counting the number of rational curves of degree d passing through 3d — 1 points
in general position in P2, by giving a recursive formula in 1994. We note that a
rational curve of degree 1 is a complex projective line. The space P! can be written
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as the quotient of the special linear group SL(2,C) by its subgroup of upper trian-
a b
gular matrices ( 0 a ! ), and it is a special case of the so-called homogeneous

variety G/P. In the present article, we will be concerned only with the (small)
quantum cohomology ring QH*(G/P) of G/P, which is an algebra deforming the
classical cohomology ring H*(G/P) by incorporating all genus zero, three-point
Gromov-Witten invariants as the coefficients for the (small) quantum multiplica-
tion. Namely, it consists of all information on counting numbers of rational curves
of various (fixed) degrees that pass through three given projective subvarieties. The
study of the ring structure of QH*(G/P) is referred to as the quantum Schubert
calculus, which is not only a branch of algebraic geometry, but also of great interest
in mathematical physics, algebraic combinatorics, representation theory, and so on.

In the present article, we will give a brief review of the developments on quantum
Schubert calculus since Fulton’s beautiful lecture [35], with a focus on the authors’
work [71], [72] [73], [74l, [75]. We apologize to the many whose work less related with
the four problems listed in section [2.4] has not been cited, and apologize to those
whose work we did not notice.

2. A BRIEF REVIEW OF SCHUBERT CALCULUS AND GENERALIZATIONS

2.1. Classical Schubert calculus for homogeneous varieties G/P. Like Grimm’s
fairy tales for the children, the next enumerative problem is known to everybody
in the world of Schubert calculus:

How many lines in P? intersect four given lines in general position?
The solution to it is 2, in modern language, obtained by a calculation in the coho-
mology ring of the complex Grassmannian Gr(2,4) (see e.g. [62]).

A complex Grassmannian Gr(k,n) consists of k-dimensional vector subspaces
in C", i.e., one-step flags V < C". In particular, P"~! = Gr(1,n). A direct
generalization of it is the variety of partial flags

Flog o ppn ={Vo, <--- <V, <C" | dimV,,, =n;,V1 <i<r},

where [ni1,---,n,] is a fixed subsequence of [1,2,---,n — 1]. Every partial flag
variety F'y, ... n,.n is a quotient SL(n,C)/P of SL(n,C) by one parabolic subgroup
P that consists of block-upper triangular matrices of the following type:

M,  * * *

0 MQ *

0 -+ 0 My /),
where M; is an (n; — n;—1) x (n; — n;—1) invertible matrix for 1 < ¢ < r, and
ng := 0,n,41 := n. These are called homogeneous varieties (or flag varieties) of Lie
type Aj—1.

In general, homogeneous varieties are X = G/ P, where G is a simply-connected
complex simple Lie group, and P a parabolic subgroup. These are classified by
data from Dynkin diagrams, i.e., by a pair (A, Ap) of sets Ap C A. In particular,
the parabolic subgroup corresponding to the empty subset of A is called a Borel
subgroup, denoted as B instead. Let W denote the Weyl group of G, and Wp
denote the Weyl subgroup corresponding to P. There is always an accompanied
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combinatorial subset W C W bijective to W/Wp, which consists of minimal
length representatives of the cosets in W/Wp with respect to a canonical length
function ¢ : W — Z>¢. Every o is the class of a Schubert variety 2, of complex
codimension ¢(u), and therefore is in H?(")(X,Z). The coefficients N, in the cup
product in H*(X),

u v w w
c"Uo"” = g Ny o™,
w

count the number of intersection points of three Schubert varieties gQ, ¢’Q, "/ Q¢
with generic elements g, ¢’, ¢" € G, where w* € W* parameterizes the dual basis of
H*(G/P) to {o"} with respect to the bilinear form (c%,c") := f[G/P] oc*Uc". In
particular, the structure constants N, are nonnegative integers, which are known
as Littlewood-Richardson coefficients in the special case of complex Grassmannians.
Those unfamiliar with the general theory may just note the following two points,
and then refer to [35] for a very nice introduction to Gr(k,n).

(1) When G/P = Fly,,... n,.n, the Weyl group W of G is the group S, of
permutations of {1,--- ,n}. The subset Ap is A\ {an,, - ,an,}, provided that
A ={a1, - ,an—1} is a base of simple roots of Lie(G) whose Dynkin diagram is
canonical, i.e., given by o, as  an_. - 10 particular, G/B = Fl12... n—1:n-

(2) When G/P = Gr(k,n), the combinatorial subset W is given by

WP ={weS,|wl)<w?) < - <wk;wk+1) <wk+2)<---<whn)}

Take a partition A = (A1,--+ ,Ag) withn—k > X\ > X > - > X\, >0, and a
complete flag Fy of vector subspaces {0} =: Fy < F; < --- < F,,.1 < F, :=C"
with dim¢ F; =i for 0 < i < n. We have the Schubert variety

ON(Fe) :={V <C" | dim(V N Fp_kyi—nr;) >i,V1 <i <k} C Gr(k,n).

Then N/, counts the number of intersection points of three Schubert varieties
Qru) (Fe)y Q) (Fe)s Q) (F,) with respect to three general flags and the parti-
tions A(u) = (u(k)—k, - ,u(2)—2,u(1)—1), A(v) = (v(k)—k, - ,v(2)—2,v(1)—1)
and Mw) =(n—k+1—-w(l),n—k+2—w(2), - ,n—wk)).

A thorough study of H*(X) includes (but not limited to) a combinatorial de-
scription of the Littlewood-Richardson coefficients, a ring presentation of H*(X)
with certain generators, and an expression of every Schubert class ¢ in terms of
polynomial in the aforementioned generators. In the case of complex Grassman-
nians, there have been nice answers to all the above through various approaches.
Much is also known about H*(G/P). However, a manifestly positive combinatorial
rule for the structure constants NNy, is still lacking in general. To the authors’
knowledge, such rules have been shown only for two-step flag varieties F'ly, n,:n
[29] (and there is a preprint [30]), besides (co)minuscule Grassmannians. One may
have noted that every Schubert variety admits a resolution by an associated Bott-
Samelson manifold, which is a tower of P!-fibrations. Using the topology of the
Bott-Samelson resolution, Duan obtained a nice algorithm for computing N, for

general G/P in [33], though it involves sign cancellation.

2.2. Equivariant Schubert calculus. Every parabolic subgroup P of G contains
a Borel subgroup B. Let K be a maximal compact Lie subgroup of G, such that
T = K N B is a maximal torus of K. We consider the T-equivariant cohomology
H;(G/P) = H}(G/P,Q), which is a module over the ring S := H}.(pt) which is a
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polynomial ring Q[av, - - - , v, freely generated by simple roots a;’s of G. Hy.(G/P)
has an S-basis of Schubert classes o*’s, indexed by the same combinatorial set W7’
The structure constants p;; ,’s in the equivariant product in H7.(G/P),

c%oo’ = g Doy 0
w

are homogeneous polynomials of degree £(u) + £(v) — £(w) in S (by which we mean
the zero polynomial if the degree is negative). The evaluation of the polynomial
P o(Q1, -+, o) at the origin coincides with the intersection number N;yY,. Geomet-
ric meanings of p;; ,’s are not completely clear. Nevertheless, py/, enjoys the positiv-
ity property, lying inside Q>o[a1, - - - , ay,| (or enjoys a form of positivity conjectured
by Peterson and proved by Graham [44], as an element in Q>¢[—aq, -+, —a,], up
to the choice of Schubert varieties that determine the equivariant Schubert classes
). The study of Hi(G/P) is referred to as the equivariant Schubert calculus.

