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ABSTRACT. Wedge product on deRham complex of a Riemannian man-
ifold M can be pulled back to H* (M) via explicit homotopy, constructed
using Green’s operator, to give higher product structures. We prove
Fukaya’s conjecture which suggests that Witten deformation of these
higher product structures have semiclassical limits as operators defined
by counting gradient flow trees with respect to Morse functions, which
generalizes the remarkable Witten deformation of deRham differential
from a statement concerning homology to one concerning rational ho-
motopy type of M. Various applications of this conjecture to mirror
symmetry are also suggested by Fukaya in [5].

1. INTRODUCTION

Let f: M — R be a Morse function on an oriented compact Riemannian
manifold M. Morse theory studies the homology of the manifold by the
Morse complex C’M}‘, which is a finite dimensional vector space freely gen-
erated by critical points of f, equipped with the Morse differential § defined
by counting gradient flow lines of f. In an influential paper [13], Witten sug-
gested a differential geometric approach toward Morse theory by deforming
the exterior differential operator d with

dgp = e /M (hd)e! " = hd + df A,

where i € RT. We can obtain the formal adjoint of dy defined by
dyp = el M(hd*)e " = hd* + 1y

and the Laplace operator defined by

(1.1) App=dypdyy + df pdy e

Witten argued that if we consider eigenvalues of the operator Ay, lying

inside a small interval [0, 3/ 2), the sum of corresponding eigensubspaces
Q*(M, h)sm C Q*(M, 1) could be identified with the Morse complex C'M}

(1.2) ¢ = d(h) : CM} — Q* (M, B) g

The eigenform corresponding to a critical point concentrated near that crit-

ical point, when A small enough. Furthermore, the Witten differential has

an asymptotic expansion d¢j; ~ (6 + O(h)) under the above identification.

Readers may see [14] for a detailed introduction. The complete proof can
1
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be found in [7, 8, 9].

A natural question is whether the Witten’s approach can be extended to
study the wedge product structure on differential forms, which will be an
enhancement from a statement concerning homology to one concerning ra-
tional homotopy type, as these informations are captured in the differential
graded algebra (*(M),d, A) (if 7 (M) = 0) from [I1], 12].

It is first conjectured by Fukaya in [5] that similar asymptotic expan-
sions hold for higher products, which are combinations of d}ﬁ, wedge prod-
uct, Green operator and projection to small eigensubspaces, in the Witten
twisted deRham theory. The leading order terms in the asymptotic expan-
sions are conjectured to be operators defined by counting gradient trees,
which are Ao, products {m{!°"*°};cz, in the Morse category defined in [4],
whose morphism space from f; to f; is the Morse complex CMZ?} with re-

spect to fi; = fj — fi-

To be more precise, we are forced to consider more than one Morse func-
tion in order to satisfy the Leibniz rule. This leads to the notation of the dif-
ferential graded (dg) category DRy (M), with objects being smooth functions
on M. The corresponding morphism complex relating f; to f; is given by the
Witten twisted complex €7 (M, i) = (Q2*(M), d;j := e~ fii/M(nd)efis/M). The
finite dimensional subcomplex (M, h)sm C $2j;(M,h) is a homotopy re-
tract under explicit homotopy involving Green operator. We can pull back
the wedge product in the deRham category DRy(M) via the homotopy,
making use of homological perturbation lemma in [I0], to give a deformed
Ao category DRp(M)gm with Ase structure {my(h) }rez., -

Fukaya’s conjecture says that the A structure {mg(h)}rez, , expressed
explicitly in terms of Witten twisted Green operator and wedge product,
has leading order given by {m{y T} ez, defined by counting gradient flow
trees, via the isomorphism ¢.

Conjecture (Fukaya [5]). For generic sequence of functions f= (fos---s fx),

with corresponding sequence of points ¢ = (qo1, q12, - - - , Q(k—l)k) such that q;;
is a critical point of fi; = fj — fi, we have

(1.3) mi(R) (@) = e~ 7 (¢(my! " (@) + O('/?)),

where A(q) = for(qor) — fo1(qo1) = = fa—vr(@r—-1)r)-
We prove Fukaya’s conjecture in this paper.

Theorem (Main Theorem). Fukaya’s conjecture is true.
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Fij(a45)
If we rescale ¢(g;;) by multiplication of e~ e , the above statement
simply reads
lim my () = maforse,
h—0

As A relations of {my(h)}rez, are obvious from their algebraic construc-
tions while those of {miforse}, 4 . require studies for boundaries of moduli
spaces of gradient flow trees (see e.g. [, 4]), we obtain an alternative proof
for A, relations of {m]k,\/[ r*¢}rez, as an corollary.

The original Witten-Morse theory is exactly the case £k = 1, involving
detailed estimate of operator d;; along gradient flow lines. Starting from
k > 3, our theorem involves the semi-classical analysis of the Witten twisted
Green operator which is not included in the original theory.

Our Main Theorem for k& = 2 involves three functions fo, fi, f2, hav-
ing qo1, q12, go2 being critical points of fy1, fi2, foo respectively, and can be
proven using the analytical techniques in [7, 9]. We compute the leading or-
der term in the matrix coefficients of mg(h), which is essentially the integral

¢(qo2)

(1.4) /M<m2(ﬁ)(¢(%1)v #(q12)), m>-

First, we make use of the global a priori estimate of the form ¢(g;;) ~

O(e%) (lemma , with p being the Agmon distance defined in defini-
tion [9] to cut off the integrand to neighborhoods of gradient trees appeared
in mg/fmse. After cutting off the integrand, we need to compute the lead-
ing order contribution from each gradient tree. The WKB approximation
(lemma of the eigenforms ¢(g;;) is used to compute the leading order
contribution of .

When k£ > 3, what we need is an WKB approximation of G;; along a
gradient flow line of f;; in More precisely, we need to study the local
behaviour of the inhomogeneous Witten Laplacian equation of the form

P
(1.5) AjiCe = dij(e™ 7 v)

along a gradient flow line segment of f;; from xzg to xg, and obtain an
approximation of (g of the form

CE ~ e_wE/hﬁ_l/z(pr + wEJﬁl/Q + ... )

The key step in our proof is to determine g from g and detailed con-
struction is given in §5| A naive guess ¢ (z) := inf,(vs(y) + p(y,z)) cap-
tures the desired behaviors of g near xp but is singular along a hyper-
surface Ug containing xg, which cannot be used to solve iteratively.
We solve the minimal configuration in variational problem associated to
infy (v5(y) + p(y, x)) and find that the point y is forced to lie on Ug, with a

unique geodesic joining to x which realizes p(y, z), for those x closed enough



4 CHAN, LEUNG AND MA

to . This family of geodesics {, }ycv, gives a foliation of a neighborhood
of the flow line segment. Therefore we can use Yg(v,(t)) = s(y) +t as
an extension of 1/;E across Ug. Provided the analytic results for G;; ( and
, the proof of the general case is similar to the k = 3 case, but with more
involved combinatorics.

This paper consists of two parts. The first part gives the basic setup and
definitions in §2| and the proof modulo technical analysis in The second
part is a study of Witten twisted Green operator in §4| and §5| which is used
in previous sections.

2. SETTING

In this section, we introduce the definitions and notations we need and
state our main theorem. We begin with the definition of deRham category.

2.1. deRham category. Given a compact oriented Riemannian manifold
M, we can construct the deRham category DRy (M) depending on a small
real parameter i. Objects of the category are smooth functions

f:M—R

For any two objects f; and f;, we define the space of morphisms between
them to be

Hompy . (1) (fis f5) = (M),

with differential hd + df;; A\, where f;; := f; — fi. The composition of mor-
phisms is defined to be the wedge product of differential forms on M. This
composition is associative and hence the resulted category is a dg category.
We denote the complex corresponding to Hom7, R M)( fis f5) by Q5 (M, h)
and the differential fd + df;; by d;;. We then consider the Morse category
which is closely related to the deRham category.

2.2. Morse category. The Morse category Morse(M) has the same class
of objects as the deRham category DRy (M), with the space of morphisms
between two objects given by

Hom*Morse(M)(fi7fj) = CM*(fzg) = Z (C-eq.
qECrit(fij)

It is the Morse complex which is defined when f;; is Morse. In this complex,
eq’s are declared to be an orthonormal basis and graded by the Morse index
of corresponding critical point ¢, which is the dimension of unstable sub-
manifold V,~. The Morse category Morse(M) is an Ax-category equipped
with higher products m{y orse for every k € Z4, or simply denoted by my,
which are given by counting gradient flow trees. To describe that, we first
need some terminologies about directed trees.
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2.2.1. Directed trees.

Definition 1. A trivalent directed d-leafed tree T means an embedded tree
in R2, together with the following data:

(1) a finite set of vertices V(T);

(2) a set of internal edges E(T);

(3) a set of d semi-infinite incoming edges E;,(T);

(4) a semi-infinite outgoing edge €yys.
Every vertex is required to be trivalent, having two incoming edges and one
outgoing edge.

For simplicity, we will call it a d-tree. They are identified up to continuous
map preserving the vertices and edges. Therefore, the topological class for
d-trees will be finite.

Given a d-tree, by fixing the anticlockwise orientation of R?, we have
cyclic ordering of all the semi-infinite edges. We can label the incoming
edges by pairs of consecutive integers (d — 1)d, (d — 1)(d — 2),...,01 and
the outgoing edges by 0d such that the cyclic ordering 01,...,(d — 1)d,0d
agrees with the induced cyclic ordering of R?. Furthermore, we can extend
this labeling to all the internal edges, by induction along the directed tree.
If we have an vertex v with two incoming edges labelled 75 and jk, then we
assign labeling ik to the outgoing edge. For example, there are two different
topological types for 3-tree, with corresponding labelings for their edges as
shown in the following figure.

01 23

T T,

FI1GURE 1. two different types of 3-trees

A pair (e,v), with e being an edge (either finite or semi-infinite) and v
being an adjacent vertex, is called a flag. The unique vertex attached to the
outgoing semi-infinite edge is called the root vertex. The following figure
shows different flags on the tree T7.

For the purpose of Morse homology, we need the following notation of
metric trees.

Definition 2. A metric d-tree T is a d-tree together with a length function
l:E(T)— (0,+00).
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FIGURE 2. An example of a 3-tree and the corresponding
flags.

Metric d-trees are identified up to homeomorphism preserving the length
functions. The space of metric d-trees has finite number of components, with
each component corresponding to a topological type T. The component
corresponding to T, denoted by S(T'), is a copy of (0,+00)F(DI  where
|E(T)| is the number of internal edges and equals to d — 2. The space S(T)
can be partially compactified to a manifold with corners (0, —|—oo]|E(T)|, by
allowing the length of internal edges going to be infinity. In particular, it
has codimension-1 boundary

oSy =[] s@)=xsa,
T=T'uT"”

where L means joining the outgoing edge of 7' with one of the incoming
edges of T" to give an internal edge of infinite length.

2.2.2. Morse Axo structure. We are going to describe the product my, of the
Morse category. First of all, one may notice that the morphisms between
two objects f; and f; is only defined when f;; is Morse. Therefore, when we
consider a sequence of functions fo, ..., fr, we said the sequence is Morse if
fij are Morse for all ¢ # j. Given a Morse sequence f= (fo,---, fr), with
a sequence of points ¢'= (qo1, - - - (k—1)k> qok) such that g;; is a critical point
of f;j, we have the following definition of gradient flow tree.

Definition 3. A gradient flow tree ' of f with endpoints at q is a continuous
map £ : T — M such that it is a upward gradient flow lines of f;; when
restricted to the edge ij, the semi-infinite incoming edge i(i + 1) begins at
the critical point q;;11) and the semi-infinite outgoing edge Ok ends at the
critical point qog-

We use M(f, ) to denote the moduli space of gradient trees (in the case
k = 1, the moduli of gradient flow line of a single Morse function has an
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extra R symmetry given by translation in the domain. We will use this
notation for the reduced moduli, that is the one after taking quotient by R).
It has a decomposition according to topological types

M(f,q) = [TM(F. (D).
T

This space can be endowed with smooth manifold structure if we put
generic assumption on the Morse sequence. For an incoming critical point

di(i+1), With corresponding stable submanifold V(;(Hl), we define a map

fT,i(i—i—l) : ‘/q_:(i+1) X S(T) — M.

Fixing a point x in ‘/;1_:—(1'-&-1) together with a metric tree T, we need to de-
termine a point in M. First, suppose v is the vertex connected to the edge
labelled i(i 4 1), there is a unique path following the directed graph joining
v to the root vertex v,. To determine the image of our function, we flow
the point z by gradient flow with respect to Morse function according to
labeling of edges in the path, with time determined by the length of the
edge.
The maps are then put together to give a map

(2.1) fr: Vi, X Vo X x Vil x S(T) = T M,
k+1

where we use the embedding ¢ : V/ — M for the first component. There is

a generic assumption on f.

Definition 4. A Morse sequence f 1s said to be gemeric if the image of fr
intersect transversally with the diagonal submanifold A = M — M**1, for
any sequence of critical point ¢ and any topological type T .

When the sequence is generic, the moduli space M( J?, q) is of dimension
k—1
dimg (M(f, 7)) = deg(qor) — Z deg(gi(i+1)) +k = 2,
i=0
where deg(g;;) is the Morse index of the critical point. Therefore, we can

define ml]yw“

, or simply denoted by my,, using the signed count #M(f,q)
of points in dimg(M(f,7)) when it is of dimension 0. In order to have a

signed count, we have to get an orientation of the space M( f 7). We will
come to that later in definition 35l

We now give the definition of the higher products in the Morse category.

