GLOBAL ENTROPY SOLUTIONS TO
WEAKLY NONLINEAR GAS DYNAMICS

PENG QU AND ZHOUPING XIN

ABSTRACT. Entropy weak solutions with bounded periodic initial data are considered for the
system of weakly nonlinear gas dynamics. Through a modified Glimm scheme, an approximate
solution sequence is constructed, and then a priori estimates are provided with the methods
of approximate characteristics and approximate conservation laws, which gives not only the
existence and uniqueness but also the uniform total variation bounds for the entropy solutions.

1. INTRODUCTION
Consider the following system of weakly nonlinear gas dynamics.

r+y
2

1
1
o1+ 500N + 5 [ 5o s Doatut)dy =0,
-1

(1.1)

%oy B[ Lty _
o = 50, = § [ 5ot dy =0,

t=0: o1 =o010(z), 03 =030(2),

where 01 = 01(z,t) and 03 = o3(x,t) are unknown functions, with o1 and o3 as given initial
states satisfying

0’170(1' + 1) = 0'1’0(.%), 0370(.%' + 1) = 0'37()(17), (1.2)

1 1
/0 0'1’0(23) dz = 0, /0 0'3’0(33) dx = 0. (1.3)

While, o9 = o9(z) is any given I/Vli’cl function with
1 3
02(x+§) = o9(x),} / loh(z)|dz = ME < oo, (1.4)
0
and «, @ are given positive constants.

This system is first derived by A. Majda and R. Rosales in [19] from the 1-dimensional full
Fuler equations with periodic initial data through the method of weakly nonlinear geometric op-
tics approximation to study the behavior of the solutions especially for the cases with resonance
effects. Different from the Cauchy problem with initial data of small total variation, which has
a quite complete theory for existence [12], [24] and uniqueness [2], most aspects of the Cauchy
problem for quasilinear systems of hyperbolic conservation laws with small periodic initial data
are still open. One of the main difficulties may lie on the fact that the periodicity prevent the
waves from separation and thus the system does not possess a decreasing Glimm functional to

2010 Mathematics Subject Classification. 35L65, 35Q31, 35R09, 7T6N10.

Key words and phrases. Weakly nonlinear gas dynamics; entropy solution; periodic initial datum; global
existence.

P. Qu is partially supported by National Science Foundation of China (No. 11501121), Yang Fan Foundation of
Shanghai on Science and Technology (No. 15YF1401100), Hong Kong RGC Earmarked Research Grants CUHK-
14305315 and CUHK-4048/13P, Shanghai Key Laboratory for Contemporary Applied Mathematics at Fudan
University and an initiative funding of Fudan University.

Z. Xin is partially supported by the Zheng Ge Ru Foundation, Hong Kong RGC Earmarked Research Grants
CUHK-14305315 and CUHK-4048/13P, a Focus Area Grant from the Chinese University of Hong Kong, and
NSFC/RGC Joint Research Scheme N-CUHK443/14.

10ne may refer to [19] and [21], which show the reason why one needs only to count the even modes of 0.
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control the nonlinear effects, and almost all the classical analysis methods fail in this case. The
celebrated work of J. Glimm-P.D. Lax [13] shows that for the isentropic Euler equations the
Cauchy problem with small periodic initial data admits a global entropy solution. The method
of their work is to use the cancellations occurring for genuinely nonlinear characteristics when
intrafamily shock-rarefaction waves coalesce. This cancellation is well analyzed with the method
of approximate characteristics and approximate conservation laws, which, combined with the
nature of the system that the isentropic Euler system has a complete set of Riemann invariant
coordinates and thus a relatively weak interfamily nonlinear interaction effects, provide a ¢~!
decay for the total variation per period of the solution, as well as the global existence. This
result is then further developed and generalized by many works, among them are [8], [9], [1].
On the other hand, for the 1-dimensional full Euler system, there is one more family of charac-
teristics which are linearly degenerate, and the system generally does not have a complete set of
Riemann invariant coordinates. It is believed that the process that the right sound waves would
be affected when the left sound waves interact with the entropy waves and vice vesa would cause
the effect of nonlinear resonance for space periodic data, and change completely many aspects
of the behavior of the solutions such as the time asymptotic. One may refer to [26], [27], [28],
[29] for B. Temple and R. Young’s ongoing project to construct non-trivial time periodic and
thus shock-free solutions. Meanwhile, the effect of resonance causes huge difficulties in analysis,
and one cannot expect the cancellation effect given in [13] originally for the isentropic case
dominates all the time and the system may not undergo a strong enough decay to guarantee the
global existence. Therefore, the problem of global existence for the solutions to the full Euler
system with small periodic initial data is still open. One may refer to [25], [22] for long time
existence of entropy solutions, [3] for global existence of entropy solution for special systems,
and [17], [18], [30] for the blowup result of classical solutions.

To get a better understanding of the resonance effects, [19] performs weakly nonlinear geo-
metric optics approximation for general systems of hyperbolic conservation laws and provides
a detailed analysis on the occurrence of the resonance, which shows that the Cauchy problems
with initial data of small total variation on R and the systems with a complete set of Riemann
invariant coordinates such as the isetropic Euler system, do not possess resonance. Meanwhile,
as one of the main objects of [19], the full Euler system with small periodic initial data gives
the system of weakly nonlinear gas dynamics (1.1), which does show the resonance feature of
the full Euler system through the nonlocal interaction terms. Later, in P.L. Pego’s remarkable
work [21], for the system (1.1) with periodic initial data, a series of non-trivial time periodic
solutions are constructed, which makes it clear that system (1.1) do possess strong resonance
and its solutions have complicated behavior. On the other hand, for general systems of weakly
nonlinear geometric optics, under the assumption of genuine nonlinearity and a structure re-
quirement on interactions, [6] proves global existence of entropy solutions. Unfortunately, the
most important resonant case, namely the system (1.1) of weakly nonlinear gas dynamics, is
not included due to the linear degeneracy of the entropy wave. See also [20] for detailed analysis
on the behavior of the solutions. One may also refer to [11], [15], [23], [7], [5] and the references
therein for the justification of the weakly nonlinear geometric optics approximation, and [14],
[4] for the related results of the multidimensional case.

Since the C! classical solutions to (1.1) would generally blow up in finite time (see Appendix
A), it is natural to look for the entropy weak solution in this paper. The main purpose of
this paper is to get the global in time entropy weak solutions for any periodic initial data with
bounded total variation over each period

TV(l)O'LO + TV[l)O'gp = MS(O) < +00, (1.5)

and obtain some uniform a priori estimates for the solutions, where TV(l) f denotes the total
variation of a spatially periodic function f, with period 1, over each of its period. Here a global
entropy solution means a solution in the sense of distribution

+00 1 1
a 9 B 1, z+y
010pp1 + —010z01 — =1 / ~oo( Jos(y,t) dy
/0 /0 ( REREN 2 ( 272V )
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+ 03013 — = 030503 + 5903(/ 505( y)m(y, t) dy)) da dt
-1

2 2

1
+/ (alvo(x)gol(a:, 0) + 0370(37)@3(33,0)) dz =0, V1,03 € Co(S x RT), (1.6)
0
which is further requested to satisfy the entropy condition that for any convex entropy function
1n = n(o1,03) with entropy flux function ¢ = (01, 03) satisfying
{ 040'160—17] = 80’1¢7

1.7
—040330—377 = 3031/% ( )

it holds that

/;oo /O1 <?73tso + YOpp
B

1 1
1, z+y 1, z+y
280<30177/1202( 5 )o3(y,t) dy 30377/1202( 5 )01(y7t)dy)>d$dt

1
+ [ oo os0)@p@0)de =0, Voe Oy xER). (19
0
The main result in this paper is

Theorem 1. For any given initial data o1 and 03 satisfying (1.2)—(1.3) and (1.5), the Cauchy
problem (1.1) with (1.4) admits a global entropy weak solution o = (o1, 03)T (x,t), which satisfies
further

Mg(t) < TVioi () + TVios(-,t) < M,, ae.teRT, (1.9)
where
5
M, = max {4MS(O), 3OO§ME} 2 (1.10)

Moreover, for each T > 0 this solution is unique in the class of periodic C(0,T; L") entropy
solutions.

The main idea to prove this result can be summarized as follows. First, although, some
adaptions on an approximate scheme should be made to deal with the difficulty caused by their
nonlocal property, the interaction terms in the system (1.1) are linear, since the entropy wave
02 is a given function in this model. Thus, it is expected that in the worst scenario it can only
cause an exponential increase for some suitable norm of the solution, namely, the time span
required for the solution to double its norm can be bounded by oy and the parameters «, 3,
which is independent of the solution itself. On the other hand, the quasilinear leading terms
in the system (1.1) are just two decoupled inviscid Burgers equations, for which one cannot
expect anything better to apply the methods in [13] to get a decay, with the property that the
solution would undergo a faster decay and require less time to halve its norm once its norm is
bigger. Therefore, to combine these two effects together, the decay effect would dominate once
the sound waves (o1,03)" are relatively stronger than the entropy wave oy, which can provide
the desired uniform a priori bounds for the solution.

Remark:. Using the above intuition that the cancellation effects can dominate an exponential
growth of the solution, one can apply a similar procedure as this paper to show the global existence
and the uniform a priori estimates for the entropy solutions to the system

« B (11, z+y
8t0'1+2ax(0'%)+2/1 50’5( B

Jos(y,t) dy = Biio1 + Bisos,

1

« 1 T+

Oro3 — Eax(ff?%) - g/ 505( 5 y)Ul(y,t) dy = Bz101 + Bssos,
—1

2Here the number 300 is far from being sharp and can be changed in to “large enough constants”. It is
specificaly given here, to simplyfy the naration in what follows.
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By B , , , . .
where B = (BH 313) s any given constant matriz, which can be chosen to model the damping
31 33

or rotation effects to the system.

This paper is arranged as follows. In Section 2, the approximate scheme is introduced and
the corresponding consistence result is proved under some a priori assumptions on the uniform
bounds. In Section 3, the increase of the total variation is estimated for the approximate
solutions. Then in Section 4, the methods of approximate characteristics and approximate
conservation laws are applied to get the decay property for the solutions and complete the
proof of Theorem 1. Appendix A is devoted to the proof of the finite time blowup for the
classical solutions, and Appendices B-C provide some details of the proof.

2. AN APPROXIMATE SCHEME

In order to construct a sequence of approximate solutions, one may adapt J. Glimm’s cel-
ebrated approximate scheme originally derived in [12]. Moreover, one may use the fractional
step methods, such as the one developed in [10] for hyperbolic balance laws, and modify it to
deal with the nonlocal interaction terms in the system (1.1).