2.3. Affine Schubert calculus. The affine Kac-Moody group G associated to G
is an algebraic analog of the free (smooth) loop space LK = Map (Sl, K ) The
Dynkin diagram of G is precisely the affine Dynkin diagram of G, namely it has an
extra simple root, called the affine root ay, attached to the simple root correspond-
ing to the adjoint representation of G. In particular A,g = A U {ag} is a base of
g.

A natural generalization of G/ P is the infinite dimensional projective ind-variety
G/P, where P denotes a parabolic subgroup of G. The two extreme cases B, Puax
correspond to the subsets 0, A of A, respectivelyEl. The corresponding ind-varieties
G/B and G/Pmax are called affine flag manifolds and affine Grassmannians respec-
tively. Indeed G/B is homotopy equivalent to LK /T and G/Pmax is homotopy
equivalent to the base loop group QK = {f € LK | f(ids1) = idx }. Both of them
inherit the T-action. One may study the T-equivariant cohomology rings of LK /T
and QK. Both of them admit an S-basis of affine Schubert classes.

On the other hand the (equivariant) homology HX (QK) (in the sense of Borel-
Moore homology) also admits a natural ring structure, called the Pontryagin prod-
uct which is induced by the group multiplication of K. The space HI (QK) is
further equipped with a Hopf algebra structure, with the coproduct structure in-
duced from the (equivariant) cohomology ring structure of QK. The study of this
structure is referred to as the (equivariant) affine Schubert calculus. A surprising
fact, as will be discussed in the next section, is that H (QK) is essentially the same
as the equivariant quantum cohomology of G/B.

2.4. Quantum Schubert calculus. The (small) quantum cohomology ring QH*(G/P)
is part of the intersection theory on the moduli space of stable maps to G/P (see

e.g. [36]). It contains the ordinary H*(G/P) as G/P is a connected component of

the moduli space of stable maps to G/P, namely the component of constant maps.
QH*(G/P)=(H*(G/P)®Q[q1," - ,qr],*) also has a basis of Schubert classes o
over Q[q1,- -+, ¢], where r = dim Hy(G/P). We identify Ho(G/P,Z) with Z" with
basis given by two (real) dimensional Schubert cycles in G/P.

LIf the subset of A,g contains ag, then G/P reduces to G/P.
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Given d = (dy,--- ,d,) € Z" = Hy(G/P,7), we denote ¢% := ¢¥ ... q%. The
structure constants N{jﬁ;fi in the quantum multiplication,

ol x gl = § N:jj;,dawqd,
weWPF ,deH2(G/P,Z)

are genus zero, three-point Gromov-Witten invariants. Geometrically, ij;ji counts
the cardinality of the set

{f:P' = G/P| f.([P']) = d; £(0) € gQ, f(1) € gDy, f(c0) € ¢"Qye; f is holomorphic}

with generic g,¢', ¢ € G. In particular, N*;4 € Z>, and it is zero unless d; > 0 for
all i. A holomorphic map f : P* — G/P of degree 0 is a constant map. Therefore
N9 = Ny, for the cup product.

The study of QH*(G/P) is referred to as the quantum Schubert calculus, which
includes at least the following as pointed out in [35].

(1) A presentation of the ring, QH*(G/P) = Q[z1, - ,ZN,q1," - ,qr]/(relations).
See section 3.1.
(2) A manifestly positive combinatorial rule for the structure constants N;9.
(3) A “quantum Giambelli” formula, which expresses each Schubert class o
as a polynomial in the generators x; and g;. See section 3.4.
Because of the lack of functoriality for quantum products in general,
we also have the following problem.
(4) A comparison between QH*(G/B) and QH*(G/P). See section 3.2.
We can consider the T-equivariant version QH}.(G/P) of the quantum cohomol-
ogy in a similar fashion, which is a module over S[¢1, - - - , ¢,] generated by Schubert
classes 0"’s. The structure constants N;‘j;)d’s in the equivariant quantum product

u vo_ vw,d _w, d
o' xo —E Ny o"q,
w,d

are again homogeneous polynomials in .S, enjoying the positivity property (provided
that a choice of positive /negative simple roots is chosen properly) [82]. They contain
information on both QH*(G/P) and H}(G/P): (i) ]\7;”7;)0 coincides with py’, for the
T-equivariant product o o o¥ and (ii) the evaluation of the polynomial ]\7;”7;}i es
at the origin coincides with N;d for the quantum product.

We remark that it is possiblé to define QH}.(G/P) over Z, instead of C.

3. AN OVERVIEW ON (EQUIVARIANT) QUANTUM SCHUBERT CALCULUS

3.1. Ring presentations. In order to find a ring presentation of QH*(G/P), it is
natural to start with an explicit ring presentation of the ordinary cohomology ring
H* (G/P), say

Qlz1,- - ,zn]
<f1(X), T 7fm(x)>'
Such a presentation is know in many cases. Then a lemma of Siebert and Tian
[96] (or Proposition 11 of [36]) shows that the ring structure on QH*(G/P) =
H*(G/P)®Q|q1, - ,q] can be obtained by deforming the relations f;’s, i.e.

H*(G/P) =

Qlz1, - &N, q1, - 5 qr)
(fi(x) —g1(x,Q), -+ 5 frn(X) = gm(x, Q)

QH*(G/P) =
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Here each g;(x, q) is computed by f; after replacing the cup product by the quantum
product. This is usually difficult to compute.
For instance, H*(P') = Q[z]/(22), which sends the hyperplane class H (Poincaré
dual to [pt]) to x. Since H x H = q in QH*(P'), we have QH*(P') = Q[z]/(x? — q).
Most known ring presentations of QH*(G/P) are obtained in this way. Such

G/P’sinclude Fly, ... n,.n [39],[48],[3] and various Grassmannians [96],[58],[59], [20], [15],[23].

Some Grassmannians of exceptional Lie types are still unknown.

There is another way to get a ring presentation of Q H*(G/P), by finding “quan-
tum differential equations”. Givental’s J-function is a H*(G/P)-valued function,
involving gravitational correlators (a class of invariants more general than Gromov-
Witten invariants). It was introduced for any smooth projective variety X, and
played an important role in mirror symmetry. Quantum differential equations are
certain differential operators annihilating J. Every quantum differential equation
gives rise to a relation in QH*(X). (See e.g. Example 10.3.1.1 of [32] for the case of
P1). With this method, Kim studied the quantum D-module of G/B and obtained
the following ring presentation of QH*(G/B) for general G.

Theorem 3.1 ([49]). The small quantum cohomology ring QH*(G /B, C) is canon-
ically isomorphic to
(C[pla L PLq, aql}/Ia

where | denotes the rank of G, and I is the ideal generated by the monconstant

complete integrals of motions of the Toda lattice for the Langlands-dual Lie group
(GY,BY,(T%)Y) of (G,B,T").

There have been the descriptions of J-function for general G/P [10],[I1]. Neverthe-
less, even for complex Grassmannians, there are no closed formulas on the quantum
differential equations, to the authors’ knowledge.

In his unpublished lecture notes [89], Dale Peterson announced a uniform pre-
sentation of QH*(G/P) (and its T-equivariant extension) for all P. The so-called
Peterson variety Y is subvariety in GV/BY, which is equipped with a C*-action.
The C*-fixed points yp’s are isolated and parameterized by the finite set of (con-
jugacy classes of) parabolic subgroups P. (See [93],[45] for precise descriptions for
type A case.) By considering y € Y with z - y approaching yp with various P’s as
z € C* goes to 0 or infinity, we obtain two stratifications of Y by affine varieties
Y7’s or Y ’s respectively.