Definition 5. Given a generic Morse sequence f with sequence of critical
points ¢, we define
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given by
(2.2) (M (qr—1)k> - - - G01), qok) = #M(, D),
when
k-1
deg(qor) — > _ deg(gi(ir1) +k—2=0.
i=0

Otherwise, the my, is defined to be zero.

One may notice m{y ors¢ can only be defined when f is a Morse sequence

satisfying the generic assumption in definition [l The Morse category is
indeed a A, pre-category instead of an honest category. We will not go into
detail about the algebraic problem on getting an honest category from this
structures. For details about this, readers may see [1I, [4].

2.3. From deRham to Morse. To relate DR;(M) and Morse(M), we
need to apply homological perturbation to DR;(M). Fixing two functions
fi and f;, we consider the Witten Laplacian

Aij = dl]d:} + d;-kjdij,

where dj; = hd" + 1yy,;. We take the interval I(f) = [0, #%/2) and denote
the span of eigenspaces with eigenvalues contained in I(f) by (M, i) sm.
By the result of [9], we have a map

¢ = ¢ij(n, 1) : CM™(fij) = Q3 (M, B)sm

depending on 1, h € R, such that it is an isomorphism when 7, i are small
enough. Here 7, which can be arbitrarily small, is the radius of some cut off
function will be introduced in section [l

Furthermore, under the identification ¢;;(n, k), we have the identification
of differential d;; and Morse differential m; from [9] as

Fij (@ —F35(p)
(2.3) (dijdij(p), 0ij(@)) =e — F  (mi(p),q)(1 + O(h))

for 7 small enough, if p, g are critical points of f;;. This is originally proposed
by Witten to understand Morse theory using twisted deRham complex.

It is natural to ask whether the product structures of two categories are
related via this identification, and the answer is definite. The first observa-
tion is that the Witten’s approach indeed produces an A, category, denoted
by DRp(M)sm, with A structure {my(h)}rez, . It has the same class of
objects as DRy (M). However, the space of morphisms between two objects
fis fj is taken to be Q7 (M, i), with my(F) being the restriction of d;; to
the eigenspace 27; (M, i) 5.
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The natural way to define mq(h) for any three objects fo, f1 and fa is the
operation given by

Uy (M, ) o ® Uy (M, B 220 Q0 (M, ) © O, (M, 1)

|~

Q5o (M, 1)

lpoz

982(M7 ﬁ)sm,

where ¢12 and o1 are inclusion maps and F;; : Q’;j (M,h) — Q;kj (M, Rh) g is
the orthogonal projection.

Notice that mg(h) is not associative, and we need a mg(h) to record
the non-associativity. To do this, let us consider the Green’s operator G’%
corresponding to Witten Laplacian A;;. We let

(2.4) Gy = (I - P;)GY;
and

Then H;j is a linear operator from Q7;(M,h) to ij_l(M ,h) and we have
dijHij + Hijdiy = I — Byj.
Namely €7 (M, h)gm is a homotopy retract of QF (M, h) with homotopy op-

erator H;;. Suppose fo, f1, f2 and f3 are smooth functions on M and let
©ij € Q;-‘j(M, h)sm, the higher product

m3(h) : Qo3(M, 1) sm @ Qo (M, h)sm @ Qo1 (M, ) sm — Qo3(M, 1) sim
is defined by

(2.6) m3(h)(p23, P12, P01) =
Pos(Hi3(p23 A 12) A por) + Pos(p23 A Ho2(e12 A po1))-

In general, construction of my(h) can be described using k-tree. For k > 2,
we decompose my(h) := Y pml (#), where T runs over all topological types
of k-trees.

mf(ﬁ) : Zkk—l)k(Ma ﬁ)sm Q- ® 981(Mv ﬁ)sm - Qfﬂk(M» ﬁ)sm

is an operation defined along the directed tree T' by

(M, h)gpm — QF

Sy (M, 1) at

(1) applying inclusion map ¢;(;41y :
semi-infinite incoming edges;

(2) applying wedge product A to each interior vertex;

(3) applying homotopy operator H;; to each internal edge labelled ij;

(4) applying projection Py to the outgoing semi-infinite edge.

:(i+1)
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FiGURE 3. The unique 2-tree and the corresponding assign-
ment of operators for defining ma(f).

The following graph shows the operation associated to the unique 2-tree.

The higher products {my(h)}rez, satisfies the generalized associativ-
ity relation which is the so called A, relation. One may treat the A
product as a pullback of the wedge product under the homotopy retract
Pij + QF (M, h) — Q5 (M, i) sp. This proceed is called the homological per-
turbation lemma. For details about this construction, readers may see [10].
As a result, we obtain an Ay, pre-category DRj(M)gp,.

Finally, we restate our Main Theorem with the notations from this section.

Theorem 6 (Main Theorem). Given fo,..., fr satisfying generic assump-
tion with q;; € CM*(fi;) be corresponding critical points, there exist
no, ho > 0 and Cy > 0, such that ¢;;(n,h) : CM*(fi;) — Q;‘j(M, h) sm
are isomorphism for all i # j when n < no and h < hy. If we write
¢(qij) = ¢i5(n, h)(qi;), then we have

(i (B) (D (qe—1yi)s - - > B(q01)), m>

ﬁQ_ke_A/h((mé\/lorse(q%_nk, -+ +5qo1); Qox) + R(R)),

with
|R(h)| < Coh!/?
and A = for(qox) — for(qo1) — - = fle—0)r(qr—1))-

Remark 7. The constants ng, Co and by depend on the functions fo, ..., fi-
In general, we cannot choose fized constants that the above statement holds
true for all my(h) and all sequences of functions.

Remark 8. The constant A has a geometric meaning. If we consider the
cotangent bundle T*M of a manifold M which equips the canonical sym-
plectic form wean, and take L; = L'y, to be the Lagrangian sections. Then
¢ij € Li M Lj and A would be the symplectic area of a degenerated holomor-
phic disk passing through the intersection points q;; and having boundary
lying on L;. For details, one may consult [10]
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3. PROOF OF MAIN THEOREM

In the proof, we fix a generic sequence f of k + 1 functions, with corre-
sponding sequence of critical points ¢. First of all, we have

k-1
deg(mp (M) ((qe—1)r): - - > B(q01)) = > _ deg(gii41)) — k +2,
i—=0

so (my(7)(P(qk—1)k)s - - - » #(qo1), #(qox)) is non-trivial only when the equality

k—1
(3.1) Z deg(g;(i+1)) — k + 2 = deg(qox)
i=0

holds, which is exactly the condition for mkM °rs¢ in the Morse category to
be non-trivial. We will therefore assume condition (3.1) and consider the
integral

[l (qor) 12

(m
o Olaon)
_ /M (RN Dlame), - Olaon)) A # g s

Recall that each directed tree T' gives an operation ml (k) and my(h) =
>~ mk(f) which is also the case in Morse category. Therefore, we just have
to consider each m] (h) separately.

k(7)) (D(qk=1)k), - - - » P(q01))

The first step uses the a priori estimate and resolvent estimate to show
that there is an expected exponential decay e~ A/" as described in the theo-
rem. We can therefore drop out terms with faster exponential decay. It turns
out that the integral localizes to gradient flow trees of corresponding Morse
functions. The second step is to replace input eigenforms and the homotopy
operators H;; by their WKB approximations. The WKB approximations
are governed by ODEs which make computations possible. The final step is
to carry out the explicit computations for the leading order term.

3.1. Results for a single Morse function. We start with stating the
results on Witten deformation for a single Morse function. These results
come from [9], with a few modifications to fit our content.

Definition 9. For a Morse function f;;, the Agmon distance p;;, or simply
denoted by p, is the distance function with respect to the degenerated Rie-
mannian metric (-, )y, = |dfi;|*(-,-), where (-,-) is the background metric.

Readers may see [6] for its basic properties. We denote the set of critical
points by CZ*J For each ¢ € ij we let

Mgy = M\ U B(p,n),
peCi\{a}
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where B(p,n) is the open ball centered at p with radius 7 with respect to
the Agmon metric. M, , is a manifold with boundary.

For each ¢ € C’fj, we use Q’;j (Mg, h)o to denote the space of differen-
tial forms with Dirichlet boundary condition, acting by Witten Lacplacian
Ajjq0- We have the following spectral gap lemma, saying that eigenvalues
in the interval I(h) are well separated from the rest of the spectrum.

Lemma 10. For any e, n > 0 small enough, there is hg = ho(e,n) > 0 and
C. > 0 such that when h < hg, we have

Spec(Aijg0) N [h3/2, w32 4 C’Ee_g/h) =0,
and also
Spec(Ay;) N[EY2, 532 4 Cee™/M) = 0.

The eigenforms with corresponding eigenvalue in I(h) are what we con-
centrated on, and we have the following decay estimate for them.

Lemma 11. For any €, n > 0 small enough, we have ho = hy(e,n) > 0 such
that when h < hy, Aijq0 has one dimensional eigenspace in I(h). If we let

wq € ij(qu, h)o be the coresponding unit length eigenform, we have

(3.2) 0g = O (e~ Piilam)=a/y,

where O, stands for C° bound with a constant depending on €. Same estimate
holds for dijpq and d;;pq as well.

We are now ready to give the definition of ¢;;(n, h). For each critical point

p, we take a cut off function 6, such that §, = 1 in B(p,n) and compactly
supported in B(p, 2n). Given a critical point ¢ € C!, we let

Xg=1- Z 0.
peC\{q}

Proposition 12. Forn > 0 small enough, there exists hg = ho(n) > 0, such
that when h < hg, we have a linear isomorphism

Gij = Gij(n,h) : CM*(fij) — Q5 (M, )
defined by
(3.3) %i(1.1)(a) = PijXq¥a,
where Pij : Q7 (M, 1) — Q5 (M, h)sm is the projection to the small eigenspace.

Remark 13. One may notice that ¢, is defined only up to = sign. Recall
that in the definition of Morse category, we fix an orientation for unstable
submanifold V= and stable submanifold Vq+ at q. The sign of ¢4 is chosen
such that it agrees with the orientation of V= at q.
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Definition 14. We renormalize qgij(n, h) to give a map ¢;5(n, h) defined by
_ |
Apli 2

(3.4) i (n, 1) (q) )2(5=dea@) g, (. h)(q),

where Ay and A_ are products of positive and negative eigenvalues of V2 f
at q respectively.

Remark 15. The meaning of the normalization is to get the following as-
ymptotic expansion

(35) |y =1+ 00,
Vi
which is the one appeared in [14].

From the estimate (3.2), we also have a similar estimate for ngSij (q).

Lemma 16. For any €, n > 0 small enough, there exists hy = ho(e,n) > 0
such that for h < hg, we have

(36) &Z‘] (q) — 06’,’7(ei(pij(qﬂs)*E*Qn)/ﬁ)’
and same estimate holds for dijngij(q) and d;-qu?)ij (q).
The estimate for derivatives of qgij(q) can be strengthened. Notice that

diquij(q) is an eigenform of degree [ + 1, similarily d;kjéij(q) is an eigenform
of degree | — 1. Making use of these, we have the following lemma.

Lemma 17. For any €, n > 0 small enough, there exists hy = ho(e,n) > 0
such that for h < ho(e,n), we have

dijdij(q) = Oeyle™(Cal@=edn/hy

(3.7) d:idii(q) = O (e~ Bal®)=e=tn) /by
where
ale) = min (Pulep)+pup ),
Be(x) = peclfgltifél\{q}(ﬂij(q,p)+pij(p7$))-

Furthermore, we can compare the inner products on C’Mi’; and ij (M, h)spm.
If we define a square matrix D with

Do 0 ifp=gq
PET Y e Pi/h it L g
then we obtain the following estimates for inner product among eigenforms.

Lemma 18. For any €, n > 0 small enough, there exists hy = ho(e,n) > 0
such that for h < ho(e,n), we have

(3.8) (01j(P); 91(@) = (Xppps Xaq) = Ocy(“TH/N(D? + D) ).
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Furthermore, we have an estimate

_ [ 1+ Ocy(eBSomemt/ty if p =g
(3.9) (XpPps XqPq) = { OE,Z(Cfp”(p’q)/h) ifptq’

whe7 e
S = min Pij [)/7 (I, .
0 p'#q €Ct l]( )

Finally, we need the following resolvent estimate will be proved in section
for our operator G;; defined in ({2.4).

Lemma 19. For any j € Z4 and € > 0, there is k; € Z4 and ho = ho(e) > 0
such that for any two points xo,yo € M, there exist neighborhoods V. and U
(depending on €) of xo and yo respectively, and Cjc > 0 such that

(310)  IVH(Giu)lleogy) < Cee™ PoEm = My o

for all i < hig and u € CO(U), where W*P refers to the Sobolev norm.

3.2. A priori estimates. So far we have been considering a fixed Morse
function f;;. From now on, we will consider a fixed generic sequence f with
corresponding sequence of critical points ¢ as in the beginning of section

Notations 20. We use g;; to denote a critical point of f;;. The eigenform
®ij(n, ) (qij) associated to q;; is abbreviated by ¢;;.

We will use the result in the previous section to localize the integral

(3.11) /M my(B)(S(q(r—1)k); - - - » p(dor)) A [6(q0) 12

to gradient flow trees, when the degree condition (3.1]) holds. We begin with
the mg(h) case which involves less combinatorics to illustrate the analytic
argument.