For each N >> 1, set Az = 2% as the spatial mesh length, and At = A~TAz" as the
corresponding time mesh length. Here A is set to satisfy the Courant—Friedrichs—Lewy (C.F.L.
for short) condition

A > amax{||o] || e, [|03 || o .
In fact, for the system (1.1), it can be verified that if one chooses
A >2a(M, +2) (2.1)

a priori, then for large enough N, the C.F.L. condition holds.
Next, let ¥ = {9,,}5°, be a sequence of independent random variables, which is equidistribut-
ed over [—1,1). Then one can set

O'{V(:E,O*) =o1,0(x), O'év(l‘, 0—) =o30(x)

to initiate the construction.
Inductively, if the approximate solution (o, o4")7 has been constructed for t < nAtY (n €
N), one may use the random sampling

6 = o ((m + 9) Az nAN-),

for (m 4+ n) odd, 2.2
G = 05 (M + Un) Az, nAtN—), ( ) (22)
to get the corresponding piece-wise constant function
O1in (2) = 61 s Va € [(m = DAz, (m + 1)Aa”), for (m +n) odd
63, (x) =68, . Vo e [(m—1)AzN, (m+1)Az), ‘
Then set
1
g{\,[m,n = K(mAJ;N—i— y)a—ij’)\,{n (y) dy = Z Kn]\wf—ﬁ-rhé—ij’)\,]ﬁ’b,n)
-1 —2N <m<alN
) et odd for (m + n)odd,
gZ]’)\,[m,n = - K(mAxN+ y)&{\,{n(y) dy = - Z Kn]\’i+7ha’{\,[~ no
-1 —2N <m<oN
m—+n odd
(2.3)
where
K@) = Zoy(?) (24)
47222 '

with properties

Kle+1) =K@, [ Kady=0, 1K@y =M (25)
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FIGURE 1. Modification of Glimm’s random choice scheme

and
AxN
Kﬂ]\{ = / K(mAzN 4 1) dy (2.6)
—AxN
with properties
p
Kﬁ-ﬁ-?N = K, Z Ky =0, Z K| = ZME @7
1<m<2N 1<m<2N
m+n odd m-+n odd
And one can define
N ~N N N
g =0 — g t )
;}m,n ;}m,n xm,n for (m + n) odd. (28)
— 4 - AN
03mmn = 93mm — 93,mn ’

Then, one can solve finitely many Riemann problems on each period for two decoupled Burgers
equations with (mAz™, nAtY) ((m +n) even) as the centers:

ooy + %896(0{\])2 =0,
ol — %Gx(aév)2 =0,

t=nAtY: oV = a{\fmvn, o = aé\fmm, for z € [(m — 1)AzY, (m 4+ 1)AzY), (m 4 n) odd.
(2.9)
If the C.F.L. condition holds, no wave interacts for ¢t € [nAtY, (n + 1)AtY), and one may use
these Riemann solvers (o}, 0d)T as the approximate solution on t € [nAtY, (n + 1)AtY) (See
Figure 1). Then one can repeat this procedure on t € [(n + 1)AtY, (n + 2)At™).

Apparently, the approximate solutions constructed above are spatially periodic

oMz +1,t) = ol (z,t), ol (x+1,t) =0 (x,t). (2.10)
Since ¥ (x,t) (i = 1,3) are piece-wise smooth, one may define its value to be the up right limit
on the discontinuous points.
Now, the consistency of this scheme can be shown in the following

Proposition 2.1. Assume that on (x,t) € [0,1) x [0,T], there exists a sequence of approzimate

solutions (¥, o)1 satisfying

A
ot llzoe + o5l < Cr < —, (2.11)
Mg (t) = sup ML (t) = sup{TViol (-, 1) + TVl (-, 1)} < Co, (2.12)
N N

o (- t1) = o7 (s t2) | papony + 103’ (o 1) — 08 (- t2)l Lo,y < Ca(ltz — ta| +2A8Y). (2.13)



6 PENG QU AND ZHOUPING XIN
Then there exists a subsequence®, such that for almost all choice of ¥, it holds

Ll
(U{V7U§V)T — (01703)T7

where (o1,03)" is an entropy weak solution to the Cauchy problem (1.1) which is periodic with
zero means, i.e.,

oi(x+1,t) = o1(x,t), o3(x+1,t) = o3(x,t), (2.14)

1 1
/ oi(x,t)de = / o3(x,t)dzx = 0. (2.15)
0 0
Proof. The convergence is a direct application of Helly’s selection principle. Thus, it suffices to
prove the consistency.
Since o’ and oY are local Riemann solvers to (2.9) on each time interval [nAtY, (n+1)AtY),

they satisfy (2.9) piece-wisely and the Rankine-Hugoniot condition holds on each shock discon-
tinuity By multiplying the test functions ¢; and ¢3 to (2.9) and integrating by parts, one can

/ / — 0 8tcp1 - —(01 ) xgol dx dt+/ / — o3 8t<p3 ( ) 6;,;903) dz dt

+ Z/o < — oV (z,nAtNE) + o (z, nAtN—))gol(a:, nAt™) dz

|
+ Z /0 ( — o (z,nAtNE) + oY (x, nAtN—))gog(:r, nAtY) dz
n=0

— 1 ag10(x)e1(x,0) + 030(z)ps(z,0) ) de.
0

Thus,
rot N QN2 N QN2
/ / <01 Op1 + 5(01 ) 0201 + 03 Osp3 — 5(‘73 )" 0zp3
0o Jo
1 1

- @1(/1K(a:+y)aév(y7t)dy> +903</1K(x+y)0{\[(y,t) dy)) dz dt
1

+/ (al,o(:ﬂ)sm(:v,()) + 03,0(56)903(96,0)) dz
0

1
=- Z/ (a{v(az, nAtN+) — o (=, nAtN—)><p1(m, nAtY) dz
n=0"0

|
— Z/o (Uév(a:, nAtN4) — o (z, nAtN—)><p3(x, nAtY) dx
=0

[ [l [ e b0 ) are
//803 / Kx+yal(y,)dy)dxdt

Due to (2.2)—(2.9), it holds
o (z, nAtN+) — o (2, nAt-)
:a{\fm’n — O'{V(.T nAtN—)
:(a{\fmm O‘{Vm n) + (U{an J{V(:L‘,nAtN—))

3For notation simplicity, we always use (01 ,03 ) to denote the sequence of approximate solutions as well as
its subsequence.
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=gV Ay (U{V ((m + 9,) Az, n A=) — oV (a, nAtN—))
Vz e [(m—1)AzY, (m+ 1)Az™) with m + n odd.
Similar as in [12] and [24], using Glimm’s random choice method,

>y [

n=01<m<2N
m+n odd

Meanwhile, By (2. 13)

(m4+1)AzN
(z, nAtN) (O’l (m+10,)Az", nAtN—)—U{V(x,nAtN—)) dz — 0, as.
—1)AzN

sola:t /K:Hy (03 (0.8) — 03 (0. L) AP dy)dxdt\

N
SHsol(x,t)HLngoHKllLlmgXHUa, (y;t) — o3 (y,[AtN]AtN Mz =5 0.

1
Y

while, by the random sampling method,

cpl xt / K(z+vy) 03 (y,[AtN]AtN ) — AA’[[ ¢ }( ))dy) dxdt‘

AtN

sol z tK(:v+y)d$)( Y (y, ]

AP~ ) dyat

By a direct decomposition,

T 1 1
| [ ae@n( [ Kernod . mds)dea
—1 AN

(n+DALN  p(m+1)AzN L
_Z Z / /( 801(93,75)(/1[((55+y)5é\fn(y)dy> de dt.

n=01<m<2N nAel
m+n odd

m—1)AzN

then since K (mAz™ + y) is a piece-wise constant approximation of K (z + y) and due to (2.3)

(n+DALY  p(m+1)AzN 1 N N
Z > / / p1(w,t) ( / K@ A y)osaly)dy = gl,m,n) dodt

n=01<m<2N AtN (m—1)AzN
m4+n odd
(n+DALY  p(m41)AzN 1
= Z > / / sol(:c,t)(/ (K(z+y) — K(mAzN +y)) 63, (y )dy) daz dt
n=01<m<2N nAtN (m—1)AzN -1
m+n odd
: N 4 Az N
<l o s, maxc{ 1K) — K2l )Ae™ o, 1K) — K2 e — )11}

—0.
And by the continuity of ¢1,

>y [

n=01<m<2N
m~+n odd

(n+1)AtN /(m—i-l)AzN

(901 (33, t) —¥1 (33, nAtN))g{\,[m,n dzdi

AN (m—1)AzN

N—oo

t
<llg1(z,t) — p1(a, [m]AtN)HL}LgO mgxz ‘Q{an’ — 0.
m

Thus, one has

/OT /01 e1(a.1)( /_11 K(z + y)of (y,1) dy ) dzdt
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—Z > / o1(z, nAN AN, da

m—+n odd

T 1 1
:/ / o1(x,t) / K(;U—I—y)(aév(y,t) (y’[AtN]AtN )) dy) A dt
/ / ©1(z, t / K(z+vy) 03 (y’[AtN]AtN )—& [L](y))dy)dazdt

N

(n+1)AN  p(m1)AzN
/( e1( rct / K(z +y)o8,(y) dy — glmn>dwdt

17=0 1 <y<2N nAtN m—1)AzN
m+n odd
n+1)AtN m—i—l)AzN
iy [ / (01(2.1) — o1 (. AN ), vl
n=01<m<aN nAtN (m—1)AzN
m~+n odd
—0, a.s. for ¥; as N — oo.

Similar result holds for o3. Thus, (01,03)7 satisfies (1.1) in the sense of distribution.

Next, for each smooth convex entropy function n = n(o1, 03) and the corresponding entropy
flux function ¢ = 9(01,03), one may multiply ¢d,,n and ¢d,,n to (2.9) respectively, and
integrate by parts to get

T 1
0> [ [ (nong+voug)daat
+ 2/ — on(z, nAtN+) + @n(m,nAtN—)) dx

_/1 o(z,0)n(o1,0(2), 03,0(2)) da.

By a similar argument as above, one can get that (o1, 03)7 satisfies the entropy condition (1.8)
and thus is an entropy solution.

The periodicity of (o1,03)7 follows directly from that of (¢f¥,0d)T. Then by choosing a
sequence of test functions go’f — X[0,1)x[0,] and taking @3 = 0, by the zero mean property of
K(x) (2.5), one can get

1 t 1ol 1
0:/ al(x,t)dx—/ / / K(x—l—y)ag(y,t)dydxdt:/ o1(x,t) da.
0 0 J0o J-1 0

Similarly, the zero mean property holds for os. U

According to Proposition 2.1, at each ¢, as long as (2.11)—(2.13) hold, for almost all choice of

1, one can always choose a subsequence, still denoted as (U{V , oév )T, satisfying
1 1

/ ol (z,t) dz| + / o (z,t)dz| <1
0 0

3. GROWTH ESTIMATE

(2.16)

In this section a rough estimate on the growth rate of the approximate solutions is given as
follows

Proposition 3.1. If there is a time Ty (for simplicity, assume Ty = ngAt™+ for some N* € N)

and a subsequence of approximate solutions (U{V, aéV)T satisfying
Mgs(Ty) = Sup{TVOO'1 (-, To) + TVl (-, T0)} < +oo, (3.1)

1, (3.2)

1 1
/J{V(x,To)dx - / ol (x,Tp) dz| <
0 0
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then for any T, satisfying, for C.F.L. condition,
1
a(l+ iMS(TO)) exp (BMgTy) < A, (3.3)

there exists a further subsequence such that (2.12) holds in the sense
Mg (t) < Mg(Tp) exp (BME(t —Tp)), Yt e [To,To + Tyl (3.4)
Moreover, it holds

T€[To,

TViod (-, t) <TVEel (-, To) + BME(t — Tp) H[I%X]TVOO'l (,7), Vte[ly,To+T]. (3.6)
T€[To,t

Meanwhile, for t € [Ty, To + 14|, (2.11) and (2.13) hold for
01 =1+ M0 ot (e - ) (37)
Cs = (4AMs(Ty) + BMpMs(To) ) exp(BM(t — Ty)) + BMp. (3.8)

Proof. In each time span ¢t € ((n — 1)AtN, nAtY) C [Ty, To + Ti] (n € Z1), (o, 0d)T is con-
structed by solving finitely many Riemann problems (2.9) of two decoupled Burgers equations
with piecewise constant initial data at t = (n — l)AtN+ on each period, thus the total variation
remains constant, i.e., for ¢ = 1,3

TVioN (-, nAtN=) = TVEaN (-, (n — 1) AtN4).