Peterson claimed that the spectra of the quantum cohomology ring QH*(G/P)
is Y4, or equivalently QH*(G/P) = C[Y7 | as algebras. This was proved by Rietsch
[93] for all SL(n,C)/P, and by Cheong [26] when G/P is a Lagrangian Grassman-
nian or an orthogonal Grassmannian.

Peterson also interpreted all C[Y; ] as the homology of based loop groups. In
particular, Y, is birational to Y and C[Y;] = H,(QK), where K is a maximal
compact subgroup of G. Its consequence has become the following theorem now,
as was firstly proved by Lam and Shimozono. There is also an alternative proof by
the authors.

Theorem 3.2 ([89],[65],[72]). The equivariant quantum cohomology ring QHy(G/B)
is isomorphic to the equivariant homology HI (QK) as algebras, after localization.
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The above isomorphism is explicit, sending a (localized) S-basis c¥q9 of QH}(G/B)
to a (localized) S-basis of Schubert homology classes of HI (2K). The proof in [65]
also showed that QH}(G/P) is isomorphic to a quotient of HI (QK), after local-
ization.

The algebraic structures of QHy(G/B), or more generally QH}.(G/P), is com-
pletely determined by the equivariant quantum Chevalley formula (i.e. quantum
multiplication by elements in H?(G/P) in section B3] together with a few natu-
ral properties. This criterion was obtained by Mihalcea [83]. Using this criterion,
the proof of the above theorem can be reduced to explicit computations of certain
products in HI (Q2K). These products were first obtained by Lam and Shimozono,
mainly by using Peterson’s j-isomorphism [61] together with properties of Kostant
and Kumar’s nilHecke algebras [57]. Later we realized that they can also be ob-
tained by carefully analyzing a combinatorial formula on the structure constants
(to be described in section [B3]). Despite the two aforementioned (combinatorial)
proofs, a satisfactory understanding of the above theorem is still lacking.

When G = SL(n,C), the connections among Givental-Kim’s presentation [39]
I49], Peterson’s presentation above, and Kostant’s solution to Toda lattice [56], are
now becoming better understood [66],[67]. In this case, the quantum cohomology
QH*(SL(n,C)/B) is also closely related with Dunkl elements, which leads to some
relevant applications [50]. Some other characterizations for QH*(G/B) can be
found for example in [77],[78].

Finally, we remark that there are some studies on the quantum differential equa-
tions for the cotangent bundle of a complete flag variety G/B [6] or of a partial
flag variety F'ly, ... n,.n [80], 2], [07]. This might lead to nice applications to the
quantum cohomology of the corresponding flag variety by taking an appropriate
limit. For instance, an application to the Chevalley-type formula was given in [6]
(as will be discussed in section[3.3.2]). The cotangent bundle of a partial flag variety
is a Nakajima quiver variety. The quantum cohomology of it can be related with
the integral systems and quantum groups [85],[6],[80]. The relation between such an
approach and the aforementioned Peterson’s approach for complex Grassmannians
is studied in [41].

3.2. Comparing QH*(G/P) with QH*(G/B). The inclusions B C P C G induce
a fiber bundle

7:G/B— G/P
with fiber P/B, which is again a complete flag variety.

Example 3.3. For G = SL(3,C) with B C P C G, we have G/B = F{; 23
and G/P = Gr(2,3) = P?; © coincides with the natural forgetful map, sending a
flag Vi < Vo < C3 in G/B to the partial flag Vo < C3 in G/P; the fiber of 7 is
P/B =P

For ordinary cohomologies, the Leray-Serre spectral sequence relates the co-
homology ring of G/B with those of G/P and P/B. For instance the induced
homomorphism 7* : H*(G/P) — H*(G/B) is injective, sending the Schubert class
oY for G/P (where u varies over the combinatorial subset W C W = W¥) to the
Schubert class o' for G/B.

For quantum cohomologies, there is no such functoriality in general. For instance,
the pullback map 7* on H* does not even have a quantum analog. Nevertheless,
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such functoriality does exist in our specific case. The analog of 7* is a comparison
formula stated by Peterson [89] and proved by Woodward [98].

Theorem 3.4 (Peterson-Woodward comparison formula). FEvery structure con-
stant N{;‘j;j\P for the quantum product o%*c%, in QH*(G/P) coincides with a struc-
ture constant NY325 for a'yxo'y in QH*(G/B), where (0, \p) € Wpx Ha(G/B, Z)
is uniquely and explicitly determined by Ap € Ha2(G/P,Z).

We remark that the equivariant quantum extension of the above comparison formula
is implicitly contained in Corollary 10.22 of [65] (see [46] for more details).

For ordinary cohomologies, H*(G/B) admits a Z>-filtration F, which induces
an isomorphism Gr” (H*(G/B)) & H*(P/B) ® H*(G/P) of Z*-graded algebras,
by the spectral sequence. In order to generalize this to quantum cohomologies, we
need to find a nice grading on QH*(G/B). This is quite tricky indeed.

Example (continued) The Weyl group W of SL(3,C) is the permutation

group Ss, generated by transpositions s1 = (12) and so = (23). The cohomology

degree of a Schubert class o is 2¢(u). Explicitly ¢(u) =0,1,1,2,2,3 when u =

1, 81, 82, 5182, 251, 515281 respectively. The Z?-grading gr(c*) of o“€ H*(F{1 2.3),

as given by the spectral sequence for m :F'¢y 2.3 — Gr(2,3), are (0,0), (1,0), (0,1),(0,2), (1,1),(1,2)
respectively. This grading gives a number of nice consequences on H*(F{; 2.3).

The quantum cohomology QH*(F'¢; 2.3) = H*(F{1,2:3) ® Q[¢1, ¢2] has a Q-basis
o¥q¢qs. The above Z%-grading map extends to QH*(F/{; 2.3), by defining

gr(c"qtqh) == gr(c™) + (2a — b, 3b).
It is tricky to find this grading, e.g. gr(g2) = (—1,3). This is the correct grading

as all consequences from spectral sequence have natural quantum generalizations
for QH*(F{1,2.3). (See Example 1.1 of [7I] for precise descriptions.)

In general, we need to take a mazimal chain of parabolic subgroups P, i.e.,
B=RhChC¢ - CPh1CPh=PCG,

where 7 is the rank of the Levi subgroup of P. This corresponds to a chain of
subsets ) := Ao _g A1 g _g Ar—l _g Ar = AP with |A,| =1.

We can always find P;’s such that P;/Pj_1’s are all projective spaces PYi, with
at most one exception occurring at the last step P./P._;. For instance, for P C
Sp(8,C) with Sp(8,C)/P ~ P7, we have r = 3 with P,/B = P!, P,/P, = P?
and P/P, = LGr(3,6) is a Lagrangian Grassmannian. Precise choices are made
in Table 2 of [71] when P/B is of type A (and its associated Dynkin diagram is
connected), and in section 3.5 of [7I] (or Table 1 of [75]) for a general P/B.

The key point of the whole story, is to find a nice Z"*!-grading on QH*(G/B)
with respect to the chosen chain. The Peterson-Woodward comparison formula
plays a key role in defining such a gradinéﬂ. With this grading, the authors ob-
tained certain functorial properties among quantum cohomologies of homogeneous
varieties in the following sensd1.

Theorem 3.5 (|71, [75]). Let 7 : G/B — G/P denote the natural projection, and
r denote the rank of the Levi subgroup of P.

2The original definition of this grading was made recursively in [71]. It was greatly simplified
in [75], by proving a conjecture due to a referee of [71].