3.2.1. m3(h) case. There are two 3-leafed directed trees, which are denoted
by T1 and Ty. We simply consider m3' (k) for Ty which is the tree shown in
figure and relate this operation to counting gradient trees of type T7.
T1 has two interior vertices, which are denoted by v and v, as in the figure.
According to the combinatorics of 17, we define pp, : M VTl 5 R, which
is given by

or (T0, Tv,)

= p13(Tv, To,) + po1(Zv,, 1) + p12(Tv, q12) + p23(zv, G23) + po3(xw,, q03)-

Roughly speaking, it is the length of the geodesic tree of type 11 with interior
vertices x, x,, and end points of semi-infinite edges e;;’s laying on ¢;;’s as
shown in the following figure.
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a2

P12(l112,$)

az3

P(n(%l,ﬁﬂ) Ptn(%l,rr)

£03(qo3, )

Notice that g1, (2v, %v,) = A = fo3(go3) — fo1(qo1) — fi2(q12) — f23(ge3) and
the equality holds if and only if (z,,z,,) are interior vertices of a gradient
flow tree of the type T7.

The term
(3.12) <m3Tl<¢237¢127¢01)7¢03>:/ Hiys(p23 N d12) A do1 A *( o3 )
| ¢os|? M o3|

can be controlled by pr,. More precisely, fixing two points z,, x,, € M and
€ small enough, lemma holds for operator G153 and hence Hy3 with U and
V being balls centering at x, and x,, (with respect to p13) of radius r1. If
we have two cut off functions y and x, supported in B(z,,r1) and B(z,,,r1)
respectively, then we have

IxrH13(X P23 A P12)]| L0
< C. ’,767(p23(q237xv)+P12(q12,xv)+P13(xv733117«)727'173674"7)/ﬁ

for those small enough /. Here the decay factors pes(gas, ) and p12(q12, zv)
come from the a priori estimate in lemma for the input forms ¢93 and
¢12 respectively, while the decay factor p13(zy, zy, ) comes from the resolvent
estimate lemma Combining with the decay estimates for ¢g; and ¢gs,
we obtain

lIxrH13(X P23 A d12) A do1 A *¢os|| Lo
S CG nei(ﬁTl (11)7371@)*47‘1 7557677)/)‘1

We assume there are gradient trees I'y,...I; of the type T;. For each tree
I';, we take open neighborhoods Dr,, and Wr,, of interiors vertices xr,
with Dr, , C Wr, 4, and similarly Dr, ,, and Wr, ,, for 2r,,. The following
figure illustrates the situation.

We can assume there is a constant C such that g, > A+C in MY\ Dy,
where Dr, = Dr, X Dr, . If E(f, r1) = B(xy,7r1) X B(2y,,71) is away from
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the Dr,, we will have

lIxrHi3(x®23 A d12) A do1 A *¢o3]| oo
< O eI

Therefore, we can take cut off functions xr, .4, X1, associating to each
tree I';, with support in Wr, ,, Wr and equal to 1 on Dr,,, Dr,,, re-
spectively, to get

i Ur

(m3" (¢23, b12, Po1), ch>?|!2>

o ~4+$
H¢0[2)33H2} +O0(e” 7 ).

= E / {xTi0. Hi3(XT; 0023 A P12) A do1 A *
~ [
3

This localizes the integral computing m3T1 to gradient trees of type T7. Notice
that the neighborhood Dr; and Wr, can be chosen to be arbitrarily small
in the previous argument. Next, we will consider my(h) with arbitrary k
which has more complicated notations.

3.2.2. my(h) case. We fix a k-leafed tree T" and consider the operation corre-
sponding to it, denoted by m{(ﬁ) We try to relate this operation to counting
of gradient trees of type T. We have the function pr : M VIl — R defined
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according to the combinatorics of T' given by

(313) gr(@) = Y pijles(e), zuleq)+
ei; €E(T)

k—1

> picsn) @1y Te(eii))) + pok(qok, T (€or))-

i=0
Here the variables Z are labelled by the vertices of T. (xg(e) and xzg(e)
refer to the variables corresponding to vertices which are starting point and
endpoint of the edge e respectively.) Recall that E(T) is the set of internal
edges of T" and each interior edge e has a unique label by two integers as e;;,
corresponding to the Morse function f;; = f; — f;. The notation p;; refers
to the Agmon distance corresponding to the Morse function f;;.

pr(Z) is the length function of a geodesic tree (may not be unique) with

topological type T', with interior vertices ¥ and semi-infinite edges ending
on critical points g;;. Similar to the case of ms(h), we have the following
lemma.

Lemma 21. The function pr is bounded below by A = fo1(qo1) + -+ +
Je—0k(q—1)k) — for(qok), and it attains minimum at T if and only if T is
the vector comsisting of interior vertices of a gradient flow tree of f of type
T ended at corresponding critical points ¢.

Proof. The proof relies on the fact (see [9]) that we have

| fii (@) = fi; ()] < pij(2, ),

if fi; is a Morse function on M, and p;;(z,y) is the Agmon distance. Fur-
thermore, the equality f;;j(x) — fi;(y) = pij(x,y) forces the geodesic from y
to x to be a generalized integral curve of V f;;. We apply this fact to each
term in (3.13) and the result follows. O

Every gradient flow tree I' € M(f,q)(T) is associated with a unique
minimum point Zr € M V(D) For each tree, we take a covering Wr of r,
given by a product Wr = H,UGV(T) Wr », where each Wt , is an open subsets
in M containing x, such that all Wr ,’s are disjoint from each other. If we
further take Dr = Hvev(T) Dr,, such that m C Wr ., we have a constant

C > 0 such that gr > A+ C on MV \ Dr. We are going to show that
the integral can be localized.

We take a finite covering of M with balls {B(x,7)}p(u,es of radius
r centering at x, with a partition of unity {xp}pes subordinating to it.
We choose a covering {B,(Z)}per of MIV(I given by product B,(Z) =
[oev(r) B(@y, 1), where B(zy,r) € J. We decompose Z = Z; UZ; such that
B € T, are those having empty intersection with Dr, and B € T; satisfying
B C Wr. These can be achieved by choosing r small enough.
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We can take cut off functions subordinate to the covering {B}z, given
by product of functions xp on M. We write Xp = Hvev(T) XB(z,,r) for the
function supported in B. We will use ¥'p to cut off the following integral

(3.14) m} (h)(q) == /M m{(ﬁ)(qﬁ(qwq)k% -+ (go1)) A *m.

Recall that the mf(ﬁ) is defined using wedge product and the homotopy
operator Hj;j;, following the combinatorics of the tree T. We cut off the
operation mz(fi) using the function x g, ) Whenever taking wedge product
at the vertex v. We will write mf(ﬁ, X) for the integral after cutting off by
X. Therefore we have

(3.15) mi(B)(Q) = > mi (5 Xp) @)+ Y mi (7, XB)(@),

Bely Bels

where m? (R, ¥ 5)(q) stand for the integral after cutting off by x'5. Applying
the resolvent estimate in section |4 and the estimate , we obtain the
following lemma.

Lemma 22. For any € > 0, there exist positive r(€), n(e) and h(e) such that
(3.16) m} (B, XB) = Oy cp(e”Pr@=a/n

for h < h(e), if we take the covering of radius r < r(e) and n < n(e). Here
Z is the center of the ball B.

The proof is essentially the same as the case for mg(#). Similarly, we can

have .

> md (5, Xp) = OpeyeAHEI),

B€Is
for # small enough. It follows from the fact that pp(Z) > A + C for those
covering in Z,. This result basically says that the integral m! (h) can be
localized to gradient flow tree using the cut off mentioned above. To sum-
marize, we have the following proposition.

Proposition 23. For each gradient flow tree I', there is a sequence of cutoff
functions {Xr} which is supported in Wr and satisfy Xr = 1 on Dr such
that

17 mim@= Y. (k)@ + 0 TN,
reM(f,)(T)

for h small enough.

Remark 24. In the above argument, the neighborhood Wr can be chosen

to be arbitrary small. We will obtain a smaller constant C' if we shrink the

neighborhood Wt .

After localizing the integral, we move on to the section concerning WKB
approximation which helps to compute of the leading order contribution of

m} (h, Xr).
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3.3. WKB method. In this section, we will state the results of WKB
methods from section [5| and argue the WKB approximations can be used in
the computation of leading order contribution of my (k). The WKB solutions
are necessary for explicit computation as they are governed by ODEs instead
of PDEs. We fix a gradient flow tree I" to consider as the integrand in (3.11])
is localized to gradient trees.

3.3.1. WKB method for Witten Laplace operators. We first state the result
from [9].
Lemma 25. There is a WKB approzimation of the eigenform ¢;; of the

form

deg(g;5)

(3.18) gf)ij ~ efwij/ﬁﬁf 2 (wijp + wij71ﬁ1/2 + ... )

in any small enough open set W containing Vq: UV(]:J_, where V¥i; = pij(gij,-)
is the Agmon distance function from g;;.

Remark 26. The precise meaning of this WKB approximation is given in
section |5.6. Roughly speaking, it is in the sense of C*° approximation on
every compact subset of W.

Remark 27. gi‘; = i; — (fij — fij(¢ij)) is a nonnegative function which is
Bott-Morse in a neighborhood of V;Z‘; with zero set qu]

Remark 28. There is also a similar approxrimation for *¢;;, in a neighbor-
hood of the unstable submanifold Vq:rj U qufj. In that case, g;; = ¥ij + (fij —
fii(ai;)) is a nonnegative function which is Bott-Morse in a neighborhood of
ti_j with zero set Vq;

3.3.2. WKB method for homotopy operators. Here we state a WKB method
needed for the homotopy operators appearing in the higher products mg(h).
The proof can be found in section

We begin by giving the setup of the lemma. Let v(¢) be a flow line of
Vfii/IV fijlp,; starts at 4(0) = x5 and y(T) = zp for a fixed T > 0. We
consider an input form (g defined in a neighborhood Wyg of xg. Suppose we
are given a WKB approximation of (g in Wy, which is an approximation of
(s according to order of A of the form

(3.19) (s~ e V5 Mwg o+ wg 12 +wgoh! +...)

(The precise meaning of this infinite series approximation can be found in
section [5.6). We further assume that gg = g — fi; is a nonnegative Bott-
Morse function in Wg with zero set Vg. We consider the equation

(3.20) AijCe = (I = Pij)d;;(xsCs),

where x g is a cutoff function compactly supported in Wy, F;; : Q;“](M Jh) —
QZ(M , h)sm is the projection. We want to have a WKB approximation of
(e = Hij(xs(s)
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Lemma 29. For supp(xs) small enough, there is a WKB approzimation of
Cg in a small enough neighborhood Wg of E, of the form

(3.21) (g~ Cin/ﬁﬁflm(wE,o+U.)E71ﬁ1/2 +)

Furthermore, the function g := Vg — fij is a nonnegative function which
is Bott-Morse in Wg with zero set Ve = (|U_ocpct00 0¢(Vs)) N WEg which
is closed in Wg, where oy is the time t flow of V fi;/|V fijlp.; -

Provided above lemmas, we are going to show that the WKB approxima-
tions can be used to compute the leading order contribution in m? (, Xr).
We proceed in the same way as the last subsection by first considering the
ms(h) case.

3.3.3. mg(h) case. We fix a gradient tree I' of type T7 as in the subsection
with interior vertices xr, and xr,,. Since the gradient tree I is fixed,
we trend to omit the dependence on I' in our notations. We take neighbor-
hoods W,, and W,,. of z, and =z,, respectively, with cut off functions x, and
Xv, supported in W,, and W,, respectively as shown in the following figure.
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Asz, e VEinvt

a2 755 WE Can assume that the WKB approximations

deg(a12)
o lig— Seela12) 1/2
Pra ~ e 2T (g o+ wio Y2 L),

and
deg(g23)
oz ~ e VI T (waz o+ waz /2 +..)

hold in W, by taking a smaller W, if necessary.

We apply lemma [5.1] with Morse function fi3, input form (g = ¢a3 A 12,
starting vertex rg = x,, ending vertex xg = x,,, with neighborhood Wg =
W, and Wg = W, (This can be done by shrinking W, and W,,_ if necessary).
As a result, we obtain the WKB approximation

deg(qo3)+deg(qio)+1
2

H13(X1}¢23 A ¢12) ~ €_¢13/hh_ (OJ1370 + W1371ﬁ1/2 + ... ),

by taking g = Y13 and wg; = wi3; in the lemma.

In order to compute

$03
| po3||?

up to an error of order e O(h'/?), we can simply compute the integral

mat (B, Xr) = /M Xor H13(Xv P23 A d12) A do1 A *

deg(a01)

deg( )+deg( )+1
(3.22) / {Xo, (e7¥13/ "~ R w13,0)/\(€7w01/ﬁ57 2 wo1,0)
M

deg(agy) e~ Y08/M 4 w03,0
[le=v03/ g o2

h_l
— €
[|e=v08/ R 0|2 /M{XUT(

What we obtained is an integral involving w;jo’s, which are governed by
ODEs. This is easier for explicit computations. Next, we move on to show
this also happens in the my(h) case for any k.

—(¥13+v01+03) /1

w13,0 A wo1,0 A *wo3,0)-
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3.3.4. my(h) case. We consider a gradient tree I' of type T, with k semi-
infinite incoming edges. Recall in section[2.2.1]that each edge in T is assigned
with a label by two integer 5. We will use 7j to represent an edge in 1" and
denote the corresponding edge in the gradient tree I' by e;;. The vertex in
the gradient tree corresponding to v in T' will be denoted by x,. We again
omit the dependence on I' in our notations as it is fixed. We are going to
associate ¢;; ) € (45 (M, h), together with its WKB approximation

Glaja) ~ € PO (W50 0 + Wz o)

in some neighborhood W, of z, to each flag (ij, v) as shown in the following
figure |4 We also fix cut off functions x,’s supported in W, and restrict our
attention to integral m? (%, ¥)(q), using the arguments in section

q(k-2)(k—1)

q(k—3)(k-2)

qo1

qok

FiGURE 4.

We define the followings inductively.