While at the time ¢t = nAt", during the random sampling (2.2), the total variation can decrease
only,

TVi6,y, < TVioy (-,nAtN=) = TVie (-, (n — D) AtYY).

Therefore the only possibility that may increase the total variation is the effect of the nonlocal
inhomogeneous terms. Indeed, by (2.3), (2.7) and (2.8),

TVOUl ( nAtN+)
N N
= Z ’UI,m,n ~—01,m—2n

1<m<2N
m-+n odd
~N N N
< Z (|Ul,m,n - gl,m—Q,n|At )
1<m<2N
m~+n odd
~ N ~ N N N
= Z (ygl,m,n Ul ,m— 2n| + ) Z (Km+m - Km 2+m) )
1<m<2N —2N <m<2N
m-+n odd m—+n odd
~N A N ~N ~N N
= Z (|Ul,m,n - 01,m72,n| + ’ Z Kerm( 3,m,n 03 m—+2, n) At )
1<m<2N —2N <m<2aN
m—+n odd m—~+n odd
~N ~N ~N ~N N
< Z |Ul,m,n 01 ,m—2 n| + ‘ Z ( Z | m+m|) |O-37 nn J3,ﬁz+2,n| At
1<m<2N —2N<em<2N  1<m<2N
m~+n odd m~+n odd m~+n odd
<TV{o1, + 2TVEed, Z KN AN
<TVioM (-, (n— 1)AtN +) 4+ TV (-, (n — DAY - BMpALY. (3.9)

Similarly, one has

TVod (-, nAtN4) < TV (-, (n — DAY4) + TVEY (-, (n — DAY) - BMEALY.  (3.10)
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Now, (3.5) and (3.6) follow directly. Moreover, adding up (3.9)—(3.10) yields
TVioN (-, nAtN) + TV ol (-, nAtN+)
<(TVEoy (- (n — DAYH) + TViod (-, (n — DAY4)) - (1 + BMpAY).
Thus, for N large,
TVgoy (-, )+TVOU3 (1)
=TViol AR + TV (- [—]AY)

([AN] AN

=7y
<(TViol (- AtN]AtN +)+ TVhod JAY4)) (1 + gMpALt) s

SMS(TQ) exp (BME(t - TO)) )

g [AtN

which proves (3.4).

On the other hand, during the construction of the approximate solutions, the process of
random sampling and solving Riemann problems for decoupled Burgers equations would not
increase the L° norm, namely for ¢ = 1,3

N N N Ny
max [, | < [|07" (- n A=) | oo = (|07 (-, (n = 1)AEH) | poe.

Thus, only the inhomogeneous terms may increase the L norm. In fact, by the construction
procedure (2.3) and (2.8),

o’ (-, nAEY) | oo
= Hln%X ’UI,m,n|

< max ]&{Ym,n| + max ‘g{\,[m,n|AtN

_ ~ N N ~ N N
= max 01 monl + max E K030 | At

—2N<«m<aN
m-+n odd

=max ]&{\jm,n| + max ‘&é\{m,ﬂ . Z ]K,]r\”AtN

<[l (-, (n = DA |[p2e + 1057, (0 — 1) AL || SM ALY,
Similar result holds for 03 Thus, adding them up leads to
VGl 4 o () pe
< (o (5 Tl + 10 (-, To) o< ) exp(BM(t — Ty))

<(1+ §MS(TO)) exp(BMEg(t — To)).

Next, for nAtY < t; < to < (n + 1)At¥, since the Riemann solvers are constants along the
straight characteristics,

ot (- t1) = o1 (-, t2) [ 1
(m+1)AzN
SID Dl MR (AR CTATRE

1<m<2N ~DAz

m+r1r1Leven
< Y 20NV RGN (L nAtY )
1<m<2N

m-+n even

=2AANTV oM (-, nAtN4),
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while on the line ¢ = nAtN
oy’ (-, nAEN+) = o} (-, nAEY=)| 1

< 3 ol - o 2N+ / 6V (2) — o (@, nAN-)| da
1<m<2N 0
m~+n odd

= > 2l AN ALY

1<m<2N
m+n odd

(m+1)A
+ Z / |0{V((m + 9, Az, nAtN-) — o (2, nAtN-)| dx

N
1<m<2N —hAz
m+n odd

Z Km+m 3,m,n

—2N<m<alN 1<m<2N
m+n odd m+n odd

AV ST VIR N (- nAtN-) 242N

< max (m—1)A

m

<BMg max ]03 m n|AtN+ 2TViol (-, nAtN—) Az
<BMg||oy (-, nAN =) || Lo AtY + 2ATV oY (-, nAtN =) ALY,

Thus, for t; < t2, one can combine the above inequalities, and similar ones for o', to get (2.13)
with

Cy = <4AMS(T0) + BMp(1 + ;MS(TO))> exp(BMuT,). (3.11)

It follows from the above estimates, as mentioned after Proposition 2.1, that (2.16) holds
for t € [Ty, Ty + Ty] for a subsequence of the approximate solutions. With this and (3.4), one
can improve the estimates of L> to obtain (2.11) with C given in (3.7), and then improve the
above estimates (3.11) to get (2.13) with C3 given in (3.8). O

It may be pointed out here that by this proposition, one can already get the global entropy
solution by modifying the scheme with enlarging A with time to avoid the violation of the
C.F.L. condition. Instead of doing this, we would like to give some much more detailed analysis
in the next section to get the uniform a priori bound for the solutions, which would not only
show the global existence but also describe the behavior of the solutions. Besides, a uniformly
bounded solution is much more meaningful for the system (1.1), since it is an approximate
system obtained through weakly nonlinear geometric optics approximation.

4. DECAY ANALYSIS

In this section, it is shown that when the wave strengthes of o1 and o3 are much stronger
than that of o3, the cancellation effect caused by genuine nonlinearity would dominate the effect
of nonlinear resonance and make the solution decay. In order to accomplish this analysis, the
methods of approximate characteristics and approximate conservation laws originally developed
in [13] for the isentropic Euler system would be adopted to the system (1.1).

The result of this part could be summarized as follows:

Proposition 4.1. If there exist a time Ty = noAtN<+ and a subsequence of approzimate
solutions (¥, )T" such that (2.16) holds at Ty and
239 4
MY (Ty) € M,, =M 4.1
3 (To) € [55 Mo g M) (4.1)
then for
60
T, = —— 4.2
T aMy’ (42)

4Here, M, is defined in (1.10), and the constants % and % are chosen accordingly to simplify the naration

in the following proof.
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there exists a further subsequence, such that

239
and

Ms(t) <M,, Vte [T(),T() + T*]. (4.4)

Remark:. Combining Propositions 2.1, 3.1 and 4.1, one can get easily the existence result of
Theorem 1.

Proof. First, according to (3.4) of Proposition 3.1 and noting the definition of M, (1.10), it
holds

1
Ms(t) < MS(TQ) exp(g) < M,, Vte [To,TQ —f—T*],

which proves (4.4). Moreover, it is easy to see that the system has a symmetry with respect to
o1 and o3, thus without loss of generality, one may assume

1
TVior (To) > 5 Ms(Th) = TViod (To)
at least for a subsequence. Then by (3.6) of Proposition 3.1, it holds
1 3
TViad (1) < 5 Ms(T) + BMpT.M, < =M., Vte [Ty, Tp+T.] (4.5)

Thus, it remains to provide a bound for TV{a{ (-, Ty + T.), which needs a detailed analysis on
the decay of the solution.

The rest part of the proof is divided into 3 steps: first the approximate characteristics and
approximate conservation laws are introduced and the uniform bounds for some useful quantities
are given, then a suitable subsequence is chosen to pass to the limit, at last the decay is
established through analyzing the widening effects of the rarefaction waves.

4.1. Approximate characteristics and approximate conservation laws. One may define
the approximate characteristics as follows. An approximate 1-characteristic is a union of line
segments constructed according to the approximate solution ¢f’, in which, each line segment
is either a classical 1-characteristic or a 1-shock of the corresponding Burgers equation, and its
continuation starts from the diamond center that contains its ending, meanwhile, for the choice
of this continuation under different cases, one may follow the discussion given in Page 30 of
[13]. Roughly speaking, the choice is made to prevent the l-rarefaction wave from crossing the
approximate l-characteristic. See Appendix C for the details. In a similar manner, one may
define the approximate 3-characteristics.

For each mesh diamond O%n centering at (mAz™, nAtY) ((m+n) is even) in the construction

of (o, o)T, we denote afymm,ﬁfym’n as the i-waves entering 7}, from the southwest and
southeast mesh edges respectively, and fyZNm ., as the ones leaving from north edges, see Figure 2.

Here, we also use them to denote the signed wave strength of the corresponding waves, such as
a{\{m’n = J{V(mAcL‘N, nAth) — U{V((m -1+ ’l9n)A£L‘N, nAtN—).
Remark: (To Be Deleted Before Submission). Precisely,
a{\fm,n ZU{V(mAxN, nAth) — U{V((m -1+ ﬁn)AxN, nAtN—),
5{\;”,” = ((m + 1+ 9,) Az™, nAtN =) — o (mAzN, nAtY-),
’Y{\,[m,n =V ((m+ 1+ 9,) Az, nAtN ) — oV ((m — 1 4 9,) Az, nAtN4)
:U{\,]m+1,n - O-{\,[m—l,n
and
aé\fmﬁn =l ((m — 1+ 0,) Az, nAtN=) — ol (mAzN, nAtN-),
Bé\fmm :aév(mA:rN, nAtN—) — Uév((m +14+ ﬁn)A:L'N, nAtN—),

N ___N N
73,m,n =03m—1,n — 93,m+1,n
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FiGURE 2. Waves in one diamond

Then in the aforementioned approximate scheme, by (2.8),

N ____N N
’Yl,m,n =01 m+1n ~ %1m—1n

_~N ~N N N N
=01m+1in — O1lm—1n — (gl,erl,n - gl,mfl,n)At

N N
:a{\,[m,n + B{Ym,n - (g{\,[m—&—l,n - gl,m—l,n)At ) (46)
N N N
Y3,mmn =93m—1n ~ 93 m+1n
N N N N N
:a3,m,n + BS,m,n - (93,m—1,n - g3,m+1,n)At . (47)
For ¢ =1, 3, denote
N N N N
Al(om,n) = (|gi,m+1,n - gi,m—l,n|)At ’ (48)
1 N N N N
CZ( m,n) = 5( ai,m,n| + ‘ immnl |ai,m,n + Bi,m,n’) (49)
the interfamily wave influence and intrafamily wave cancellation, respectively. Then for ¢ =1, 3,
N N N N N N N
h/i,m,n - (ai,m,n + ﬁi,m,n” = ‘gi,erl,n - gi,mfl,n’At = AZ( m,n)? (410)
N N N N N
|72’,m,n| - (|ai,m,n| + | i,m,n ) < AZ(Qm,n) - 202(<>m,n) (411)

and by (2.3), (2.7),
Yo AOma) DKM TVoR, ALY

1<m<2N
m-+n even
<BMpAtN - TVial (-, nAtN-), (4.12)
> A3(ON ) SBMpAtY- TVioy (-, nAtN-). (4.13)
1<m<2N
m-4n even

If one denotes further the entering (F) and leaving (L) rarefaction (4) and shock (—) i-waves
(i=1,3) of O%,n respectively as
+ (AN _ N N
Ei ( m,n) - max{ai,m,nv 0} + max{ﬁi,m,n? O}’

E;(<>7Nn,n) = min{az]'?[m,n’ 0} + min{ﬂi],vm,m 0}7
L?(O%,n) = max{%{vm,mo}v
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L;(<>7]7VL,7’L) = min{W{Ym,n) O}a
then it holds approximate conservation laws for QN as
LE (Oman) = B (Op.0) F Ci(Onmn) + 884(On )

Here and hereafter, § is a quantity taking values in [—1,1], which may change its value from
line to line.