3We remark that part of the statements were only proved for P/B of type A in [71], and are
proved for all general cases in recently.
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(1) There exists a Z™-filtration F on QH*(G/B), respecting the quantum
product structure.
(2) There exist an ideal T of QH*(G/B) and a canonical algebra isomorphism

QH*(G/B)/T — QH*(P/B).

(3) There exists a subalgebra A of QH*(G/B) together with an ideal J of A,
such that QH*(G/P) is canonically isomorphic to A/J as algebras.
(4) There exists a canonical injective morphism of graded algebras

Uop1: QH*(G/P) <= Griy,) C Gr” (QH*(G/B))

together with an isomorphism of graded algebras after localization
Grr (QH™(G/B)) = (Q QH" (P;/Pi-1)) Q) Crly 1),
j=1

where Pj’s are parabolic subgroups constructed in a canonical way, forming
achain B: =Py C P C---CP._1CP.=PCG.
Furthermore, V.41 is an isomorphism if and only if P;j/Pj_1 is a pro-
jective space for any 1 < j <r.
All the relevant ideals, subalgebras and morphisms above could be described con-
cretely.

When only quantum multiplication with an element in H?(G/B) is involved, this
theorem is reduced to the quantum Chevalley formula. To prove the theorem, we
use induction with respect to the length £(u) of Schubert classes 0. The Peterson-
Woodward comparison formula is used frequently and the positivity of the structure
constants turns out to be needed as well. The most dedicated arguments occur in
the proof of (1) and in the part to show ¥, is an morphism for the general case.
The notion of virtual coroot was introduced to reduce many cases in general Lie
types to type A, while there are still a number of cases that require individual
discussions.

The functorial properties of QH*(G/P), as given in theorems B4] and BHl have
many applications in finding combinatorial rules on certain Nq’ﬁ;)d’s, especially on
the so-called quantum to classical principle. We could also relate certain Gromov-
Witten invariants between G/P and G'/P’ for G # G'. We will discuss these

next.

3.3. Combinatorial rules. The problem of finding a manifestly positive combi-
natorial rule for the Gromov-Witten invariants, or equivalently the structure con-
stants, N]ﬁ;ji of QH*(G/P) is open. Even the special case when d = 0, namely the
counterpart for classical cohomology H*(G/P), is still not solved except in very
limited cases, including complex Grassmannians.

3.3.1. A combinatorial formula on N;‘jbd with signs cancellations. If we do not re-
quire coefficients of the combinatorial rule to be all positive, namely we allow signs
cancellations, then it suffices to find one for QH*(G/B) because of the Peterson-
Woodward comparison formula. Using the relationship between QH* (G/B) and
H,.(QK), we obtained such a formula as we explain next.

Let A ={aj, - ,a,} Cbh* denote a base of simple roots of G and p (resp. p)
denote the sum of fundamental (co)weights. Then H2(G/B,Z) is canonically iden-
tified with the coroot lattice Q¥ := ", Zay . For the affine flag manifold LK /T,
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H}(LK/T) has an S-basis of Schubert classes &7, with « = wty, parametrized by
the affine Weyl group Woe = W x QV. Here t) denotes the translation by .

To describe the combinatorial rule, we define the Kostant (homogeneous) poly-
nomial d,, [, and a rational function ¢, [, as below: (i) d;y is the coefficient p¥ , of
Y in &7 &Y =Y p; 6% (i) ¢uly = D pew Coyw With (cur ) being the trans-
pose inverse of the (infinitely dimensional invertible) matrix (dq,y). They both have
combinatorial descriptions [57, [60].

Theorem 3.6 ([72]). The structure constants N3 in the quantum product of
QH* (G/B),

ol x oV = E N:jj;f\a'qu,
weW, eQV
are given by the constant function
woAN
Nu,v = E : cUtAv[tAI]C'UtA7[tA2]dU)t2A+Av[t>\1+>\2]
A1,22€QY

where A := —12n(n + 1)p", provided that (2p, \) = £(u) + £(v) — £(w) and X 3= 0,
and zero otherwise.

The proof of this theorem uses the fact that H] (QK) has a basis 1,, parametrized
by translation representatives of W,¢/W for which the Pontryagin product is simple:
1/1,£A1 : djt)\g = thJr g the change of bases to Schubert classes is known explicitly
by localization and the relationship between QH* (G/B) and H,(QK).

3.3.2. Combinatorial formulae of Pieri-Chevalley type. There are manifestly posi-
tive combinatorial formulas for quantum multiplication by special Schubert classes
o’. When f(v) = 1, i.e. v = s; is a simple refection in W, it is called the
Chevalley formula for H*(G/P). The quantum version of Chevalley formula for
QH*(G/P) was conjectured by Peterson [89], and was first proved by Fulton and
Woodward [37]. Tt is also called the quantum Monk formula in the special case
of G/P = FU;.... n—1., [34)], and it has an alternative description when G/P is a
(co)minuscule Grassmannian [20].

The T-equivariant generalization was also conjectured by Peterson [89]. It was
first proved by Mihalcea [81],[83] in a combinatorial way, and there is also a geometric
approach [I8] by the technique of curve neighborhoods. A special case of it is stated
as follows, for which there is another proof by using the Springer resolution [6].

Theorem 3.7 (Equivariant quantum Chevalley formula for G/B). In QH}(G/B),

ok 0% = (x; — u(x;))o" + Z<Xi>Vv>‘7usw + Z<Xi»Vv>q7 ous
where x; denotes a fundamental weight, the first sum is over positive roots vy with

l(usy) = L(u) + 1, and the second sum is over positive roots v with {(usy) =
O(u) +1—(2p,7").

The corresponding formula for G/ P is slightly more complicated.

When G/P is a complex Grassmannian Gr(k,n), there is an exact sequence of
tautological bundles over it: 0 - § — C" — Q — 0. The fiber of S over [V] €
Gr(k,n) is given by the vector subspace V in C" itself. The ordinary cohomology
H*(Gr(k,n)), as a ring, is generated by Chern classes ¢,(S)’s (or ¢,(Q)’s). A
(manifestly positive) combinatorial formula on the multiplication by either sets of
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Chern classes is referred to as a Pieri rule. The quantum version of a Pieri rule
was first given by Bertram [5].

The analog of Gr (k,n) for other Lie types is G/Pmax With Ppax a maximal
parabolic subgroup of G. When G is a classical group, G/Pnax parameterizes
linear subspaces which are isotropic with respect to a non-degenerate bilinear form
which is skew-symmetric (for type C) or symmetric (for type B and D). Therefore
such a G/Ppax is usually called an isotropic Grassmannian. The corresponding
quantum Pieri rules with respect to Chern classes of tautological quotient bundles
have been obtained by Buch, Kresch and Tamvakis [58] [59], [15].

For instance when G/P = IG(k,2n) is a (non-maximal) isotropic Grassmannian
of type C, Schubert classes can also labeled by (n — k)-strict partitions, with ¢,(Q)
corresponding to a class oP of the special (n — k)-strict partition p. In terms of
(n — k)-strict partitions, one has a quantum Pieri rule with respect to ¢,(Q)’s in
the following form.

Theorem 3.8 ([I5]).

oP % O.)x — Z 2N()\,;L)O,;L + Z 2N()\,l/u)—1o_uq’
I v

where V¢ is an (n — k)-strict partition for IG(k 4+ 1,2n + 2), associated to the
(n — k)-partition v for IG(k,2n).

The classical part of the above formula is new even for the classical cohomology
H*(IG(k,2n)).

The quantum Pieri rules with respect to ¢, (S)’s have been studied by the authors
in [74]. For instance, when G/P = IG(k,2n), there is another parameterization of
the Schubert classes by shapes, which are pairs of partitions. In terms of shapes,
every Chern class ¢,(S*) corresponds to a class o® of special shape p, and one has
a quantum Pieri rule with respect to these Chern classes in the following form.