(1) for a semi-infinite incoming edge (¢ + 1) and its ending vertex v,
we take ¢((i11),) to be the input eigenform ¢;(;41), with its the
WKB approximation in W, as in lemma We also let g(;(i11)0) =
V(iti+1)0) — (fiti+1) = fii+1)(@)). We choose W, small enought such
that the WKB approximation of input eigenform ¢;(; 1) holds in W,
For example in the above figure [, we require the WKB approxima-
tion of ¢(x_1)x, in Wi and WKB approximations of ¢ 2y (x—1)s @(k—3)(k—2)
in W, hold;

(2) for an internal edge il with its starting vertex v and assume ij and
jl are two incoming edges meeting ¢/ at v as shown in figure 5| we
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FIGURE 5.

take @i10) = P(jiw) N Pijw)- The WKB expression of ¢; ) comes
i which means

from the expression of ¢(j; ) A (ij.0)
Vi) = Yaje) T VL)
Wiey,v)m = Z W(jl,v),m A W(ijw),m’s
m—+m’=n
Tlw) = T(lo) T i)

We also let g(i1v) = 9(ijv) + 9(it0);
(3) for an internal edge ij with its starting vertex vg and ending vertex
vg as shown in figure [6] we take the WKB approximation in lemma

FIGURE 6.

of G(ijwp) = Hij(XvsP(ijug)) In Wy by taking supp(x,s) and
Wy, small enough if necessary. We also let g(;;.,) = Y(ijop) — fis +
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_ 1.
Zi<m§j f(m—l)m(Q(m—l)m) and T(ij,vE) - r(ij,vs) - 9

(4) for the semi-infinite outgoing edge 0k with the root vertex v,, we
take @(og,v,) to be the eigenform ¢oi, with the WKB approximation
of *¢ox in lemma 25 holds in W,,. We also let gior.,) = Y(0k,v,) +

(for — for(qor))-

Remark 30. When we apply lemma along an internal edge ij with
starting vertex vg and ending vertex vy, the size of supp(xvg) and W,
depends on the input form ¢;;.s), or more precisely, properties of the func-

tion 1/1 (ij,vs)
From the definition of m{ (%, Xr), we see that

dok
|| box 12

/¢ *(Z)Ok:vr
k,vr O,T
Gkor) A P30 MG

if three edges 07, jk and Ok are meeting at the root vertex v,. Applying
lemma, to input eigenforms and lemma to homotopy operators H;;
along internal edges e;;’s, we prove that each WKB approximation

(M (D—1)r - - > DO1)s T3

Bijuwy ~ € VI PR (W) 0+ Wiijaya )

is an C°° approximation with error e~¥(»/"O (k). Therefore, we can re-
place ¢’s by first term in its WKB approximation for computing the leading
order contribution. We obtain

Pok
3.23) (mf(dr_1yks-- - P01), 5
( ) < k\P( k> ’ )7 H¢OI<:H2>
:{ﬁT(]’k,vr)+T(0jaur)+r(0k,ur)/ 67w(jk,vr)+w(0jﬁ,vr)+¢(0k,vr)
M

W 0k,vr),0
X ()0 N (010 A R L+ O(RY).

3.4. Explicit computations. We are going to compute the leading order
contribution of the above integral in the this subsection. This is possible
since v’s are explicit geometric functions and w’s are determined by ODEs.
We again begin with the computation for ms(h) case which involves less
combinatorics.

3.4.1. m3(h) case: We have to compute the leading order contribution from
the integral (3.22). We first take a look on the exponential decay factor
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_ w13+w21 +%03

in the integral. We recall that g3, g[ﬁ and gy; are defined by
P13 = g13+ fi3 — f23((I23) - f12(Q12)a
Yo = gg + for — foi(gm),
Y03 = go3 — fo3 + fo3(qo3)-

Therefore we have

Y13 + Yo1 + Yo3 = g13 + g1 + 9oz + A,

where A = fo3(qo3) — fo1(qo1) — fi2(q12) — f23(g23). Therefore, what we have
to compute is the leading order term from the integral

e

_ 913+g8Ll +ga3 wWo03.0
(3.24) / X, (6 h w13,0 A wo1,0 A * ’ 5 )
M l[bosl
. . gistoditegy
We claim that the exponential decay e~ i will limit to the delta

distribution concentrating at the root vertex z,, of the gradient tree I'.
This precisely means that gi3 + Q(J)rl + gg3 = 0 is a Bott-Morse function in
W, with zero at z,, .

We recall in remarkthat garl and gy3 are Bott-Morse with absolute min-
imums on VOJ{ and V{3 respectively. We also recall from lemma 29| that g3
is also Bott-Morse in W,, with absolute minimum denoted by Vi3 (colored
red in the following figure), which is the submanifold (J_. oo 0¢(Vah N

ViH)) NW,, flowed out from V5§ N V5 (colored blue in the following figure),

V fi3
under the flow of N fislos

which is denoted by oy.

The definition of gradient tree indicates that {z,.} = Vi3 N Vgl N Vg,

transversally which means e i concentrating at x,,. To deal with

this situation, we have the following lemma which will be proven in section

B8
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Lemma 31. Let M be a n-dimensional manifold and S be a k-dimensional
submanifold in M, with a neighborhood B of S which can be identified as
the normal bundle m : NS — S. Suppose ¢ : B — R>q is a Bott-Morse
function with zero set S and 8 € Q*(B) has vertical compactly support along
the fiber of m, we have

7o (e~ B) = (20h) "2 (12 B) v (1 + O(R),

where T, is the integration along fiber. Here vol(V2¢) stands for the volume
polyvector field defined for the positive symmetric tensor V2@ along fibers of
.

We find from the above lemma that the leading order contribution in the
above integral depend only on values of w13, wo1,0 and *wp3,0 at the
point v,.. We will see later in lemmathat w13,0, w23,0 and *wp3 o are forms
in \"P(NViz)*, A'P(NVy5)* and A"P(NVyg)* respectively. Therefore we
have

_ 9131901 T903
Xv, € h w13,0 A\ wo1,0 A *Wo3,0
M

+
901

_ 913 _
= i(/ e n Xv,-w13,0)(/ e Xo,Wo1,0) -
NViz . NV

01,y

( / ™ X, * wo30) (1 + O(h)),
N

VOB,z»UT

where the sign depends on whether the orientations of NVi3® NVyi & NV,
and T'M at the point x,, match or not. We will compute the above three
integrals one by one. We begin with equalities

_ deg(ap1) _ﬁ
h 2 e T Xy.Wo1,0 = 1+ O(ﬁ)
NVO“I’,I.UT
and

_ deg(gq03) _

2 _ %3
2/ € X, *wozo = 14+ O(h).
IPosll* v,

These come from [9] which is reformulated as the following lemma.

Lemma 32. For an eigenform ¢;; with its WKB approzimation

deg(g45)

Gij ~ e Vil (wmo + wij,lﬁl/z +...)

. . . + — .
in any small enough open set W containing tij U ti]. as i lemma we

have
+

deg(q;5) 955
R 2 / e XWwij0 = 1+ O(ﬁ)
NV,

+
g
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for any point r € V;Z‘; and x = 1 around x compactly supported in W.
Similarily, we also have

_ deg(a45)
2

95
WS e_zj*wijp: 14+ O(h),
6ol Jve.

for any point x € Vq; and x compactly supported in W and x = 1 around
x.

Finally, we have an equality
deg(qn3)+deg(qqo)+1 1
- 2laz3)+des(a1 / e_ngSerwl?),O = —(1+ O(ﬁ1/2)).
NV13,ay,. h

This depends on the fact that

_ deg(gp3)+deg(q12) _ gz tais
h 2 e Xow23,0 A Wiz
N(VsENVE) s,

923 _ deg(g12)

_ deg(a23) _ 3 deg(q12) _i
= (b 2 e Xowaso) (AT 2 e xowi20)(1 4+ O(h))
N(VZE)ZU N(

Vib)a,

= 1+0(h),

and the following lemma.

Lemma 33. Using same notations in lemma and suppose xs and Xg
are cut off function supported in Wg and Wg respectively, then we have
(3.25)

1

/ eﬂ%ﬁ_lmXEwE,O = h(/ e_g%XSws,o)(l + O(ﬁl/Q))'
N(VE)vg N(Vs)vg

Furthermore, suppose wso(zs) € N N(Vs):., we have wgo(zg) € N N(Vg):

Trs’ TE"

Putting the above together, we get the following
(3.26) m (B, Xr) = £ le ™% (1 + O(h2)),
where the sign depends on matching the orientations of NVi3& N VO‘*{ ONVy3
and TM at the point z,,. The proof for mg(h) is completed and we move
on to the my(h) case for any k.

3.4.2. my(h) case: The argument of the general case is similar to the case
k = 3, with more combinatorics involved. As in section we fix a
gradient tree I' of type T'. Similar to the previous section, we may drop the
dependence of I' in our notations. We are going to show that

(3.27) m (h, Xr) = 12 Fe 7 (1 + O(HY2)),

where the sign agrees with that associated to the gradient tree I' in Morse
category. We begin with some notations associated to I'.
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Notations 34. Given a gradient tree I, we inductively associate to each flag
(ij,v) an oriented closed submanifold Vi;;.) C Wy by specifying orientation
of its normal bundle. We require:

(1) for each semi-infinite incoming edge i(i+1) with ending vertex v, we
let Vii(it1)w) = qu_‘(m) N Wy, where V;{UH) is the stable submanifold
of fiti+1) from the critical point q;(;y1) with the chosen orientation
V(i(i+1)w) €quals to that in the Morse category;

(2) for an internal edge il with its starting vertex v and assume ij and
jl are two incoming edges meeting e; at v as in the section[d. We
let Visw) = Viijw) N Vijiw) (the intersections is transversal from the
generic assumption) and V() = V(jiw) A Viijw)s I Viije) and V(i)
are two corresponding orientation forms;

(3) for an internal edge ij with its starting vertez vs and ending vertex
vg, we define Vi) to be Vi obtained from applying lemma to
the homotopy operator H;;. The orientation form v, .) is chosen
such that [Viivay] = 1dfii A Viiva)], under the identification by flow

(.77 E) J (.77 S)
of V fij;

(4) for the semi-infinite incoming edge Ok with root verter v,, we let
Viokw) = Vg, N Wa,., where V. is the unstable submanifold of fok
from critical point qor with the chosen orientation vy ,,) equals to
that in the Morse category;

We further choose an isomorphism and projection map for every flag (ij,v)
Wy —— NV
(3.28) W(em)l TN Vig,0) l
Viigo) == Viijo)»
by further shrinking W, suitably.

We can therefore assign a sign to the gradient tree I' in the following way.

Definition 35. For a generic sequence of Morse function fwith correspond-

ing critical points qo1, - - ., q(k—1)k> Qok Satisfying the degree condition (3.1)),
with a gradient tree I', we define

9

(V@k,w) A V(0j,0,) N V(0k,vr) )

(3.29) sign(I") = sign
M

where 07, jk and Ok are edges joining the root vertex v, as in section [J]
V(ijw) 8 the orientation of normal bundle defined in notatz'on and vy 1S
the orientation of M.

We are going to argue that

9(ijv
/ (e )ﬁr(”mwi(m,v),o) =" (14 O(h'/?),
N(V(ij,v))ivv
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for any flag (ij,v) except the outgoing edge 0k, where r, is the number of
internal edge before the vertex v. This can be seen inductively along the
tree T'. We see that:

(1) it is true for the semi-infinite incoming edge (i + 1) by lemma

(2) for an internal edge il with its starting vertex v and assume ij and
jl are two incoming edges meeting ¢/ at v, we have

) T
’ : € © o XoW(ilv),0
N(V(

il,v))zv
, - _ 9GiLo) TI(ig)
= K / e T Xt (iLe).0 A\ Wiige).0
NVt o) WVig,0)) 2o

o _9GLw) - _9ijw)
= (W@ e XoW(jiw),0) (A7) e XoW(ijw),0)
N(V(J'l,v))zv N(V(ij,v))zu

L,

modulo an error of order O(ﬁl/Q);

(3) for an internal edge ij with its starting vertex vg and ending vertex
vg, we make use of the lemma to show that an extra A~! is
created.

Together with the fact that

1 _9(Okwr) .
W NV, ) (6 i h (Ok’vT>er * w(Ok,Ur),O) =1+ O(ﬁ)
(0k,vr) ) vy

for the outgoing edge 0k, we can now calculate the leading contribution from
the integral (3.23). Recall that

Yojur) = Y05 + Joj — Z Fim=0m(@m=1)m)>

0<m<j

Vikw) = 9k T ik — Z Fim=0m(@m=1)m)>
j<m<k

Vokw,) = 9(Okw,) T for(qor) — for-

Therefore we have

(3.30) V(0jor) T Viikw) T LOkwr) = 904,0,) T 9Gkw,) T 90k,0,) T A
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Finally we have

A7 (05,0r) T (Gk,0r) TT 0k, 07) *W(0k,vy),0
M ( w(oj,vr)er(jk,Ur)+w(0k,’vr) >er . (W(jkﬂh‘)’(] 4 w(ojva)70 : W)

_a ﬁr 05,0r) T (i k,0r) T (0K 0p) *W(0k,v,),0
{/ 9(0g vr)+9(1k Ur)+9(0k or) )XW (w(jk’w)’o N @ojwr)0 N W)}

= ie—mH(l +O(n?),
which means
(3.31) mZ (h,Xr) = £h2Fe =5 (1 + O(HY/2)).
The sign + comes from matching the orientation [V v,) A V(0j,0,) A V(0k,0,)]

against that of M, which agrees with the sign in Morse category. This
completes the proof of our Main Theorem.