Similar approximate conservation laws hold for other kinds of domains. For instance, if AN
is a domain composed by finitely many mesh diamonds, one can denote E;(AY) and L;(AN)
as the waves entering A" from diamonds that not belonging to A and the waves leaving AV to
such diamonds respectively. Then by adding up the above equations one can get

LE(AY) = BE(AN) £ Ci(AN) + 64, (AY),
where
AN def Z C <>N

<>N QAN

def Z A

<>N CAN

m,n =

Especially, let IV be a horizontal interval connecting two mesh points on the line t = nAtY
and denote AV (IV) as the union of the diamonds which contains the domain of determinacy of
N (See Figure 3). Since L (AN(IV)) > 0, one has

Ci(AN(IY)) < EF (AN (I)) + Ag(AY (1)),

One may further denote XZ-i(I N as the total signed strength of i-rarefaction waves/i-shocks
passing through the horizontal interval IV, namely, entering from south into the mesh diamonds
that contains I"V. Due to the C.F.L. condition, all waves entering AN (I") from outside pass
through IV, thus,

CHAN (1Y) < XH(IY) + AN (1)),

e e - E (n+ 4)AtY
// // \\ //\ // \\ //
P P \ .7 \ .7
" A3
2

(n+ 3)AtY

\\/L
/ “(n+2)AtY
[l D AV (n+1)AY
S <IN N .’ AN

A% (n —1)AtN

FIGURE 3. AN (1Y)

Similarly, for a diamond <>N that is cut through by an approximate l-characteristic y”
into the left part <>N 1, and the right part N (See Figure 4), one has the corresponding
approximate conservation laws as

LT(OZH L) = EY(QZH L)~ Cfr(<>7Nnn L)+ 5A1(<>TN,W L) (4.14)
"R R ™R ™R

m,n,R
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where A1(<>m’n’ ]% ) > 0 denotes the amount of 3-wave influence assigned to Om’n’ {é , respective-

ly, and for the 1-shocks leaving Y ;, to join the inner boundary ", which is denoted as
m,n,p
S1(ON 1), it holds
m7 7R
SN )= E;(Oﬁnm + (O, p) +081(0,,, 1)- (4.15)

mn,p y m,n ’R

Here neither E (<>an) nor E;(O%%R) counts the 1-shock entering N

boundary x if any, and Cf((}mn 1) denotes the 1-waves canceled in the corresponding dia-
b 7R

m.n along the inner

mond halves, for which one can get,

CH(Omnr) +CF (Omnr) = C1(Om ), (4.16)
Cr( an>+C (Ohnr) < CL(ON ) (4.17)
AT (ON np) + AT (ON o r) = A1(ON ), (4.18)
and
CHON 1) SEF(ON 1)+ A1(ON ).
™R ’R 'R

See Appendix C for the details.
Meanwhile, one can calculate the variation of of¥ on both sides of xV in <>7Nn,n as follows (see

Figure 4): for t; € (nAtY, (n 4+ 1)AtY) and ty € ((n — 1)AtYN, nAtY), it holds that
o (O (t) . t1) = o7 (N (t2)+, 12
= (01 N () +,t1) — oM (m + 1+ 0,) Az, nAtN—l—))

- (01 N (ta)+,t2) — N (m + 14 09,) Az, nAtN—))’

_|_L+( mnR)+E+( mnR)+E (<>mnR)|

<E+( mnR) + ’El (<>mnR)| + 2A1(<>mnR)
Similarly,

|O—{V(XN(t1)_at1> _O—{V(X (t2>_ t2)| < E ( an) + ‘E ( an)’ +2A1(<>an)

FiGURE 4. A diamond <>7]X7n cut by an approximate 1-characteristic v

Adding up the above estimates, one can get the approximate conservation laws for the domain
on one side of an approximate 1-characteristic as follows. For the part of an approximate 1-

characteristic xV, that initiates from a diamond center pl of <>m n;» and finishes at another

diamond center pf of &N one can denote ¢R as the mesh curve composed of successive

mg,nyg

northeast edges of mesh diamonds from N downwards to ON for some mpg, and denote

myg,ng MR,N;

N n as the ending pomts of pN R, namely the east mesh point of N n.n;» denote T g as the horizontal

interval connecting pY and g%, with Ag(xV) as the domain surrounded by xV, ¢¥ and south



16 PENG QU AND ZHOUPING XIN

edges corresponding to I g (See Figure 5). Then by adding up the approximate conservation
laws of whole diamonds and diamond halves in Ag(x”), and due to the C.F.L. condition, one
can get

LY (AR(XY)) =XT (IR) = C (AR(X™)) + 6A1(ARKY)),
S1(AR(™)) + Ly (AR(X™)) =X1 (IR) + Cr (AR(X™)) + 6A1(AR(XY)).
Then obviously,
L (Ar(x™)) <X7(IR) + Ar(AR(X™)),
S AR <IXT (IR)] + Ar(Ar(X™Y))-

Similarly, one can construct the left side domain Az (x™V) and get the corresponding approximate
conservation laws

LT (AL(xX™)) <XT (L) + Ar(AL(x™),
[S1ALOM)] <IXT UL+ AL (ALKN)).
Here Eft(A]L%(XN)), LT (A}L%(XN)) denote the waves entering and leaving A]%(XN), Sl(AI%(XN)) de-
notes the waves entering the boundary at the approximate characteristic x~, Cit (A}L%(XN)), AT (Aﬁ(XN))

are the total amount of the corresponding values.

o 3 AN X antN

\,\ - o AN
IS A S T

FIGURE 5. Ag(xY) and Ar(x™)

Meanwhile, the total variation of 01" on the right side of ¥ can be estimated as
TVynpop < X(IR) + X7 (IR + 2/ A (ArK™M))L,
and for the left side
TVyv_oi < X (I7) + X7 (ID)] + 21 A1 (AL (™M),
Then for the total variation of the speed of x¥, it holds
) 1
TV <5 (TVwsol + TV o)

< (KPR UL + IXT R UL +181(8r0M) UAL )]

Since the domain under study is covered by the diamonds centering in [Ty, Ty + %] % [0, 1]
with T, < 60/M,, if one chooses k = [2AT}] + 2, where A is the one for C.F.L. condition, and
I'={(z,Ty) | x € [-k,K)}
then each above domain locates in the determinacy domain of I*, moreover,

1X;5(1)] = KTV (Tp),
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which is bounded. Meanwhile, by (4.12)—(4.13), and (4.4), (1.10), for each domain 2 locates in
the determinacy domain of I*,

Ar(€) + As(Q) < £ M,

which is bounded. Using the approximate conservation laws given above, all listed quantities,
such as C1(Q), S(x™), TVXNO'iN, TVXNXN, are bounded.

4.2. Estimates for the exact solution. With above estimates, one may pass to the limit to
the exact solution. And during this process, a subsequence of approximate solutions could be
selected to satisfy the properties as follows.

Lemma 4.2. For a sequence of approximate 1-characteristics {XN}, if there is a sequence of
time {t"V} such that (x™ (tV),tN) converges to some point (xq,tg), then it possess a convergent
subsequence

XM () = x(t)
uniformly in time t € [Ty, Ty + Ty]. Moreover, the limit x(t) is Lipschitz continuous.

Lemma 4.3. For x as above, if it holds

for large enough N, then

Moreover,
imx™ () = x()
at all but a countable set of t for a further subsequence.

Lemma 4.4. For x as above, there exists a further subsequence such that (U{V, aéV)T are one-

sided equicontinuous on both sides of x except for a countable set of t, and it holds that
tim o (¥ (1) 2 0,6) = 1 (x(#) £ 0. 1)

Lemma 4.5. FEzxcept for a countable set of t, it holds that either

[o1] )(x(t),t) - %(Ul(X(t)"‘at) + o1(x(t)—, 1))

X(t) = aoi(x(),1).

The proof of the above lemmas is similar to the one given in [13]. See Appendix B for the
details.

Denote dC’Z-N and dAfV as the measures corresponding to the approximate solution (J{V , aév )T
that assign its value in each diamond Q%,n to the center (mAz, nAtY). Due to the bounds of
CN(Q) and AN(Q), one has

dcN — dc;, dAY - dA;

in weak*-topology for a subsequence.

Similarly, one may define the absolute value of the wave strength Stry(¢) for the wave on
one characteristic x(t) and prove the corresponding convergence for the approximate sequence.
And one may call two characteristics of the same family y; and x2 as coalescing, if there are
infinitely many approximate ones coalesce.
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4.3. Widening effects of the rarefaction waves. Let us focus on the approximate solu-
tions on the domain between two approximate 1-characteristics (See Figure 6). For two 1-
characteristics x1(¢) = lim x2' (t) and x2(t) = lim x2' () with 0 < x2(t) — x1(t) < 1, denote

I(t) = xa(t)xa(t), D) = [I(1)] = xa(t) = xa(t).
Then D(t) = xa(t) — x1(t) and

I(Tp)

FIGURE 6. Domain between two characteristics

For an approximate solution (4", ')
X3 (3 AEY) = X1 (n3! At™)

e

=5 (o O 0 A+, n A + o (8 (n At = Y ) )

?

= S (o O Y A4, Y AN 4 o (1 () A=, Y At
=2 (201 0 (0 AN =, nl &) — St (o A
— %(20{\7()({\[ (nY AN+, nN AY) + Strlev(n*NAtN)>
=a (o (0 (A=, nY A% — o (ff (0 A8V 4, Y ALY)
- %Strxév(niVAtN) - %Strx]lv(n*NAtN))
=a X (IV (N At + a X7 (I (nY ALY — %(Strxgv (N AY) + Strx N (nN ALY).
Passing to the limit leads to
Dt) = () = a(t) = aX{ (I(t)) + aX7 (I(1)) — 5 (Strxa(t) + Strva (1),

then
D(t) = D(Ty) + oz/T (Xf(I(T)) + Xf(I(T))) dr — Z/T (StI'XQ(T) + StI‘Xl(T)) dr.

On the other hand, by the approximate conservation laws on the domain A,];Y’tg surrounded by
XV, xY,t = t1,t =ty and passing to the limit, it holds

X1 (I(7) 2X{(I(1) — Ar(Ary),
(X7 ()] <X (I(To) + Ar(Ary,r)-
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Thus,

t

D(O) > alt=To) (X} (1(0)= X7 (1TD)) ~alt=To)Ar(Ar )= [ (Stria(r)+Str(m) ar

and

O X )+ Ba(Ary) +

X (I(t) <

t
r— /TO (Strxa(7) + Strx1(7)) dr.