Theorem 3.9 ([74]).

oP % o? = Z 2&(a,b)o_b + Z 26(5’6)a°q,
b c

where a and ¢ are shapes for IG(k — 1,2n), associated to the shapes a and ¢ for
IG(k,2n) respectively.

The classical part of the above formula is the classical Pieri rule of Pragacz and
Ratajski [92]. We remark that when G/ P is a non-maximal isotropic Grassmanian
of type B or D, the above formula does involve sign cancellations even for some
degree one Gromov-Witten invariants, thus it is not quite satisfactory.

For homogeneous varieties of type A, namely partial flag varieties, there are
natural forgetting maps to complex Grassmannians mp, : Fly, ... n,.n = Gr(n;,n).
The ring QH*(F{y, ... n,.n) is generated by the pull-back of Chern classes of the
tautological subbundle (or quotient bundle) over Gr(n;,n) for all ¢. The quantum
Pieri rule with respect to these classes was obtained by Ciocan-Fontanine [27]. The
equivariant quantum version of it has been obtained in [46] recently.

All these quantum Pieri rules are obtained by determining relevant Gromov-
Witten invariants N2;4 of QH*(G/P) explicitly.
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3.3.3. Calculations of N*;3. Each N is an intersection number of cycles in the
moduli space of stable maps, which is the stable maps compactification of the
space of morphisms from P! to G/P. Bertram [5] used a different compactifica-
tion, namely the quot schemes compactification, in order to calculate the relevant
Gromov-Witten invariants. This method was further used in [27], [58, £9).

For Gr(k,n), because of Hy = Z, N]ﬁ;fl counts the number of rational curves
C' of degree d passing through three Schubert subvarieties of Gr(k,n). Buch [12]
introduced the span (resp. kernel) of C' as the smallest (resp. largest) subspace of
C™ containing (resp. contained in) all the k-dimensional subspaces parametrized
by points of C. Buch showed that the span (resp. kernel) of C' determines a point
in a related Schubert subvariety of Gr(k +d,n) (resp. Gr(k —d,n)). Furthermore,
he related Gromov-Witten invariants involved in a quantum Pieri rule for Gr(k,n)
to classical intersection numbers (of Pieri type) of Gr(k + 1,n), thus giving an
elementary proof [12].

This idea was later used by Buch, Kresch and Tamvakis to show that all Gromov-
Witten invariants N]jj;)d for complex Grassmannians, Lagrangian Grassmannians
and (maximal) orthogonal Grassmannians are classical. Such a phenomenon is
now referred to as the quantum to classical principle. It was further shown to
hold for the remaining two (co)minuscule Grassmannians of exceptional Lie type,
i.e., Cayley plane Eg/P; and the Freudenthal variety E7;/P;. Combining both
statements, we have

Theorem 3.10 ([I4], [20]). All genus zero, three-point Gromov- Witten invariants
for a (co)minuscule Grassmannian G/P are equal to classical intersection numbers
on some auxiliary homogeneous varieties of G .

Such a statement has been extended to the equivariant quantum K-theory setting in
[17], [24]. The above theorem leads to a manifestly positive combinatorial formula
for all N{;“,;,d for Gr(k,n), because of the known positive formula on the classical
intersection numbers on two-step partial flag varieties [29]. The kernel-span tech-
nique was also used in [I5] to derive the quantum Pieri rules with respect to ¢,(Q)’s
for non-maximal isotropic Grassmannians.

There is another (combinatorial) approach to show the “quantum to classical”
principle by the authors [73]: As a consequence of the special case of Theorem
with 7 : G/B — G/P being a P*-bundle, the authors obtained vanishing and
identities among various Gromov-Witten invariants. For any simple root «, we
introduce a map sgn, : W — {0, 1} defined by sgn_ (w) := 1 if (w) — f(wsy) > 0,
and 0 otherwise.

Theorem 3.11 ([73]). For any u,v,w € W and for any A € Q¥ ~ H>(G/B,Z),
we have the following for QH* (G/B)

(1) N2t =0 unless sgn,, (w) + (a, A) < sgn, (u) +sgn,, (v) for all a € A.

(2) Suppose sgn, (w) + (o, A) = sgn,, (u) + sgn, (v) =2 for some o € A, then

— Vv .
w,\ wA—aV N:ﬁf}‘;c’} “ ’ Zf Sglly, (’lU) =0
Nu,7v = Nuswa,vsa = W A .
Nu,v‘;; ) Zf Sgna(w) =1 .

Combining the above theorem with the Peterson-Woodward comparison formula,
the authors obtained a lot of nice applications, including the quantum Pieri rules
with respect to ¢,(S)’s for isotropic Grassmannians [74]. There are T-equivariant
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generalization [40] of these results, giving nice applications on equivariant quantum
Schubert calculus, including equivariant quantum Pieri rules for all SL(n,C)/P’s.

There are some other ways to compute (part of) N{jﬁ;fi in a few cases (see [1], [9],
[91], [55], [53], [40] etc.). For instance for Gr(k,n), the structure constants N2
can also be computed from the classical intersection numbers on Gr(k, 2n) [§]. The
equivariant quantum situation of this method is studied in [7]. For two-step flag
variety "0y, n,:n, the quantum to classical principle holds for certain N]jj;)d’s as well

[31].

3.4. Quantum Giambelli formulae. These are formulae to express each Schu-
bert class o™ as a polynomial in the generators z; and ¢; in a presentation QH*(G/P) =
Q[x, q]/(relations). There are limited results as even such a ring presentation is still
open in many cases, as discussed in section B}

Schubert classes of H*(Gr(k,n)) are labeled by partitions. Partitions corre-
sponding ¢,(S*)’s (or ¢,(Q)’s) are called special. The Giambelli formula expresses
Schubert classes in terms of determinants with special Schubert classes as entries.
The first quantum version of Giambelli formula, due to Bertram [5], was obtained
by evaluation in the classical cohomology ring of quot schemes. Similar ideas were
applied to the case of Lagrangian Grassmannians and orthogonal Grassmannians
58, 59]. There is an alternative way to obtain a quantum Giambelli formula, by
using a quantum Pieri rule and the classical Giambelli formula. This was used to
reprove a quantum Giambelli formula for complex Grassmannians by Buch [12], and
to obtain one for non-maximal isotropic Grassmannian by Buch, Kresch and Tam-
vakis [I6]. There are also known formulas for some Grassmannians of exceptional
types by using software [25].

For complete flag variety SL(n,C)/B, Formin, Gelfand, and Postnikov con-
structed quantum Schubert polynomials [34] that represent the quantum Schubert
classes. For partial flag varieties SL(n,C)/P, the quantum Giambelli formula are
obtained by Ciocan-Fontanine [27] by using a geometric tool of moving lemma for
quot scheme. In general, there could be a third way to get a quantum Giambelli
formula, by studying the equivariant quantum version first and then taking the
non-equivariant limit. The equivariant quantum cohomology ring QH;(G/P) con-
tains more information than the quantum cohomology, but behaves more simply
than QH*(G/P) in the sense that it is essentially determined by the equivariant
quantum Chevalley formula due to a criterion by Mihalcea [83]. Suppose that
we already have an expectation on a ring presentation of QH}(G/P), together
with an expected formula on the equivariant quantum Schubert classes. Then we
can prove our expectation by checking that these candidate satisfy the equivari-
ant quantum Chevalley formula. In this way, Mihalcea obtained the equivariant
quantum Giambelli formula for complex Grassmannians [84], and Tkeda, Mihalcea
and Naruse have achieved the case of maximal isotropic Grassmannians recently
[47). For SL(n,C)/B, there are quantum double Schubert polynomials studied
by Kirillov and Maeno [51], and by Ciocan-Fontanine and Fulton [28]. Lam and
Shimozono define the analogues for SL(n,C)/P and show them to represent the
equivariant quantum Schubert classes by using the third approach [69]. Such a
result has also been independently obtained by Anderson and Chen by deriving an
equivariant moving lemma for quot schemes [2].
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3.5. A few remarks. So far we have mainly focused on an overview of the develop-
ments on the four problems listed in section 24l There are many other interesting
problems in quantum Schubert calculus, for instance, the study of the symmetry
among (part of) QH*(G/P) or its T-equivariant extension [4], [00], [19],[22], [21],
[31]. While there are fewer results on QH}(G/P), especially on combinatorial
rules of the structure constants and on equivariant quantum Giambelli formulas,
our discussions are not made systematic.