4. RESOLVENT ESTIMATE

In this section, we obtain a rough estimate for the Green operator G?j
associated to Witten Laplacian A;;, which is used in section More pre-
cisely, we are looking at the twisted Green operator G;; = (I — B-j)G?j after
projecting to the orthogonal complement of the space of small eigenforms.
Roughly speaking, it is an estimate of the form

pij (@)
(4.1) Gij(z,y) ~ Oe™ 7
for the kernel function on M x M. We first recall some of our setting from
section 2 We fix ij from now on and consider the case of a single Morse
function f = f;; : M — R. We define

dip = e /Mhde!/" = hd + df A, and

d},fz = el Padr e T/h = nd* + I,
where # is a small positive real number. The twisted Laplace operator can
be defined as

Appi=dppdyp+dppdyn

A direct computation shows that

Ay = RA+R(Lys+ L)+ |V
(4.2) = RA+hM;+ |Vf]?
where Ly is the Lie derivative and My = Ly + ﬁ*Vf is a tensor on M.

The eigenvalues in the interval I(h) = [0,7%/2) are called small eigen-
values. The direct sum of corresponding finite dimensional eigenspaces is
denoted by Q(M,h)},,. We consider the twisted Green operator Gy =
(I — Pfﬁ)G%ﬁ which is the ordinary Green operator after projecting to the
orthogonal complement of small eigenspace. The main result we have in this
section is
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Proposition 36. For any € > 0, we have hy = ho(€) such that

. prl@y)—ec

Gfﬁ = 06(6 h )
for all h < ho, where py is the Agmon metric f defined in B

To really explain what the above notation stands for, we recall from [§]
the following

Definition 37. Let A = Ay : L2 (M) — WY2(M) be a family of bounded
operators with h € (0,1]. We say the A € (’A)(e_f(?y)) for a continuous

f € CM x M;R), if for any xo, yo € M, there exist neighborhoods V and
U in M of xg and yo and a constant C' > 0 such that

_ f(=y)
[Aullpr2ry < Ce™ [lull 2wy

for all b small enough and u € L*(M) such that suppu C U.

Remark 38. We will use subscript on @., if we want to emphasize what
the constant C' depends on.

flzy)—e g(z,y)—e

Remark 39. If A€ Oe”" % ) and B € O (e & ) for all € small
enough, then we have

_h(zy)—c

BoAecOJ e r )

for all € small enough, where

h(z,y) = ?éi]\%(g(xv z) + f(2,9))

Remark 40. For convenience, we write (’}(e_f(xvy)/ﬁ + e—g(ﬂﬁvy)/ﬁ) to stand
for (’}(e*(minz,y{f(wvy),g(w,y)})/ﬁ).

Remark 41. We will use the same notation for a family of operators from
L3(M) to L*(M) as well.

We can generalize proposition [36] easily to L norm of all derivatives.

Proposition 42. For any j € Zy and € > 0, there is k; € Z, and hg =
ho(€) > 0 such that for any two point xo,yo € M, there exist neighborhoods
V and U (depending on €) of xo and yo respectively, and Cjc > 0 such that

(4.3) ||Vj(GijU)||L°°(V) < Cj,ee—(p(xo,yo)—e)/ﬁ||u||ij,2(U),

for any h < kg and u € C2(U). Here WP refers to the Sobolev norm.

The rest of the section is devoted to the proof of proposition and
In this section, we will drop the dependence of £ in our notations for
simplicity, e.g. we will write A; to denote Ay ;. We will use skills from [§]
with suitable modifications. We will make use of the following equality as a
tool for various kinds of estimates.
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Lemma 43. Let Q@ C M be a domain with smooth boundary. If v €
C%(Q, N*Tg) with v|pn =0 and ¥ € C*(Q,R), we have
(4.4) Re(e®/"A v, v)

= E(ld(e?™0)|? + [ld* (e 0) |?) + ((df [* = |dy|* + hM)e? Mo, e/ M),

Let C} be the set of critical points of f, we let B(p,n) be the open ball

centered at p with radius n with respect to the Agmon metric. Then we
define

M,:=M\ |J Blagn)
4€C;\{p}

Hence p is the only critical point of f in Mp. We further fix § > 0 and define
MP,O = MP\B(p? 6)7

and so there is no critical point of f in Mp,o. We use Gy, and Gy po to

stand for the twisted Green operators on M, and Mp70 respectively, aftering
projecting to the orthogonal complement of small eigenspaces. We first have
the corresponding estimate for G, o which is

Lemma 44. For e > 0, there exists ho = ho(e,n,0) > 0, such that

_plzy)—e

Grpo € Ocpale m ),
for those h < hy.

Proof. Tt follows from [§], since there is no small eigenvalue in Mpﬁ. (]

Next, we let 6, and ép be functions on M such that

(4.5) 6, =1 in a neighborhood of B(p,d) and supp 6, C B(p,2J),
(4.6) 0, = 1 in a neighborhood of B(p,26) and supp b, C B(p,49).

We will use these functions to cut off the Green operator and consider its
behavior near one critical point. First we have

Lemma 45. For any small € > 0, there exists ho = ho(e,n,9) > 0, such
that

~ _p(z,p)—45—¢

Grplp € Oyl ),

for any h < hyg.
Proof. Fixing two points zg, yo € Mp with V' = B(zg,€) and U = B(yo, €).
We consider the relation v = G ,0,u with v € C§°(2*(U)). Putting ¢ (z) =
(1 —€)p(z, p) into the equality (4.4]), we get

Re((I — Pfyp)épu, 2/ hy)

= R2([ld(e )P + | ("M 0)|[*) + R(Mpet v, /o)
(2 = e)eldf [*)e v, ¥/ ).
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There exists m = m(e,7,8) > 0 such that |df|> > me in M, and hence we
have

3
(2= eldrP)e/ v, e¥/M0) = Smee? Mol
Therefore, we get
Re((I — Pf,p)épu, VM)
> B2(lde0)|P + [ (e 0)|P) + me? e Moy,
D,

since the term A{M few/ fy, €%/ can be absorbed by taking £ small enough.
Therefore, we have

1 .
%Hewh(f = Prp)lypull® + me* e’ 3, 5

(4.7) > RA([ld(e? )7 + [|d* () |1P) + el

for some ¢ = é(e,n, ) > 0, if & and ¢ are small enough (both depending on

€1, 0).

Since |Gy plleir2,r2y < C.e/" for arbitrary e due to the fact that small
eigenvalue are taken away, we have

10150y < Cee®MlOpull* < Cee® /M ul.
As ¢(z) < (1 —¢€)d in B(p,d) and suppu C U, we get
(4.8) me?|[ e’/ Mo|[F, 5 < CelPU P27

by replacing another constant C' = C'(e, 7, ). The next term to be controlled
will be
le?/"(1 = Pyp)0pul|*.

As suppf C B(p,46) and suppu C U, we have
”ew/h(l - Pf,p)gpuHQ < Hew/ﬁ‘gpuHQB(pA&)mU + ”ew/}i(epu? 90p>‘70pH2

Hew/ﬁgpuHQB(pA&)mU + HHPUHQHGWﬁ(PpHZa

IN

(4.9)

where ¢, is the unique small eigenform (as Mp has only one critical point p)
corresponding to small eigenvalue of Ay ,. We make use of the fact about
the eigenform ¢, in lemma [3.2] which says

@ = O (e~ PPR)=a)/h)

for arbitrary ¢ and get

85(1—e€)+2e€

”ew/ﬁ([ — Pf,p)epuHQ < C’eTHUH%J

for some constant C'. Combining , , , we have

[e¥/"dv|| + ||le¥/Md || + [|e¥/ ]| < Cet A= .
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Finally, we have an estimate for ¢ in V and get
6(1_5)(p(x07p)_6)/h”UHWL?(V) < 06(46(1_6)+6)/hHUHL2(U)7
which is the desired result by choosing a suitable e to start with. ([

We have the decomposition from [§]
(4.10)

Grp=I—Psp)(1=0,)Grpo(l— ép) + Gf,pép + Gf,pép[Afv Op)G fp0(1— ép)7
which can be verfied by taking A, to both sides of the equation. Combining

lemmas and (4.10), we have

Lemma 46. For any ¢ > 0, there exists hg = ho(e,n) > 0, such that

)7

_plzy)—e

nyp S @677,(6
for h < hy.

Proof. We will estimate the right hand side of (4.10|) term by term. From
lemma [45] we have
A A _plzy)—e
(L =0p)Grpo(l—0p) € Ocpsle” ).
Making use of lemma |3.2] we see that
A (z,y)—¢
Py e Oem(e_p )

for small e. Using remark [39] and triangle inequality, we get the desired
estimate for the first term. For the second term, recall from lemma [45] that

p(z,p;)—46

vapép € @6,77,5(6_ h

For the operator to be non-trivial, we need the support of input to intersect
supp(f#,). Therefore we can have
A~ ~ _p(z,y)—8d—e
Gplp € Ocp (e
Finally, we have
. A _pley)—e
[Af 01Grpo(l = bp) € Ocyole 7 )

as an operator from L?(M,,) to itself. We use remarkto obtain an estimate
for the last term. To finish the proof, we may choose suitable § and € to
obtain the desired statement. ([

Now, we move to the estimate of Gy on the whole manifold M. We are

going to use various cut off functions to relate it to G, on Mp. We let 9,
be a function on M such that

Y, =1 in a neighborhood of B(p,n) and supp 9, C B(p,2n).
We define two sets of cut off functions, one of them is given by

Xp=1-— Z V.

4€C\(p}
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Another one is x, € C°(int(Mp)), which is independent of how large is the
ball B(p,n), and satisfies
d xp=1
P

If  is small enough, we can assume
supp Xp Nsupp(l — xp) = 0.
We first take an approximation Gy : L*(A*T5,) — WH2(A*T%,) defined by

(4.11) Gapp = (I — Py) Z XpG f,pXp-
I3

Then,

ApGopp = (I — Py) (Z AprGf,prp)
P

= (I- Pf) I— Z XpPrpXp — Z[Afv ﬁq]Gf,pXP
P P#q

= (=P | I=(I=Pp)Y xpPrp%p — Y 187, 94)Gp%p
J p#4q
where
L=(I-FPy) ZXpPﬁprp and K = Z[Afv Vgl Gy pXp-
P P#q
Notice that images of operators Gypp and Gf(I — L — K') are orthogonal
to the kernel of Ay, therefore we have
Gapp = G4(I — L — K),

We can express Gy in term of Gy, if we are able to invert (I — L — K).
By checking the convergence of the series, we define

(4.12) K = in,
j=1

(4.13) L = OO(L(IJrf())j),
j=1

and we can write
(4.14) G = Gapp(I + K)(I + L).
We are going to estimate each term on the right hand side and obtain an

estimate of G y. First, we have

_plzy)—e

(4.15) Gapp € Ocyle ).
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Next, we look at the operator
K = [Af,0GrpXp : L2 (A Tip) — LP(NT).
p#q
Applying lemma [6]to G, we obtain

_plz,y)—e

K € O y(e ).

If we look at the second term in K ,
K? = Z [Afaﬁpo] ) (Gf,m [Af779p1]) “ G fpa Xpas
Po#P1, P1FP2

by applying lemma {46| to G,, and Gy p, with U and V having diameters
less than e, we obtain

_ ming (p(z,2)+p(z,y))—2€
h

K? €O ,(e

If we further take supp(¥p,) into account, we have

_ p(z,p1)+p(p1,y)—4n—4e
3

K2 € Ocyle
In general, for [ > 2, we have
K'= > [Ap0p)  (Grpy [Ap0p,)) -+ (G [Af, 9, ]) - Gy Koy
POFP1,
Pi_17P

and similarly we get

(4.16)

I N -1

K eOu( Y el (ol mn) ol - olposn) -4 - (31-2)e) ).
P17£P2,
pz—Q#}Jl—l

To summarize, we let D be the matrix defined by

D — 0 if p # q,
p,q — e_p(pvQ)/h lfp =gq.

and the column vector T'(z) with componets given by
Ty(a) = (0@,

Then we can rewrite as

(4.17) K' ¢ 0., <e%ﬂx)t .DI72. T(y)>.

Since there are only N critical points, for M > N, we have an entry-wise
inequality

(4.18) DM < e 2D/hCy (I + D +--- 4+ DN
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for some Cyps, where Ty = min,, p(p, q¢). We can absorb the error terms in-
. 4(l—1)n (81—2)e -
volving e~ #  and e %  into the decay term e=270/ to show convergence

for K. Combining (4.12), (4.17) and (4.18), we obtain

_plzy)—e

(4.19) KeOd(e ")

for any e small enough.

Now, it comes to the estimate of the term L. We learn from [§] that

(4.20) (I — Pp)Xppp = Oem(z e,%}{p)%nf%),
a7p

where ¢, is the unique eigenform of A, on Mp. Therefore, we get
A -1
(421) L€ Oy Y exp( - (olw,a) + pla:) + plp,y) — 4n = 36))).
a7#Pp
Similar to the K case, we have the series in 1) converges and has

_plz,y)—e

(4.22) LeOJe " n ),
by choosing suitable 1 and € to start with.

Finally, combining the estimates in (4.15)), (4.19)), (4.22) and applying
formula (4.14)), we conclude that

_plzy)—e

(4.23) GreOle n ).
This completes the proof of proposition [36]

Proposition [42] can be proved by having higher derivatives estimate using
the same argument as above, and applying Sobolev embedding.

5. WKB FOR GREEN OPERATOR

In the previous section, we have a rough estimate for the twisted Green
operator, or the homotopy operator Hy = d’}Gf(I — Py), with an error of

order (’)(e%). In a neighborhood of gradient flow line segment of f, we are
going to improve the results in section 4| to estimate with error O(A>°). This
is done by the WKB method for inhomogeneous Laplace equation ([3.20)).