Now one can get rid of Stry; and Strys by the following procedure as in [13]. Divide I(Tp)
into small pieces with & as the corresponding dividing points, such that for smooth data case,
at Ty the l-rarefaction waves crossing each &1 is not larger that ﬁﬁ (Th)| M. Denote
Yy as a l-characteristic originating from & and denote A;;41 as the domain surrounded by
I(Ty), I(Ty + T), ¢y and ¢;41. Then one can find the first ¢« that does not coalesce with x1
and the last Y« that does not coalesce with xs, where, without loss of generality, one may
assume X2 does not coalesce with xi. Repeat the above process to Ay« j=«, noting that Str«(t)
and Stri«(t) are parts of X (I(¢)), and by applying the approximate conservation laws to
A1+ and Agex g+« 1, one has

D(t) 1
—_ I1(Ty)| M. 4.19
For the case that the data is not smooth at T, one may take an approximate sequence.

At last, taking a sequence of approximate smooth data if necessary, one can divide the data
at t = Tp into pieces with the starting points (; = (x;(70),To) of 1-characteristic curves x;,
such that

X (I(t) < — X, (I(To)) + A1(Agy ) +

X(G41) <65, jis odd,
\Xf(mﬂ <9dj, jiseven

1
§; < —M,.
Zj: 7 =400

Then, for C; = (xj(To + T%), To + T\ ), simply by approximate conservation laws on the domain
Aj j+1 surrounded by x;, xj+1,t = Tp and ¢t = Ty + T, it holds

XHGEG) <65+ Ai(Ajp1),  for j odd,

with

while by (4.19),

IC +1|

X+(C + 6 + A1(Ajj41) + ——[¢C1| My,  for j even.

1) S 400

Noting that
Z IGCal=1, Y IGGml=1,
J

adding these estimates, one has

X7([0,1) x {To + T}) < M+ZA1 j1)-

Meanwhile, due to the periodicity, by (4.12), (4.5) and (1.10),

3
ZA1(Aj,j+1)§A1([O,1) [Ty, To + T.)) < %M*
J

Thus, one has

49
X0, 1 Ty + T} < — M,.
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Combining this with (4.5), one can conclude the proof. O

At last, the proof for the uniqueness is remarked briefly here. Since the quasilinear part
of the system is two decoupled Burgers equations, while the interaction terms can be treated
linearly, one may perform the method of S.N. Kruzhkov [16] to show the uniqueness as follows.
Suppose (0F,0%)T and (07*,05*)T are both entropy solutions to the Cauchy problem (1.1) on
(x,t) € [0, L] x [0,T] Wlth same periodic initial data (o1 ¢,03,0)7 and satisfy

Ul(x+17t) :Jl('rvt)a O‘3(£L‘—|-1,t) :Ug(l‘,t), V(.Cl),t) € [O7L] X [OvT]a
1 1
/ o1(z,t)dx =0, / o3(xz,t)de =0, Vtel0,T],
0 0
lo1llzee, + llosllLe, < Ch

x,t —

for some Cy > 0 and for (01,03)7 = (07,05)T and (07*,03*)T. Then since n = |o; — ki, ¢ =
Sloi — kil (0; — ki), (1 = 1,3) are convex entropy-entropy flux pair for each k € R, during the
same selection of test functions and the limit process as in [16], one can get

1
/ ot (@, t) — o7 (z, 1) da
0

g/01|a{(x,0)— (:c0|dx+5///

and

’03 (y,7) — o3 (y,7)| dy dx dr

1
[ 13tant) = 03w, 1)] s
0
1
< [os@ 0 -oxwonae+ 5 [ [ [ 1o Dloit.n) - ot ayazdr
0

Adding up these results and using Gronwall’s inequality yields the desired uniqueness result

(01,037 = (07,057, ae. O

APPENDIX A. FINITE TIME BLOWUP OF CLASSICAL SOLUTIONS

For the system (1.1), this appendix would provide a proof on the blowup behavior of the
classical solutions under the condition that the initial data of the sound waves o1 and o3 are
relatively stronger than the steady entropy wave oo. Similar to the first section of [13], this
blowup is essentially caused by the widening effect of the rarefaction waves and can be treated
as a continuous version of Proposition 4.1.

Proposition A.1. For the Cauchy problem (1.1), under the assumption (1.2)—(1.4) and oo €
ct,

max |oh| = Mg
16[0,2)

with C1 initial data (010,030)7 satisfying (1.5) with
Ms(0) 3 B
— > 3 =
Mg In 35 «

the corresponding classical solution (o1,03)T would blow up in finite time Ty, < Fur-

6
aMs(0)°
thermore, it must be the geometric blow-up.
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Proof. Set K(x) as (2.4), then (2.5) holds and

1 ﬁ”‘/
| 1K@ de < {e, (4.2)

Without loss of generality, one may assume
1 1
TVjoi,0 > 5 Ms(0), TVjos0 < 5 Ms(0),

then by the property of periodicity, there exists a point z* € [0, 1), such that

a0-1,0 ®\ 1
W(Z ) == Ms(0). (A.3)
Set
wy =0,01, .
w3 =0503. (A.5)

Noting that
o ! !
p / : K(z+vy)oi(y,t)dy = — / X K(z +y)wi(y,t) dy,

one can deduce from (1.1) that

1
Orwy + ady(o1wy) — / K(z +y)ws(y,t)dy =0,
- (A.6)

1
aw—amwwm+/'Ku+wmwwmy=&
-1

Multiplying sgn(w;) and sgn(ws) on both sides of these two equations respectively and inte-
grating over [0, 1), noting (A.2), one can get

d 8~
7 oDl + llws Do) < SMe (lwiCs Ol + lws( Hllzrpa)-

Thus,
5 —
lwi G t)lzrpo,n) + llws (s O)llLioy < Ms(0) exp(5 M), (A7)

which is a continuous version of Proposition 3.1.
Denote the 1-characteristic passing through (z,0) as z1(¢; 2), namely

dry(t;2) )
% = aoq(r1(t; 2), 1),
21(0;2) = 2,
then (h2)  dor(ralti2),)
d Oz1(t;2)  Ooy(w1(t;2),1) def. .
a o =« a2 = QUI,Z(t7 z):
0x1(052) 1
0z -
and .
M =1 + Oé/ 0-17,2(7'; Z) d7’, (AS)
0z 0

By the first equation of the original system (1.1),
d 1 1
aal(xl(t z),t) = —/ K(z1(t;2) + y)os(y,t) dy = —/ K(y)os(y — z1(t; 2),t) dy,
-1 -1
therefore it holds

1 .
%0172(2&; z) = /_1 K(y)ws(y — z1(t; 2), t)axg(z’) dy. (A.9)



22 PENG QU AND ZHOUPING XIN
Now one may use a bootstrap argument to suppose

o1 (t:27) € [—%MS(O), —éMS(O)], Vte[0,T)

with

T, < min{aMG( 0)’ Ty},

which holds already at t = 0 by (A.3). Then due to (A.8)

) t
W — '1+a/0 o1,2(7;2%) dr

Thus, integrating (A.9) with respect to ¢ and using (2.5), (A.7) and (A.1), one may get

801 (z, 0) |
0z =

<1, Vtel0,Ty).

t
o14(t:2°) - <2 mae (K@) [ sl

—~ t —~
gME ; Mg(0) exp(éMET) dr

<
=Msg(0 (exp MEt—l)

1
<EMS(O), Vte[0,Ty).

Therefore, by (A.3), one has

71.:6:2%) € (~5 Ms(0), ~ £ Ms(0)), Vi€ [0,T.),

which completes the bootstrap argument
Now, suppose by contrary T; >
that

then by (A.8), there exists t* % < Tp such

on() Sons

0z (t; 2)

0z z=z* t=t*

= 0. (A.10)

Set x* = x1(t*; 2*), then %(x*, t*) is finite since t* < T3, and o7 ,(t*; 2*) is finite and negative
by the above bootstrap argument, but this contradicts with the chain rule

Jo 0x1(t; z
o1:(t;2) = a;(xl(t;z),t)la(z).
In fact, (A.10) shows that the blow-up is of the geometric type. O

APPENDIX B. PROOF OF THE LEMMAS IN SECTION 4.2

In this appendix, the lemmas in Section 4.2 are proved in details. The methods used in this
part are slight modifications of the ones used in [13]. Since the details are quite tedious, and
the methods are not new, it can be deleted before publication.

Proof of Lemma 4.2. By the construction of xV, it holds that
XY (1) = xN(t2)| < allof |z - [ta —ta], Vi, b2 € (ALY, (n 4 1)ALY),
XN (nAY4) — N ((n + DAY | = Az,
Therefore,
’XN(tl) — XN<t2)| S A’tg — tl‘ + A%N, th,tg S [To,T(] + T*], (B.l)

where A is the one for C.F.L. condition. Now one may just use a diagonal selection method for
all the rational time points and take out the uniform convergence subsequence.
Meanwhile, (B.1) shows that A is the Lipschitz constant for x.
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Proof of Lemma 4.3. For each n{Y,nd € Z7T satisfying Ty < nVAtN < nl AN < Ty + T,
one can calculate ™ (nd AtY) — xN (nd AtY) as follows. If x™V(t) is a line segment for ¢ €
((n — 1)AtY, nAtY) starting from (mAz", (n — 1)AtY), namely,

YN ((n — DAYy = mAzY,
then its continuation line segment starts from ((m + 1)AzY, nAt"), namely,
N (nAtN+) = (m 4 1) Az,
if and only if the sampling point locates on the left of its end, i.e.,
(m 4 0,) Az < xN (nAtN-). (B.2)
Since
YN (A=) = N ((n — DAH) + XN ALY > N ((n — DAY + aAtN = mAzN + aAt?,

at least for all the cases ¥, < a/A (B.2) holds and the continuation jumps to the right.
Set
SN(a) = #{9, | nd <n<nd 9, <a/A}.

There are at least S (a) times that xV jumps to the right and at most ndY —n{ — SV (a) times
to the left. Thus,

(Y A4 — XN (Y AtY4) > SN (@) AN — (ny — ny — SN (a)) Az

and
AN (Y A4 — XN (nd AtN+) AmN( 25N (a) 1)
néVAtN— n{VAtN - AtN név — n{v ’

(B.3)

Choosing

nY AN =ty and nV ALY = t, as N — oo,
such that Ty < t; < ta < Ty + T}, and using the property that {¢,,} are independently equi-
distributed random variables, one gets that

25N (a) a
lim — " — 2 11 s
NSsenl —pN AT

Thus, taking N — oo in (B.3) and using Lemma 4.2 yields

to) — x(2
X(t2) = x(t) o o as.
to — 11
which implies that
Nt) >a, as.

for all but countable .
Through a similar process one can show the other side of the inequality. In fact, one has

Lemma B.1. For two 1-characteristics x1 and x2 obtained in the way of Lemma 4.2, if there
exists a constant ¢ > 0 and a time span [t1,t2] C [Ty, To + T%), such that

X1 () <X (1) e, VEE [t t,
for a subsequence, then
x1(t) < xa(t) +¢
for all t € [ty,12].
This lemma would be used several times in the proof of Lemma 4.4.