On the other hand, because of Theorem B2l (equivariant) quantum Schubert
calculus is essentially part of (equivariant) affine Schubert calculus. For instance,
(equivariant) quantum Pieri rules [63], [68] can be obtained this way. We apologize
for not mentioning all such applications.

A natural generalization of (equivariant) quantum Schubert calculus is (equi-
variant) quantum K-theory of homogeneous varieties [38], [70]. However, very little
is known, including [I7], [24], [I3], [76], etc. Peterson’s approach to the homology
of affine Grassmannians could be generalized to obtain a K-theoretic analogue [64].
It is interesting to know:

Is there a K-theoretic analogue of Theorem [3.2, or more generally, of the state-
ments on strata data YPjE of the Peterson varietyﬂ

There are other generalizations of the quantum Schubert calculus, say for some
inhomogeneous varieties, for instance odd symplectic Grassmannians [86].

The notion of quantum cohomology arose in string theory in mathematical
physics. It is natural to ask

What is mirror symmetry of quantum Schubert calculus?

Mirror symmetry predicts that the quantum cohomology ring QH*(G/P) is isomor-
phic to the Jacobian ring Jac(W) of a mirror Landau-Ginzberg model (X, W).
Recall that a Landau-Ginzberg model is pair (XY, W), consisting a non-compact
Kahler manifold XV together with a holomorphic function W : XV — C, which
is called a superpotential. For instance when G/P = P!, we have XV = C* and
W C* — Cis defined by W(z) = z+ %, where the quantum parameter q is treated
as a fixed nonzero complex number. Then we have QH*(P*,C) = C[z]/{2? — q) =
Clz,z7 /(1 — %) = Jac(W).

As we have already seen, such a mirror statement is about a ring presentation of
QH*(G/P). Using the presentation of QH*(G/P) announced by Peterson, Rietsch
constructed a mirror Landau-Ginzberg model of G/P [94]. We refer our readers to
[62] for some recent developments in the relations between the quantum Schubert
calculus and mirror symmetry (as well as the Whittaker functions) from an algebro-
combinatorial perspective.

Mirror symmetry also predicts an isomorphism between QH*(G/P) and Jac(W)
as Frobenius manifolds, matching flat coordinates of both sides. It would be very
interesting if one could get combinatorial rules on N}jj;f‘ by using the corresponding
basis of Jac(W). In certain cases, Schubert classes do play special roles in mirror

symmetry [43], [87, [88],[79].

4Recem:ly7 Lam, Mihalcea, Shimozono and the second author have made such a conjectural
K-theoretic analogue.



AN UPDATE OF QH*(G/P) 15

ACKNOWLEDGEMENTS

The authors would like to thank Anatol N. Kirillov, Thomas Lam, Leonardo C.
Mihalcea and Vijay Ravikumar for useful discussions and valuable comments. The
first author is supported in part by a RGC grant no. 401411. The second author
is supported in part by JSPS Grant-in-Aid for Young Scientists (B) No. 25870175.

(1]

REFERENCES

A. Amarzaya, M.A. Guest, Gromov- Witten invariants of flag manifolds, via D-modules, J.
London Math. Soc. (2) 72 (2005), no. 1, 121-136.

D. Anderson, L. Chen, Equivariant quantum Schubert polynomials, Adv. Math. 254 (2014),
300-330.

A. Astashkevich, V. Sadov, Quantum cohomology of partial flag manifolds Fy,...n, , Comm.
Math. Phys. 170 (1995), no. 3, 503-528.

P. Belkale, Transformation formulas in quantum cohomology, Compos. Math. 140(2004), no.
3, 778-792.

A. Bertram, Quantum Schubert calculus, Adv. Math. 128 (1997), no. 2, 289-305.

A. Bertram, D. Maulik and A. Okounkov, Quantum cohomology of the Springer resolution,
Adv. Math. 227 (2011), no. 1, 421-458.

E. Beazley, A. Bertiger and K. Taipale, Equivariant Quantum Cohomology of the Grass-
mannian via the Rim Hook Rule, preprint at arXiv: math.AG/1403.6218.

A. Bertram, I. Ciocan-Fontanine, and W. Fulton, Quantum multiplication of Schur polyno-
maals, J. Algebra, 219(2), 728-746, 1999.

A. Bertram, I. Ciocan-Fontanine and B. Kim, T'wo proofs of a conjecture of Hori and Vafa,
Duke Math. J. 126 (2005), no. 1, 101-136,

A. Bertram, I. Ciocan-Fontanine and B. Kim, Gromov- Witten invariants for abelian and
nonabelian quotients, . Algebraic Geom. 17 (2008), no. 2, 275-294.

A. Braverman, Instanton counting via affine Lie algebras. I. Equivariant J-functions of
(affine) flag manifolds and Whittaker vectors, Algebraic structures and moduli spaces, 113—
132, CRM Proc. Lecture Notes, 38, Amer. Math. Soc., Providence, RI, 2004.

A.S. Buch, Quantum cohomology of Grassmannians, Compositio Math. 137 (2003), no. 2,
227-235.

A. Buch, P.-E. Chaput, L. Mihalcea and N. Perrin, Finiteness of cominuscule quantum K-
theory, Ann. Sci. éc. Norm. Supér. (4) 46 (2013), no. 3, 477-494 (2013).

A.S. Buch, A. Kresch and H. Tamvakis, Gromov- Witten invariants on Grassmannians, J.
Amer. Math. Soc. 16, no. 4 (2003): 901-915 (electronic).

A.S. Buch, A. Kresch and H. Tamvakis, Quantum Pieri rules for isotropic Grassmannians,
Invent. Math. 178 (2009), no. 2, 345-405.

A.S. Buch, A. Kresch and H. Tamvakis, Quantum Giambelli formulas for isotropic Grass-
mannians Math. Ann. 354 (2012), no. 3, 801-812.

A.S. Buch, L.C. Mihalcea, Quantum K-theory of Grassmannians, Duke Math. J. 156 (2011),
no. 3, 501-538.

A.S. Buch, L.C. Mihalcea, Curve neighborhoods of Schubert varieties, to appear in Journal
of Differential Geometry; preprint on arXiv: math.AG/1303.6013.

P.E. Chaput, L. Manivel and N. Perrin, Quantum cohomology of minuscule homogeneous
spaces. II. Hidden symmetries, Int. Math. Res. Not. IMRN 2007, no. 22, Art. ID rnm107,
29 pp.

P.E. Chaput, L. Manivel and N. Perrin, Quantum cohomology of minuscule homogeneous
spaces, Transform. Groups 13 (2008), no. 1, 47-89.