We study the local behavior of the homotopy operator H; along a nor-
malized gradient flow line segment
~v:[0,T] — M,
dy _ Vf
at |Vl
v0)=azs , AT)=uzg,
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as shown in the following figure. We consider the relation

Ce = Hy(xsCs)-

Suppose we have a WKB approximation of (g in Wy of the form
(5.1) (s ~ e*%/h(wg,o + w571h1/2 + w572ﬁ1 +...),

we need to establish a similar expression

(5.2) Cp ~ e VM2 (g o +wp Y2 4L,

of (g in a some open neighborhood Wg of xf.

Wi
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The key step is to determine g, which is given in the following subsection.
As a first trial, we consider the function

Pp(r) = i {Ws(y) +ps(y,2)},

since e_wYE is the expected exponential decay suggested by the resolvent
estimate in section [l

¥E is not the correct function since it is singular along a hypersurface
Us through zg, and cannot be used for the iteration process as we keep on
differentiating it.

In the coming section [5.1] we will solve the minimal configuration in
variational problem associated to inf,cwg(¥s(y) + pf(y,x)) and find that
the point y is forced to lie on Ug, with a unique geodesic joining to  which
realizes p(y, z), for those x closed enough to zg. These family of geodesics
{Vy }yevs will give a foliation of a neighborhood of . Therefore we can use
Vi (1, (t) = ¥s(y) +t as an extension of ¢ across Us. We then use ¢ in
the iteration similar to classical WKB approximation to obtain the above

expansion [5.2}
5.1. The phase function 5. We apply variational method to study the
function ¢ (z). Fixing x € M, we take (e, t) := a.(t) : (—€o,€0)x[0,1] — M
such that a.(1) = z for all e. To minimize the functional

1

L(e) = bs(ac(0)) + /0 Dhe st

we take derivatives and get

Lemma 47. (First variation formula)

dL 1

1
(53) E = <Vw5'(ae)a aeCMth:O + [) m(Vﬁea, 8ta>fdt.

Here V, is the Levi-Civita connection corresponding to the Agmon metric
()¢ in definition [9
If we assume g is a geodesic with |af(t)| = const., the Euler-Lagrange
equation for L(e) is
dL
de

/
Qg

= (Vis(ao) —

e=0 x|

[V (a0)], dea)|,_, = 0.
e=0
Since d.a(0,0) can be chosen arbitrarily, we have
a/
5.4 (v - 209 f(a0)l)| =0,
(5.4) ¥s(ao) o) IVf(eo)l)| _,
Taking norm we obtain the equation

[Vips| = [V,
or equivalently, |Vig| ;=1



40 CHAN, LEUNG AND MA

Definition 48.
Ug := {‘Vlbs’f = 1} NWsg.

If ap is a local extrema of L, it forces ap(0) € Ug. To obtain nice prop-
erties of Ug, we are going to assume the following throughout the whole
section.

Assumption 49. We assume gs : Wg — R>q, defined by gs = Vs — f, be
a Bott-Morse function with zero set Vg such that vg € Vg.

Lemma 50. Ug is a hypersurface containing Vs, if we shrink Wg suitably.

Proof. Since we have Vgg = 0 on Vg and hence |Vig| = |V f| on Vg. This
gives Vg C Ug. Moreover, Ug can be defined by the equation

®(z) = 2(Vf(x),Vgs(z)) +|Vgs(z)|* = 0.
If v € T,M where p € Vg, then we have

Vo®(p) = 2V2f(p)(v,Vgs(p)) +2V%gs(p)(v, V f(p)) + 2V7gs(p)(v, Vgs(p))

= 2V2gs(p)(v7 V£(p)),

since Vgg(p) = 0 on Vg. As gg is a Bott-Morse function with critical set Vg,
V2g5(p) is nondegenerate when restricted to the orthogonal complement of
T,Vs in T, M. Therefore, there exists v such that V,®(p) # 0. O

We are going to parametrize a neighborhood of v by Ug x (=6, T+ ) such
that Ug x {0} — M is the embedding and vg x [0,T] is 7. ¢ is defined to
be the coordinate function corresponding to the last variable.

Motivated from equation ({5.4]), we define a transversal vector field on Ug
which is the initial tangent vector for minimizer of L.

Definition 51. We define v € T'(Us, Thr)

_ V¥s ¢
(5.5) v: Vusl; Vis.

Notice that v = Vvifﬁf =V on Vs.

It follows from the Euler-Lagrange equation ([5.4) that any local extrema
a of L will have a(0) € Ug and o/ (0) = v(«(0)). For convenience, we assume
that 7 is extended to gradient flow line defined on (a, b) containing [0, 7).

Definition 52. We define a map
(5.6) o: Wy CUg x (a,b) = M,
given by

o(u,t) = exp,(tv),

where Wy is a suitable neighborhood of v where the exponential map is well
defined.
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Lemma 53. Restricting to a small open neighborhood of {xs} x (a,b), o is
a diffeomorphism onto its image containing -y.

This is achieved by showing there is no ”conjugate point” along ~(t) for
certain type of geodesic family, and using the fact that v being a global
minimizer of functional L. Lemma [63| enable us to construct ¥g needed for
WKB approximation.

Definition 54. We define v on o(Us % (a,b)) by

(5.7) Ye(o(u,t) = Ps(u) +1,
for (u,t) € Ug x (a,b).

5.2. Proof of lemma We begin with the second variation formula of L.
We assume « : (—ep, €9) X [0,]] — M is a family such that ag(t) is arc-length
parametrized geodesic satisfying the condition

(Vsta) - a?ﬁﬂ g =0

From the first variation formula

dL Ora

& (Tos(ao) 000y + [ (a2

we obtain

Lemma 55. (Second variation formula)

(5.8)
d*L

ﬁ = <@€@’¢Sa 3604>f|t=0 + <@¢Sj @Eaea>f|t:() + (@Eaea, 3ta>f

e=0

l
- / (Vi0etr, ViOeat) 5 + (R(Oecr, Oye)Oecr, Dyor) g — (ViOecr, D) dt
0

where the right hand side is evaluated at ¢ = 0. Here R is the curvature
tensor with respect to (-,-)¢.

If we further impose the condition that a(e,0) € Ug and dea(e,l) = 0 for
all €, we have

d2L

(59) L2
d€2 e=0

= (VeVibs, ea) fli=0

!
+ / (Vi0etr, ViOeat) 5 + (R(Oecr, Oyer)Oecr, yer) g — (Vi0er, Opr)7 ds
0

Therefore we consider the bilinear form I associated to the above quadratic
form.
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Definition 56.
l

(5.10) I(X,Y)= Vzwg(X,Y)(O) —|—/ (R(X,0i)Y, 8ta>fdt
0

l ~ ~ ~ ~
+ / <th — <th, 6ta)f3ta, VY — <th, ata>f6ta>fdt,
0

for vector fields X, Y on «ayp, satisfying X(0), Y(0) € TUg, X(I) =0=Y(I).

For any such vector field X, we can find a family of curve a. satisfying
the assumptions a(e,0) € Ug and Od.a(e,l) = 0, with 0.« = X. The same
holds for piecewise smooth vector field with the same initial condition.

Proof of lemma[53, First, we notice that do(,g 4)(0, %) = 4/(t) for a fixed
to € [0,b). We have to compute do, +,)(v,0) for arbitrary (v,0) € T{44 10)(Wo)-
We claim that 0.c(0,%p) can never be parallel to 9;«(0, o) for v # 0.

Taking a curve 3(e) in Ug with 3(0) = zg and 8/(0) = v, we can construct
a family of arc-length parametrized geodesic a,. by taking exponential map

afe,t) = expge) (tv).
We have 0.(0,t) = do (4 4)(v,0) with dca being a Jacobi field on ag. Sup-
pose the contrary that 9.« (0,tg) = cOa(0,tp) for some constant ¢, then

we must have @taea(o,to) # 0, otherwise we must have J.ac = ¢dyar which
contradicts v # 0.

We argue that we can construct a path from Ug to the point o(vg, o+ 9)
which gives a smaller value of L comparing to the geodesic v from wvg to
the point o(vg, to+ ). This leads to contradiction because v is an absolute
minimum of L. We will denote | = tg + § to fit our previous discussion.

We construct the path by defining a variational vector field Y;, on 7,
depending on a small 7 > 0 to be fixed. We take a vector field Z(t) such
that Z(0) =0, Z(I) = 0, (Z,0;)f = 0 on [to,!] and Z(tg) = —V0.(0,%o).
We define a piecewise smooth vector field

Y (1) = Oca +nZ if t € [0, to],
T x(Oeq, Opar) pO + 7 if t € [to, 1],
where x is a cut off function in [to, (] with x(t9) = 1 and x = 0 in a neigh-
borhood of [. Notice that V;(0.a, 0;x)y = 0 from the fact that |0,a|f = 1.
A direct computation shows

1Yy, Yy) = —2n|V0.0(0, t0) |3 + 20°1(Z, Z).
We have 1(Y;,,Y;) < 0 for 1 small enough.
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By taking the family of curves . corresponding to Y;, we obtain
d’L
fl <o,
de? | _,
where Lg(e) = L(B3(€)). For small enough €, f(t) will be a curve from Ug

to 0(0,1) which gives a smaller value of L comparing to Sy = «. This is
impossible because we have

Lg(e) = f(o(0,1))

and the lower bound is attained at +.

For ty € (a,0], the argument is similar by considering the variational
problem associated to the functional

1
i’(e) = ¢S(a€(0)) —/0 lataelfdt.

As a conclusion, we can show that o gives a local diffeomorphism onto its
image by shrinking W) if necessary. Therefore it is injective in a contractible

neighborhood of the gradient flow line ~. O
Under the identification o, we use the coordinate uq,...,u,_1 for Ug and
use (uy,...,Up—1,t), or simply (u,t), as coordinate for image of Wy under

o. By shrinking Wy if necessary, we assume that Wy is a coordinate chart
through the map o. This justifies the definition of Yg as a smooth
function on o(Wy) C M.

5.3. Properties of ¥p. We are going to study the first and second deriva-
tives of ¥g which is necessary for having a WKB approximation for the

equation (3.20). We define
Ve :=0((Vs x (a,b)) N Wp) C a(Wp)

as shown in the following picture.
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Lemma 57. In Wy, we have
- 0
=do,—.
Ve = dos g,
In particular, we have Vg =V f on Vg and |Vig| = |V f].

Proof. We construct a family of geodesics o, using exponential map as be-
fore. Let B(€) be a curve in Ug such that 3(0) = u. Also, we let

04(6, t) = €XPg(e) (ty) = 0(5(6)7 t)
Applying the first variation together with the fact that a. satisfies Euler-
Lagrange equation for L, we have
dL

(Vi (a(0,t)), 0ea(0,t)) ;= de | _y

= (0;(0,1),0.a(0,1)) .
As 0.a(0,t) can be chosen arbitrarily, we get
9
ot
Furthermore, we have |V 5 (u, t)|?c = |da(u7t)%|?c = 1 which gives |V p(u, t)| =
|V f]. As we know Vg = V f on Vg and flow lines of V f are geodesic after
reparametrizations, we get Viop = Vf on Vg. O

Vg (u,t) = 0a(0,t) = do,p

We now consider second derivatives of g = ¥g — f.

Lemma 58. By choosing a small enough Wy, we have

(1) gg > 0 and
(2) gp is a Bott-Morse function with critical set Vg = {gp = 0}.

Proof. The previous lemma implies that Vg = 0 on V. We are going
to show V2gg is positive definite in the normal bundle of V. Fixing any
t € (a,b), we consider the submanifold Uy = o(Ug x {t} N Wp). There is an
isomorphism between the normal bundle of V; = o(Vg x {t} NW)) in U; and
normal bundle of Vg in Wj. Therefore we restrict gg to U; and consider its
Hessian.

We abuse the notations and write u : Wy — Ug as the projection map.
We take h = gg — gg ou. We have h > 0 on U; and VR = 0 = h on V.
Therefore we have h is positive semi-definite on the normal bundle of V; in
Us. Moreover, we have V2(gsou) = (V2gs)ou on Vg being positive definite
in the normal bundle. This proves the lemma. O

Next, we consider the second order derivatives for ¥ = ¢p—19gs = gg — gs
defined on Wg.

Lemma 59. By choosing small enough neighborhood Wgs of vg if necessary,
we have

(1) ¥ <0 on Wg and

(2) ¥ is a Bott-Morse function with critical set Ug = {¥ = 0} C Wg.
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Proof. We first have V¥ = 0 on Ug because VY = Vg on Ug. If we con-
sider VQ\I/(%, %) on Vg, then we have VQgE(%, %) =0 and Vzgg(%, %) >
0. Therefore, there exists an neighborhood U of Vg in H so that
o 0
V2 (2) (s =
@) (55 5
for all z € U. (]
Remark 60. We can extend the function ¥ from Wg to Wy to be a non-

negative function with critical set Ug which is also an absolute maximum.
This is for our convenience in later arguments.

) <0

5.4. The WKB iteration. After knowing these properties of ¥ g, we will
describe the iteration procedure to define wg; inductively.
First, by lemma |57, we have |df|?> = |d¢g|? and hence the expansion

eVEMN eV EM = REA A+ hMy + W(Lyy, — Liy,)
= WA+ R(2Lyy, — My,),
where My, = Lvg, + Ly, Following [9], we let
T =2Lyy, — My,
and consider the following equation
(A + T (po(h) + pa(R) +---) = "/,

order by order in i where p;(h) is a function (depending on ). We often
write u; to simplify our notations. The first equation to be solved is

(5.11) BT po(h) = ¥/,

In order to solve the above equation involving Ly, ,, we need a map
7 describing the flow of Vig. It is given by renormalising ¢ such that
dn(%) = Vg and is of the form

(5.12) T: W CUg x (—00,+00) — M,

with the same image as 0. We use (uy,...,u,—1,t) as coordinate of Ug x R
as before and use it for coordinates of image as well from now on. We
can assume that W also satisfies the property {u} X [to,t1] C W for any
(u,to), (u,t1) € W under the identification by 7.