For the last part of Lemma 4.3, one can first use the result of Section 4.1 that TVXN)'(N is

uniformly bounded. Noting that x” is also uniformly bounded due to Proposition 3.1, one can
apply Helly’s selection principle to get a convergent subsequence such that

lim ™ (t) = s(t),

t
lim dxN| = 5(¢).
i TOI | =5(t)
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Secondly, one can show that the desired result holds at each continuous point of 5(¢). In fact,
suppose that 5(t) is continuous at ¢y € [Ty, Ty + T%), then for any given € > 0, there exist § > 0

and a subsequence such that
to+6 N
JRRECIE
t

0—0

9

XN (to) — s(to)| < =,

Wl m Wlm

|s(t) — s(to)| < Vte[to—6,to+ 0.
Then for ¢ € [tog — 0, tp + 6], it holds that

s(t) —e < xN(t) < s(t) +e.
It thus follows from the first part of Lemma 4.3 that

s(t) —e < x(t) < s(t) +e.

Due to the arbitrariness of ¢, the desired result

X(to) = s(to) = lim XN (to)

<
37

is proved.

Proof of Lemma 4.4. To this end, one can define

Q{V(Oij’n) = HlaX{O, _al,m,n} : maX{O, _ﬁl,m,n}

for the 1-shock collision happened at <>7]X,n in the approximate solution (o3 ,O'év ). Since it

counts only the intrafamily wave collision, while each 1-wave pair ever enters the domain
of created in the domain can only collide once, >, . QY (¢ ) is uniformly bounded by

(TVAOY (1) + Yy Ar(O,,,))2. Similar as CY (O ), AN (ON,) and SV (xY), one may
denote dCIV, dAY, dSY as well as dQYY as measures assigned their values to the center of the
corresponding diamonds. °

Then by their uniform bounds, one can get a subsequence of the approximate solutions that
dcl — dCy, dAY — dAy, dSN () = dS(x), dY — dQy,

in the w* topology of measures.
Now for all but countable tg € [Ty, To+T%], any of dCy,dA1,dS(x) and dQ; has zero measure
at the point (x(to),t0). One can prove that the result of the lemma holds at each of such t.
Without loss of generality, it is supposed that A > 1, for the A in the C.F.L. condition. For
a sufficiently small number v > 0, one can choose a neighborhood

V(y) = {(2.) | = € [x(to) — 20R, x(to) + 20R], ¢ € [to — 20R, o + 20R]},

where R = R(v) is sufficiently small such that for all N large enough the following requirements
hold

(1) The amount of 1-waves canceled in V(7) is less than 43, namely,

Y (V) <~ (B.4)
(2) The amount of 1-shocks entering x in V() is less than 3, namely,
SY(xY) <A” (B.5)
(3) The amount of 1-shock collision happened in V' (7) is less than +3, namely,
QY (V) <+ (B.6)
(4) The amount of influence from 3-waves to 1-wave in V(7) is less than 7, namely,
AY(V (7)) <~*. (B.7)

5Here the superscript N is added for the quantity corresponding to (J{V, aéV)T.
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First, for any 1-shock that is strong at some time, one can get an estimate for its strength in
the later time.
Fact 1. Let ¢V be an approvimate characteristic located in V () such that Stre™ (t) > ’y% with
(@™ (t),t) € V(7), then for any t' >t with (¢N (t'),t) € V(7), it holds that
73— 2% < Strg™ () < Stro™ (1) + 392,

Proof of Fact 1. Due to (B.4) and (B.7), it is direct to get the lower bound. To get the other side
of the estimate, one may estimate the amount of 1-shocks entering ¢V, which are 1, Ba, . .., k.

Due to the lower bound Str¢™ (#) > %’y% obtained already, the 1-shock collision happened on

&N is at least
3
v2 - (D B))
J
Thus, due to the upper bound of the total collision (B.6), one can get
3
5

> B <2v2,
j

which, combined with (B.7), gives the upper bound in the desired estimate and completes the
proof for the first part of the Fact.

Since the change of ¢V can only be caused by l-shock entering, 1-wave cancellation and
3-wave influence, one can use (B.4), (B.7) and the result of the first part to get the second
estimate in the Fact. ([

N =

Now one can divide the proof into two parts as follows

(A) For all N large enough, there is a 1-shock ¢V with Str¢™ (V) > v contained in oV and
located near (x (to),to)

(6%
Y (1Y) = XN (k)| < AR,
s
4A

(B) R(v) can be further shrunk that for all N large enough, all 1-shocks of oi¥ located in
V() have strength less than ~.

N —to| < —~R.

Proof of Case (A): In this case, one can prove that ¢~ (t") locates actually on x”, and there is
a short space interval centered at xV(to) such that the total strength of 1-waves passing through
it is small enough, which implies that the total variation and thus the oscillation of U{V over
this interval is small. To prove this fact, the idea is that otherwise the 1-waves would coalesce
with ¢V and cause too strong cancellation at shock collisions.

First, one may show that all the approximate characteristics near ¢~ would roughly point
towards it.

Fact 2. It holds that
ao (z,1) + %'y <N(@), V(zt) e @), sV () + %'yR) x (to — R/A,to+ R/A), (B.8)
and
aol'(@,t) = Gy = 6N(0). V(n1) € (6N (1) = TYR. V(D) X (to — B/A to+ R/A). (B9
Proof of Fact 2. Since Str¢™ () > v, by the previous result, it holds that
Stro™ (1) > v — 293, Vit > V.
Moreover,

AN () =5 (o @ ()=, M) + o (@ () +.0Y)
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(6%
=aol (¢N (V) +, 1Y) + 5Str¢N (t™)
>aol (N (V) +, 1) + %’y. (B.10)

Suppose that on the contrary, for infinitely many o in Case (A), (B.8) is violated at t* €
(to — R,to + R). Since J{V are piece-wise Riemann solutions to the Burgers equation, it is
constant along each straight characteristic line. Without loss of generality, one may suppose
t* = n*AtV + for some N*, then one can choose

o = inf{# € (O(1"), 0" (1) + 1R) | V(1) < a0l (@) + ).

. . *
By this choice, z* = m*AzN" for some m* and

ao (z*— t*) + %’y < QN () < ao (xF 4, 1) + %’y.
By the construction of (of¥,0l¥)T, oV on
(z,t) € (z* — Az, 2" + Az x (t*,t* + AtY)
would be a centered rarefaction wave. Thus, there would be an approximate 1-characteristic
¢ issuing from (x*,t*) such that

«

PV = V) - G

In what follows, it will be shown that " (t) and ¢ (¢) would coalesce in V(7). To this end,
one may focus on the estimate of Q,Z}N in the later time ¢t > t*, during which, the key disturbing
factor is the 1-shocks coming from the domain between "V and ¢, and entering ~. To deal
with this, one may first show that

Claim. All 1-shocks crossing (¢ (t*), N (t*)) x {t*} possess a strength less than ’y% at least
for all the cases that N is large enough.

Proof of the Claim. Suppose that on the contrary, n’V(t) is an approximate 1-characteristic such
that

Strp™ (t*) > fyg,
™ (#) € (N (1), 9N (1)
Now it is hoped that ™ would coalesce with ¢V in V(7). In fact, by the previous result
St (t) > 42 — 293, Vit > tF,
N 3
TV, ni™ <z,
while, by the definition of z* and ",

)+ S <6V, 1) € (V)N () + JAR).
Therefore,
AN () =2 + %7 <N ().

As in Lemma B.1, almost surely for 9, "V would coalesce with ¢V in V(v) at least for large

enough N, which would cause a shock collision of size at least %’ﬁ This contradicts with one
selection requirement of V(7y), (B.6), and completes the proof of the Claim. O

Furthermore, one has

Claim. The strength for any 1-shock crossing (¢™ (), N (t)) x {t} for t > t* is less than 473,
at least for large enough N.
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Proof of the Claim. Denote &, as the strength of the 1-shock between ¢™ (nAtN+) and ¢V (nAtN4-)
at nAtN+, then

€n < &1 + A (Omn) (B.11)
for some m. Suppose that by contrary, n’AtN+ > t* is the first time such that
& > 47%.
Then due to the result of the last Claim and (B.1), (B.7) as well as (B.11), it holds that
v <872 + 297,

and there exists n”,n” with n* < n” < n” < n’ such that

37% <&, §4’y%, vn” <n<n, (B.12)

27% <& < 37%, vn" <n<n’. (B.13)
Then for each n” < n < n/, there exists a diamond ¢} , that produces the wave of strength
&n, namely,

—&n = Qmp + B + 5A{V( 'r]X,n)
with

Q{V(Oan,n) = maX{O, *am,n} : maX{O, *Bm,n}
(1) For ampn <0, Bmn < 0, without loss of generality, one may assume that |y, n| > [Bmnl,

then
1 1
En—1 Z|amn| > i(yam,n + |Bmnl) = Q(fn + 5A11V< %,n))
1
Thus,

Q{V(Q%,n) = |O‘m,n||/8m,n’ > |am,n “(6n — |am,n| - A{V(Q%,n))

By the property of the parabola and the above bounds of «,, ;, it holds that

Q1 (Omn) Z &n1(En = En1 = AT (O11,0)-
Then (B.11) leads to

36n-1 2 bn + &nm1 — AY (O 0)-
Thus,
307 (Omn) = (€n + &n1 = AT (Om ) (En — Enm1 — AV (O0) (B.14)
(2) For By, > 0, due to the choice of n’”, it holds that &, > 157%. Then (B.7) implies that
—&p—1 < o < 0.
Therefore,
&n— AY (Omrn) < —mn — B < —mn < &n1,
and

0> (gn ‘|’§n—1 - Ajlv( %,n))( n gn—l - Ajlv( %,n)) (B'15)

Adding up (B.14)—(B.15) for all n”” < n < n’ and noting that &, is the largest one over &, and
(B.7), one can get

3QV (V() 260 — & — &w’
>7y% — 873 > 497,
which contradicts with (B.6) and completes the proof of the Claim. O
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Now one can calculate wN(t) for t > t*. Denote aq,...,qp as the sequence of 1-shocks
entering ¥V from left before the possible coalesce of ¥V and ¢V. Then at the time «; entering
N, the shock collision would be at lest

o[ lay| = ¢5),
p<j
where ¢; denotes all the cancellation and 3-wave influence before the entering. Summing up
this estimate at each entering time gives

P> QN V) 2 5l = 5 lasP) =29 3 oyl

J J

By the previous result, max |a;| < 47%, therefore

3
O lail)? = 2y +29°) (D loyl) <%,
J J
which yields that

3oyl < 295,
J

Meanwhile, the only factors that can increase YN are the cancellation from right and 3-wave
influence on it and the 1-shocks entering from left, all of which are bounded by 23 +2’yg. Thus,

BN >N (E) - Jr+ 3y

>N (1) — %v FAy3, Vit
Since o
W () =2t € (0" (), 0" (1) + SV R),
as in Lemma B.1, almost surely for 9, ¢" and " would coalesce in V(v) at a time ¥ < 2RA
at least for large enough N.

For the l-rarefaction waves passing through (¢ (t*), ™ (t*)) x {t*}, since no 1-rarefaction
wave can cross an approximate 1-characteristic, they would be demolished before Y by either
the cancellation or the 3-wave influence, which implies that their total strength is at most 2v3.
Therefore,

W) < ao @V )+ 1) + 200 < SV - Ty + 20,
which contradicts with the definition of ¥/ and completes the proof of the Fact. O

Due to this fact and our assumption in Case (4), " and x"¥ would coalesce in V() almost
surely at least for large enough N which would cause a 1-shock entering of xV with strength at
least v — 23, which is forbidden by (B.5). The only possibility is that ¢ locates exactly on
N at t*.