P.E. Chaput, L. Manivel and N. Perrin, Affine symmetries of the equivariant quantum co-
homology ring of rational homogeneous spaces, Math. Res. Lett. 16 (2009), no. 1, 7-21.
P.E. Chaput, L. Manivel and N. Perrin, Quantum cohomology of minuscule homogeneous
spaces II1. Semi-simplicity and consequences, Canad. J. Math. 62 (2010), no. 6, 1246-1263.
P.E. Chaput, N. Perrin, On the quantum cohomology of adjoint varieties, Proc. Lond. Math.
Soc. (3) 103 (2011), no. 2, 294-330.

P.E. Chaput, N. Perrin, Rationality of some Gromov-Witten varieties and application to
quantum K-theory, Commun. Contemp. Math. 13 (2011), no. 1, 67-90.



16

(25]
[26]
27]
(28]
29]

(30]
(31]

NAICHUNG CONAN LEUNG AND CHANGZHENG LI

P.E. Chaput, N. Perrin, Computations of quantum Giambelli formulas in some exceptional
homogeneous spaces, preprint on arXiv: math.AG/0904.4838.

D. Cheong, Quantum cohomology rings of Lagrangian and orthogonal Grassmannians and
total positivity, Trans. Amer. Math. Soc. 361 (2009), no. 10, 5505-5537.

I. Ciocan-Fontanine, On quantum cohomology rings of partial flag varieties, Duke Math. J.
98, no. 3 (1999): 485-524.

I. Ciocan-Fontanine, W. Fulton, Quantum double Schubert polynomials, Appendix J in Schu-
bert Varieties and Degeneracy Loci, Lecture Notes in Math. 1689(1998), 134-138.

I. Coskun, A Littlewood-Richardson rule for two-step flag varieties, Invent. Math. 176, no.
2 (2009): 325-395.

I. Coskun, A Littlewood-Richardson rule for partial flag varieties, preprint.

I. Coskun, The quantum cohomology of flag varieties and the periodicity of the Schubert
structure constants, Math. Ann. 346, no. 2 (2010): 419-447.

D.A. Cox, S. Katz, Mirror symmetry and algebraic geometry, Mathematical Surveys and
Monographs, 68. American Mathematical Society, Providence, RI, 1999.

H. Duan, Multiplicative rule of Schubert class, Invent. Math. 159 (2005), no. 2, 407-436.

S. Fomin, S. Gelfand and A. Postnikov, Quantum Schubert polynomials, J. Amer. Math.
Soc. 10 (1997), no. 3, 565-596.

W. Fulton, On the quantum cohomology of homogeneous varieties, The legacy of Niels Henrik
Abel, 729-736, Springer, Berlin, 2004.

W. Fulton, R. Pandharipande, Notes on stable maps and quantum cohomology, Proc. Sym-
pos. Pure Math. 62, Part 2, Amer. Math. Soc., Providence, RI, 1997.

W. Fulton, C. Woodward, On the quantum product of Schubert classes, J. Algebraic Geom.
13 (2004), no. 4, 641-661.

A. Givental, On the WDV'V equation in quantum K -theory. Dedicated to William Fulton
on the occasion of his 60th birthday. Michigan Math. J. 48 (2000), 295-304.

A. Givental, B. Kim, Quantum cohomology of flag manifolds and Toda lattices, Comm.
Math. Phys. 168 (1995), no. 3, 609-641.

V. Golyshev, L. Manivel, Quantum cohomology and the Satake isomorphism, preprint on
arXiv: math.AG/1106.3120.

V. Gorbounov, C. Korff, Equivariant quantum cohomology and Yang-Bazter algebras,
preprint at arxiv: math.RT/1402.2907.

V. Gorbounov, R. Rimanyi, V. Tarasov and A. Varchenko, Quantum cohomology of the
cotangent bundle of a flag variety as a Yangian Bethe algebra, J. Geom. Phys. 74 (2013),
56-86.

V. Gorbounov, M. Smirnov, Some remarks on Landau-Ginzburg potentials for odd-
dimensional quadrics, preprint on arXiv: math.AG/1304.0142.

W. Graham, Positivity in equivariant Schubert calculus, Duke Math. J. 109 (2001), no. 3,
599-614.

M. Harada, J. Tymoczko, A positive Monk formula in the S1-equivariant cohomology of type
A Peterson varieties, Proc. Lond. Math. Soc. (3) 103 (2011), no. 1, 40-72.

Y. Huang, C. Li, On equivariant quantum Schubert calculus for G /P, submitted.

T. Ikeda, L. C. Mihalcea and H. Naruse, Factorial P- and Q-Schur functions represent
equivariant quantum Schubert classes, preprint at arxiv: math.AG/1402.0892.

B. Kim, Quantum cohomology of partial flag manifolds and a residue formula for their
intersection pairings, Internat. Math. Res. Notices 1995, no. 1, 1-15 (electronic).

B. Kim, Quantum cohomology of flag manifolds G/B and quantum Toda lattices, Ann. of
Math. (2) 149 (1999), no. 1, 129-148.

A.N. Kirillov, On some quadratic algebras, Dunkl elements, Schubert, Grothendieck and
reduced polynomials, Preprint RIMS, 2014.

A.N. Kirillov, T. Maeno, Quantum double Schubert polynomials, quantum Schubert poly-
nomials and Vafa-Intriligator formula, Formal power series and algebraic combinatorics
(Vienna, 1997). Discrete Math. 217 (2000), no. 1-3, 191-223.

S.L. Kleiman, D. Laksov, Schubert calculus, Amer. Math. Monthly 79 (1972), 1061-1082.
A. Knutson, T. Lam and D. Speyer, Positroid Varieties: Juggling and Geometry, Compos.
Math. 149 (2013), no. 10, 1710-1752.



AN UPDATE OF QH*(G/P) 17

[54] M. Kontsevich, Y. Manin, Gromov- Witten classes, quantum cohomology, and enumerative
geometry, Mirror symmetry, II, 607-653, AMS/IP Stud. Adv. Math., 1, Amer. Math. Soc.,
Providence, RI, 1997.

[55] C. Korff, C. Stroppel, Catharina, The ;[(n)k—WZNqusion ring: a combinatorial construc-
tion and a realisation as quotient of quantum cohomology, Adv. Math. 225 (2010), no. 1,
200-268.

[56] B. Kostant, Flag manifold quantum cohomology, the Toda lattice, and the representation
with highest weight p, Selecta Math. (N.S.) 2 (1996), no. 1, 43-91.

[57] B. Kostant, S. Kumar, The nil Hecke ring and the cohomology of G/P for a Kac-Moody
group G, Adv. in Math. 62 (1986), 187-237.

[58] A. Kresch, H. Tamvakis, Quantum cohomology of the Lagrangian Grassmannian, J. Alge-
braic Geom. 12 (2003), no. 4, 777-810.

[59] A. Kresch, H. Tamvakis, Quantum cohomology of orthogonal Grassmannians, Compos.
Math. 140 (2004), no. 2, 482-500.

[60] S. Kumar, Kac-Moody groups, their flag varieties and representation theory, Progress in
Mathematics 204, Birhduser Boston, Inc., Boston, MA, 2002.

[61] T. Lam, Schubert polynomials for the affine Grassmannian, J. Amer. Math. Soc. 21 (2008),
no. 1, 259-281.

[62] T. Lam, Whittaker functions, geometric crystals, and quantum Schubert calculus, preprint
at arXiv: math.RT/1308.5451.

[63] T. Lam, L. Lapointe, J. Morse and M. Shimozono, Affine insertion and Pieri rules for the
affine Grassmannian, Mem. Amer. Math. Soc. 208 (2010), no. 977.