For the iteration process, we restrict our attention to
QW) ={p € Q(W)| supp(B) N (Us x (—o0,ty]) compact for all ty}.
This allows us to define the iteration operator.

Definition 61. We let I : Q§(W) — Qi5(W) given by

0 01 _x
(5.13) 1(6) = / o2 47 (My) de 12 (4.

—0o0

where Ts(u,t) = 7(u,t + s) is the flow of Vg for time s.
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To solve (5.11)), we put
1
5.14 = —
( ) Ho o
Then it can be checked that pg is the solution to (5.11)). The second equation
to be solved is

I(e¥/M).

(5.15) AT = —h*Apo.
Again, we put

i = 5 L(=h"Apo) = =51 (Apo)-
In general, we have the transport equation for [ > 0
(5.16) T v = hApy.
This gives

h

(5.17) M1 = —§I(Aﬂl)-

as solutions in W.

5.5. Estimate of the WKB iteration. In this section, we are going to
obtain norm estimates for p;’s. We consider terms appearing in the iteration
which are essentially of the form

(5.18) F(e""([T0.w)8)

with j > 0 and 8 € Q(W), where I/ is the composition of I for j times.
Here each o = (a1, ..., a,) is a multi-index such that

aal aanf 1 aan

¥ = uST T Qulnt aten
With
m(a) := max{0,2 — ay},
we have
(5.19) Vi([]0a)lus =0,

for j <>, m(a) from lemma 59

Given any compact subset K of W, we let K = (Uper{u} x (o0, t])N
W to be the union of backward flow line from K as shown in the following
figure. We use the notations ({u} x R)NK = K, and ({u} x R)N K = K,
to denote the intersection of K and K with the flow lines.
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w

Lemma 62. For any € Q§(W) and j > 0,
| (L 0a)8) e < OHEZ OB

where C depends on j, supp(S) N K and derivatives of U up to order
2%, m(a).

Proof. First of all, from the fact that g € Qf(WW) and K being compact, we
can reduce the lower limit in the integral from —oo to —c. If we denote the
norm of /\*T(’L’t)M by |+ [(u,), we have for any ¢ € Q5(W)

2
|I(¢)|(2u,t) S / |€ s 2 Te MQE (@Z))‘(u,t) dS)

< of (e e ), ds
< 2||esze<MgE>d€H2 o [ 17O
Therefore, we conclude that ||I(¢ )H2 C’|]¢H2

For 5 > 0, we have

bz (e“’/ﬁ(Haa\If)ﬁ)Hioomu)
N (M 0aw)B) I
Cj_l(/ku eij/ﬁ(l;laa\l/)2> (HﬂHQoo(f(u))'

IN

IN
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By lemma ¥ < 0 is a Morse function with zero set Ug, so using ([5.19))
and the following lemma [63] we have

/ 2VI([ 0a0)2ds < OBV Eamia)

for some constant C” depending on derivatives of ¥ up to order 2" m(c).
Therefore we indeed have the L* norm estimate

17 (V" (T 0a)8) 1B s, < CHYZEam@ g2 _ o

for 7 > 0. The case of j = 0 is obtained in a similar way. This is the only
case that we have to consider the integration of || I/ (e‘y/ﬁ(Ha 8a111),8> |? over
K, to obtain the estimate. O

The following semi-classical approximation lemma [63] used in the above
proof, will also be used extensively in the rest of this section. Readers can
refer to [3] for details.

Lemma 63. Let U C R" be an open neighborhood of 0 with coordinates
Z1,...,Tn. Let ¢ : U = Rxg be a Morse function with unique minimum
©(0)=01inU. Let Z1,...,%, be a Morse coordinates near 0 such that
L 5 ~2
pla) = 5B+ + 32
For every compact subset K C U, there exists a constant C = Ck N such
that for every uw € C*°(U) with supp(u) C K, we have

N-1 ﬁk o
([ e — (Y S A )]
k=0
(5.20) < CHY/*N Z sup |0%ul,
|| <2N+n+1
where N 52 i
A= 875:?’ E‘s:idet(%),

and 3(0) = (det V2p(0))1/2.
In particular, if u vanishes at 0 up to order L, then we can take N = [L/2]
and get

| / =2 @/hy| < Cpn/2HL/2],
. <
Remark 64. The same argument holds true for terms of the form
I(FII(FHI(- B[] 00, )8) - ))) :
k

where F;’s are tensors involving the function gg and the metric. The proof
can be obtained simply by induction.
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We now investigate the norm of y; concerning its order in .
Proposition 65. Forl > 0, we have

i (B ,y < CHA =202

for some constant C depending on derivatives of gg and the metric tensor
up to order 21 4 2.

Proof. W.L.O.G., we assume that the metric is standard under the coor-

dinate wuq,...,un_1,t since the metric tensor as well as its derivatives are
bounded. 01
We let Q(u,t,s) = els 2 *(MS'E)d6 and consider the effect of first order
derivatives acting on I(e®/"v f Q(7r(e®/"v))ds, we have
IV (M) = MgEI(e(D/hV) + eq’/hu
0
Vi (M) = / (Vi Q73 (")) ds + 1 T (Vo ®)v) + ('Y, 0).
For second order derivatives acting on I(e®/"v), we have
1 1
ViV (e®y) = §(Vt(MgE)I(€¢/ﬁV) + §(MgE)21(€¢/hV) + e MV D)y + eV w)
1
Va Vel (€M) = S {(Vu Mg )L(e™"w) + B Mo I(e®/ (Vi @) + My I/ (V,0)
+ My, / Vi, Q72 (e®M))ds) + h e/ (V,, @) + "V, v}

Vu; Vau, 1(e®M)
*(e®/" ) )ds + B / Vu, Q72 (e®M(V,, ®)v))ds

+

(V0. Vi, Q) (7 (€2 0))ds + 1t / V., Q2 (¥ (V0 ®)0))ds
2PNV, @)v))ds + B (e (Vo Vi, @)v)

+ 1I( q’/ﬁ(V D)(Vy,v)) + h (e "(Vy,®)(Vy,v))
+ (V@) (Vy, @)v) + 1(e*/"V,, YV, v)

Using similar arguments as in the previous lemma, we obtain estimates

I
[
R

VI ) iy = OBV g
(Vo Vil (e ") |Fooc,y = O )HVHCl )’
(Vi Vo L") T ooy = O )HVHCQ (&)’
We conclude that HMH%OO(KU) = IliI(AI(eq’/ﬁV))\lLquu) O( )||VHC,2(K )’

In general, despite y; having a complicated expression with terms of the
form as in remark [64] what we need to know is the vanishing order of the
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integrand along U as the integrand carries an exponential term e®/%. Notice
that applying differentiation to the term e®/” will give a term of the form
Ve, V:® and Vu;® vanish up to first order and second order, both
contribute h? to the square norm.

In the iteration process, if we write A = Vi Vi 437, Vi, Vi+37, Vi, Vy,
we find that the terms involving V,V, will give the lowest order in A. There-
fore, we look at terms obtained from applying I'V,V, iteratively. For uq(h),
that is the term %(IVtVt)(IVtVt)I(e‘I’/ﬁl/). Since V; essentially cancels

with I, the lowest order term is g[(ﬁ_l(vtvtq>)ye¢’/h) = O(nY).

For ju,, we consider the term (I'V;V;)*I(e®/"v). When k is even, the low-
k_
est order term is %(Vtvtq))kﬁye‘b/h, which has order O(ﬁgfl). When
k—1
k is odd, the lowest order term becomes %(th))(Vtvtq))(k_l)ﬂyeq)/ﬁ,
which has order O(ﬁ%). Combining these two cases, we obtain the state-

ment in the proposition. ([

Remark 66. Using the same argument, we have similar estimates

; l—o| i | —
/K ’Vjul(ﬁ)’2 < CjﬁQ 250 1‘|”Hé2l+j(f(u)7
for all j. The integration along t would be necessary for j > 0 as Vi may
cancel with the operator I.

Making use of Sobolev embedding in dimension 1 along the t direction, we
obtain the estimate

14541

19 () e 1,y < O 0 B,

5.6. A priori estimate. We make use of the WKB iteration to construct
the WKB expansion and prove that it does give a desired approximate to the
solution in the rest of section [l Before that, we obtain an a priori estimate
for the solution in this subsection.

We consider the equation
(5.21) ApCp = (I — Pr)dy(xsCs)
in W, where (g € Q*(Wg) is the input form depending on % and yg €
C°(Wg) is some cut off function to be chosen later. We assume (g has a

WKB approximation on Wg of the form

(5.22) Cs ~ e V5 Mwg o +ws1h'? +wsoh' +...),
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where wg; € 2*(Wg) and ¢g = f + gs. It is an approximation in the sense
that

N
(5.23) les/M¢s = (D _weih) oo gy < ONAVH,

i=0
for N large enough, where Cl is a constant depending on V. We also require
similar norm estimates for its derivatives

N
(5.24)  [|e"/"V (G5 — e MY wsih)) [T gy < Con NI,
i=0
with C; y depending on j, N.
We want to get a similar expansion for (g, using the iteration defined in
the section We fix a cut off function y supported in W with y = 1
on the flow line v from xg to xg. We consider any small enough compact

neighborhood K C W of the flow line v with y = 1 on K. xg is chosen so
that supp(xs) C K. The following figure illustrates the situation.

— K
—_— VE
— Supp(Xy)

For small enough K, we have an a priori estimate of (g in K, the technique
is similar to the method used for eigenform in [7].

Lemma 67. For small enough supp(xs) and K, and any j € Z., there
exists hjo > 0 such that for any h < hjo, we have

Bd ~ 112 —N;
(5.25) VB MGl gy < Ci i,
where Nj is an positive integer depending on j.
In order to prove the above lemma, we need to know certain special prop-

erties about y and our chosen compact set K. Letting ¢ := Infy cqupp(ys) 15+
pt(y,x)}, we have the following lemma.

Lemma 68. There exists € > 0 such that for all K small enough, we have

(5.26) V() + ply,z) > YE(y) + ¢
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for ally € K and x € supp(Vx).

Proof. Using the fact that ¢y = f on Vg, we have |[¢p — f| < e on K. We
can simply prove

b(@) + ply,x) > fly) + e
by choosing small enough K and e. From properties of Agmon distance p,
we have

P(z) > min  (f(z) + f(z) = f(2)) = f(2),

z€supp(xs)
with equality holds only if z € Vg and there is a generalized gradient line
joining z to x. Therefore, we have

¥(x) + oy, ) =2 f(z) + fly) — fz) = fy),
with equality holds only if there is a generalized gradient line joining a point
z € Vg to x € supp(x) and then to y € K. This is impossible by for our
choices of x and K. Hence we always have strict inequality and therefore
we can find small € by compactness argument. O

We consider a closed neighborhood W of supp(x) in W with smooth
boundary. We let G to be the twisted Green’s operator on W using Dirch-
let boundary condition. We first argue that (g can be replaced by (g =

d}éXSCs-
Lemma 69. There is a § > 0 such that
YE _ ;i pe _$
le ™ V7 (xCe — Ce)ll Lo (k) < Cjen,
whenever supp(xs) and K are chosen small enough and j € Z .

Proof. We let r, = x(g — Q:E First, ry satisfies the equation
(5.27) Agry = [A,X]Cs — xPrd}(xsCs).-

Therefore we have r; = (G[A, x]G — éfo)d}(XSCS). We consider it term
by term to get estimate of r;. We have for any € > 0,

- -1
G|A, x]G ~ O, — i , Y) — .
(8,16 ~ Oc( exp(5(_min (p(,2) + p(z9) — )
Using lemma we can show there is some dg > 0 such that
Gl XIGd}(xsCs) ~ O(eErol/)

in K, for # small enough.

For the term Gfo, we have
~ —1
Py ~ O Y exp(—(p(w,q) + p(a,9) =€) )

qEC}
where | = deg({s). Again, we can find a constant 6; > 0 such that

min  (Ys(z) + p(x,q) + p(q,y)) > YE(Y) + 261,
zesupp(xs)
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for y € K. Similarly we have
GXPydj(xss) ~ O(e~Wr+in/hy

in K, for h small enough. Notice that the constant 6 = min{dp,d;} can

chosen to be the same if we shrink supp(xs) and K and keep W and X
fixed. U

Next, we obtain estimates for CN g similar to those in lemma @ for (g.

Lemma 70. For any j € Z.., there exists hjo > 0 such that if h < hjo, we
have

(5.28) o5/ iy < Ol
where Nj is an positive integer depending on j.
Proof. We consider the equation

(5.29) ApCe = dj(xsCs)

in W and divide the proof into steps:

Step 1: Without loss of generality, we assume there is a constant Cp > 0
such that Cy; ' < ¢p < Cp and Cy! < |df|? = |dyp|? < Co on W. We define
the function

(5.30) ® =g — Chlog(vg/h),
with C > 0 to be chosen. Therefore we have
Cﬁ]df\2 Ch
df|? — |d®|* > > =

We apply lemma to C~ 7 with the chosen ® on W and get
Re((**"d}(xsCs),Cp)) = R ([ld(e®"Ca)IIP + |l (e Cr)II?)
+H((|df)? — |d®@[* + hiMg)e® " (g, e Cp)

and if we choose C' > 0 large enough to absorb the term (ﬁMfeq’/ﬁfE, e®/Mly),
we have

~ . _ Ch _
R2(ld(e®"Cp)|1” + [ld* (e "Cp)l?) + ﬁlleq’/ﬁCEH2
0

IN

* h *
Cille™"d(xs6s)|* < Ca()* e’ (xs6s) I
h
< C - 20.
- 2(¢E)
Therefore we get
R2(|ld(e¥2/"p) |12 + |d* (e¥2/"p) 1) + hlle¥s/"p|* < Cs,
and obtained ||6¢E/ﬁC~E||%2(K) < Oyt for B < hy.
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Step 2: We prove the L? estimate for derivatives of (. We apply dy
and d} to both sides of equation (5.29). We obtain

(5.31) Ap(delp) = dpd}(xsCs).
Applying the result in step 1 to d fCN £, we have
V2P dppl7a ) < Cali™ .
Since dy = hd + df A\, we have
e dlpll 7y < Csh™?