Since the 1-shock entering x?, the 1-wave cancellation happening on xV and the 3-wave
influence acting on x can be bounded together by 3+3, it holds that

TV, nx" < 39
in V(v).
Now one can apply (B.8)—(B.9) at t = ¢y to get that all the 1-shocks passing through
(XN (to) — 2vR, XN (to) + 9vR) x {to} would either be demolished by cancellation or 3-wave
influence, or enter ¥ in V(v) almost surely at least for large enough N, and all 1-rarefaction

waves would be demolished by cancellation or 3-wave influence. Thus, the total variation of oi¥
along this interval can be bounded by O(v%) which gives the desired equicontinuity result.

Proof of Case (B): The main idea in this part of the proof is that as it has been assumed
that each 1-shock in V(7) possesses a strength less than ~, while all the cancellation and 3-
wave influence are at most 273, using the 3 bound of the collision, one can show that the
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total variation of the speed of the approximate 1-characteristics can only be 4y, thus for each
approximate 1-characteristic near x'V, if its speed is different from x» with a large order, it
would enter xV in the future, which gives a small bound for rarefaction waves to cause the
assumed speed difference, or in the past, which is forbidden by the construction process of the
approximate characteristics. Then one can estimate the oscillation of the characteristic speed
and thus the oscillation of the solution.

As the first ingredient of the proof, one may show that

Fact 3. For each approzimate 1-characteristic ¢V, the total strength of 1-shocks entering it in
V(v) is no more than 4~.

Proof of Fact 3. The proof is quite similar to the one for Fact 1 given above.

Suppose, on the contrary, that the total strength is stronger than 4. Since the cancellation
and 3-wave influence can be bounded by 2+3, while each 1-shock is weaker than v, one can get
a time t* that

3 5

57 < Stre™ (") < Sy +97,
and there would be a sequence of 1-shocks aq, ..., a) with total strength at least %fy —3+3 that
enters ¢~ in V(7) later than t*. Due to the previous result,

3
Stre? (t) > 57~ 293, Vit > t*
Then the collision can be estimated from below as

QiV(V(v))Z 7 —27%) ZI% > 377,

which contradicts with (B.7) and completes the proof of Fact 3. O

Using Fact 3 and the bounds of cancellation and 3-wave influence, one can conclude that
TV vy ()@ <4y +27°, (B.16)

for any approximate 1-characteristic ¢ .
As the second ingredient of the proof, one can prove that all approximate 1-characteristics
would roughly point away from each other.

Fact 4. For any given t' <ty with t' = ni AtN+ for some ni, and 1,z with
XN() < 21 < o < XN(H) + 249R,
it holds that
Gy o (1) < G, () + 137, (B.17)
where gbé\ft is an arbitrary approximate 1-characteristic issuing from (x,t).

Proof of Fact 4. Suppose by contrary that (B.17) is violated, then by (B.16)
ON () < BN () + 4y, Vi> T

Since the initial distance is less than 24yR, almost surely for large enough N, ¢V
would coalesce in V(7).

All 1-shocks passing through [xl, xa] X {t } would either be demolished by the cancellation or
3-wave influence, or entering gb L4 Or qu v Therefore due to Fact 3, their total strength can
be bounded by 8y + 273.

Meanwhile, gﬁé\{t, increases with y going from x1 to xo only at the time when y passing a
1-shock. Thus,

’ and¢

x1,t To,t’

x1, t’( ) < (bxgt’( I) +977
which contradicts with the assumption at the beginning of the proof. O
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Using Fact 4, taking ¢’ =ty and z1 = X" (to), one can get

ao? (y,to) = diyy, (to) = XN (t0) — 137, VxN(to) <y < xN(to) + 247R,

which provides a lower bound of oV on the right of x".

To show the other side of the result, a rough idea is that if an approximate 1-characteristic
moves much faster than "V at tg, then due to (B.16), it always moves much faster and would
cross X" in the past which is forbidden by the construction of the approximate characteristics.
But in our method, it is not always plausible to find the previous part for one given approximate
characteristic. Thus one should change the strategy to an equivalent one that one may search
for one approximate characteristic issuing from a point earlier than ty that reaches the interval
[%WR.lOyR} at tg with a desired speed, which in fact is to find the previous part for one of the
approximate characteristics at [%'yR.lO'yR] X {tp}. Then the speed of this characteristic can
provide an upper bound for all others on its left due to (B.17).

To be more specific, one may look at one of the approximate 1-characteristic ¢${ R/A passing

through (y,to — R/A) for
y € XN (to = R/A), X" (to — R/A) + 247R]
and denote a straight line
©y (1) = &)y rya(t — to + R/A).
Taking 21 = x" (to — R/A), 2 =y and ¢’ = to — R/A in (B.17), one can get
xN(to — R/A) < éé\{tofR/A(to — R/A) + 137.
Due to (B.16) for ¢V = ¥, it holds
XM (to) = x™ (to — R/A) — 5yR < &) (to) —y + 137R.
Thus,
) (to) = X" (to) — 187R + (y — x™ (to — R/A)).
Noting that
O o ray < X (t0) + 4R +29°R
and that as y increases continuously at the time crossing a 1-rarefaction wave, while decreases
sharply at the time crossing a 1-shock, there exists y™¥ € [x" (to — R/A), X (to — R/A + 24vR)),
such that
ol (to) = x" (to) + 5y R.
By (B.16) for gb?JJVN and the definition of <I>?]JVN, one can get

(6% (to) — @ (t0)] < 4R+ 29°R,
and

1
X" (to) + SR < 9y (to) < x™ (to) + 107 R. (B.18)

Then one may get an upper bound for QB;VN, for which one needs only to get an average speed
for t € [to — R/A, to] and apply (B.16). In fact, by the second inequality of (B.18), and that ¢
lies on the right of x*V, it holds that
¢l (to) — ¢l (to — R/A) _ XMlto) =XVt — R/A)
R/A R/A

=+ 107.

Thus,

¢?]JVN (to) < XN(to) + 197.
Now for each approximate 1-characteristic ¢V passing through [x™ (¢), X" (to) + %fyR], since it
lies on the left of qﬁZ]/VN, using (B.17) for z1 = ¥V (o), 22 = ¢’V (tg) and t = tg leads to

PN (t0) < N (to) + 13y < XN (to) + 327,
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which yields an upper bound for the speed of all characteristics, and thus for oi¥, near x*.

Similar results can be proved on the left of x*V. This completes the proof of Case (B) and the
lemma. [J

Proof of Lemma 4.5: As a direct application of Lemma 4.4, one can get

Corollary. There exists a subsequence of approximate solutions such that for all but countable
t,
lim o (Y (1) % 0,2) = o1 (x(1) +0,1)

Proof of the Corollary: In Section 4.1, it is proved that TVXNU{V(XN(-) +0,-) is uniformly
bounded. Thus, by Helly’s selection principle, there exists a subsequence such that

lim o (x ™ (1) £0, ) = U*(2),

for some BV function U*.
Now, one can complete the proof just by noting that

U*(t) = o1(x(t) £y, 1)
<|U=(t) = of (X (1) £ 0,1)]
+of (M () £0,1) — ol (x(t) £y, 1)

+ ot (x(t) £ y,t) — o1 (x(t) £y, 1)l
where on the right hand side, for each £ > 0, the first term is bounded by ¢/3 for all large
enough N in the subsequence, the second term is bounded by /3 for any small enough y due
to Lemma 4.4, while the third one is bounded by £/3 for almost all y, since ||o3 — a1|[;1 — 0
as N — oo. U
With this Corollary in hand, one can take N — oo for the Rankine-Hugoniot condition in
oV and completes the proof.

APPENDIX C. APPROXIMATE CHARACTERISTICS

In this appendix, some details in the construction of the approximate characteristics are
explained. And based on these construction, some estimates, especially (4.14)-(4.18) for half
diamonds, are checked.

First, as in Page 30 of [13], there are roughly 16 cases, in each of which one should assign
the continuation of a line segment in an approximate 1-characteristic. See Figure 7 for eight of
them that the approximate 1-characteristic, which is marked by dashed lines, enters from the

southeast edges. The other eight cases can be analyzed similarly.

N
’yl,m,n N

A
N NN

FiGURE 7. Kight cases of waves in one mesh diamond
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For Cases I-1V, where fy{\fmm < 0, one has no other choice but to choose the leaving 1-shock
as the continuation of the approximate 1-characteristic. Meanwhile, (4.14)—(4.18) can be shown
as follows.

Case I. (a{\fmm < O,B{Ymm < O,'y{\fmm < 0): In this case,
Ef (Omn) =0, B (Omn) = A + Blimns
LT (Omn) =0, LT (Omn) = vﬁn,
C1(Oma) =0, A1(Omn) = mn = O = Blimnl:
and
E1i(<>f,[m,n,L) = LT(O{\,{m,n,L) = Sl(<>]1\,[m,n,L) Ci(<>1 an) Al(oi\{m,n,L) =0,
Efr(o{\,[m,n,R) = Lf(oi\fm,nﬁ) = C1+(<>1,m,n,R) =0,
Ef( ]1Vm nR) = ﬁ{\,[m,nv Sl(oivm nR) = ’Y{Vm n = a{\,[m,nv
Cy (Olmmp) =05 DOt mn,r) = A1(Omn):
Then it is easy to check (4.14)—(4.18).
Case II. (a{\fmm < O,B{an > 077{Ym,n < 0): In this case,

E+( 1mn) B{Ym,n7 E1_(<>{\,[m,n) - O‘i\,[m,nv
L+(<>1 m n) 0, _(O{Vm,n) = ’Y{\,/m,n7

N N N
(<>1mn) mln{ almnﬂﬁlmn} Al(olmn = ||’71,m,n‘ - |a1,m,n| + ‘Bl,m,n”a
and

EF(OY ‘mnL) = L1+(<>{\,[m,n,L) = 51(O7) manL) = Cli(oi\,[m,n,L) =0,
B (OYmmr) = CF (OTmmn,r) =0,
EF (O mnr) = Brmns Lt (Omnr) =0,
CH (O mnr) = C1(OVmn)s A1V mnr) = A1(OTmn)s
S1(<>1,m,n,R) = min{0, ’Yl,m,n - a17m7n}
Now (4.14)—(4.18) follow easily.