[64] T. Lam, A. Schilling and M. Shimozono, K-theory Schubert calculus of the affine Grassman-
nian, Compos. Math. 146 (2010), no. 4, 811-852.

[65] T. Lam, M. Shimozono, Quantum cohomology of G/P and homology of affine Grassman-
nian, Acta Math. 204 (2010), no. 1, 49-90.

[66] T. Lam, M. Shimozono, From quantum Schubert polynomials to k-Schur functions via the
Toda lattice, Math. Res. Lett. 19 (2012), no. 1, 81-93.

[67] T. Lam, M. Shimozono, From double quantum Schubert polynomials to k-double Schur func-
tions via the Toda lattice, preprint on arXiv: math.CO/1109.2193.

[68] T.Lam, M. Shimozono, Equivariant Pieri Rule for the homology of the affine Grassmannian,
J. Algebraic Combin. 36 (2012), no. 4, 623-648.

[69] T. Lam, M. Shimozono, Quantum double Schubert polynomials represent Schubert classes,
Proc. Amer. Math. Soc. 142 (2014), no. 3, 835-850.

[70] Y. P. Lee, Quantum K-theory. I. Foundations, Duke Math. J. 121 (2004), no. 3, 389-424.

[71] N.C. Leung, C. Li, Functorial relationships between QH*(G/B) and QH*(G/P), J. Differ-
ential Geom. 86 (2010), no. 2, 303-354.

[72] N.C. Leung, C. Li, Gromov-Witten invariants for G/B and Pontryagin product for QK,
Trans. Amer. Math. Soc. 364 (2012), no. 5, 2567-2599.

[73] N.C. Leung, C. Li, Classical aspects of quantum cohomology of generalized flag varieties,
Int. Math. Res. Not. IMRN 2012, no. 16, 3706-3722.

[74] N.C. Leung, C. Li, Quantum Pieri rules for tautological subbundles, Adv. Math. 248 (2013),
279-307.

[75] C. Li, Functorial relationships between QH*(G/B) and QH*(G/P), (II), to appear in Asian
Journal of Mathematics.

[76] C. Li, L.C. Mihalcea, K-theoretic Gromouv- Witten invariants of lines in homogeneous spaces,
International Mathematics Research Notices, rnt090, 40 pp; preprint available on arxiv:
math.AG/1206.3593.

[77] A.-L. Mare, Relations in the quantum cohomology ring of G/B. Math. Res. Lett. 11 (2004),
no. 1, 35-48.

(78] A.-L. Mare, A characterization of the quantum cohomology ring of G/B and applications,
Canad. J. Math. 60 (2008), no. 4, 875-891.

[79] R.J. Marsh, K. Rietsch The B-model connection and mirror symmetry for Grassmannians,
preprint on arXiv: math.AG/1307.1085.

[80] D. Maulik, A. Okounkov, Quantum Groups and Quantum Cohomology, preprint at arxiv:
math.AG/1211.1287.

[81] L.C. Mihalcea, Fquivariant quantum Schubert calculus, Adv. Math. 203 (2006), no. 1, 1-33.



18 NAICHUNG CONAN LEUNG AND CHANGZHENG LI

[82] L.C. Mihalcea, Positivity in equivariant quantum Schubert calculus, Amer. J. Math. 128
(2006), no. 3, 787-803.

[83] L.C. Mihalcea, Equivariant quantum cohomology of homogeneous spaces, Duke Math. J. 140
(2007), no. 2, 321-350.

[84] L.C. Mihalcea, Giambelli formulae for the equivariant quantum cohomology of the Grass-
mannian, Trans. Amer. Math. Soc. 360 (2008), no. 5, 2285-2301.

[85] N.A. Nekrasov, S.L. Shatashvili, Supersymmetric Vacua and Bethe Ansatz, Nuclear Physics
B Proceedings Supplements 192 (2009): 91-112; “Quantum Integrability and Supersymmet-
ric Vacua”. Progress of Theoretical Physics Supplement 177 (2009): 105-119.

[86] C. Pech, Quantum cohomology of the odd symplectic Grassmannian of lines, J. Algebra 375
(2013), 188-215.

[87] C. Pech, K. Rietsch, A Landau-Ginzburg model for Lagrangian Grassmannians, Langlands
duality and relations in quantum cohomology, preprint on arxiv: math.AG/1304.4958.

[88] C. Pech, K. Rietsch, A comparison of Landau-Ginzburg models for odd dimensional
Quadrics, preprint on arxiv: math.AG/1306.4016.

[89] D. Peterson, Quantum cohomology of G /P, Lecture notes at MIT, 1997 (notes by J. Lu and
K. Rietsch).

[90] A. Postnikov, Symmetries of Gromov-Witten invariants, Advances in algebraic geometry
motivated by physics (Lowell, MA, 2000), Contemp. Math., 276, Amer. Math. Soc., Provi-
dence, RI, 2001: 251-258.

[91] A. Postnikov, Affine approach to quantum Schubert calculus, Duke Math. J. 128 (2005), no.
3, 473-509.

[92] P. Pragacz, J. Ratajski, A Pieri-type theorem for Lagrangian and odd orthogonal Grassman-
nians, J. Reine Angew. Math. 476 (1996), 143-189.

[93] K. Rietsch, Totally positive Toeplitz matrices and quantum cohomology of partial flag vari-
eties, J. Amer. Math. Soc. 16 (2003), no. 2, 363-392 (electronic).

[94] K. Rietsch, A mirror symmetric construction of ¢H7(G/P)(4), Adv. Math. 217 (2008), no.
6, 2401-2442.

[95] Y. Ruan, G. Tian, A mathematical theory of quantum cohomology, J. Diff. Geom. 42 (1995),
259-367.

[96] B. Siebert, G. Tian, On quantum cohomology rings of Fano manifolds and a formula of
Vafa and Intriligator, Asian J. Math. 1 (1997), no. 4, 679-695.

[97] V. Tarasov, A. Varchenko, Hypergeometric solutions of the quantum differential equation of
the cotangent bundle of a partial flag variety, preprint at arxiv: math.AG/1301.2705.

(98] C.T. Woodward, On D. Peterson’s comparison formula for Gromov-Witten invariants of
G/P, Proc. Amer. Math. Soc. 133 (2005), no. 6, 1601-1609.

[99] C. Vafa, Topological mirrors and quantum rings, in: Essays on mirror manifolds (ed. S.T.
Yau), International Press 1992, 96-119.

THE INSTITUTE OF MATHEMATICAL SCIENCES AND DEPARTMENT OF MATHEMATICS, THE CHI-
NESE UNIVERSITY OF HONG KONG, SHATIN, HONG KONG
E-mail address: leung@math.cuhk.edu.hk

KAVLI INSTITUTE FOR THE PHYSICS AND MATHEMATICS OF THE UNIVERSE (WPI), THE UNI-
VERSITY OF TOKYO, 5-1-5 KASHIWA-NO-HA,KAsHIWA CiTY, CHIBA 277-8583, JAPAN
E-mail address: changzheng.li@ipmu.jp



	1. Introduction
	2. A brief review of Schubert calculus and generalizations
	2.1. Classical Schubert calculus for homogeneous varieties G/P
	2.2. Equivariant Schubert calculus
	2.3. Affine Schubert calculus
	2.4. Quantum Schubert calculus

	3. An overview on (equivariant) quantum Schubert calculus
	3.1. Ring presentations
	3.2. Comparing QH(G/P) with QH(G/B)
	3.3. Combinatorial rules
	3.4. Quantum Giambelli formulae
	3.5. A few remarks

	Acknowledgements
	References