Corresponding result for d*( £ can be obtained by a similar argument. These
combine to obtain result for Vf . By applying V successively, we obtain all
higher derivatives’ estimates in a similar fashion.

Step 3: Finally, we improve the estimate to L> norm. Since we have L?
norm estimate for all the derivatives of (. We use the Sobolev embedding
on W to obtain the L norm estimate. Details are left to readers. ([

Lemma [67] follows from lemma [69] and lemma [70] directly.

5.7. WKB approximation. Next, we consider the WKB approximation
of (g. From the WKB approximation (p.1)) of (s, we can take d} on both
side and obtain a WKB approximation of d’}(xg{ s)

(5.32) d}(XSCS) ~ e_%/h(ﬁd* + tovf + tvgs) (XswWs,o + ng&lhl/z +...),

after grouping terms according to their orders of h. We apply the iteration
in the previous subsection [5.4] terms by terms to the above series and then
group the terms according to orders of & of their L? norms. As a result, we
obtain a WKB expansion

(5.33) (e~ e VM wpo(h) +wpi(h) +...)

in W, where wg ;(h)’s are functions also depending on h. For every [ and
any compact subset K C W,

Y A

for those i < 1y, and also

N

di (e~ L 3

e/ e wE/ﬁZsz —dp(e™ MY Sws e iy < Onieh™
i=0

for A < Ainp. We need to argue that it is a good approximation, which is
the main theorem in this section.
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Theorem 71. For any supp(xs) and K small enough, and N large enough,
there exists hj no > 0 such that for h < hj o we have

N
(634 /"G — e (Y wpa () M ey < G,
1=0

Proof. Making use of lemma[69} we can again consider the equation It
suffices to show that the approximation works for (g on some small enough
pre-compact neighborhood K of the flow line v. We divide the proof into
several steps.

Step 1: Aswg ;(h)’s do not vanish on boundary of W, we first need to cut
them off suitably for applying integration by part. wg,(h)’s, being defined
by integrating along flow of 7, have support as shown in the following figure.

supp(xs)

supp(wg.i)

FIGURE 7. Support of wg;’s
Suppose we have 77(vg) = vg, then we can choose x only depending on

variable ¢ (using coordinate defined by 7) such that y = 1 for ¢ < T. The
support of Vy is shown in the following figure.

supp(VX)

FIGURE 8. Support of Vy
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By shrinking K and supp(xgs) if necessary, we obtain some € > 0 such
that

(5.35) VE(Y) + (Y, ) = Yp(r) +€
for € K and y € supp(y). We define the function

(5.36) ®n = min{® + Nhlog(1/h), yesir;;r(lv@(fb(y) + (1 —e)p(z,y))},

where ® := ¢y — Chlog(¢g/h) is defined in (5.30), and the € is chosen in
lemma, We have
2
Cﬁ\df | S ’
v 02
for & small enough. Notice that we have &y = ® + Nhlog(1/h) in K for h

small enough, and ® = ® in supp(Vy).
Step 2: Applying the lemma {43/ to r, = (g — e wE/ﬁ(Z 5 Y wpa(h))
and @y, we get

|df|* — [d@n|* >

2-2N ®/h ®/h 2 Ch' N o
RN (e ) ey + 14 (€2 2 )+~ e il
0
k-1
< D Mdi(xsCs — e VMY xswsi)ll 72 1)
=0
k-1
+ D) MdH (eSS yows,) — W”‘Zwm DIZ2 0y
1=0

D(||e®™[A, RICE 17 g7y + ™A, K (e wE/ﬁZwE NI i)

We handle the right hand side term by term. First, we have

k—1
€270 (x5 — e V5N S s )2 < Cl20-2N 4,
=0
Second, we have
k—1
H€<I>N/ﬁ(d* ws/hZXSWS wE/ﬁZwE H2 <O hQC’ 2N+k_
=0

Third, we have
le®/*[A, XICp 1> < Dip*e M,

where Ny is the integer in lemma @ Finally, we have

He@/ﬁ A X wE/thE HQ < Cy ﬁZC No
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by choosing a larger Ny independent of k, if necessary. Combining the above,
by choosing N = Ny + k, we have

B2l M) ey + I (€95 i) o)) + Blle™ il Fa ey < Cil,

which gives ||ewE/h7“k||L2 (K) < CphF=1, for those fi < g g.
Step 3: We obtain L2 estimate for all derivatives of r;. We repeat the

above argument for dsry and d;‘crk. For any j,N € Z, we can find a k; x
large enough such that for any k& > kj v, we have

e =/ "y |[7 2y < Cjren B,

for A > hj,k,N,O‘

Step 4: We apply interior Sobolev embedding to improve the statement
in step 3 into L°° norm, by further shrinking K if necessary. As a result, we
have for NV large enough, there exists i; o > 0 and My such that we have

(5.37) e/ "N { G — eV /N Zsz VT () < Cjn BN~

=0
for i < hj n,. Finally, we observe that ||ijE,i(ﬁ)||200(K) < Gy R 3 and
hence obtain the result by dropping redundant terms in the approximation
series.

O

Finally, we restrict our attention to a small enough neighborhood Wg of
vg. Since the operator [ is given by an integral with an exponential decay
e/ along flow line, we can apply lemma to obtain an expansion

wpi(h) =h" (szo-l-szlﬁ +wgiaht 4 ...

By regrouping terms according to their orders of A, we obtain an expansion
of the form given in equation (5.2)).

5.8. Relation between wgo and wg . From section we constructed
a WKB approximation in Wg

Cp = e "M wpo(h) +wpa(h) + ).
In particular, wg o(h) is given by

1
2h
In this section, we study the relation between integrals of wgo and wgg
which is used in lemma We begin by recalling lemma Let M be a
n-dimensional manifold and S be a k-dimensional submanifold in M, with
a neighborhood B of S which can be identified as the normal bundle 7 :

NS — S. Suppose ¢ : B — R>¢ is a Bott-Morse function with zero set .S,
we have

(5.38) wro(h) = —( / el 37 (Map)de 12 (/R (00 1o Y g 0)ds).
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Lemma 72. Let f € Q*(B) which is vertically compact support along the
fiber of m. Then, we have

Tx (e_w(z)/ﬁﬂ) = (27rh)(n_k)/2(bvol(v2<p)ﬁ)’V(l + O(ﬁ))7

where T, is the integration along fiber. Here vol(V2¢) stands for the volume
polyvector field defined for the positive symmetric tensor V2o along fibers of
.

We use the notations in section [£.1] and assume there is an identification
of Ws and Wg with the normal bundle NVs and NVg of Vg and Vg re-
spectively. We use mg and 7 to stand for the bundle maps respectively.
We have the following lemma which relates the integration of wg ¢ and wg
along the fibers of mg and g respectively.

Lemma 73. Assume wgg € /\’f"pNVL;k on Vg, then
1
TEx (798 Mwp g) = %Q*WS*(e_gS/hwsp)(l +O(h'?)),

where o : Vg — Vg is the projection map using the identification Vg = (Vg X
R) N Wg given by 7 (flow of Vig). Furthermore, we have wg o € AN'PNV}
on Vg.

Proof. We use the coordinates uq,...,u,_1,t for W, where u1,...,u,_1 are
coordinates of Ug. We further assume that {us+1 =0,...,u,—1 =0} = Vg.
From lemma[59] ¥ < 0 is a Bott-Morse function with zero set Ug. Applying

lemma [72] to the equation (5.38]), we have

wg,o(u,t)

m 82 — 0 Lo« € %
(ﬁ)lﬂ(@(_q’)’t:@ 1/2 <€f—t 2'€ (MHE) d Tft((Lgvf + LVgs)XSWS,O))v

modulo terms of O(A'/?). From lemma ge > 0 is a Bott-Morse func-
tion with zero set Vg. Applying lemma [72] again, we get, modulo terms of
O(r'/?),
(e 9w o) (u, t)
= (27h) "I vz (WE)

_ (o (=522 O L 12 b (M) de
= m((27h) Lvol(vng)(atQ( MNi=0)"/=(e 7" (tav fws,0)) )

for those (u,t) € Vg. The term involving iy, is dropped as 7*;(dgs) van-
ishes for (u,t) € Vg. To make further simplifications, we need the following
lemma.

Lemma 74. Fizing a point (u,t) € Vg, we have

6sz 378 (Mg )de _ (det(vng)(uv t) ) 1/2
det(V2gg)(u,0)
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as operators on /\mp NV, where the right hand side acts as multiplication.
Here V2gr is treated as an operator acting on NVg using the metric tensor.

From the fact that wg € AP NV¢ upon restricting to Vg, we have 7, (1v fws o) €
AP NV} for those (u,t) € Vi and

e (6798 Mwp o) (u, t)
02 _ et(V? u, *
= 2r(2mh) 5D ( Do (W) |1—) 1/2<(%)1/QLVfAvol(v2gE)T—t(ws,o))-

Notice that Vf = % when restricting on Vg, therefore we have

82
(5 (= W)l=0) ">V f = vol(VE(~¥)}s=o),

where we view W as a R-bundle over Ug and consider vol(VZ(—W¥)|,—¢) as
the volume vector field along its fibers. Furthermore, we have the relation

det(V2gg)(u,t)

TtV gy volVgm) o, 1) = vol(Vg) (o, 0).

dr*,((

Combining the above, we have
T (98 Moo ) (u, )
= (2m)(n=9)/2pn—s= 2)/2( (el V2 (W) Aol (Vg o Owso)>-
Finally, from the relation ¥ = g — gg, we get
vol(VZ(—1)) A vol(Vigg) = vol(VZgs)

on Vg, where vol(V2gg) is the volume polyvector field along the fibers of
wg. Therefore, we have

1
(79 Mg 0) (u, t) = FToe(mss (e795/Mws o) (u,0))
modulo terms of O(k/?), for those (u,t) € V. O

Proof of Lemma[7] First of all, we have the equality

1 1
§M9E = V2gE ~3 tr(V2gE),

on the set {Vgg = 0}. We can treat V2gg as an operator acting on NVg
as gp is Morse along Vs. Restricting to AP NV}, it is just tr(VZgg).
Therefore we have

1
M,

2
5 9 — itr(v gE)a
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acting on A\"? NV}
On Vg, we have

(6539 v /0 £ r(V2g) 0, ) de) — 3 log(det(V2g5)(u, 1)) )

= (Vgm)(wt) — 5 (Vg 1)) Vi Vg 1))

We will show that the above expression vanish.

Restricting to the set {Vgp = 0}, for any vector fields X,Y € TW, we
have
Vi(Vigp)(X,Y) = Vi(Vir(X,Y)) - Ve(V:X,Y) - Vigp(X,V,Y)
Vt<X, VngE> — <VtX, VngE> — <VngE, VtY>
(X, ViVyVgg) +(VxVgg, [0, Y]) + (VxVggr, Vyor)
= (X,VyViVgg) + (VtV3gp)X,Y),

and

V3 (Vigr)(X,Y) = (VyV(dgr), X)
= Y(V(dE), X) — (V(dgE), Vy X)
= Y(VxVygg,0) +Y(Vgg,Vx0) — (VvyxVgg,0)
= Y(X,ViVygr)+Y(Vgr,Vx0) — (VyX,V,Vgg)
= (X,VyViVgg)+ (V2geV*)X,Y).

Therefore, we have
Vi(Vigr) — V2 (Vigr) = [V*t, Vgg],

where the Hessians are treated as endomorphisms of T'M. Restricting the
above equation to the subspace NVg and multipling by (V2gg)~!, we have

tr((V2gr) " (Ve(V2gr)) = tr(V29p) "V (Vigr)).
Finally, from the equation |V g|? = |V f|?, we obtain
1
Vige = QWQE’Z-
Applying V? to both sides and restricting to Vg give
VA(Vige)(X,Y) = (Vgr(X), Vgr(Y)),
or simply

V3(Vige) = (Vgp)?

if we treat both sides as operators on T'M.
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Substituting it back into equation (5.39), we find that the derivative in
equation ([5.39)) vanish. Therefore we have

([ (V) uc) de

1 1
= 5 log(det(Vgr)(u, 1)) — 5 log(det(V*(gi)) (1, 0)),
which is the equation we needed. ([

Therefore, we complete the proof of lemma [29 and [33] which are needed
in the proof of our Main Theorem in section

6. CONCLUSION

From the semi-classical analysis of the Witten twisted Green’s operator
in section [4] and |5, we obtain our main theorem 7?7 which can be viewed
as an enhancement of the original Witten deformation of deRham complex,
concerning cohomology of the manifold M, to one concerning its rational ho-
motopy type by incorporating wedge product structures. In [5], Fukaya pro-
posed a differential geometric approach to the Strominger-Yau-Zaslow (SYZ)
by relating A-model holomorphic disks instantons of a Calabi-Yau manifold
equipped with Lagrangian torus fibration, to certain Witten twisted differ-
ential constructed from the symplectic structure. Proving theorem ?7 pro-
vides essential analytical technique for such an approach. For instance, the
semi-classical analysis of Witten twisted Green’s operator, can be applied
to obtain a beautiful geometric interpretation of the complicated scattering
diagram in [2].
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