Case III. (o ‘mon a{vmn .+ a{\fmm’R > 076{\,7771,71 < O»'V{\,]m,n < 0): In this case,

Ef (OTmm) = 0mms BT (Olmm) = Blann:
LIL(Ql,m,n) =0, Ly ( 1 mn) 'Y{\,[m,m
C1(OTmn) = M0 s = Bmnts A1(OTmn) = [ Momam + Cimn = Blannl
and
E+(<>f,[m,n,L) = Oéivana (<>1an) 0,

L+( 1 an) 0, Sl( 1 an) 0, 1 (Ql,m,n,L) =0,
E—17( {an R) = a{\,]m,n,Rﬁ B ( ]1V,m,n,R) = 5{\,7m,m
L+(<>1 m,n R) 0, Sl(oi\{m,n,R) = ’Y{an
Subcase IILIL (=B, , > al,, )
C1(OTimn) = Omin
C+( 1,m,n, L) = O‘{Vm,n,Lv Al(oi\,[m,n,L) =0,
Cf(oi\fm,n,R) = O‘{Ym,n,Rv (<>1 m,n, R) = ajl\,[m,m Al(ojl\,[m,n,R) = Al(ofm,n)-

Now (4.14)—(4.18) can be easily checked.
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Subcase IILII. (o > —p ‘o > O mnR)

Cl( 1mn) - _/B{\,fm,n’

N N N N N
C+(<>1 m,n L) lﬁl,m,n — ) mn,R A1(<>1,m,n,L) = M mn + ﬂl,m,n?
N — N N N N
Ci‘_(ol,m,n,R) = al,m,n,R? Cl ( 1,m,n,R) = _Bl,m,na Al( 1,m,n,R) = _Vl,m,na

and (4.14)—(4.18) are easy to be checked.
Subcase ILIIL (o, o g = =B

01(<>{V,m,n) = —5{\,[m,m
CF (Otmnr) =0, At(OTmmr) = OLmm L
C - 1i(<>]1\,7m,n,R) = —ﬁ{\,/m,m Al(ogm,n,L) = —’Y{\,[m,n =+ ajl\,fm,n,R - /B{Ym,n
and (4.14)—(4.18) can be easily checked.

Case IV. (o), , a{vmn .+ a{\jmm,R >0, B0 > 0,710, < 0): In this case,

N N — (AN
E+( 1 mn) = Oél,m,n + ﬁl,m,n? El ( 1,m,n) = 0?

LE(Ofmn) =0, LT (OTmn) = Momn:
CL(OTmn) = 0. A1(OTimn) = Vo + W + Bl
and
ET(O{V,m,n,L) = a{\,/m,nLv +(<>{\,fm,n,L) =0,
Ef( {anL) =0, Sl( 1an) 0,
Ci( 1,m,n, L) =0, A1(<>1,m,n L) = O‘ivm,n,Lv

N N
Ef(ol,m,n,R) = al,m,n,R + ﬂl,m,n? (<>1 m,n R) 07
El_ (<>]1\,]m,n,R) =0, Sl(oi\,{m,n,R) = ’71,m,n7
+ N N N N
C ( 1,m,n, R) 0, Al(ol,m,n,R) = ~Mmn + Q1 m.n,R + 51,m,n'

Then it is easy to check (4.14)—(4.18).

For Cases V-VIII, one needs to be careful to assign the continuation line segment to ensure
(4.14)—(4.18) as well as the requirement that any two approximate 1-characteristics cannot cross
each other.

Case V. (a{\fm’n <0, ﬁ{vmn < O,V{Ym,n > 0): In this case

E+( 1mn) _07 E;(O{Ymn):a{\[mn—*—ﬂi\fm,n?
L+(<>1mn) = V{Ym,n) (Olmn) =0,
1( l,m,n) ’ 1( l,m,n) Vl,m,n + |a1,m,n| + ‘Bl,m,n|‘

One may choose the continuation line segment as the leftmost characteristic of fy{\fm,n, then

Eli(oi\{mn L) =0, LT(Oi\,}mn L) =0, Sl(Q{Ym,n,L) =0,
CF (Otmmr) =0, A1(OTmnr) =0
and
Ef(oi\,{m,n,R) =0, EI(O{Ym,n,R) = ﬁ{Ym,n)
L+(<>i\,7m,n,R) = ’Y{Ym,n, Sl(@{\fm,n,R) =0,
Ci(<>1 m,n R) 0, A1(<>]1\,7m,n,R) = ”Y{\,[m,n
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Now it is direct to check (4.14)—(4.18). Moreover, combining the selection in this case with its
symmetric counterpart, one can check that any two approximate 1-characteristics would not
cross each other in this case.

Case VI. (o/l\jmm < O,B{an > Ou'Yme,n > 0): In this case

Ef (OTmn) = Blomn: Ef(o{Vm n) = Ol
LY (OTmm) = Mems L1 (Omn) = 0,
CL(OVmn) = min{—aty . B}y AL(ONmn) = [Momn + [0 nl = Blomn-
One may choose the continuation line segment as the leftmost characteristic line of V{Ym,n’ then
EF (Otmm) =0, L (0T mn) = S1(0Nmnr) =0,
Cit(of,/m,n,l/) =0, A1(<>1,m,n,L) =0,
and
E+(<>ivm nR) = /B{Vm n El_(oi\,[m,n,R) =0,
L (7, Lm,n,R 71mna 51(<>{V,m,n,3) =0,

) =
C+( 1,m,n R) Cl(<>1,m,n)7 Cl ( 1,m,n, R) 0, Al(oi\,[m,n,R) - Al(oi\jm,n)'
So that (4.14)-(4.18) hold.

Case VII. (ol o o/lvmn L+ a{\fm,n,R > O,B{Ymm < O,Vf\fmm > 0): In this case
N - N N
E+(<>1mn) _al,m,nv (<>1mn) :ﬂlmnv
N
L+(<>1mn) = 71,m,n7 (<>1mn) - ’
N : N N
Cl( 1,m,n> - mln{al,m,n? _51,m,n}7 A1<<>1,m,n - "Yl,m,n — ¥ mn + lﬁl,m,nH
and

N — (AN
E+< 1,m,n, L) - O51,m,n,L7 El (<>1,m,n,L> - O’

N — (AN N
E+(<>1 ,m,n R) - al,m,n,R’ El (<>1,m,n,R) = ﬁl,m,n'

Subcase VILI. (|8 ‘m, n| > adV 'mn): One my choose the continuation line segment as the leftmost
characteristic line of i ‘m.ny then

L+(<>1 Jm,n, L) S1 (O{Ym,n,L) =0, Cr(ogm,n,L) - a?{m,n,L?
1 (O{\,{m,n,L) =0, A1(<>{\,[m,n,L) =0,

and
L+( 1,mn, R) = ’Y{\,fm,m Sl(oi\,{m n, r) =0,
CF (Olmmr) = 0lmmrs CT(OTmng) = s A0 mnr) = A1(OTmn)-
Due to the fact C1(O1nn) = 4 mns AL(OTmn) > Vom.n in this situation, it is easy to check
(4.14)—(4.18).

Subcase VILIL (o, . > |81, .| > o/l\jmm,R): The continuation line segment can be chosen as
the rightmost characteristic line of 'V{Ym,n if 'y{\fm’n < a{\fm,n — | B{Ym’n| and as the characteristic
line that the leaving 1-rarefaction wave on its left is of strength a{\,[m,n - |B{men| if V{Ym,n >

Y mon — 18 "m.nl- Then
L (Ofmn,r) = min{ vy, o, 0l — 5L mnl} S1(OTmm,z) = 0,
Cfr(<>1,m,n,L) = |61,m,n‘ - al,m,n,R7 (<>1 mn L) 0,
A1 (O, 1) = max{0, 005, = Bl = Fmn}
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and

N N N
L+( 1,m,n, R) - max{fyme - al,m,n + ’ﬁl,m,n’ﬂ 0}7 Sl( 1,m,n, R) 07
N N — (AN
C+(<>1 mn,R) = al,m,n,R’ Cl (<>1,m,n,R) = ‘/Bl,m,n|7

Al( 1,m,n, R) max{(], V{Ym,n - ajl\,fm,n + |B{\fm,n’}

Noting that in this situation, Cy (4 'mn) = ‘B{Ym,n” one can show (4.14)—(4.18) easily.

Subcase VILIIL. (o "mnR > > BN mn\) One may choose the continuation line segment as the
right most characteristic line of ’71 ‘mon if ’Yl ‘< al 'mn,r and the characteristic line that the

leaving 1-rarefaction wave on its left is of strength of¥, if 71,m,n >al¥ . Then

. N N
L+< 1an) :mln{71mn?al,m,n,L ) Sl( 1an) 0,
+
Cl (<>1,m,n,L) =0, A1(<>1 RRON L) = maX{O? O‘l,m,n,L - ’YI,m,n}

and

L+(<>{\,[m,n,R) - max{y{vm n aijl\:vm,mL? 0}7 Sl(oi\fm,n,R) = 07
Ci(olmnR) |5{\,[m,n|’ Al(olmnR) Al(oi\{m,n) - Al(oi\,{m,n,L)‘
Notlng that in this situation, Cl(<>1mn) = |ﬁ{vmn| and when ’y{\fmm < O‘{Ym,n,p it holds that
A (ON L R) a{\jm,n,R — lﬂl,m,n‘v o (4.14)—(4.18) are valid.

Moreover combining Cases VI-VII and their symmetric counterparts, one can show that any
two approximate 1-characteristics would not cross in this case.

Case VIIL (af,,, = of + affmm’R >0, B > 0,710, > 0): In this case

1mmn,L
E+( 1mn)_a{\,{m,n+ﬁ{\fmn7 El_( ]1an):07
N
L+(<>1 mn) = M, m,n> (<>1 mn) =0,

Cl(oi\,{m,n) =0, Al(oi\,[m,n) = ”yl,m,n al m,n 51 m, n‘

and

ET(Qi\{m,n,L) = O‘i\jm,n,Lﬂ (<>1 ,m,n, L) 07
Sl(oi\,{m,n,L) =0, Cli(ol,m,n,L) =0,
E+( 1,m,n, R) ai\jmm,,R + B{\,fm,n? El_( {\,fm,n,R) - 07

Sl(ol,m,n,R) =0, Cli(oi\,[m,n,R) = 0.

When A1(<>1 'mn) Strengthens the l-rarefaction waves, one may locate its effect at the center

part of 717m7n’ and when it weakens them, one may divide it into two parts whose effects on

O‘{Ym,n and ﬁ{\fm,n are proportional to its original strength. The continuation line segment can

be chosen accordingly as what follows.

a N . Lo .
Subcase VIILIL (v, ., >aol — — + %,{,””L B1'm.n): The continuation line segment is chosen as
) ) ) 1Yy 1,m,TL ’ ’

the 1-characteristics line that the strength of 1-rarefaction waves on its left is oz{vm n.r- Then

(<>1 m,n L) a?{m,n,L’ A1(<>{\,[m,n,L) =0,
N N N
L+(<>1 mn R) Vl,m,n — X mon, Lo Al(ol,m,n,R) = A1(<>1,m,n)'
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N
Subcase VIIIII (V{Ym,n <ol o+ Ogjs“inLﬁ{Ymm) The continuation line segment is chosen

1,m,n
as the l-characteristic line that the strength of the leaving 1-rarefaction wave on its left is

A m,n N

a{\{m,n+ﬁ{\,{nb,n 71,m,n7
oy, oy,
+ (AN _ ,m,n N N _ N ,m,n N
Ll (<>1,m,n,L) ~ "N + ﬁN 1,m,ns Al( 1,m,n,L) =¥ mnl T TN T ,BN Y1,m,n>
al,m,n 1,m,n al,m,n 1,m,mn
B i
+ /AN _ N N N _ N N ,m,n N
Ll ( 1,m,n,R) — N T ,BN T1,m,n Al( 1,m,n,R) = ¥ mn,R + 61,m,n - N + /BN 1,m,n"
al,m,n 1,m,n O[l,m,n 1,m,n

Now one can check directly that (4.14)—(4.18) hold and any two approximate 1-characteristics
would not cross each other in this case.
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